arXiv:1701.07785v5 [math.PR] 10 Nov 2017

Probabilistic inferences from conjoined to iterated conditionals ™

Giuseppe Sanfilippo®*, Niki Pfeifer®, David E. Over®, Angelo Gilio®!

“Department of Mathematics and Computer Science, Via Archirafi 34, 90123 Palermo, Italy
b Munich Center for Mathematical Philosophy, Ludwig-Maximilians-University Munich, Ludwigstrafe 31, 80539, Munich, Germany
¢Department of Psychology, Durham University, Science Site, South Road, Durham DHI 3LE, United Kingdom
4Department of Basic and Applied Sciences for Engineering, University of Rome “La Sapienza”, Via A. Scarpa 14, 00161 Roma, Italy

Abstract

There is wide support in logic, philosophy, and psychology for the hypothesis that the probability of the indicative
conditional of natural language, P(if A then B), is the conditional probability of B given A, P(B|A). We identify
a conditional which is such that P(if A then B) = P(B|A) with de Finetti’s conditional event, B|A. An objection to
making this identification in the past was that it appeared unclear how to form compounds and iterations of conditional
events. In this paper, we illustrate how to overcome this objection with a probabilistic analysis, based on coherence, of
these compounds and iterations. We interpret the compounds and iterations as conditional random quantities which,
given some logical dependencies, may reduce to conditional events. We show how the inference to B|A from A and
B can be extended to compounds and iterations of both conditional events and biconditional events. Moreover, we
determine the respective uncertainty propagation rules. Finally, we make some comments on extending our analysis
to counterfactuals.
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1. Introduction

There is wide agreement in logic and philosophy that the indicative conditional of natural language, if A then B,
cannot be adequately represented as the material conditional of binary logic, logically equivalent to A v B (not-A
or B) [@]. Psychological studies have also shown that ordinary people do not judge the probability of if A then B,
P(if A then B), to be the probability of the material conditional, P(A v B), but rather tend to assess it as the conditional
probability of B given A, P(BJA), or at least to converge on this assessment [E @, @, @ @, |fl|, @]. These
psychological results have been taken to imply [B, , @i @, |ﬂ, |ﬂ], that if A then B is best represented, either as
the probability conditional of Adams [B], or as the conditional event B|A of de Finetti [ﬂ, ], the probability of
which is P(BJA). We will adopt the latter view in the present paper and base our analysis on conditional events and
coherence (for related analyses, specifically on categorical syllogisms, squares of opposition under coherence and on
generalized argument forms see [42, 77, (76, [82]). One possible objection to holding that P(if A then B) = P(B|A)
is that it is supposedly unclear how this relation extends to compounds of conditionals and makes sense of them

[@, @, @]. Yet consider:

a b f ¢
She will be angry if her son gets a B and she will be furious if };Tgets aC. (1)
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The above conjunction appears to make sense, as does the following seemingly even more complex conditional con-
struction [Iﬂ]:
If she will be angry if her son gets a B, then she will be furious if he gets a C. 2)

We will show below, in reply to the objection, how to give sense to (1) and @) in terms of compound conditionals.
Specifically, we will interpret () as a conjunction of two conditionals (a|b and f|c) and @) in terms of a conditional
whose antecedent (a|b) and consequent (f|c) are both conditionals (if a|b, then f|c). But we note first that the
iterated conditional @) validly follows from the conjunction () by the form of inference we will call centering
which, as we will show, can be extended to the compounds of conditionals (see Section 3] below). We point out
that our framework is quantitative rather than a logical one. Indeed in our approach, syntactically conjoined and
iterated conditionals in natural language are analyzed as conditional random quantities, which can sometimes reduce
to conditional events, given logical dependencies ([@, @]). For instance, the biconditional event A||B, which we will
define by (B|A) A (A|B), reduces to the conditional (A A B)|(A v B). Moreover, the notion of biconditional centering
will be given.

The outline of the paper is as follows. In Section 2l we give some preliminaries on the notions of coherence and p-
entailment for conditional random quantities, which assume values in [0, 1]. In Section[3] after recalling the notions of
conjoined conditional and iterated conditional, we study the p-validity of centering in the case where the basic events
are replaced by conditionals. In Section ] we give some results on coherence, by determining the lower and upper
bounds for the conclusion of two-premise centering; we also examine the classical case by obtaining the same lower
and upper bounds. In Section 3] after recalling the classical biconditional introduction rule, we present an analogue
in terms of conditional events (biconditional AND rule); we also obtain one-premise and two-premise biconditional
centering. In Section [0l we determine the lower and upper bounds for the conclusion of two-premise biconditional
centering. In Section [7] we investigate reversed inferences (i.e., inferences from the conclusion to its premises), by
determining the lower and upper bounds for the premises of the biconditional AND rule. Section [§] sketches how to
apply results of this paper to study selected counterfactuals, and remark that the Import-Export Principle is not valid
in our approach which allows us to avoid Lewis’ notorious triviality results. SectionQconcludes with some remarks
on future work. Further details which expand Section[]are given in

2. Some preliminaries

The coherence-based approach to probability and to other uncertain measures has been adopted by many authors
(see, e.g., [EL , , , dplﬁ, , ,, @, , , @]); we recall below some basic aspects on the notions of
coherence and of p-entailment. In[Appendix Al we will give further details on coherence of probability and prevision
assessments.

2.1. Events and constituents

In our approach events represent uncertain facts described by (non ambiguous) logical propositions. An event A is
a two-valued logical entity which is either true (T'), or false (F). The indicator of an event A is a two-valued numerical
quantity which is 1, or 0, according to whether A is true, or false, respectively, and we use the same symbol to refer to
an event and its indicator. We denote by Q the sure event and by (J the impossible one (notice that, when necessary,
the symbol ¢ will denote the empty set). Given two events A and B, we denote by A A B the logical intersection, or
conjunction, of A and B; moreover, we denote by A v B the logical union, or disjunction, of A and B. To simplify
notations, in many cases we denote the conjunction of A and B (and its indicator) as AB; of course, AB coincides with
the product of A and B. We denote by A the negation of A. Of course, the truth values for conjunctions, disjunctions
and negations are obtained by applying the propositional logic. Given any events A and B, we simply write A < B to
denote that A logically implies B, that is AB = ¢J, which means that A and B cannot both be true.

GivenneventsAy,...,A,, a34; vA; =Q, i=1,...,n,by expanding the expression /\:7=1 (A; v Ei), we obtain

Q= NAvA)= (A A) v (A AiA) v v (A A,
i=1



that is the sure event Q is represented as the disjunction of 2" logical conjunctions. By discarding the conjunctions
which are impossible (if any), the remaining ones are the constituents generated by Ay, ..., A,. Of course, the con-
stituents are pairwise logically incompatible; then, they are a partition of Q. We recall that Ay, ..., A, are logically
independent when the number of constituents generated by them is 2. Of course, in case of some logical dependen-
cies among Ay, ...,A,, the number of constituents is less than 2". For instance, given two events A, B, with A < B,
the constituents are: AB, AB, AB. If not stated otherwise, we assume logical independence throughout the paper.

2.2. Conditional events and coherent probability assessments

Given two events E, H, with H # (J, the conditional event E|H is defined as a three-valued logical entity which
is true (T), or false (F), or void (V), according to whether EH is true, or EH is true, or H is true, respectively. The
notion of logical inclusion among events has been generalized to conditional events by Goodman and Nguyen in
[@] (see also [@]). Given two conditional events E1|H; and E;|H,, we say that E||H; implies E;|H,, denoted by
Ei|H, C E)|H>, iff E\H, true implies EoH, true and E>H, true implies E\H; true; ie., iff E{H, < E»H, and
EZHZ = E]H].

We recall that, agreeing to the betting metaphor, if you assess P(E|H) = p, then, for every real number s, you are
willing to pay an amount ps and to receive s, or 0, or ps, according to whether EH is true, or EH is true, or H is true
(bet called off), respectively. Then, the random gain associated with the assessment P(E|H) = pis G = sH(E — p).

Given a real function P : K — R, where K is an arbitrary family of conditional events, let us consider a
subfamily ¥, = {E|Hi, ..., E,|H,} of K, and the vector P, = (p1,...,pn), where p; = P(E;|H;), i=1,...,n.
We denote by H, the disjunction Hy v --- v H,. As E;H; v E;H; v H; = Q, i = 1,...,n, by expanding the
expression A\_, (E:H; v E;H; v H;) we can represent Q as the disjunction of 3" logical conjunctions, some of which
may be impossible. The remaining ones are the constituents generated by ¥, and, of course, are a partition of Q. We
denote by Cy,...,C,, the constituents which logically imply H, and (if H, # Q) by Cy the remaining constituent
ﬂn = H, ---H,, so that

H,=Civ-vCn, Q=H,vH,=CovCiVv-vCpn, m+1<3".

In the context of betting scheme, with the pair (¥, P,) we associate the random gain G = Z?=1 siHi(E; — pi),
where si,...,s, are n arbitrary real numbers. We observe that G is the difference between the amount that you
receive, Z?:l si(E:H; + p[ﬁ;), and the amount that you pay, Z?:l s;pi, and represents the net gain from engaging
each transaction H;(E; — p;), the scaling and meaning (buy or sell) of the transaction being specified by the magnitude
and the sign of s; respectively. Let g, be the value of G when C, is true; then G € D = {go, &1, .-, 8m}. Of course,
go = 0. We denote by Dy, the set of values of G restricted to H,, that is Dy, = {g1,...,&m}-

Definition 1. The function P defined on K is said to be coherent if and only if, for every integer n, for every finite
subfamily 7, of K and for every real numbers sy, . .., 5,, one has: min Dg;, < 0 < max Dyy,.

Notice that the condition min Dy, < 0 < max Dy, can be written in two equivalent ways: min Dy, < 0,
or max Dy, = 0. As shown by Definition [Tl a probability assessment is coherent if and only if, for any finite
combination of n bets, it does not happen that the values gy, ..., g, are all positive, or all negative (no Dutch Book).
Further technical details on coherence of probability assessments on conditional events and on conditional random

quantities are given in[Appendix Al

2.3. Conditional random quantities and the notions of p-consistency and p-entailment

In what follows, if not specified otherwise, we will consider conditional random quantities which take values in a
finite subset of [0, 1]. Based on the notions of p-consistency and p-entailment of Adams (]), which were formulated
for conditional events in the setting of coherence (see, e.g., mp@ @]), we will generalize these notions to these
conditional random quantities. Let X|H be a finite conditional random quantity and let {xi, ..., x,} denote the set of
possible values for the restriction of X to H. Then, X|H € [0, 1] if and only if x; € [0, 1] for each j = 1,...,r; indeed
in this case coherence requires that P(X|H) € [0, 1] (see, e.g., [50]).

Definition 2. Let 7, = {X;|H;, i = 1,...,n} be a family of n conditional random quantities which take values in a
finite subset of [0, 1]. Then, F, is p-consistent if and only if, the (prevision) assessment (uy, (o, . .., ptn) = (1,1,...,1)
on ¥, is coherent.



Definition 3. A p-consistent family ¥, = {X;|H;, i = 1,...,n} p-entails a conditional random quantity X|H which
takes values in a finite subset of [0, 1], denoted by 7, |=, X|H, if and only if for any coherent (prevision) assessment
(115 - Hn,2) ON Fpy U {X|H} it holds that: if u; = -+ = p, = 1, thenz = 1.

Of course, when ¥, p-entails X|H, there may be coherent assessments (u, . . ., iy, z) With z # 1, but in such case
(i # 1 for at least one index i. We say that the inference from ¥, to X|H is p-valid if and only if ¥, |=, X|H.
Now, we generalize the notion of p-entailment between two finite families of conditional random quantities ¥ and

.

Definition 4. Given two p-consistent finite families of conditional random quantities ¥ and 7', we say that ¥ p-
entails ¥ if and only if F p-entails X|H, for every X|H € 7.

Transitivity property of p-entailment: Of course, p-entailment is transitive; that is, given three p-consistent families of
conditional random quantities ¥, ', F", if ¥ |=, ¥ and ¥’ =, F", then ¥ |=, F".

Remark 1. Notice that, from Definition 3] we trivially have that F p-entails X|H, for every X|H € ¥ then, by
Definitiond] it immediately follows

F ey FovVF cF, F +#0. 3)

Remark 2. Notice that, if we consider conditional events instead of conditional random quantities, we recover the
usual notions of p-consistency, p-entailment, and p-validity.

3. Centering

Given a conditional event B|A, if you assess P(B|A) = x, then for the indicator of B|A we have B|[A = AB+xA (see
Appendix [Appendix A.3). Thus, when the conditioning event A is true then B|A has the same value as B and as AB,
while, when the conditioning event A is false then B|A coincides with x = P(B|A). This aspect seems related to the
notion of (strong) centering used in Lewis’ logic ([61]) in order to assign truth values to counterfactuals. In Remark[3]
of this section we will show that (B|A) A A = AB, thatis (B|A) A A and AB are the same object; then, by the compound
probability theorem, it holds that P[(B|A) A A] = P(AB) = P(B|A)P(A) and then P[(B|A) A A] = P(AB) < P(B|A).
This inequality also follows by the Goodman & Nguyen inclusion relation AB < B|A ([49, Theorem 6]). We recall
that the equality P[(B|A) A A] = P(B|A)P(A) in [54] is named “the probabilistic version of centering” and it has been
usually looked at as a probabilistic independence of the conditional if A then B from its premise A. We also recall that
in [@ footnote 5] Hajek and Hall observe that “centering is a slight misnomer, since this name usually refers to a
property of the nearness relation used to give the truth conditions for the conditional (each world is the nearest world
to itself) 1. Interestingly, in [E] Adams has shown that the Lewis theory of nearest possible worlds can be interpreted
as a theory of worlds nearest in probability; in other words, according to Adams’ viewpoint, the Lewis logic may be
considered as “the logic not of truth, but of high probability”. By the previous remarks and in agreement with [@]
(see also [@ p. 442]), we simply use the term centering also for the kind of inferences which we study in this paper.

There is one-premise centering: inferring if A then B from the single premise AB. And two-premise centering:
inferring if A then B from the two separate premises A and B. Centering is valid for quite a wide range of conditionals
([IE, @% 1). It is clearly valid for the material conditional, since not-A or B must be true when A and B is true. It is
also valid for Lewis conditional if A then B ([@]), which holds, roughly, when B is true in the closest world in which
Aistrue. In [@] Lewis has a semantic condition of centering, which states that the actual world is the closest world to
itself. The characteristic axiom for this semantic condition is what we are also calling centering. It is probabilistically
valid, p-valid, for the conditional event, i.e. AB p-entails B|A and {A, B} p-entails B|A. Centering is, however, not
valid for inferentialist accounts of conditionals, where an inferential relation between antecedent and consequent is
presupposed (see, e.g., ]).

2 Lewis distinguished between “centering” and “weak centering” (617). We use “centering” simply for the equivalent of the former, “strong”
notion on centering. There is psychological evidence that ordinary people conform to this notion of centering for indicatives ([20,[80]).
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A (p-consistent) set of premises p-entails a conclusion if and only if the conclusion must have probability one
when all the premises have probability one [@]. Clearly, one-premise centering is p-valid, indeed the p-entailment
of B|A from AB follows by observing that P(AB) = P(A)P(B|A) and so P(AB) < P(BJA): if P(AB) = 1, then
P(B|A) = 1. Two-premise centering is also clearly p-valid, as it is p-valid to infer AB from A and B, and then one-
premise centering can be used to infer B|A: if P(A) = x and P(B) = y, coherence requires that P(AB) has to be in the
interval [max{x + y — 1,0}, min{x, y}|, with P(AB) < P(BJA). Therefore, if P(A) = P(B) = 1, it follows P(AB) =
P(B|A) = 1 and then {A, B} p-entails B|A.

We will study the p-validity of generalized versions of one-premise and two-premise centering, where the uncon-
ditional events A and B are replaced by the conditional events A|H and B|K, respectively. These kinds of centering in-
volve the notions of conjunction and of iterated conditioning for conditional events. Conjunction and iteration among
conditionals have been studied from the view 01nt of random variables by many authors (see, e.g. [Iﬂ @ . E])
for an overview on conditionals, see, e.g., [@ ] In our approach we exploit recent results obtained in the setting
of coherence for conditional random quantities (see e.g. [. ﬁ @ .])

3.1. Conjunction of two conditional events

We recall and discuss the notion of conjunction of two conditional events. Note that, in numerical terms, two
conditional events A|H and B|K, with P(A|H) = x and P(B|K) = y, coincide with the random quantities AH + xH
and BK + yK, respectively. Then, min {A|H, B|K} = min {AH + xH, BK + yK}.

Definition 5 (Conjunction). Given any pair of conditional events A|H and B|K, with P(A|H) = x, P(B|K) =y, we
define their conjunction as the conditional random quantity

(A|H) A (B|K) = min {A|H,B|K} | (H v K) = min {AH + xH, BK + yK} | (H v K).
Then, defining z = P[(A|H) A (B|K)], we have
1, if AHBK is true,
0, ifA:H v BK is true,
x, if HBK is true, 4)

y, if AHK is true,
z, if HK is true.

(AlH) A (BIK) =

From (@), the conjunction (A|H) A (B|K) is the following random quantity
(A|H) A (BIK) =1-AHBK + x- HBK +y- AHK + z- HK . (5)

Notice that the quantity z = P[(A|H) A (B|K)] represents the value that you assess, with the proviso that, for each
real number s, you will pay the amount sz by receiving the random quantity s[(A|H) A (B|K)]. In particular, if s = 1,
then you agree to pay z with the proviso that you will receive: 1, if both conditional events are true; O, if at least one of
the conditional events is false; x, if A|H is void and B|K is true; y, if B|K is void and A|H is true; z, if both conditional
events are void. Notice that this notion of conjunction, with positive probabilities for the conditioning events, has
been already proposed in [@].

Remark 3. We remark that in particular, given two events A and H, with H # &, P(A|H) = x, P(H) = y,
P[(A|H) A H] = z, by (@) it holds that

(AlH) A H = (A|H) A (H|Q) = AHHQ + x- HHQ +y-AHZ + z- HZ = AH. (6)

Then, the conjunction (A|H) A H is equivalent to the unconditional event AH and P[(A|H) A H] = P(AH) =
P(A|H)P(H)

Notice that the notion of conjunction given in Definition[3} with positive probabilities for the conditioning events,
has been already proposed in the context of betting scheme in [@] By linearity of prevision it holds that

= P(AHBK) + xP(HBK) + yP(AHK) + zP(HK) ;
5



in particular, if P(H v K) > 0 we obtain the following result given in [@ @]:

P(AHBK) + P(A|H)P(HBK) + P(B|K)P(AHK)

P(AIH) A (BIK)] = P E)

We recall that a well-known notion of conjunction among conditional events, which plays an important role in non-
monotonic reasoning, is the quasi conjunction , , ], i.e., the following conditional event:

QC(A|H,B|K) = (AH v H) A (BK v K)|(H v K),
or in numerical terms, since AH v H = AH + Hand BK v K = BK + K:
QC(A|H,B|K) = min{AH + H,BK + K}| (H v K).

The event AH v H is the material conditional associated with the conditional “if H then A”. Then, the quasi conjunc-
tion is defined by taking the minimum of the material conditionals given H v K. However, we define the conjunction
by taking the minimum of the conditional events given H v K. Our conjunction is (in general) a conditional ran-
dom quantity, whereas the quasi conjunction is a conditional event. In some particular cases conjunction and quasi
conjunction coincide; two cases examined in [47) are: (i) x =y = 1; (ii) K = AH (or symmetrically H = BK).
Moreover, classical results concerning lower and upper bounds for the conjunction of unconditional events, which do
not hold for the upper bound of the quasi conjunction ([@, ]), still hold for our notion of conjunction. This is shown
in the next result ([50]).

Theorem 1. Given any coherent assessment (x,y) on {A|H, B|K}, with A, H, B, K logically independent, and with
H # ,K # (J, the extension z = P[(A|H) A (B|K)] is coherent if and only if the Fréchet-Hoeffding bounds are
satisfied:

max{x+y—1,0} =7 < z < 7' = min{x,y}. %)

Remark 4. We recall that, by logical independence of A, H, B, K, the assessment (x, y) is coherent for every (x,y) €
[0, 1]%. From Theorem[I] the set IT of all coherent assessment (x,y,z) on & = {A|H, B|K, (A|H) A (B|K)}is I =
{(x,y,2) : (x,y) € [0,1]>, max{x +y — 1,0} < z < min{x,y}}. Then, z € [0,1] and (A|H) A (B|K) € [0, 1].
Moreover, as (1,1, 1) € TI, the family F (and so each subfamily of ¥) is p-consistent. In particular, if x = 1,y = 1,
then z must be equal to 1. Then, by Definition[3] {A|H, B|K} p-entails (A|H) A (B|K), i.e.,

{AlH, BIK} |=, (A|H) A (BIK). (®)

We call this inference rule “AND rule for conditional events”. We also notice that the assessment (x,y, 1) € ITif and
only if x = 1 and y = 1. Then, both x = 1 and y = 1 follow from z = 1, i.e. (A|H) A (B|K) |=, {A|H, B|K}, which
is the converse of (8).

Remark 5. Assuming HK = (7, it holds that the conjunction (A|H) A (B|K) coincides with the product (A|H)- (B|K);
moreover
PL(A[H) ~ (BK)] = P[(A|H) - (B[K)] = P(A|H)P(B|K),

which states that the random quantities A|H and B|K are uncorrelated; more details are given in ([@]).
3.2. Iterated conditioning
We recall and discuss the notion of iterated conditioning.

Definition 6 (Iterated conditioning). Given any pair of conditional events A|H and B|K, the iterated conditional
(B|K)|(A|H) is defined as the conditional random quantity (B|K)|(A|H) = (B|K) A (A|H) + pA|H, where u =
PL(BIK)|(A|H)]-



Notice that, in the context of betting scheme, u represents the amount you agree to pay, with the proviso that you
will receive the quantity

(1, if AHBK is true,
0, if AHBK is true,
y, if AHK is true,
(BIK)|(A|H) = { u, if AH is true, 9)
x+pu(l —x), if HBK is true,
u(l —x), if H BK is true,
z+pu(l —x), if H K is true.

We recall the following product formula ([Iﬂ]).

Theorem 2 (Product formula). Given any assessment x = P(A|H),u = P[(B|K)|(A|H)]. z = P[(B|K) ~ (A|H)], if
(x,,7) is coherent, then z = u - x, i.e.,

P[(BIK) ~ (A|H)] = P[(B|K)|(A|H)]P(A[H). (10)
As z = ux, it follows that z + (1 — x) = w. Then, from @), (B|K)|(A|H) coincides with
AHBK + yAHK + (x + u(1 — x)) HBK + u(1 — x) HBK + pu (AH v HK).
2

Remark 6. As x > z, for x > 0 one has u = < € [0, 1]; moreover x + (1 — x) is a linear convex combination of

the values p and 1, then x + (1 — x) € [, 1]. Therefore, for x > 0, (B|K)|(A|H) € [0, 1]. As shown in Theorem @]
e [0,1] also for x = 0. Thus, (B|K)|(A|H) € [0, 1] in all cases.

3.3. One-premise and two-premise centering: p-validity

The one-premise centering involving conditional events is represented by the following inference rule: from
(A|H) A (B|K) infer (B|K)|(A|H). Likewise, two-premise centering involving conditional events is represented by:
from {A|H, B|K} infer (B|K)|(A|H). Are these inference rules p-valid?

One-premise centering is p-valid; indeed, from (I0Q) it holds that

P[(BIK) A (A|H)] < P[(BIK)[(A|H)], (11)
then P[(B|K) A (A|H)] = 1 implies P[(B|K)|(A|H)] = 1, i.e.,
(BIK) A (A[H) =, (BIK)|(AH). (12)

Two-premise centering is also p-valid; indeed, from (8) and (I2), by transitivity,

{(A[H), (BIK)} =, (BIK)|(A|H), (13)

that is, if P(A|H) = 1 and P(B|K) = 1, then P[(B|K)|(A|H)] = 1.

4. Lower and upper bounds for two-premise centering

In this section we give a probabilistic analysis of two-premise centering by determining the coherent lower and
upper bounds for the conclusion. We first consider the general case: from {A|H, B|K} infer (B|K)|(A|H). Then,
we consider two-premise centering with unconditional events in the premise set: from {A, B} infer B|A, which is a
particular case where H = K = Q.



4.1. The general case: “from {A|H, B|K} infer (B|K)|(A|H)”
We start by computing the set of all coherent assessments on the elements of centering.

Theorem 3. Let A, B, H, K be any logically independent events. The set IT of all coherent assessments (x, y, z, ) on
the family ¥ = {A|H, B|K, (A|H) ~ (B|K), (B|K)|(A|H)}is I = IT" U IT”, where

' ={(x.y,zp) : x€ (0,1],y€ [0, 1], z€ [, 2" u = £},
with 7 = max{x +y — 1,0},7” = min{x, y}, and (14)
" = {(0,5,0,) : (v,) € [0, 1]7}.

Proof. We recall that the assessment (x,y) on {A|H, B|K} is coherent for every (x,y) € [0, 1]%. By Theorem[I] the
assessment z = P[(A|H) A (B|K)] is a coherent extension of (x,y) if and only if z € [Z/,Z"], where 7/ = max{x +y —
1,0} and z” = min{x, y}. Moreover, assuming x > 0, by Theoremlit holds that u = <. Then, every (x,y,z,u) € IT'
is coherent, that is IT' < II. Of course, if x > 0 and (x,y,z, ) ¢ IT, then (x,y, z, ) is not coherent. Now, we assume
x = 0,sothatz = z” = 0. Then, we show that the assessment (0, y, 0, u) is coherent if and only if (y, u) € [0, 1]?, that
is (0,y,0,u) € I”. As x = 0, itholds that A|H = AH+xH = AH. Then, (B|K)|(A|H) = (B|K)|AH = (BK+yK)|AH
and ¥ = {A|H,B|K, (A|H) A (B|K),(BK + yK)|AH}. The constituents C,’s and the points Q),’s associated with
(F, M), where M = (0,y,0,u), are given in Table[Il Denoting by I be the convex hull generated by Oy, Oz, . .., Os,

C On
C, | AHBK | (1,1,1,1) | Oy
C, | AHBK | (1,0,0,0) | O,
Cs | AHK | (Ly,y,y) | O3
Cy | AHBK | (0,1,0,u) | Q4
Cs | AHBK | (0,0,0,u) | Os
Cs | AHK | (0,y,0,1) | Qs
C; | HBK | (0,1,0,4) | Oy
Cs | HBK | (0,0,0,u) | Qs
Co | HK (0,y,0,u) | Qo =M

Table 1: Constituents Cj,’s and points Qy,’s associated with the prevision assessment M = (0,y,0,u) on ¥ = {A|H, B|K, (A|H) A (B|K), (BK +
yK)|AH}.

the coherence of the prevision assessment M on ¥ requires that the condition € I be satisfied; this amounts to the
solvability of the following system

M=S8 40 Sh_ =1, =0, h=1,...8. (15)

As M = yQ4 + (1 — y)Qs, the vector (1y,...,45) = (0,0,0,y,1 —y,0,0,0) is a solution of system (I3) such that
Zh:c,,gHK/lh = A+ +A3+A5 = A4 +45 =1 > 0, so that thcth/lh = A1+ --+4d =1 > 0and
Zh:C/,gK =4+ + A +7/15 + A7 + g = 1 > 0; while, Zh:c,,gAH Ay = A1 + Ao + 43 = 0. Then, by m,
Ty < {4} and Fy < {(BK + yK)|AH}. Thus, from Theorem[I3] for checking coherence of M on F it is sufficient to
study the coherence of u = P({(BK + yK)|AH}). The random gain for the assessment y is

G = sAH(BK + yK — u), seR.

Witllout loss of gi:nerality, we can assume s = 1. The constituents contained in AH are: C; = AHBK,C, =
AHBK, C; = AHK. The corresponding values for the random gain G are: g; = (1 —pu), g2 = —u, g3 = y —p. Then,
the set of values of G restricted to AH is Dan = {g1, g2, g3}. As it can be verified,

mnPDuyg >0 < pu<0, maxDuy <0 < u>1.

Therefore, the condition of coherence on g, that is min D4y - max Day < 0, is satisfied if and only if u € [0, 1]. Thus,
every assessment (0, y, 0, i) is coherent if and only if (0,y,0,u) € II” = {(0,y,0,x) : (y,u) € [0, 1]?}. Therefore
=1 uIr. O



Based on Theorem[3] we obtain the following prevision propagation rule for two-premise centering:

Theorem 4. Let A, B, H, K be any logically independent events. Given a coherent assessment (x,y) on {A|H, B|K},
for the iterated conditional (B|K)|(A|H) the extension u = P((B|K)|(A|H)) is coherent if and only if u € [¢/, "],
where

,_ [ max{o. st ites 0, [ min{12}, x> 0; 16
K= 0, ifx = 0; = 1, if x =0.
Proof. Assume that x = 0. From Theorem [3] it follows that the set of all coherent assessments (x,y,z,u) on F =
{A|H,B|K, (A|H) A (B|K), (B|IK)|(A|H)} is " = {(0,y,0,u) : (y,u) € [0, 1]%}. Then, u is a coherent extension of
(x,y) if and only if p € [/, "], where i/ = 0 and ¢ = 1.
Assume that x > 0. From Theorem [3 it follows that the set of all coherent assessments (x,y,z,u) on F is
I = {(xy.z,4) :0<x<1,0<y< 1,7 <z<7',u= 2}, where 7 = max{x +y — 1,0} and 7" = min{x, y}.

Then, u is a coherent extension of (x,y) if and only if u € [u/, u"], where ¢/ = § = max {%’71,0} and " = in =

min{%,l}. O

Remark 7. The p-validity of two-premise centering given in (I3) directly follows as an instantiation of Theorem @]
withx =landy = 1.

4.2. Thecase H =K = Q

In case of logical dependencies among events, as we know, the set of all coherent assessments may be smaller than
the set given in Theorem[3 We examine the case H = K = Q, by showing that the set IT of all coherent assessments
onF = {A, B,AB, B|A} is still the same as in Theorem[3l

Theorem 5. Let A, B be any logically independent events. The set IT of all coherent assessments (x, y, z, 1) on the
family ¥ = {A, B,AB, B|A}is Il = II' U I1”, with IT" and I1” as defined in formula (I4).

Proof. We recall that the assessment (x,y) on {A, B} is coherent for every (x,y) € [0, 1]%. The assessment z = P(AB)
is a coherent extension of (x, y) if and only if z € [/, "], where 7 = max{x+y— 1,0} and z = min{x, y}. Moreover,
assuming x > 0, by compound probability theorem it holds that 4 = <. Then, every (x,y,z,u) € I is coherent,
that is IT" < TI. Of course, if x > 0 and (x,y,z,u) ¢ IT, then (x,y,z,4) is not coherent. Now, we assume x = 0,
so that 7 = z” = 0. Then, we show that the assessment (0,y, 0, u) is coherent if and only if (y,u) € [0, 1]?, that is
(0,y,0,u) € I”. The constituents C,’s and the points Q;’s associated with (F,P), where P = (0,y,0, ), are given
in Table 2l Denoting by I the convex hull generated by Q1, Q», O3, Q4, the coherence of the prevision assessment P

Cn | On
C, | AB | (1,1,1,1) | Oy
C, | AB | (1,0,0,0) | O,
Cs | AB | (0,1,0,p) | O3
C4 AB (07 O’ 07#) Q4

Table 2: Constituents Cj,’s and points Qj,’s associated with the probability assessment = (0,y,0,u) on F = {A, B,AB, B|A}.

on ¥ requires that the condition € J be satisfied; this amounts to the solvability of the following system
P=>0 O i =1, =0, h=1,...4. (17)

AsP = y0; + (1 — y)Qy, the vector (4;,...,44) = (0,0,y,1 —y) is a solution of system (I7), with thcth Ay = 0.
Then, by (A2), 7y < {4} and Fy < {B|A}. Thus, from Theorem [I3] for checking coherence of  on ¥ it is
sufficient to study the coherence of u = P(B|A). Of course, u = P(B|A) is coherent if and only if u € [0, 1]. Thus,
every assessment (0,y, 0, i) is coherent if and only if (0,y,0,u) € II” = {(0,y,0,x) : (y,u) € [0,1]?}. Therefore
Im=1rvIr. O



Based on Theorem[3l we obtain the following prevision propagation rule for two-premise centering with uncon-
ditional events in the premise set:

Theorem 6. Let A, B be any logically independent events. Given a coherent assessment (x,y) on {A, B}, for the
conditional event B|A the extension u = P(B|A) is coherent if and only if u € [/, u”], where

, max{%,o}, ifx>0; , ( min{i1}, ifx>0;
0, ifx = 0; = 1, if x =0.

Proof. The proof is the same of Theorem [ with ¥ = {A, B, AB, B|A} and with Theorem Bl replaced by Theorem[3
O

Remark 8. As shown by theorems[d and [ the lower and upper bounds on the conclusion of two-premise centering
involving iterated conditionals coincide with the respective bounds on the conclusion of the (non-iterated) two-premise
centering.

5. Biconditional centering

In classical logic the biconditional A <> B (defined by (A v B) v (AB)) can be represented by the conjunction of
the two material conditionals A v B and B v A. Therefore, {A v B, Bv A} |= A < BJ, which is called biconditional
introduction rule. With the material conditional interpretation of a conditional, the biconditional A < B represents
the conjunction of the two conditionals if A then B and if B then A. In this section, we present an analogue in terms of
conditional events, by also giving a meaning to the conjunction of two conditional events A|B and BJA.

From centering it follows that {A, B} |=, B|A and {A, B} |=, A|B. Then, from P(A) = P(B) = 1 it follows that
P(B|A) = P(A|B) = 1, which we denote by: {A, B} |=, {A|B, B|A}. Thus, by applying (8) with H = Band K = A,
we obtain {A|B, B|A} =, (A|B) A (B|A) (which we call biconditional introduction rule, or biconditional AND rule).
Then, by transitivity

{AB} =, (AIB) A (BIA). ()

In a similar way, we can prove that
AB |=, (A|B) A (B|A). (19)

We recall that the conditional event (AB) | (A v B), denoted by A||B, captures the notion of the biconditional event,
which has been seen as the conjunction of two conditionals with the same truth table as the “defective” biconditional
discussed in [Iﬁ]; see also [@]. ‘We have

Theorem 7. Given two events A and B it holds that: (A|B) A (B|A) = (AB)|(A v B) = A||B.

Proof. We note that (A|B) A (B|A) = min(A|B, B|A)|(A v B) = AB + u - AB, where u = P[(A|B) A (B|A)]; we also
observe that (AB)|(A v B) = AB + p - A B, where p = P[(AB)|(A v B)]. Then, under the assumption that “(A v B)
is true”, the two random quantities (A|B) A (B|A) and (AB)|(A v B) coincide. By coherence (see [50, Theorem 4])
it follows that these two random quantities coincide also under the assumption that “(A v B) is false”, that is u and p
coincide. Therefore, (A|B) A (BJA) = (AB)|(A v B). O

Based on Theorem [7] we can now really interpret the biconditional event A||B as the conjunction of the two
conditionals (B|A) and (A|B). Moreover, equations (I8) and (I9) represent what we call two-premise biconditional
centering and one-premise biconditional centering respectively, that is {A, B} |=, A||B and AB |=, A||B.

Though in classical logic {A, B} |= (A <> B), the analogue does not hold in our approach, since we do not have p-
entailment of A||B from A, B, indeed if P(A) = P(B) = 1, then P(A v B) = 0 and therefore P(A||B) = P((AB)|(A v
B)) € [0, 1] (see Theorem [§] below). The biconditional event A||B is of interest to psychologists because there is
evidence that children go through a developmental stage in which they judge that P(if A then B) = P[(AB)|(A v B)],

3 We recall that the symbol |= denotes the relation of logical entailment. In our case, if both events A v Band B v A are true, then the
biconditional A <> B is true.
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with this judgment being replaced by P(if A then B) = P(B|A) as they grow older ([Iﬁ]). We recall that, given
two conditional events A|H and B|K, their quasi conjunction is defined as the conditional event Q(A|H, B|K) =
[(AH v H) A (BK v K)]|(H v K). Quasi conjunction is a basic notion in the work of Adams (1) and plays a role in
characterizing entailment from a conditional knowledge base (see also [Ia]). ‘We recall that in [@] A||B was interpreted
by the quasi conjunction of A|B and B|A, by obtaining A||B = Q(A|B, B|A) = (AB)|(A v B).

6. Lower and upper bounds for two-premise biconditional centering

In this section we determine the lower and upper bounds for the conclusion of two premise biconditional center-
ingH
Theorem 8. Let A, B be any logically independent events. Given any (coherent) assessment (x,y) € [0, 1]* on {A, B},
for the biconditional event A||B the extension z = P(A||B) is coherent if and only if z € [Z/, "], where

min{x,y} .
Z’=max{x+y—1,0}, Z//= max{x,y}’ ffx>00r)’>0,
1, if x=0andy = 0.

(20)

Proof. We consider two cases: (i) x > 0ory > 0; (ii) x = 0and y = 0.
Case (i). As P(A v B) > max{x,y}, it follows that P(A v B) > 0. Then, defining v = P(AB), one has

P(A||B) = P}()/(‘AVB;) = = We recall that v is a coherent extension (x,y) if and only if v € [V',»"], where
v/ = max{x+y—1,0} and v = min{x, y}. By observing that f(v) = 75— is an increasing function of v, it follows
that the assessment z = P(A||B) is a coherent extension of (x,y) if and only if z € [Z/,Z"], where 7/ = #;V, =
max{x+y—1,0} _ max{x+y—10} _ " _ min{xy} . _
T—max—10] . min{xtnd) max{x +y — 1,0}, and 2" = H;,V,, = maxlo] We observe that if x = 0 or

y=0,then7’ =7 =0;ifx =y = 1,then7 = 7’ = 1. Moreover, if x > 0 and y > 0, then 7’ = min{f,f .

Case (if) (x = y = 0). The constituents Cj’s, h = 1,2,3,4, associated with the assessment (0,0,z) on
{A,B,AB|(A v B)}, and the corresponding points Q;’s are C; = AB,C, = AB,C; = AB,C4 = A B, and
0 = (1,1,1),0, = (1,0,0),03 = (0,1,0),04 = (0,0,z), respectively. As the prevision point (0,0, z) coin-
cides with Qy, then it belongs to the convex hull of points Qy, ..., Qs, that is the associated system (X), as defined
in Section is solvable. As P(A v B) < min{x + y,1} = 0, each solution (4;,...,44) of (£) is such that
Yc,cavs An = A1+ + A3 = 0, so that 7o = {3}. By Theorem[3] (0, 0, z) is coherent if and only if z is coherent,
which amounts to z € [0, 1].

O

7. Reversed inferences and bounds on biconditional AND rule

In this section we first recall the lower and upper bounds on the conclusion of the biconditional AND rule. Then,
we study the reverse inferences from the prevision assessment on the conclusion A||B = (A|B) A (B|A) to the premises
{A|B, B|A}. That is, starting with a given assessment z € [0, 1] on A||B, we determine the set D, of all coherent
extensions (x,y), where x = P(A|B) and y = P(B|A). We recall the following probabilistic propagation rule ([49]).
Let (x,y) be any coherent assessment on {A|B, B|A}; then, the probability assessment z = P(A||B) is a coherent
extension of (x,y) if and only if

0, ifx=00ry=0,

H ,
ZZTO(X’Y)Z{ - if0<x<land0<y<1, o2y
aby—ay g g

where Té{ (x,y) is the Hamacher t-norm, with parameter 1 = 0. We obtain

4Coherence of probability assessments on conditional events can be checked, for example, by the CkC-package ).
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Theorem 9. Let A, B be any logically independent events. Given any assessment z € [0, 1] on Al|B, the extension
(x,y) on {A|B, B|A} is coherent if and only if (x,y) € D,, where

{(x,y) €[0,1]*: x=0o0ry =0}, ifz =0,
Dzz{{( y) € [0,1]%: x<1yy_ 21 if(Z)<Z<1

x—z+xz

Proof. From (2]) the set IT of all coherent assessments (x, y, z) on {A|B, B|A, A||B} is

I ={(x.y.2) : (xy) € [0.1]% 2 = Ty (x.y)}. (22)

Assume that z = 0. We notice that the assessment (x,y,0) € ITif and only if x = 0 or y = 0, with (x,y) € [0, 1]
Then, Dy = {(x,y) € [0,1]*: x = 0 ory = 0}. Assume that 0 < z < 1. By Goodman and Nguyen inclusion relation
among conditional events, as AB|(A v B) < A|B and AB|(A v B) < )
Theorem 6]) x > Z> Oandy >z > O thus xy > 0, x + y — xy > 0, andxfz+xz> 0. Then, from ZI)) and @2) it
holds that z = so thaty = Therefore, D, = {(x,y) 1 z<x < 1,y = =%} O

X—z+Xxz

x+} xy? x— z+xz

Remark 9. Based on Theorem[d] the set IT of all coherent assessments (x, y, z) on {A|B, B|A, A||B} can also be written
as

= {(x,y,z) :2€[0,1], (x,y) € D_}.

Moreover, by symmetry, we observe that, if z > 0, the set D, in Theorem [9] can also be written as D, = {(x,y) €

(0,1 z<y<1lx= =5}

8. Two-premise centering with logical relations and counterfactuals

In this section we consider an instance of two premise-centering, with a logical dependency, that can be used to
study some counterfactuals. Specifically, we consider the inference: { B|Q2, C|A} p-entails (C|A)|(B|Q), with AB = (.
As B|Q = B, this inference can be simply written as

{B,C|A} |=, (C|A)|B, with AB = (. (23)

We first show that, assuming P(B) > 0, the prevision of the conclusion (C|A)|B coincides just with P(C|A), i.e
P[(C|A)|B] = P(C|A). By (@) the conjunction of B and C|A reduces to the random quantity (C|A)|B = yB, where
y = P(CJA). Then, by linearity of the prevision, P[(C|A) A B] = P(C|A)P(B). Moreover, by (IQ), it holds that
P[(C|A) A B] = P[(C|A)|B]P(B) and then, by assuming P(B) > 0, we obtain

P[(C]A) ~ B] _ P(C|A)P(B)

BlCIIB] = e =

P(C|A). (24)

Now we show that (24) holds in general, even if P(B) = 0, by also showing that the iterated conditional (C|A)|B is
constant and coincides with P(C|A), when AB = (4. As (C|A) A B = yB, by Definition[fl (C|A)|B = yB + uB.
Moreover, as B € A, conditionally on B being true, it holds that: C|A = AC + yA = y; that is, when B is true, C|A is
constant and equal to y. Then, by coherence, u = P[(C|A)|B] = P[(AC + yA)|B] = P(y|B) = y (see [46, Remark 1]).
Therefore, when AB = (F it holds that (C|A)|B = yB + yB =y, i.e., the iterated conditional (C|A)|B is constant and
equal to P(C|A). Then, trivially, when AB = (¥ it holds that P[(C|A)|B] = P(C|A), i.e. the prevision of the iterated
conditional “if B then (if A then C)” coincides with the probability of “(if A then C)”. Therefore, the probability of
B does not play a role in propagating the uncertainty from the premise set {B, C|A} to the conclusion (C|A)|B. In
particular, if B = A, then (C|A)|A = P(C|A).

This result can be used as a model for some instances of counterfactuals. Counterfactuals are conditionals in
the subjunctive mood, which people usually use when they believe that the antecedents are false. For example, the
assertion of “If the glass had fallen from the table, then it would have broken” conversationally implies that the speaker
believes that the glass did not fall. Counterfactuals are important for causal reasoning and for hypothetical thinking
in general. There is experlmental evidence that people judge the probability of a counterfactual, “If A were the case,
then C would be the case”, as the conditional probability, P(C|A) E ]. Moreover, when presented with causal,
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e.g., “If a patient were to take certain drug, the symptoms would diminish”, or non-causal task material, e.g., “If
the card were to show a square, it would be black”, people judge the negations of the antecedents to be irrelevant to
the evaluation of the counterfactuals [@, ]. These negations state the actual facts, e.g., “The patient does not take
the drug”, or “The side does not show a square”, respectively. This speaks for the psychological plausibility of our
basic intuition, which also underlies Stalnaker’s extension of the Ramsey test to counterfactuals [&, IE @{: when
we evaluate the counterfactual “If A were the case, C would be the case”, we hypothetically remove, or set aside,
our information that A is false from our beliefs and assess C under the assumption that A is true. This matches the
psychological data [@, ]. One starting point of modeling such situations is given by the aforementioned iterated
conditional (C|A)|B, with B < A, where B represents the factual statement which provides evidence that A.

We remark that, contrary to [@], in general the iterated conditional (C|A)|B, when A, B, C are logically indepen-
dent, does not coincide with the conditional event C|AB. Indeed, by setting P[(C|A)|B] = p and P(C|]A) = y, from

Definition[@ we obtain
1, if ABC is true,

_ 0, if ABC is true,
(CIA)IB = (ClA) AB+uB =13 " it AR is true,

u, if Bis true,
while, assuming AB # & and P(C|AB) = z, it holds that
o 1, if ABC is true,

C|AB=ABC +zAB= < 0, ifABCis true,
z, if ABis true;

thus: (C|A)|B # C|AB. Moreover, as (C|A)|B = (AC + yA)|B = AC|B + yA
formula

B, by linearity of prevision and product

P[(C|A)|B] = P(C|AB)P(A|B) + P(C|A)P(A|B). (25)

Therefore, like in , ], the Import-Export Principle is not valid in our approach. Then, as proved in [@], we
avoid the counter-intuitive consequences related to Lewis’ well-known first triviality result ([Ia]). Moreover, if the
Import-Export Principle were added as an axiom to our theory, assuming AB = J, A # &, B # (J, we would have
on one hand (C|A)|B = P(C|A); on the other hand it would be (C|A)|B = C|AB = C|J; thus, we would obtain an
inconsistency. We also recall that, following de Finetti, objects like C|&J are not considered in our approach. Finally,
we point out that we are able to manage counterfactuals; indeed, in our approach the counterfactual C|A when A is
believed to be false is not C|, but (C|A)|A, which coincides with P(C|A).

9. Conclusions

We have presented a probabilistic analysis of the conjunction and iteration of conditional events, and of the cen-
tering inference for these conjunctions and iterations. In our approach conjoined conditionals and iterated condi-
tionals are conditional random quantities defined in the setting of coherence. By this approach we can overcome
some objections made in the past to the conditional probability hypothesis for natural language conditionals, that
P(if A then B) = P(BJA). This hypothesis is fundamental for the new Bayesian and probabilistic approaches in the
psychology of reasoning and has been confirmed in many papers ([@, 67, @, @, , , @]). This identity is also
central to our analysis of both indicative and counterfactual conditionals as conditional events.

We have proved the p-validity of one-premise and two-premise centering when basic events are replaced by condi-
tional events. We have determined the lower and upper bounds for the conclusion of two-premise centering; we have
also studied the classical case and have obtained the same lower and upper bounds. We have proved the p-validity
of an analogue of the classical biconditional introduction rule for conditional events (biconditional AND rule). We
have verified the p-validity of one-premise and two-premise biconditional centering, and have given the lower and
upper bounds for the conclusion of two-premise biconditional centering. We have investigated reversed inferences,
by determining the lower and upper bounds for the premises of the biconditional AND rule. We have briefly indicated
how to apply our results to the study of selected counterfactuals.
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It is often argued that there are deep differences between indicative and counterfactual conditionals. For example,
the indicative conditional, “If Oswald did not kill Kennedy then someone else did”, is not equivalent to the counter-
factual conditional, “If Oswald had not killed Kennedy then someone else would have” ([26]). We will explore in
future work the more detailed similarities and differences between these two forms of the conditional.
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Appendix A. Some technical aspects on coherence

In this Appendix, which expands Section we illustrate some technical aspects which concern coherence of
probability and prevision assessments on conditional events and conditional random quantities.

Appendix A.1. Coherence Checking

Let be given a family F. = {E:\|Hy,...,E,|H,} and a probability assessment P, = (p1,...,p,) on F,, where
pi = P(Ei|H;), i=1,....,n. WesetJ, = {1 2,...,n}. We recall that the constituents Co, Cy, ..., C,, generated
by ¥, where Cy = H, = H1 H,---H,, are obtamed by expanding the expression A\'_,(E:H; v E:H; v H;). For

each h € J,,, with the constituent C;, we associate a point Q, = (qu1,-..,qnm), Where for each j € J,, qnj = 1,
or 0, or p;, according to whether C, < E;H;, or C}, < E iHj, or C; < FI Denoting by I the convex hull of
0O1,...,0n, by a suitable alternative theorem ([31), Theorem 2 9]) the condltlon P, € I is equivalent to the condition
min DH,, < 0 < max Dy, given in Deﬁmtlonﬂ](see e.g., [@ .]) Moreover, the condition $,, € 7 amounts to the
solvability of the following system (X) in the unknowns A, ..., 4,
(2): Zq/”/lh—pj,je.]n, 21,1_1 =0, hel,
= h=1

We say that system (X) is associated with the pair (%, #,). Hence, the followin result provides a characterization of
the notion of coherence given in Deﬁnltlonﬂ]([@ Theorem 4.4], see also [@ Q%I

Theorem 10. Let K be an arbitrary family of conditional events and let P be a probability function defined on %.
The function P is coherent if and only if, for every finite subfamily ¥, = {E;|H\, ..., E,|H,} of K, denoting by P,
the vector (pi,..., pn), where p; = P(E;|H;), j = 1,2,...,n, the system (X) associated with the pair (7,,P,) is
solvable.

We recall now some results on the coherence checking of a probability assessment on a finite family of
conditional events. Given a probability assessment $, = (pi,...,p,) on a finite family of conditional events
Fn = {E\|H\,...,Ey|Hy,}, let S be the set of solutions A = (4, ..., 4,) of the system (). Then, assuming S # &,
we define

D;(A) =Dj(A1,....An) = Zr:C,gH,» Ay JEJ; AES;
szmaers (DJ(A), jEJn; IOZ{jIMjZO}.

Of course, if S # J, then S is a closed bounded set and the maximum M; of the linear function ®;(A) = >} - H, Ar
there exists for every j € J,. We observe that, assuming #, coherent, each solution A = (4i,...,4,,) of system () is
a coherent extension of the assessment $,, on 7, to the family {C;|H,,, C2|H,, ..., Cu|H,}. Then, by the additivity
property, the quantity ®;(A) is the conditional probability P(H;|H,) and the quantity M; is the upper probability
P*(Hj|H,) over all the solutions A of system (X). Of course, j € Iy if and only if P*(H;|H,) = 0. Notice that I is a
strict subset of J,,. We denote by (o, Po) the pair associated with y. Given the pair (¥,,P,) and a (nonempty) strict
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subset J of J,, we denote by (¥, P,) the pair associated with J and by (X;) the corresponding system. We observe
that (X;) is solvable if and only if P, € I, where I, is the convex hull associated with the pair (¥, %;). Then, we
have (135, Theorem 3.2]; see also [@, @])

Theorem 11. Given a probability assessment $, on the family ¥, if the system (X) associated with (F,,P,) is
solvable, then for every J < J,, such that J\Iy # (J, the system (X;) associated with (¥, P;) is solvable too.

The previous result says that the condition ,, € I implies P; € I ; when J\Iy # J. We observe that, if P, € 7,
then for every nonempty subset J of J,\Ij it holds that J\ly = J # &; hence, by Theorem I the subassessment
P i, on the subfamily 7 \;, is coherent. In particular, when Iy is empty, coherence of #, amounts to solvability
of system (X), that is to condition $, € 7. When Iy is not empty, coherence of $, amounts to the validity of both
conditions P,, € I and P, coherent, as shown below ([@, Theorem 3.3]).

Theorem 12. The assessment $, on ¥, is coherent if and only if the following conditions are satisfied: (i) P, € 1;
(i) if Iy # J, then Py is coherent.

Appendix A.2. Coherent conditional prevision assessments

We denote by X a random quantity, that is (following de Finetti, see also [@]) an uncertain real quantity, which
has a well determined but unknown value. We recall that in the axiomatic approach to probability, usually X is defined
as a random variable. We assume that X is a finite random quantity, that is X has a finite set of possible values. In
particular, (the indicator of) any given event A is a two-valued random quantity, with A € {0, 1}. Given an event
H # ¢ and a finite random quantity X, let {x, x2, ..., x,} be the set of possible values of X restricted to H, which

means that if H is true then X € {x, x2,...,x,}. As an example, given an event H # ¢ and a finite random quantity
X with a set of possible values {x, xa,...,x,}. Letbe A; = (X = x;), i = 1,2,...,n. Assume that A;H # & for
i =iy,i,...,i, and with A;H = ¢J otherwise. Then, the set of possible values of X restricted to H is {x;,, Xi,, ..., X; }.

Notice that the set {x;,, x;,, ..., x; } is nonempty because \/"_, A;H = (\/\_, A))H = QH = H # . Indeed, if it
were A;H = (¢ fori = 1,...,n, then it would follows that H = \/;':] A;H = ¢ (which is a contradiction).

Agreeing to the betting metaphor, by assessing the prevision of “X conditional on H” (also named “X given H”),
P(X|H), as the amount g, then for any given real number s you are willing to pay an amount us and to receive X,
or us, according to whether H is true, or false (bet called off), respectively. Then, the random gain associated with
the assessment P(X|H) = uis G = sH(X — u). We remark that, differently from the notion of expected value, in
the subjective approach of de Finetti the prevision of a random quantity is a primitive notion and its value can be
assessed in a direct way. In particular, when X is (the indicator of) an event A, then P(X|H) = P(A|H). We recall
the notion of coherence for conditional prevision assessments ([IE, , @, ]). Given a function [P defined on an
arbitrary family % of finite conditional random quantities, consider a finite subfamily 7, = {X;|H;, i € J,} < K and
the vector M,, = (w;, i € J,), where y; = P(X;|H;), i € J,. With the pair (¥,, M,) we associate the random gain
G = Zie I, siH;(X; — w;), where sy, 52, . .., s, are arbitrary real numbers; moreover, as made for the conditional events,
we denote by D the set of values of G and by Dy, where H,, = H, v --- v H,, the set of values of G restricted to
H,,. Then, using the betting scheme of de Finetti, we have

Definition 7. The function P defined on K is coherent if and only if, Vn > 1, V¥, < K, Vsi1,...,s, € R, it holds
that: min Dy, < 0 < max Dyy,.

Given a family F, = {X,|H,, ..., X,y|H,}, for each i € J, we denote by {x;, ..., x;,} the set of possible values for
the restriction of X; to H;; then, foreachi € J,and j = 1,...,r;, we set A;; = (X; = x,j). Of course, for each i € J,,,
the family {F_I;,A;jHi , j =1,...,r} is a partition of the sure event Q, with A;;H; = A;j, \/;"=1 A;j = H;. Then, the
constituents generated by the family 7, are (the elements of the partition of () obtained by expanding the expression
Nies, (Ai v - v Ay, v H;). We set Co = H, - - - H, (Co may be equal to (¥); moreover, we denote by C4, ..., C,, the
constituents contained in ‘H, = H, v - -- v H,. Hence /\ie]” (Ai v -V Ay v H) = \/}_, Cp. Witheach Cy, h € J,,
we associate a vector Qn, = (qn1s- - -, qnn), Where gn = x;;if Cyy S Ay, j = 1,...,r;, while g = p; if C,, S Hy; the
vector associated with Cy is Qp = M, = (u1,...,H,). Denoting by I the convex hull of Qy, ..., Oy, the condition
M, € I amounts to the existence of a vector (4, ..., 4,,) such that: Zhe]m 2,0, = M, Zhe]m Ap=1,24,=>0, Vh;
in other words, M, € T is equivalent to the solvability of the following system, associated with (¥, M,),

Zhe]m/lhqhi =ui, 1€Jy; Zhe]m/lh =1; 4,20, heJ,. (A.1)
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Given the assessment M, = (u1,...,u,) on F, = {Xi|H, ..., X,|H,}, let S be the set of solutions A = (1y,...,4,)
of system (A.I). Then, assuming the system (A.I) solvable, thatis S # ¥, we define:

Ip={i:max > A, =0}, Fo={XiHi.ielh}, Mo = (u. i€l). (A.2)
ASS e,

Then, the following theorem can be proved ([IE, Theorem 3]):

Theorem 13. [Operative characterization of coherence] A conditional prevision assessment M, = (ui,...,H,) on
the family 7, = {Xi|H\, ..., Xy|H,} is coherent if and only if the following conditions are satisfied:

(i) the system (A.) is solvable;

(ii) if Iy # ¢, then M, on Fy is coherent.

Appendix A.3. Conditional previsions as previsions of conditional random quantities

We recall that usually in the literature a conditional random quantity X|H is understood as the restriction of X to
H, with X|H undefined when H is false. By the betting scheme, if you assess P(X|H) = u, the random quantity that
you receive by paying u is XH + uH. From coherence, it holds that P(XH + uH) = y; indeed, if you would assess
P(XH + uH) = pu* # u, then the random gain associated with the assessment (u, u*) on {X|H, XH + uH} would be

G = siH(X —p) + s2(XH + pH — p*).

Then, by choosing s; = 1 and s, = —1, the random gain G would be equal to the nonzero constant: y* — u (a Dutch
book). In what follows, by the symbol X|H we denote the random quantity XH + uH, where u = P(X|H). This
random quantity, which extends the restriction of X to H, coincides with X when H is true and is equal to u when
H is false ([@]; see also [@, @, @]). As shown before the conditional prevision P(X|H) is the prevision of the
conditional random quantity X|H. In this way, based on the betting scheme X|H is the amount that you receive in
a bet on X conditional on H, if you agree to pay P(X|H). Moreover, denoting by {xj, x2, ..., x,} the set of possible
values of X when H is true, and defining A; = (X = x;),i = 1,2,...,r, the family {AH, ..., A, H, H} is a partition of
the sure event Q and we have

X|H = XH + uH = xiA1H + -+ + x,A.H + uH € {x1,x2, ..., X, i} .

In particular, when X is (the indicator of) an event A, the prevision of X|H is the probability of the conditional event
A|H and, if you assess P(A|H) = p, then for the indicator of A|H we have A|H = AH + pH € {1,0,p}. We
observe that the choice of p as the value of A|H when H is false has been also considered in some previous works

(117.33.557.60. 63, 85. l86D).
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