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Abstract

We deepen the study of conjoined and disjoined conditional events in the setting of coherence.
These objects, differently from other approaches, are defined in the framework of conditional
random quantities. We show that some well known properties, valid in the case of unconditional
events, still hold in our approach to logical operations among conditional events. In particular
we prove a decomposition formula and a related additive property. Then, we introduce the set of
conditional constituents generated by n conditional events and we show that they satisfy the basic
properties valid in the case of unconditional events. We obtain a generalized inclusion-exclusion
formula and we prove a suitable distributivity property. Moreover, under logical independence
of basic unconditional events, we give two necessary and sufficient coherence conditions. The
first condition gives a geometrical characterization for the coherence of prevision assessments on
a family J constituted by n conditional events and all possible conjunctions among them. The
second condition characterizes the coherence of prevision assessments defined on F U K, where K
is the set of conditional constituents associated with the conditional events in J. Then, we give a
further theoretical result and we examine some examples and counterexamples. Finally, we make
a comparison with other approaches and we illustrate some theoretical aspects and applications.

Keywords: Coherence, Conditional random quantities, Conjunction and disjunction of
conditionals, Decomposition formula, Conditional constituents, Inclusion-exclusion formula.

1. Introduction and motivations

The study of logical operations among conditional events is a relevant topic of research in
many fields, such as probability logic, multi-valued logic, artificial intelligence, and psychology
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of reasoning; it has been largely discussed and investigated by many authors (see, e.g., [2, 13} 16,
17,120, 28, 141,142, 145, 147]). We recall that in a pioneering paper, written in 1935, de Finetti ([235])
proposed a three-valued logic for conditional events, also studied by Lukasiewicz. Moreover,
different authors (such as Adams, Belnap, Calabrese, de Finetti, Dubois, van Fraassen, McGee,
Goodmann, Lewis, Nguyen, Prade, Schay) have given many contributions to research on three-
valued logics and compounds of conditionals (for a survey see, e.g.,[46]). Conditionals have been
extensively studied also in [24} 435]].

Usually, the result of the conjunction or the disjunction of conditionals, as defined in literature,
is still a conditional; see e.g. [} 8, 9, [11, 12, 41]. However, in this way classical probabilistic
properties are lost; for instance, differently from the case of unconditional events, the lower and
upper probability bounds for the conjunction of two conditional events are no more the Fréchet-
Hoeffding bounds; in some cases trivially these bounds are 0 and 1, respectively. This aspect has
been recently studied in [S1].

A different approach, where the result of conjunction or disjunction of conditionals is not a
three-valued object, has been given in [42,45]]. In [32] 133, 36] a related theory has been developed
in the setting of coherence, with the advantage (among other things) of properly managing the case
where some conditioning events have zero probability. In these papers, the results of conjunction
and disjunction of conditional events are conditional random quantities with a finite number of
possible values in the interval [0, 1].

In addition, it has been proved that the Fréchet-Hoeffding probability bounds continue to hold
for the conjunction of two conditional events ([36]). In this paper, we give a related result which
concerns the conjunctions associated with two disjoint sub-families of a family of » conditional
events.

We show that the conjunction €;..,, of n conditional events can be decomposed as the sum
of its conjunctions with a further conditional event E,||H,,, and the negation E,. |H, . This
result generalizes the well known formula (for the indicators of two unconditional events A and
B): A = AB + AB.

We give a generalization of the inclusion-exclusion formula for the disjunction of a finite num-
ber of conditional events. Moreover, we prove the validity of a suitable distributivity property,
by means of which we can directly obtain the inclusion-exclusion formula. A main motivation
of the paper is that of introducing the conditional constituents for a finite family of conditional
events, which can be looked at as a conditional counterpart of atoms of a Boolean algebra. We
show that the conditional constituents satisfy the basic numerical and probabilistic properties of
the (indicators of the) constituents associated with a finite family of unconditional events.

Under logical independence, we give a necessary and sufficient condition for coherence of a
prevision assessment M on a family # containing »n conditional events and all the (2" — n — 1)
possible conjunctions among them. Such a characterization amounts to the solvability of a linear
system which can be interpreted in geometrical terms. Then, the set of all coherent assessments
on the family J is represented by a list of linear inequalities on the components of each prevision
assessment M.

In addition, by considering the set X of conditional constituents associated with the conditional
events in &, we give a result which under logical independence characterizes the coherence of
prevision assessments on UK. Then, given any coherent assessment M on ¥, we show that every
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possible value of the random vector associated with J is itself a particular coherent assessment on
J. To better illustrate our results, we examine some examples and counterexamples.

Finally, we make a comparison with other approaches, by giving a result related to the notion
of atom of a Boolean algebra of conditionals introduced in [27, 28]]. In this context, we discuss the
significance of our theory by recalling some theoretical aspects and applications.

The paper is organized as follows: In Section [2| we recall some basic notions and results on
coherence of conditional probability and prevision assessments. We also recall the definition of
conjunction and disjunction among conditional events, and the notion of negation. In Section [3|
we first give a result related to Fréchet-Hoeffding bounds; then we illustrate the decomposition
formula for the conjunction of n conditional events. In Section 4 we introduce the set K of con-
ditional constituents for a family of n conditional events & = {E,|H}, ..., E,|H,}. We show that,
as in the case of unconditional events, the sum of the conditional constituents is equal to 1 and for
each pair of them the conjunction is equal to 0. Then we show that, for each non empty subset
S < {1,...,n} the conjunction Cs = /\,¢ Ei|H; is the sum of suitable conditional constituents
in K; hence the prevision of Cg is the sum of the previsions of such conditional constituents.
In Section [5] we give a generalization of the inclusion-exclusion formula for the disjunction of
n conditional events. Then, we prove a suitable distributivity property and we examine related
probabilistic results. In Section [ under the hypothesis of logical independence of basic uncon-
ditional events, we characterize in terms of a suitable convex hull the set of all coherent prevision
assessments on a family J containing n conditional events and all the possible conjunctions among
them. Such a characterization amounts to the solvability of a linear system. Then, we illustrate the
set of all coherent assessments on the family J by a list of linear inequalities on the components
of each prevision assessment. We also characterize the coherence of prevision assessments on
J u K. In Section [/} given any coherent assessment M on ¥, we show that every possible value
of the random vector associated with J is itself a particular coherent assessment on . In Section
8] we illustrate further aspects on coherence by examining some examples and counterexamples.
In Section [9] after a comparison with other approaches, we give a result related to the notion of
atom of a Boolean algebra of conditionals introduced in [27, 28] and we illustrate some theoretical
aspects and applications of our theory. In Section[I0] we give some conclusions.

2. Some preliminary notions and results

In this section we recall some basic notions and results which concern coherence (see, e.g.,
[4,15,17,110% 15, 149,150]]) and logical operations among conditional events (see [32, 33,136,377, 39]).

2.1. Events and conditional events

An event E is an uncertain fact described by a (non ambiguous) logical proposition; in formal
terms E is a two-valued logical entity which can be true, or false. The indicator of E, denoted by
the same symbol, is 1, or 0, according to whether E is true, or false. The sure event and impossible
event are denoted by Q and (7, respectively. Given two events E; and E,, we denote by E; A E,,
or simply by E\E,, (resp., E; v E;) the logical conjunction (resp., the logical disjunction). The
negation of E is denoted E. We simply write E; < E, to denote that E; logically implies E», that



is E1E, = ¢J. We recall that n events Ey, ..., E, are logically independent when the number m of
constituents, or possible worlds, generated by them is 2" (in general m < 27).

Given two events E, H, with H # (J, the conditional event E|H is defined as a three-valued
logical entity which is true, or false, or void, according to whether EH is true, or EH is true, or H
is true, respectively. Given a family & = {E,|H,..., E,|H,}, we observe that, for each i, it holds
that E;H; v E;H; v H; = Q; then by expanding the expression A?:l(EiHi v EH; v I-_I,-) we can
represent € as the disjunction of 3" logical conjunctions, some of which may be impossible. The
remaining ones are the constituents generated by € and, of course, are a partition of Q. We denote
by Cy,...,C,, the constituents which logically imply the event ‘H, = H, v --- v H,. Moreover,
(f H, # Q) we denote by C,, the remaining constituent H, = H, - - - H,. Thus

H,=Cyv--vCpy, Q=H,vH,=CovCiv--vC,, m+1<3".

For instance, given four logically independent events E,, E», Hy, H», the constituents generated by
€ = {@1\H1,E2|Hz} a_fe_Cl = E1H1E2H2,_C2 = Elllezlllz, C; = 1_?1[:11E2H2, Cy = E\H,ExH,,
Cs = H\EyH,y, Co = HIE2Hy, C7 = E\H Hy, Cs = E\H Hy, Cy = H 1 H.

2.2. Coherent conditional prevision assessments for conditional random quantities

Given a (real) random quantity X and an event H # (J, we denote by P(X|H) the prevision
of X conditional on H. In the framework of coherence, to assess P(X|H) = u means that, for
every real number s, you are willing to pay an amount su and to receive sX, or su, according
to whether H is true, or H is true (the bet is called off), respectively. The random gain is G =
s(XH + puH) — su = sH(X — p).

As we will see, a conjunction of n conditional events is a conditional random quantity with
a finite number of possible (numerical) values. Then, in what follows, for any given conditional
random quantity X|H, we assume that, when H is true, the set of possible values of X is a finite
subset of the set of real numbers R. In this case we say that X|H is a finite conditional random
quantity. Given a prevision function P defined on an arbitrary family K of finite conditional
random quantities, consider a finite subfamily ¥ = {X;|H,, ..., X,|H,} < K and the vector M =
(U1, - -5 1n), where y; = P(X;|H;) is the assessed prevision for the conditional random quantity
Xi|H;, i € {1,...,n}. With the pair (¥, M) we associate the random gain G = Y, s;H:(X; — ;).
We denote by Gy, the set of values of G restricted to H,, = H, v --- v H,. Then, by the betting
scheme of de Finetti, the notion of coherence is defined as below.

Definition 1. The prevision function [P defined on K is coherent if and only if, Vn > 1, VF =
{X\|H,...,Xu|H,} < K, it holds that: min Gy, <0 < max Gg,, ¥ S1,..., Sy

A conditional prevision assessment I’ on K is said incoherent if and only if there exists a finite
combination of n bets such that min G¢;, - max G¢;, > 0, that is such that the values in Gy, are all
positive, or all negative (Dutch Book). In the particular case where K is a family of conditional
events, then Definition [[|becomes the well known definition of coherence for a probability function
P, denoted as P, defined on K.

Given a family ¥ = {X;|H,, ..., X,|H,}, foreachi = 1,...,n, we denote by {x;,...,x;.} the
set of possible (numerical) values for the restriction of X; to H;; then, for eachi = 1,...,n, and
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j=1,...,ri, wesetA;; = (X; = x;;). Of course, for each i, the family {H;, A;;H;, j=1,...,7i}
is a partition of the sure event Q, with A;;H; = A;; and \/;: Aij = H;. Then, the constituents
generated by the family ¥ are (the elements of the partition of ) obtained by expanding the
expression A" (A v---vA;, vH). WesetCo = H, --- H, = H, (it may be Cy = ); moreover,
we denote by Cy, ..., C,, the constituents contained in H,. Hence A\_,(Ay v -+ v A, v H;) =
Vo Cu. Witheach Cy,, h = 1,...,m, we associate a vector O, = (qu1, - - -, qm), Where gj; = x;; if
ChcAij, j=1,...,r,while gy = p; if C, = H;; with C, it is associated Qy = M = (15 ey ).
As, for each i, j, the quantities x;;, y; are real numbers, it holds that O, e R", h = 0,1,...,m.
Denoting by I the convex hull of Qy,..., Q,, the condition M € I amounts to the existence
of a vector (4,...,4,) such that: >;" | 4,0, = M, 3", A4, =1, 4, =0, Vh; in other words,
M e T is equivalent to the solvability of the system (X), associated with (¥, M), given below.

Zleflhqhi=u,-,i=1,...,n,
<Z){ o Adn=1, 4, =0, h=1,...,m. (1)

Given the assessment M = (uy,...,u,) on F = {X||Hy,...,X,|H,}, let S be the set of solutions
A = (4,...,4,) of system () defined in (I). Then, the following characterization theorem for
coherent assessments on finite families of conditional random quantities can be proved ([6]).

Theorem 1. [Characterization of coherence]. Given a family of n conditional random quantities
¥ = {X,|H,,...,X,|H,}, with finite sets of possible values, and a vector M = (u;,...,u,), the
conditional prevision assessment P(X,|H;) = uy, ..., P(X,|H,) = p, is coherent if and only if,
for every subset J < {1,...,n}, defining F, = {X;|H;, i € J}, M; = (u;, i € J), the system (%)
associated with the pair (F;, M,) is solvable.

As shown by Theorem the solvability of system () (i.e., the condition M € ) is a necessary
(but not sufficient) condition for coherence of M on . Given the assessment M on 7, let S be
the set of solutions A = (4y,...,4,,) of system (%) defined in (1). By assuming the system (%)
solvable, that is § # ¢J, we define:

I() = {l . MaXaes Zhicthi /1]1 = 0}, 7:0 = {X1|Hl ,i S Io}, MO = ([Jl', i€ I()) . (2)

We observe that i € I if and only if the (unique) coherent extension of M to H;|H,, is zero. Then,
the following theorem can be proved ([6, Theorem 3]):

Theorem 2. [Operative characterization of coherence] A conditional prevision assessment M =
(U1, .., 1y) on the family ¥ = {X;|H,, ..., X,|H,} is coherent if and only if the following condi-
tions are satisfied:

(i) the system (X) defined in (1)) is solvable; (ii) if Iy # &, then M, is coherent.

In order to illustrate the previous results, we examine an example.

Example 1. Let E, H, K be three events, with HK = ¢ and E logically independent of H and
K. Moreover, let # = (x,y) be a probability assessment on the family & = {E|H, E|K}, where
x = P(E|H) and y = P(E|K). The constituents generated by € are: C;, = EHK, C, = EHK,
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C; = EHK,C, = EHK, Cy = HK. Then, the associated points Qs are: Q; = (1,y), 0, = (x, 1),
03 = (0,y), Qs = (x,0), Q9 = P = (x,y). The system (X) is

{ M +lbx+bx =x, 1y+h+lby =y, h+b+A+4 =1, 3,20, Vh

As it can be verified, for each (x,y) € [0, 1]?, the vector (4;,...,4;) = (3.3 1%)‘, l%y) is a solution

of (X). Moreover, for this solution it holds that

=

1 1
Z/lh:/11+/l3:5>0; 2/1]1:/12+/l4:§>0.

CySH CSK
Then, Iy = & and by Theorem 2] the assessment (x, y) is coherent, for every (x,y) € [0, 1]%.

2.3. A deepening on the notion of conditional random quantity

We recall that, in the subjective approach to probability theory, given an event H # ¢ and
a random quantity X by the betting metaphor the conditional prevision P(X|H) is defined as the
amount 4 you agree to pay, by knowing that you will receive the amount XH + uH. This quantity
coincides with X, if H is true, or with u, if H is false (bet called off). Usually, in literature the
conditional random quantity X|H is defined as the restriction of X to H, which coincides with
X, when H is true, and it is undefined when H is false. Under this point of view, (when H is
false) X|H does not coincide with XH + uH. However, by coherence, it holds that P(XH + uH) =
P(X|H)P(H)+uP(H) = uP(H)+uP(H) = p. Then, we can extend the notion of X|H, by defining
its value as equal to u when H is false (for further details see [36]). In this way X|H coincides
with XH + uH and in the betting scheme it can be interpreted as the amount that you receive when
you pay its prevision u. In addition, the random gain G can be represented as G = s(X|H — u). In
particular, when X is the indicator of an event E, we obtain X|H = EH + P(E|H)H and it holds
that

P(X|H) = P[EH + P(E|H)H| = P(E|H)P(H) + P(E|H)P(H) = P(E|H).

In this case X|H is the indicator of the conditional event E|H (which we denote by the same
symbol) and, by defining P(E|H) = x, it holds that

1, if EH is true,
E|H = EH + xH = EH + x(1 — H) = { 0, if EH is true, (3)
x, 1if H is true.

For related discussions, see also [[14} 32, 43]]. By Definition [], the coherence of the assessment
P(E|H) = x is equivalent to min Gy < 0 < max Gu, Vs, where Gy is the set of values of
G restricted to H. Then, the set IT of coherent assessments x on E|H is: (i) IT = [0, 1], when
& # EH # H; (ii) I = {0}, when EH = ; (iii) Il = {1}, when EH = H. Of course, the third
value of the random quantity E|H depends on the subjective assessment P(E|H) = x. Notice that,
when H € E (i.e., EH = H), by coherence P(E|H) = 1 and hence for the indicator it holds that
EH=H+H = 1.

By exploiting our extended notion of conditional random quantity, we can develop some alge-
braic aspects ([32, Section 3],[36, Section 3.2]). For instance, we can show that:
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e denoting by u and v the previsions of X|H and Y|K, respectively, the sum X|H + Y|K
coincides with the conditional random quantity (XH + puH + YK + vK)|(H v K), with
P(X|H +Y|K) =P(X|H) + P(Y|K) = u + v;

e a(X|H) + b(Y|K) = (aX)|H + (bY)|K, where a, b are real numbers;
e P(XH|K) = P(H|K)P(X|HK), which is the compound prevision theorem.

Moreover, as shown by the result below, if X|H and Y|K coincide when H v K is true, then their
previsions are equal and it follows that X|H and Y|K also coincide when H v K is false, so that
X|H = Y|K in all cases ([36, Theorem 4]).

Theorem 3. Given any events H # J, K # (J, and any r.q.’s X, Y, let I1 be the set of the coherent
prevision assessments P(X|H) = u, P(Y|K) = v.

(i) Assume that, for every (u,v) € II, X|H = Y|K when H v K is true; then u = v for every
(u,v) € I

(ii) For every (u,v) € II, X|H = Y|K when H v K is true if and only if X|H = Y|K.

To better illustrate Theorem [3 we observe that
X|H - Y|K = (XH + uH — YK — vK)|(H v K).

Now, assume that X|H and Y|K coincide when H v K is true, so that X|H — Y|K = 0 when
H v K is true. If H v K is false, that is H K is true, it holds that X|H = pand Y|K = v, so that
X|H — Y|K = u — v. Then, in a conditional bet on the conditional random quantity X|H — Y|K, if
you pay u — v = P(X|H — Y|K), you receive zero when H v K is true, or you receive back u — v
when H v K is false (bet called off). Then, by coherence, it must be © — v = 0, thatis 4 = v, and
hence X|H = Y|K.

Remark 1. Theorem [3| has been generalized in [39, Theorem 6] by replacing the symbol “="
by “<” in statements (i) and (ii). In other words, if X|H < Y|K when H v K is true, then
P(X|H) < P(Y|K) and hence X|H < Y|K in all cases.

2.4. Logical operations among conditional events
We recall below the notions of conjunction and disjunction of two conditional events.

Definition 2. Given any pair of conditional events E||H; and E;|H,, with P(E||H,) = x; and
P(E»|H,) = x,, their conjunction (E|H;) A (E»|H>) is the conditional random quantity defined as

(El‘Hl) AN (Ez‘Hz) = (E1H1E2H2 + X1H1E2H2 + X2H2E1H1)|(H1 \% Hg) =
1, if E1H1E2H2 is true,
O, if E]Hl \ EZHZ 1s true,
= X1, if HlEsz is true,
X2, if FI2E1H1 is true,
X1, if HiH, is true,

“4)

where X2 = ]P[(E] |H1) A\ (E2|H2)] = ]P[(E]H]EQHQ + X]H]Esz + )CszE]H])‘(H] Vv Hz)]
7



In betting terms, the prevision x;, represents the amount you agree to pay, with the proviso that
you will receive the quantity E,H,E,H, + x1H,E,H, + x,H,E H,, or you will receive back the
quantity x;,, according to whether H, v H, is true, or H,H, is true. In other words, by paying x,,
you receive E\H\E,H, + x,H,E,H, + x,H,E\H, + x\,H, H,, which assumes one of the following

values: o
e 1, if both conditional events are true;

e (), if at least one of the conditional events is false;

¢ the probability of the conditional event that is void if one conditional event is void and the
other one is true;

e xi; (the amount that you paid) if both conditional events are void.

Remark 2. By recalling (3]), we again emphasize that there is a different indicator of a conditional
event E|H for each coherent evaluation of P(E|H). The same comment applies to the conjunction
(E1|H,) A (E,|H,); indeed, each different conjunction is associated to a different coherent assess-
ment (xy, X, X12). We also remark that Definition is not circular because, after assessing (x1, x,),
the conjunction is completely specified once by the betting scheme you, coherently with (xy, x,),
decide the value X1 = P[(ElHlEsz + X1FI1E2H2 + XszElHl)’(Hl \ Hz)]

We recall a result which shows that Fréchet-Hoeffding bounds still hold for the conjunction of
conditional events ([36, Theorem 7]).

Theorem 4. Given any coherent assessment (x, x,) on {E{|Hy, E;|H,}, with E, Hy, E», H, log-
ically independent, H, # &, H, # &, the extension x;, = P[(E |H,) A (E»|H,)] is coherent if
and only if the following Fréchet-Hoeffding bounds are satisfied:

max{x; + x, — 1,0} = x|, < x;p < x|, = min{x, x,}. (5)

Remark 3. From Theorem as the assessment (x,x,) on {E{|H,, E;|H,} is coherent for
every (x;,x) € [0,1]?, the set I1 of all coherent prevision assessments (xj,Xp,X;2) on
{El’HlaE2’H2’ (EI‘HI) AN (Ez‘Hz)} is

I = {(x1, X2, x12) : (x1,22) € [0, 1]%, max{x; + x, — 1,0} < x5 < min{x},x,}}, (6)
which is the tetrahedron with vertices the points (1, 1, 1), (1,0,0), (0, 1,0), (0,0, 0).

Other related approaches to compound conditionals have been developed in [42,45]. However,
in our coherence-based approach we can properly manage the case where the probability of some
conditioning events is zero. Then, differently from other authors, we can compute lower and
upper bounds for conjunction and disjunction only in terms of the probabilities of the two given
conditional events. We recall below the notion of disjunction between two conditional events.

Definition 3. Given any pair of conditional events E||H, and E;|H,, with P(E||H,) = x; and
P(E»|H,) = x,, their disjunction (E||H;) v (E,|H,) is the conditional random quantity defined as

(E1|H1> \ (E2|H2) = (E]H] \ E2H2 + X1H1E2H2 + X2H2E1H1)|(H] \ Hz) =
1, if E1H1 \% E2H2 is true,
0, if ElHlEsz is true,
= X1, if I‘_IIEQHZ 18 true,
X2, if HgElHl 18 true,
V12, if H H, is true,
8
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where Y2 = ]P[(E] ‘Hl) \ (Ez’Hz)] = ]P[(E]H] \% E2H2 + xll-_LEsz + )QﬁzE]H]N(H] \ Hz)]

Of course, the assessment (x;, x,y;2) must be coherent. In betting terms, y, represents the
amount you agree to pay, with the proviso that you will receive the quantity E\H, v E,H, +
x H\E,H, + x,H,E\H| + y;,HH,, which assumes one of the following values:

e 1, if at least one of the conditional events is true;

e (), if both conditional events are false;

¢ the probability of the conditional event that is void if one conditional event is void and the

other one is false;

e y;, (the amount that you paid) if both conditional events are void.

Notice that, differently from conditional events which are three-valued objects, the conjunction
(E1|Hy) A (E,|H;) and the disjunction (E;|H,) v (E,|H;) are not any longer three-valued ob-
jects, but five-valued objects. Moreover, the comments of Remark [2] also apply in a dual way to
disjunction.

We give below the notion of conjunction of n conditional events.

Definition 4. Let n conditional events E; |H,, . .., E,|H, be given. For each non-empty strict subset
S of {1,...,n}, let xs be a prevision assessment on /\ ¢ (E;|H;). Then, the conjunction (E||H;) A
-+ A (E,|H,) is the conditional random quantity C;..,, defined as

= [/\?:1 EH; + Z@;&Sc{l,z...,n} xS(/\ieS H;) A (/\i¢s EiHi)]’(\/?:l H;) =

1, if A\i_, E:H; is true,

0, if \/_, E:H; is true, (8)
xs,  if (Njes Hi) A (Nigs EiH;) is true, & # S < {1,2...,n},

Xims if /L, H; is true,

Cion

n n

Xioow = X1y = P(Cra) = PN\ EH: + Y xs(/\H) ~ (\ EH))I(\/ H).

i=1 G#S{1,2...,n} €S i¢S i=1

For n = 1 we obtain C; = E||H,. In Deﬁnitioneach possible value xg of Cy..,,, & # S <
{1,...,n}, is evaluated when defining (in a previous step) the conjunction Cs = A, (Ei|H;).
Then, after the conditional prevision x;..., is evaluated, C;..., is completely specified. Of course,
we require coherence for the prevision assessment (xs, & # S < {1,...,n}),sothat C,.., € [0, 1].
In the framework of the betting scheme, x;..., is the amount that you agree to pay with the proviso
that you will receive:

e 1, if all conditional events are true;

e (), if at least one of the conditional events is false;

e the prevision of the conjunction of that conditional events which are void, otherwise. In

particular you receive back x;..,, when all conditional events are void.



We observe that conjunction satisfies the monotonicity property ([39, Theorem7]), that is
Cloms1 < Crop )
We recall the following result ([39, Theorem13]).

Theorem 5. Let n conditional events E,|Hy, ..., E,|H, be given, with x; = P(E;|H;),i=1,...,n
and x;.., = P(Cy...,). Then: max{x; + --- +x, —n+ 1,0} < x;.,, < min{x,...,x,}.

We give below the notion of disjunction of n conditional events.

Definition 5. Let n conditional events E; |H,, . .., E,|H, be given. For each non-empty strict subset
S of {1,...,n}, let ys be a prevision assessment on \/, ¢ (E;|H;). Then, the disjunction (E;|H;) v
.-+ v (E,|H,) is the conditional random quantity D;..., defined as

= (\/Ll EH; + Z@#SC{],Z...,n} yS(/\ieS Hi) A (/\iéS EiHi))K\/:l:l Hi) =

1, if \/\_, E:H; is true,

0, if A7, E;H; is true, (10)
ys.  Af (Ajes Hi) A (Nigs EiHy) istrue, & # S < {1,2...,n},

Viens if A, H; is true,

Dy

Vien = Vtoomy = P(Dr) =PI/ EHi + > ys(/\H) ~ (/\EH))I(\/ H)].

i=1 F#£Sc{12..n}  i€S i¢s i=

For n = 1 we obtain D; = E||H;. In the betting framework, you agree to pay y;..,, with the
proviso that you will receive:
e 1, if at least one of the conditional events is true;
e (), if all conditional events are false;
e the prevision of the disjunction of that conditional events which are void, otherwise. In
particular you receive back y;...,, when all conditional events are void.

As we can see from (§)) and (10)), the conjunction C;..., and the disjunction D..,, are (in general)
(2" 4 1)-valued objects because the number of nonempty subsets S, and hence the number of
possible values xg, is 2" — 1. Of course, it may happen that the some of the possible values of C;...,
and D,..., coincide.

Remark 4. Given a finite family € of conditional events, their conjunction and disjunction are
also denoted by C(&) and D(E), respectively. We recall that in [39], given two finite families of
conditional events £ and £”, the objects C(E') A C(E”) and D(E’) v D(E") are defined as C(E" U
E”) and D(&" U &), respectively. Then, it is easy to verify the commutativity and associativity
properties of conjunction and disjunction ([39, Propositions 1 and 2]). We recall below the notion
of negation for conjoined and disjoined conditionals.

Definition 6. Given n conditional events E, |Hy,...,E,|H,, the negations for the conjunction Cln
and the disjunction D;..,, are defined as C;..,, = 1 — €., and D;..,, = 1 — D,..,, respectively.

10



Of course, if n = 1 we obtain €, = D, = E||H, = | — E||H, = E,|H,. We observe that
conjunction and disjunction satisfy De Morgan’s Laws ([39, Theorem 5]), that is

@1..% = (3],,,—1 (i.e., @1,1 = ef...ﬁ), éln = ‘DT...ﬁ (i.e., C‘,’ln = ®T...ﬁ), (11)

where C;., = AL, EiH; and D;_; = \/\_, E/|H;. As shown in formula (11), by exploiting
negation, disjunction could be equivalently defined as D,..,, = C1..; = 1 — Ci..5.

3. A decomposition formula for conjunctions

In this section we show that the conjunction €;..,, of n conditional events can be represented
as the sum of two suitable conjunctions of n + 1 conditional events. We first give a preliminary
result, which is related to Theorem {4} and a remark.

Theorem 6. Let n conditional events E,|Hy,...,Ei|H,...,E,JH, be given, with
E\,H,,...,E,, H, logically independent, and a coherent prevision assessment M = (xg
d#S <{l,...,n})onthe family F = {Cs : & # S < {l,...,n}}. Forevery ] <k <n-—1it
holds that

maX{O, X1k + Xkt100m — 1} < Xy < min{xl...k,xk+]...,,},

where
X1k = ]P’(Gl...k), Xk+1.om = P(€k+1...n), Xleen = IP’((?],,)

Proof. We set M3 = (X1...k, Xk11...n» X1..n ). Moreover, we observe that
61..,k € {1,0, XSI;S/ - {1, .. .,k}}, GkH...n € {1,0,)(5//;5” - {k +1,... ,l’l}}.

The possible values Q)’s of the random vector (Cj..x, Cxy1...0s C1..n) are given in Table We

Ch 81...k ek+1"'" 61...n Qh

Ni=i EiHi 1 1 1 | (LL1)

(Aiz EiH) (Vs EiHy) 1 0 0 |(1,0,0)

(Vies EH) (N1 EiH) 0 | 1 0 | (0,1,0)

(Vf—] EH) (Vs EiH)) 0 0 0 (0,0,0)
(/\[e;s" l)(/\zeS” H) B 1 Xsn Xsn (1 XS”,XS”)
(\/le EiH)(/\ze{k+l ..... np\S” EiH; )(/\ieS” H) 0 Xsn 0 (0’ XS, 0)
(/\i¢S’ Eifli)(/\iey Hi) Xs/ 1 Xs/ (XS”, 1,Xs")
(V:Z k+1 Ei H)(/\le{l ..... KIS EH;)(Nies: H) Xs! 0 0 (x54,0,0)
(/\,eswsﬂ E; H)(/\teS’uS” H') Xs/ Xsn Xsrus” (XS" Xs, Xsws")
/\?:1 H; Xik | Xkt ton | Xt | (Xtods Xt 1oons X1on)

Table 1: Possible values Qy’s of the random vector (Cp..x,Crsi...nsCr..n), Where & # S’ < {1,..., kY,
g#S"clk+1,..., n}, 8" uS” #{l,..., n}, and (X1...k, Xgt1.05 X1.0n) = Qo = M.

denote by 7 the tetrahedron with vertices (1, 1, 1), (1,0,0), (0, 1,0), (0,0,0), that is

T ={(x,y,2) : (x,y) € [0,1]*, max{0, x + y — 1} < z < min{x, y}}.
11



We observe that 7~ is the convex hull of (1,1, 1), (1,0,0), (0, 1,0), (0,0,0). We also observe that
the points (1, xg~, xs#), (0, xs7,0), (xs/, 1, x5/), (x57,0,0) belong to 7~ because

(LXS”,XS”) = Xy/(l, 1, 1) + (1 — XS//)(l,O, 0), (0, XS//,O) = XS/I(O, 1,0) + (1 - xS//)(O, O, O),
(.XSI, I,XS/) = XS/(I, 1, 1) + (1 — ng)(O, 1,0), (XS/,O, O) = XS/(I,O, O) + (1 — Xsf>(0, 0, O)

We recall that coherence of M implies coherence of the sub-assessment (x;, X, x;;), with i # j,
on the sub-family {E;|H;, E;|H;, C;;}. By formula (6, the coherence of (x;,x;,x;;) amounts to
the condition (x;, x;,x;;) € 7. Now, let us assume by induction that the point (xs/, xs~, X5/ s7)
belongs to 7, for every pair of nonempty subsets S" < {I,...,k}, S” < {k+ 1,...,n}, with

u 8" < {l,...,n}. Under this inductive hypothesis, the convex hull of the points Q,’s, with
Qh # 0y, is the tetrahedron 7. Coherence of M; requires that M; belongs to the convex hulls of
all the points Q),’s (h # 0), that is Msz € 7. Then, the inequalities

max{O, X1k + Xkg10m — 1} < X1 < min{xl...k,xk+1...n},
are satisfied. [

Remark 5. Given the conjunction C;..,, of n conditional events and a further conditional event
E,.1|H,+1, it holds that

Clovns if E,.1H,, is true,
Clomit = Crw A (Epi1|Huy1) =1 0, if E,,1H,,, is true,
Xsognetys  if (Nies Hi) A (/\i¢s E;H;) A H,,, is true.
(12)
In particular
61...,1 AQ= O, (‘31,, Al = (‘31,, (13)

Indeed, if E,,1H,.1 = ), it holds that P( n+1|Hn+1) = X,11 = 0 and hence E,,|H, ., =
Ey1Hui1 + Xpp1Hypr = 0. As, by (9), Cronit < Enpi|Hyr = 0, it follows that Cp.ppy =
(‘31 n N\ 0=0.

If H,yy € E,41, ie., E,.1H,y = H,.y, it holds that x,,; = 1 and hence E,|H, .| =
Eni\Hyii + Xy Hysy = Hywy + Hypy = 1 then . becomes

e ) G, if H, 4 1s_true, -
Lentl = XS U{n+1}» if (/\ieS H,) AN </\i¢5 E,‘Hi) VAN Hn+1 18 true.

For every nonempty subset S < {1,...,n}, by Theorem@it holds that
max{0, xs + X,41 — 1} = Xs < Xso(ua1y < Xs = min{xs, X1}

Then, X541} = Xxs, which is the value of €., when (A, H) A (/\i¢S E;H;) is true. Thus
Gl.‘.nﬂ = Cln Al = (‘31,,

Concerning the decomposition formula, we first examine the case n = 1 (see also [53), Proposi-
tion 1]). We recall that, given a conditional event C; = E|H;, we denote its indicator by the same
symbol. Then, given a further conditional event E;|H,, we show that (the indicator) C; can be de-
composed as the sum of the conjunctions C, = (E||H)) A (E2|H,) and C5 = (E1|H)) A (Ea|H,).
We set P(E||H;) = x1, P(E>|Hy) = x2, P(C12) = x12,P(Cj3) = x;3. The next result shows the
decomposition of C;.

12



Theorem 7. The conditionals Cy, Cy,, C;5 satisfy the relation
Ci = Cp + Cya. (14)

Proof. Table[2|shows, under logical independence of the events E, E», H;, H,, the possible values
for the random vector (Cy, Cy,, €3, €12 + €,3) associated with the constituents C) s generated by
the family {C;, C,}. We observe that both C, and C,5 are conditional random quantities with the

Ch Ci|Cn| €3 |Cia+Cs
C, | E\H\E,H, 1 0 1
C, | EHEH, | 1] 0 1 1
C; | EEHE;H, | 0 | O 0 0
Cy | EHE;H, | O | 0 0 0
C5 I'_IlEsz X1 X1 0 X1
C6 FIIEsz X1 0 X1 X1
C7 E1H1[:I2 1 X2 1-— X2 1
Cs | E\H\H, 0 0 0 0
Co | HiH; XL | X2 | Xy3 | X124+ X3

Table 2: Numerical values of the random vector (€, C;2,C;3, C12 + C;3).

same conditioning event H; v H, and hence C;, + €3 is still a conditional random quantity with
conditioning event H; v H,. As shown in Table [2] for each C, < H, v H, (ie,, h = 1,...,8),
if Cj, is true then €, coincides with €, + €;5. In other words, C; coincides with €, + C;3 when
H, v H, is true. Thus, by Theorem it holds that

x; =P(Cy) = P(Cia + C3) = P(C12) + P(C13) = x12 + X133

then C; coincides with C;, + €53 when Cy is true. Therefore C; and C;, + €5 coincide in all
cases; that is €, = Cy, + C;5. In case of some logical dependencies, some constituent C;, may be
impossible; but, of course, the relation €; = €, + €5 is still valid. ]

By the same reasoning, C; = Cj, + Cy3, where Cj, = C; A €5, Cj3 = C7 A Ca.

We observe that by Remark 4, given n + 1 conditional events E|Hy,...,E,.|H,, their
conjunction C;..., coincides with Cy..., A (E,41|H,41). Likewise, C,...,,77 coincides with Cy..,, A
(E,+1|H,+1). The next result shows the decomposition for the conjunction of n conditional events.

Theorem 8. Let n + 1 conditional events E; |H,, ..., E,.|H, be given. It holds that
Cron = Crnpr + G (15)

Proof. Werecall that x;..,, = P(Cy...,), X101 = P(Ens1|Hus1), X1.ns1 = P(Cronr1), and Xy, =
P(C,....nx1)- Moreover, given any nonempty strict subset S = {i,..., i} of {1,2,...,n}, we set

Cs = eil---ik = /\(Ej’Hj>» 6Su{n+1} = Cs A En+l’Hn+la GSU{M} =Cs A En+1|Hn+1,
jes
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and

Xs = ]P)(GS)’ XSu{n+1} = P(eSu{n-i-l})’ Xso{nr1}y = P(GSU{M})
We prove the theorem by induction on the cardinality of S, denoted by s. By Theorem [/| the
equality holds for n = 1. We assume that holds for each integer s < n, thatis: Cs =
Csogariy T Csugatiys then, we prove that holds for s = n, thatis: Cy..,, = Cy..,s1 + Croii-
We first assume logical independence of the events E;, H;,i = 1,...,n + 1. We distinguish the

following cases: (i) E,+1H,1 true; (ii) E, 1 H, 1 true; (iii) H, 4, true.

Case (i). From it holds that €., ; = C;., and C,..,.,57 = 0, so that C;..,, = Cp..,.41 +
el“ﬂ'ﬁ'
Case (ii). From it holds that Cy..,,; = 0 and C,..,,,;57 = Cr..., so that Cy.,, = Cp.,.y1 +

el-unnTl'

Case (iii). We distinguish the following subcases: (a) A, E;:H; true; (b)\/_, E:H; true; (c)
(Aies Hi) A (Nigs EiH;) true, for some nonempty S < {1,...,n}; (d) Nt H true.

In the subcase (a) it holds that Cy.., = 1, Cj..,y1 = Xup1, and €., = 1 — X,41; so that
Gl...n = 61...n+1 + Gl_..n,m.

In the subcase (b) it holds that Cy..,, = Cj..,11 = €., = 05 sothat .., = Cropy1 + Chongi
In the subcase (c) it holds that Cy..., = X5, Ci.nt1 = Xsofnt1}> and Cyugi = Xgogagiy- BY the
inductive hypothesis it follows that xs = x5 (41} + Xs_ns1}s SO that Crom = Cromt1 + Cr g

In the subcase (d) it holds that Cy.., = X1, Crny1 = Xppet> and Crii = Xpopagi- We
observe that C;..,, is a conditional random quantity with conditioning event H; v --- v H,. More-
over, both €., and €. ,,;7 are conditional random quantities with the same conditioning
event H; v --- v H,;; and hence C;..,.; + C;..,,,77 1s still a conditional random quantity with
conditioning event H; v --- v H,,. Finally, we observe that C,..,, and Cy..,.;1 + C,..,,77 co-
incide when H; v --- v H,, is true. Then, by applying Theorem [3| with X|H = C,.., and
Y|K = 61...n+1 + Gl.,,nm, it holds that x;..., = X1eont1 + X1nnsi1, SO that Gln = Gl...n+1 + Glnm
In conclusion, C;..,, and C...,,41 + C,...,,7 coincide in all cases; thatis Cy..,, = Ci..,.i1 + Crni
(see also Table [3). In case of some logical dependencies, some constituent C;, may be impossible;

but, of course, the relation C;..., = Cy...,.1 + C;..,,,57 1 still valid. ]
Cy Cron | Crmgt | Gz | Crongr + Crm
€n+lHn+1 eln 61---11 0 e1---n
En+1Hn+l _ eln 0 G1n el---n
(/\?:1 @iHi)P_In+1 1 Xn+1 I - Xn+1 1
(Vi E:H;)H,4 1 0 0 0
(Nies Hi Nigs EH)Hy1 | Xs | Xsoparty | Xsogari) Xs
AN H; X | Xtentt | Xionati Xl

Table 3: Numerical values of the conditional random quantities Cj..., Ci...o41, C1..ongis> Clocng1 + € - Each S
is a nonempty strict subset of {1, ...,n}.

Given any integer n > 1 and n conditional events_El\Hl,...,En|Hn, we set gl*n* =
/\i— Ef|H;, where for each index i it holds that i* € {i,i} and E} = E,, or E} = E,, accord-
ing to whether i* = i, or i* = i, respectively. In particular €+ = C; = E;|H; when 1* = 1 and
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€1+ = C; = E||H; when 1* = 1. Moreover, given any subset {i|,...,i,} < {1,...,n}, by defining
{ih+1,...,in} = {1,...,n}\{i1,...,ih},we set

Coreviringiiy = (Ea|Hiy) A -+ A(Ey|Hy) A (Eipy[Hiyy,) A - A (B [H,). (16)

We recall that by definition the value of Gil---ihith---i;» when the conditioning events Hy, ..., H, are
all false, is its prevision P(C;,..;,;,., ). We set

]P’(@il...ihim...;) = Xijige-ipinp1 - in> \ {i], cee lh} < {1, cee I’L} (17)

Notice that, as the operation of conjunction is commutative, for each conjunction Cx..,+ it holds
that Cy..,x = Cj..;,s7,.i;» fOr a suitable subset {i},...,i} < {1,...,n}. Then, given a further
conditional event E, | |H,, by the same reasoning of Theorem [8|it holds that

Crtmr = Crapinst + Crooprngy, V(1% ...,n*) e {1,1} x - x {n,n}, (18)
or equivalently
C‘fi,...,»,lihjl...,-; = ei1~--ihiT+1-~~i7.n+l + eil...ih,’/:l...i;m, V{il, ey lh} - {1, ey l’l} (19)

For instance, it holds that:  C1,3 = Cp34 + Ci335 C1oz = Ciozz + Cioaz = Cixag + Cixz3, and so
on.

4. The set of conditional constituents

In this section we show that a notion of “constituent”, which we call conditional constituent,
can be introduced for the case of n conditional events E;|H, ..., E,|H,. We recall that, given n
(unconditional) events E1, ..., E, and denoting the set of their constituents by {Cj,h = 1,...,m},
where m < 2" (with m = 2" in case of logical independence), it holds that

(i) ChnCe=O,Yh#k (ii) \/,_,Ch=Q. (20)
In terms of indicators (denoted by the same symbols) formula (20) becomes:
(i) ChnCr=0,YVh#k (i) > Cn=1, 21)
with C;, = 0, h = 1,...,m. Then, it holds that:
E;= Zh:cth,- Cn, P(E)) = thcthj P(Ch); j=1,...,n. (22)

We introduce the set of conditional constituents associated with n conditional events, by obtaining
some properties which are analogous to those valid for the unconditional events. Indeed, we will
show that properties (i)’ and (ii)’ in (1)), still hold if we replace events, and their constituents, by
conditional events, and their conditional constituents, respectively. In other words, the conditional
constituents are incompatible (i.e., their conjunction is 0) and their sum is 1.

Moreover, likewise formula (22)), we will show that the indicator of each conditional event,
and its prevision, can be decomposed as the sum of suitable conditional constituents, and their
previsions, respectively.

In addition, as in the case of unconditional events, the conditional constituents associated with
a family of n conditional events {E,|H,..., E,|H,} are all the (non zero) conjunctions (A;|H;) A
- A (A,|H,), where A; € {E,, E;},i=1,...,n.
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Definition 7. The set of conditional constituents, or c-constituents, associated with a family of n
conditional events & = {E||H,...,E,|H,} is

K= {Ci it it i} © {Loeeanh o yiryis # O},

where each c-constituent C;...;,;7...;, is a conjunction, as defined in (|16)).

1 Ehlpg 1 in

Notice that the cardinality of X is 2" when the events E,,...,E,, Hy,..., H, are logically
independent. In the presence of some logical dependencies it may be that C; ;,...;,;;...;; = O for
some {ij,...,in} < {l,...,n}, as shown in the example below. If C coincides with 0,
then it is not included in the set X.

i1ip - ipp1In

Example 2. Given two logically independent events E,H let us consider the family & =
{E1|H1, Ez’Hz}, where E1 = E, E2 = E, Hl = I:Iz = H. We observe that X < {612, Glj, GTZ? Gjé},
where, by recalling that E|H = EH + P(E|H)H and hence ¢§|H = 0, it holds that

€1z = (E|H)A(E|H) = @H = 0 = €13, €5 = (E|H)(E|H) = E|H, €, = (E|H)A(E|H) = E|H.

As we can see, in this case there are two c-constituents which are not zero; that is: X =
{Ci2.Co} = {E|H,E|H} = €.

In the next result we show that the properties (i)’ and (ii)’ in (21), relative to unconditional
events, still hold for the case of conditional events.

Theorem 9. Given a family of n conditional events £ = {E,|H|,..., E,|H,}, let X be the set of
c-constituents associated with €. It holds that

G,-l...,-h,-;l...,jl AN Gjl“‘jkjki"'jn = @’(Hl Vo Vv Hn> = 0, V{il,iz,. ..,ih} #* {jl,jz,. ..,jk}. (23)

Proof. As {il, ey lh} #* {jl, ey jk}, the set ({il, ey ih}\{jl, . ,jk}) ) ({jl, . ,jk}\{il, ey lh})
is non empty. Let r be one of its elements. For the sake of simplicity, we assume that r = i} = ji;.
Then

(Ei1|Hi1) A (Ejk+1|Hj

k+l) = (Eil‘Hil) A (Ei1|Hi1> = (Eil A Eil)‘Hil = ®|Hi1 =0,
and hence

eil...,‘hirﬂ...fn A C

= (@ Hil) A G

= (Eil‘Hil) A (Ejk+1’Hj

JU k1 Jn k+1) A eizmihihjl“'i;

A Gjl"'jkjk?"‘jn = ®‘<H1 ViV Hn) =0.

A C

JUeJidiadn T

20+ +iplp417""in

Theorem 10. Given a family of n conditional events & = {E,|H, ..., E,|H,}, let X be the set of
c-constituents associated with €. For each 1 < k < n, it holds that

............... o4
G >0, V{il,...,i]1}g{1,...,k}.
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Proof. First of all, as P(Q|H;) = 1, we observe that
6’1 + GT = El‘Hl + El‘Hl = (E] Vv El>|H1 = Q|H1 = 1,

that is holds when k = 1. Moreover, from (14), C, + €5 + Cj, + Cj3 = € + €7 = 1, that
is (24) holds when k = 2. Then, by induction, assuming (24) valid for k — 1, from (I8)) it follows
that

—Z( ..... (k=1)%)e{1,1} x - x {k—1,k— 1}(61* (k— 1)*k+el* -(k— l)*k)
= 2k, (k—=1)F)e{ 1T} x - x {k—1h— 1}61* (k-1x = 1,
that is formula is valid for k. Finally, the inequalities C; .;;..i = 0,V {i1,....ix} <

{1,...,k}, hold because the prevision assessments used when defining conjunctions are assumed
to be coherent. L

We observe in particular that from Definition 4] and Theorem [I(]it holds that
Z Xiywipiprin I, Xiyeweipipgr-in =0, V{ll,...,ih} - {1,,1’1} (25)
{il,iz ..... ih}g{l,z,...,n}

In other words the prevision of each conditional constituent is nonnegative and the sum of all these
previsions is equal to 1. In addition, we show that the properties in (22) still hold for conditional
events. Indeed, by Theorem@ it follows that

G :612+Glg:6123+€123+61§3+61§g:...:
2612 n+€12n]n+ +612n1n+612 n

and in general, for each j € {1,...,n} it holds that
Cj= >, Cro oy 1)y ot = > Cortizrininrrins (26)
(1o G 1 1) )] (I litin} {1}
where the symbol {(1*,...,(j — 1)*,(j + 1)*,...,n*)} denotes the following set

(..., (-5 G+D* . oon)e{l, 1} x-x{j—1,j— 1} x{j+1,j+1} x---x{n,n}}.

Moreover, concerning the probability x; of E;|H;, from (26) it holds that

P(C)) = x; = Z KUk (=) (1) om* =
{1, (= D*,(+ D)%™) }
(27)
- 2 Kivig-ipinr-in = 2 P(eiliz.--i,,im...;,)-

{clitminy={1,...n} Uyslininy={L.....,n}

More in general, for the conjunction Cs = /\ ;s (E;|H;) it holds that

GS - Z ell lhlh+1 Iy V@ # S c {1 } (28)
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and hence

P(Cs)=xs = D> Xyginei VD #S S{l....n} (29)
{it,esin}28
Moreover,
Chriyviningr s = > Chrigvinjijoinrr i YOS h<k<n, (30)
{J1seesdr S ikt 1seeesin}
and for its prevision Xx; ;,...;.i...;; it holds that
Xigiyevipingre = Z] Xiiy-eipji joinr i o iy 7O S h <k <n. G

{J1sesdr} Skt 1sensin}

5. The inclusion-exclusion principle and the distributivity property

In this section we show that the well known inclusion-exclusion formula, which holds for
the disjunction of n unconditional events (and its probability), still holds for the disjunction of
n conditional events (and its prevision). This result, and other related formulas, will be used in
Section [6f We also prove a distributivity property by means of which we can directly derive the
inclusion-exclusion formula. We first give a preliminary result.

Theorem 11. Given n + 1 conditional events E,|Hj, ..., E,{|H,, it holds that

- h h
Cidiyigntt = Cipigns1 — Zj:] Ciyovignt1 + Z[<j1<j2<h Cjipirinet T+ (=1)"Crniy i nrs
Il <h<n {i,....ix} <{h+1,...,n}.

(32)

Proof. Formula is satisfied for 1 = 1 because, by the decomposition formula (19), it holds
that
Gii1~~~ikn+1 = Gil---ikn+l - elil---ikn+l5 V{il, ceey lk} - {29 R n}

By assuming that is satisfied for 7 < n — 1, we prove that is also satisfied for 4 + 1. By
(19), it holds that

eT...Zil...ikn_F] = GT.‘.Z/H_] ipeignt1 T GTthl ioignt 1o \ {il, ceey lk} - {h +2,..., I’l}
Moreover, by the hypothesis, it holds that
h
h
Cimiyigns1 = Cipigna1 — Z Ciyovipnt1 + Z Cjipirinet T+ (=1)"Crniy i ni
Jj=1 I<ji<ja<h

and

h
o _ h
Clodiht Ligeint1 = eh+1i1---ikn+1_2 Cinttiyoigna1+ Z Cliimnttirint1 (=1 Crohstiyoigns1-

Jj=1 I<ji<j.<h
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Then, by (19), for all {i\,...,i} < {h+ 2,...,n} it follows that

ei---/?lilu-iknﬂ = GT ipeign+l T GI Bh+1iign+1 —

= [eil'“ik""t‘] - Zil 16111 ignt1 Tt 21<11</2<h e]uzu dgntl T ( ) el"']7i]"'ikn+]:|+
~[Chrtiyignst — Zj 1 Clnttivignt1 T i< josch e]]jzh-i-lll st o+ (CD"Crhttiins] =
= ei1~~-ikn+1 - 27:11 e]’]"'lk”+1 + 21<11<12<h+1 ejuzll~~lw+1 +-+ ( )h+1€1~~~h+1i|--~ikn+1-

Then, formula (32)) follows by iterating the previous reasoning fromsz = 0toh = n — 1. ]

We give below some examples where formula (32) is obtained.

Ci, = € — Cia, By = Co3 — Cin3, B33 = €33 — C1p3 = C3 — Ci3 — B3 + Cio3,
Ci334 = Cizq — Cippy = C34 — Cizs — Coz34 + Cioaa,
GT§§4 = GT§4 61234 614 6124 6134 + e1234 = C4 — C1g — Co4 + Cioq — C34 + Ci34 + Cp34 — Cin34.

In the next result we obtain the inclusion-exclusion formula for the disjunction of n conditional
events.

Theorem 12. Given n conditional events E;|H,, ..., E,|H,, it holds that

n

Diw = 2 (=D > €y Ze— DU Gt (1) e

h=1 I<ij<--<ip<n I<ii<ia<n

Proof. From (13)), it holds that C1.; A 1 = C1..;. Then, by applying withh =nand C,.; = 1,
it follows that

——1—2“ S @t (<1 (33)

1<ii<ir<n

Finally, by recalling (IT]), we obtain

Dy =1—Cp.y = Ze— DU Gt (1) e

1<ii<ir<n

In the next result we prove the validity of a suitable distributivity property.

Theorem 13. Let Cy,...,C,.; be n + 1 conditional events. Then, the following distributivity
property is satisfied:

[1— ZG + Z Ciip + -+ (=1)"Cpp] A Ciyipnss =

1<l]<lz$h
h
=1Aa Gil...,-k,m — ZG, N eil.“,'kn_i_l + 2 Gm-z A Gil"'ikn+1 + -+ (—1) Gl.“h AN G,-l...,-an,
i=1 I<ii<ia<h

I <h<n {i,....,;k} S {h+1,...,n}.
(34)
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Proof. By recalling Remark ] formulas (32)), and (33)), it holds that

1 - 26 + 2 Clelz + - (_l)helh] AN ei]"'ikl’l-‘v-l = GT/; N ei]'“ikﬂ-‘rl = 6T~~~Ei1~~~ikn+l =

1<11<12<h
h
= el] dpn+1 Zeﬂ] g n+1 + Z €j|j211 g n+1 + - ( 1) e1~~-hi1-~~ikn-‘rl =
1<ji<jo<h
h
=1 ACi ignt1 — Z Ci A Ciignsr + Z Ciiy A Cipeinr + -+ (=1)"Crn A Cpignsr-
i=1 1<ii<ia<h

The next result shows a further aspect of the distributivity property.

Theorem 14. Let Cy,...,C,,; be n + 1 conditional events. Then,

[1 - Z?:Inei + Zl<i1<i2<n eiliz +o Tt (_1)nel---n] N (1 - 6n+1) =
= [1 - Zizl Ci+ 21<i1<i2<n Giliz +o Tt (_1)n€1---n] A1+ (35)
_[1 - Zizl ei + Zl<i1<i2<n Giliz +-+ (_l)nelmn] N Gn+1-

Proof. We observe that, by Theorem[I3] when /& = n it holds that

[1->7",C+ Zn:l<n<i2<n Ciiy + -+ (=1)"Crn] A Cpyy = (36)
= 1 A en+1 — Zi=1 Gi AN en+1 + Zl<i1<i2§n eiliz AN el’H—l + -+ (_1)"8111 A e”+1'

In particular, if C,; = 1 it follows that

[1 - Z?:l ¢ + 21<i1<i2<n Gi1iz +o Tt (—1)”61..,n] A= (37)
=1A1- Z?:l G,- Al + Zl<i1<i2$n G,-l,-z AL+ + (—1)”(31;, A 1.

Based on (33), (36)), and it follows that

[1 =200 Cit 2y cinen Ciria + -+ (=1)"Crn] A (1 = Copt) = Crg A Cugy =
= @I...m =1- Z?:ll G+ Zl<i1<i2<n+1 C")iniz +--t (_1)n+lel~--n+1 =
[1 - Z? 1 Ci + Zl<11<12<n elllz + - ( 1) G1---n]+
[ n+l — Z, 1 eanrl + Z1<,1<12<n el]lzn+l +o+ (_1)n+lel---n+l] =
=[AAl =2 CAl+2 i Cin AL+ (=1)"Cry A 1]+
_[1 N C‘3n+1 - Z?:I Gi N Gn+1 + Zlgil<i2<n Giliz N en+1 et (_1)n+1€1-~-n A GnJrl] =
= [1 - Z?:l Ci+ Zl<i1<i2<n eiliz +o (—1)”@1..,n] A1+
1 =200 Gt g i Ciia o+ (2 1)"Crin] A C

]

We remark that, by the relation D;..., = 1 — Cj..;, the inclusion-exclusion formula also follows
by directly computing Cj..; by means of the distributivity property, as shown below.

e]...ﬁ = /\?:1 e} = /\:lzl(l — (?l) = (1 — 61 — 62 + 812) A (1 — 63) N A (1 — @n) =
2(1—61 —62—€3+612+€13+€23—€123)A (1—64) ANEIEIVAN (1—@,,) = (38)
= 1= G D i< Gy o+ (—1)"Cr
20



Then, for each nonempty subset {ij,...,i,} < {1,...,n}, by taking into account it holds that

)

iiplpy i elh+l in A e11 L/

[1 =2 ictinirint Gt 2 linerin) ejljz o (1) ] A Gy, = (39)
=G in} ell dinjrg Tt (_l)niheir“in'

iy eeip ZJE{111+1 .....

When {il, . ih} = @ that is h = 0, formula (39) continues to hold because if we set by conven-

.....

11 i1 ++In 2 2 11 pjie {ll""’ih}g{l"”’n}~ (40)

Remark 6. We observe that, concerning the probabilistic aspects, by recalling from coher-
ence it holds that

e _1\n—h,. . _
KXig il iy — Xirip Z;e{zH] ..... in} KXiyweip j + Z{Jl J2 S it 15eensin} Xiginjij2 + + ( 1) KXiy ooty =
o n—nh Z
- k:O( ) {]1 ..... Jk}C{lh+1 ..... l,,} xll injieeJko

41)
where by convention we set x;,..,, = Xz = 1 when {i,...,i,} = ¢J. Moreover, as each conditional

constituent C;,..;;—...;; is a nonnegative conditional random quantity, by coherence it must be

iy i1 ++in Z Z Xiy g j1 o i = 0’ {ila""ih} S {1,...,71}, (42)

{jl ,,,,, Jk}S{int1oensin}

with
n—h
2 KXiteoiningrin — 2 Z(_l)k 2 Kipewipjiwje = 1 (43)
{11 ..... ih}g{l ..... n} {il ..... ih}g{l ..... n} k=0 {]1 ,,,,, jk}g{i/,_H ..... i,,}
as it also follows by observing that Z{ll ’’’’’ el Cirovininryoiy = 1

Notice that, given a coherent prevision assessment (x;,...;; & # {i1,...,in} < {l,...,n}) on
the family {C;....; & # {i1,...,in} < {1,...,n}}, where C;,..;,, = (Ei,|H;,) A -+ ~ (E; |H;,),
as shown by formula @) for every nonempty subset {ij,...,i,} there exists a unique coherent

extension Xx; for the prevision of the conditional constituent C;

I lhl/H»l l I lhlh+1 ln

6. Necessary and sufficient conditions for coherence

In this section we obtain, under logical independence, two necessary and sufficient coher-
ence conditions. Let a family of n conditional events & = {E||H,,...,E,|H,} be given, with
Ei,...,E,, Hy,...,H, logically independent. We denote by M = (x5 : & # S < {1,...,n})
a prevision assessment on F = {Cs : & # S < {l,...,n}}, where Cs = A, (E:|H;) and
xs = P(Cs). We observe that F is the family of all 2" — 1 possible conjunctions among the condi-
tional events in €. The first condition characterizes the coherence of M and will be represented in
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geometrical terms by a suitable convex hull. The second condition characterizes the coherence of
a prevision assessment on J U K, where X is the set of conditional constituents associated with €.

We denote by Cy, Cy,...Cs_, the constituents associated with the family &, that is the ele-
ments of the partition of Q obtained by expanding the expression

/\(EiHi V EiHi V Hi)’

i=1
where Cy = H, - - - H,. With each C), we associate a point

On=I(qus : T #S <{l,...,n}), (44)

where g5 is the value of Cg when Cj, is true. In particular with Cj it is associated Qg = M. We
notice that Qj, is the value of the random vector (Cs : & # S < {1,...,n}) when C,, is true. By
discarding Q,, we denote by Q the set of remaining points Q,’s associated with the pair (F, M)
and by 7 g the convex hull of the set Q. We denote by B the subset of Q, constituted by 2" binary
points Q1, ..., O, defined as

B={01,....0m} ={01€Q:qus €{0,1}, S ={i}, i=1,...,n}. (45)

We observe that the points Qy,..., O, are associated with the 2" constituents C;,’s obtained by
expanding the expression

/\(EiHi \% EiHi)a

i=1
which coincides with /\?:1 H;. Notice that, given any C, such that Q, € 8, the sub-vector
(gns,S = {i}, i =1,...,n) is a vertex of the unit hypercube [0, 1]” and it is the value assumed by

the random vector (E|H,,- - - , E,|H,) when C,, is true. We also remark that, from the definition
of conjunction it follows that

QhEB:> thE{O,l}, V@#SE{I,,H} (46)
Then, the set 8 can be equivalently defined as

B={0eQ:qn€{0,1}, F#S < {1,....n}}.
We denote by 7 g the convex hull of the set B; of course 7 g & 7. Then we have

Theorem 15. Given a family of n conditional events & = {E||H,...,E,|H,},let M = (x5 : & #
S < {1,...,n}) be a prevision assessment on the family F = {Cs : & # S < {1,...,n}}, where
Cs = /\ies (Ei|H;). Under the assumption of logical independence of Ey, ..., E,, Hy,..., H,, the
prevision assessment M on J is coherent if and only if M belongs to the convex hull 7 4 of the 2"

binary points Q, ..., Q.
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Proof. (=) Assume that M is coherent. Then, all the inequalities in are satisfied. We observe
that the condition M € g is satisfied if there exist suitable nonnegative coefficients 4,,’s, with
i: A = 1, such that M = 2121:1 4,0y This means that for each component xg of M it must
be x5 = Zi: LAngns = D ans—1 An- We observe that with each 0, € B it is associated a unique
subset {iy,...,ik} < {1,...,n} such that, when S = {i},i = 1,...,n, it holds that g;s = gxg = 1
if i € {ir,....5x} and qus = quyy = O0if i € {ixs1,--- .0} = {1,....,n}\{i1,...,i}. Then,
by changing notations, the point Qj, associated with {ij,...,i;} will be denoted by the symbol
Oi,...ixirs i, and the coefficient 4, will be denoted by 4; . By this change of notations, the

binary quantity g,s becomes g;,...;,i;..i,s» With

LS i,
iy igigg1inS = 0, ifS ¢ {il,...,ik}.

Then the equality xg = Yo A,qus becomes xg Z{ll ’’’’’ s12s Airizicr-i,-  Then, more ex-

plicitly, the condition M € Ig is satisfied if there exists a vector, with components, A =
(Aiyevigicyiys Aits - - > iy © {1,...,n}) which is a solution of the system below.

Z{l] ..... l]\}DS/lll lklk7+1 l:,’ @#S Q{l,z...,n},
(EB) Z{zl iky={1.2...n} /111 AR 1, 47)

A iicrrein 2 0, i,y € {1,2...,n}.

We observe that A has 2" (nonnegative) components and (Xg) has 2" equations. By coherence of
M, from (#2) and (43) we can compute the quantities x;,...;.i;;...,» for all {i1, ..., i} < {1,...,n},
which are nonnegatlve and with their sum equal to 1. Moreover, by (29), for each subset
S it holds that xg Z{n in}28 Xir-wining1oins which has the same structure of the equation

.....

Xs = 2. iny=s Airiyine—i, i (Zg). Then, (Ig) is solvable and the (unique) solution is the

.....

vector A with components

/lil"'ikial"'l; = P(eil"'ikik_ﬂ"'ﬁ)’ V{il, ey lk} - {1, ey n}

Thus, the condition M € 1 g is satisfied.
(<) Assume that M € Ig. Then, M € I because 8 — Q and hence the system () is solvable.

iy ik 1 n

= Miiig1 iy

Moreover, 7, = (J because all the coefficients 4; .., ;..;;’s are associated with the constituents,
which we denote by Cll i1 S» such that for every subset {i1,..., ik} it holds that C;, . iy S
H,;, forevery i = 1,...,n. Thus, by Theorem 2] the prevision assessment M is coherent. L

Remark 7. As shown by Theorem under logical independence of the basic events
E\,...E, H,,...,H,, the coherence of M amounts to the solvability of system (Xg). Moreover,
(Xg) is solvable if and only if the following inequalities are satisfied

Z(—l)’“ Z Xivoinjioge = 0, ¥ {in,....in} S {1,...,n}, (48)

where we recall that, by , the first member of {#8) is the prevision x;...;,;7,..i, Of Ciyoipiniyoiiy-
Therefore, under logical 1ndependence the set of all Coherent assessments on the family J is the
set of assessments M, with components xs which satisfy the list of linear inequalities (48)). Indeed,

Xiy.iyjr-j, coincides with the component xg, where S = {i, ..., i, ji,-- ., jk}-
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We will now give another result on coherence under logical independence. We denote by A

.....

{1,...,n}) such that

Z Vi oin} = 1, Vi, oonin} = O, V{il,...,ih} - {1,,1’1}
{i1sein }S{1,2,....n}

We observe that, given any V € A, we can construct a prevision assessment M = (x5 : & #
S < {l,....n}))onF = {C : g # S < {l,...,n}}, where each x5 is obtained by ap-
ditional constituents {C; ;... ©  {it,- -,y S {1,...,n}}, each C;.;;—..; is obtained
from suitable elements of F by applying (40). In this way, we also obtain a prevision assessment
P = Xty it - - Iny S {1 ..,n}) on XK, with x; 000, = Vi,

next result shows that, under logical independence, by the simplex A we obtain all the coherent
prevision assessments on J U K. For the sake of simplicity, even if both M and P contain the
element x;.., = P(Cy..,), we denote by (M,P) = (M,V) the prevision assessment on F U K
associated with V.

Theorem 16. Let a family of n conditional events & = {E|H,,...,E,|H,} be given, with
E\,....,E, Hy,..., H, logically independent. A prevision assessment (M, P) on F U K is co-
herent if and only if it is associated to a vector V € A.

Proof. If (M, P) is a coherent prevision assessment on F U K, then M is obtained from P by
means of and from it holds that P € A. Then (M, P) is associated with the vector
V=>PeA.

Conversely, if (M, P) is associated to some V € A, then P = V. Moreover, as shown in the
proof of Theorem [I5] under logical independence, by setting

ﬂil"'ihiﬁl"'gz = Xl'l_._ihl'r“.,_l’; = V{l'l """" ih}’ V{ll, ey lh} < {1, ey n},

the system (Xg) is solvable, that is M € Ig; thus M is coherent. Finally, if we extend the
assessment M, defined on F, to the family X, by recalling and the extension coincides
with P. Hence, (M, P) is coherent. O

7. Some further aspects

In this section we examine some further aspects which are related with Theorem We ob-
serve that each O, defined as in is itself a prevision assessment on J and hence, by Theorem
Qy, is coherent if and only if Q;, € 7. In the next result we prove that, under logical indepen-
dence, coherence of M requires coherence of all the points Q),’s. In other words, if M is coherent,
then for each /4 it holds that Q;, € I g, even if Q;, ¢ B.

Theorem 17. Let n conditional events E,|H,..., E,|H, be given, with E|, Hy,..., E,, H, logi-
cally independent. Given a coherent prevision assessment M = (x5 : & # S < {l,...,n}) on
the family ¥ = {Cs : & # S < {l,...,n}}, for every point Q, it holds that Q) is a coherent
assessment on J, or equivalently Q;, € 7 g.

24



Proof. Of course, for each Q) € B it holds that O, € Ig, that is Q, is coherent. Let us consider
any point Q,, h # 0, associated with a constituent Cj,, such that Q) ¢ 8. Without loss of generality

we assume that
ChcH - HHy - H, 1<k<n

Then, for the components g,s of Q;, with S = {i}, i = 1,...,n, it holds that

o xnifS ={ihi=1,... .k
s = bief0,1},ifS ={ili=k+1,...,n

More in general we have

xs, ifS < {l,....k},
I, ifSci{k+1,...,n}andd; =1,YieS,
gis =< 0, ifS<{k+1,...,n}and b; =0, forsome i € S, (49)
Xy ifS A{l,... .k} =S # Fandb = L,YieS\S' £ O,
0 iftS n{l,...,k} =8’ # J and b; = 0,for some i € S\S' # .

We denote by M, the sub-assessment of M defined as

M= (xs: J#S < {l,...,k})
on the sub-family JF; of J defined as

Fe=Cs:F#S <{1,....k}).

The coherence of M implies the coherence of the sub-assessment M;. We observe that, as the
events E;, H;, i = 1,...,n are logically independent, the extension M} of M, on F; U {E|H;,i =
k+1,...,n}, such that P(E;|H;) = b; € {0,1} fori = k + 1,...,n, is coherent. Moreover, there
exists a unique extension M* of M}’ on the family J because, for the assessment

M= (x$:g#S < {l,...,n}),
each component x¢ is uniquely determined by M;. Indeed, it holds that

x5, ifS < {l,....k},
I, ifSci{k+1,...,ntandb; =1,VieSs,
xg =1 0, ifSc{k+1,...,n}andb; =0, for some i € S, (50)
Xy ifS A{l,... k} =S #Fandb = 1,¥ieS" =S\S' £ &,
0 ifS n{l,....,k} =8’ # Jand b; = 0,forsome i € §” = S\S' # .

The uniqueness of the extension xg = 0, or xg = 1 shown in the second and third lines of (13_6[),
follows from Theorem@ Moreover, the uniqueness of the extension xi = xs/ follows because, by
Theorem [6] it holds that

max{xs: + xs» — 1,0} < xg < min{xg/, x5}, (51)

25



and, from Theorem it holds that xg» = P(Cs\s/) = 1; thus ll becomes

max{xS/ + Xgn — 1,0} = X5 < X; < Xgr = min{xsl,xgn}.

Finally, the uniqueness of the extension x; = 0 in the last line of follows because, from
Theorem [3} it holds that xg» = P(Cs\s/) = 0; thus becomes

maX{xS/ + Xgn — 1,0} =0< ng <0= min{xsl,xsu}.

Of course, as the extension M* of M; is unique, coherence of M; implies coherence of M*.
Then by Theorem [I5] it holds that M* € Ig. Finally, from and it follows that x§ = gys
VS # . Therefore M* = Q,, so that Q) is coherent, or equivalently Q, € 7 g. O

Remark 8. We recall that each Q) associated with the pair (F, M) represents the value of the
random vector (Cs : & # S < {1,...,n}) when C, is true. Then coherence of M implies that,
as for the case of unconditional events, each possible value Q) of the random vector is itself a
particular coherent assessment on J.

8. Some examples and counterexamples

As shown by Theorem@], under logical independence of Ey, ..., E,, Hy, ..., H,, coherence of
M amounts to condition M € I g, that is to validity of all inequalities in formula (42)). We examine
this aspect for n = 2 and n = 3 in the examples below.

Example 3. In this example we obtain the lower and upper bounds given in Theorem 4| by using
the conditional constituents. We consider & = {E,|H}, E;|H,} and F = {E,|H,, E»|H,, (E||H) A
(E,|H,)}, with Ey, E,, Hy, H, logically independent. Then, let M = (xj, x, x12) be a prevision
assessment on F. The set of conditional constituents is X = {C,, Cy3, Ci», Ci3}, where Cjp =
(E1|H) A (Ex|lHa), Ci3 = (Ei[H)) A (Eo|H), Ciy = (E1[Hi) A (E2lHa), Ciz = (Ei|H)) A
(E,|H5). As made in the proof of Theorem [15] we change notations for the points Q;’s of the set
B. In this example n = 2, then B = {Q1, 013, 012, Q3}, where

On=(1,1,1), Q5 = (1,0,0), O1, = (0,1,0), Q75 = (0,0,0).
The previsions of the conditional constituents Ci,, €3, C1,, €5 are, respectively,
X12, Xj3 = X — X12, X[p = X2 — X12, Xj3 = 1 — X1 — x2 + xp2.

These previsions are the coefficients which allow to represent M as a linear convex combinations
of the points of the set 8. By Remark [7] coherence of M amounts to the inequalities in (48)), that
is

X220, x1 —x2=20, o —x2 =20, 1 —x1 — %+ x>0,

which are equivalent to the following conditions

(x1, %) € [0,1]%, max{0,x; + x, — 1} < x;5 < min{x;, x,}.
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Notice that, by recalling Theorem each vector V of the 3-dimensional simplex A determines
a coherent prevision assessments on F U KX = {E||H|, E;|H>, C», €3, C1,, C3}. For instance,
with the vector V = (V{l,g},V{l},V{z},V@) = (1 L1

RIS %) it is associated the assessment (M, P) =
(x1, X2, X12, X3, X12, X13), Where

X =V tVay =1, X = Vg Ve =3 X2 = Va2 = &
1 1 !
Xp =V =g =V =3 M2 = Vg =g

Example 4. In this example, by using the set of conditional constituents, we obtain the
same result given in [39, Corollary 1]. We start by a family & = {E,|H), E;|H,, E5|H3},
where E, E,, Es;,H|,H,, H; are logically independent. @ The conditional constituents are
Cos = (EilH) A (E2|Ha) A (Es|Hs),....Cia5 = (Ei[Hi) A (E2lHy) A (Es|H;).
Let M = (x1,x,X3, X2, X13, X23, X123) be a prevision assessment on the family F =
{E1’H1,E2’H2,E3‘H3,(‘312,@13,823,8123}, where eij = Ei|H,' A EJ‘HJ By logical independence
and by Theorem coherence of M amounts to the condition M € Ig, where B is the set of
points

0,0,0,0), Oirs — (0,1,1,0,0, 1), Orrs — (0, 1,0,0,0,0,0),
,0,0,0,0), Oi33 = (0,0,0,0,0,0,0).

By recalling (42)), the previsions of the conditional constituents, which are the coefficients in the
representation of M as a linear convex combinations of the points of the set B, are

X123, X123 = X12 — X123, X123 = X13 — X123, X123 = X123 — X123 = X1 — X12 — X13 + X123,

X123 = X23— X123, X[23 = X[2—X[23 = Xp —X12 —X23+ X123, X123 = X13 —X[23 = X3 —X13—X23+ X123,
X733 = Xi3— X133 = (1=x1—X2+x12) — (X3 —X13—X23+X123) = 1 —X1 — X0 — X3+ X124+ X153+ X23 — X123

By Remark [7] coherence of M amounts to the inequalities in (48)), that is
X123 2 0, x12 — X123 2 0, x13 — X123 2 0, x1 — X120 — X153 + X123 = 0, x23 — x123 = 0,

Xo—X12— X3+ X123 20, x3—x13 —x3+x123 =0, 1 —x; —xp — X3+ X132+ X153 + X3 — X523 = 0,

: : 3 / V]
which can be written as (x1, xp, x3) € [0, 1]°, x|, < X123 < xJ,3, where
/
Xip; = max{0, x;p + X13 — X1, X12 + X3 — X2, X13 + X23 — X3},

" .
X3 = mln{xlz,x13,x23, 1— X1 — Xp — X3 + Xpo + X13 + x23}.

Notice that there are inequalities which hold, even if they are not evident. Indeed, as x{,; > x|,5,
it holds for instance that 1 — x; — X, — X3 + X2 + X3 + X3 = X2+ x13— 1, thatis xo3 = xp +x3— 1,
and so on. Of course, if x{,; < x],; (because for instance x5 < x1» + x13 — Xy, thatis x;3 > xy),
then the assessment is not coherent. Moreover, by recalling Theorem each vector V of the
7-dimensional simplex A determines a coherent prevision assessments on I U XK.
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We also remark that, in case of some logical dependencies, Theorem is no more valid; that
is, coherence is not equivalent to the condition M € 7. We give below two examples; in the first
one the set B is empty.

Example 5. Let three events A, H, K be given, with HK = (J and A logically independent
of H and K. Moreover, let M = (x,y,z) be a prevision assessment on the family F =
{A|H,A|K, (A|H) A (A|K)}. The constituents generated by {A|H,A|K} are

C, = AHK, C, = AHK, C; = AHK, C, = AHK, C, = HK.
The associated points Q),’s for the pair (F, M) are
Ql = (l’y’y)’ Q2 = (x’ I,X), Q3 = (0,)7,0), Q4 = (X,O, 0)7 QO = M = (X,y,Z)-

As we can see, it holds that 8 = ¢ and hence J g = (J; then, to check coherence of M we cannot
use the condition M € I g, which is meaningless. Instead, in order to check coherence we need to
start by checking the condition M € 1 g, which amounts to solvability of the system below.

x = A1 + bx + Ax,

y =41y + A + A3y,

z=/11y+/123€,

/ll+"'+/l4:1’ /1;,20, I’l=1,2,3,4,

which can be written as

xy = 1y + A2xy + Aaxy,

xy = 41xy + Arx + Azxy,

z= A1y + Ax,

A+ +A4=1 4,=0 h=1,2,3,4.

By summing the first two equations, we obtain: z = xy; then, the unique coherent extension of
(x,y) to the conditional constituent (A|H) A (A|K) is z = xy (see also [38]). We observe that
the assessment (x,y,z) uniquely determines the extensions to the other conditional constituents,
(A|H) A (A|K), (A|H) A (A|K), and (A|H) A (A|K), given by x(1 —y), (1 —x)y, and (1—x)(1—y),
respectively.

Remark 9. Example [5| shows that in general, given two conditional events E;|H, E,;|H,,
in order a prevision assessment (X2, X3, X2, Xj3) on the family of conditional constituents
{C12, €13, Cip, C13} be coherent, it is not sufficient that the conditions given in (23)), that is

Xp+xs+xp+x3=1, xp>0,x3=>0,x;, > 0,x753 >0,

be satisfied. Indeed, even if the previous conditions imply that x;, + x;3 = x;, and xj5 + x5 = X3,
in Example [5| coherence also requires that the conditions x; = x1x, x;3 = x1(1 — x2), xj, =
(1 —x1)x, and x73 = (1 —x;)(1 —x;) be satisfied, and this is not guaranteed. Then, the assessment
(x12, X13, X2, X73) could be incoherent. The same remark holds more in general when we consider
the c-constituents associated with n conditional events. In other words, the conditions in are
necessary but not sufficient for coherence.
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Example 6. We examine the previous example, by assuming HK # (. In this case the con-
stituents generated by {A|H, A|K} are

C, = AHK, C, = AHK, C; = AHK, C, = AHK, Cs = AHK, C¢ = AHK, C, = HK,
and the points Q),’s for the pair (¥, M) are

01 = (L,y,y), O, = (x,1,x), O3 = (0,y,0), Qs = (x,0,0), Qs = (1,1,1), Qs = (0,0,0),

and Qo = M = (x,y,z). In this case B = {Qs, Qs} = {(1,1,1),(0,0,0)}, that is B is non empty,
but its cardinality is less than 2> = 4 as there are logical dependencies (E; = E, = A). Then, to
check coherence of M we cannot use the condition M € 7 g, but we still need to start by checking
the condition M € 7 g, which amounts to solvability of the system below.

x = A; + hx + Ax + As,
y=A4y+ A+ A3y + 4s,
7=y + bx+ A4s,

L+ +A5=1, 4, =0, h=1,2,3,4,5,

where it is immediate to verify that z < x and z < y. Moreover, the system can be written as

xy = A1y + axy + Ayxy + Asy,

xy = A1xy + x + Azxy + Asx,

7= /11y+/12x+/15,

A+ +A5=1, 4,>0, h=1,2,3,4,5.

By summing the first two equations, we obtain:
xy =2z—A5(1 —x)(1 —y) — Agxy;

that is
z=2xy+ As(1 — x)(1 —y) + Agxy = xy.

Then, the set of coherent extensions z of (x, y) to the conditional constituent (A|H) A (A|K) is the
set {z: xy < z < min{x, y}} (see also [38 Theorem 5 ]).

9. Some comparison with other approaches

Usually in literature the notion of conjunction has been defined as a suitable conditional event;
for some of these notions the lower and upper probability bounds have been computed in [S1].
However, by defining compound conditionals as tri-valued entities, some basic probabilistic prop-
erties are not satisfied. Within our approach the conjunction of conditional events is no longer a
tri-valued entity, but it is a suitable conditional random quantity with a finite number of possible
values in the unit interval. Anyway, this lack of closure does not seem a high price to pay because
by our definition we preserve relevant probabilistic properties. On the other hand, there is often a
lack of closure with respect to mathematical operations. This happens, for instance, by considering
the ratio of integer numbers.

In the next subsection we make a comparison between quasi conjunction and conjunction.

29



9.1. A comparison between quasi conjunction and conjunction

We recall below the notion of quasi conjunction ([1]], see also [8} 23} 55]), which coincides
with Sobocinski conjunction ([11]), defined as

Q(El‘Hl,E2|H2) = [(Hl V EIHI) AN (Hz V Esz)]‘(Hl V H2) =

_ 1 52
= <E1H1E2H2+H1E2H2+H2E1H1)|(H1 \/Hz). ( )

Concerning the lower and upper bounds on quasi conjunction, the assessment (xi,x;) on
{E\|H\, E;|H,}, with E, Hy, E,, H, logically independent, propagates to the interval [7/,z"] on
the probability of Q(E,|H;, E»|H,), where ([29] 35]])

X1 +x—2x1x2

[ (Xl,xz) (1,1),
1, (xl,)Cz) = (1, 1)

Notice that 7/ > min{x, x,}, that is the upper bound for the quasi conjunction is greater than
or equal to the Fréchet-Hoeffding upper bound. For instance, when x; = x;, = % it follows that
Z/ = %2 > 1 = min{4, 1}. Thus our notion of conjunction preserves Fréchet-Hoeffding bounds,
while quasi conjunction does not. Table]illustrates the numerical values of quasi conjunction and

conjunction of two conditional events. As shown in Table {] the value of the conjunction is less

W

7 =max{x; +x, — 1,0}, "= {

Ch E\|H, | E2|H, | (E\|H)) A (Ex|Hy) | Q(E\|Hy, Ey|H,)
C1 E1H1E2H2 1 1 1 1
C, | E\H\E,H, 1 0 0 0
C3 E1H1H2 1 X2 X 1
Cy | EHIE;H, | 0 1 0 0
C5 E]H]EQHz O 0 0 O
C6 ElHIFIZ 0 %) 0 0
C7 I‘_IlEsz X1 1 X1 1
Cs | HE,H, X1 0 0 0
Co [‘_111‘_12 X1 X2 X12 Z

Table 4: Numerical values of the conjunctions. The values x1, x2, x12,z denote P(E1|H,), P(Ez2|H>), P[(E1|H1) A
(E;|H,)] and P[Q(E,|H\, Ez|H,)], respectively.

than or equal to the value of the quasi conjunction when H; v H, is true. Then, by Remark [I] it
holds that
P[(Ei|Hy) A (E2|Hy)] = x12 < z= P[Q(E\|H,, E»|H>)]

and hence (E||H,) A (E:>|H,) < Q(E\|Hy, E»|H,) also when H,H, is true. Thus, in all cases it
holds that

<E1|H1) VAN (Ez‘Hz) < Q(E1|H1,E2|H2). (53)
We observe that, in the particular cases where E\H\H, = H\E,H, = (J, or x; = x, = 1, by
Theorem [3] it holds that z = xj, and (E|H;) A (E2|H,) = Q(Ei|H,, E2|H,). More precisely

X1 = x, = 1 implies z = xj, = 1. Moreover, E\HH, = H|E,H, = J implies that

(El‘Hl) AN (Ez\Hz) = Q(E1|H1,E2|H2) = E1H1E2H2|(H1 \% Hz),
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with z = x;p = P(E\H\E,H,|(H, v H,)). In this case, (E||H;) A (E»|H,) also coincides with
the Kleene-Lukasiewicz-Heyting conjunction E\HE,H,|(E\HE,H, v E\H, v EQHQ) (see [51,
Table 2]). We recall that the Kleene-Lukasiewicz-Heyting conjunction coincides with the logical
product between tri-events given in [235] (see also [46]). In addition, we observe that

Q(E\|Hy, E;|Hy) — (E1|H)) A (Ea|Hy) = [(1 — x1)HEsHy + (1 — x0)E\H H,||(H, v Hy) =0,
and
z—x12 = (1 —x\)P(H,E;Hy|(Hy v H»)) + (1 — x,)P(E\H\H>|(H, v H,)) = 0.
Then, to assess z = x;, amounts to
(1 — x1)P(H\ExHs|(H, v Hy)) = (1 — x2)P(E\H\Hs|(H, v Hy)) =0,

that is (P(E1|H1> =1-— X1 = 0 or P(H]Esz’(H] \ Hz)) = O) and (P(E2|H2) =1-— Xy = 0 or
P(E\H\H,|(H; v H,)) = 0). In addition, it is true that in a conditional bet on quasi conjunction we
receive a random amount greater than or equal to the random amount received in a conditional bet
on conjunction, but in these bets we pay two different amounts z and x,,, with z > x;,. Moreover,
Z = X1 only in extreme cases where some suitable conditional probabilities are zero.

We also recall the notion of logical inclusion relation among conditional events given in [40] (see
also [48] for an extension to conditional gambles). Given two conditional events E|H; and E,|H,,
we say that E||H; implies E,|H,, denoted by E||H, € E,|H,, iff E\H, true implies E,H, true and
E>H, true implies E,\ H, true;i.e.,iff E\H, € E,H, and E;H,  E,H,. Then, we remark that given
two conditional events E|H,, E,|H,, with E||H, < E,|H,, for the quasi conjunction it holds that

(34
E1|H1 - Q(El‘HlaE2|H2> - E2|H2,

while in our approach one has
(E\|Hy) A (Ez|Hy) = E\|H,.
Moreover, if Ei|H, € E,|H, < E3|H; then
(E1|Hy) A (E2|Hp) A (E5|H3) = E|H)y,

while
E\|H, < Q(E||H,, E;|H,) < Q(E|H,, E;|H,, E5|H3) < E5|Hs,

and so on (see also [35, Theorem 9]). We also observe that from E||H; < E,|H,, it follows that
P(E||H,) < P(E»|H,) and E||H, < E,|H,. This property of conditional monotony of conditional
probability, as shown in Remark (I} holds more in general for the conditional previsions of con-
ditional random quantities. For instance, given n + 1 conditional events E;|Hy, - - , E,.1|Hy41,
by applying Remark [1] with X|H = €., and Y|K = Cy..,,, it holds that C;..,,;; < €., when
Hyv---v H,istrue; then P(Cy..,,.. 1) < P(Cy...,41) and hence Cy..,,. 1 < €., in all cases; a dual
result is valid for disjunctions ([39, theorems 7 and 8]). As we can see, the property of conditional
monotony of conditional previsions is satisfied.
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9.2. On Boolean algebras of conditionals

Boolean algebras of conditionals have been studied in [26, 27], where the authors characterize
the atomic structure of the algebra of conditionals and introduce the logic of Boolean conditionals.
In their work the notions of conjunction m and disjunction L are not (completely) specified, but it
is assumed that some basic properties are satisfied. For instance, given three events A, B, C, it is
required that ([27, Proposition 1], see also [28, Proposition 3.3])

(A|B) 1 (B|C) = A|C, whenA < B < C. (54)

In our approach we do not start by an algebra of events, by means of which an algebra of condi-
tionals is constructed, but we consider arbitrary families of conditional events. Then we determine
the associated constituents and directly define the notions of conjunction and disjunction, by ver-
ifying the properties. For instance, in our approach formula (54) holds. Indeed, by assuming that
A C B < C, we obtain
1, if Ais true,
(A|B) A (BIC) =4 0, ifAC s true, (55)
X1, if C is true,

where x1, = P[(A|B) A (B|C)]. Moreover,

1, if A is true,
AlC =< 0, if {C is true, (56)
z, 1if C is true,

where z = P(A|C). Then, by Theorem 3] it follows that xj, = z and hence (A|B) A (B|C) = A|C.
Moreover, it holds that

B[(A|B) A (BIC)] = P(AIC) = P(ABIC) = P(A|BC)P(B|C) = P(A|B)P(BIC),

which is the well known compound probability theorem.

Our notion of conjunction satisfies another property which is related to the atoms of the
Boolean algebra of conditionals studied in [27, 28]]. This property is described in the result below
(where it is not assumed that the conditioning events have positive probability).

Theorem 18. Let H,,.. ., H, be n pairwise incompatible events. Then,

(HI‘Q) VAN <H2|H1) VANRIRIREVAN (Hn‘l‘_ll . 'I‘_In,1> = P<H2|I‘_11) . P(Hn‘ﬁl . 'I‘_Infl)Hl, (57)
so that

P[(H,|Q) A (Ha|H)) A -+ A (Hy|Hy -+ H,_1)] = P(H))P(Hy|H,) - P(H,|H, --- H,_1).
Proof. We set P(H,) = x; and P(H,|H, ---H; ) = xj, j = 2,...,n, and P[(H;|Q) A (H,|H}) A
-+ A (Hy|Hy -+ H,_1)] = xi...,. Formula holds for n = 2 and n = 3. Indeed, for n = 2 it

holds that

=\ | x, if Hyis true,
<H1|Q) AN (H2|H1> - { 0’ ifﬁ] s true,
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so that
]P)[(H1|Q) AN (H2|I:11)] = X1 = XzP(H]) = X1Xp = P(H])P(H2|F11)

Moreover, based on (58)) and on Definition [2} for n = 3 we obtain

(H\|Q) A (Hao|H)) A (Hs|HiHy) = xoHy A (Hs|HiHy) =
= Xz[(H1H3H2H1 + XIQH3H2H1 + X3<H1 vV HZ)HI]KQ vV Hle) = XZ(X3H1’Q) = X2X3H1.

We assume by induction that holds for n — 1, that is
(H1|Q) A (HolHy) -+ A (Hyor|Hy - Hyon) = Xp -+ - X1 Hp, (59)
then we prove that it holds for n. Indeed, from (]§_§I) we obtain
(H|Q) A (Hy|H)) A - A (Hy|Hy - Hyy) = X0+ X1 Hy A (H|Hy - H,y).
Moreover, by Definition |2} it holds that

Hl/\(HnLFII"'_FInfl):i _ _ o
=(HHH - -H,y +xQH,H, - -H,—y + x,(H v --- v H,_\)H)|(Q v HH,) =
= an1|Q = anl-

Finally, B B B
(H1|Q) AN (H2|H1) N A (HH|H] .. 'Hn—l) = X" 'xn—lanl’

and hence x;..,, = x1 - - - X,,. O

9.3. Some theoretical aspects and applications of conjunction

In this section we recall some theoretical aspects and applications of our approach to com-
pound conditionals.
- All the basic properties valid for the unconditional events are satisfied in our theory of compound
conditionals. For instance, (generalized) De Morgan’s Laws are satisfied; moreover the formula
P(El \/Ez) = P(E]) +P(E2) —P(ElEg) becomes ]P)[(El‘Hl) \Y% (E2|H2)] = P(E1|H1)+P(E2‘H2) —
PI(E\[H)) A (E2|Hy)].
-The Fréchet-Hoeffding lower and upper prevision bounds for the conjunction (and for the dis-
junction) of two conditional events still hold.
- A generalized inclusion-exclusion formula for the disjunction of conditional events holds in our
approach to compound conditionals.
- We can introduce the notion of conditional constituents, with properties analogous to the case of
unconditional events, which allow to characterize coherence when the basic events are logically
independent.
- Conjoined conditionals have been applied to probabilistic nonmonotonic reasoning ([31} 39])),
by obtaining a characterization for the property of probabilistic entailment of Adams ([1]). In
particular, in [39] it has been shown that a conditional event E,||H,, is p-entailed from a p-
consistent family of n conditional events E;|Hy, - - - , E,|H, if and only if the conjunction C..,,,
of the premises and the conclusion coincides with the conjunction C;..., of the premises. Another
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equivalent condition is that C;..,, < E,,|H,.1. Moreover, by exploiting a suitable notion of it-
erated conditional, in [31]] it has been shown that a family {E|H}, E,|H,} p-entails a conditional
event E;3|Hj if and only if the iterated conditional (E;|H3)|((E1|H,) A (E2|H,)) is constant and
coincides with 1.

- Compound conditionals have been also applied to the psychology of the probabilistic reasoning,
where by exploiting the notion of iterated conditional, the probabilistic modus ponens has been
generalized to conditional events ([53]).

- Another application to one-premise and two-premise centering inferences has been given in
[30L54], by also determining the lower and upper prevision bounds for the conclusion of the rules.
-We remark that, like in [1} 42]] and differently from [45]], the Import-Export Principle is not valid
in our theory of compound and iterated conditionals. Then, as proved in [36]] (see also [S2, 54]]),
we avoid Lewis’ triviality results ([44]). In addition, within our theory, we can explain some intu-
itive probabilistic assessments discussed in [19], by suitably formalizing different kinds of latent
information ([52]).

10. Conclusions

In this paper we deepened the study of conjunctions and disjunctions among conditional events
in the framework of conditional random quantities. We proved that the Fréchet-Hoeffding bounds
are a necessary coherence condition for the prevision assessments on {Cj..x, Cry1..., Cp...n}, for
every 1 < k < n—1. We obtained a decomposition formula for the conjunction and we introduced
the set of (non negative) conditional constituents K for a family € of n conditional events.

We showed that, as in the case of unconditional events, the sum of the conditional constituents
is equal to 1 and for each pair of them the conjunction is equal to 0. We verified that, for each non
empty subset S, the conjunction Cy is the sum of suitable conditional constituents in K and hence
the prevision of Cy is the sum of the previsions of such conditional constituents.

We obtained a generalized inclusion-exclusion formula for the disjunction of n conditional
events; we proved a suitable distributivity property and we examined some related probabilistic
results.

Under logical independence, we characterized in terms of a suitable convex hull the set of all
coherent prevision assessments on a family J containing n conditional events and all the possible
conjunctions among them. We showed that such a characterization amounts to the solvability of a
linear system and we described the set of all coherent prevision assessments on J by a list of linear
inequalities. Based on the (2" — 1)-dimensional simplex A, we characterized (still under logical
independence) the set of all coherent prevision assessments on J U K.

Then, given a coherent assessment M on &, we showed that every possible value Q, of the
random vector associated with J is itself a particular coherent assessment on . We deepened
some aspects of coherence by illustrating examples and counterexamples.

We made a comparison with other approaches, by obtaining a result related to the notion of
atom of a Boolean algebra of conditionals introduced in [27,28]. Finally, we discussed the signifi-
cance and perspectives of our theory by illustrating basic theoretical aspects and some applications
to nonmonotonic reasoning and to the psychology of probabilistic reasoning.
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Future work should concern in particular the study of necessary and sufficient conditions of
coherence in the general case of logical dependencies among the basic unconditional events, by
exploiting the set of conditional constituents.

Further future work could concern the study of compound conditionals in the setting of impre-
cise probabilities and gambles. Indeed, indicators of conditional events are ternary gambles and
our conjunction builds n-ary gambles from ternary ones. Another interesting aspect that could be
deepened is the study of the role of our compound conditionals in the framework of fuzzy logic
and information fusion (see, e.g., [[13} 18 21} 22]]).
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