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Foreword

Statement of the Problem and Overall Summary dfletiiod toward solving it

Frederik Suppe (1977) details the demise of ldgoapiricism in the philosophy of science,
(i.e., ‘Received View’) with its distinctly realigtnd anti-realist presumptions concerning the eatdir
observable versus theoretical terms, as well asnéghodological presuppositions concerning the
nature of unity in the sciences (when suitablyoraily reconstructed). This previous generation’s
demise set the stage for an evolving trend in tiilogophy of physics (and philosophy of science in
general) culminating in what | depict ‘post-Stardlaaccounts, based on my readings of Robert
Batterman (2002-2005), Nancy Cartwright (1999), g Frisch (2005), Margaret Morrison
(200(n,b), and other prominent members in contemporaryopbphy of science. Such a trend can be
plausibly construed as a dialectical responseddRleceived View’ of traditional logical empiricism
what the logical empiricist would brush aside astpd the “context of discovery” and hence
unworthy of philosophical scrutiny, the post-Stamfist would consider essential for any serious
enquiry. While the logical empiricist would ratalty reconstruct a physical theory according to som
logical regimentation, the post-Standardist ondtreer hand would focus on tlaetual processes the
physicist implements in the development and refimeimof models, laws, and mathematical
formalisms. In short, whereas the logical empstisaw a statically unified picture of the struetof
physical theories, the post-Standard philosophetead regards the structure as a dynamically
evolving plurality.

| need not discuss herein all the obvious benefitthis legacy, what great amount the post-
Standardist continuously offers in the way of tdolsphilosophical analysis of particular domairis o
research. Yet, concerns remain, which can be wadaown to the following questions: what is the
actual extentof the pluralism as evinced or presupposed by neostemporary post Standard
accounts? Does such pluralism cut across methgidalp ontological, or epistemological aspects of
their domains of study? If so, to what extent? Wdoan excessively pluralist outlook erode the
normativeaspect (however conditioned or qualified) of psalphical analysis, eventually rendering
philosophy of physics and philosophy of scienceisimaiguishable from other fundamentally

descriptive studies of sciences like SST (sciemcetachnology studies)?



| think that raising such concerns woufeht imply some false dichotomy between two
‘received views': i.e., that come what may, we @itlembrace uncritically the pronouncements of
leading post-Standardist philosopherswe adopt some “neo” logical empiricist positioA. healthy
middle ground, or ‘third way' of course is possible

The ‘third way’ | advocate here is what | considezonstructively critical analysis of a leading
post-Standardist: Robert Batterman. He has céythad his fair share of critical respondents, and
that regard, as | show below, mine perhaps mosebioresemble those of Gordon Belot (2003),
insofar as | draw on a class of mathematical foismed—comprising what | describe below as an
instance of an important and revolutionaegearch tradition(according to Larry Laudan’s (1977)
criteria)—namely the adoption of Clifford (or geomek algebras. (Belot, on the other hand, bases
his critical assault on Batterman through his usthe theory of differential equations, both ordina
and partial.)

What | basically aim to show here is that Robesatt®&man’'smethodologically pluralist
conclusions, as stated in his claims concerningtwiega advances as the presumed novelty of
“asymptotic explanations,” (2002) as well as class# modes of theorizing he deems as
“epistemically fundamental” versus “ontologicallynidamental” (2004-2005) are undercut from the
standpoint of the research tradition of Cliffordetbra: Characterizing instances of his case stwihes
this mathematical formalism indicate otherwise—tgtlanation and reduction may not act at cross-
purposes (contrary to his claims in (2002)) and #aistemically and ontologically fundamental
modes of theorizing are in fact subsumed umdethodologicallffundamental procedures. So from a
standpoint “internal” to Batterman’s case studiebjock his methodologically pluralist inferences
primarily by way of the method of counterexample.

From a standpoint external to Batterman’s ovdtakes with their associated philosophical
import, | show by way of inference to the best exgltion how his overall views on the nature of
reduction and explanation can best be subsumed timelenodel(s) of explanation and inter-theoretic
reduction offered by Fritz Rohrlich (1988-1994) aswime of his associates. My overall point in
showing this runs as follows: stated in generahtgrone can buy into typical post-Standardist ctaim
concerning the inevitably irredducible nature afrplism when it comes tontologyandepistemology
in the process and activity of theory-developmentNevertheless, this does not entail a
methodologically pluralist thesis.n other words, as physicist and philosopher ARthrlich has
demonstrated: it is perfectly consistent for a tigsto accommodate an ontological pluralism in a
particular class of theory-formation, but at thensaime remain methodologically monist. Moreover,
such methodological monism is best characterizednmode and manner that does not hearken back to
renditions of logical empiricism based on strorgrok of logical reductionism (shown, as | do below,

to be largely irrelevant if not outright hinderitige progress of the development of theory formation



The school of thought that Rohrlich implicitly abe&s to as well as some of his associates like
Diedrik Aertz and Juergen Ehlers explicitly advecatstructuralism a highly mathematical version
of the semantic view of theories enjoying ongoing active innovation by European physicists and
philosophers of the likes of Erhard Scheibe (19999)}

One may ask: why worry about the implications @timodological pluralism? Is there some
fundamentally qualitative difference distinguishingethodological from epistemic or ontological
pluralism? Would methodological pluralism rendéilgsophy of physics indistinguishable from
other descriptive studies of science, whether soci@sychological? If so, why would the same not
hold in the latter cases of epistemic or ontologidaralism? | answer each one of these questions
my argument, but at the outset | may remark heaertty basic concern lies in Batterman’s treatment
of the role of singularities: the normative infecem he draws thereon seem to run counter to the
attitudes of how most practicing physicists woutgb@ach them. In this regard, | remain faithful to
post-Standardism in my exercise of what Frischiless (and | describe in greater detail in 84 mgrei
as the “principle of charity” the philosopher ofysits should levy to the physicist.

So reiterating: internal to Batterman'’s claimardue by way of counterexample. External to
Batterman’s claims, | argue by way of inference tte best explanation, to show how the
philosophical import of his conclusions can be presd in the appropriate framework of explanation
and reduction (minus what | consider are his unarded conclusions). Regarding the latter point, |
launch into a somewhat detailed discussion conegrtiie issue of contextual verisimilitude and
reduction, in 81.3-.4.

The reader may be dismayed that in that discussidemur from a general discussion of
realism: for are not maneuvers like inference te best explanation as well as discussions of
verisimilitude the realist’s favorite possessionB@rhaps. (Indeed, one could further argue thet su
maneuvers exhibit the greatest coherence in astdadimework, in terms of epistemic values like
explanatory strength). However, since my essayimarily devoted to issues concerning the nature
of inter-theoretic reduction, spatial considerafiorces me to table the issue of the questionaifsra

versus anti-realism hefe.

! “Structuralism” is also a term that appears oftercértain branches of the philosophy of mathemdtog.,
Charles Chihara (1990, 2003)). Certainly, strutsits in the philosophy of mathematics share nistsigally
resonant themes with those mentioned above, asdubibols of thought assent to a generatiystructivist
position (as opposed to a Platonic “essentialisotficerning the ontological status of theoreticdities.
Nevertheless, the projects’ motivations differ. tMamatical structuralists are primarily concernetihw
resolving issues centering on ontological statusijeastructuralists in the philosophy of science gypically
motivated more by epistemic and methodological eom Aside from the issue of a “rapprochement” of
methods in philosophy of science vis-a-vis phildspopf mathematics | briefly discuss, a larger corapae
and contrastive analysis concerning these twotsiraicst traditions lies beyond the scope of thisasy.
2| will point out in passing, however, that justasti-realists like van Fraasen (1980) and Laud@81) have
shown in their own ways that inference to the leeglianation doesot presuppose that one need have faith in
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If, however, | were forced to lay my metaphysicalds on the table concerning the question of
realism, | will mention in passing that recent angunts by Phillip Kitcher (2001) make a strong case
for adopting a generally realist outlook withouegupposing some context-independent notion of
verisimilitude. If one adopts the metaphor he adtes that theories work best like ‘maps,’ in which
the methods of map-making are entirely constitutgdthe interests and aims of their particular
function (a subway map of Washington DC is qualitdy different from a topographical map), then
such a generally realist outlook can be easily srnodated in the light of Paul Teller's (2005) and
Stephen Yablo’s (1999) contextualist claims theykeneoncerning the nature of verisimilitude and
ontology, issues which | discuss at length in 84 ®elow.

Contrary to Batterman’s generally positivist stgncealism with a contextual notion of
verisimilitude, i.e. “contextual realisni,"is a more satisfying position to adopt for bothr fbe
workaday physicist and for the philosopher engagestudying the physicist-especiallyin the area
of critical phenomena that Batterman investigatdete, however, as | show below in chapter 1, that
Rohrlich’s research program adopts a version olismawhich borrows much from structuralism.
This however doesot make him a “structural realist” (J. Worral (198994))—yetanothersense of
structuralism. In other words, structuralism atfmbntextual realism” daot entail structural realism.
Instead, Rohrlich et. al. seem to adopt theide et impera(“divide and conquer”) method of

defending realism as discussed by Stathis Psili838q):

(i.) [l]dentify[ing] the theoretical constituentsf goast genuine successful theories that
essentially contributed to their successes; apdliow[ing] that these constituents, far from

being characteristically false, have been retainesubsequent theories of the same domain.
(Psillos (1996), S310)

As Psillos argues, such a strategy is immune frbendharges of anti-realists (like Laudan) who
complain that the realist's use of inference tolibhet explanation is guilty of the fallacy of affing
the consequent:

If a theoryT is true, then the evidential consequencé afe true.

The evidential consequences of some th&blre true.

Therefore T ' is true.

the ‘truth’ and reference of theoretical terms ipaaticular theory, realists like Boyd (1985) andidgrave
(1985, 1989) have also responded to the contrary.
% Similar themes are echoed in a broader sense aRicSchlagel (1986): “The present work represents
a[n]...attempt
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| will also mention in passing that such a versan“contextual realism” is a preferred
position for a physicist to adopt in these matteessus positivism. Such a form of realism offérs
physicist a means to adopt a strategy for devetpgpiaories that circumvent or overcome singulegitie
produced by their theories past. Moreover, ivjgles a guideline for distinguishing a singulaxiag
a theoretical artefact) versus its referent, he.ghenomenon in (whether critical or otherwise} the
erstwhile theor(ies) referred to and ‘blew up’.

On the other hand, as | argue below, read in aaiceway Batterman’s position seems
essentially to promote a message of acquiescema®riain domains concerning critical phenomena,
one must cobble together an admixture of methodedogContextual realists, on the other hand, see
this actual description of the state of affairst tBatterman describes as an impetus to move on and
develop theories with greater systematic coherefides would include, for that matter, theoriestwit
mathematical formalisms harboring a greater degreeegularizability (as exhibited by theories

characterizable by Clifford algebra).

Section 1: Clifford Algebraic Reformulations of Binal Theories: A Thriving Research Tradition

Since the latter half of the twentieth century, teéormulation of physical theories (both
fundamental and applied) using Clifford algebra basome a thriving research tradition, which is a
notion | am adopting from Larry Laudan (1977):

[A] research tradition [RT] is a set of generadwaptions about the entities and processes in a

domain of study, and about the appropriate methode used for investigating the problems

and constructing the theories in that domaiRResearch traditions are neither explanatory,
nor predictive, nor directly testablelheir very generality, as well as their normatilengents,

precludes them from leading to detailed accoungpetific natural processes. (81-82)

In relation to theories RTs generate:
A research tradition, at best, specifiegemeralontology for nature, and generalmethod for
solving problems in a given domain. A theory, ba tther hand, articulates a very specific

ontology and a number of specific and testable it nature. (84)

Laudan developed the notion to provide what he idensd was a more satisfactory account of
progress than Thomas Kuhn's.

In his landmark (1962) Kuhn among other things ecgthat progress can only ocawmithin
paradigms or “disciplinary matrices” during periaafsnormal science, basically thought of by Kuhn

as when a paradigm achieves hegemony in a partiotdach of science. Kuhn has been criticized for
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his manifold senses of the ‘paradigm’ notion thatfffered, but vis-a-vis Laudan the following natio
offered by Kuhn is apropos:
| shall henceforth refer to as ‘paradigms’ a tehat trelates closely to ‘normal science.” By
choosing it, | mean to suggest that some acceptath@es of actual scientific practice---
examples which include law, theory, applicati@amd instrumentatiotogether—provide a

model from which spring particular coherent tramis of scientific research. (10)

The concept of RTs draws much from Kuhn's aboveionpthowever Laudan strongly
disagreed with Kuhn’s characterization of (intergghgmatic) progress as a ‘puzzle-solving’ activity
(in which according to Kuhn the ingenuity of thesearcher is put to test, but the methodological
norms as well as the ontology of the puzzle’s ct#ssolutions is underwritten or constituted more o
less by the paradigm). Laudan instead expandsappd?’s (1959) characterization of scientific
progress as problem-solvingprocedure, in which RTgrogress via a dual-optimization procedure of
maximizing and minimizing their sets empirical problems&ndconceptual problemsespectively:

The solved problem—empirical or conceptual—is theidasit of scientific progressthe

aim of science is to maximize the scope of solvelllgms, while minimizing the scope of

anomalous or conceptual problem&6)

Moreover, Laudan notes further that:
Conceptual problems are characteristic of theais have no existence independent of the
theories which exhibit them, not even that limitadtonomy which empirical problems
sometimes possess...conceptual problems are higher-grgestions concerning the well-
foundedness of the conceptual structures (e.griggwhich have been devised to answer the
first order questionslin point of fact, there is a continuous shadingoadblems intermediate
between straightforward empirical and conceptuallgems;for heuristic reasons, however, |

shall concentrate on the distant ends of the gpactr(italics added, 48)

The italicized qualification above is significafiar purposes of my essay. | adopt Laudan’s

terminology to motivate my discussion toward vergrtigular issues concerning inter-theoretic

* In addition to the ideas of Popper (1959) and K(t®61), Laudan’s notion of RTs draw also much from
Lakatos’ (1970) notion afesearch programmg@rPs) However, for reasons lying outside the scopethadhe

of this essay, | mention in passing that Laudanisnted views of the interrelation between theorgl an
evidence (logical entailment, logical consisteneyplanation, confirmation) coupled with his objeos to
what he considered were the excessively rigid daspefcLakatosian characterizations of RP’s ‘corieap
core’ encircled by an arsenal of ‘anomaly devourhagt of auxiliary conditions, motivated him toarhcterize
RTs in a far more general and in his opinion fleximanner than Lakatos’ RPs. Disagreeing with takan
terms of the descriptive details concerning accowhtconceptual progress and change however diémiail
that Laudan did not agree overall with Lakatosiamts concerning rationality and progress.
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reduction and explanation vis-a-vis certain caseliss in applied and theoretical physics discussed
Robert Batterman (2002, 2004, 2005). Certainlystzsl soon become apparent in my essay, when
focusing on such specific domains this “continushading between straightforward empirical and
conceptual problems” is evident. My project istqudifferent from Laudan’s, however, since | make
no broad overarching normative claims concerniregdhneral nature of scientific progress, instead
my relatively more descriptive account focuses tatieswithin such a spectrum.

Nevertheless, in the light of the above qualifieas notwithstanding, | argue here (chapter 3
below) that exemplary instances of Clifford algebreeformulations solvingempirical problems
occur for instance in Scheuermann (2000), and M&nRockwood’s (2003) characterization of
singularities in CFD (Computational Fluid MechaficsThese comprise a direct response to what |
consider are Robert Batterman’s (2005) treatmemsiragfularities arising as brute stumbling blocks in
the more standard CFD approaches employing (ndfef@i algebraic) Navier-Stokes approaches.
Moreover, general cases of successful conceptuddlgm-solving procedures, as | shall argue in
detail (chapters 2 and 3 below) manifest themsetvéise generally robusegularizability of Clifford
Algebra—a feature of algebraic expansion, contractaeformation, that successfully circumvent
instances oBingularitiesthat inevitably arise in standard field-theoretppeoaches. | characterize

precisely such a conceptual problem-solving featsra form ofnethodological fundamentalisin.

Section 2: What Makes the Study of Such a Refotimulaf Interest in Contemporary Philosophy of
Physics

® | adopt Jordi Cat’s notion of “fundamentalism,” which features of one system are explained entirel
terms of rules and factors from some other realewel of reality (2007, 15). This notion carrigh it both
epistemic (“explained...in terms of’) as well as npétgsical overtones (“realm or level of reality”)For
example, in Carl Hoefer’s (2003) critical respobseNancy Cartwright (1999), he argues that Carthirigas
not successfully made the case against the theiargd faith in the existence dfindamental lawswhich
exhibit the explanatory scope suggested in Catieige characterization. Specifically, Hoefer agyieat
Cartwright engages in an essentially question-beggrocedure, which overlooks the essentigitgrpretative
(not necessarily accurately descriptive) feature of tieorist's ‘fundamental’ faith in systematic
interconnection of theories and laws that Cartwriggeks to trounce. His main problem with Carthiig
critigue is not so much a “principled restrictiom anduction,” but rather “a flat unwillingness taduce
anything at all'”(8):

Notice how dangerously close her answer is to ¢Heviing: We have reason to think that the laws of
physical theory hold only in cases where we camwstinat they hold...[Cartwright’s position, in other
words] saddles the fundamentalist with unreasonaalectionist demands. (8-9)

Hoefer concludes:

Cartwright’s patchwork of laws and capacities affes a picture of science and its possibilities iha
very faithful to the current state of theory andgtice. That [however, is als0]...its weaknessoltlh
out no reason to think that our deepest explanattam get significantly better (though at least our
engineering can)...To engineers and experimentalistsmmend Cartwright's philosophy of science
wholeheartedly.But | hope to have made space for the theoretiarmhphilosophers of physics to keep
their faith in a world with fundamental physicaiis. (13, italics added).
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As | discuss in greater detail below and in theuamg chapters, detailed attention to the
processes of mathematical application, experimemagand general issues dealing with what in a
previous period Reichenbach (1938) relegated asrigégse issues pertaining to the “context of
discovery” is an obviously well-established factdig requiring mention. | nevertheless mention it
here in passing to call to attention that this ilngnaway from Reichenbach’s (and other logical
empiricists’) particular kind of reductionism, aring away first initiated of course by Feyerabend
(1963), Hanson (1959), Kuhn (1962), etnitiated a trend which has culminated in the present-day
pluralism prevalent in the philosophy of physicsl arther special sciences, as well as philosophy of
science in generdl.

One area of interest in this trend that | focusrothis essay concerns what may be considered
a rapprochement between the philosophy of physidgtze philosophy of mathematics concerning the
issue of choice and application of mathematicaii@isms in particular physical theories or theory-
complexe<. John Burgess (1992) addresses this issue inajeaems:

[M]athematics maintains a material unity which arething very different from the formal

unity of common set-theoretic foundations...[T]he ¢omstion of proof is not like that of a

wall, where the bottom course of bricks is laidtiirand the next,...and so on. It is more like

the construction of an arch or dome, where the tigimpiece may be first held in place, as a

® This is also a rather obvious point. Concerninig pluralism Margaret Morrison (2000) points obatt
philosophy of science ceases to be metasciencatidigtstandards of rationality and instead becommes
practical discipline whose normative force arisas @ cooperation with other disciplines (24). étdbalison
(1997) makes a similar point concerning how phipdsas and historians should adopt a stance in whieh
work alongside the manufacturer (the scientist)tloa shoproom floor’ as opposed to secluding therasen
the ‘boardroom office’ sketching out ‘general notiva blueprints.” The great advances of this redea
tradition certainly produced a far more articulatedlerstanding (and most important a meanscoimative
characterizationin a far more nuanced fashion) concerning esdemtjgects of methodology, epistemology,
and ontology in therocessof research. Nevertheless, | seat my criticah@daand concerns among others’
(Belot (2003), Bishop (2004), Cohnitz (2003), Hogf2002), Teller (2002, 20@b), etc., just to name a few)
that someof the conclusions by those (most notably, Batterthave mischaracterized aspects of pluralism to
the extent that issues concerning unity and unifioshave been downplayed or misconstrued (here¢igme
of the title of this document). | have far moredifically critical points to address (section 4dve chapter 2,
3) concerning my general concern mentioned abowé &so, for that matter, what my general and $jgeci
sympathies are given issues raised by Battermaotieds).
" Mark Steiner’s (1998The Applicability of Mathematics as a PhilosophiPabblemis an exemplary instance.
He argues that more work should be done in theogdilhy of mathematics concerning the issue of
applications as opposed to just the issuef@mindations He complains that on the one hand, philosopbtrs
physics and physicists themselves are busily emngegdeveloping and refining normative criteria ceming
choices of various and sundry sophisticated algeland topological classes of formalisms (whethér C
Clifford, etc.) and on the other hand, when revieyihe literature in the philosophy of mathemat® finds
mostly work done in meta-mathematics and foundatiguestions concerning the status of ‘groundihg
integers, etc. Regardless of how obviously sigaiit the latter research tradition has provenfitedbe, and
continues to, Steiner for one perceives a yawnig lgetween foundational questions and issues aanger
applications that he charges the philosopher othematics should strive to fill. His study of classof
analogies (“Pythagorean” and “doubly-Pythagoreatiiat he argues characterize questions concerning
modeling and application is his attempt to partigde this gap.
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conjecture, by intuitive or inductive consideragpand then various intermediate supports are
found and installed...the process is indeed rathertlie kind of construction that goes on in

empirical science. (434)

This reference to abductive reasoning occurringhen methodology of proof-construction is
precisely where Burgess believes recent methodssefrch in the philosophy of science, which often
co-op the methods of cognitive science, can infphifosophy of mathematics. Burgess continues:

A different ‘new direction’ of inquiry attends leds the building and its builders, the

mathematicians, than to its users or inhabitatis,scientists whapply mathematics...The

various new directions | have been indicating ims tRlomeric simile mostly belong to

‘cognitive studies’ in a broad sense...The sustainedyst of any of them, however, requires

an acquaintance with the content and methods ohenatics...indeed many of the most

interesting explorations have been the work ofgssibnals who ar@mateurs(in the original,
favorable sense) of philosophy...[Nevertheless] [t]menaissance of empiricism’ in
philosophy of mathematics could easily go...too far thre direction of assimilating
mathematics to other sciences...results from matheshtiving a unique methodology [can]

get ignored. (434-435)

What Burgess proposes is a methodological rappmehewith aspects in the philosophy of
science and mathematics which any kind of projegp@sing to ‘naturalize’ mathematics. As the last
passage suggests, he maintains that the ‘matenityf of mathematics differs from any knowledge
domain in science (whether presumed to be unifredot) as a matter dfind, not just degree. One
can develop methodologies that are mutually derivech philosophy of science and mathematics
without conflating their domains of study, whetlreepistemology or ontology:

[Slince mathematics is itself an important scieacel has important applications to other

sciences, general philosophy of science cannotrégop set aside the case of mathematics as

special. A philosophical account of science thaiceeds only insofar as mathematics is not

involved does not succeed at all. (438)

According to Burgess, the foundational questiomceoning classical versus constructive

mathematic informs the philosophy of science in a novel wagnaerning the choice of

8 Whether or not Burgess is successful in his gértmims for outlining his project is a questionill not

explore here. | merely draw general inspiratianfrhis views and show how my project can be sdatedch

a context he proposes, in a more specifically acaieamanner, concerning the issue of Clifford algebr

° Including all the associated meta-mathematicasyppositions. Classical mathematics, of course, bea

generally conceived of as being fundamentally wwdten by ‘classical logic,” often characterizetepisely
IX



characterizing a physical theory with a matheméficemalism. Concerning the issue of classical

versus constructive mathematics, the

P # NP conjecturé® entails that:
The question whether evertassical mathematics is sufficient for applications remaimsa
peculiar but genuine sense open....For were it newefirsmly established that 100% of
present-day applications can be accommodated bg sension of constructivisnthis would
still leave us wondering whether this is because-cmnstructive mathematics is inherently
inapplicable, or rather because we have not yenbaever enough to apply (439, italics
added)

In other words, as indicated by the italicized ortabove, the ‘peculiar but genuinely open’ quaesti
here concerns our lack of sufficient informatioraganteeing whether or not the inherent applicabilit
of non-constructive mathematics is a resegoalazle or a genuine problem, phrased in Kuhn's
terms’

Concerning the issue of the applicability of comstive versus classical mathematics, Burgess
proposes that the philosopher of science shouldidentwo theorie3* and T equivalent in scope of
empirical adequacy, respectively characterized dry-classical and classical mathematics. Building
such aT* (vis-a-vis theT scenario) requires theathematicalnotions of ‘general transformations’

between them:

according to (sound and complete) FOPL (first optedicate logic) with its fourteen rules of infece (eight
introduction and elimination rules fer, 0, [0, -, four introduction and elimination rules far, J along with
EFSQ:any proposition can follow from a premise list contama contradiction and the Double Negation rule:
for any sentence: --¢ | ¢.) Constructive mathematics is underwritten by eaker (Intuitionist) logic,
which rejects the double negation rule. For ‘dlasworks in constructive mathematics, see ErBitthop
(1967). For more recent studies concerning thécehaf alternative logics (whether Intuitionist atherwise)
in the sciences, see Paul Weingartner, ed (2003).
19p s the set of all decision problems which candiees! by algorithms that are deterministic (i.@sgess no
random or arbitrary choice procedures at any af gtep in execution) angdly-timé (short for “polynomial
time complexity:” their complexity in execution Bunded above by some power-forfh: wheren is the
number of input parameters in the algorithm, amd some positive integerNP on the other hand is the set of
all problems whose solutions can bkeckedby poly-time algorithms, which need not be deteistic.
“Problems inNP can have algorithms that search in a non-detestitninanner for a solution” (Hein (2002),
810). While it is obvious tha® [0 NP : For every decidable problem whose solution canhagacterized by a
non-deterministic poly-time algorithrA, there exists a trivial construction to show tha correctnessof
solution A can be checked by some poly-time algoritAhwhich need not be deterministic. The proof by
construction guarantees the existence of suchgamiim A, whose details | omit hereOn the other hand, no
one has been able to come up with a counter-inst@oneNP problem which isn'P) which would render the
inclusion strict (i.e.P O NP or P # NP). Decision problems are all based on classiagictethe N # NP
conjecture is found in most textbooks of advancedréteclassical mathematics—hence like the continuum
hypothesis such a conjecture renders the issud@te of mathematical formulation in a fundameraad
concretelypractical sense peculiarly open.
1 puzzles test the ingenuity of the researcher entha hallmark of normal science. Problems, nestiiig oft
as anomalies, test the integrity of a paradigmanedthe hallmark of revolutionary science. Perhaps can
regard the® # NP conjecture as anomalous from the paradigm of icalsshathematics.
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The obvious strategy would be to look fan alternative to current theory differing in its
mathematical fornfi.e. T*]...since most alternatives to current mathematiogehaready been
proposed, the obvious strategy would be to lookthdrethose alternatives to our current
mathematics would in principle be equally usablesfaplications...[For example] [i]f it can be
shown that some version of constructivism...would gefenly in principle) be sufficient for
applications,then that is one fairly concrete way of showingt ttiee mathematics we have
currently arrived is not one we were, literally aretaphorically, divinely foreordained to

arrive at. (440, italics added)

The theme of historical contingency that Burgesggests in the passage above concerning the
issue of the choice of classical mathematics is brelopt and refine in my argument below,
concerning the choice of mathematical formalismisether Clifford-algebraic or otherwise. As my
next section explains below, historical accidehe (telatively early death of W. K. Clifford) couple
with the relative intricacy of Clifford algebra cpared to the vector-analytic methods concurrently
introduced by Gibbs, provides some explanation ofy whe research tradition of characterizing
physical formalisms via Clifford algebra smacks swhat of a ‘rediscovery’ and even as a
renaissance for this particular class of formalism.

More importantly however, | show by way of exambapter 3 below) how characterizing a
fluid mechanical theory via Clifford algebra (amgdoas to Burgess' general remark concerning
characterizing some physical theof§ via constructive mathematics) resolves more cphed
problems and minimizes empirical problems (Laud@@7) than its empirically adequate alternative
(i.e., analogous td, characterized by Navier-Stokes continuum methods)

Last of all, | add here by way of historical arggtohow the algebraic characterization of
geometric notions by Descartes fundamentally andhodelogically transformed the emerging
sciences of modern mechanics. Ironically, Davidstelees (1985, 1986) suggests adopting the
honorific ‘geometric’ to Clifford algebra, refleag his self-professed ‘Cartesian’ intuition to
‘geometrize’ a physical concept whenever possiblewhenever in doubt concerning its meanity).
Of course, it bears emphasizing that the contempaoration of ‘geometry’ is far more general and
abstract than it was in Descartes’ times. Nevér#se certain basic intuitions functionally carmeo
(points, lines, planes, etc., albeit stripped efrtimetaphysical and logical significance as havoge
isomorphic with substances, as"éentury mathematicians like Descartes thought).

My underlying point here in this historical anajogs that the Cartesian revolution in

mathematical physics methodologically transformbgsics in such a manner as to have irreversible

12 This ‘Cartesian’ intuition is shared by many conperary esteemed mathematical physicists. See, for
instance, Sir Micheal Atiyah (2001).
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ontological and epistemological consequencésough this seems like an obvious point, it stiérits
restatement. To name one example, prior to therdadf Descartes’ ‘analytic geometry’ in the spirit
of Euclid and Archimedes, most medieval and earbdenn physicists expressed laws in terms of
ratios,but were loath to transform such ratios into protiulsy way of what is denoted now as ‘cross-
multiplication’. For example, Archimedes’ lever principle Wi : W, = L, : L; was not transformed
into a productMy L1 = Ws L “because a producWL] did not exist in [Greek] mathematic¥.
(Bochner, 1963, 180)As Bochner mentions further:
In modern physics, ifW] is a weight and L is a length, theWlL] is the so-called statical
momentunt® The express formation of this momentum and otherhamécal and then
electrodynamical momenta has been a most creasiped in the unfolding of modern physics.
Archimedes has this momentum in his context, batetbing in the metaphysical background
and ambient of his thinking barred him from concefizing it overtly and ‘operationally.’
Generations of physicists after him...were groping e statical momentum but it kept
eluding them for over nineteen hundred years. firbeclear-cut formulation of a momentum

occurs in [post Cartesian] NewtorPsincipia. (181)

By the same token, | maintain that Batterman gaercessive emphasis on singularities
gleaned from formalisms that are not geometricfi@hl) algebraic. The regularizable charactersstic
of Clifford algebras go a long way to dispense wstich singularities, and may introduce many
hitherto unknown vistas of interest to physicistd @hilosophers of physics. This is just one eXxamp

of why mathematicians and physicists promote theesr,argue in the sections below.

Section 3: Clifford Algebra: A Brief Historical Omeéew and Summary

The Cambridge mathematician William Kingdon Clitfooriginally developed his algetfan the
years 1878-1882 as a means to systematically deelmatrix algebra representing rotations and
spin, generalized in anmy-dimensional spaceR " :{(xl,...,xn)|xk ORls<sk< n} (whereR are the real
numbers). In keeping with Clifford’s intentionsestenes (1984, 1986) and others ascribed the term

‘geometric’ to such classes of algebras to ca#raibn to the primary feature of this mathematical

13 That the ratio of the weights on a lever in edilim is the inverse of the ratio of the lengthshaiir fulcra.
* In more general terms, ontological assumptionskeld mathematical methodology such as the formatfo
polynomial expressions like+ x* +x° since the first term represented a length madeijtthe second an area,
and the third a volume. It made no sense for @edSians to ‘superpose’ (add) concepts like leraytda, and
volume. (Damerov, et. al., 1992)
15 Otherwise known as therqueinduced by the weight force.
18 A vector space endowed with an associative prodiartfurther details, see Appendix below.
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system, portraying the class of all possitd&ations (and spins) im-dimensional space, which is an
essentially geometrical dynamical property.

Geometric algebras can be fundamentally thoughhsosystematic collections alfirected line
segments (vectors), areas (bivectors), volumese(tiors),... n-dimensional hypervolumes-{ectors
or n-blades) as bounded above by the dimensionalinf the algebra’s underlying vector space.
While the concept of a directed line segment semstive enough (partly due to the historical
success of the ‘rival’ vector algebra of Gibbs)e tboncept of directed surfaces, volumes, and
hypervolumes may seem less so. The concept aftddearea however survives, for instance, in the
geometric interpretation of a vector cross-producR 3. As a further indication of its vestigial
ancestry to Clifford, the cross-product is actually example of a bivector, @xial vector as it
changes sign under reversal of parity of the coatei system (from a left-handed to a right-handed
system, and vice versa) while regular vectors do no

Clifford algebras areggraded their generators form a basis of linearly indejsamn k-vectors
(where 0< k < n), wheren is the dimensionality of the underlying vector spa For example, the
Clifford algebraG(R®) over vector spad * is generated by a total of 2 8 gradek elements (where 0
< k < 3): 1 grade-0 element (the real scalars), 3 glag@éeements (3 linearly independent vectors
whose span is obviousk’), 3 grade-2 elements (3 linearly independent harsy, and 1 grade-3
(trivector) element. In general, for any vectoaspV of dimensionalityn, its Clifford algebra is
generated by a total of' gradek elements (where & k < n), the dimensionality of each Clifford

subspace of uniform gradeis: C(n,k) = 72y . That is to sayC(n, k) = g linearly independent

gradek (or k-vector) elements generate the Clifford subspatesmiform gradek. In addition, the
(associative) Clifford product can be decomposé¢al angrade-lowering (inner) product and a grade-
raising (outer) product, from which the notions dut and cross products survive in the standard
(Gibbs) vector algebra & >. For further details, see Appendix below.

After being eclipsed into relative obscurity fomalst a century by Gibbs’ vector notatidrthe
Clifford algebraic mathematical formalism (as wadl its associated algebraic substructures like the
Clifford groups) has enjoyed somewhat of a renaissain the fields of physics (both purely
theoretical as well as applied) and engineerintpénlast several decades. (Baugh 2003, Baylis 1995,
Bolinder 1987, Conte 1993-2000, Finkelstein 199640Doren & Lasenby 2003, Gallier 2005,
Hestenes 1984 -1986, Khrenikov 2005, LansenbyaleR000, Levine & Dannon 2000, Mann et. al.
2003, Nebe 1999-2000, Scheuermann 2000, Sloane Z094g 1997, Van den Nest, et. al. 2005,
Vlasov 2000). All the authors listed above (who poise just a miniscule sample of the enormous

body of literature on the subject of applicatiom<Cbfford Algebra in physics and engineering) eith

17 As explained in the Appendix below, vestiges off@id’s notation and algebra survive in the cortcep
Pauli and Dirac spin matrices, as well as the madioa vector cross-product.
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describe the mathematical formalism as especigtigealing, due to its providing a ‘unifying
language’ in the field of mathematical physfsor apply the formalism in key instances to make
some interpretative point in the foundations ofruen theory, no matter how spectfior generaf®
Clifford algebras can provide a complete notatiendescribing certain phenomena in physics
that would otherwise require several different reathtical formalisms. For instance, in present-day
qguantum mechanics and field theory, a variety dfedint mathematical formalisms are often
introduced: 3 dimensional vector algebra, Hilbgyace methods, spinor algebra, diffeomorphism
algebra on smooth manifolds, etc. This is due amt go the domain-specific nature of the
aforementioned, all tailored to apply to a partelyl specific context, but relatively restrictedtiveir
power of generalization. In contrast, as shall lhews below, Clifford Algebra provide a single and
overarching formalism that can meet the needseofriathematical physicist working in the applied as

well as in the foundational domains.

Section 4: ‘Post- Standard’ Accounts in the Philgsp of Physics

Based on Mathias Frisch’s survey in chapter 1 (2008raw a distinction between the “standard”
versus “post-standard” accounts in the philosophyhysics in terms of the role played by modals
any scientific theory as described by the respedtiaditions. In the Standard account, (eithethen
‘syntactic’ or the ‘semantic’ traditioR, the notion of “model” is denoted by a model-theiz sense
in which a structure bears (truth-conditional) tielas to aset of sentencesThe latter are taken to be
the theory’s axioms or law3.

Models, however, can also be understood as stestearing (representational) relationsets
of phenomerfd characterizing “post-standard accourits.In this tradition, models are understood as
providing an intermediary layer between a theong®s and the “world” of phenomena. The
existence of models can at best be understoodnasveigat independent of the existence of a theory’s
laws. “Building testable models, according to tpedt-standard account] ...usually involves highly

context-dependent idealizing and approximating rapgions, and often requires appealing to

18 E g., Finkelstein, Hestenes, Lasenby
19E.g., Conte, Hogreve, Snygg
20 E g., Hiley, Khrenikov, Vlasov
21 The view that scientific theories are best represk by deductively closed sets of sentences, (ldemp
Carnap, etc) versus the view holding that theodss best represented by setsnubdels non-linguistic
structures in which a theory’s axioms or laws aldhtrue (Suppes, vanFraasen, etc.)
?2|n the early syntactic traditions, it was thoutfist such sentences could in principle be regintkimé&OPL
(first order predicate logic).
% Much confusion can arise when equivocating thegemses. “If one is not careful in drawing thididistion,
it will probably strike one as somewhat mysteriduosv an inconsistent theory which has model-theoretic
models can nevertheless provide us wébresentationaimodels of the phenomena.” (Frisch (2005) 6)
24 Cartwright (1982, 1999), Giere (1988), etc.
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assumptions from...sometimes incompatible theoridstis¢h (2005)10) In this respect, high-level
abstractions, or the theory’s “laws,” should beutiict of as “tools for model-building, rather thas a
representative of structures of the world.” (11)

This latter view allows one to accept a partictierory based on its model€liability, rather than
forcing a commitment to thi@eral truth of the empirical consequences of the theory asieahy its
laws.(42) | will focus on the issues of relialyilitersus literal truth in greater detail in 81.40ve in
the discussion on verisimilitude and ontology. Ttandard and post-standard views of physical
theories, whether advocated by philosophers oripisys, appeaprima facieto be governed by
conflicting foundational versus pragmatic aisThe foundationalist aims to provide a coherent
account for the possible ways the world can béreary therefore must provide a set of fundamental
laws which would govern the behavior of all possiblasses of phenomena in a particular domain.
The pragmatist, on the other hand, aims to proaigeactical formalism: a theory’s laws can then be
applied to mode$pecificohenomend®

One of Mathias Frisch’s central claims is that, tire case of the theory of classical
electrodynamic$! it is not even possible to pose such a distinctifjven at the highest theoretical
level of deriving an in some sense principle oregahequation of motion governing the behavior of
charged particles, pragmatic considerations enté38) Consequently, Frisch suggests to the
philosopher (whether working in the standard orntystesndard tradition) to adoptpainciple of charity
when analyzing notions like “fundamental,” and ‘tyrii etc. as used by the workaday physicist:

As philosophers we might be tempted to think thHatsicists are simply confused when they
speak of an appropriate equation as ‘fundamenrtarrect,” or even ‘exact.’ This, however

would mean imposing a philosopher’s rigid conceptaf theories on science rather than

% As | mention in §1.4. below, the distinction issteiading in ways confirming Frisch’s assessmethéncase
study of classical electrodynamics.
%6 Such clearly opposing aims can often occur inrtiiEic of the same theoretical tradition. For amste,
guantum field theory (QFT) is distinguished by pdottive versus non-perturbative methods (AtiyadD(3).
The former is fundamentally constituted by seriesthmds in which experimental parameters are comdpare
with their (approximate) perturbation series expahtb an arbitrary degree of precision, whoserattens can
be obtained by variously powerful (and ultimateppeoximate in nature) simplification methods emjhgy
Feynman diagrams. On the other hand, (non-petiug)aopologically-based methods culminating inuge
theories arose out of attempts to obtain fundanheinactural information of the microworld from QFTThe
aim of perturbation series-based QFT is thoroughlygmatic, insofar as its primary goals involve tiedeling
of specific phenomena in such a manner respectiagtipal aims of computational efficacy, irrespeetof
representational accuracy—let alogensistency as renormalization methods inevitably reveal [(i€H
(2005a) and in n. 46, below). On the other handiggatheories attempt something far more ambitibnis:
provide generally metaphysically accurate desansj as far as QFT will allow, of the microworld lufjh-
energy quantum phenomena, independent of and poictomparisons made by specific measurements.
Consistency would certainly prove itself to be arenenportant guideline in this latter case shouié diope to
obtain any generally fiducial representation oftsumicrophysical phenomena that the scope of QFT wil
ultimately allow. (Though, as Frisch (2005) shawsis study of classical electromagnetism, thiglgiine is
by no means guaranteed to be achievable, let aegrgpossiblein certain cases).
?"The prototypical field theory.
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trying to understand the practice of theorizingie.should [examine]...which sets of equations
physicists themselves take to be the most basieérapadrtant in a certain domain, atiten ask
what criteria of theory-choice would allow us to keasense of the physicists’ decisiofé/]e
should adopt grinciple of charityand interpret the physicists’ claims in a way thatkes
them defensible...[for instance, a theory's] intercahsistency does not come out as a
necessary condition governing theory choice, scwesiderations of simplicity, mathematical
tractability, and conceptual fit appear to be atWeoverride concerns for strict logical

consistency. (italics added, 70-72)

The above-mentioned insights and arguments posé&disgh (2005) offer a useful conceptual
framework for contemporary philosophy of physiosthbdescriptively and normatively. For instance,
the ontological autonomy of models (as represemtatmediating phenomena and a theory’s high-
level laws), coupled with a pragmatic concern fagirtreliability (as opposed ttteral truth), makes
an essential contribution to the pluralism chanmgstie of so much contemporary philosophy of
physics—in turn so significantly influenced by petindard accounts.

To name a few recent examples: Margaret MorrisddD@) argues [face Kitcher) that
unification should be considered as a process agp&om explanation. The physicist “unifies first,
explains later.” Robert Batterman (2002) argued teduction and explanation should likewise be
considered as separate, and argpasgHempel) that a species of ‘asymptotic explanationicate
that the superseded (or reduced) thedrystill somehow plays a necessary role vis-a-vis the
superseding (reducing) thedFy In explanations involving asymptotes and criticehavior, the ‘old’
theoryT doesn't get completely reduced by the newly sugzting theoryl’, but continues to play an
essential rolé®

In subsequent work (2004-2005) Batterman sundetisn®of ‘fundamental’ by arguing that
ontologically versusepistemicallyffundamental theories act at cross-purposes: theeioseek to give
a metaphysically accurate account of phenomenheaexpense of explanatory efficacy, while the
latter do exactly the opposite. For example, & ¢hse of fluid droplet formation, one may appeal t
the ontologically approximate Navier-Stokes theomhich models the fluid as a continuum, to
account for the universally regular features ofpieb formation shared by all classes of fluids of
varying density. The Navier-Stokes theory, in shisrepistemically fundamental: It is able to pdev
a universal account of scale-invariant featuresceftain critical phenomenanly by hidingthe
underlying ontology. The fluid, after all, fundantally consists of a discrete collection of molesul

Any ontologically fundamental theory modeling theid from this accurate level of description, aside

28 “The superseding theofly’, though ‘deeply containing ' (in some non-reductive sense) cannot adequately
account for emergent and critical phenomena aland, thus enlist§ in some essential manner.” (Kallfelz
(2006), 3)
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from becoming computationally intractable, would; iks very nature of describing thgarticular
ontological details sacrifice the very possibility to provide universr scale-invariant descriptions of
droplet-formation. Conversely, the epistemicaljndamental theory is able to capture universal
features so well precisellyecauseof its approximate representation of the fluid seasontinuous
medium.

The authors | have cited above, among many otlears be thought of falling into the post-
standard account tradition insofar as they foce# fhrimary interest on theodelingactivity of the
physicist, in thenon-model theoretic sens&hey approach physical theories from the ‘botigyi-
beginning with a careful study of the reliability the theory's models, to make their generally
pluralist claims®® Moreover, in the normative sense, they all seeimplicitly adopt the “principle
of charity” in varying degrees.

| offer a critical response to Robert Battermarianes which take into account the essential
modeling and theorizing activity of the physicist—short, with objections respectful of Batterman’s
own terms. This essentially involves the use afngetric (or Clifford) algebraic formalisms, which
appear, as | argue to unify ontological and georatcontent in certain theoretical frameworks in a
more efficacious manner than their non-Clifford o@uparts. Such unity calls into question some of
the pluralist inferences made by Batterman, inamalysis of explanation and reduction in his case

studies of phase transitions and critical phenomena

2 For instance Cartwright (1999) argues not onlyirsjaforms of ‘top-down,” but also against ‘crosse!

reductionism. That is to say, not only does slspute the legitimacy of inferences made from tivellef a

theory's high-level laws to the level of empiriaplications, but also ‘across’ from the concretatexts of
controlled laboratory conditions to the world doflétively uncontrolled) phenomena. Recall Hoefegsponse
in n. 5 above.
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Chapter 1. A Brief Overview of the State of UnitiReduction, and

Explanation in Contemporary Philosophy of Physics

Section 1: Preliminary Remarks

In this chapter | present a critical review of whaonsider are some of the underlying issues
and implications concerning unity, explanation, aadiuction that motivate Robert Batterman'’s (2002,
2004, 2005) basic claims. | give the topic of wrthe most cursory treatment, as clarified in my
disclaimer in the subsection below. Aside fromadiscing to the reader what | consider are the most
salient features of Batterman’s conclusions (befaueching into more detailed critique of them/ as
do in chapters 2 and 3 below) I also intend toadefsome of their normative force. Regarding his
theory of ‘asymptotic explanation’ articulated iB002), | point out in 82.1 what | consider are
common weaknesses his version shares with the rdigah explanation’ model of Ruth Berger
(1998). | also argue that ‘asymptotic explanatioah be subsumed under Fritz Rohrlich’s (1994)
‘covering theory model’ (CTM) in §2.2.

| reserve however the lengthiest discussion oridpie of inter-theoretic reduction (83). After
presenting a more detailed description of Rohrsiaimodel of inter-theoretic reduction (83.2) | argue
that Batterman’s model can essentially be subsumedér Rohrlich’s (83.3). In the final section §3.4
| present a more detailed discussion of the issusntwlogical ramifications suggested explicitly by
Rohrlich’s ‘pluralist ontology’ (and conversely i by Batterman) vis-a-vis issues centering on
verisimilitude and contextualism.

This chapter presents a brief critical overviewtlt# ideas of Robert Batterman. It does not
relieve me of the onus of an internal critique ¢wgr, which (as mentioned in tRereword above) |
launch in chapters 2 and 3, using Clifford algedisathe primary counterexample. Nevertheless, the
reader can consider this chapter as self-contamelde extent that it offers a more ‘external’ igite

of Batterman focusing on conceptual content alone.

Subsection 1: Disclaimer Concerning Unity

Research into issues such as unity, explanatiot, reduction form a set of aims in the
philosophy of physics, as well as in the philosophgcience proper (both past and present). Like i
the notion of the trinity, unity, explanation, aretluction would appear to be ‘consubstantial’ aso
fundamental level of inquiry, though ‘distinct’ migr as they derivatively exhibit unique research
aims as well as begetting unique research methadsmodes of inquiry. Perhaps it is best to
consider this ‘trinity’ as characteristic of aspecf complex, central questions and concerns in the
philosophy of science (and in philosophy prop&hat could this central concern be?
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[W]hat kinds of unity in the sciences are there[§ unification a relation between concepts
or terms (i.e., a matter of semantics) or aboudrike they make up? And is the relation one of

reduction, explanation, or logical inference?

This is Jordi Cat’s opening question in his reviavticle: “The Unity of Science” (2007). He

continues:
[From the standpoint of] the often-assumed prefsedar physics as a privileged locus...from
the fact that [it]...is the study of the most fundamaérunits of matter and energy [does
anything follow about the presumed unity of sciétjce.[Conversely] [hJow should we
evaluate the evidence for disunity and pluralismsarence?...To what extent should we
supplement the attention to logic and language \aithinterest in practices, images and
objects?...[l]t is worth pointing out thaositions about the unity of science have important
consequencesand affect the way we formulate and solve problems hilopophy (e.g.,
questions of naturalismycience(e.g., design of education and research projeats)policy
(e.g., allocation of resources). (1-2, italics atjde

That the issue of the unity of science is a livel amgently pressing one is furthermore
evidenced in the history of Western philosophy:hsgoestions concerning the unity of science and
empirical knowledg® go back to the pre-Socratiésand form a continuous thread that weaves
throughout the writings of Plato and Aristoffethe later Christian monotheistsand of course finally
in the emergence of modernist thought and the Railtimechanics of the seventeenth and eighteenth
centuried* (Cat (2007), 2-3).

%0 Broadly characterized in Antiquity as a complexxtme of metaphysical assumptions and empirical
epistemic notions, ‘empirical knowledge’ looselynceived as reduced to or restricted to what onfeegsitfrom

or reflects upon experience. This notion of ‘emgEm’ of course cannot be conflated with the rpéigically
charged and strongly reductionist position emerging7" century British thought. Likewise, it is importan
mention that this issue in particular, perhapskanho other, unites philosophy of science with tepi®logy.
See in particular the Introduction (pp. 3-24) imRdoser (2002).

31 “In what senses are the world and our knowledgé, aine?” (Cat (2007), 2) appears to be the operat
qguestion running throughout the writings of pre4atics. In turn Thales, Parmeneides, Empedocles,
Heracleitus, Democrates responded to the quesitbntiweir own renditions with their associated racaitions

of reduction, unity, and plurality in their respgety epistemic and metaphysical senses.

32 “kKnowledge also is surely one, but each part dhétt commands a certain field is marked off ancgia
special name proper to itself. Hence languagegrézes many arts and many forms of knowledg8dphist
275c). According to Aristotle(n the Heavensknowledge is of what is ‘primary’. Different ‘®nces’ may
catalog knowledge of different kinds of causes, étaphysics “comes to provide knowledge of the
underlying kind [of cause].” (ibid.)

%3 For the Scholastics, organization of knowledgkeotéd a notion of the world governed by Divine LaWhis
notion was in particular distinctly invested in thearch for a universal language characterizingptbgect of
unifying knowledge, as evidenced in tEéymologiesof the 6" Century Andalusian Isidore, or in the later
writings of Ramon Llull, St. Augustine, etc.

% The Rationalist element of Modernism and its aggtion of the unity of knowledge emphasized the liéesi

of human reasoning as “the project of a universaméwork of exact categories and ideasnathesis
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It is also safe to admit that research into thestjoe of the unity of science, vis-a-vis reduction
and explanation in the philosophy of physics andrse, has burgeoned and blossomed in breadth
and depth in the last few decades in ways unforelSgehe logical empiricists Carnap (1956, 1966),
Hempel (1962, 1965 1988), Kenemy & Oppenheim (19B&)gel (1974), etc., who all offered their
original theories thereon, often creating framewsoftr future research traditiofs. By and large,
many contemporaries call the notion of unity inewisus question, advocating some methodological,
epistemic, or metaphysical pluralism (and any cowtidon thereof, as the “isms” are obviously
intertwined) instead®

It is not a trivial task to survey this ‘dappléttandscape of recent literature from any vantage
point advocating any claim(s) for unity, howeverakehey may prove themselves to be in the final
analysis. Itis best to proceed in a cautiouslit @ystematically) selective manner.

In this essay, my disclaimer is that | will make canstructive or direct claims concerning the
issue of unity (whether in physics, science, osarentific knowledge generally speaking), from the
“top down,” or derived from some general and alzstraetaphysical stipulations or assumptions.
Instead, in a “bottom-up” style | will focus almosstclusively on issues of unity, vis-a-vis reductio
and explanation, by critiquing Batterman'’s recelatings (2002, 2004, 2005) in his concrete case
studies involving critical phase transition phenomeén this chapter and in chapters 2 and 3 below.
Additionally in 8 3 below, | “reconstruct” Battean’'s claims within the context of a broader
framework comprised by recent arguments of a smmédure concerning reduction and explanation
made by Aertz & Rohrlich (1998), Bialkowski (1989)jeks & de Regt (1998), Ehlers (1986),
Ramsey (1995), Rohrlich & Hardin (1983), Rohrlictf88, 1994), Teller (2004b), and Wojcicki
(1998). Such a reconstructive exercise indicates some of the extreme methodologically and
epistemically pluralist notions advocated most blythy Batterman and some of his contempor&ties

prove unwarranted, and some notion of methodolbgicily can be retrieved—precisely through the

universalis; as echoed in Descartes’ methodology and Leibsi@&éneral Sciencelfaracteristica universal)s
(3). Certainly during the Enlightenment, beliettre unity of knowledge and the universality ofaaality was

at its apex, epistemically echoing the metaphysical methodological ideals of the golden age oftrarism.
Mechanistic philosophy (as a systematization ofdoesncepts and fundamental laws of mechanics)rbeca
the framework of choice for the unification of nauphilosophy, whose crown jewel became Laplace’s
“molecular physics,” with its strict determinismdireductionism. After the demise of Laplacianudpat in

the early 19 century, the role formerly occupied by mechaniptidosophy was supplanted by ether mechanics
and energy physics.

% For one, Cat describes the structuralist chariaetesns of inter-theoretic reduction of Ehlers 69, Scheibe
(1983, 1997, 1999), and Sneed (1971) as esseriti@bsNagelian” (2007, 16).

% Methodological and epistemic pluralists includebBid Batterman (2002, 2004, 2005) who is the prymar
critical focus of my essay, as well as MorrisonQ@4 200). Other pluralists of an essentially metaphysical
variety include Cartwright (1999) and Dupre’ (1993)

37 Borrowing self-consciously from CartwrightBhe Dappled World1999) as well as some of her critical
respondents: Sklar (2003), “Dappled Theories innddgm World,” and Teller (200e) “How We Dapple the
World”.

% See note 10 above.



‘unifying’ aspect of the Clifford algebraic reselartradition, an aspect | precisely characterizamas

instance of a “methodologically fundamental” prasesiin chapter 3 beloW.

Subsection 2: The General Framework of My Study: Fritz Rohrlich’s Classification of Theories

Having made the general disclaimer concerningyuni. a topic | willnot focus on directly,
herein | make my positive disclaimer concerningakerall framework and domain of my study. In
summary: the ideas of Robert Batterman (2002, 22085) are my primary critical target while the
ideas of Fritz Rohrlich (1988, 1994) are my primangpiration. In 83, for example, | show how
Batterman’s conclusions and assessments can besteocied and characterized differently according
to the general framework of reduction and explamatiffered by Rohrlich and some of his derivative
work—including some from his direct commentators vesll as from those who have further
developed aspects of his ideas (Aerts & Rohrlic#98) et. al., as mentioned in the previous page).
To recall the discussion in the fourth section ltd Foreword above (pp. xv-xxi), the post-Standard
intellectual climate gives the philosopher of phgsa broad variety of options from which to focis h
or her domain of study. Viewing physics (and sceeim general) as constitutive of an essentially
model-formingactivity, among other things, allies the philosopher of ptsysiith the physicist®

Nevertheless, | limit the discussion here to simbducts’ of physics in the form of well-
developed ‘textbook-ready theories—specifically tine realm of fluid mechanics and with an
occasional mention of some versions of theorepeaticle physics (Finkelstein); the mathematical
form is sufficiently developed enough to be chardzed by Clifford algebr&: In any case, as |
discussed (8 4 of th&oreword the post-standard tent is broad enough to accalateoits

methodologies equally well to the study of expeniaé procedures and instrumentation (and their

39 Lest | am guilty of committing a fallacy of dictushy, | amnot using my concluding claims to make some
general case of a grand notion of unity. The lgg#date twentieth and early twenty-first centynyilosophy

of physics teaches one to know better. Rathem kempering some of the extreme aspects of thalts’
claims which, if one adopts Frisch’s (2005) “pripiei of charity” towards the Clifford-algebraic insgd
physicist, seemprima facieto clash with the Clifford algebraic method of wnify ontological and geometric
content. | will say more about this tension in shdsequent sections and chapters.

“% |t scarcely requires mention that none of the abiowlies a slide towards scientism, i.e. a pasitichich
among other things holds philosophy of sciencetdgs to whatever fashionable (and more often thai
philosophically uninformed, arbitrary metaphysieaksessments (usually just ideology in disguisegredf by
members of the scientific community who are gicarnte blanchdo safeguarding them from any semblance of
conceptual analytical scrutiny. To conflate pasindard philosophy of science and physics withrdigm
would prove itself akin to equivocating John Buiggsroposal for a methodological rapprochement ketw
philosophy of science and philosophy of mathematscsome version of an attempt to ‘naturalize nmgties’
(recall the discussion in section 2 of fh@rewordabove, pp. vi — X). The post-standard philosoptfighysics
ideally envisions a reciprocal dynamics betweerlgsbpher and physicist, with the physicist offeritige
philosopher the conceptual raw materials of emgiravidence, models, laws, theories, and the poplosr in
turn offering the physicist some means to concélytaad systematically analyze and reflect uponehsuing
inferences and insights issuing forth. Recall li4om’s (200®) and Galison’s (1997) remarks in n. 6 above.

*! Indeed, Finkelstein (2001, 2084, 2007) adopts Clifford algebra as the central nmatiieal formalism of
his theories, as | briefly review in Subsectiors@gtion 2 of chapter 3 below.
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derived notions of empirical evidel@e modeling activity, laws, and theories (both ihet
developmental and in the final textbook-ready farm)

To this effect Rohrlich (1988), and Rohrlich & tdar (1983) offer four useful distinctions:
developingtheories acceptedheoriesmaturetheories, an@stablishedheories. In whaprima facie
may strike the reader as hearkening back to logicgdiricism and other early standard accountsen th
philosophy of science, Rohrlich writes:

Philosophical questions on intertheory relationsl apecifically on theory reduction are

properly addressed to the mature theories ratlaer tih the successive developmental stages of

a theory; the latter belong to the context of diery. Eventually, only the mature theory

needs justification. (1988, 300)

However, the methodology Rohrlich advocates is istast within the general framework of the post
standard approach, as | shall elaborate furtheg2nbelow. The notion of ‘justification’, in a
preliminary sense and for purposes of this sectian,be thought of as an ascription to theorieskwhi
have achieved a type of stability and a level oblsstication capable of adequately supporting
persisting and coherent ontological as well as erattical aspects.

Sub-components of theories inclu@enpirical laws which are “inductively generalized
observation statements usually cast into a matheafigt simple form” (300). Common examples
include Kepler's laws, Galileo’s laws of free faditc. An important categorical distinction between
empirical laws and theories includes the notion &mapirical laws contaifactual ontological content,
whereas theories possess ofdymal ontological content® Empirical laws can provide the basic
justification for theories, and are reducible tedties to the extent that the theories can explaen
laws (300)** On the other handonjecturesare conceptual schemes with tenuous empiricalstpp
and usually lack a mathematical framework: Whattidguishes adevelopingtheory from its
counterpart (whether accepted, mature, or estaol)sis precisely its relatively high abundance of

2 See Galison (1997) and Winsberg (2003).
3 This is a distinction that shall be elaboratedrogreater detail in the subsequent sections. Mewaet this
point perhaps a simple illustration may sufficeatkening back to the discussion of Frisch (2005gigibrief

mention in theForeword above: Theempirical law of Coulomb F :%%@describes a force relation

(inverse square) between two static and chabpeliespossessing charg€s andQ, respectively. That this
law possesses factual empirical content is appaeotigh: it can be verified (as sure as it hasvewbl
historically as an inductive conjecture based omifold trials) well enough via actual empirical pealures
under controlled conditions, yielding results undaitable margins of error @omains of validityRohrlich
(1988, 2004), Rohrlich and Hardin (1983)). On thteeo hand, the general framework of the theoryiagsical
electromagnetism’s ontology is comprised of ergisach as ‘point particles,’ ‘continuous chargérdistions,’
etc. which clearly only refer tofarmal ontology. More shall be said of this issue pertg to ontology in the
sections below.

** This point shall be examined more closely in sec8 below of this chapter.
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conjectures at the expense of its relative parsjmudrempirical laws”® The exact reverse is true for
most other theories (whether accepted, maturestabkshed).

Regarding the latter (non-developing) case:

a.) Accepted theoriesusually have sufficient empirical support, and baeked up by some
mathematical framework, and logically cohere welthwother theorie§® They are
considered to be the most plausible at their tifhase, though they are “not necessarily
accepted because scientists are convinced of][tairectness” (300). Accepted theories
may eventually evolve into mature theorfés.

b.) Mature theories are believed to be (approximately) true, due toy\&@rong evidence
(301). However, their appropriatalidity domainsare usually not known until after some

scientific revolutioA® occurs, evincing the possibility of some supemsgdior ‘finer’)

> Examples are easy enough to list: Treveloping theorpf Aristotelean mechanics even up until the late
seventeenth century comprised mostly a body ofexbuijes in the above sense apart from a few erablaws
developed by William of Ockham (Damerow, et. a@92), Bochner (1963)).

“® Logical “coherence with other theories” is alsfereed to as “external consistency” in the phildsppf
science from previous decades. Consider for igstakuhn’'s (1977) five criteria for theory-choice:) a
Consistency (external and internal), b.) AccuracySimplicity, d.) Fecundity, and e.) Broad Scope.

*" Examples again should be easy to come by. Quafilichtheory (QFT), either in its axiomatic or its
series perturbative form, is certainly acceptedhgymajority in the physics community. Howevelidasrom

its applicability only in a flat space-time structu(a generally dynamic geometry as described hyetzé
Relativity won't provide the appropriate boundaonditions to allow for discrete normal mode solnsido the
Dirac equation—giving rise to the possibility olugnta’) its ‘kludgy’ renomarlization methods, amaherent
ontology is suggested by Haag's theorem, “[s]caiteamplitudes can be calculated for individualtsring
phenomena, but cannot consistently be fitted tayett describe a unified physical process” (Te{R004)
437). Hence physicists have no choice but to US€ & a springboard to search for deeper and matare
theories that account for its results in it appratgr validity domain. The work of Finkelstein (12007) is
one such instance.

8 Note that Rohrlich (1988, 1994) uses this termaimore conservative and weaker sense than what one
usually considers from Kuhn (1962) and Feyerab&g63):

The ‘logical incompatibility’ proposed by some (leegbend) ...is only a cognitive incompatibility.
Thelogical coherencdetween the finer and the coarser theories isredday the reducibility of [their
respective mathematical structural aspects]. ii¢involved [in reducing the mathematical aspaict
the finer to that of the coarser theory] ...ensure libgical continuity and compatibility. (Rohrlich
(1988), 307)

I will elaborate on this in greater detail in theébsequent sections of this chapter. However, apéssage
suggests, | mention here in passing that in Rdtigliciew of scientific revolutions does not pressamantic or
logical challenges rising to the level of ‘incommarability’. At best, the finer theories of broadsope
superseding their coarser counterparts during uéeols presengpistemicchallenges in the form of ‘cognitive
incompatibilites’, an issue that | will discussgreater detail in 83.3 below. However such incaibjiies at
best suggest aluralist ontology (Rohrlich (1988, 1994), Teller (2004)). The stwalist (Sneed (1971),
Scheibe (1983)) influence on Ehlers (1986), likewisspired by Rohrlich and Hardin (1983), promptéud to
echo:

[L]imit relations can be understoodationally, that in spite of the alleged meaning changes and
conceptual incommensurabilities the successor [Rbrs ‘finer] theory [ T'] doesexplain and
improveits predecessorT ], i.e., that there are reasons for assertingtthere is progress in science.
(Ehlers (1986) 387)



theoryT ' to emerge with broader scope and greater explanptower (which supplies the
validity domains to the mature thedFy.*

c.) Established theoriesare mature theories that are not discarded afteevalution,
continuing within their appropriate domains deligait by the validity limits of their
superseding (‘finer’) theories. “Whether there éi@ver beematuretheories which had to
be discarded as a consequence of a scientificugenlis debatable; it depends on the line
one draws between accepted and mature theorig¥l) (& other words, the fact that no
sharply fixed boundary demarcates developing froatune doesn’t vitiate the need and
use for such a distinction: “[I]t is in general fiitilt to specify the exact time when a
developing turns into a mature one. Neverthelesglistinction is a useful one and can in
practice be reliably made in a wide variety of amstes.” (Rohrlich & Hardin (1983), 606)

| put the distinction to work here by relegatingzéleping theories to the context of study of

the processof theory-formation and modeling. Post-standahilogophers of science like Giere
(1988, 1992), Nersessian (1992, 2002) and othees di@voted extensive study to such study, which is
an area lying outside the scope of this essay. mastioned, | focus exclusive attention on the
‘textbook-readyproductsof accepted, mature, and established theories—f&@dlgi some of those in
Batterman’s studies (2002, 2004, 2005). | chakletige explanatory and reductive relations among
such theories that Batterman proposes, in favaspécts provided in the general framework offered
by Rohrlich (1988, 1994) and those directly usimg riotions (Aerts & Rohrlich (1998), Bialkowski
(1985), Dieks & de Regt (1998), Ehlers (1986), Rohr& Harden (1983), Wojcicki (1998)), as well
similar ideas discussed in Ramsey (1995) and T@@04Db).

Ehlers (1986) makes his case in a constructivedgraus manner using two examples: Lorentz-invariant
scattering theory (the ‘finer’ or superseding the®r ) versus the superseded ‘established’ theory oil&aar
invariant scattering theoryT) (390-396), as well general-relativistic gravitati (T /) versus Newtonian
gravitation (496-402). The latter example presaadditional technical challenges, which the formees not.
However, according to Ehlers’ schema, such chaflerdp not rise to the level of a semantics of klgEsues
concerning incommensurability.

*9 This point shall be elaborated in greater detaithe subsequent sections of this chapter. Neslegs,
examples should be relatively easy to considenleRtaic astronomy was accepted (towards the |ateesith
century not many believedtitue, but treated it as plausible). Newtonian celéstiechanics on the other hand
is a mature theory, as most physicists and astrersroonsider it ‘approximately true’ in its appriape
validity domain. Its ontology of forces reliablgpresent—to a reasonable extent—the actual stateong
the properties of planetary dynamics. The ‘finteory of general relativity of course sets theitbnof the
validity domain of Newtonian celestial mechanidSor precise details for the establishment of sualidiy
domains, see Ehlers (1986), 393-397, 401-402) coimge Newtonian qua General Relativity, as mentibne
briefly in n. 48 above.

7



Section 2: Explanation

Subsection 1: Ruth Berger Meets Robert Batterman: D their Explanatory Accounts Suffer the

Same Shortcomings?

Robert Batterman (2002) claims to have developedowel species of explanation—the
“asymptotic explanation"—which he argues fits nodttanal account. Asymptotic explanations
neither fit deductive-nomological [DN] nor the inttive-statistical [IS] schemas originated by
Hempel (1962, 1965 respectively), and also do mwoifarm to more recent unification (Friedman
(1974), Kitcher (1989)) or causal accounts (i.ailtBn (19813° and Salmon (1984, 1989)). | subject
Batterman’s claims concerning the uniqueness ofmpsytic explanations under detailed critical
scrutiny in Chapter 2 below, from a perspectiverinl to the workings of his reasoning. Here | can
give a brief external appraisal of Batterman’srokivis-a-vis other recent literature concerningsom
accounts of explanation in the philosophy of phgisighich | believe deflate Batterman’s uniqueness
claims.

Reflecting on the contemporary state of pluralismthe philosophy of physics, as |
commented in th&oreword and briefly in 81 above, it may come as no sueptiwat there are others
who make similar uniqueness claims concerning fi@posed accounts of explanation. Ruth Berger
(1998) for instance offers a model of ‘dynamicaplexations’ based on dynamical systems thébry,
which she claims is neither subsumed by causalextsgwhether bottom-up or top-down), nor by the
idealization of unification accounts of Kitcher 89:

Dynamical modeling is an important source of exptary information in just those cases

where rigorous deduction from a more comprehensiwesical theory is not feasible...[ijn the

ideal limiting case, a dynamical explanation woble a demonstration that an interesting

°0 | am using the notion of ‘causal’ somewhat loosabyincludemechanismshat can also comprise Railton’s
ideal explanatory text [IET]. Writes Berger (1998) 311:

Railton is not a causal theorist per se; he segdamation as revealing mechanism, but these
mechanisms do not necessarily have to be causaVertieless he indicates that explanatory texts for
causal phenomena in the sense described as ‘arcaneected series of lawbased accounts of all the
nodes and links in the causal network culminatmghie explanandum, complete with a fully detailed
description of the causal mechanisms involved aedheoretical derivations of all the covering laws
involved.” (Railton 1981, 247)

*! Dynamical systems consistingMfconstituents are typically characterized mathera#iin terms of a set of
N initial conditions andN evolutionary equations of a single paraméteepresented by a system of ODEs
(ordinary differential equations). Interactionsa@m the constituents complicate the scenario givisg to
‘chaotic’ non-linear dynamics, which applied matlaitians and mathematical physicists often subject
‘qualitative analysis’ in Bl — dimensional phase space. Dynamical modelieggpplying dynamical systems
theory to classes of complex phenomena) has reteelatively recent philosophical attention in therks of
Kellert (1993) and Berger (1997, 1998), and others.
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physical system realizes a particular mathematieadel. However, the enormous complexity

of most physical systems makes covering laws s@rdeealization claims very rare. (325)

More often than not, argues Berger, the dynamicabeter must fall back to weaker
“structural similarity” relations between systemdadynamical models, as opposed to the ideal
limiting case of ‘realization’. Such structurafsiarity claims “are a type of analogy...[w]hen
dynamical modelers argue for the relevance of tertauses, their arguments abductive not
deductive. (324-325, italics added) Naturally (a’ la Carigitt (1999)) one could always continue to
treat dynamical explanations as a peculiar fornregfuction (in the derivational sense) with an
excessive number of ‘true’ and hence very spe@dliaws with correspondingly limited scope:

However, [such a treatment] is very misleading...f@jyical modelers rarely speak in terms

of ‘laws’ and this [law-based] analysis suggestat tdynamical modeling provides only

patchwork ad hoc information. A more accurate abi@rization depicts dynamical
explanations as providing a global mathematicatupé of physical systems. This picture
clarifies relationships between different variablesd it increases our understanding by
showing how physical systems tend to behave unaiey different types of circumstance3n

this characterization, dynamical models are nothad at all; they illuminate complex
relationships efficiently and without the oversiifiphtion needed to describe these

relationships in terms of the general laws. (325)

In this sense, dynamical explanations exhibit topsad features insofar as “the understanding
sought is global, not local.” (325) Nevertheless,emphasized in the passage above, it would prove
misleading to consider the modeling a species dudie reasoning, thus flying in the face of the
‘deductive chauvinism’ advocated by Kitcher (1989Moreover, dynamical explanations neither can
be subsumed under some ‘general causal’ accoutt fizast two important reasons: a.) Dynamical
explanations are often presented in situationshichivno general causal covering laws hold. b.)iThe

explanatory power is derived from abductive reasgninot deductive reasoning. The latter abductive

°2 Kitcher admits his logical/set theoretic chardztion of explanatory unification using his notiaif
explanatory stor&(K) defined as a sé& over the closed set or totality of sentenkesharacterizing scientific
belief-claims regimented according to some logics{forder predicate or otherwise, for a highlydaae
version of the ‘otherwise’ cases see Agazzi (2p@3)able to generate deductively a maximum nurober
conclusions with a minimum number of ad-hoc eleme somewhat “ham-fisted.” (Kitcher (1989) n. 18,
501) Nevertheless, he sticks by his methodologileam, in order to minimally deviate from what hensiders
is the best that Hempel's deductive approach hasffey. Kitcher's avowal of ‘deductive chauvinisns
perhaps best clarified in his notion of understagdfinspired by Kuhn's notion of ‘theory-articulati’ or
‘know-how’, i.e. understanding geacticebeing incapable of being reduced to some ‘knowtdadional or
axiomatic reconstruction of): “I claim that toknow a theory involves the internalization of thiguament
patterns associated with.itin consequence, an adequate philosophical recmtisin of a scientific theory
requires us tadentify a set of argument patterns as one compooiethe theory (Kitcher (1989) 438, italics
added)
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aspect is especially crucial “if we want an accoafnéxplanation which does justice to the richness,
power, and pervasiveness of modeling explanatiq881)°*

Whether or not Berger’s claims (1997, 1998) stapdoucritical scrutiny is an issue | will not
delve into, nor did | mention her work in passingstiggest that Batterman’s (2002) uniqueness claim
is entirelyexclusivei.e., that he makes the case that asymptoti@aapbns are thenly instance of a
type of explanation neither subsumed by causaundgication accounts. Batterman of course makes
no such grand pronouncement, as obviously the sy issue is irrelevant: he needs merely to
show that his notion of asymptotic explanationweeisa counter-instance to causal or unification
accounts. If there are other counter-instancds, vilould hardly bear any impact on the project
concerning the role of asymptotic reasoning vialaxgtion and reduction, a role he claims is
somewhat distinct.

Why | mention Berger's work in passing has more towdth Belot's (2003) criticism of
Batterman (2002), which | delve into greater deitai§2.3 of chapter 2 as well as §1.2 of chapter 3
below. Suffice it to say here that Belot (2003l the full-blown mathematical machinery of the
theory of differential equations to argue that agigtic explanations can be conceived as a weak form
of derivation: that is to say, rather than bothghperseded theoflyand the superseding theofies’
somehow being essentially required in the casesgihptotic reasoning (as Batterman upholds), the
superseded theory can be shown to be (mathematically, but not necésdagically let alone
semantically) derived as a special cas& ofwhen the latter is sufficiently explicitly charadted by
the full-blown mathematical theory of differenteuations. Obviously a connection exists between
the general theory of differential equations (wketbrdinary or partial, non-linear coupled or non-
linear de-coupled, etc.) and the theory of dynahsgstems (as the latter essentially involves syste
of differential equations)’

Hence how seriously one takes that connection e@sphat Batterman’'s (2002) claims may
stand or fall with Berger’'s (1998): if it can bendenstrated that Belot's (2003) claims undercut or
deflate Berger's (1998f. Batterman (2007) of course rejects Belot (20@8) I(discuss in greater
detail in 82.3 and in81.2 of chapters 2 and 3 bglof%o as far ake (Batterman) is concerned, any
possible association | make with his ideas and &&g(1998) is a moot point. Nevertheless, |

mention Berger's work in passing to show how she ¥#ll as Batterman) rely on various

*3 Recall Burgess’ allusion to abductive reasoningdissussed in thEorewordabove.

>4 Conceived non-developmentally, i.e. as accepsadpkshed, or mature as | disclaim in § 1 above.

% | defer to the specialists in the applied and pemathematics community to point out the nature and
significance of such a linkage. But even thosdgmsing complete mathematical ignorance would rsgute
that the semantic content of dynamical systemsryhewerlaps with that of the general theory of eliéintial
equations in the shared concept of differentiab#igus.

*¢ Belot (2003) does not bring up Berger's (1997,8)98 Kellert's (1993) notion of dynamical explaioais,

yet prima facie (formidable technical challengeghpps notwithstanding) as | mention above thermsde be

no reason why Belot’s claims cannot be in princepteended to dynamical systems.
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sophisticated approximative techniques found ineetsp of the general mathematical theory of
differential equations to hedge philosophical ueigess claims. The fact that at lease strong
dissident voice (Belot (2003)) seeks to deflatengoitilosophical hedging seems to raise the question
of whether or not the presupposed uniqueness ofiatsyic explanations can be couched in terms not
essentially relying on such mathematical approxiomatricks per se. Batterman (2007) claims to do
just that, of course, i.e. point out what he considers asemtial epistemic and methodological
features of asymptotic explanation not exclusiveliant on mathematical structure alone (a claim
which [ further critically survey in appropriatect®ns of chapters 2 and 3 below). How succes$sdul

is in this endeavor, as well as even in effectiyeysing semantic and ontological aspects of aryheo
from their strictly mathematical aspects is anog@int | critically address in chapter?2.

Read positively, however, my overarching pointhis tBatterman-Berger discussion concerns
the essential aspect of the mathematical contetiteiranatomy of some mature theories, a structural
aspect that in my opinion Rohrlich (1988) distirgiigs well from a theory’s semantic and ontological
content (which conversely other authors like Battem do not). | will delve into this issue in geat
detail in 8 3 below in my discussion on reductibliere | will mention in closing that once sufficignt
clarified, the mathematical aspect of a mature ye® ripe for ‘hooking up’ to some broader or
deeper mathematical research tradition. In pdaicumy claim is that hooking up a theory's
mathematical aspect to Clifford algebra can tramsfthat theory in a way that directly opposes the

pluralist implications of Batterman’s (2002, 20@805) and other similar assessments.

Subsection 2: Fritz Rohrlich’s ‘Covering Theory Model’ of Explanation may ‘Cover’ the Case of

Batterman’s ‘Asymptotic’ Explanations

Fritz Rohrlich (1994) also offers a rather novet@unt of explanation, which is based on his
account of reduction (1988), which | will devotetaed attention to in 83.3 below to the latterneO
however need not be familiar with that account,vaband beyond the aspects of Rohrlich | have
briefly mentioned in 81.1 above, to appreciateshient aspects of his account of explanation. denc
my introducing it here.

In a similar manner alluded to in 81.2 in the dssion of Berger (1998), Rohrlich places
emphasis on therimacy of understandingvhich should be the ultimate aim of all formssefentific
explanation. Rorhlich is quick to point out coverilaw models [CLMs], i.e. deductive-nomological

[DN] accounts (first proposed by Hempel (198p)o not necessarily ensure understanding, “nor do

>’ See § 3 of chapter 2 below for more details.

%8 As fitting squarely in the logical empiricist titidn, Hempel’'s accounts of explanation, whethedwizive-
nomological or inductive-statistical (DN or IS) arensidered to bepistemic not presupposing metaphysical
brute facts (like causation) in the explanans. Jdfeema of course is:

11



they necessarily provide sufficient information faedibility.”(69) This is apparent, according to
Rohrlich, because CLMs suffer three major defetis:(

1. Laws are included in the explanans/premises withouther justification, which

obviously does not contribute to credibility leoaé understanding.

2. They provide no explication of undergirding ontolpgunning the risk of “the
explanation...involv[ing] an entirely different ontmly from that of the question.”
(ibid.)

universal (i.e., of the universal conditional foft:(Px - Qx) ), then the schema is DN. On the other hand, if
there are instances when at least one of lawd , L., are statistical then the schema is IS. One way to
appreciate thepistemiccharacter of DN (or 1S) explanation is due to ehexplanations being DN, but the
converse doesn’'t hold ( Hempel (1962) in Curd & &@o0y1998) 687). In other words, a presumably
metaphysical notion like causation can get reducethe above logical schema. Recalling Kitchet'8809)
‘deductive chauvinism’ discussed in n. 52 abovsinailar epistemic approach is taken: Kitcher iot fargues

for an anti-realist notion of causation. “[Accandito Kitcher (1989] our causal beliefs are derifean the
explanatory stories we are taught by our culturee.oannot, post-Hume combine causal realism with the
belief in the possibility of causal knowledge.” fBas (1992), 10).

%9 For instance, what good what it do for ‘understagidto explain why a glass of water cracked whiea t
water froze by invoking some law in the explandms(H,Ox - Ex & Cx) where: HO, E, C are the predicates
‘water,” ‘cooled to solid form,” ‘expands’)?

A scientific explanation should also answer sucpliet questions as: how credible is the law on Wwhic
it is based? Under what assumptions (on ontolmgpglizations, etc.) is the given answer valid?wHo
well established is the theory on which the answidérased? Are there alternative theories thataann
be dismissed? (Rohrlich (1994), 71)

Certainly causal theorists (Railton (1981), Saln(®884, 1989), etc.) have launched the same coniphain
implied in the expanding water example:

[T]heories that unify a group of phenomena alsacity do so by describing theausal bases for the
various phenomena in the groumhat is doing the work of manufacturing understagdis the
multiple descriptions of the causal bases of thieoua phenomena offered by the theory, not simgly i
unifying power per se. (Barnes (1992) 10, italidded)

Nevertheless the questions Rohrlich raises comugrapistemic issues of credibility of the laws arfea

different slant than those advocating primacy afseh accounts. In fairness to Hempel, howeveshauld be
emphasized that ‘understanding’ was consideredyehptogical and pragmatic factor in the logical @mopst

tradition, hence lying outside the normative bouadsl being incapable of logical characterizatiddn the
other hand, if the goal of explanatioms understanding, one cannot ignore the philosophasalects of
‘understanding’ in an attempt to explicate explaomat (Rohrlich (1994) 74) Echoing this point, Bge& de

Regt write: “The positivist approach provides ushwihe valuable insight that scientific understagdis

context-dependent. However, positivism overshtimesmark when it concludes from this that the motid

understanding is extra-scientific and irrelevanthi® philosophy of science.” (1998, 51)
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3. Emphasis is not placed on the notions of causaharesm or the way the world may
function, “[y]et it is generally accepted that urgtanding is largely based on ‘the
causal structure of the world.’ (Salmo#f){ibid.)

What Rohrlich proposes in lieu of the shortcomifigh® CLM is a coveringheory model of
explanation (CTM), in which basically aspects dfi@orycomprise the explanans, not just some set of
laws. To recall the previous discussion in 81.2 abawafure accepted, establishettheories were
distinguished by Rohrlich fromevelopingheories; | focus on the former (non-developiragegory.

In addition to this ‘external’ structure concerniagheory’s evolutionary stage, according to
Rohrlich (1988) and Rohrlich & Hardin (1983) a thggnon-developing) also possesses a complex
internal structure including the following components opes:

* An ontology© (T)

* A set of centraterms(T), with an accompanyingemanticsx(T).
» Set(s) ofprinciplesli(T)

« (Ofterf) amathematical structure/! (T)

* A domain of validity»(T)

The above aspects (which should not be thoughtsokexhaustive) clearly indicate Rohrlich’s
structuralistaffiliations, which he obliquely refers to when imentions that his CTM “is in the spirit
of a semantic view of scientific theories...but noti-aealist as in van Fraasen’s constructive
empiricism.” (69) | will discuss the above aspevis-a-vis structuralism in greater detail in 83

below®® Suffice it to say that this detailed and plawusibharacterization of a theory’s internal

®0 Here Rohrlich defers to the causal theorists’ daimfs, as described in the previous note abovewe¥er it

is erroneous to think of Rohrlich aterelya causal theorist.

® n this essayall the examples of theories | discuss possess thésas

®2 Structuralism of course refers to a somewhat nmaghieally refined version of the semantic view of
scientific theories. Despite the rigorous logiaad formal character of structuralism, which prifaeie one
may associate with rigorous versions of logical eitism (Carnap) characterized as the ‘syntactic’ o
‘sentential’ view of theories, the two researchditians could not be any more different. Asideniréhe
obvious differences of aims (tlsyntactic viewcharacterizing theories via sets of sentencemime logically
regimented language formal with primary emphasis placed on deductive consecg |- , versus tleemantic
view characterizing theories as sets of models in théelrtheoretic sense, i.e., iaserpretedsets of sentences
and terms with primary emphasis placed on semasmi@ilment |= ) structuralism is profoundly anti-
reductionist: theoriesannotbe reduced to axiomatic systems. Though Michaeldfman (1981) called into
guestion the significance of such a distinctiomcsi every modeM can be ‘translated’ into some sets of
sentences and vice versa. Granted, though thisbreatyue from amethodologicalstandpoint, certainly a
logical asymmetrycertainly exists between |- and |= : The formeuires rules of inference characterizifg
while the latter requires an interpretation mappinghe anti-reductionism inherent in structuraligsnthe
crucial issue here: formal characterizationsaspectsof theories do not imply a notion of “nothing but”
inherent in much stronger logical reductionist peags: ‘Theories, rationally reconstructed, are esaiéy sets

of sentences in a formal language,’ etc. Irredyadiontextualfactors influence, for instance, which terms in a
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structure goes a long way to disambiguate elemeihB&atterman (2002) inherent in his notion of
asymptotic explanation, thus undercutting muchhef presumed originality and persuasive force of
his claims, as | shall argue here.

The CTM procedure essentially involves three setiglestages: a.) choice of a theory, b.)
specification of a model, c.) choice of inferenadegess. (71) For example, concerning the why-
question: “Why does the earth exhibit an elliptizajectory with the Sun in the position of onetlod
foci of the ellipse?” the CLM would account for taéorementioned explanandum most likely via the
following schema:

Ux: Px - KFLx

Pe

0 KFLe

...with predicates P, KFL referring to ‘planet’ and€gler’s First Law’. “Certainly a criterion for
blind acceptance,” (71) as the CLM schema proviaesnswers to justification of its laws, though
such answers would prove essential for understgrasnwell as aiding in a decision to believing as
opposed to just accepting. (72)

On the other hand, the CTM would account for theve explanandum by: (a.) First fixing the
choice for Newtonian celestial mechanigs: though only an approximation of the ‘finer’ supeding
theory of general relativity, it proves sufficigntaccount for the qualitative nature of the abatry-
questior’® (b.) Then fixing upon a model choice of the E&8tim systenMe.s within the framework
of Ty, which in this case is composed of several assump#xhibiting the inevitably counterfactual
features of the modeling procedure:

(b.i.) Assume the Earth (E) and the Sun are thelmodies.

(b.ii.) Assume the Earth’'s mase: << ms: the Sun’s mass.

(b.iii.) Assume the Earth’'s radiuB: << re.s: the average Earth-Sun distance and assume the

same holds for the Sun (i.€Rs << re.g).

“This model specification establishes the particudealized ontologywithin a cognitive level for
Newtonian theory® (72) Echoing Rohrlich’s notion of domain of vatid the specification of the
model gives the best approximation and approxirgaissumptions through which the explanandum

would hold. “Such knowledge on the limited valydaf the questioner’s tacit assumption contributes

theory are empirical versus those that &etheoretical, and in turn how each get instantiatd-or more
information, see Kallfelz (20@p, Sneed (1971), and Scheibe (1983, 1997, 1999).

83| am leaving aside here the technical detailsafrfch’s notions of ‘domains of validity,” whichnalerwrite
his theory of verisimilitude. | will discuss thesetions in some detail in the ensuing sections §Bbelow.

8 will examine the notion of idealized ontologwé-vis cognitive levels in greater detail in §21&4 below.
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greatly to the success of the explanati¥h(ibid.) (c.) The choice of inference becomes antal
matter (both logical and mathematical). In thisezaone avails oneself to the “technical machidry
the theory Tn].” (ibid.) The mathematical machinery includesmead-order differential equations
characterizing the two-body problem subject toraeiise-square attractive radial force, along with t
mathematical derivations leading to the desiredlréise., the parameterized elliptical trajectofythe
Earth’s orbit). Such formal steps however con@eglualitative picture as well: In the case of the
‘cognitive level’ of Ty , acausal mechanisns deduced, invoking gravitational laws and cowagon
principles. “[T]hat qualitative part may be thelyppart that is important [to]...understanding. It is
certainly necessary.” (ibid.)

After having exposited aspects of Rorhlich’s CTitdcall the previous claims of Batterman
(2002) discussed briefly in the previous sectiomd(¢horoughly in chapter 2 below). According to
Batterman, asymptotic explanations are neitherédog’ and derivational, nor inductive statistical,
let alone much less unificational or causal. Thseatial reason cited by Batterman is that in the
complex cases of critical phenomena (e.g. fluidptiibformation, caustic surfaces in optics, sonic
booms, etc.) the superseding the®fymay not reduce to the superseded th&@arythe limit of one of
T "s essential parameters. For example, in the ofseaustic surfaces, a ‘singularity’ or spike
resulting from constructive interference of waventis of continuous order, the superseding theory of
Fourier optics willnot produce the relatively straightforward results cfesies of concentrated rays
converging at a point, in the<< L limit.°® Quite the contrary: in this case one must resovarious
complex approximation techniques in a manner inmghaspects of geometric and Fourier optics in
the field of research known as catastrophe optieence according to Batterman, the superseded
theoryT plays an essential role alongside the supersetiZaryT’, when scientists seek to account
for such complex critical phenomena. Moreover tiationship betweefl and T/ is not one of
derivation, unification, shared causal IETs (idegblanatory texts), but singularone: failure of the
laws and results of / to converge to those df in the asymptotic limit\ << L reveals that the
“behavior [of T’ ] in the limit is not the same as the behawibthe limits.” Batterman (2002, 20013

| offer a detailed critique of Batterman’s accoahisymptotic analysis in chapter 2 below, but
given the exposition of Rohrlich (1994) above onghh object to Batterman’s claims as being

overhasty. For adopting a CTM in the case of cawsirfaces, one’s theory of choice (step (a.))

8 Lest this notion strike the reader as a renditibithe ceteris paribusclauses that Cartwright (1999) and
others have delved so deeply into, Rohrlich’s fdation of the notion of validity limits is somewhatore
subtle and involved, rendering him on the one h@mdscribe to a pluralist (idealized) ontology laut
substantial monism. More shall be said of thi§3rand 84 below.

8 Where) is the wavelength of the wavefront and L is thalsdactor of the regions through which the EM
waves interact. Th& << L limit is the ‘geometric optics’ limit in thgypical (non-singular) cases, since the
results of Fourier wave optics will converge to thesults of geometric optics. | am deliberately
oversimplifying the subtleties here, as they wi# Hiscussed in the subsequent section on interdtieo
reduction (8§ 3).
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would be the (at the very leastceptedl theoryof catastrophe optics. Choosing the models (&igp
to account for the caustic surface would involvertwing elements and aspects from different
‘cognitive levels’ with their associated ontologieasysand waves. The theory of catastrophe optics,
in other words, exhibits what Rohrlich describesaa$luralism of ontologies.” The failure of
reductions from Fourier to geometric optics thatt®anan highlights bespeak of a failure of the
mathematical structuresi( (T’ ) of Fourier optics T') to converge smoothly to theathematical
structures=/11 (T ) of geometric opticsT(). This is precisely why the theory of catastrophecspias
developedyhich hasmathematical structures able to model the capsgnomena—in albeit ‘messy’
ways, in the sense of being laden with a plethdrapproximation techniques to condition its even
messier sets of differential equations, a matteraof (c.) in the CTM.

| will discuss the nuances of the mathematicalcttres with respect to ontology in greater
detail in the following sections below. Sufficetd say here, however, that the chief problem in
Batterman’s claims is his equivocating some ofemtifs (formal) ontology) with its mathematical
structures=11.%” This comprises one of the central and critical f®that | expand on in chapter 2
below. Keeping the two (formal ontological versuathematical) reduces Batterman’s claim of the
necessity of utilizing both geometric and Fouriesthods to a mere recognition that catastrophe optic
contains a plural ontology: both wave and ray ideéibns enter into the choice of model (part {b.)
the CTM). Granted, | am glossing over these pamsmewhat cursory detail here, and the sections
below shall expand on in broader depth and precigie nuanced character of reduction and ontology

(as conceived by Rohrlich and others).

Section 3 : Inter-Theoretic Reduction

Subsection 1: Some Opening Remarks and Essential &acterizations

By far the most central aspect of Batterman’s ya®d (2002, 2004, 2005, 2007)—and my
subsequent study thereon—isduction among conceptual structures: laws, models, mattiesha
results and systems, etc. Echoing Rohrlich’s ataraation of the aspects constituting a theory
which | made reference to in §2.2 above, | will oenthe study of reduction among this entire ctedss
conceptual structures aster-theoretic(insofar as a theory consists of a complex of sagjects)
Since | am basing my notion of the structure ogésfic theories on Rohrlich’s characterizationisth

prevents me from equivocating therm ‘theory’ with other terms such as ‘law’, ‘model,’

®70n the role o)(T) viz. explanation Rohrlich (1994) comments further

[S]cientific explanation must first...specify the peption within which the explanation is to takegala
its cognitive level and its ontology...It requireetbhoice of a scientific theory and a suitable rhode
within that theory...Only then can the explanationgeed to deduce from first principles the way
things are and the way things function on thatllg\7&®)
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‘mathematical framework’, etc., so long as | expllycenumerate thaspect(s)pf the theory(ies) | am
focusing on in the study of the reduction relafibn.

Hence in such a centrally important topic it medevoting some space to discussing some of
the fundamental points within this study of redoigfiwhich naturally includes a cursory treatment of
some of the ‘classical’ treatments of Nagel (198dd Nickels (1975) vis-a-vis the ideas of Batterman
(2002, 2008). Ernest Nagel (1974) advanced a detailed motigitertheoretic reduction which is
consideredepistemidnsofar as for Nagel reducing a thedtyo T/ implied a form of explanation: one
explains the meaning dfs central concepts by reducing them to thos& ofwhereT usually serves
as the role of superseded theory arithe superseding theor$. In this respect, Nagel's emphasis on
epistemics is part of the logical empiricist trazht as in the case of models of explanation ade@nc
by Hempel (1962, 1965), reflective of the tradit®generally anti-metaphysical bias. Nagel's model
characterizes reduction adagjical and semanticrelation: T reduces tdT / if the meanings off s
essential terms are included in thoseTdf i.e. can be logically derived from those & "."° As
mentioned (n. 32 above) some later structuralspined renditions of inter-theoretic reduction have
been classified as “neo-Nagelian” despite their vizeaeliance on seemingly purely abstract
mathematical structures through which they attetmpmharacterize the relation of reduction. This is
primarily due to the structuralists comprising ¢hea formal wing of the semantic view of theories
(recall n. 62 above) with its emphasis on modebtbgc (read: logical/semantic) approaches to
physical theories.

As Nagel (1974) set the stage for a rigorous madehter-theoretic reduction, so Thomas
Nickles (1975) was perhaps the first to upstage him

[W]e need to recognize that at least two main kiobleeduction, which differ both in nature

and in scientific function or purpose. ‘Reductiofas | shall call it) is the achievement of

postulational and ontological economy aisdobtained chiefly by derivational reduction as

% Regarding the risk of equivocation between a thaod any of its structural aspects, Aerts & Rahrlivrite:
“[T]he ‘theory’ of the solar system developed sir€epernicus and Kepler ismodelto which Newtonian
gravitationtheoryis applied. Another model of the same theoryes‘theory’ of the tides.” (Aerts & Rohrlich
(1998) 29) Though many writings on inter-theoreatduction, including ‘classics’ like Nagel (1974dhd
Nickles (1975) will predicate ‘theory’ to all inéhaforementioned quote.

% “[There are] certain relations of dependence betwene set of distinctive traits of a given subjeettter
[that] are allegedly explained by ... ‘reduced’ te@sptions concerning more inclusive relations... They,
such relations of dependence] raise the questiowhait, in fact, is the logical structure of suclluetive
explanations—whether they differ from other sortsdentific explanation, what is achieved by redeuts,
and under what conditions are they feasible.” (N&D@74) in Curd & Cover (1998), 906)
®Homogeneouseductions occur wheall of T's terms contain meanings which can be derived fioose ofT

! 'i.e if the extensions df's essential terms are a subset of the extensiotose ofT’. Inhomogeneousases
arise when there exist essential term§ ifhose extensions are not part of thos&@ of Nagel developed the
notion ofbridge lawsto compensate for this shortcoming so the meaafrigs essential terms could still be
strictly derived from those of /, adjoined with the appropriate set of bridge lamsch Nagel viewed as
empirical hypotheses: “[Sluch bridge laws...are emgir hypotheses concerning thlextensionsof the
predicates mentioned in these correspondence ruheg—s, concerning the class of individual things
processes designated by these predicates.” (KE@#&4) in Curd & Cover, 914-915)
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described by Nagel...amount[ing] to te&planationof one theory by another...'Reduction
[on the other hand]...involves a varied collectionrdértheoretic relations rather than a single,
distinctive logical or mathematical relation...The aremportance of reductigriies in its
heuristic and justificatory roles in science. (N&=(1975), in Curd & Cover (1998) 950)

Elsewhere in his essay Nickles describes reductisridomain preserving’ and the former as ‘domain
combining.” The justificatory role played by redioc, “derives from the fact that the reduction
shows the successor theof /] to account adequately for the structured domdirpleenomena
inherited from its successful predecesst, [.e. it is ‘domain-preserving.® (953) Whereas the
semantic notion of reduction which Nagel soughtharacterize combines domains (of meaning):
what was perhaps thought of as a separate extefwsiarterm inT (e.g. the meaning of ‘light ray’ in
for instance geometric optics) is shown to be prigpeontained in the extension(s) of (an) essential
term(s) inT " For example, the extension of the term ‘light’ risyshown to be contained in the
extension of the term ‘electromagnetic propagatinnhe theory of electromagnetisi.”

Certainly Batterman (2002, 20832004, 2005) and others whom | mention here pilgnar
draw from Nickles' (1975) second notion (the dormaieserving kindf> Fundamentally, the
justificatory and heuristic nature of this sensbest depicted as an ‘asymptotic’ procedure insaar

the successor theory's ') laws or essential terms are shown to smoothlyveme to those

" In Rohrlich’s terms, the ‘successful predeces$aulays the role of aastablishedr maturetheory (recall §
1.2 above). Moreover:

Sometimes philosophers of science speak as iftableshed theoryT] like classical mechanics were a
‘dead’ theory. This is simply not the case. Angture theory can continue to grow, to develop,tand
encompass previously unknown phenomena...Not sunghsi established theories are the building
blocks not only of the curriculum, but of almost rélsearch in physical science...it is a mature theor
[therefore] which is coherently vertically upwaid,the sense of being a limit theory of a supersgdi
theory [T'], thereby receiving validity limits. (Rohrlich & &tdin (1983), 608)

"2 Hence Nagel’s (1974) characterization of reductisra form of explanation (conceived of in Hemptsns
as a form of derivation)f ' ‘explains’ T as the logically closed sktof all of the logically possible inferencés
can generate is shown to be a deductive conseguérstich a set fof / (i.e. K ') or in the inhomogeneous
caseK’ adjoined with the logical closure of all inferenarawn from the bridge principl&®: l.e.K’ |-K or

K ' OBP |- K for the respectively homogeneous versus inhomageneases. The extension of the term
‘electromagnetic propagation’ is tie&planandor theexplanandunof the extension of term: ‘light ray’.

3 In this sense, Batterman’s (2002) claims that cédn and explanation should not be considereth@same
kind of activity is by no means a unique claim. ckéls argues that in the domain preserving sersticly
nothing like ‘explanation’ (characterized accordiegHempel’'s models (1962, 1965)) is going on.bAst the
justificatory enterprise of the domain preservirge can only be thought of as ‘explanatory’ in eyveose
sense. To argue that relativistic momentum reduceSlewtonian momentum under suitable conditiong. (e
Rohrlich’s ‘domain of applicability’) certainly dsenot ‘explain’ Relativistic momentum! Though ormuld (in

a loose sense) say that such cases “might besaxplain why the predecessor theory worked a$ agelt
did.” (Nickles (1975) in Curd & Cover (1998), n967).
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corresponding laws or terms ih. For example, the relativistic momentdmp = nv where:m =

KIMo,: fv) = 1, andmy is the rest mass. Certainly in the limit:.v << ¢, y(v) =1, hence the

special-relativistic expression converges to tlssital Newtonian formul3.

Batterman (2002, 20@3 characterizes “smoothly converging” instanced aain-preserving
reduction (as in the example shown above) as ‘sggulitting what he describes &chemaR:
lime_.oT/ =T. The ‘equation’ is basically shorthand for stgtthat forsomefundamental parameter
of T’, ase — 0, the behavior of some at’s laws smoothly converge to thoseTof The behavioat
the limit matches the behavior the limit. Note however the existential quantifie the above claim:
“[O]ne must take the equality...with a small graingafit...[as] it is likely not the case that every
equation or formula fronl[’] will yield a corresponding equation ®f' (Batterman (2007), 5)

Robert Batterman (2002, 2004, 2005) of course @svotost of his attention to cases (usually
associated with critical phenomena) when the abssfeemaSchemaR fails, the singular case:

lime .oT/#T. Two possibilities arise that are of interest) @rongly singularsomething goes wrong

in the asymptotic limit in the case ®f in the sense that the relevant laws, expressmmmrmulae

‘blow up’ in thee — 0O limit, which could be abbreviated as: ‘imT’ =«’. (b.) Weakly singularthe

behavior of T’ ”® might not necessarily produce (one may assume)igailys meaningless
singularities but “the behavior in the limit is affundamentally different charact¢éhan the nearby
solutions one obtains as —» 0.” (Batterman (2007) 5) Batterman concocts apsmexample

illustrating the weakly singular case via the qagide + x - 9¢ = 0 withe acting as the ‘pertubation

" As represented here as a three-dimensional véctordinary R. Ehlers (1986) treats the case more
representatively by conducting his derivations imkéwski geometry. For purposes of his demonsire;
Nickles ignores the geometric subtleties.

> Feyerabend (1963) and others concerned about imeosurability raise the objection that even in @ppr
limit relation where:limL0 m=m,, the extensions and intensions of relativistic sresd Newtonian mass are

disjunct. (For instance, in the case of syntaxatidktic mass is a two-place predicate: ‘the maisswith
velocity ') while Newtonian mass is a one-placedicate. Hence one cannot identifywith Newtonian rest
mass, regardless of their mathematical indistifgbdity. The semantic issues will be address im th
subsequent sections below, viz. ontology.

8 Expandingy(v) according to itsTaylor Series Representatioy(v) = [1 — (/)72 = 1 =Y,("1)* + O((1)™),
where limy..o O((/)*) =0 establishes a ‘domain of validity’ (Rohrlichpresented topologically as amlisk
with £= (/o) such thay(v) = [1 —£%"?= 1 -*,£= 1. Batterman (2007) pays especially close atirrit the
subtleties of series expansions in a philosoplyidaliminating manner.

" With no loss of generality, one could of coursstjas well represerSchema Rfor some fundamental
paramterr in T/ that lim,_. T’ =T. As | discuss in the ensuing subsection, Rohwict Hardin (1983),
Ehlers (1986), and Rohrlich (1988) are far moreftarconcerning fixing such parameters: for oneytimust
be dimensionless. Validity domains are establigheduch parametees which must be dimensionless since
“otherwise these limits [of the validity domainsjould depend on the (arbitrary) units chosen to meas
guantities.” (Rohrlich & Hardin (1983) 608).

8 Shorthand fofl s laws, formulae, etc.
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parameter inT /. Then in the limit:z — O the solutions of the quadratic converge smodthlthe

solutions

{0,-1} of the unperturbed equatiod +x = 0 inT. On the other hand, in the case:

£x% +x-9 =0 the behavioe - 0 does not smoothly converge: a qualitative disitm (quadratic

with two solutions versus linear with only one)s¢x between the perturbed and unperturbed case.
Thus, the character of the behavior in the ligvt O differs fundamentally from the character
of its limiting behavior. Not all singular limitesult from reductions in order [i.e. degree of its
leading term] of the equations. Nevertheless, ethlatter singular cases are much more

prevalent than the former. (6)

It is precisely these sorts of cases (strongly aedkly singular) that Batterman’s studies
primarily focus on, studies which | critique in atdiled manner in chapters 2 and 3 below. Inghis
section, however, | give his views on reductionuasory overview so that | can discuss Rohrlich’s
views on the matter in some detail. As | argu $hbove, a strong case can be made that Batterman’s
(2002, 2004, 2005) notions @aductioncan be reconstructed and re-cast in Rohrlich’'8§)9nold.
Doing so would have the effect of preserving muétBatterman’s important philosophical work,

minus what | consider are his incorrect conclusions

Subsection 2: Fritz Rohrlich’s Model of Inter-Theoretic Reduction

As alluded to in 81.2 and 82.2, Fritz Rohrlich off@ nuanced and comprehensive account of
inter-theoretic reduction which among other thimgakes up for the shortcomings of Batterman’s
account. As suggested above in 82.2 regarding IRblsr (1994) CTM model of explanation, |
likewise claim here that most of Batterman’s anedy@minus his conclusions) can be subsumed under
and incorporated in Rohrlich’s general motfelBy now, from some of my cursory description of
Rohrlich in the above sections, the reader may hiready formulated a coarse-grained conception to
his approach in inter-theoretic reduction. Hengake the description more fine-grained.

Recall the description in §2.2 concerning theeinal’ structure of certain aspects of a non-
developing (i.e., accepted, mature, or establistresryT:

* An ontology© (T)
* A set of centraterms(T), with an accompanyingemanticsx(T).

» Set(s) ofprinciplesli(T)

9 Despite what | consider (and have stated alr@adgveral places) the deep conceptual resonamtagén
Batterman’s motley and Rohrlich’s systematic andaremmprehensive accounts, Batterman (to his defttirh
believe) only gives a cursory mention to Rohrlinhhis (2002) in p. 79, essentially just giving pagsmention
of his ‘fine’ versus ‘coarse’ distinction of theesi.
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* A mathematical structure/( (T)
* A domain of validity»(T)
In Rohrlich (1988, 302) the list of aspects is presd in a subtly different manri@r. In terms of
theory-reduction, one should deal only with matoreestablished theories, whose characteristic
components include:
* An onticcomponentd
* An epistemiccomponent’
* A language and conceptual contenbmponent/, which includes formal and informal
language, and a subset of central tenfls
» Set(s) ofprinciplesli(T)
« A mathematical-logical structureomponent(®?
* A domain of validity»(T)
Rohrlich succinctly states that Nagel's (1974) miadeeduction (as mentioned briefly in the

preceding subsection above) holds between (mathegriesT and T / whenever there exists a

8 As mentioned above the list of aspects is by namaemeant to be exhaustive, which reflects the anti
reductionism of structuralism in the sense of @sudiation of the attempt to reduce the semanticsgntactic
content of scientific theories to formal axiomatistems (recall n. 62 above). Hence no sindefistructural
aspects sufficiently constitutes a theory, let aldfrsuch aspects were characterized in closedratio form.
Rorhlich and Hardin (1983) are even more explicitiamant against axiomatic reductionism, which ey
quick to mention isnot what is implied by their model of inter-theoreteduction. Scientists, they argue,
should in general avoid axiomatization as the s&héis difficult and in general equivocal.” (605)THey
proceed to mention the numerous schemes of atteapdgiomatizing quantum mechanics, all of which by
nature are rather different, some even opposed$tedd they go on to say that scientists maghematical
structuresof two or more theories, seeking to establishancteptual dictionary’ among notions conveyed by
such mathematical structures which appear simi@)5) In yet another article, Aerts & Rohrlich g8 27)
describe three kinds of reduction: a.) logical. (feglucing to some axiomatic framework), b.) themguction
(‘semantic reduction’), and c.) reductive explaoat{'explanatory reduction’). They proceed to stéiat their
paper will not cover logical reduction, since: “Logical reductisna formal procedure that can be used in a
scientific theory onlypost facto after the theory has been formulated based onriealpinformation..in no
known case does axiomatization of a theory heguoidate the scientific problems one encountéfserts &
Rohrlich (1998) 28, italics added)

81 One recognizes this as a slightly more refinedcrifgson of the set of centralerms 7(T), with an
accompanyingemantic(T) mentioned in Rohrlich (1994).

8 The essential importance of this component foruneascientific theories cannot be over-emphasizéside
from its obvious feature including deriving the tah equations of a theory, quantitative explanatand
predictive power:

[=M can probe where] human intuition fails...when theotigeefers to those aspects of nature which lie
outside our direct experience, the mathematicakcgire becomes the backbone of the scenario, [the
model] which characterizes this indirect knowledd®&loreover]...[tlhe conceptual model associated
with a theory is largely derived by confronting( with empirical evidence and with neighboring
theories (testing and coherence)...involv[ing] infaintanguage and is not the result of logical-
mathematical deduction. (Rohrlich (1988), 301)

As mentioned in n. 80 above, so this above passikgeise distinguishes a structuralist's approaoh t
mathematical structure and their use from a logieductionist, as evidenced in the implication bflactive
reasoning “involv[ing] informal language....not thesult of ...deduction.”
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mapping®: 1( T') -~ #( T), i.e. the central terms & must be functions of those &2 On the
other hand (recalling Nickles (1975)) physiciste @enerally intuitive about the issue of inter-
theoretic reduction, typically deriving just tmeathematical structurefom one theory to another.
Moreover, in this more pedestrian but represergatase, the physicists:
...pay little attention to whether the concepts rasglfrom the physical interpretation of the
symbols permit such a functional relation [a lag&§...The mathematical structure or
framework of the theory is considered to be primanyd the central terms (the meaning of
certain central symbols) can be later derived fthenapplications of that framework to actual
situations. (1988, 303)

The above point is used, for instance, to recoredigerabend’s theoretical pluralism (and its
associated incommensurability issues, mentionexflypin n. 48 above) and at the same time ensuring
a well-defined logical-mathematical linkage betwéen theoriesT and T/ by recognizing that such
two theories can refer to different cognitive (gristemic) levels: In other words the fact that a
reduction relation may hold betweei(T) and=1{(T') does not guarantee that such a relation exists
between/(T) andA(T '), O(T) andO(T'), or &(T) and&(T'), etc.: “The mathematical framework of
[T] is rigorously derived from that off[] (a derivation which involves limiting procedurebyt the
interpretation and the ensuing ontologiesTandT’] are in general not so relate¥.(1988, 303)

| bring this point up in anticipation of where klleve Batterman (2002, 2004, 2005) falls
short: by not giving serious enough attention ®ifsue of carefully parsing a theory’'s mathemética
components, from its associated epistemic, ontoddglinguistic-conceptual components. (Recall |
made a similar point already in 82.2 when discugsirodels of explanation). Here, however, in the
context of a discussion on inter-theoretic reduntihe problem becomes more nuanced and serious.
Prior to delving into this issue headlong, howesenme further clarification is required concerning
Rohrlich’s notions of epistemic, ontological, araligity domain components.

a.) The epistemic Component

Recall the distinction between developing versusuneatheories as discussed above. In an

insightful commentary on Rohrlich, Ryszard Wojci¢k998) writes:

8 |f the mapping is surjective (onto, i®[7(T')] = f(T) ) then the reduction is homogeneous. Otherviieg (
if the mapping is strictljnto: ®[#T')] O #(T) ) the reduction is heterogeneous.

8 Feyerabend of course may brush this aside as &ewihg, or as just a re-statement of the probtém
incommensurability. Recall in n. 75 Feyerabendsywoint was just what Rohrlich (1988) seems tade
iterating: a mathematical reduction will not gudesna semantic one. However, if one accepts thetstalist
maxim of a theory being composed of a pluralityaspectsincluding semantic, mathematical, ontological
components, then Rohrlich’s points make good seoise:can guarantee reduction in one aspect buinnot
others. Only if one held fast to some reduction@daiming that thesemantic contens what is essential to a
theory (i.e., itsZ, ©, £ components) does the incommensurability issuellleeome a more serious concern.
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Rather than treating a theory which has reachednthtire stage as a partially adequate
description of the external world, Rohrlich (if brivey his position correctly) treats it as a
cognitive counterpart of.ontological levelsor perhaps | should say ‘ontological regions of
reality.’ (38)
In other words, what distinguishes a mature theamy distinctively stable reciprocal dynamics
between its cognitive (or epistemic) and ontololgleaels. Such a stable correspondence implies
(within its domain of validity) that one can assdeia distinctive cognitive level associated with a
robust ontological level:
The existence of different concepts on differentls justifies one’s talking aboqualitative
differences between levels...It thus follows that deeel does not make another level
superfluous. Both are needed; which theory isdiigable one depends on the domain of
parameters...[tlhe concepts we employ, the questienask, and the answers we are prepared
to accept will be controlled by the domain of distse—the ontological level—which we
intend. (Rohrlich & Hardin (1983), 610)

So the ontological component, the epistemic corapgrand the validity domain of a mature
theory O, £ ,>) all mutually co-refer in important ways. Yet baaspect or component has its
distinct features as well, so they can (to a ceeaient) be considered independently of each otimer
the case oD, | will mention in passing that it forms such aal tier of my discussion as to deserve
its own major section (see 84 below), becausemtnes inextricably tied to notions like verisimiide
and representation. The validity domé&in, on the other hand, depends crucially on extensidns
Nickel's (1975) ‘domain preserving’ reduction, thBatterman (2007) extended in &€hema R
(discussed in the previous subsection above).

The issue of the epistemic aspect of a maturergh€oas hooking into a coherent and
consistent ontological aspeft is best illustrated by way of a counter-instansewhat would occur
in the case of @evelopingor immature theory. Developing theories do ndt pyessess a stable
ontological aspectd, hence their epistemic component is volatile. Ton@aone contemporary
instance: consider the case of String Theory. Teeloping theory's greatest strength is also its
chief weakness: String Theory possesses a richthemeatical component/!( at the expense of its
epistemic and ontological components. Effortsitberpret’ the theory range from some extremely
dubious version of Platonism (Brian Greene) in whan ontology is imposed in a ham-fisted manner
relegating most of the theory's essential termgrtobservable abstractions, devoid of any operdtiona
content®® Other interpretations verge on the instrumentatisgarding some of its mathematical

results as empirically adequate at best, but thergisl terms are devoid of ontological contentl@si

% See Finkelstein (1996, 2001, 2@0¢ 2007) for criticism of this developing theory.
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from predictive value. A similar case can be mfadedeveloping versions of Ptolemaic astronomy in
Antiquity (as opposed to the late Middle Ages),pdiesits mathematical sophistication.

On the other hand, in the case of mature theartegitive levels occur i& due to “cognitive
(or epistemic) emergencé(Rohrlich (1988) 3) Rohrlich’s notion of cognitiemergence is similar
to the notion of ‘epistemic emergence’ discussedimphreys (1997), Silberstein & McGeever’s
(1999), and in Kronz & Tiehen (2002) in that theioo spells no ontological difficulties: Cognitive
emergence isontextualinsofar as it is entirely constituted by the rielaship our cognitive apparatus
has with its referent. An apparent emergence of objects (atoms, stars, organisms, etc.) having
certain unique properties identified by humans’ratge apparatus:

suggest. something qualitatively netas evolved...[only] because it differs perceptivietyn

anything that there was at the earlier stagesdeifnic evolution]; there is a recognition of this

fact that is sudden despite the realization thahing discontinuous has happened. (Rohrlich

(1988), 298)

In other words, such ‘new’ objects are characeetizia anidealization “their detailed structure has
become unimportant. Characterizationsapproximations..beyond a certain observational precision
they become empirically inadequate.” (298-299) islta short step to realize the ubiquitous and
unremarkable fact of epistemically emergent cogaitevels once one accepts the truism that “it is
only through idealizations, and what...we can thinla®their alter-ego—inexact truths—that we have
access to the world” (Paul Teller (2004b) 447)
b.) The Ontological ComponentO

| devote a separate section (8 4 below) on morergérssues of ontology, vis-a-vis verisimilitude
from the standpoints of Rohrlich (1988, 1994), &el(2004b), Yablo (1998), in a further effort to
solidify my case concerning some of the shortcosioigBatterman. Here | present Rohrlich’s views
(in a somewhat perfunctory fashion) of the ontadagcomponent of mature theories, withholding

detailed philosophical comment.

8| discuss the issue of emergence in greater det@hapter 2 below. See also Kallfelz (2009).

8" Paul Teller's (2005) argument is certainly not soemdorsement of idealism of sense-data charaitefs
certain elements of British empiricism from thé"1d the 28 centuries: “The British empiricists thought that
thinking consists in having a stream of ‘ideas’pfesentations], and concluded mistakenly that a&llewer
think about are our own ideas.” (Alan Musgrave (1985), in C&€Cover (1998), n. 2, 1223-1224) Teller’s
claim comes as a concluding statement of his arguagginst quantitative verisimilitude, i.e., thia¢re exists
some context-independent way of determining ‘cleserio truth’ of our theories. Teller argues thlmiseness
to truth’ is an inevitably contextual notion andcegnizing this entails that the distinction betwean
‘foundational theory' and ‘phenomenological theais/likewise context-relative: Foundational thesribstort,
approximate, and idealize as much as ‘phenomereabdheories do. Conversely, “[Though] | accepatt
foundational theories do tell us a great deal ablwatv the world really is. | note also that many
‘phenomenological’ theories [however] ...tell us abthe world in the same kind of way that the fourafeal
theories do.” (Teller (2004b), 446) | will discuBsller’s insights in greater detail in 84 below.
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As described above, the epistemic component of ra&gtheories corresponds with a robust
ontology in a stably reciprocal manner, underwnity the inevitably idealizing activity of both: Fo
instance in the epistemic component of classicalhaeics the emergent cognitive level of ‘massive
bodies subjected to macroscopic forces’ correspdadthe ontological component of the theory
containing ‘fallible veracitie§? like ‘point mass,” ‘frictionless planes,” etc.,ndered possible only
through an idealizing activity ignoring detailstbeé massive bodies’ constituents at the molecolar,
atomic, or nuclear, or sub-nuclear, or Planck scat.

A central metaphysical point that Rohrlich makesrfrthe above is his advocatinghuralist
ontology constituted by substantial monism

[1]t is our cognitive capacity, our ability to peiwe, to recall, to recognize, and to draw

analogies [all inevitably idealizing activities]athis...responsible for this pluralistic nature of

our ontology. We...encounter it in tlkegnitive emergencef new objects...[nevertheless the
standpoint of] cosmic evolution is in support oé thotion of the unity of nature (substantive

monism)®® (1988, 297)

There is nevertheless a substantial monism agesnét/olve continuously (or quasi-continuously in
the case of quantum mecharify$unfold[ing] into increasing complexity.” (298)

The idealization underwriting the conceptual lsvel the epistemic as well as the associated
ontological components of a mature theory corredpdna level of coarsenegsletermined by the
extent of the idealization and simplification) thie basic level of the domain of scientific inquir$l
prefer the terms ‘coarser’ and ‘finer’ level of tmg [rather than]...terms such as ‘more fundamental’,
‘superseding’, ‘supervening’, ‘primary’, etc. [dsetlatter notions] prejudice the casé(299) Hence
in this context, the convention | have been adgptm preceding and superseding theor‘léaerT’,
respectively) apply equally well to Rohrlich’s ‘asar’ and ‘finer’ theories; i.e., theori@&sand T,
with the former whose ontological componet (T) is coarser relative to the latterd (T /).

Moreover, though most physical theories have arological component at a certain level of

8 A term Teller (2004b) suggests one should uséeim of ‘useful fictions.” “[ljmperfect characteations
[still] genuinely inform...just calling them ‘fictidnthus misleads. But we do want to acknowledge these
characterizations are not simply true.” (445)

8 The notion of cognitive emergence (vis-a-vis sabal unity in cosmic evolution) is resonant withme of
A. N. Whitehead's (1929/1978) ideasPrbcess and Realitgivides actual entities/occasions into four grades
of ascending complexity...[which] is not a fundaméigision according to kind or essence, but a fa@e
classification by complexity, and a coarse onehat.t (Finkelstein & Kallfelz (1997), 289). Forraview of
certain contemporary notions of emergence witheesf the implied substantial monism of Whitehesek
also Kallfelz (2009)

% “The discontinuities in quantum mechanics do mewpnt predictability but they restore it to a mblistic
one.” (Rohrlich (1988), n.1 298)

1 Note however, such terms apply just to the physicinces, where the size of an object is a dééng
factor. “[F]or other scientific levels qualitativdstinctions may dominate over quantitative on€g99) It is
this distinction of coarse versus fine that Batenn(2002) gave passing mention to (recall n. 7¥@ho
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coarseness, some ‘framework theories’ like meclsaithether classical, statistical, or quantum) have
ontological components containing several levelsaairsenes¥.

c.) The Validity Domain D

The reduction of a coarser thedryo a finer theoryT’ requires-1(T') to converge te!((T)
whenever the validity domain af , i.e(T"), is restricted to that ab(T). Echoing Nickles' (1975)
domain preserving notion of intertheory reductidhe above necessarily involves a limiting
process.(303) This limiting process involves aap@terp which must be dimensionless (recall n. 77
above) as well as have the functional fquma f(x,X ) where:X is a quantity or array of quantities in
~M(T") andx is a quantity or an array of quantitiesiti(T). “Given the finer theory [alone], it is not
obvious what the characteristic parameieactually is. It becomes evident only when therseia
theory is known.” (304) For example, in the prex@xample mentioned above involving momentum

in finer theory of Special Relativistic DynamicsR[B) vis-a-vis the coarser one of classical paticl

dynamics (CPD) a natural choice@s:"é. In the case of the reduction of electromagne{iEM) to
c

geometric optics (GO)’p:/]T’ whereA is the wavelength of the EM wavefront, ahds the slit

width. In the case of the Bohr Correspondencecipyi| between non-relativistic quantum mechanics

(NRQM) and classical mechanics (CMm:@, wheref is some analytic functidf of 7 with

range values expressed in length dimensionRisdhe average radius of the spatial regibn.

Hence borrowing from BattermanSchema Rnotation, one can characterize the reductions
as: limp o =M(T N = on(T ) whenever(T ) is restricted td>(T). However, whenever such a
reduction holds, it doesot follow that there exists some mappig=I((T) — =H(T ), which would
signal a stronger case of semantic reduction (dNdgel) (302). Also, the reduction need not be
unique: There can exist several parameter,, ...such that: lim, Lo=M(TY =om(Ty),
lim . _o=M(T') ==U(T>), etc?(305)

21n the case of mechanics: the distinction betwsticle and rigid body dynamics. The latter cop@nds to
a finer ontological level relative to the formens accounting for torques, angular momenta aratioogl
inertia on the body necessitates thatahnotbe modeled as a single point particle. In thes aHsstatistical
mechanics, the science “interpolates between lefdise microworld and the macroworld.” (1988, n.299)
Also in the case of quantum mechanics (non-rekgtoviand relativistic) its ontological componentrist
restricted to one level of coarseness either, rangiom the nucleonic to macroscopic in the cas@ade
condensations.

% |.e. a ‘smooth’ or continuously differentiable (@i orders) functiorf(x) (real or complex-valued. In the
complex case, every differentiable function is auatically analytic. Every analytic function can &ressed
as a convergent power series, hence its limit beh&everywhere well-defined.

% Note however in other cases of reduction of NR@QN\M, one could also choose the more elemerpar(
of quanta) in th@ — o limit.

% For an interesting case, see Finkelstein et.28l01) who develop several Clifford algebraic coctin
parameters in their general Clifford algebraic quamspace-time formalism, and proceed to show Hueir t
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The parametep is naturally interpreted as establishing a vafidiomain> of a theory. “A
validity limit is thus equivalent to a specification of the em@de by using the lower level [coarser
theoryT] instead of the higher level theor§.” (Rohrlich & Hardin (1983), 607) Hence in terro$
T/ any prediction made by should be multiplied by the factor fp). For instance, in the case of

NM predicting the motion of the Earth vis-a-vis SRibe former is subject to measurement error

p :‘Lz, wherev is the average speed of the Earth relative t&Gthe hence the predictions of NM are
c

accurate to within (& 10°). This establishes of course a measure of thabikty of NM'’s
predictions, hence its validity domain(NM). Validity limits characterize theories as apxgmate
(in the light of their finer counterparts), howevgijn most cases the approximation involved, is
extremelygood.” (Rohrlich & Hardin (1983), 608)

The validity domain’s connection with the ontologi componentO is apparent in the
following sense: an ontological level naturally sponds to a case in whiphis negligible to a
sufficiently good approximation.

Sincep either is or is not negligible, there is no intediate situation. But what makes this

definition of ontological level...is the large sizétbe domains of validity of theories: it spaces

ontological levels far apart. (609)

Regarding the aforementioned issue of conceptuaigance:
[T]here is in many cases no simple relation betwié&enconcepts of theories on two different
[ontological] levels. The limiting procedure thatates

[T/]...to [T] can in fact creataewconcepts...not present in the higher level theobyd)i
By way of an elementary calculus example (remimisoé Batterman’s (200§ example ofe

x> + x — 9 = 0 discussed in Subsection 1 above) Rohglid#ardin demonstrate this in terms of an

arclength of a circular sectds=rd §, compared to the length of its inscribed secknt

dl ds=rd@

Fig. 1.1: Representation of the secant-tangent reian in Rohrlich’s illustration concerning epistemic

emergence and ontological levels of coarseness.

Clifford commutation relations converge to the slaal symplectic algebra in the limit of one of ithe
contraction parameters, versus the former convgrgin the Heisenberg algebra for another contraction
parameter.
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Now in the limit:r - o , thends — dl, henceds assumes the property ‘straight’. “The property
‘straight’ did not exist on the circle but was puoed by the limiting procedure.” (609) In an
emblematically physical example of the same conm@gtind, in theN - O limit (whereN is the
number of bodies of appreciable mass) in a locatsgime regioM, g“(x) - A, whereg'(x) is
the variable metric of general relativity (GR) atspace-time poink(IM, and A is the constant
Lorentz metric characterizing flat Minkowski spaeee in special relativity (SR). Various space-
time symmetries occur in such a manner exhibitinméare’ Group invariance in SR dynamics, but
this property doesn’t manifest in the curved andashyical space-time of GR. (610)
Last of all, despite this seemingly facile chagaization of the limit:
lim , .o =M(T N =_u(T ) intheory it remains a delicate and complicated procedoratiempt to
carry it out inpractice®:
The limiting process involved can be very compéchts well as very subtle. Some of the
limiting processes have so far not been carriedroatmathematically satisfactory way, but for
enough to satisfy the intuitive expectations of pgsicist. (Rohrlich & Hardin (1983), n.3,
605)

The reduction of the symmetry properties af{{T )] to those of £1((T )] plays a very

significant role...[flrom a technical point of view, shows that the limiting process is highly
nontrivial and must be carried out very carefuthe symmetry reduction may be the result of
group contraction, and the limit can only be careit in suitable group representations. But

we shall not pursue these mathematical matters (Rodérlich (1988) 304)

Subsection 3: Do Batterman’s Claims Reduce to Rohdh’s?

After having presented the arsenal of Rohrlichdk} concerning the characterization of inter-
theoretic reduction, can one argue that they subsBatterman’s notions? Certainly Batterman
(2002, 2004, 2005) and Rohrlich (1988) share mdmmatic resonances. Rohrlich speaks of
‘ontological levels’, ‘coarse and fine’ theoriedc.e whereas Batterman (2004, 2005) distinguishes
‘epistemically fundamental’ from ‘ontologically fdamental'’ theories. Ontologically versus
epistemically fundamental theories supposedly aimoaflicting purposes: The former strive to get

the fundamental ontology accurate at the expensmanatory power, while the latter sacrifice in

% A noteworthy example is Ehlers (1986) who, inspiby Rohrlich & Hardin, constructed two concreteea
studies rigorously demonstrating the reduction ofentz invariant scattering theory to Galilean nmvat
scattering theory (390-396), as well as a pargauction of GR to Newtonian gravitation (396-400)he
technical rigor and mathematical sophisticationusthgrove itself to be convincing enough of theardnt
challenges regarding the attempt to carry outithitihg procedure in practice.
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ontological detail to boost explanatory strengeen however from Rohrlich’s framework, one could
argue that the distinctions Batterman presentparkaps just clumsy attempts on his part to spéak o
finer (read: ontologically fundamental) versus ceartheories (read: epistemically fundamental).
After all, as mentioned in the above section, epist emergence can occur at the coarse level vis-a-
vis the finer level, consistent with Batterman’©@2, 2005) characterization of the Navier-Stokes
theory of fluid mechanics as epistemically fundatakgnwith its ontology of continuous and
incompressible fluids, as opposed to a discreteeoutdr ontology comprising the ontologically
fundamental theory. Approximating a discrete atin of N molecules in the limilN — o by a
continuumis downrightlogically inconsistenf so one must conclude that the ontology of contitsuo
fluids does not semantically correspond to anytlnipe ontology of the finer theory.

However, setting aside such considerations forntioenent, one must confront a primarily
serious difference between Rohrlich and BattermBohrlich confines his cases to reductions in the
mathematical components of the respectively firg @varse theories, i.e. lign.o =M(T N =),
while the overarching theme all of Batterman’s case studies are shegularcaseslim Lo=M(Th
# M(T ). Could there be a difference any more dramatit basic? Answer: only when one is
convincedthat there exists no possible way to charactéfizad T’ in any mathematical formalism
such that the hopes of a reduction may be reakldt all. In other words, when one assumes that
Batterman’s notion of the singular case:

lim , o =MN(T " # (T ) is universally quantified over the domain of pdissible mathematical
formalisms=/1.

I, for one, am not convinced, and in the ensuingptérs 2 and 3 below | argue by way of a
counterexample/I(* to show that even though lign.o =M(T N 2-1(T) holds forsomemathematical
characterization!{ of T andT, respectively, nevertheless lymo =11 *(T’) =M *(T ) in the case of
a Clifford-algebraic characterizatiesi(* of T/ andT. | am only pointing out the issue here and will
clarify the logical and mathematical nuances indperopriate sections of the chapters below. Like
Ehlers (1986) has shown via Lie algebras, | amntakip the charge to “pursue the mathematical
matters” further, as Rohrlich (1988) certainly leavenough room in his framework beckoning one to
do just precisely that.

So once the mathematical stool has been kickedromt under Batterman’s feet, where does
that leave his claims? As | mentioned briefly e earlier sections above (and follow in more detai
in Chapters 2 and 3 below), Batterman (2007) stresly objects to Belot's (2003) claim that once
this mathematical stool of asymptotic analysis ljeked out [Belot (2003) wields the club of the

general theory of differential equations to knockewothe stool] that his theory of explanation

9N - Oy, i.e. N will converge to the discrete infinity, anmth< C, whereC the power of the continuum.
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implodes. Batterman argues that there are sigmifisemantic and ontologically pluralist featurés o
his theory of asymptotic explanations (2002) tha¢ @mot susceptible to the vicissitudes of
mathematical characterizations. To which | respacmirect. The epistemic and ontologically
pluralist aspects of Batterman'’s theory are toyainses of Rohrlich’s general framework of reduction
to put the matter (again) somewhat glibly. (I wilscuss the issue of pluralism in greater detarhy
Concluding chapter 4 and in 84 below, after gomgugh Batterman’s case studies in greater detail).
| can finish here by pointing out that Rohrlich’sodel exhibits an epistemic and ontological

pluralism, but not a methodological one, in thesgethat reductions Iir,nﬁo(/M(T’) =M(T ) can still
hold.

Section 4 : Ontology

As mentioned above in 83.2 and elsewhere, a digrusencerning the ontological aspect

O(T) of any theoryT is incomplete, without at least mentioning in sodetail how one might best
characterize its relation to ‘the world’. Or puagithe matter in more specific terms: the previous
sections only covered half the story in its treattnef how the ontological aspect relatesother
aspects of a theory in Rohrlich’s framework. | have so far coveredyothe issue of what role the
ontological component playaternal to a given theoretical framework. One is natyrédlft to ask,
given Rohrlich’s provocative metaphysical claimsh@erning a substantial unityua ontological
pluralism, how can one beskternally (i.e., external to a theoretical framework) chaedeze the
relation of the ontological aspect? How does Rohrpresent the kind of relatiof(T ) has to the

world ‘outside’ of T?® One would wish for anetaphysicalaccount here (no matter how weak).

% Asking such a question obviously dasst commit one to the stronger and ultimately untemathim of
there being some strict distinction between théwakand theory-neutral ‘observational’ language held by
some early logical empiricists. By the same toltersuggest what Feyerabend (1963) and undoubbtidéys
advocating a strong case for incommensurabilityf tnepresupposesuch a distinction when asking how a
theory's ontological component ‘hooks up’ to theohd’, is to commit the fallacy of dichotomy by
equivocating the weaker notion of ‘external to #yel with the much stronger notion of ‘theory-neutral’

Feyerabend has difficulties providing a firm obsgional basis for objectively assessing the engliric
worth of proposed hypotheses...from what | believhissexaggerated view that the meaning of every
term occurring in a theory or in its observatioatsment isvholly and uniquely determined by that
theory..although both ‘theoretical’ and ‘observational’ rter may be ‘theory laden,’ it does not follow
that there can be no term in a theory which ret@smsneaning when transplanted into some other
theory. (Nagel (1974), in Curd & Cover (1998), 9B, italics added)

This ‘exaggerated view’ would equivocate ‘theoryegral’ with ‘theory-neutral’. (Recall Musgrave(3985)
similar objection regarding some in the British émest tradition committing the category mistaké o
confusing thoughts-as-representations versus themtents i.e. ‘all we can everthink about are
representations’, mentioned in n. 87 above.) @eéyaone could characterize tAeinternal versud -external
worlds or realms of discourse without smugglingnations like ‘theory-neutrality’ in any number ofays. To
illustrate one example, one may choose to adopkdit (1975) theory/meta-theory distinction. “The
theory/metatheory distinction is context-dependert is not intended to demarcate essentially diffemodes
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Conversely, offering up an account 6{T ) in solely epistemic terms like ‘levels of cogwuéi
emergence’ and ‘idealization’ (as discussed in BB2rely displaces the question: One would then
immediately askhow is the mind-world (and in turn the ontology-worldBlation set up to make
Rohrlich’s characterization of a pluralist ontologya substantial monism plausible, or even possible?
To clarify this issue here in some detail goes beya mere exegesis of Rohrlich. Among
other things, this certainly revives issues diseddsy (and debated between) Rudolf Carnap (1956)
and W.V.O. Quine (1948, 195811960)—aspects which have brought a fresh reirgéapon from
Stephen Yablo (1998) which prove to be directlevaht to the discussion here, as | argue below.
Moreover, as suggested in the previous sectionsesmthe discussion has direct impact on Batterman
(2002, 2004, 2005). What | argue is that the beoatiscussion presented here, involving issues of
verisimilitude, idealization, and contextuality,edpfurther trouble for Batterman: His categorical
distinctions of ‘fundamental’ versus ‘phenomenotadi (2002), as well as ‘ontologically
fundamental’ versus ‘epistemically fundamental'aties”® (2005) are further called into question. On

the other hand, Rohrlich’s framework is a typicatance of a contextualist account of verisimikgud

Subsection 1: Verisimilitude Contextualized

One...[can] suggest...the more limited goal of develogimgpries which approximate more
closely to the truth, i.e. possess increasing weilistude. Howeverthere are severe problems
involved both in defining and in developing a measwr ranking-mechanism of,
verisimilitude —James Logue (in Honderich, ed. (2005), 944cstadded)

Echoing Logue’s statement above, Rohrlich writes:
There exists a naive view of science in which @#ific laws and descriptions are judged as
strictly true or false.This view leads to the disastrous consequenceathatesent scientific
knowledge may be false since the ultimate thebr @¢nly true one) has yet to be fourBut
scientific statements can be judged true or faleéy within the validity limits of the
corresponding theory(Rohrlich (1994), 75, italics added)

of...inquiry.” (Nickels (1975) in Curd & Cover (1998). 22, 969). | will focus on the issue of contelity in
some detail in this section.

% Obviously there is quite a bit of conceptual oaprbetween these two distinctions. Nevertheléss; are
not coextensive, for reasons | discuss in chaptezl@w. One could perhaps easily think of couetamples
based on what | have summarized thus far, howedundamental or superseding theory that is epistally
(but not ontologically) fundamental would includeetmodynamics replacing Carnot's caloric fluid theo
Another example would of an epistemically fundamakrtheory that is considered ‘fundamental’ (i.e.
superseding) would include General Relativity (G&)perseding Newtonian Mechanics). GR is epistaiyic
fundamental in its vast explanatory scope, whichiaisly hides the significant quantum-topologicékets
that would of course dominate on the Planck scaf&nversely, examples of ontologically fundamental
theories which are superseded would include NRQMdoguperseded by QFT (if one bases the ‘fundartienta
ontological level on the atomic scale).
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To recall the discussion in 83.2 above, such wgliiinits always belong to some cognitive level-vis
a-vis its “appropriate ontology.” (ibid) Hence:
The truth of a scientific theory can therefore bstified only by the empirical evidence
gathered on the particular cognitive level of ttiegtory. Evidence from a different such level
cannot be held against iNor can one level of ontology be fully reducedrother..Cognitive
levels and ontologies therefore do not supersedeaonther™ they complement one another

representing different faces of the same parteftbrld. (ibid)

Prima facie the above passages articulate theopitkohrlich’s nuanced views on the matter of
verisimilitude. The last phrase, for example, sthates the metaphysics of plural aspects
(“representing different ontologies”) which serwesreconcile ontological pluralism with substantial
monism (“same part of the world”). The first obwgquestion is whether or not Rohrlich’s views
succeed in addressing “the severe problems” coimgethe specification of a measure or ranking-
mechanism. The second battery of questions migHeat concerns regarding the presumed
consistency or very coherence of his claims.

To initially respond to the first (and undoubtediynpler) question: Rohrlich suggests a
‘ranking’ order of verisimilitude to be suréut one that is not independent of the context of a
particular (non-developing) theory or theorieRecall in the discussion in 83.2 the ranking eyt
specified by degrees of coarseness. This episteation (insofar as ‘degree of coarseness’ involves
the act of idealization and abstraction; i.e. dmhitely ignoring details of sub-constituents of the
system under study) corresponds to the appropewaét of ontology, which itself is determined byth
significance of parameter with respect to the appropriate validity domain'®® | abbreviate this
notion by writing: £,(T ) = Oy(T )’ whereby the epistemic level of coarseness cpoeds to its
ontological level in the mature theofly as indexed by the reduction paramgie?® So one can
naturally and rigorously specify a verisimilitudgnking within the context(s) of one or more mature

103
T.

theoriesT / and But there is no such thing asantext-independemtotion of a verisimilitude

109 Only themathematical aspectsf the theories do: A finer theory has a mathesahttomponent superseding
the coarser one in its descriptive generality amatgr resolving power.

191 Recall from §3.2: “Since either is or is not negligible, there is no intediate situation. But what makes
this definition of ontological level...is the largee of the domains of validity of theories: it spa®ntological
levels far apart.” (Rohrlich & Hardin (1983), 609)

192 Moreover, recall that this reduction parameteates themathematical aspec{®r components) of mature
coarser and finer theorid@s T' according to the following schema: ljm(/l/{(T’) =-M(T). ‘Coarse’ and ‘fine’
in turn are abbreviations of the associated cognitevels instantiated by the epistemic aspects ahd T
respectively: i.e£(T') and=(T).

193 For the single theory case, recall (n. 89 abokie) ometheories, i.e. ‘framework theories’ like classical
mechanics, statistical mechanics, and quantum meahaxhibit ontological pluralism in and of thenves.
Hence one can speak of degrees of verisimilitudb wispect to the validity domains internal to thkstinct
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metric: Echoing Carnap’s claims (1956) it is meatess to specify a verisimilitude measeseernal
to any theoretical framework(s). Rohrlich’s franoadriven or contextual notion of verisimilitude
dovetails with some of the more general discusswisontextualism of Paul Teller (2004b) and
Stephen Yablo (1998), as | shall argue below.

As for the second set of questions concerning thesistency or coherence of Rohrlich’s
claims, one could cite concerns that ontologicakglism is inextricably caught between the Scylla
and Charibdes of the undesirable extremes of Megsoabsolute world populated with fictitious
objects versus sheer ontological relativism. LawweeSkKlar, in his response to Cartwright (1999),
objects to any notion of ontological pluralism pegsk on account of the aforementioned concerns:

Nothing in the admitted variety of our conceptuad &xplanatory schemes, even if that variety

is admitted to be intrinsically ineliminable foremgliate description and explanation...by itself

is good reason for denying the universal domairherappropriate domain for the truth of

foundational physics. (Sklar (2003), 441)

Paul Teller (2004b) however responds to Sklar'smdaby pointing out that his argument
appears to presuppose a rigid distinction of swtfons as ‘the way things really are’ versus ‘usefu
fictions’. Such a rigid distinction is only posklto maintain if one were to repudiate any notdn
contextual verisimilitude in favor of trutlsimpliciter or some context-independenimeasure of
verisimilitude:

Many of Sklar's arguments depend for their cogeanythe assumption that it is truthot

some kind of approximation to trytthat is in question...[Sklar denies ontological plism

because] [w]here ontologies conflict, at most ome be right. Foundational theories are true,
phenomenological theories merely false, ‘usefuldits’, so we should accept the ontology of
the true, foundational theories and not those Isef@ahenomenological theories...But in the
light of the foregoing acknowledgmettitjs shows nothing about the ontologies of therikso
we actually have(428-430, italics added)

Teller's response to Sklar puts the onus on thelogical monist to give such an account of such a
credential of ontological monism as presumably mwdéen by a ‘fundamental’ theory. Teller’s
arguments rest on notions of idealizations andecanglism that | will elaborate on in greater detai

the next subsection below.

cognitive ontological level(s). For instance, witkclassical mechanics, the analysis or rigid boagytion
(translational + rotational dynamics) is of a fimegnitive level than the analysis of translatiomaition alone:
The latter’'s ontological level consists of point{paes or (at best) bodies exhibiting sphericahgyetry. On
the other hand, the former consists of rigid bodsestably idealized to ensure linearity in specifythe Euler
equations in generalized coordinates} idealized as point-masses (to ensure a non-triégiction of their
associated inertia tensors). Hence the analysiseadynamics of rigid body motion exhibits a higbdegree of
verisimilitude compared to its counterpart of meteanslational dynamics.
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However | mention some of Teller's claims herepimssing to illustrate the way a plural
ontologist may avoid the extremes of ontologicasabtism and relativism by adopting Teller’s
position of contextual verisimilitude—if not Rohitis. Indeed, as | shall discuss in greater detail
the following subsection below, Teller shares quaiteew points in common with Rohrlich when it
comes to such issues as contextual verisimilitudethe irreducible element of idealizationaith of
our epistemic activity®*

Regarding the question concerning the consistehdyodrlich’s (1988, 1994) above claims,
one must not forget that he places emphasis gntoelnon-developing physical theories. As
mentioned in the previous sections, ruling out exem from biology>® (not to mention psychology)
eliminate the inevitably many counterexamples ooeld easily concoct?® Add to that, the non-
developing characteristic of physical theories (thibe accepted, mature, or established) is likewise
significant: Their epistemic and ontological compots have achieved a level of relative stability o
dynamical equilibrium exhibiting “ontological lewekpaced [far enough] apart.” (Rohrlich & Hardin
(1983), 609). The element of cognitive emergerexach justifies the claim that “[nol.one level of

ontology be fully reduced to another,” (Rohrlicto94), 75).
Subsection 2: Contextualism, Idealizations, and ‘Hible Veracities’

Aside from presenting a (theory) framework-dependeotion of degrees of coarseness
(regimented according @ and making some general claims concerning the@itapce of adopting a
position of verisimilitude, Rohrlich (1988, 1994ffers little more in the way of clarification ondse
matters. | have argued in the subsection aboveRiblarlich’s notion of verisimilitude isontextualn

the sense that any measure or “degree of closémébe truth™ is entirely constituted by the thwge
dependent parameter of reductudelimiting a theory's validity domain. Yet thisqves somewhat
dissatisfying, as the charge is to provide s@eeeralinsights (metaphysical or otherwise, no matter
how weak) which could underwrite Rohrlich’s plusaliontology and contextual verisimilitude in
ways that do not inevitably defer to his machinefyognitive degrees of coarseness in a seemingly
question-begging fashion.

Several of Rohrlich’s more recent commentators KDi& de Regt (1998), Wojcicki (1998))

attempt to articulate more general claims alongehmes, whether by launching into a discussion on

1% Though Teller (2004b) never cites Rohrlich in &iticle.

1% Whose theories and their interrelations may beatherized by a set of more complgualitative aspects,
hence inapplicable to such a schema delimiting ditg]i epistemic, and ontological domains by a
straightforward quantitative measuyre

1% Consider, for instance, the case of psychology emghitive science: Questions concerning issues lik
downward causation and emergence are by no metilesiseCertainly emergence and downward causatibn
as counterexamples to Rohrlich’s above claim thédemice on one level cannot be held as evidencerfor
against evidence on another level.
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supervenience (Dieks & de Relf)or on the idea of substantial unity qua mereokmgieduction
(Wojcicki).'®® In reading such commentaries, however, one betsénse that the authors’ efforts are
spent more in the direction of finessing some nietsjgally descriptivefine points, rather than
actually introducing a more general project by vatige ontological pluralism of Rohrlich (and others
with similar claims) can bpistified.

In this respect, Paul Teller (2004b) (some of whostcal responses to Sklar (2003) were
briefly summarized in the subsection above) pravitte my opinion a more satisfactory account
justifying ontological pluralism vis-a-vis a conta&l notion of verisimilitude. Echoing Logue’s
pessimism concerning severe problems of definingpatext-independent notion of verisimilitude,
Teller's chief critical point is aimed at Sklar'sgsumedly fixed distinction between ‘fundamental’
versus ‘phenomenological’ theories. The distinctiests on what Teller considers to be an untenable
notion—fundamental theories are “on the road to desired [| presume Sklar means true] ultimate
theory’,” (431) while the latter are comprised obhvenient fictions.’

For instance, Teller argues that according to Skiere is something categorically different
about talk of nucleons as being comprised by gaack anti-quark pairs held together by strong and
weak forces, versus talking about them in termdlwél drops held together by surface tension.
According to Sklar, the former ontology is derivedm the ‘fundamental’ theories of QCD and
QFT!® ‘on the road to the ultimate theory,” whereas k¢er merely represents the ontology of
‘convenient fictions’ of a ‘phenomenological’ andpaoximate nuclear scattering theory. However:

...how can a difference among false theories, or beeirtger or less far ‘down the road’ to the

truth found a preferential attitude towards ontglaghen all our theories in question have

known failings?...[T]he proposed contrast is betweatologically sound but quantitatively
not completely accurate descriptions of things {(fas have good reason to believe) in fact

exist, [versus]...useful but ontologically erroneoesdiptions. (432)

Sklar’s position is that one should defer to sogenself to provide the appropriate demarcation
criteria between fundamental versus phenomenolbdjitaBut upon closer examination, this doesn’t
seem to hold up very well at all. “[OJur currenedb theories clearly tell us that [‘fundamental

characterizations]...are idealizations every bit aximas [‘phenomenological’ characterizations].”

197 «\W]e propose to express the reductionist thesis [Rohrlich’s pluralist ontology] in the followmway: all

properties of systems, defined on whatever leveldescription, supervene on the fundamental physical
description.” (Dieks & de Regt (1998), 47)

1% «The unity of nature consists in the fact thatth# existing objects are formed from some funddat@mes
rather than in that the properties of more complgjects are definable in terms of properties chargstic of

the fundamental objects.” (Wojcicki (1998), 39)

199 Quantum chromodynamics and quantum field theespectively.

10«geience is replete both with schemes intended.ty characterize ‘how things are’ and with otsehemes
intended only as knowingly false but useful modxdlthe real situation.” (Sklar (2003), 431)
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(Sklar (2005), 433) Teller proceeds to run throsgheral detailed examples concerning QCD-QFT
versus scattering theory, as well Batterman’s (20IBD5) ‘ontologically’ versus ‘epistemically’
fundamental examples of discrete versus continwahasacterization of fluids. In both cases, he
shows through the details of the articulation &f theories that the presumably ‘fundamental’ omes a
just as approximate and indirect as those regaptemomenological™

| tentatively conclude that the metaphor of ‘furtidwn the road to truth’ won't help in
driving a wedge between acceptable and unacceptan®logies...a great many
of...competing ‘ontologies’ have complementary virtuasinforming us about the world.

(434)

Now this tentative conclusion at once strengtheolrith’s claims while weakening those of
Batterman. Though Batterman never explicitly dssass the issues of verisimilitude vis-a-vis
ontology, the distinctions he presupposes betwaperseding versus superseded theories (2002), as
well as between ontologically versus epistemicdllpdamental theories (2004, 2005) track the
‘received view’ as articulated by Sklar: Scienceasles the domain of theories into fundamental and
phenomenological. In fact, as shown in greateaibet chapters 2 and 3 below, the very epistemic
force of Batterman’s conclusions rest on the assiamphat there must exist such a significant
distinction. However, the last phrase in the gdqassage above is also essentially an endorsenent
Rohrlich’s pluralist ontology, as discussed in detethe preceding subsection.

According to Teller, what may fundamentally moteaa belief in context-independent
verisimilitude, as captured for instance by Sklatédeological notion/metaphor, may amount to
nothing more than an instance of the UEEU fallaayferring 17" from ‘0. For instance, one
starts with the reasonable assertion thagfortheoryT there exists &/ such thafT’ is arefinement
of T. (Recall, for instance, Rohrlich’s degrees ofrseaess/refinement). However from there the

incorrect inference is drawn that thepastsa theoryT* such thatT* is a refinement foanytheoryT ;

11 For example, in the case of QFT/QCD, its ‘fundatakmntology of ‘particle’ is of course derivedoin the
notion of ‘quanta,” which are excitations of thermal modes in the ‘solutions’ to fundamental dyneahi
equations (e.g. the Dirac equation). However omstrpresuppose (among other unwieldy approximation
techniques) a flat space-time just to render thesipdity of solutions exhibiting discrete boundamgnditions—
i.e. the possibility of ‘quanta’. “States descdbey such solutions are idealizations every bitmagh as the
idealization of a liquid as a continuous mediunT.él{er (2004b), 433) “There are no quanta any nibam
there are continuous fluids. Both are idealizajdmown not to be realized in the real world. Whan is to
give an ‘ontology’?” (440) Things look even moreiddled when Teller examines the details of whatctbe
essentially characterized (a’ la Rohrlich) as tadidity domain’ of some of the relatively rare tasces when
the Dirac equation can actually be solved, witrenutarsenal of approximation techniques one woutdrae
held for the case of an ‘approximate’ theory:

Most of the so-called foundational theory is canstid by the approximation schemes—including most
of our understanding of quarks, gluons, and otlvantp. [Certainly] [t]he resulting ‘theory’, thastthe
approximation schemes, is breathtakingly exactcmtain very special questions, but also in great
many respects severely limited in what it covet86¢437)
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i.e. the belief in a DUT (“desired ultimate theorydward which all ‘fundamental’ theories make thei
pilgrimage ‘on the road’ in a faithfully contextedependent manner.
To endorse the metaphor of a royal road to thé tisito embrace the search for...a ‘desired
ultimate theory'. But the evidence supports, &t bedefinite refinability, in indefinitely many
diverse ways, a network of complementary and aMiayted probes into...parts of ‘reality’

that are humanly accessibleot the Holy Grail of some ‘final theory.’ (438-4839

In short, Teller makes a simply persuasive poistifying an essentially contextual notion of
verisimilitude (forany theoryT there exists & ' such thatT’/ is arefinementof T) of the kind
advocated by Rohrlich (as described in the previsulssection}’?> This contextual notion of
verisimilitude also coheres well with the notion‘méith’-as-reliability (of a theory’'s models) | iefly
mentioned characterizes much ‘post-Standard’ ptydbg of science in theoreword

[W]e must make choices as to the respects in whighrepresentations do well. But then

accessibility (also a metaphor) is an additionakasial consideration when what is at issue is

providing human access to an independent world)(439A]ll the theoretical descriptions we
get from science fail in one way or another, andcead and fail in a complex pattern of

contrasting aspects, [so] thinking in terms of...diEsion [‘true’ versus ‘useful fiction’] in a

context independent way, badly misleads...and thedasgiwn that the distinction will support

conclusions about ontology will melt away as oneesait to hear that the unproblematic use is

context sensitive. (444)

To support such general claims Teller draws thdogyawith the context-relative distinction

between ‘direct’ versus ‘indirect’ observatibi. By the same token: “When a description’s

12 Echoing Rohrlich’s complaint about the ‘disastfatensequence of viewing theories aiming unquallfje
true or false, Teller states further: “[T]he evadat of ‘truth’ and various kinds of ‘truthlikenessire
characteristics of our representations. Our re@mtasions function as our guides...our guides are
imperfect...their virtues as guides to the world anipe simply evaluated in terms the dichotomy, toue
false.” (439)

113 Recall Grover Maxwell's (1962) essay the unterigbibf the distinction of ‘direct’ versus ‘indirect
observation, in any ontologically fixed and fundautad sense:

The point | am making is that there is, in prineipho continuous series beginning with looking
through a vacuum...looking through a windowpane, ilegkthrough glasses, ...binoculars,...low-
power microscope, etc. The important consequesdbai, so far, we are left without criteria which
would enable us to draw a nonarbitrary line betwedservation’ and ‘theory’. Certainly, we will
often find it convenient to draw such a to-somesxarbitrary line; but its position will vary widye
from context to context(Curd & Cover (1998), 1055-1056, italics added.)

It is precisely this contextual and ‘non-arbitrasgnse concerning demarcating observational vénsasetical
terms that led Maxwell to advocate his versionealism. Spatial and thematic considerations (regsning
remarks in thé-orewordabove) however prevent me from launching into mega discussion concerning the
guestion of realism versus anti-realism.
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shortcomings are not of present concern we apl\efithetic ‘true’...the context relative distinction
between veridical descriptions and useful fictidrears no weight in drawing conclusions about
ontology.” (445) He proceeds to make the geneavaitghat only though our idealizations and inexact
truths “that we have access to the world.”(447)n¢ée ontologies offered by any actual theory are al
idealizations and (strictly speaking) ‘false.” (34@&\s a final semantic point, based on the context-
relative distinction between ‘true’ and ‘useful tiom’, Teller argues that the latter term is better
characterized as a ‘fallible veracity’, or ‘verididiction’, since descriptions (inevitably ideaitions)
can be utilized in a number of ways:
[N]ot just for ‘predicting the phenomena’ but inpmoving our grip on properties, explanation,
theoretical understanding, every aspect of ourll@dal encompassing of what there
is...[Since] imperfect characterizations [still] gemelly inform...[jJust calling them ‘fictions’
thus misleads. But we do want to acknowledgettiete characterizations are sohplytrue.
(445)

Aside from justifying Rohrlich’s pluralistic ontoffy in a number of ways (the inevitably
‘idealizing’ hence ‘strictly false’ characteristaf all ontologies, i.e. what Rohrlich would deserias
‘epistemically emergent’ cognitive levels) Tellensore general claims concerning idealizations,
representations, and contextuality echo with Stephablo (1998). Though spatial considerations
here constrain me from launching into a full distos (which would indeed require another study) |
can mention here in passing that any serious dismu®n ontology inevitably raises issues discussed
and debated by Quine (1948, 185195Db, 1960) and Carnap (1956). Yablo makes the momergé
point concerning Carnap’s notions of (theoretigainfework) distinctions between ‘internal’ and
‘external™*

The key point about frameworks for Carnap’s purpdsehat they provide eontextin which
we are to say —Xunder these conditionpr] under those conditionsand so on, entirely
without regard to whether these statements arefrimn@ework-independent sense trughis is

all it takes for there to be an internal/externadtehction. (240, italics added)

The above passage is resonant with Teller's coméative distinction between the “epithetic
‘true’, [wlhen a description’s shortcomings are mdtpresent concern,” versus “fallible veracity:”
One could liken the former notion as ‘frameworkepéndent’ inasmuch as a description’s
shortcomings are “not of present concern,” i.e.uirgler some threshold value forinternal to the

framework’s domain of validity (a’ la Rohrlich). Wreas the statements concerning X “under these

114 Recall a specific example of a theoretical framéwadependent notion of verisimilitude characteritgdp

a’ la Rohrlich.
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[or] those conditions” can be likened to the ‘falli veracities’ or classes of particular idealizing
representations comprising a particular ontolagfhin a theory-framework.

Stated somewhat glibly, the overall point here hattYablo sympathizes with Carnap’s
pragmatic stance regarding issues both externairderhal to frameworks}> while being generally
critical of Quine’s claims that the meaning of Gapts internal/external distinction depends on the
analytic/synthetic distinctioh:® The bulk of Yablo’s paper is devoted to a re-eioalization of
Carnap’s distinction de-coupled from the assoamtwith Quine’s analytic/synthetic distinction.
“[Olnce freed it [the external/internal distinction becomes something independently
interesting...[essentially involving] the metaphoritdral distinction.” (232)

In his critique of Quine, Yablo turns the tablasstead of viewing metaphor as Quine did, in
terms of “dramatic idiom[s] of propositional atiites...deliberate mytHs! ...from which we can
protect ourselves from ontological scrutiny by...hogdour tongues in moments of high scientific
seriousness,” (245) Yablo submits rigorous semargaments for theentrality and irreducibility of
metaphor:® Metaphors can be classified @presentationallyessentialpresentationallyessential,

and procedurallyessential. (250) For representationally essemethphors, there may be no literal

5 Wwithin a framework, for example, utterances neetdbe assertions (Carnap (1956) 206). One cougtaa
Platonic language “without embracing a Platonicotagy,” in a manner compatible with scientific tking
and empiricism in general. (Yablo (1998) 241) Theaning ofX-claims within any framework of course is
dependent on the syntactic rules governing theotiserms within a framework. Recently illuminatisgudies

on Carnap have also been authored by Demopouli@3f26oncerning issues of general reconstruction of
theoretical knowledge. Though | advocate a gdliyestructuralist viewpoint, as discussed abovebpoulis

is generally critical concerning the semantic viefascientific theories (of which structuralism is astance,
highly formalized). “Invoking the semantic view pgars therefore to have brought us no closer to a
satisfactory account of our theoretical knowledd892) PaceFrisch (2005) Demopoulis adopts a ‘received
view' of consistency concerning an essential chiaratic of theories, when suitably rationally rastructed.
“Suppose we are given theofd, all of whose observational consequences are ttuillows from this
supposition tha® is empirically adequate and consistent.” (385)

1% Carnap agreed with Quine here. (Yablo (1998), 233) The analytic/synthetic distinction was ofise
famously challenged and disavowed by Quine (&95kough some like Laudan (1990), and Yablo (1998)
complain about the lack of argumentative rigor @y of Quine’s central claims. “Quine’s repeataitlfes to
turn any of his assertions about normative underdehation into plausible arguments may explain wimne
has been distancing himself from virtually all 8teong readings of his early writings.” (Laudan4@®in Curd

& Cover (1998), n. 39, 352) Yablo likewise compkthat Quine’s argument against Carnap “seemsrt@ow

a technicality,” since it's based primarily on tway Carnap developed the internal/external distincteord not
against the notion in and of itself. Specificaljuine takes issue with tipeesumed analyticity of the rules by
which Carnap construgsameworks, a red herring for Yablo. (240)

"7 Including for that matter the aforementioned ifa# veracities’ undergirding Teller's notion ofetretical
ontology, i.e. notions including the mathematioah@ept of the infinitesimal, the notion of frictiess plane,
etc. (Quine (1960), 219)

18 Following the heels of the endorsement of scientiériousness, Quine thought that by selectingbest
scientific theory available would enable, in thadaun, the fixing of a proper ontological contewtsich fixed
literal meaning. Yablo’s response to Quine: “Tleihdaries of the literal are so unclear that tiere telling,

in cases of interest, whether our assertions ateettaken ontologically seriously [in Quine’s sdris@55)
Yablo defines metaphorical content as ensemblgrsdible worlds selected via their shared propetich
would render some pretense legitimate. (250)
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alternative to paraphrase away the metaphor’s otit€ Presentationally essential metaphors carry

with them epistemically effective “framing effectabove beyond their actual metaphorical contents:
[1t is not only conventionally ‘picturesque’ metaqrs that pack a cognitive punch no literal
paraphrase can match. This is clear already frolensfic metaphors likdeedback loop

underground economwnd [evenlnit of selection(252)

Procedurally essential metaphors are semanticaén-@nded insofar as “the speaker’'s sense of the
potential metaphoricatuthfulnessof a form of words outruns her sense of the palerctruth(s) being
explored.*?° (254)

The above three classes are not meant to deserieghaustive list of metaphorical content.
Yablo suggests other characteristics as well comegrcontroversial ontological claims seemingly
equiposed between literality and metaphor in a thay Quine’s methods seem to fail to resolve. For
Yablo, such cases include “mathematical objectsivals as “theoretical entities in physics.” (n. 75,
259)

Subsection 3: Concluding Remarks

The above excursion into elements of Yablo’s semmambrk on metaphor vis-a-vis Carnap
and Quine, as well as the discussion on Telleghibe veracities’ may appear tangential. However
my overarching point is this: In a nested ‘Russiafi’ fashion (proceeding from the concrete to the
most general) | have shown central aspects of Rbtglpluralist ontology as justified by Teller’s
notions of contextual verisimilitude and ‘fallibleracities.” The latter notion of fallible veraes can
perhaps be best systemically characterized by Yaldeneral semantic theory of metaphorical
content. Converselyall three attempt a serious analysis of the subtleomadf the ontological
component of a theory, which hearkens back to @afh@56) as Yablo has explicitly shown.

On the other hand, this section on ontology dematest that Batterman’s ideas cannot be
embedded in the same nested manner as Rohrlichisis is not to imply that the systematic
interconnection of the three respective positions,, Rohrlich-Teller-Yablo bespeak of their
fundamental ‘correctness’. One can err systemticAdd to that, Teller and Yablo have their shar
of critical responses that | did not address heM.this being said, however, aside from the other

issues concerning of Rohrlich’s program versus Wiwnsider are the shortcomings of Batterman |

119 “No...literal criterion immediately suggests itsebr pieces of a computer code calleituses..or
topographical features calleéasins funnels andbrows” (Yablo (1998), 250)

120 An example includes the class of prophetic metephehose semantic contents have an identity tatiing
to emerge. “[A] growing technical literature ofnsmilitude testifies to the belief that ‘close toe truth’
admits of the best interpretation.” (n. 65, 254)
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discussed in this chapter, one more is evidenthia éxtensive analysis of ontology: Because
Batterman (like Sklar) unquestioningly presupposedixed dichotomy between ‘fundamental’
(superseding) and ‘phenomenological’ (supersedeeries, this asymmetry seems to undercut his
approach from being subject to a more nuanced sisalyf the ontological aspects of theory-

frameworks in a manner dissimilar to Rohrlich’s eqgzh.
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Chapter 2: A Deflationary Critique of Batterman'sthbns of Asymptotic

Explanation: How to Rejoin Reduction with Explaoati

Section 1: Overview of Robert Batterman’s Notiorfs Asymptotic Analysis and Asymptotic

Explanation

For the most part Robert Batterman (2002, 20034P@dncentrates on methodological areas
comprising the nature of scientific explanationigstfic theories, and intertheoretic reduction-&is
vis asymptotic analysisand explanations.Broadly speaking, these analytical methods deah wit
examining limiting cases in the mathematical frarogof a theory. That is to say, adopting such
methods involves examining the qualitative and ¢jtaive behavior of a theory's term(s) in the-

o (or - 0) limit, where ¢ is one of the theory's central parameters. lrula@gcases, i.e. cases in
which a theory’'s constituents continuously transfar reduce to some limiting case(s) devoid of
singularities.& - « or & - 0 are two tokens of the same type of lifilt.However, in singular cases,
depending on one’s choice of fundamental parameteeslimits may fail to commute. Asymptotic
explanations exploit the characteristics of asyriptanalysis in providing accounts of phenomena
modeled by two (or more) theori@sT' such thafl is recovered in thé = « (or &' - 0) limit of

122

some of T"s central parameter(€)**> Only in the non-singular or regular case careishid that ‘the

behavior of the theorgt the limitequalsthe behavior of the theoity the limit," i.e.: lim_. T/ = T.*%
According to Batterman, asymptotic analysis andmggtic explanations comprise a unique
methodological category traditionally overlooked tmpst philosophers of science. This becomes
especially true in the cases®hgularlimits, when the behavior of a thearythe limit of one of its
central parameter& does not equal the behaviatthe limit. That is to say, given theori€and T’
referring to some domain,hereT is the theory describing what is occurreigthe asymptotic limit
(& = )'** for one of T/ ‘s fundamental paramete&thenT’ ‘blows up’ in theé — oo limit or the

“limit” lim ¢ _ o T/ does not exist. Otherwise, in the regular cagsecan write: lina _, T =T

2L Simply redefiné’ as’/; in the second case.

122 Eor example, in the case of special relativitythec — o (or'/, - 0) limit Galilean relativity is recovered.
The quantities in special relativity smoothly corge to those in Galilean relativity in a mannerefref
singularities.

123 RecallSchemaR discussed in chapter | above. Moreover, heankeback to the definition of ‘limit’ one
encounters in a typical undergraduate calculus iexblves three necessary conditions: i.)elimiT ’ exists, ii.)
T' (at &= o) exists, iii.)T' (atf=c) =T=Ilimg.T'.

124 Due to ambiguities concerning the nature of siagties, such statements like < «” are obviously ill-
posed, in a strictly mathematical sense. Oneldhmnsider this ‘equation’ expressed here as Bhod for
“the behaviorat the limit.”
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Aside from singular asymptotic analyses and expians possibly providing a key insight into
depicting emergent properties and phenonféhaBatterman also makes the very general
methodological claim that reduction and explanatan mean different things. “[T]here are good
reasons to think that reduction and explanation gart company...there are no good reasons to
maintain that reduction (in all of its guises) nelee essentially epistemological.” (2002, 114).
Consequently, “the nature of asymptotic explanatiolis out on the possibility that we can explain
the universality of the special sciences from tlmntpof view of the lower level theory while
maintaining the irreducibility of those sciencespbysics. Explanation and reduction must part
company.” (2002, 134.)

Section 2 Asymptotic Analysis and Explanation and Emergesnemena

Subsection 1: Strong and Weak Emergence

The notion of emergence has received much attemgoantly by Batterman (2002, 2003,
2004), Bishop (2004), Humphreys (1996), O’ConnoiM&ng (2003), and Silberstein & McGeever
(1999), among others. The aforementioned austwase the common aim of providing accounts for
emergence which offer fresh insights from highlyicatated and nuanced views reflecting recent
developments in applied physics. Moreover, thd@ust present such accounts to reveal what they
consider as misrepresentative and oversimplifiestrabtions often depicted in standard philosophical
accountg?®

Silberstein & McGeever (1999) for instance coritnasaker and stronger ‘epistemological
and ‘ontological’ notions of emergence. Epistengalal emergence is best understood as a kind of
artefact of a certain formalism or model arisingotigh a macroscopic or functional analysis of the
theory’'s ‘higher level' descriptions or featuresiie domain (182). This is a weak notion, since it

connotes practical or theoretical limitations oa thsolving and computing power of the theory and i

125 |n a broad sense, ‘emergence’ is construed agathee of the limits of reductionism and supenesrie.
Emergent phenomena in the field of physics, whetharacterized by phase-transitions or by caustifases
in catastrophe optics (to name just a few imporiastiances thereof) often exhibit the same kindnaftiply
realizable behavior (in the sense of being independf any particular microphysical characterizasiof its
constituents) one usually encounters in issuesiperg to the philosophy of mind (Kim 1992). Suohltiple
realizability vis-a-vis emergent behavior has b&amd puzzling by many in the philosophy of physigst
“Batterman [on the other hand] suggests that thagities in behavior may be explained as a consage of
the fact that the differences in realization atphgsical level are irrelevant to the higher-ordehavior, in the
same way that the differences between diverse mgstenderlying phase transitions are irrelevanthe t
behavior near the critical temperature.” (Strev&dB2, 656). For further details, see Section 8vel

126t js...possible that...standard divisions and hiehées between phenomena that are considered
fundamental and emergent, aggregate and simplemkitic and dynamic, and perhaps even what is cenesid
physical, biological, and mental [should be] rednsamd redefined.” (Silberstein & McGeever, 1999).20
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turn of its agent?’ Epistemic emergence is metaphysically neutrain ebistemically emergent
property of an object, for example, cam principle be reducible to or determined by intrinsic
properties, though beirgractically impossible to explain, predict, or derit&.

Ontological emergence, on the other hand, compfeasires of systems/wholes possessing
capacities (causal, and otherwis®) reducible to the intrinsic capacities of the parts; among the
reducible relations among such parts (1999, 1&M)tological emergence issuallythought to entail
epistemic emergencé’ though the converseeverholds: “Epistemological emergence cannot entail
ontological emergence, because it is defined tolpde it.” (1999, 185) On a perhaps even more
strongly metaphysical note, Humphreys (1996) charaes an ontological notion of emergence in

terms of adynamical fusiorof previously two (or more) lower-level propertiego a higher-level

property*°

127 Strong and weak notions of emergence find anéstarg counterpart in Humprey's (2000) distinctiaris
theoreticallimits versus practicdimitations “A limit is an ‘in-principle’ epistemoligcal catraint, whereas a
limitation is an epistemological or pragmatic coastt.” (Carrier, et. al. 2000, 2). However theeeains the
rather daunting task to establish a more precisstyaphysical notion of principled epistemic limitdzor
instance, do such limits reflect some objectivetggolvable features in the world, or do they merekpresent
some fundamentally limiting aspect concerning thgnitive capacities of the agent? Such a distinctin
both senses) casts doubt on the literal truthtbkary, in favor of itgeliability. “[W]e [can be] ... committed
to the claim that a theory isliable, but...not committed to the liter&iuth of its empirical consequence$his
does not mean we have to be instrumentaliatscientific realist [for instance] might be conteit to the
reality of electrons and fields, yet demand ofigttelectromagnetic models represent the behavitrese
‘unobservables’ reliably, while an empiricist coldd content with the fact that the models arebbidias far as
the theory's observable consequences are concergigdsch (2005) 42) In this respect Cherniak (&P8
recommends that notions like weak emergence shopédate as a regulative norm in any theory (and its
associated reliability) that would lay primary erapls on cognitive agents and agency. In a metatieo
sense, specifically applying to special ‘humanesces like microeconomics, cognitive psychology,, éhe
‘is’ of computational, logical, and cognitive lirations (usually spelled out precisely by limitatithreorems,
conjectures, formulae) should inform the ‘ought$’tkeory-construction. The latter of course perté
assumptions made by the theorists concerning wiagticute idealized agents. So in this case, somaif
emergencenforms an asymptotic maneuver as opposed to the lattestioating the former, in the case of
Batterman.
128 This simplest example of such a case involves‘ttiree-body problem’ in classical mechanics: Sach
problem is unsolvable in the sense that one cadete the trajectories in the 6-dimensional plesace in
the general case of three interacting force centeifhis is not to say that numerical and statistical
approximation-schemes cannot aid in giving an actfar classes of solutions, to an agreed-uporr.efBait in
a deductive nomological scheme, the classes of segions wherein the (uncomputably) exact solution
trajectory is bound, described by various topolagregions by the approximation schemes, are epictdly
emergent.
129 An exception includes entanglement in QM. Fottfer details, seBubsection 2.
130 precisely stated, for objects, % at leveli and at time, endowed with respectivelyth leveln & m -type
propertiesP,, , P, then during time intervdlt = t’ — t they will fuse in such a manner to form a commosith
level objectx. = %' O X = {x', % } such that:Pm (%' 1)* Py (Xs ) —a [Pn* Pi] (%,t) = P (X ), where * is
the fusion operation. Note, for the sake of sigipliin this characterization, that only tpeopertiesfuse to
become a higher-level properties. (1996, 60). éample, consider a wooden deck comprised of beaats
are glued together. Before the glue has driedh baamx' had the propert?,' that it was (relatively free) to
move with respect to the other beams. Once the bhs dried, the planks become rigid and in this
characterization, their previous properties oftreéamobility with respect to their neighbors vdres, to fuse
into the aggregate proper®y/ ** of being able to support the weight(s) of perspstanding on the deck (1996,
65-66).
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Still others like Robert Bishop (2004) offer cld&sition schemes which seat emergence in a
more descriptive context alongside the more ‘tradél’ categories of reduction and supervenience.
Bishop for instance offers the following categories

i) Reduction When more fundamental properties or descriptimvide necessanand

sufficientconditions for less fundamental properties/desons.

ii.) Contextual Emergenc&Vhen more fundamental properties or descriptiprs/ide

necessanput notsufficientconditions for less fundamental properties/desoms.
iii.)  SupervenienceWhen more fundamental properties or descriptiomes/ide sufficient
but notnecessarygonditions for less fundamental properties/desioms.

iv.) Strong Emergencé&Vhen more fundamental propertiesor descriptiansige neither

necessannor sufficientconditions for less fundamental properties/desiong.
As evidenced by the properties/description divisimmtextual and strong emergence can respectively

modify ontological/epistemic senses of emergence.
Subsection 2: Quantum entanglement: an example ohtwlogical without epistemicemergence

In the previous section | wrote that for most casegological emergence entails epistemic
emergence. | discuss the exceptional case hemelving quantum entanglement, since these issues
will accompany subsequent points later. The essefcthis exceptional case can be understood as
follows: Though post-Bell experiments have conclusively Eistaed entanglement phenomena can
violate classical statistics ascribed to only lbcaiteracting subconstituents, thus making a dase
ontological emergence (Silberstein & McGeever 1999), the linear formalism of QM means that
entangled states can be characterized in epistiymeducible (non-emergent) ways.

Prior to Bell, arguments regarding measurementssolated parts, one might have viewed

superposition states as merely an artifact. THerBsults suggest that the formalism presages

the existence of genuine emergent properties...[Ma@awe kind of emergence found in
guantum mechanics and quantum field theory conlgleteplodes the ontological picture of
reality as divided into a ‘discrete hierarchy ofdés’; rather ‘it is more likely that even if the
ordering on the complexity of structures rangingnirthose of elementary physics to those of
astrophysics and neurophysiology is discrete,riteraction between such structures will be so

entangled that any separation into levels will bigegarbitrary.***

Yet, on the other hand this doesn’t necessarilgieapistemological emergence, since “non-

separability is [often just] a logical consequenéehe dynamical equations of motion.” (1999, 187)

131 (Humphreys 1997, 15) in Silberstein & McGeeverd,9889.
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In other words, preserving relativistic localitytaits an ontologically emergent interpretation loé t
properties of the EPR-Bohm systems (188).
For instance, consider a pair of two-dimensionarqum system#, B with states spanned by
bases: {| B |Da}.{] 0)s, |Ds}. Suppose that the initial composite system igha (separable) state:
[Was(0)) = | 0)a + |Da} O {| 0)s -|1)s}) (2.2.1)
=] 0)a |06 - | 0alLe + | DalO)s - | DalDs }
12{100) - [0 + |10 - |1}
Consider the system HamiltoniaH: ={ |[00)(00| + |0}10] + |1X01| - |1X11|}. Then the time-

evolution operatob(t, to= 0) = exp(-iaHt/h) , after timet ="/, becomes:

U(",4,0) = 4{ |00)00]| + [0)10| + |1X01]| - [1K11[}. (2.2.2)
So the initially separabl&hg) now evolves into the entangled state:

Wae("/2)) = -12{]00) - [0 + 10 + |LD} (2.2.3)

For this simple two-dimensional composite systemharng unitarily into an entangled state,
there is nothing epistemically emergent occurrireg ge in the representation: A simple and direct
linear combination of the entangled stat€lag("/s)) = -/2{|00) - [01) + |10 - |11} is expressed in the
composite basis for the two systems: §|J0D1 , [10 , |1D}. Linearization is the essence of epistemic
reduction. The ontological emergence, on the dtlaed, is clearly represented by virtue of the non-
factorizability of Was("4)) into product states spanned by the individual &§is@a, |a}{| 0)s, |Ds}.

The phenomenon of entanglement have led some tstigmewhether quantum systems
possess anything like an absolute state (Rovell®719Finkelstein 1996, 2001, 2004a-c).
Interpretations of quantum theory are instead ack@ngiving primary focus to an action-based
(Finkelstein 19982 2003%% or information-based ontologies (Bub (2004), @l et. al. (2003),

132 The last line in (2.2.1) adopts the shorthandespntation for denoting the ordering of base el¢snierthe
composite system.
133 Finkelstein (1996, 24-25) writes:

Let us assume that a physical theory should at lead us to, if not consist of, statements offtien:

‘If we do so-and-so, we will find such-and-suctSuitably idealized, generalized, and algebraicized,
such doings and findings become the physical wifitsur theory....The algebra is a language of and
for action...We describe a quantum entity not by mglete description or state but by the externa act
by which we prepare or register it, and by the cesti transforming any experimenter into any
other...The fundamental question in physics, themasWhat are all things made of?’ It is rather

‘What goes on here?’...We retain Bacon’s maxim ‘Disseture’ but we read it (or misread it) as the
injunction to dissect dynamical history into leastions, not some hypothetical static matter inoons.

The act-algebraic semantics arises as a way to @wsape for the non-commutativity of quantum acts,
preventing a complete characterization of the syste

134 “Quantum theory is a theory of quantum processess. no more a theory of a state than speciatingty is

a theory of the present. That is why Heisenbeligadis theory nonobjective and why Blatt and V8kapf
refer to¢ as channels, not states...jafescribes a process, not the product of the prddqésskelstein, 2003,
180)
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Rovelli (1997), Green (2000)). These interpretai seek to account for ontological emergence
through their stipulation and use of fundamenta#iational properties and notions like act and
information in a manner respecting locality andecépg hidden variables, as discussed in general
terms in Silberstein and McGeever (1999, 188) .

Subsection 3: A Survey of Some Critical Responses

There are authors who also advance deflationaisnslén response to the above: Many who
would deny that contemporary treatments on theonotif ‘emergence’ offer anything novel in the
making. | will mention in passing a few countentia to Batterman (2002, 2003, 2004) made by his
contemporaries.

Gordon Belot (2003) denies that there is anythiagtiiqularly novel, in amethodological
sense, about the claims of asymptatitalysismade by Batterman. Belot focuses on the general
theory of partial differential equations to showatttany astute mathematician, ignorant of the playsic
details of the particular cases Batterman (200@yseo, can in principléerive such solutions from
the general theory alonéi.e.,T'). In other wordsT’ possessesufficient explanatory structurand
hence the reliance of structuresTims (at best) contingent, despite such claims ckgssity made by
Batterman in the singular limit, when lim . T does not exist (Belot (2003) 20-25).

The cases Batterman (2002) examines in detail declilne caustic structure in catastrophe
optics. These result in asymptotic divergenceschvhccording to Batterman necessitates a complex
amalgamation of geometrical optical structures,(irethe theory) alongside the wave-theoretic ones
(in the theoryT ') as well as similar situations arising in senaisslical quantum theory. For instance,
as in the case of catastrophe optics, likewiséencise of quantum chaos, do we witness in theteffe
of ‘Gutzweiler scarring’ an intricate interplay amdeducible interdependence of quantum mechanical
and classical mechanical structures (2002, 10024%¥1)

According to Belot, Batterman is at best simplyfyieig auxiliary mathematics, hence, “in
calling our attention fascinating intricacies ol@ptotic analysis, [Batterman is basically no more
than] calling our attention to an unjustly ignorepecies of Hempelian explanation, rather than
elucidating a competitor to it.” (2003, n39, p22)his “ignored species” species Belot is refertiog

is the “DSN” model (“deductivestatisticatnomological”), i.e. the DN model applied to statial

regularities, as described in detail in the follogvpage.

135 Although it's important to keep in mind thatimstcases, aingular limit occurs wherh — 0 (i.e., most
governing equations in quantum mechanics molismoothly converge to those in classical mechanissich a
limit) this is notgenerallythe case. For instance, the time-dependent Sainger equation (TDSE) will
reduce smoothly to the Hamilton-Jacobi equatiorEH& such a limit (Goldstein 1980, 489-492). Howe
this case of TDSE-HJE reduction applies only to integrable systemi$ie cases Batterman refers to in
catastrophe optics and Gutzweiler scarring areintagrable systems.
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Batterman (2003) responds to Belot’s charge by Isupp yet more examples from applied
physics to convince the reader that the chargesii€ation of auxiliary mathematics fundamentally
misses his most essential points. In so many wahdse points entail thaspecially in the singular
limit, one can find numerous examples in physics whetiedyphysican the limit (described byf)
governsthe phenomena depicted by theoretical term3 fn One sees this most clearly in the cases
wheninitial or boundary conditions are best described Byn such a manner, when lim. T/ does
not exist. “In arguing that an account ... appea][ilmgthe mathematical idealization is explanatorily
superior that does not invoke the idealizationnl r@ot reifying the mathematics...| am claiming that
the ‘fundamental’ theory that fails to take seriguthe idealized ‘boundary is less explanatorily
adequate.” (2003, 8).

For example, in the case of supersonic shock wgplemons) propagating in a gas, the shock
wavefront is idealized as a 2D surface, whichd$vargence in the continuum mechanical limit. Such
a (2D) shock front however governs the dynamicshef gas, insofar as the (idealized) boundary
conditions constitute the solutions of the différainequations of motion describing the propagatén
density waves through the gas. This is a physaa] not an inappropriately reified mathematical
artefact, argues Batterman (2003).

Paul Cohnitz (2002) responds to Batterman withuainty similar charge, albeit focusing more
on the logic of asymptotic explanation, as oppdsethe mathematics of asymptotic analysis per se.
Cohnitz basically argues that Hempel's statistdatiuctive-nomological model (SDN), revised by
Railton, adequately takes care of what Battermagrdees as “asymptotic explanation.”

Batterman has not (yet) posted a direct respon€®kmitz. However Cohnitz focuses his one
critique against Batterman’s mathematical examplelving the ‘chaos game,’ (2002, 23-35) and it is
hard to imagine how Cohnitz’'s response can adelyudtal with the later arsenal of examples
Batterman invokes, especially those that are fonrus (2004) reply to Belot. Though one may grant
to Cohnitz his claim that the Hempel-Railton DSNduals provide an adequate account of the chaos
game, in the aforementioned cases in which bourplaenomengovernthe physics described By
this becomes a different story. The DSN model dtatistical regularities exhibits the following

structure:

I. Demonstration through an analysis of the lawtiy@amical instabilities of systers®f type
S, thatS possesses certain strong statistical propd?ties
Il. Ox Ot [Ps (x,t) - Pr(G(x,t+8)=1] 6 = 0

II. O0s0O SOt [Ps (st) - Pr(G(st+6)=1]16= 0
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G is the resultant property of interest, and Prfmbability. (Cohnitz 2002, 31).

Now in the cases of phenomena constituted by sangnitial and boundary-value conditions
subsequently discussed by Batterman, either the {pd8Ns a trivial or a null account depending on
the interpretation o6. In the former trivial case, if the boundary aitial valued effects drive the
system’s dynamics, then a strong correlation resdttrivially DSN formalizes this effect. Buttlse
explanation really deductive-nomological? It aépgnds how one interpre& If propertyG is
instantiated by entities i (the behavior of the theost the limit) then a null answer results, since it
is assumed here that one is dealing with entitiespoperties in the domain ®f.**® If, on the other
hand, one argues against Batterman and claims (Hedot 2003) that such properti€s can be
recovered entirely via mathematical gymnasticshim most abstractly mathematical characterization
of T/, then one arrives at a trivial tautology: TheteysS contains propertie§ one wouldexpectit
to contain after the boundary-value or initial valeffects are taken into account. In short, the
solutions to the differential equations are theusohs to the differential equations one would etpe
in a correct calculation. Hence in this case #iatistical' modifier is completely dispensible time
DSN model. In either case, it's hard to see hownplel-Railton accounts shed any light in the
complex interplay of structures ihand inT'in the singular asymptotic limit.

In the light of Belot's and Cohnitz’'s critiques,daBattermans’s response to Belot, perhaps
Wilson (2003) grasped Batterman’s (2002) pointstreesentially, when he writes that:

Batterman’s discussion of ‘theories between thebrieakes a contrary tempering moral quite

plain: much real understanding within science comele form of appreciating the patterns in

which different types and mathematical descriptimtisrmingle— through understanding the
interface along which one mode of description bsedé&wn and where some opposed mode
needs to take over. Such mixing of means is giifferent from the blithe ‘autonomy’ that
those of the ‘supervenience’ school expect to setheir ‘higher level theories’...[I]n truth,

such ‘levels’ often mix together in very interesgfipatterns of mutual reinforcement. (2)

We often do not achieve descriptive success thr@augonomous micro- or macroscopic tools,
but through utilizing a compleintermingling of ideas, which often obey quite complicated
strategies of interdependence. These mixed techsighall be regarded...agnaturesof

various forms of mathematical accommodation betweenroscopic and macroscopic
behaviors (the nature of boundary conditions wedinften supplies a critical ingredient within
this signature.)...[W]e could do no better than...exandaeefully the complex structure of
revealing case [studies]...rather than continuing aoglish in the crude dichotomies of

‘reduction’ versus ‘supervenience.’ (6)

13 Especially if one agrees with John Robert’s (20€8)ms concerning the semantic novelty of theoagtic
terms.
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Section 3 Conflations of Ontological and Mathematical Cont@ummitted by Batterman and Others

As discussed above, Belot remarks that Batterreéies auxiliary mathematical structures.
Batterman (2003) however may have adequately relgubrio Belot by calling attention to the
irreducibly empirical behavior—exhibited in the easf supersonic shocks—involving a complex
interplay between superseding and superseded ésefri and T, respectively) However,in the
cases of asymptotic limits, on a more fundamentakitatheoretidevel, Belot's phrase is revealing
(for reasons | shall argue that differ from whatd@dad in mind). The ‘reification’ foall the authors
| have surveyed appears to involve a methodologaflation of the “the actual with the ideal.” 1Al
seem to assume that the most commonly-occurrinigrings of mathematical tactics employed by the
majority in the physics community is the best ar itheal paradigm®’

Granted, none of the authors | review here state dkplicitly. Yet it seems more or less
assumed, based on their remarks on the mathemstizcalard of asymptotic analysis usually adopted
in characterizing strong (or ontologically) emergeroperties.

“I believe that in many instances our explanatonygical practice demands that we appeal
essentially to (infinite) idealizations. But | dbmelieve that this involves the reification ofeth
idealized structures.” (Batterman (2003), 7). Ehéso sentences spell out the tension(s) in the
themes Batterman is advancing: On the one handmoséessentiallyappeal to infinite idealizations
whenexplainingthe phenomena, on the other hand one is cautiageithst reifying such explanatory
structures. Aside from not providing a clear erpldgon ofhow one can adhere to such orthogonal
purposes, Batterman here appears to be conced{dghoitz’'s Claim (I1): One cannot cut the route to
further (explanatory) reduction if one knows thas tinderlying mechanisms are different from those
depicted in the explanans. (2002, 34). Perhapsdbncession is satisfactory for Batterman, as he

likewise seeks to sever the connection betweeraaafibn and reduction, but this is hardly satisgyin

137 Consider for example the most ingeniously but mots methods of bootstrapping and indiscriminate
ontological mixing-and-matching found in the renaliration group program (RGP). In an earlier paper
(2005a) | subjected the RGP—applied to the cagheiR (infrared) limit in turbulence—to Mark 8ter’s
(1998) illuminating semantic analysis of some comgerary physical theories, to show that the gowerni
analogies were (hopelessly) ‘doubly Pythagorean'Steiner's sense). This implies, among othergshithat
despite the apparent success of RGP at charaotgtiziiversal behavior in manifold instances, onsufh at
best assume an instrumentalist position. RGP usngigly empirically adequate, based on our best
contemporary resolving power of measurement in soistances in renormalizable theories such as Q&ED,
then again so was Ptolemaic astronomy at one pohistory. In the latter case, aside from anomsloaked
eye discrepancies involved in the observed instantdlars’ orbit, the (essentially Fourier analigynthetic)
schemes of Ptolemaic approximation devices, dendgdartifacts ‘epicycles’ and ‘equants’, provided
empirically adequate predictions for centuries. tBg same token, notions like ‘dressed parametans’
‘subtraction parameters’ employed by RG methodse gésults that are considered just as empiriealguate
by contemporary researchers, and at the samejtistgs unphysical.
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to the practicing theoretical physicist, with otltean an instrumentalist leaning. The usual reacti
one would expect from the latter would be some dehiar further explanatory reduction.

Batterman elsewhere remarks that one should ta&tenttdynamics seriously, lest running the
risk of “doing away with all idealizations in phgsi” (2004, 12) This caveat must be qualified,
however, lest it appear that the risk of an alkothing fallacy is being committed here. Batterfaan
claim can be countered here by pointing out thatadlng the thermodynamic lint# into question,
one is obviously simply aiming for a possibly mangpropriately particularidealization. This, in
and of itself, doesot entail the questioning or possible abolishmentwbfat constitutes the
contemporary theoretical physical enterprise. [atter of course is based on the practice of idewi
in theappropriate mannefor a particular class of phenomena under study.

Regarding the depiction of physical discontinuitiBatterman goes on to say: “The faithful
representation [of physical discontinuities]...demaadsses with kinks...a sense of ‘approximation’
that appeals to how similar the smooth curves arthe kinky curves is inappropriate.” (2004, 13)
Batterman seems to make this claim to bolster lsidiee remark (2004, 12) that physical
discontinuities (like phase transitions) are “cotierepresented” by mathematical singularities.

However, a simple counterexample to Batterman’'salsemarks would involve for instance a
Fourier series representation of a kink, in theneletary instance of the functid{x) = x| defined on
interval [-2,2]. The function of course isn’t défentiable (i.e. has a kink) at the origin{0). On the

other hand the sinusoidal functions comprisingdtieonormal basis {(slr, cod"x) |0I0Z OmOz} of
course areC”((-o0,0)) or differentiable to arbitrary order (i.e. is smapbver the domain of real

numbers® Its Fourier serie§(x) representation is:

f() =[x=(x=3-2 i 2 coq( X +1)7x) (2.3.1)

This is obviously a typical case of regular asynipt@nalysis: The sequence of partial sums:

S,(x) =4 ——,722 2" coq(x +1)7x) converge smoothly in the — e limit to the kink represented by
=1
the absolutely convergent sus{x).
Now any finite partial Fourier sui® sum, (wheren < ) being the superposition of smooth

curves, doesn'éxactlymodel the kink(x), but aside from the fact that the (quantitative) errorlman

138 e., lim where:N is the number of particles, V the volume of thstesn

N - 00V -y =const
and g, :% , i.e. the number density, which is held fixed.

139 This is obviously more succinctly and rigourslgtet by invoking the analyticity of the basis eletsde™ |
OkO z}.
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made arbitrarily small, (i.e.0x 0 [-2,2]IN,&, : On>N|S,(x)- f (x) < &) the qualitative difference

between sum-of-smooth curves and kinky curves veasbiein the regular limitn - co.

‘Smooth’ and ‘kinky' are topological properties.oBert Bishop (2004) discusses the interplay
between a theory'®ntology and its topology For instance, when he writes about the Born-
Oppenheimer approximation in the characterizatiomalecular structure:

The Born-Oppenheimer ‘approximation’...is not simplymathematical expansion in series

form...It literally replaces the basic quantum mecbahdescriptions with a new description,

generated in the linit’ e 0. This replacement corresponds to a change iraltjebra of
observables needed for the description of molecpl®nomena...The Born-Oppenheimer
approach amounts to éange in topology- i.e., a change in the mathematical elements
modeling physical phenomena — as well ashange in ontology-including fundamental

physical elements absent from quantum mechan&s. (

What Bishop doesn't seem to explain clearlyhsw a theory's topology and ontology
interrelate’*" This produces a tension and ambiguity, resuliinghat seems to be an equivocation.
Like Batterman, Bishop defends the asymptotic ptaoe as being something more than just a
heuristic approximation device, as he states:

[T]he crucial point of asymptotic reasoning...[has o with] molecular structure

presuppos[ing] both a new topology and a new ogtolwmt given by quantum mechanics... It

is definitely not the case that the sophisticatedthematics...somehow obscur[es] the
metaphysical issues. Rather, the metaphysicaéssand practices of science are driving the

sophisticated mathematics in this example. (20D4, 7

Metaphysically speaking however, since Bishop doetarify the relationship between topology and
ontology it remains unclear how “metaphysical issudriv[e] the sophisticated mathematics.” Most
practicing scientists would probably view the sspbated mathematics of such techniques as a
heuristic device, similar in kind to the semiclassiBohr planetary model. The ontology of the
approximation schemes are essentially collectidrieoristic devices, guiding one’s intuitions bt n
opening any metaphysical black boxes.

In short, as evidenced in the above passagespBiseems to be reifying a sophisticated

mathematical device, equivocating its topology vifitboretical ontology. As in the case of Batterman

140 Here, the governing parameter (mJ/my)"*wheremeis the mass of the orbital electron, ang the mass of

the nucleon, i.e. one forms an asymptotic se¥es=Yae".

141 can ontology be reduced to topology? If so, iratyirecise manner —cross-wise or top-down? (Cayhivri
1999) Does ontology supervene on topology, ormergence a better way to understand the relatitm?
ontology constitutive of topology, or vice versa®r are topology and ontology part of the relata of
relationships characterized by nomological necg®sit
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(2004), Bishop engages in what appears as qudséigging. When considering the possibility of a
future theory regularizing such asymptotically silag limits in the Born-Oppenheimer
approximation, he asks rhetorically: “Why wait fine ‘final theory’ to sort things out?” But it is
nevera question of waiting for a final theory, ratr@waysone of continually searching for more
expressively superceding theories striking a metev@l balance between simplicity and strenigth.

| bring up the topology/ontology ambiguity resogiifrom a reification of the mathematical
device of asymptotic analysis on the part of Bishepause | argue that something similar may occur
in Batterman. For example, hearkening back testheoth curve approximatidiy(x) for a ‘kink’ f(x)
= x| , Batterman would deem the smooth Fourier compisn@appropriate’ precisely because of a
similarly implicit topology/ontology conflation andequivocation: ontological discontinuity-
topological kink. As demonstrated above, howeaeFourier Seriegs an example of an asymptotic
analysis corresponding to objective phenomena. ifstance, reading (2.3.1) from left to right
mathematically represents the synthesis of smoatteviorms produced in a transmitter yielding a
‘sawtooth’ wave form. Conversely, reading (2.3rbm right to left represents a typical process of
Fourier decomposition (or analysis) of a ‘sawtodtiim, whether by a naturally-occurring system like
the human ear or via a device like a spectrum aealy

Batterman'’s further remarks appear to place undee-eliance on the characteristically non-
physical infinities comprising methods involvingetlapplication of singular limits. For example, in
the case of the TDL:

One needs mathematics that will enable one to septe.genuine physical discontinuities.

As a result there is something deeply right abbet thermodynamic representation of the

singularities —the fact that the [thermodynamiaqjitiis singular in critical phenomena [e.g.,

phase transitions] is really an indication that idealization cannot be dismissed so easily.”

(2004, 15)

On the other hand, one can argue with equal fdv@ethere is something ‘deeply inadequate’
about a theory blowing up in the face of some piatsiliscontinuity. Though singularities obviously
delimit the theory's domain of reliabilit? (telling us automatically in which instances thedry
fails) they fail to provide information just thersa. Certainly in the case of phase transitions, fo
example, it was precisely why Kolmogorov and othergyinally applied ‘infinity-removing’

renormalization group techniques, to compensatsdch singularities. Whmust therefore, (unless

42 Here | am referring in particular to David Lewisistion that laws of nature “belong to all true detive
systems with a best combination of simplicity [@gninimum number of ad-hoc assumptions and axi@md]
strength [i.e., predictive and expressive and ewgitary power].” (Carroll (2003), 3.) Recall alsy previous
remarks in chapter 1 (84.2) above, concerning T&ll2005) remarks on the ‘EUUE’ fallacy: invalidly
inferring a “DUT” (‘desired ultimate theory’) fronthe plausible notion that one can always consteuct
refinement T') fromanytheory ().

143 Recall the discussion on a theory’s validity damiail.3.2 above.

53



one equivocates topology with ontology) such aswtigrlly singular cases be “essential to a
foundationally respectable understanding of...physitsd¢ontinuities” (2004, 22)? One could argue
just the opposite: Once a theoFyis reformulated in such a manner as topoegedof as many
singularities as possible—in other words, purgeitisoépistemologically emergent aspects—only then
can one hold out on the hope of eventusilpersedingt. This would offer the physicist the chance
for a better understanding of physical discontiesit(the oftentimes ontologically emergent
phenomena) in the superseded the®ty.

For example, quantum mechanics (the®r{) removes some of the singularities found in
general relativity (theory ) depicting black hole phenomena. Vacuum flucturegj resulting in pair
production, governed by Heisenberg Uncertaintyrbthe otherwise ‘sharp’ singular edge at the
black hole’s event horizon. Quantum theory offieese a depiction of the mechanism of Hawking
radiation in place of the brute singularities ofngeal relativity. This offers the physicist the
opportunity to better understand such (possiblplogically emergent) phenomena.

Writes Bishop:

If the expansion is singular, as in the case ofBben-Oppenheimer procedure, it [the series

Se) =Xxaxe] is not uniformly convergent in the original topgly of the fundamental

description as an appropriate parameter tendsne $imit (e.g., ag - 0.) This discontinuous

limiting behavior indicates the need for a chang¢opology The crucial step.is to identify

a new topology which regularizesuch that it converges uniformly. This leads toeav

contextual topology associated with novel propentiet defined...under the original topology,

and which is associated with ontological element® awot found at the level of the
fundamental...theory. (2004, 5, italics added)

“Identifying a new topology which regularizes” [mecisely what applications involving
Clifford algebra succeed in doing, where functieaahlytic techniques fail, as | shall show in the
ensuing sections. Batterman focusesumttionalanalytic techniquet look for singular asymptotic
expansions in theupersedingtheory T' to bring it into a complex interplay with aspecit the
supersededheoryT (i.e., the behavior o’ at, but notin the limit)}** By contrast, (Clifford)

144 Although, as perhaps suggested by my use of thesptbehavior at the limit,” Batterman (2002) ke
pains in many places to clarify that the supersehedryT is ‘contained in’ the superseding thedry, just not
in a way in which the structures @f can be straightforwardly derived in any D-N sckem(Hence the
philosophical novelty of asymptotic explanations.):

How different asymptotic reasoning is from the uwsuaderstanding of how solutions to equations are
to be gotten...asymptotic analysis of singular lingtiintertheoretic relations typically yield new
structures that are not solutions to the fundanemaverning equations...So ‘predictable from
fundamental theory' is somewhat ambiguous. Indhe sense, the solutiomse contained in the
fundamental...equations. This is the sense in which asymptotic analysiabtes one to find
mathematical representations of these solutionsn tl@@ other hand, the understanding of these
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algebraic expansion/contraction techniques or endihgd expand out off / (characterized
algebraically) into a fully regularized versidd~ characterized by a Clifford algebr&onverselyT’
" is fully regular in the sense thtitn, - T* =T’ for any algebraic contraction parameter or structure
constant/.

| summarize some of the more technical detaihénensuing sections. In closing, however,
one can think of the expansion froff to T'" and conversely the contractidim , , T*=T' as
paradigmatic of intertheoretic reduction, insofartlae reduction here is understandthodologically.
As | will argue below, as well as in other chapt¢he algebraic regularization program can play an
instrumental role and represent ontological emergen sharper relief, precisely by clearing away in

its formalism much epistemologically emergent ubdesh.

Section 4: Summary of Algebraic Contraction and Expansion aplidd to the Simple Case of

Special Relativity

In this section | provide a conceptual summary awerview notion of algebraic contraction
and expansion, which | shall cover in greater dl@tathe subsequent chapter, as applied in theleimp
example of Galilean versus Special Relativity. femther details, see Inonu and Wigner (1952)is It
important to keep in mind here that none of theshriques yet involve the specific applications of
Clifford algebra per se, however in the subseqabapter | provide arguments why such structures
should be chosen as a basis for characterizingntme complex phenomena that Batterman (2004)
discusses and | answer to. The objective in thisien is simply to convey the essential conceptual
notions at work in the procedure of expansion aodtraction. For more precise and explicit
definitions of group, algebras, and other algebstisctures, see Appendices A.1 and A.2.

Expansiondenotes the process extending out from algebhaichbracterizedT' to T'* |,

denoted: T' ' - T'*, where A is fundamental parameter characterizing the afiebexpansion

Finkelstein (2002) 4-8). The inverse procedulim T*=T' is contraction. The question
p 1.0 q

becomes: Whicil'* should one choose to guarantee a regular limiérfigiA in the greatest possible
generality? Consider the case of Galilean andi8pRelativity. One can characterize both theories
in terms of theirelativity groups, i.e., the group of all dynamical symmaetrién the case of Galilean
relativity, T' = GAL, or the Galilean group. Such a group consistallolynamical transformations

invariant under the Galilean transformatiomsft) = F(t)-vt,t'=t. Similarly, let T* = LOR, the

mathematical representations requires referenst&ruotures foreign to the fundamental theory. hia t
sense, they arenpredictable from fundamental theo2002, 96) It is fruitful [therefore] to think of
emergence in terms of pairs of theories and theimtionships ...After all, the very notion of
predictability and explainability are theory-releti These epistemic notions depend on metaphysical
or ontological relations between theories—relatitimst require a sufficient mathematization of the
theories in order to be seen. (2002, 128)
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Lorentz group, or the group of all dynamical tramsfations invariant under the Lorentz

—V?j, where: y:(l—vzz)_%. Group expansion and

transformations: r'(t) = y(F - vt),t' = ;{t

contraction is formally depicted b@AL[F - LOR andlim ., LOR=GAL.

Prima facieit appears as though all that has been done ss farreformulate the most banal
example of intertheoretic reduction into group tletic language. However as Inonou and Wigner
(1953) and Segal (1951) demonstrated, the metholgegbraic expansion/contraction reveals
subtleties that are concealed in the typical fmeti-analytical approach to taking limits. For
instance LOR is simplé“° while GAL isn’t. The infinitesimal transformations spanimdthe tangent
spaces of Minkowski and Galilean spacetime andribest in terms of Lie algebra3sLOR dGAL
reveal thatlLORIis stableanddGAL s unstable. That is to sail.ORis less sensitive to perturbations
of values of its infinitesimal contraction parantés® and structure constarif§. Last of all, the
Lorentz transformations are fully reciprocal in 8ense that the couplings between space and tene ar

fully reciprocal: the rule for transformingexplicitly containst : 7'(t) = ){F —vt) and vice versa for

2

transformations ot: t’(r): V(t_v[ifj . Denote this reciprocity by the shorthand esggi@n:
c

I - gt. The Galilean transformations, on the other hamd not fully reciprocal: The rule for
transforming r explicitly containst : F'(t)=(F -vt) but not conversely in the case of time
transformationst’ =t. Denote this ‘one-way coupling’ by the shorthaxgressiont -, t.

In summary, one expands into an algebraic straotirose relativity group is simple, whose
Lie algebra depicting its infinitesimal transformoas is stable, which in turn entails greater
reciprocity, i.e., “reciprocal couplings in the ¢mg...reactions for every action.” (Finkelstein,
2002,10). Algebraic expansion and contractiondspéed by Baugh, et. al. (2003) and Finkelstein
(2002, 2003, 2004a) as a general methodology afbatgc expansion, guided by the criteria of
simplicity, stability, and reciprocity as motivatéy what is described in Baugh et. al. as $egal
Doctrine

Segal proposed that groups of a physical theoryldhbe stable...[tlhe Segal Doctrine

suggests that any compound physical theory is arawiion of a more stable, more

accurate...theory which we call gxpansion(2003, 1268)

Section 5 Concluding Remarks

145 e., contains no non-trivial proper invariant gudups. For further details, see Appendix A.1
148 Eor further details, see Appendix A.1
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| have critically surveyed Batterman’'s (2002, 2pQ®tions of asymptotic analysis and
explanation, vis-a-vis notions of emergence, extlian, and intertheoretic reduction. | have argued
that Batterman and some of his respondents appeantlate a theory's mathematical content with its
ontological content. | have suggested in resptmsieonce these notions are kept separate, ingance
of ontological emergence can be rendered morelglspecified by theories whose mathematical
content is devoid of such instances of epistenyieaiiergent singular behavior.

I have introduced the method of algebraic expanamhcontraction as a alternative framework to
singular behavior often encountered in the asymptatalysis of theories characterized by standard
analytic-functional approaches, such as, for irtathe general theory of partial differential etipra
as discussed by Belot (2003). The method of expaft®ntraction of algebraic structures provides a
regular (or singularity-free) alternative to starttiasymptotic analysis’, inasmuch as it is possiol
expand to algebraic structures exhibiting simpfi@nd stability in their relativity groups and Lie
algebras, then a regular limit in the inverse psscef contraction is guaranteed. In the ensuing
chapter | will focus on geometric aspects of Chiff@algebraic methods of expansion and contraction,
which exhibit even more robust features of rega&dion. This presents a compelling instance of
what Bishop was referring to as ‘another theoréticpology’ guaranteeing regular limits when the
previous scheme failed and produced a singularity.

One can appreciate Batterman'’s ideas involvingctimaplex interplay of the structures inherent in
the superseded and superseding theories in thelairgases. But the price one appears to paye asid
from the dangers of inadvertently placing undue lemsgs on fundamentally non-physical notions of
infinities in the singular limit, also include tlseparation of explanation from reduction: Redurctio
fails in singular cases, yet Batterman still wishespreserve a sense of value in the asymptotic
‘explanation’ here.

Rather than rest content with such a predicamemrgue here and in the following chapter that we
could select the route of algebraic expansion/eatitin, to the extent that this is possitiiewhich
bespeaks of an impetus that is quite common fotyhieal physicist. This impetus can be understood
as a general dissatisfaction with any singulanityaeintered for the simple reason that a singutait li
tells us that our theory has failed in a certaimem.

So rather than provisionally set up a delicate apndhplex admixture of infinities and
patchwork ontologies in the superseding and sugedséheories as Batterman seems to advocate, one
could instead look for more powerful methods ofulagzation which would inevitably involve
theories, as briefly described above, with greatgebraic and topological structure. Among other
things, this latter course of action calls into sfien the presumed distinction of explanation versu

reduction in the cases. Furthermore, in the chs¢gebraic expansion and contraction one would be

1471 will discuss the limits of such an approach irager detail in the ensuing chapter.
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hard pressed to claim that this approach suffeys fthe shortcomings of misrepresentative over-

simplification that the traditional Nagelian schenpgove themselves to be.
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Chapter 3: The Case of Droplet Formation: How to Rejoin

Epistemically Fundamental with Ontologically Fundanental Theories

Section 1: A Tale of Two Opposing Aims

Robert Batterman (2005) distinguishes between ‘logically fundamental” and
“epistemically fundamental’ theories. The aim ofrher is to “get the metaphysical nature of the
systems right,” (19) often at the expense of beexgplanatorily inadequate. Fundamentally
explanatory issues involving the universal dynaehavior of critical phenomeri& for instance,
cannot be accounted for by the ontologically fundatal theory. The explanatory aim of
epistemologically fundamental theories, on the oki@nd, is an account for such universal behavior a
the expense of suppressing (if not outright misreenting) a physical system’s fundamentally
ontological features.

In the case of critical phenomena such as droptetdtion, even in cases of more fine-grained
resolutions of the scaling similarity solution ftire Navier-Stokes equations (which approximate a
fluid as a continuum), “we must appeal to the narridan similarity solution (resulting from the
singularity) of theidealizedcontinuum Navier-Stokes theory.” (20) In a moeneral sense, though
“nature abhors a singularity...without them one canobaracterize, describe, and explain the
emergence of new universal phenomena at diffeceriés.” (19)

In other words, according to Batterman (2005) wedneéhe ontologically “false” but
epistemically fundamental theory to account for thologically true but epistemically lacking
fundamental theory. “[A] complete understandingdbleast an attempt) of the drop breakup problem
requires essential use of a ‘nonfundamental’ g@stemically fundamental] theory...the continuum
Navier-Stokes theory of fluid dynamics.” (18)

Batterman advocates this necessary coexistenagookinds of fundamental theories can be
viewed as a refinement of his more general themesepted in (2002). As | discussed in chapter 2
above, he argues that in the case of emergent ptesra explanation and reduction part company.
The superseded theofycan still play an essential role. The supersethiegry T/, though ‘deeply
containingT ’ (in some non-reductive sense) cannot adequamtpumt for emergent and critical
phenomena alone, and thus enlisia some essential manner. This produces a ritdxn reduction
and explanation, and one is forced to accommoduat& mixture of differing ontologies characterized

by the respectively superseding and supersededdkedn his later work, Batterman (2005) seems to

1485uch critical phenomena exhibiting universal dyrahproperties include, but are not limited to, repées
including fluids undergoing phase transitions undertain conditions favorable for modeling theithaeior
using Renormalization Group methods, shock-waveaation (phonons), caustic surfaces occurring unde
study in the field of catastrophe optics, quanturaatic phenomena, etc., some of which | reviewedhapter

2 above.
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imply that epistemologically fundamental theoriesve in a similarly necessary capacity in terms of
what he explains the superseded theories do, ioase of emergent phenomena (2062).

| have criticized Batterman’s claims (2002, 2004 chapter 2 above in a two-fold manner:
Batterman confuses a theory's mathematical contéhtits ontological content. This confusion, in
turn, causes him to exaggerate the importancertdinenotions of singularities in the explanatooler
they play in the superseded theory. | argue Heaethere exist methods of regularization in geoimet
algebraic characterizations of microphysical pheemoa which can provide a more reliable
ontological account for what goes on at the miam@lelevel precisely becausehey bypass
singularities that would otherwise occur in morenemtional mathematical techniques not based on

geometric algebraic expansion and contraction.

Subsection 1: Methodological Fundamentalism

| characterize such a notion of ‘fundamental’ agsin algebraic expansion and contraction
techniques as an example ahathodologicafundamentalis;nwhich offers a means of intertheoretic
reduction overcoming the singular cases Battermscudsesn (2002, 2004). In the case of fluid
dynamics, mulitilinear algebras like Clifford alges have been recently applied by Gerik
Scheuermann (2000), and Mann & Rockwood (2003héir twork on computational fluid dynamics
(CED). The authors show that CFD methods, invgviDiifford algebraic techniques, are often
applicable in the same contexts as the Navier-Staleatment —minus the singularities. Such results
imply that methodological fundamentalism can, ia tases Batterman investigates, provisionally sort
out and reconcile epistemically and ontologicallpdamental theories. HengmceBatterman, they
need not act at cross purposes.
Robert Batterman explains the motivation for présgna distinction between ontological
versus epistemically fundamental theories:
| have tried to show that a complete understandargat least an attempt...) of the drop
breakup problem requires essential use of a ‘naldmental’ theory...the continuum Navier
Stokes theory of fluid dynamics...[But] how can a éal®ecause idealized) theory such as
continuum fluid dynamics bessentialfor understanding the behaviors of systems that fa
completely to exhibit the principal feature of tide¢alized theory? Such systems [after all] are
discrete in nature and not continuous.think the term ‘fundamental theory’ is
ambiguous.[An ontologically fundamental theory]...gets the np#tgsical nature of the
system right. On the other hand...ontologically fundatal theories are often explanatorily

inadequate. Certain explanatory questions...aboutetnergence and reproducibility of

149 Recall my mentioning in n. 99 above the distinttibetween superseded and superseding versus
epistemically and ontologically fundamental typésheories.
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patterns of behavior cannot be answered by thdagitally fundamental theory. | think that
this shows...there is an epistemological notion ohdfamental theory that fails to coincide
with the ontological notion. (2005, 18-19, italedded)

On the other hand, epistemically fundamental tle=sodaim at a more comprehensive explanatory
account, often, however, at the price of introdg@ssential singularities. For example, in thesazs
‘universal classes’ of behavior of fluid-dynamicahenomena exhibiting patterns like droplet
formation:
Explanation of [such] universal patterns of behavemuire means for eliminating details that
ontologically distinguish the different systems ing the same behaviorSuch means are
often provided by a blow-up or singularity in thgistemically more fundamental theory that is

related to the ontologically fundamental theorysioyne limit.(ibid., italics added)

Obviously, any theory relying on a continuous ogg**° harbors the possibility of exhibiting
singular behavior, depending on its domain of aapibn™® In the case of droplet-formation, for
example, the (renormalized) solutions to the caomtus Navier-Stokes Equations (NSE) exhibit
singular behavior. These singularities play amresally explanatory role insofar as such solutions
the singular limit exhibit ‘self-similar,’ or univeal behaviot>®> Only one parameter essentially
governs the behavior of solutions to the NSEs hsa singular limit. Specifically, only the flugl’
thicknesgparameter (neck radiug governs the shape of the fluid near break2djn the asymptotic

solution to the NSE (2004, 15):

150 Recall in chapter 2 above, | am borrowing fromHBjs's (2002) usage, in which he distinguishes the
ontology i.e. the primitive entities stipulated by a plogdi theory, from itstopology or structure of its
mathematical formalism.

151 This is of course due to the rich structure oftowmous sets themselves admitting such effectssier, for
example, the paradigmatic exampiél(-c0, ) ) given by the rule:f(x) = /.. This obviously produces an
essential singularity at= 0.

152 «Batterman suggests that the similarities in bérayi.e., the universality] may be explained as a
consequence of the fact that the differences ilizegin at the physical level are irrelevant te tiigher-order
behavior, in the same way that the differences éetwdiverse systems underlying phase transitioas ar
irrelevant to the behavior near the critical tenapae.” (Strevens 2002, 655)

153 For fluids of low viscosities see Batterman (2Q0%).2, p.16.
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Figure 3.1 Representation of the parameters governing drogtetmation)
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where:f(t) is a continuous (dimensionless) function expresshe time-dependence of the solution
(t'=t- tois the measured time after droplet breatgip

a 8 are phenomenological constants to be determidésla Haenkel functioft’

One could understand the epistemically and ontoddlyi fundamental theories as playing
analogous roles to Batterman’s (2002, 2003, 2004vipusly characterized superseded and
superseding theoried and T/, respectively). Analogous to the case of the mgued theory, the
epistemically fundamental theory offers crucial lex@tory insight, at the expense of
mischaracterizing the underlying ontology of theepdmena under study. Whereas, on the other
hand, analogous to the case of the supersedingytfiéothe ontologically fundamental theory gives a
more representative metaphysical characterizasibthe expense of losing its explanatory efficacy.

For instance, in the case of the breaking watepldtpthe ontologically fundamental theory would
be the molecular-discrete one. But aside fromtmadimitations posed by the sheer intractabibfy
the computational complexity of such a quantitaeeount, the discrete-molecular theory, precisely
becauseit lacks the singular-asymptotic aspect, canngiidethe (relatively) universal character
presented in the asymptotic limit of the (renormedi) solutions to the NSE.

However, | argue here that there are theoreticatadterizations whose formalisms can regularize
or remove singularities from some of the fluid-dyneal behavior in a sufficiently abstract and
general manner, as to call into question the praslyressential distinctions between epistemological

and ontological fundamentalism. | call such forrapproaches “methodologically fundamentaf,”

154 |.e. belonging to a class of orthonormal spediaictions often appearing in solutions to PDEs dieisty
dynamics of boundary-value problems.
155 Recall my specification mentioned in n. 5 above.
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because of thegeneral strategy such approaches introduce, in terms fdrin§ a regularizing
procedure. Adopting such methodologically fundataleprocedures, whenever it is possible to do
so0!®® suggests that Batterman’s distinctions may nadiffierent theoreticakinds but function at best
as differentaspectsof a unified methodological strategy. This cafifo question the explanatory

pluralism Batterman appears to be advocating.
Subsection 2: Belot’s Critiques Revisited

Recall from chapter 2 above that Gordon Belot's OO0 criticism consists of a more
mathematically rigorous rendition of the supersgdimeoryT ' presumably eliminating the necessity
of having to resort simultaneously to the superdedieeory T to characterize some critical
phenomenon (or class of phenome®a) Like Belot, | also claim that geometric algebrachniques
abound which can regularize the singularities appgan formalisms ofT (or T'). Conversely,
when representing such critical phenoménaingularities can occur i (or T') when the latter are
characterized by the more typically standard fibleloretic or phase space methods alone.

However, the mathematical content of the techniduegestigate differs significantly from those
discussed by Belot (2003), who characterizésising the more general and abstract theory ofgbart
differential equations on differentiable manifolddde demonstrates that in principle, all of the
necessary features of critical phenom@naan be so depicted by the mathematical formali$m o
superseding theor]'/’ alone (2003, 23). Because the manifold strugsioentinuous, this can admit
the possibility of depicting such critical phenoraeh through complex and asymptotic singular
behavior. In other words, Belotn®t fundamentally questioning the underlying theosdtiopologies
typically associated witff andT'.*®" Instead, he is questioning the need to bringhtreedifferent
ontologiesof the superseded and superseding theories tog&thedequately account fdr. Belot is
questioning the presumedntological pluralism that Batterman advanced in his notion aof
‘asymptotic explanation’.

Batterman responds:

| suspect that one intuition behind Belot's ...objeatis...| [appear to be] saying that for
genuine explanation we need [to] appesdentiallyto an idealization [i.e., the ontology of the
superseded theofly] ...In speaking of this idealization as esserfbalexplanation, they take
me to be reifying T's ontology].. It is this last claim only that | rejectl believe that in many

instances our explanatory physical practice demédnaswe appeal essentially to (infinite)

156 The generality of the methods dot imply that they are a panacea, riddiagy theory’s formalism of
singularities.
17| e., differential equations on phase space, cheniaable through the theory of differential mati.
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idealizations. But | don't believe that this inves the reification of the idealized structures.”
(2003, 7)

It is, of course, precisely the latter claim “teg appeal essentially to (infinite) idealizatiornisat
| take issue with here, according to what the raxgedtion procedures indicate. Batterman, however
cryptically and subsequently remarks that: “In anguthat an account that appeals to the mathenhatica
idealization is superior to a theory that does imvbke the idealizations, | am not reifying the
mathematics...I am claiming that the ‘fundamental’otfyethat fails to take seriously the idealized
[asymptotic] ‘boundary’ is less explanatorily adatgi” (8) In short, it seems that in his overanghi
emphasis in what he considers to be novel accoohtscientific explanation (namely, of the
asymptotic variety) he ofteblurs the distinctions, andhifts emphasibetween a theory's ontology
and its topology. It is precisely this sort of eqeation, as | discussed in chapter 2 above,dhases
him to inadvertently uphold mathematical notiorie Ii‘infinite idealizations” as acting like some
explanatory standard. To put it another way, siiices safe to assume that the actual critical
phenomena Batterman discusses are ultimately mystimpliy finite, preciselynow can one ‘appeal
essentially to (infinite) idealizationsiithoutinadvertently ‘reifying the mathematics?’

I, on the other handgyace Belot (2003) and Batterman (2002-2005) presenalegmnative to the
mathematical formalisms that both authors appeal wbich rely so centrally on continuous
topological structure§?® | show how discretely graded, and ultimatelytériimensional multi-linear
geometric (Clifford) algebras can provide accountssome of thesamecritical phenomena in a

regularizableor a singularity-free fashion.

Subsection 3: Disclaimer Concerning the General Agjgability of Clifford Algebra in

Characterizing Critical Phenomena

Prior to describing the specific details of howitgplement the strategy in the case of critical
phenomena exhibited in fluid dynamics, however,akenthe following disclaimer: | am definitely
not arguing that the discrete, graded, multilinearff@id-algebraic methods share such a degree of
universal applicability that they shouklipplantthe continuous, phase-space, infinite-dimensional
differentiable manifold structure constituting tigeneral formalism of the theory of differential
equations, whether ordinary or partial. Nor dmVeto make a general claim here in this chapter, but

merely offer a counterexample for the case of thecal phenomenon of breaking droplets that

158 Of course, in the case of Batterman, continuougssires comprise as well tbatologyof the epistemically
fundamental theory: Navier-Stokes treats fluidscastinua. In the case of Belot, the theory of iphrt
differential equations he presents relies fundaatlsnbn continuous, differentiable manifolds, claeasizing
the “formal ontology” of the theory of fluid mechas (to use Rohrlich’s notions, as discussed irabh@ve).
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Batterman (2005) analyzes. Research in geomdgében is ongoing and burgeoning, both in the
fields of fundamental as well as in applied physi@&augh et. al. (2003), Baylis (1995), Bolinder
(1987), Conte (1993-2000), Finkelstein (1999-200&gallier (2005), Hestenes (1984, 1986),
Khrenikov (2005), Lansenby, et. al. (2000), Levi&eDannon (2000), Mann et. al. (2003), Nebe
(1999, 2000), Scheuermann (2000), Sloane (2003pd€1997), Van den Nesgf. al. (2005), Vlasov
(2000)). All the authors listed above (who compiisg a miniscule sample of the enormous body of
literature on the subject of applications of ClitfcAlgebra in physics and engineering) either dbscr
the mathematical formalism as especially appealiog, to its providing a ‘unifying language’ in the
field of mathematical physit¥, or apply the formalism in key instances to matme interpretative
point in the foundations of quantum theory, no evatiow specifit® or generaf®*

Certainly the empirical content of a specific pevhl domaindetermines which is the ‘best’
mathematical structure to implement in any theorymathematical physics. By and large, such
criteria are often determined essentially by pcattimitations of computational complexity.

No danger of the aforementioned sort of equivocatiat Batterman seems to commit, as | have
argued above, is encountered so long as one cafulbadistinguish the epistemological, ontological
and methodological issues vis-a-vis our choice a@th@matical formalism(s) (i.e. distinguishing
aspectss,©, . as discussed in chapter 1 above). If the chsiggimarily motivated by practical
issues of computational facility, we can hopefulggist the temptation to reify our mathematical
maneuvering, which would confuse the ‘approximatéh the ‘fundamental’— let alone confusing
ontological, epistemological, and methodologisahsesof the latter notiori®® Even Batterman
admits that “nature abhors singularities.” (2008) 2So, | argue, should we. The entire paradigm
behind regularization procedures is driven by tbgom that a singularity, far from being an “infiai
idealization we must appeal to” (Batterman 2003,i§)a signal that the underlying formalism of
theory is the pathological cause, resulting in tieory’s failure to provide reliable information in
certain critical cases.

Far from conceding to some class of “asymptoticagtions,” lending a picture of the world of
critical phenomena as somehow carved at the jaihtasymptotic singularities, we must instead

search for regularizable procedures. This is petgiwhy such an approach is methodologically

19E g., Finkelstein, Hestenes, Lasenby

10 E g., Conte, Hogreve, Snygg

181 E g., Hiley, Khrenikov, Vlasov

1521 am, of coursenot saying that there does not exist any connectioatsaiever between a theory's
computational efficacy and its ability to represeattain fundamentally ontological features of pfirenomena
of interest. Whatthat connection ultimateli (whether empirical, or some complex and indiregidal blend
thereof) | remain an agnostic. | do not take siaifyl as evidence of a high degree of verisimilguih a
manner similar to van Fraassen’'s (1980) “agnostitisoncerning the correct evidential consequendea o
theory and its “truth.”
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fundamental: regularization implies some (weak)rfaof intertheoretic reduction, as | shall argue

below.

Section 2: Clifford Algebraic Reqularization Proced: A Brief Overview

Subsection 1: Some Proposed Necessary Conditionsr fa Methodologically Fundamental

Procedure

In this section, | summarize aspects of methoderporating algebraic structures frequently
used in mathematical physics, leading up to antudieg the regularization procedures latent in
applications of Clifford Algebras. Because thistenil involves some technical notions of varying
degrees of specialty, | have provided for the sdt¥d reader an Appendix at the end of this essay
supplying all the necessary definitions and brigflanations thereon.

| review here a few basic techniques involving {edxt algebraicexpansiorandcontraction
Recall the example concerning Special Relativitycdssed in chapter 2, 84 above. The central
maneuvers remain the same, save for the kindggebedic structures employed herein. Consider the
situation in which the superceding thedry is capable of being characterized, in principlg,an

algebral®® Algebraic expansion denotes the process of eiigrulit from algebraically characterized

T' to someT'* (denoted:T' (I - T'*) where/ is some fundamental parameter characterizing the

algebraic expansion. The inverse procedlime; ,T™ =T' is contraction.

The question becomes: how to regularize? In otends, whichT'* should one choose to
guarantee a regular (i.e., non-singular) limitdoy A in the greatest possible generality? Answer:
expanding into an algebraic structure whose refgtigroup, i.e., the group of all its dynamical
symmetries?* is simple implies that the Lie algebra depicting its infasimal transformations is

stable'® This in turn entails greater reciproctfy,i.e., “reciprocal couplings in the theory...reacton

%3 That is to say, a vector space with an associgtivéuct. For further details, see Appendix A.Bbie

184 Recall the discussion in chapter 2, §4 aboventther words, the group of all actions in leavingitfiorm of
dynamical laws invariant (in the active view) oetgroup of all ‘coordinate transformations’ presegvthe
tensor character of the dynamical laws (in thespasview.’) Also, see Defn. A.2.2 in Appendix Ab2low
for a description of simple groups.

185 For a brief description of stable Lie algebras, the discussion following Defn A.2.4, section Adppedix.

1% For example, in the case of the Lorenz group, Wwiscsimple, it is maximally reciprocal in terms it
fundamental parameters andt. That is to say, the form of Lorenz transformasiosimplified in one
dimensional motion along theaxes of the inertial framE andF ) becomex’ = x'(x,f) = y(x — Vt) andt’ =
t'(x,t) = y(t — VX/@) (wherey = (1V?4c?)™?). Hence both spaseand timet couple when transforming between
inertial framesF, F', as their respective transformations involve eattter. On the other hand, the Galilean
group isnot simple, as it contains an invariant subgroup odsh® The Galilean transformations are not
maximally reciprocal, ag = x’(x,t) =x -Vt butt’ =t. xis a cyclic coordinate with respect to transforioati .
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for every action.” (Finkelstein, 2002,10, Baugh, etl., 2003). This is an instance of a
methodologically fundamentadrocedure, which | summarize by the following gehemecessary
conditions:
* Ansatz la: If a procedureP for formulating a theoryT in mathematical physics is
methodologically fundamentalhen there exists some algebraically charactrzgansion

T'* of T's algebraic characterization (denotedby and some expansion parametesuch
that: T'['-~T'*. Then, trivially, T'* is regularizable with respect t& ' since

lim, ,T*=T" is well-defined (via the inverse procedure okdlgic contraction).

« Ansatz Ib: If T'* is an expansion of/, thenT'*s relativity group issimple which results

in astableLie algebradT'*, and whose set of observablesTirt is maximally reciprocal.

The Segal Doctrine (Baugh, et. al. 2003) describay algebraic formalization of a theory
obeying what | depict above, according to Ansatzakh “fundamental.” | insert here the adjective
“methodological,” since such a procedure comprsesethod of regularization (viewed from the
standpoint of the ‘inverse’ procedure of contrattiand so provides a formal, methodological means
of reducing a superseding thedfinto its superseded thedFywhen characterized by algebras.

In the following subsection, | summarize in detadw such a methodologically fundamental
procedure, characterized by the Ansaetze abovebéas developed by Baugh (2003), Finkelstein
(2001-20044a) and Shiri-Garakhani (2004b) as a meadsrive continuous structures, encountered in
general relativity, from this discrete geometrieddebraic basis. Because of the specificity and
technicality of some of the details, the reader mekip this section without loss of any of the
conceptual insights presented in this chapterevertheless present the section below as parteof th
chapter, rather than as a separate section togpherlix below, to illustrate to the interested e¥ad
a concrete fashion some of the successful develogsnoé Clifford algebraic methods in some of the
most daunting areas of theoretical physics invghthre complex interplay between discrete-based and
continuum-based theories as constitutive of quantopology. Such applications in my opinion
reinforce the claims made by numerous researclegarding the promise of such method, in its
specifically robust regularizability which preseitiself as a viable alternative to the more common

continuum-based methods typically constitutiveielif theory (whether quantum or classical).

Subsection 2: Deriving a Continuous Space-Time FiglTheory as an Asymptotic Approximation
of a Finite Dimensional Clifford Algebraic Characterization of Spatiotemporal Quantum

Topology.

Thus, when transforming between framegouples with respect tobut not vice versa. Recall discussion in
chapter 2, 84 above.
157 Of which renormalization group methods are thetmosorious, as | explain in Kallfelz 2005a.
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Baugh, et. al. (2003), Finkelstein (1996, 2001,4200) presents a unification of field theories
(quantum and classical) and space-time theory basethmentally orfinite dimensional Clifford
algebraic structures. The regularization proceddwadamentally involves group-theoretic
simplification. The choice of the Clifford algebfais motivated by two fundamental reasons:

1. The typically abstract (adjoint-based) algebrai@rahbterizations of quantum dynamics
(whetherC*, Heisenberg, etc.) represents how actions cacob&bined (in series, parallel,
or reversed) but omits space-time fine structfiteOn the other hand, a Clifford algebra can
express a quantum space-time. (2001, 5)

2. Clifford statistic3’® for chronons adequately expresses the distingpilitiyaof events as

well as the existence of half-integer spin. (2001,

The first reason entails that the prime variablenegt the space-time field, as Einstein
stipulated, but rather the dynamical law. Thatoisay, “the dynamical law [is] the only dependent
variable, on which all others depend.” (2001, 6)e Tatomic” quantum dynamical unit (represented

by a generatoy” of a Clifford algebra) is thehronon ), with the closest classical analogue being the

tangent or cotangent vector (forming an 8-dimeraiomanifold) andnot the space-time point
(forming a 4-dimensional manifold).

Applying Clifford statistics to dynamics is achieveia the (category) functars ENDO, SQ
which map the mode spdée X of the chronony, to its operator algebra (the algebra of
endomorphism$® A on X) and to its spinor spacB (the statistical composite of all chronons
transpiring in some experimental region.) (2001). 10’he action of ENDO, SQ producing the
Clifford algebraCLIFF, representing the global dynamics of the chronmsemble is depicted in the

following commutative diagram:

1%8 The associated multiplicative groups embeddediiffo@ algebras obey the simplicity criterion (Aatg Ib,
subsection 1 above). Hence Clifford algebras (@ongetric algebras) remain an attractive candidate f
algebraicizing any theory in mathematical physass(@ming the Clifford product and sum can be apjaigpy
operationally interpreted in the theofy. For definitions and further discussion theresage Defn A.2.5,
Appendix A.2.
1% The space-time structure must are supplied bidalsstructures, prior to the definition of thendynical
algebra. (2001, 5)
170 e., the simplest statistics supporting a 2-véltgpresentation of \Sthe symmetry group on N objects.
171 See Defn. A.1.2, Appendix A.1
172 The mode space is a kinematic notion, descrilfiegset of all possible modes for a chroperhe way a
state space describe the set of all possible dtatesstatep in ordinary quantum mechanics.
173 | e, the set of surjective (onto) algebraic smtetpreserving maps (those preserving the actiothef
algebraic ‘product’ or ‘sum’ between two algebfgsA’). In other wordsp is an endomorphism o, i.e. ®:
X o X iff: O x,yd X: d(x+y) = d(X)+ D(y), where + is vector addition. FurthermabéX) =X: i.e. for anyz [
X: Ox O X such thatd(x) =y. For a more general discussion on the abstrgetbehic notions, see A.2,
Appendix.
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ENDO
X » A=ENDOK)

Fig. 3.2: Commutative diagram representing the actin of deriving a statistics of quantum

spacetime based on Clifford algebra

Analogous to H.S. Green’'s (2000) embedding of efiswme geometry into a paraferminionic
algebra of qubits, Finkelstein shows that a Cldfetatistical ensemble of chronons can factor as a
Maxwell-Boltzmann ensemble of Clifford subalgebrasthis in turn becomes a Bose-Einstein
aggregate in thé&l — o limit (where N is the number of factors). This Bose-Einsteinraggte
condenses into an 8-dimensional maniftd which is isomorphic to the tangent bundle of space-
time. Moreover,M is a Clifford manifold i.e. a manifold provided with a Clifford ring:
C(M)=CO(M)D Cl(M)D ...OCy (M) (where: Co(M), Ci(M),...,.Cn(M) represent the scalars,

vectors, ... N-vectors on the manifold). For any tangent vecypg, J/(X) on (Lie algebraM) then:
V9 - Y(x) =g"(x)

where:- is the scalar product. (2004a, 43) Hence the spaeemanifold is a singular limit of the
Clifford algebra representing the global dynamitstwonons in an experimental region.

Observable consequences of the theory are digtusshe model of the oscillator (2004c).
Since the dynamical oscillator undergirds muchhef ramework of contemporary quantum theory,
especially quantum field theory, the (generalizemipdel oscillator constructed via group
simplification and regularization is isomorphic #odipole rotator in the orthogonal group ©)6
(where:N =I(l + 1) >> 1). In other words, fanite quantum mechanical oscillator results, bypassing
the ultraviolet and infrared divergences that odouthe case of the standard (infinite dimensional)
oscillator applied to quantum field theory. Ing®aof these divergences are “soft” and “hard” cases
respectively representing maximum potential enenggble to excite one quantum of momentum, and
maximum kinetic energy being unable to excite onanjum of position. “These [cases]...resemble
[and] extend the original ones by which Planck ofed a finite thermal distribution of cavity
radiation. Even the O-point energy of a similarggularized field theory will be finite, and can
therefore be physical.” (2004c, 12)

In addition, such potentially observable extremsesanodify high and low energy physics, as
“the simplest regularization leads to interactitvetween the previously uncoupled excitation quanta

of the oscillator...strongly attractive for soft orrlagquanta.” (2004c, 19) Since the oscillator model
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quantizes and unifies time, energy, space, and mionme on the scale of the Planck power{M),

time and energy can be interconvert&d.

Subsection 3: (Some General Remarks) What Makes Milinear Algebraic Expansion

Methodologically Fundamental.

Before turning to the example involving applyingffokd algebraic characterization of critical
phenomena in fluid mechanics, | shall give a fenadl brief recapitulation concerning the reasons why
one should consider such methods described hareet®dologically fundamental. For starters, the
previous two Ansatze that | have proposed (in sttitse 1 above) act as necessary conditions for
what may constitute a methodologically fundameptatedure. Phrasing them in their contrapositive
form (l.a*, 1.b* below) also tell us what formalizan schemes for theories in mathematical physics
cannotbe considered methodologically fundamental:

« Ansatz (la%): If T'* is singularwith respect toT / , in the sense that the behavior f* in
the A - 0 limit doesnot converge to the theofly’ at the A = 0 limit (for any such contraction
parameterd), this entails that the procedulre for formulating a theoryl in mathematical
physics cannot be methodologically fundamentaland is thereforemethodologically
approximate.

* Ansatz (Ib*): If the relativity group of T'* is not simple, its Lie algebra is subsequently
unstable. Thereforg'* cannotact as an effective algebraic expansioffofn the sense of

guaranteeing that the inverse contraction procedunen-singular.

Certainly Ansatz la* is just a re-statement (inedblgaic terms) of Batterman’s more general
discussion (2002) of critical phenomena, evincimdpis case-studies a singularity or inability fbe t
superseding theory to reduce to the supersededythddowever this need not entail that we must
preserve a notion of ‘asymptotic explanations, Badéterman would invite us to do, which would
somehow inextricably involve the superseded andstiperseding theories. Instead, as Ansatz |.a*

states, this simply tells us that the mathemascakeme of the respective theory (or theoriesjois

" 1n such extreme cases, equipartition and Heisgnharcertainty is violated. The uncertainty
relation for the soft and hard oscillators readpeztively:

h? 7
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methodologically fundamental, so we have a sigoaléarch for methodologically fundamental
procedures in the particular problem-domain, if/tagist!’

Ansatz |.b* gives us further insight into criteffidtering out methodologically fundamental
procedures. Finkelstein, et. al. (2001) demorestiztall field theories exhibit, at root, an underlying
fiber-bundle topolog}/® and cannothave any relativity groups that are simple. Téisludes a vast
class of mathematical formalisna!-field theoretic formalisms, whether classical aagtum.

However, as informally discussed in the precediagtisn, if any class of mathematical
formalisms is methodologically approximate, thisukb not in itself entail that the computational
efficacy or empirical adequacy of any thedrgonstituted by such a class is somehow diminishiéd.

a formalism is found to be methodologically appnoaie, this should simply act as a caveat against
laying excessive emphasis on the theory's ontologyil such a theory can be characterized by a
methodologically fundamental procedure.

A methodologically fundamental strategy does mohant simply remove undesirable
singularities. As discussed above in subsectiorthi, finite number of degrees of freedom
(represented by the maximum gradeof the particular Clifford algebra) positively arins certain
ontologically fundamental notions regarding our apétysical intuitions concerning the ultimately
discrete characteristics of the entities fundamigntmnstituting the phenomenon of interést. On
the other hand, the regularization techniques h@aze Batterman, epistemically fundamental
consequences that are positive.

In closing, one can ask how likely is it that metbtogically fundamental multilinear algebraic
strategies can be applied to any complex phenoroaedar study, such as critical behavior? The
serious questions deal with practical limitatioh€@mputational complexity: asymptotic methods can
yield simple and elegantly powerful results, whisould undoubtedly otherwise prove far more
laborious to establish by discrete multilinear stuwes, no matter how methodologically fundamental
the latter turn out to be. Nevertheless, the &wgeoning field of computational physics givesans

extra degree of freedom to handle, to a certairrgxthe risk of combinatorial explosion that such

1" In a practical sense, of course, the existengeafedures entail staying within the strict bouddgermined
by what is computationally feasible.
178 e., for Hausdorf (separable) spade®, F, and map: X - B, defined as a bundle projection (with fitker
if there exists a homeomorphism (topologically emmus map) defined on every neighborhaddor any
point bOB such thatp : p(¢<b,f>) =b for anyf OF. Onp™*(U) = {xOX | p(x) O U}, thenp acts as a projection
map onUxF - F. A fiber bundle consists is described ByF , (subject to other topological constraints
(Brendon (2000), 106-107)) wheBeacts as the set base pointgb| b(OB [0 X} and F the associated fibregp
Y(b) = {xOX | p(x) = b} at eachb.
" Recall the discussion of ontological levels in 1.34 above. This is relative, of course, to lneel of scale
we wish to begin, in terms of characterizing theotines’ ontological primitives. For instance, skioone wish
to begin at the level of quarks, the question oktlhr or not their fundamental properties are diecor
continuous becomes a murky issue. Though guant@chamics is often understood as a fundamentally
‘discrete’ theory, the continuum nevertheless appéeaa subtle manner, when considering entangledes)
which are based on particular superpositions afi-fatorizable’ products.
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multilinear algebraic techniques may present, wlaaplied to a given domain of complex
phenomena’® | examine one case below, regarding the utitiradf Clifford algebraic techniques in

computational fluid dynamics (CFD), in modelingtical phenomena.

Section 3: Clifford Algebraic Applications in CFIBn Alternative to Navier-Stokes in the Analysis of

Critical Phenomena.

Gerik Scheuermann (2000), as well as Mann & RockiM@®03), employ Clifford algebras to
develop topological vector field visualizations aifritical phenomena in fluid mechanics.
Visualizations and CFD simulations form a respéetalnd epistemically robust way of characterizing
critical phenomena, down to the nanoscale. (Lenf2084)) “The goal is not theory-based insight as
it is [typically] elaborated in the philosophicékrature about scientific explanation. Rattieg goal
is [for instancelo find stable design-rules that might even beaafft to build a stable nano-devite
(2004, 99, italics added) Simulations offer patdrior intervention, challenging the “receivedteria
for what may count as adequate quantitative uraiedstg.” (ibid.)

Thus, Lenhard’s above remarks appear as a ratf@rgsendorsement for an epistemically
fundamental procedure: The heuristics of CFD-bagkdnomenogical approaches lend a quasi-
empirical character to this kind of reseat¢h.CFD techniques can produce robust characteriztio
of critical phenomena where traditional, ‘[Naviewkes] theory-based insights’ often cannot.
Moreover, aside from their explanatory power, CFBualizations can present more accurate

depictions of what occurs at the microlevel, insaa the numerical and modeling algorithms can

178 To be precise, so long as the algorithms implemgrsguch multilinear algebraic procedures are ‘polg,’

i.e. grow in polynomial complexity, over time.

179 The topic of computer simulations has receive@megphilosophical attention. Eric Winsberg (2003)kes
the case that they enjoy ‘a life of their own’ (1 2&tween the categories of activity such as thadigulation
on the one end, and laboratory experiments ontter.o “[B]y the semiautonomy of a simulation mqdahe
refers to the fact that it starts from theory buok anodifies it with extensive approximations, idegtions,
falsifications, auxiliary information, and the bkhosweat, and tears of much trial and error.” (108)other
words, stated negatively, the simulation cannatidreved in any straightforward algorithmic proceslénom its
‘parent’ theory. Stated positively, simulation igity inevitably involves an essential aspect oflattive
reasoning. Though by the same token, argues Wigstoeconflate computer simulation activity wittasdard
laboratory activity would be to confuse paintingshwnirrors, as being equally representative of dnrposture
(borrowing from Wittgenstein’s analogy used in éigue of Ramsey'’s theory of identity). (116)

If in our analysis of simulation we take it to barethod that essentially begins with an algorithm
antecedently taken to accurately mimic the systequiestion, then the question has been begged as to
whether and how simulations can, and often do, igeous with genuinely new, previously unknown
knowledge about the system being simulated. Itldvba as mysterious as if we could use portraits in
order to learn new facts about the postures obodies in the way that Wittgenstein describesd(jbi

A fuller account of Clifford-algebraic CFD methotsthe light of some of the recent philosophicalrkvon
computer simulations is a topic clearly worthy abther study, above and beyond the scope of tk&yesl
briefly remark on such implications in chapter 4obe
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support a more detailed depiction of dynamical psses occurring on the microlevel. Hence there
appears to be no inherent tension here: Cliffogddalaic CFD procedures are epistemically as well
ontologically fundamentadf® Of course, | claim that what guarantees this meiiation is precisely

the underlyingnethodologically fundamentédature of applying Clifford algebras in these amstes.

Subsection 1: An Overview of Scheuermann’s Results

Scheuermann, Mann & Rockwood are primarily motidat®y the practical aim of achieving
accurately representative (i.e. ontologically fuméatal) CFD models of fluid singularities giving
equally reliable (i.e. epistemically fundamentategictions and visualizations covering all sorts of
states of affairs.

For example, Scheuermann (2000) points out thaidata topological methods in CFD, using
bilinear and piecewise linear interpolation appneaiing solutions to the Navier-Stokes equation, fai
to detect critical points or regions of higher aordiee. order greater than 1). To spell this dbg
following definitions are needed:

Definition 1 (Vector Field): A 2D or 3Dvector fieldis a continuous function

V: M — R"whereM is a manifold® M O R", wheren = 2 or 3 (for the 2Dand 3D cases,

respectively) andR"= Rx.(n times).. xR = {(Xy,..., %| % 0 R,1 < k < n}, i.e. ndimensional

Euclidean space (where= 2 or 3.5%

Definition 2 (Critical points/region): A critical point® x. 0 MO R" or region

U O M O R" for the vector fieldV is one in which{j(x;)|| = 0 or ¥(X)|| = 0

OxO U, respectively®

180 \Which is not to say, of course, that the applaratiof Clifford algebras in CFD contain no inheremtsions.
The trade-off, or tension, however, is giractical nature: that between computational complexity acciirate
representation of microlevel details. Lest thppears as though playing into the hands of Battelsna
epistemically versus ontologically ‘fundamentalstilnctions, it is important to keep in mind thas thade-off is
one of a practical and contingent issue involvirgmputational resources. Indeed, in the ideal ligiit
unconstrained computational power and resources trdde-off disappears: one can model the underlyin
microlevel phenomena to an arbitrary degree of mmyu On the other hand, Batterman seems to herayg
that some philosophically important explanatorytidigion exists between ontological and epistemic
fundamentalism.

181 A manifold (2D or 3D) is a Hausdorff (i.e. simptgnnected) space in which each neighborhood of eaeh
of its points is homeomorphic (topologically contirus) with a region in the plai or spaceR®, respectively.
For more information concerning topological spaseg, Table A.1.1, Appendix A.1.

82| retain the characterization above to indicase tigher-dimensional generalizations are applialdh fact,
one of the chief advantages of the Clifford algabrformulations is their automatic applicability din
generalization to higher-dimensional spaces. iBhig contrast to notions prevalent in vector algein which
some notions, like the case of the cross-produetpaly definable for spaces of maximum dimensionSge
A.2 for further details.

183 For simplicity, as long as no ambiguity appearppiut x in ann —dimensional manifold is depicted in the
same manner as that of a scalar quartityHowever, it's important to keep in mind thain the former case
refers to am —dimensional position vector.

%4 Note: || || is simply the Euclidean norm. In¢hse of a 2D vector field, for exampl¥(},y)|| =
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A higher-order critical point (or family of pointspay signal, for instance, the presence of a saddle
point (or suddle curve) in the case of the vedeldfbeing a gradient field of a scalar potenték) in
R¥"3) j.e.V(x) = OP(X). “Higher-order critical points cannot exist ifepewise linear or bilinear
interpolations. This thesis presents an algorithased on a new theoretical relation between
analytical field description in Clifford Algebra dropology.” (Scheuermann (2000), 1)

The essence of Scheuermann’s approach, of whiskohks out in detail examples R and its
associated Clifford Algebr&L(R?) of maximal gradé = dimR? = 2 consisting of 2= 4 fundamental

generators®® involves constructing i€L(R?) a coordinate-independent differential operatoR?

CL(R?). Here: aV(x)= igk 6V(kx)

k=1

, Where gx the grade-1 generators, or two (non-zero, non-

collinear) vectors which hence spRf and g—vk are the directional derivatives Wfwith respect to
g

g“. For example, ifi*, g?are orthonormal vecto@,éz), then:oV = ({+V)1 + (UOV)i , wherel, andi

are the respective identity and unit pseudoscalaBL(R?). **¢ For example, in the matrix algebra

M2(R), i.e. the algebra of real-valued 2x2 matrices:

e _sac[0 1
“lo 1 - 8%=11 0

Armed with this analytical notion of a coordinated differential operator, as well as adopting
conformal mappings fronR? into the space of Complex numbers (which the lafitem a grade-1
Clifford algebra) Scheuermann develops a topoldgitgorithm obtaining estimates for higher-order
critical points as well as determining more effitieoutines:

We can simplify the structure of the vector fielddasimplify the analysis by the scientist and

engineer...some topological features may be missedfgcewise linear interpolation [i.e., in the

standard approach]. This problem is successfuttgcked by using locally higher-order
polynomial approximations [of the vector field, mgiconformal maps]...[which] are based on the
possible local topological structure of the vedield and the results of analyzing plane vector

fields by Clifford algebra and analysis. (ibid (2007)

Subsection 2: An Overview of Mann and Rockwood’s Rilts

e,y + vyl = [U3(x.y) + V(x,y)]*% whereu andv arex and y are thex,y components of/ , described as
continuous functions, ariglj are orthonormal vectors parallel to thandy axis, respectively.

1% For details concerning these features of Cliffalgebras, see Defn A.2.5 and the brief ensuingudions
in A.2

186 compare this expression with the Clifford produdbDefn A.2.5, A.2
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Mann and Rockwood (2003) show how adopting Cliffalgebras greatly simplifies the procedure
for calculating the index (or order) of criticalipts or curves in a 2D or 3D vector field. Nornyall
(without Clifford algebra) the index is presentedterms of an unwieldy integral formula involving
the necessity of evaluating normal curvature aroardosed contour, as well the differential of an
even more difficult term, known as the Gauss map¢hvacts as the measure of integration. In short,
even obtaining a rough numerical estimate for tdex using standard vector calculus and differéntia
geometry is a computationally costly procedure.

On the other hand, the index formula takes on anfare elegant form when characterized in a
Clifford algebra:

ind(x)= 5 f opo o (V.1)

M

where:n = dimR" (wheren = 2 or 3)
Xc - a critical point, or point in a critical region.
C :a normalization constant.
| : the unit pseudoscalar GL(R").

[ : the exterior (Grassmann) proddftt.

The authors present various relatively straightrdvalgorithms for calculating the index of critica
points using (IV.1) above. “[W]e found the useQiifford algebra to be a straightforward blueprimt
coding the algorithm...the...computations of Geometriliffié@@d] algebra automatically handle some
of the geometric details...simplifying the programmjob.” (ibid., 6)

The most significant geometric details here of rseuinvolve critical surfacesarising in
droplet-formation, which produce singularities e tstandard Navier-Stokes continuum-based theory.
Though Mann and Rockwood (2003) do not handle thélpm of modeling droplet-formation using
Clifford-algebraic CFD per se, they do present dgorthm for the computation of surface
singularities:

To compute a surface singularity, we essentially tr® same idea as for computing curve

singularities...though the test for whether a surfsiogularity passes through the edge [of an

idealized test cube used as the basis of ‘octtesitive algorithm, i.e. the 3D equivalent of a

dichotomization procedure using squares that tidaae] is simpler than in the case of curve

singularities. No outer products are needed—ifpghgected vectors along an edge [of the
cube] change orientation/sign, then there is afdsef singularity in the projected vector field.

(ibid., 4)

187 Eor definitions and brief discussions of thesentersee DefnA.2.5, A.2
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Subsection 3: Assessment of Some Strengths and Slsomings in the Approaches

Shortcomings, however, include the procedure’siiitplbo determine the index for curve and
surface singularities. “Our approach here shoeladdnsidered a first attempt....in finding curve and
surface singularities...[our] heuristics are simpled anore work remains to improve them.” (7)

Nevertheless, what is of interest here is the mday which a Clifford algebraic CFD
algorithm cardetermine the existenad curve and surface singularities, and trackrthmgation inR®
given a vector fieldV: M - R®. The authors demonstrate their results usingouariconstructed
examples. Based on the fact that every elemeatQ@iifford algebra is invertibl&® the authors ran

cases such as determining the line singularitiesdotor fields such as:

V(x,y,z)= (uw‘l).J + 2, (IV.2)

where: u(x, y)= ot

w(x, y)=yx* +y*§

and(é,é,,&,) are the unit orthonormal vectors spanritig
An example like this would prove impossible to domst using standard vector calculus on manifolds,
since the ‘inverse’ or quotient operation is unaedi in the case of ordinary vectors. Hence the ric
geometric and algebraic structure of Clifford algebadmits constructions and cases for fields that
would prove inadmissible using standard approach@se algorithm works also faampledvector
fields. “Regardless of the interpolation methodr method would find the singularities within the
interpolated sampled field.” (ibid., 5)

The Clifford algebraic CFD algorithms developedthg authors yield some of the following

results:

1. A means for determining higher-order singularitieterwise off-limits in standard CFD
topology.

2. A means for locating surface and curve singularifier computed as well as sampled
vector fields. Moreover, in the former case, tineertibility of Clifford elements produces
constructions of vector fields subject to analydes would otherwise prove inadmissible
in standard vector field based formalisms.

3. A far more elegant and computationally efficientame for calculating the indices of

singularities.

188 See A.2, in the discussion following Defn A.2 &; further details.
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Clifford algebraic CFD procedures that would refiMann and Rockwood’s algorithms
(described in 82 in this chapter) by determiningifstance the indices of surface singularitiesyal
as being computationally more efficient, are prygishe cases that will serve as effective response
against Batterman’s claims. For there would eistalisms rivaling, in their expressive power, the
standard Navier-Stokes approach. But such CFDarelserelies exclusively on finite-dimensional
Clifford algebraic techniques, and would not appeathe asymptotic singularities in the standard
Navier-Stokes formulation in any meaningful way.erainly the “first attempt” by Mann and
Rockwood in characterizing surface singularitieansmpressive one, in what appears to be the onset
of a very promising and compelling research program

| have furthermore argued in this section that J0ktiord algebraic CFD algorithms are both
epistemically and ontologically fundamental. li@ns to show how these CFD algorithms are, in

principle, methodologically fundamental. | sketbis in the conclusion.

Section 4: Concluding Remarks

To show how Clifford algebraic CFD algorithms inngiple conform to a methodologically
fundamental procedure, as defined in describet in this essay,
recall the (Category theoretic) commutative diag(&ig. 3.2):
ENDO
X » A=ENDOX)
lSQ l SQ
s T =T L

Fig. 3.2: Commutative diagram representing the actin of deriving a statistics of quantum spacetime

based on Clifford algebra

Now, let X be the mode space of the eigenvectors of onecpkatifluid molecule. Then, the SQ
functor acts orX to produceS; the statistical composite of the fluid’s molezsil The ENDO functor
acts onX to produceA: the algebra of endomorphism (operators) on thderepace, which represents
intervention/transformations of the observablethefmolecule’s observables.

Acting on X either first with SQ and then with ENDO, or vicersa, will produce CL: the
Clifford algebra representing the global dynamidstree fluid’s molecules for some experimental
region. Though the grad¥ of this algebra is obviously vad\l is still finite Hence a Clifford
algebraic characterization of fluid dynamics is,pnnciple, methodologically fundamental for the
same formal reasons as exhibited in the case ofiigthe space-time manifold limit of fundamental
guantum processes as characterized by Cliffordbedgeand Clifford statistics. (Finkelstein (2001,
2004a-c)).

77



Robert Batterman is quite correct. Nature abhorgutarities. So should we. The above
procedure denoted as ‘methodological fundamentalishows us how singularities, at least in
principle, may be avoided. We need not accept sdirergence between explanation and reduction
(Batterman 2002), or between epistemological antblogical fundamentalism (Batterman 2004,
2005).
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Chapter 4: Concluding Remarks

Section 1: Ontological Pluralism Without Methoddlm Pluralism: Is Asymptotic Explanation and

Reduction a Form of Transformation Reduction?

The unifying character of Clifford algebra is arstamce of characterizing a theory with a
mathematical formalism that strengthens its metlogcal unity: Both internally-by unifying
geometric content, and externally, via increasitsgimtra-theoretic systematic connections via the
Methodologically Fundamental (ch 3) procedure att@rézed by algebraic expansion and contraction.
However, this does not come at the expense of dihiing ontological pluralism. So we have an
instance of a mathematical system that extends@adgthens Rorhlich’s framework, and conversely

deflates the claims of Batterman and others whoeale a methodological pluralism.

| have subjected Batterman’s work to a rigorousgere: both in an external sense (chapter 1
above) where | pointed out in several stages hatw Rohrlich’s systematic program of reduction and
explanation can go a long way to make up for dsfim@ Batterman’s work, and conversely how
Batterman’s schemas could be characterized anahstacted in Rohrlich’s framework. This set the
stage for my internal critique (chapters 2 andn3)hich I introduced aspects of geometric algelyra b
way of counterexample to Batterman’s singular s@heilaxpressed in Rohrlich’s terms, | presented a
mathematical formalisra/(* (the Clifford) such that for theorieg, T': limy_o M(T"Y £ =M(T ) for
the non-Clifford formalism or mathematical aspedt , however: lin3_o MHT!')y =M*(T ). This
further adds the required ‘symmetry’ to seat Batr's schema in the inter-theoretic reduction
framework of Rohrlich, as mentioned in chapter3.28

However one can stretch the association betwe#isrBaan and Rohrlich too far, and certainly
I do not wish to gloss over the philosophical mefitBatterman’s case studies into diverse critical
phenomena with its association of the mathemayigatticate amalgamation of techniques, whether
in the case of modeling supersonic shocks vis-&awislinear Navier-Stokes CFD procedure, caustic
surfaces vis-a-vis catastrophe optics, Gutzwsiarring vis-a-vis quantum chaos, etc.

Hence | submit the claim here that even in thenetteat all the aforementioned domains will
be eventually replaced with a Clifford algebrai@ettterization in the futurd} Robert Batterman’s
work represents a noteworthy instance afaasformation reductio{TR) (Jeffrey Ramsey (1995)).
Ramsey describes TRs as a speciegedfuction by constructianthey share similarities with
traditionally philosophical notions insofar as: aging fewer explanatory factors, b.) containing on

structure within another. Dissimilarities howevsezlude:

189 Recall | only constructed a sketch of one concoetienterexample, in Chapter 3 above involving debpl
formation.
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1. Reduction usually doesn’t take place betwimories

[Plrosaically [in TR] one theory is ‘shrink-wrappesb as to make in applicable to a particular
range of phenomena. [However] liberalizing theiorobf ‘theory’ to that of ‘theoretical structure’
and thus includ[ing] laws and models, then therditie if any difficulty with the claim of

containment. (Ramsey (1995), 7-8)

2. In TR models are usually ‘desorbed’ rather tharstabed’ into their underlying theories. In
other words, thouglgenerallysatisfying the relation of containment, structuwhracteristics
seem to range from consolidation to eliminatiorvafiables, as well as from the construction
of concepts and functional relations. (8)

3. TRs are aliscovery-orientednot a justification-oriented, enterprise. Théw & provide new
testable consequences from theories with calcuati@nd analytical structures that are
insolvable as they stand: “One has to go in andcknaround’ with the calculational or

analytical structure to produce a claim that candrapared to existing phenomena.” (12)

Hence given these brief remarks above, one cowjdeathat the asymptotic mathematical
techniques satisfy the aboviea (justificatory) reduction has already taken plac terms of
Clifford-algebraic characterization. As mentioriacchapter 3, the fact that multilinear algebraic
methods abound obviously does not eliminate theevaf non-Clifford asymptotic methods. To
name one instance: in the case of critical phenanfembulent cell formation) even if Clifford
CFD procedures could model such behavior in thespeiated singularity-free manner, Batterman
still presents a case for the legitimacy of adaptocontinuum-asymptotic methods for their
heuristic valuein depicting universal behavior. To name anothemngple: though Clifford-
algebraic characterizations of quantum theory abbpsemi-classical approaches still have their
heuristic value insofar as physicists have analdgepresentations of the surfaces of the Wigner
function serving a useful discovery role akin tonglierg’s (2003) study of computer simulations.

Moreover, if Ramsey is correct in his assessmeat ihter-theoretic reduction should be
conceived of as a spectrum spanned by the extrefmegical/semantic on one end (Nagel) and
constructive-transformational (TR) on the otheernttRohrlich’s (like Nickels) schema would sit
squarely in the center, sharing a constructive adftar based on structuralist underpinnings (as
discussed in chapter 1) as well as justificaticatifees based on its domain-preserving aspect as

applied to mature theories.

Section 2: Ramifications for Future Research
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Clearly, |1 have only scratched the surface hereninstudy. For starters, | suggest three
avenues below:

1. Further empirical-analytical work in applying gedne algebraic techniques to the case
studies that Batterman investigates.

2. Adopting Burgess’s (1992) suggestion (mentioneth@Foreword to expand on a study of
the application of mathematical formalisms in a rapprochementlalogophy of science and
mathematics. | hope | have presented the casethatreClifford algebras, in their robust
regularizability and generality, are an ideal cdatk as a subject for such a study.

3. Extending some of the claims of contemporary stmadist philosophers of science and
mathematics (Scheibe, Ehler, etc.) to the caseliiod algebraic characterizations of the
theories they they investigat®.

19| began such an exercise in embedding aspectsesfdy(1971) into Category Theory (Kallfelz (26))6
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Appendices

Appendix A.: A Brief Synopsis of the Relevant Aljelstructures

A.1: Category Algebra and Category Theory

As authors like Hestenes (1984, 1986), Snygg (199%9enby, et. al. (2000) promote Clifford
Algebra as a unified mathematical language for jgsyso Adamek (1990), Mikhalev & Pilz (2000)
and many others similarly claim that Category Tldikewise forms a unifying basis for all branches
of mathematics. There are also mathematical pisysitke Robert Geroch (1985) who seem to
bridge these two presumably unifying languages lijding up a mathematical toolchest comprising
most of the salient algebraic and topological $tmes for the workaday mathematical physicist from
a Category-theoretic basis.

A categoryis defined as follows:

» Defn. A1.1:A categoryC =(Q, Mor(Q),) is the ordered triple where:
a.) Q is the class of's objects.
b.) Mor(Q) is the set omorphismsdefined omQ. Graphically, this can be depicted (where
0 Mor(Q), ADQ, BOQ): AIY - B

c.) The elements of Mk(Q) are connected by thproduct - which obeys the law of

composition: ForAOQ, B 0Q, C 0Q: if ¢ is the morphism fromA to B, and if ¢ is a

morphism fromB to C, then ¢ -¢ is a morphism fromA to C, denoted graphically:

A - BoB[I¥- C=AO4T - C. Furthermore:

c.1) -is associative For any morphismg, ¢ , ¢ with product defined in as in c.)
above, then(@o g)op =y (pog)=yopog.

c.2) Every morphism is equipped with a left andghtridentity. That is, if is any
morphism fromA to B, (whereA andB are any two objects) then there exists the (right)
identity morphism onA (denoted/a ) such thaty - /n = ¢. Furthermore, for any
object C, if ¢ is any morphism fromC to A, then there exists the (leftjlentity
morphism onA (/a) such that: /a- ¢ = ¢ . Graphically, the left (or right) identity
morphisms can be depictedlasps.

A simpler way to define a category is in termsao$pecial kind okemigroup(i.e. a setS
closed under an associative product). Since idesitre defined for every object, one can in ppiec

identify each object with its associated (left/tigidentity. That is to say, for any morphigfrirom A
82



to B, with associated left/right identitieg /4, identify: /5 = A, 71 = p . Hence condition c2) above can
be re-stated as cP “For everyg there existX, p) such thatA- ¢ = ¢, andg - p = ¢.” With this
apparent identification, Defnl.1 is coextensivehnthat of a “semigroup with enough identities.
Category theory provides a unique insight into ¢eseral nature, or universal features of the
construction process that practically all matheo#tystems share, in one way or another. Setytheo
can be embedded into category theory, but notwécea. Such basic universal features involved in
the construction of mathematical systems, whiclegaty theory generalizes and systematizes,

include, at base, the following:

Feature Underlying Notion

Objects The collection of primitive, or stipulatedntities of the

mathematical system.

Product How to ‘concatenate and combine,” in a natural neanto
form new objects or entities in the mathematicasteamy
respecting the properties of what are characterlzgdhe

system'’s stipulated objects.

Morphsim How to ‘morph’ from one object to another.

Isomorphism How all such objects, relative to the system, amgeustood to
(structural | be equivalent.

equivalence)

Table A.1.1

For an informal demonstration of how such genesgeats are abstracted from three different

mathematical systems (sets, groups, and topologjieaie¥”), for instance, see Table A.1.2 below.

191 Such systems, of course, are not conceptuallymtisj topological spaces and groups are of couzfiaetl
in terms of sets. The additional element of stirecicomprising the concept of group includes thigonoof a
binary operation (which itself can be defined $etaretically in terms of aapping sharing the algebraic
property of associativity. The structural elemelidtinguishing a topological space is also desdribet-
theoretically by use of notions of ‘open’ sets. rBver, groups and topological spaces can condéptua
overlap as well in the notion of tapological group. So in an obvious sense, set theory remains a denera
classification language for mathematical systemwels However, thexpressive powenf set theory pales in
comparison to that of category theory. To puniitaer way, if category theory and set theory areceived of
as deductive systems (Lewis), it could be arguad ¢htegory theory exhibits a better combinatiofstrength
and simplicity” than does naive set theory. Adedly, however, this is not a point which can beilgas
resolved as far as the simplicity issue goes bectgesvery concept of a category is usually cashedn terms
of three fundamental notions (objects, morphismsspaiative composition), whereas, at least in e of
‘naive’ set theory (NST), we have fundamentally twations: a) of membership defined by extension, and b)
the hierarchy ofypes(i.e., for any seX, X 00 X, butX 00 X . Or to put more generally, 0 Wis a meaningful
expression, though it may be false, provided, for set X: Z 00 ®(X) andwoO ®*™)(X), wherek is any non-
negative integer, and ¥(X) defines théth-level power-set operation, i.€l:™(X) =0 (O (...k times...K)) .)
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l.a) Set

(by Principle of Extensiong, = {x | ®(x) } for some propertyp

I.b) Cartesian

Product

For any two setX, Y: Xx Y ={(xy)|xOX, yOY}

I.c) Mapping

For any two setX, Y, wheref [J Xx Y, f is amappingfrom X to Y
(denoted f : X — Y) iff for x;0 X, yalI Y ,yO Y, if (xq, y1)O f
(denotedy; =1(x1)) (X1, y2)O T then:y: = ys.

I.d) Bijection (set

equivalence)

For any two set¥, Y, wheref : X - Y is a mapping, thehis a
bijectioniff: a) f is onto (surjective), i.€(X) =Y (i.e., for anyyldY
there exists al0X such thatf(x) =y, b) f is 1-1 (injective)iff for
x1O X, yid Y,y Y, if (x1, y2)O f (denotedy: =1(X 1)) (X1, y2)O f

then:y; = y».
Il.a) Group l.e., a group(G, -) is a setG with a binary operation on G such
that: a.)- is closedwith respect td3, i.e.:[J(x,y) UG : (x-y)=z[
G (i.e.,~is amappinginto Gor-: G x G - G, or+«(G x G) UG)).
b.) -isassociativewnith respect tds,: [I(x, y, 2 0G: (X-y)-z=X-
(ye2 =x-y-2z c.) There (uniquely) exists a (left/right) idiwnt
elemente0G: OXUG) I (edG) : xe=x=ex d.) For every
x there exists aimverse elemertfx, i.e.:0 (xO G) O(X O G): x- X
—e=Xx
I1.b) Direct | For any two group§, H, theirdirect product(denotedG [0 H) is a
product group, with underlying set i x H and whose binary operation *|is
defined as, for anygg, h1))0 G x H, (g2, h))UG xH :
(91, h2)* (g2, h2) = ((@2¢ 1), (92 °h2)), where- ¢ are the respective
binary operations foG,andH.
I.c) Group | Any structure-preserving mapping from two groupsG and H.
homomorphism | |e. ¢: G - H is a homomorphisrif for anyg:0 G, g0G : @(gs
02) = #(01) *¢(92) where- » are the respective binary operations [for
G,andH.
I.d) Group | Any structure-preserving bijectiony from two groupsG and H.
Isomorphism l.e. ¢ : G - H is an isomorphisniff for anyg:0 G, g0G : ¢ (g1
(group 02) = ¢ (31)° ¢ (32) (where- ¢ are the respective binary operations
equivalence) for G,andH ) and ¢ is abijection (see 1.d above) between group-

elementsG and H. Two groups arasomorphic (algebraically
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equivalent, denotedG [ H ) iff there exists an isomorphism

connecting theny/: G - H.)

lll.a) Topological | Any set X endowed with a collectiorry of its subsets (i.erx
Space 00 (X), wherel (X) is X's power-set, such that: I)Orx , XOrx
2) For anyU, U'Dlrk , then: U nU'O7rx . 3) For any inde
(discrete or continuoug)belonging to index-sdt: if U, 7k, then:

Uu, oz, - Xis then denoted astapological spaceandrx is its
yonor

topology ElementsU belonging torx are denoted aspensets.
Hence 1), 2), 3) say that the empty set and aXl afe always open,
and finite intersections of open sets are openlevdtbitrary unions
of open sets are always open. Moreover: 1) Aniection of
subsetd] of X is abasisfor X’s topologyiff for anyUU 7, then for
any index (discrete or continuouspelonging to index-sdt: if B,

00, then: s, =uOr, (i.e., arbitrary unions of basis elemepts
yoaor

are open sets.) 2) Any collection of subsEtsf X is asubbasisf

for any {S,..., S\pO 2, then(N]S( = 0o (l.e. finite intersections gf

k=1

sub-basis elements are basis elementX'®topology.)

lll.b) Topological | For any two topological spaces, Y, their topological product
product (denotedx [ 1y ) is defined by takingas a sub-basjsthe
collection: {(U,V)|UUr«, VOr }. le., 1x X7y is a subbasis fork
O rv. This is immediately apparent since, fdy andU; open inX,
and V1 and Vo open in Y ; since:

U, xU, nV,xV, =(U, nV,)x(U, nV,) this indeed forms a basis

lll.c) Continuous | Any mapping from two topological spaceX andY, preserving

mapping openness l.e.f: X - Y is continuousff for anyUlr: f(U) =V
Ury
l1.d) Any continous bijection Hrom two topological spaceX andY.

Homeomorphism | l.e. h : X - Y is a homeomorphsinif : a) h is continuous (se

D

(topological space lll.c), b) h is a bijection (See I.d). Two spaces X avidare
equivalence) topologically equivalenti.e., homeomorphic, denoted:
X 0OY) iff there exists a homeomorphism connecting themhi.e.

XY
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Table A.1.2

Now the classes of mathematical objects etddbin Table A.1.2 comprising sets, groups, and

topological spaces, all exhibit certain commonuess:

* The concept oproduct(l.b, 1l.b, 1ll.b) (or concatenating, in ‘naturadanner’ property-
preserving structures.) For instance, the Camefiad) product preserves the ‘set-
ness’ property for chains of objects formed frora ttass of sets, the direct product
(Il.b) preserves the ‘group-ness’ property undercatenation, etc.

* The concept of ‘morphing’ (l.c, Il.c, lll.c) fromne class of objects to another, in a
property-preserving manner. For instance, theigootis map (lll.c) respects what
makes spaceX andY ‘topological,” when morphing from one to anotheiThe
homomorphism respects the group properties shaye@ bnd H, when ‘morphing’
from one to another, etc.

* The concept of ‘equivalence in form’ (isomorphism().d, 1l.d, Ill.d) defined via
conditions placed on ‘how’ one should ‘morph,” whitundmantally should be in an
invertible manner. One universally necessary conditiontice to hold, is that such a
manner is modeled as a bijection. The other nacgg®nditions of course involve the

particular property structure-respecting conditipfeed on such morphisms.

Similar to naive set theory (NST) Category thedsp greserves its form and structure on any

level or category ‘type.” That is to say, any tygy more) categorie§, D can be part of the set of

structured objects of meta-category)X whose morphisms (functors) respect the categostcatture

of its argument€, D. That is to say:

Defn Al1.2. Given two categorie€ = (Q, Mor(Q),: ), D = (Q’, Mor(Q’),+ ), a categorical

functor® is a morphism in theneta-categor)X from objectsC to D assigning eacl-object

(in Q) aD-object (inQ’) and eachC-morphism (in MRr(Q)) a D-morphism (in MRr(Q’)) such

that:

a.) @ preserves the ‘product’ (compositional) structofehe two categories, i.e., for agyl]
Mor(Q), ¢ 1 Mor(Q): ®(¢ - YY) =DP(@ ) D(Y) = ¢ < (whereg' ¢/ are theb-images
in D of the functorsp , ¢in C.

b.) @ preserves identity structure across all categori€bat is to say, for anplQ, /a O
Mor(Q), ®(/a) =7 op =/~ WhereA'is the D-object (inQ’) assigned byb. (l.e., A =
D(A))
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Examples of functors include the ‘forgetful functéor: C— SeT (where &Tis the category of
all sets) which has the effect of ‘stripping offiyaextra structure in a mathematical syst@ndown to
its ‘bare-bones’ set-structure only. That is tg, $ar anyC-objectAQ, FOR(A) = Sa (WhereSyis A’s

underlying set), and for arylIMor(Q): For(¢) =T is just the mapping (or functional) propertyyaf
Robert Geroch (1985, p. 132, p. 248), for examplélds up the toolchest of the most important
mathematical structures applied in physics, viaomhination of (partially forgetfdf?) and (free
construction functors.) Part of this toolchest, éxample, is suggested in the diagram below. The
boxed items represent the categories (of setspgrodbelian or commutative groups, etc.), the solid

arrows are the (partially) forgetful functors, ahd dashed arrows represent the free construction

functors.
ST GRP [« Abelian
"""""" q [==-"=-? (commutative)
etc.. R v
<+— Complex vector
N R Real vector spaces
spaces

Figure Al.1: Hierarchy of Categories Bound by FreeConstruction Functors and

Forgetful Functors

A.2 Clifford Algebras and Other Algebraic Structsire

| proceed here by simply defining the necessagglaiic structures in an increasing hierarchy
of complexity:

Defn A2.1: (Group) A group(G, -) is a selG with a binary operationon G such that:

a.) -is closedwith respect tdG, i.e.:0(x, y) UG : (x-y) =z G (i.e.,-is amappinginto G or
-:GxG - G,or(GxG) OQG)).

b.) -is associativewith respect tas,: J(X, y, 2 UG: (Xoy)-Z=Xe (Y2 =X-Yy-Z

c.) There (uniquely) exists a (left/right) identity glente0G: O (XU G) I (e G) : x-e =X
= ex.

d.) For everyx there exists amverse elemerdfx, i.e.:0 (X0 G) O(X 0 G): x- X =e=X .

192 partially forgetful’ in the sense that the actiohsuch functors does not collapse the structntieety back
to its set-base, just to the ‘nearmost’ (simplégcure.
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In terms of categories, Defn A2.1 is coextensivéhwhat of a monoid endowed with property
A.2.1.d.). A monoid is a category in which allitf left and right identities coincide to one urggqu
element. For example, the integers Z form a monaier integer multiplication (sincend Z 0 10
Z such thatn'l = n = 1n), but not a group, since their multiplicative inse can violate closure.
Whereas, the non-zero rational numb®ts={ "/, | n # 0, m# 0} form an Abelian (i.e. commutative)
group under multiplication.
Defn A2.2: (Subgroups, Normal Subgroups, Simple Gnaps)
i) Let (G, -y be a group. Then, for ay G, H is asubgroupof G (denotedH [ G) if
for anyx, y OO H, thenxoy’D H. In other wordsH is closed under, el H, and if x O H
thenx '0H. If H 0 G, andHO G, thenH is aproper subgroupdenoted:H [0 G.
Moreover, if denoteda0 H, thenH is non-trivial.
ii.) H is anormal (or invariant) subgroup db (denoted:H < G) if its left and right cosets
agree, for angl] G. Thatis to sayH <« G iff O gl G:
gH = {gh| hU H}= Hg = {kg| kO H}.

iii.)  Gissimpleif G contains no proper, non-trivial, normal subgroups.

Defn A2.3: (Vector Space)A vector spaceds to a structurgV, F, - , ) endowed with a

(commutative) operation (i.€l(x,y)OI V : x-y = y«X, denoted, by convention, by the “+” symbol,

though not necessarily to be understood as additiothe real numbers) such that:

i) (V, ) is a commutative (or Abelian) group.

1)) Given a field®® of scalarss thescalar multiplicationmapping intoV [ F x V . V obeys
distributivity (in the following two senses):

i)  O(apUF Dg0V : (a+tPP= (al) + (alf)

iv)  O(¢, 90V OyOF :ylde+ g = (y9) + (yLg.

Defn A2.4: (Algebra) An algebraA, then, is defined as\eector spacéV, F, -, [» ) endowed with

an associative binary mappirginto A (i.e.,* : Ax A~ A, such thatl(¢, ¢, @ OG: (¢ @)+ @
=Ye(pe @ =y ¢+ denoted, by convention, by the"symbol, though not necessarily to be
understood as ordinary multiplication on the reamnbers) This can be re-stated by saying that
(A, ») forms asemigroup(i.e. a se#d closed under the binary associative prodjcivhile (4, *)

forms an Abelian group.

193] e. a an algebraic structut&, + , x ) endowed with two binary operations such tffgt+) and(F, x) form
commutative groups and +, are connected by left (and right, because of cotatvity) distributivity, i.e.,
O(@B ) OF s ax(B+)) = (a@xp) + (ax)).
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Examples of algebras include the clasd.ief algebras, i.e. anlgebra dAwhose ‘product’ is
defined by an (associative) Lie product (denoted] Jobeying the Jacobi Identityl(c,¢,()0 dA :
[[c&l.q] + [[&:¢.q + [[¢.q.&] = 0. The structure of classes of infinitesima&ngrators in many
applications often form a Lie algebra. Lie algehran addition, are often characterized by the
behavior of theistructure constant€. For any elements of a Lie algelggaé, characterized by their

covariant (or contravariant —if placed above) iedig ,V), then astructure constanis the indicial
N

function C(1)?, such that, for ang, OdA : [cﬂ,gﬁ,] =>'C%uw(A), , whereN is the dimension odA,
o=1

andA is the Lie Algebra’sontraction parameterA Lie algebra istablewhenever:

limy _ oo .0 C(A) %, is well-defined for any structure consta@¢A)’,, and contraction parameter
H H

Defn A2.5: (Clifford Algebra) . A Clifford Algebra is egradedalgebra endowed with the (non-
commutative) Clifford product. That is to say:

i) For any two element&, B in a Clifford algebraCL, their Clifford product is defined byaB

= A-B + ALB, whereA:B is their (commutative and associatii@er product, ancA[B is

their anti-commutative, i.eALB = -B[IA, and associative exterior (or Grassmann)
product. This naturally makes the Clifford product aggove: A(BC) = (AB)C = ABC.
Less obviously, however, for reasons that will be dismi$elow, is how thexistence of
aninverseA™ for every (nonzero) Clifford elementarises from the Clifford product, i.e.:
A'A=1= AA? wherel is theunit pseudoscalaof CL.

ii.) CL is equipped with an adjoirit and grade operator < >(where < > is defined as
isolating therth grade of a Clifford elemem#) such that, for any Clifford elemenés B:
<AB>', = (-1f"P<B'A' >, (where: C(,2) ="/ 2y =" %.)

Hence a general Clifford element (or multivectarpf Clifford algebraCL of maximal gradéN =
dimV (i.e the dimension of the underlying vector spacectire of the Clifford algebra) is expressed
by the linear combination:

A=d%0+ dVA; + dPAx+ ...+ dVA (A.3.1)

where: {&® | 1< k< N} are the elements of the scalar field (expansion coeffidievtide {A. | 1

< k< N} are thepure Clifford elements, i.e. A> = Acwhenevek = |, and sA> = 0 otherwise,

while for a general multivector (A.3.1)A% = dVA |, for

1<I<N
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Hence, the pure Clifford elements live in theircasated closed Clifford subspac€k of gradek,
i.e.CL=CL) 0 CLp0...0CL -

Consider the following example: L&t = R?, i.e. the underlying vector space 6t is a 3

dimensional Euclidean spa8 = {F =(xy,2 | xJ R, yO R, ZJ R}. Then the maximum grade for
Clifford Algebra overR? , i.e.CL(R®) isN = dimR® = 3. Hence:
CL(R}) =ClLp O CLy O CLy OCLm where:Clg (the Clifford subspace of grade 0) is
(algebraically) isomorphic to the real numb&s® CLqy) (the Clifford subspace of grade 1) is
algebraically isomorphic to the Complex numb€rs CL; (the Clifford subspace of grade 2) is
algebraically isomorphic the Quaternidds CL) (the Clifford subspace of grade 3) is algebréycal
isomorphic to the Octonior@.

To understandvhy the Clifford algebra oveR® would invariably involve closed subspaces
with elements related to the unit imaginairgv-1 (and some of its derivative notions thereorthm
case of the Quaternions and Octonions) entail®seclstudy of the nature of the Clifford product.
Defn. A.2.4 i) deliberately leaves the Grassmardpod under-specified. | now fill in the detailsrée
First, it is important to note thdtl is a grade-raisingoperation: for any pure Clifford elemeAk
(wherek < N = dimV) andBy, then sA;B;> =k + 1. It is for this reason that pure Clifford elents of
gradek are often callednultivectors Conversely, the inner producis agrade-loweringoperation:
for any pure Clifford elemend (wherek < N = dimV) andBs , then &¢B:> =k — 1. (Hence the
inner product is often referred to asantractior).

The reason for the grade-raising, anti-commutaineure of the Grassman product is

historically attributed to Grassman’'s geometriciomd of (directed) line segments, (rays) areas,

volumes, hypervolumes, etc. For example, in e ®f two vectorsA, B , their associated directed

area segmentsA 0B, B 0 Aare illustrated below:

Fig. A.2.1: Directed Areas

The notion of directed area, volume, hypervolumgrents indeed survives, to a certain limited

sense, in the vector-algebraic notion of ‘crosdpod.’” For example, the magnitude of the cross-

product Ax B is precisely the area of the parallelogram sparmed\, B as depicted in Fig. A.2.1.

194 Since the real numbers ardigd, they're obviously describable as an algebra, fictv their underlying
‘vector space’ structure is identical to their dielf scalars. In other words, scalar multiplicatis the same as
the ‘vector’ producs.
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The difference, however, lies in the fixity of geath the case ofAxB, in the sense that the anti-
commutativity is geometrically attributed to theetditionality of thevectorAx B (of positive sign in
the case of right-handed coordinate system) peipelad to the plane spanned By B. This limits
the notion of the vector cross-product, as it caly be defined for spaces of maximum dimensionality
3% On the other hand, the Grassmann product of veatibrs interpreted as directed areas, volumes,
and hypervolumes is unrestricted by the dimensitynad the vector space.

The connection with the algebraic behavioriofv-1 lies in the inherently anti-commutative
aspect (i.e. the Grassmann component) of the @iffroduct, as discussed above. To see this,

consider the even simpler casevof R? (as discussed, for example, in Lasenby, et. aD@R®6-29).

Then;N = dimR? = 2. MoreoverR? = ((él,é2)>, where(...) denotes thepan and (éléz) are the

ordered pair of orthonormal vectors (parallel, for examoléhex andy axes.) Henceé’ =&,° =1,

and €+, =6,°6=0 So: éé,=¢é,+é+¢ e, =06 =-¢ 06 =-648. Hence:
(6e) =(68)es)=6(8) =-4(68)s =-(88)e8)=-()e2)=-1 (using the anti
commutativity and associativity of the Clifford piact.) Hence, the multivecta@é, is algebraically
isomorphic toi =V-1. Moreover, (68&,)8 =—&, and (é&,)e, =&, by the same simple algebraic
maneuvering. Geometrically, then, the multiveai@, when multiplying on the left has the effect of
a clockwise’l, —rotation. Represented then in the matrix algdb#R) (the algebra of real-valued

2x2 matrices):

Aé=01 Where“=lé=O
9% =1_1 o) G =015

Moreover, forCL(R?) the multivectoré g, is theunit pseudoscalai,e. the element of maximal
grade. In general, for any Clifford Algeb@a (V), where dinV =N, andV = {(y1, Y2, ..., W)), Where
the basis elements aren’t necessarily orthonommalunit pseudoscal&rof CL(V) is: | = yiys... Yn.
In general, for gradk (where 1< k< N) the closed subspac€s) of gradek in CL(V) = CL¢) [ CLy)
0...0CLpy have dimensionality ®(K) = "/ - 1y, 1.6 are spanned by 8K = N - Wy

multivectors of degrek. Hence the total number of Clifford basis elerseggnerated by the Clifford

N
product acting on the basis elements of the uniherlyector space is2" :ZC(N,k). The unit
k=0

pseudoscalar is therefore the (one) multivectoly(one there are G(N) =1 of them, modulo sign or
order of mutliplication) spanning the closed Cliffcsubspace of maximal grabie

For example, in the case @L(R?) =CLy 0 CLyy O CLzOCL) , where:

1954 Tlhe vector algebraof Gibbs...was effectively the end of the searchafomifying mathematical language

and the beginning of a proliferation of novel algeb systems, created as and when they were neéated;
example, spinor algebra, matrix and tensor algebfferential forms, etc.” (Lansenby, et. al. (20021)
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R'=((&.6,.8)): Cly) =(1) OR.CLy =((e,,€,84)),Cliy) = (€12, €15,855)). Cliy = (1) =(e129)

(where the abbreviatiom x = &..8 is adopted). As demonstrated in the caseCofR®) the
multivector, the unit psuedoscalarshouldnot be interpreted as a multiplicative identity, iieis
certainlynot the case that for arJ CL(V), Al = A = 1A. Rather, the unit pseudoscalar is adopted to
define an element of dual gradé : for any pure Clifford elemef (where & k <N) : the grade of

Al (or A*) is N- k and vice versa. Thus an inverse elerféhtan in principle be constructed, for
every nonzerd\( CL(V). So the linear equatiohX = B has the formal solutioX = A'B in CL(V).

“Much of the power of geometric (Clifford) algebdres in this property of invertibility.” (Lasenbwt.
al. (2000), 25)
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