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Abstract : The main goal in this work to find the general solution for some kind of linear second order homogenous differential

equations with variable coefficients which have the general form y"+P(x)y'+Q(x)y =0 by using the substitution

:e_[Z(x)dx

y ,which transform form the above equation to Riccati equation .
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1. INTRODUCTION

Many researchers in this field of differential equations , may face a difficult in solving the linear second order differential
equations by using known methods . Therefore ,they are trying to solve these equations by using the power series or the
Frobenius method [1] .

Kathem [ 2 ] gave a method for solving the above equation ,this method depends to find a function z (x) such that

Z(x)dx
y=¢ . Kathem [ 2] only gave examples which enable to find the general soluation by using this substitution .

2- Bernoulli Equation [3]

The general form that of Bernoulli equation has is written as

y+p(x)y=q(x)y" n=1

where P and ( are functions of, X (or constants)

3- Riccati Equation [4]
The general form of Riccati equation is written as

, 2
y' = () +9(x)y+h(x)y (D)
where f,g and h are given functions of X (or constants) . We can solve it , if one or more particular solutions of (1) can
be found by inspection or otherwise . The general solution of (1) is easy to be obtained by the following conditions

i- If Yy, isaknown particular solution , then the general solution

can be obtained by the assumption :-
U=y-y .
then (1) transformed into Bernoulli equation
U (x)+(g+2hy)U =hU? |

so, the general solution of (1) is given by

(y- yl)[c — [h(X) z(x) dx] = 2(x) ; 2(X) = ej(g+2hyl)o|x
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ii-If 'y, and Y, are two known particular solutions , then the general solution of (2) can be found by the assumption
U(y-y,)=Y-Yq.
then the general solution is given by :-

h(x) (y;-Y,)d
Y=y, =C(y-v,) 100 DY)

where C is an arbitrary constant .

iii- If y,, Y, and Y, ,are three known particular solutions, say then the general solution of equation (@) isgivenas:

Y=y) (Vs =Vs) _

(ys - y1)(y - y1)

where C is an arbitrary constant

4- How Find The General Solution for the Linear Second Order Differential Equations
We can solve the equation

y"+P(X)y'+Q(X)y =0 ..(2)
by the following cases:

i- If P(X) and Q(X) are constants say P(X) = a and Q(X) =D then the equation (2) becomes
Z'(X)+Z2%(x)+aZ(x)+b=0 ..(3) ,

and the solution of (3) is given by :-

a) ,
b)
a2
if b= T where A and C are arbitrary constants .
proof :-
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a) Since Z'(X)+ Z2(x)+aZ(X) +b =0, so

2
dz +dx=0=] dz =—x+C;d2=b—aT

2 2 2
[Z+aj h-2 [Z+:j +d2

:%tan_l[ Z+da/2j=—x+C:>Z =dtan(f —dx)—%;f =dc

J[d tan(f - dx) - &
y=e 2

dX  Incos(f —dx)—2x+g

a
¢

y=Ae 2 cos( f —dx);A=eg

_%X a2 : a2 .
y=e (Clcos b_T x+C25|n b_T X) ; where Clecosf and CZ:Asmf

4.1.Example:- For solving the differential equation
y"+2y' -3y =0 ,a=2andb=-3 ,

2
since b = —
4

Then , by using the above formula , we get the general solution which has the form

y:e_X(Clcosx/—S—l x+C2 sin/-3-1X)=y =e_X(C10052ix+C2 sin 2ix)
—2X | 42X —2X _ .2X
X, B +e e —e —3x X
=e C +C = Ae + Be
y © 2 5 )
cC, C C
,Where A= 1,2 ,B= 1 2
(2 2i) (2 2)
b) If
2
b=2 = az 2+dx:0:>—L:Cl—x:>Z+E: 1 ;C=-C,
a i 2 x+C
Z+— +
2 2
Since
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In(x+C)—%x+C

4.2. Example:-For solving the differential equation
y'+4y'+4y =0 ;a=4,b=4
we will use the general form in the above formula and we get
a
y=e 2 (Ax+B),B=AC = y=¢ “X(Ax+B)

ii-If Q(x) =0 , then the general solution is given by :-

y= Aje_I P gy 1+ B

proof:- Since

Z2'(0)+Z22(0)+PZ(X)+Q=0=2'+2%2+PZ2=0=2'+PZ =-72

this is like Bernoulli equation , to solve it , let Z ' =t = t' =Pt =1

this equation is linear , and its integrating factor is given by:-

|.F = e_.[ p(x)dx - e_.[ p(x)dxdt—t p(x)e_I p(X)dXdX — e_I p(X)dXdX

_ oI P(X)dx _ Ie—f PO 4, 5 _ o~ p(x)dx
je_,[ p(X)dXdX

I o~/ P(x)dx |
X
Je je= [ POOAX g
— [ p(x)dx
y:eInje Pl — aje” TPOIMg B ,A=eCl

4.3.Example :- For solving the differential equation
2
y!r _ e yr — o '
X

we use the general form in the above formula and we get
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2
B J=dx
y=Afe POy 4 B = y=Afe X dx+B

2In x 3 A
=Afe dx+B =A x°+B A==
y | = Yy Aj_ A.L 3

iii-If P(X) = 2,/Q(X) , then the equation (3) can be solved by the assumptionu = Z(X) +/Q(x)

since

Z'+22+PZ+Q:O :>Z’+22+2\/6+Q:O:>Z’+(Z+\/6)2:0 :

to solve this equation , let

u=2Z+,Q :Z'zu’—&zu’—g:u'—nguz:O:>u’+u2=Q—
2,Q P P P
this is Riccati equation , with f(X) =1,g(Xx) =0and k(Xx) =%

Now , there are many cases

1-1f U, is a known solution to the last equation , then the general solution is given by

dx

oy Q00 o ~2fuix

y=A

proof:-

The assumption d =u — U, transforms the equation to Bernoulli equation which has the form:-

d'+d2+2u1d =0=d'+2ud —_d2

to solve it , we set

d_1 =t= —d_2d' =t'=d 2d' =—t"=1t'-2u,t =1, thisis linear equation , and its integrating factor is given by :-

1

- quldx
I.LF=e ,50 the general solution of the last equation is given by :-
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—| 2u1dx

—[2u,dx —[2u,dx —[2u,dx
eI ! t—eI 1 dx:>eT:jeI 1™ dx
e—j2u1dx - | 2uldx
u-uy, =——=>U=——+1U
1 —[2u,dx — [2u,dx 1
jeJ 17 dx jeI 17 dx
—| 2u1dx —j2uldx
e e
Z +,Q(x) ST +Uy :Z_—_Izu ™ +u1—,/Q(x)
[e 17 dx Je 17 dx
—j2uldx
e
I——j2u1dx +u1—,/Q(x) dx
e dx
y=e
—[2u,dx
Infe I 1 dx+j[u1—,/Q(x)]dx+C
y=e
U, —/Q(x) [dx —{2u,dx
y:Aej[1 J jeI 17dx ;A=eC

2-1f U;and U, are two known solutions , then the general solution of the last equation is given by :-

:C =cons tant

proof:- From Riccati equation we get

[ul -u, ]dx
u—u, = C(u - u2 ) e :C is any arbitrary constant

1
SO
u, —Cu ej[ul_UZde
J‘ 1 2 _\/6 dx
oy —Cu, ej[ul—uz]dx LCoe [ul—uz]dx
u= = y=e
1-C ej[ul_UZJdX
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3-if U;,U, and u, are three known solutions , then the general solution of the last equation is given by :-

U, —U
g} : C =constant
Uz —Uy

proof:- From Riccati equation we get :

—Uu U, —u . .
L= C( 3 1} :C is any arbitrary constant

u-—u, Uy — U,
u-u Uy —U
= 1=ca@);auy{4i—lJ
u-ts U3~z
u, —CJ(x)u
:>u—u1:CJ(x)u—CJ(x)u2 Syu=-L 72
1-CJ(x)
u, —CJ(x)u
71 Y2 Q(x)
1-CJ(x)

[u] —CJ (x)u2
e

—JQ(X) |dx
1-CJ(X) J ; J(x)—{u?’_ulJ

y:
Uz —Us

Note:- Some of these equations can be transformed into variable separable equations and don’t need the above formula to find the
general solution

4.5. Example_:- For solving the differential equation

y”+2xy’+x2y=0 ;. P(x) =2x ,Q(x)=x2

by using the equation (3) we get

2'+22 422 +x*=0 =2'+(Z+xf=0 |

let
Z+x=t=2"=t'-1
=t -1+t° =0= 1ft2 —dx =0= tanh ™"t = x+C=t = tanh(x + C)
= Z =tanh(x +C)—x |
since
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y:ejz(x)dx ~ y:ej(tanh(x+C)—x)dx

Incosh(x+C)—1x2+a 12,4

y =e 2 —y=e 2 cosh(x+C)
_1.2

y=e 2 (Acosh x+ Bsinhx) :A=e?coshC,B=e?sinhC

iv) If P(X) and Q(X) are not any one of the above cases , then the equation Z'+Z*+ P(x)Z + Q(x) = 0 is like Riccati

equation . As a result then there are three cases :

1-If Z, is a known solution to it, then the general solution of (1) is given by :-

dx

Z,dx . [P+ zzljdx

y=Ae
Proof :-
The assumption Z = Z, + U transforms the equation to Bernoulli equation which has the form:-
u+(P+2Z)u+u’=0
to solve it , we assume u~' =t

- (P + ZZl)t = lthis is a linear equation , and its integrating factor (I.F) is given by :-

- :e—j(P+2zljdx :t.e—j(P+ZZl)dx :Je—;[mzzl]dxdx
—I[P+221]dx
|- +Z, | dx

e—j[P+221]dx e—J[P+2zl]dx i 1
=7Z= +Z;=>y=¢e

—j(P+221dedX

—[[P+2Z4
:>y:e| [e [ ] ejZldx+a
—({P+2Z,|d

=y=A ejzldxje I[P+, i A=el

2-1fZ, and Z, are two known solutions of it , then the general solution of this equation is given by :-
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:C =constant

proof:- From Riccati equation , we can write

[(Z,-Z.,|dx
7 1_Cef(21‘22]dx 7 ¢z ej[Zl—Zz]dx :Z:zl_czze[ 1 2]
' ? zZ-Z jdx

Z,—Z,\dx
Zl_czze.[[ 1 2]

LCe I[Zl—zz] dx

dx

—>y=e

3-1fZ,,Z,and Z, are three known solutions of it , then the general solution of this equation is given by :-

{z] —CI(X)Z,
1-C J(x)
y=¢e

}d
Z3
;C =constantand J(X) = ———
Z3

proof:- From Riccati equation , we can write

Z—Z1 23—21
=C ; C be any arbitrary constant
B Z3=4
= =C J(x) J(X)=—=——= :>Z—21:CJ(X) Z—CJ(x)Z2

Z—-Z Zr—Z

2 3 2

Zl—CJ(X) 22 dx
Zl —CJ(x) 22 1-CJ(x)
= =€
1-CJ(x)

4.6..Example :- For solving the differential equation
2 2
yﬂ_+__yr__2y=0 '
X X
we use the general form in the above formula , which is

JZ0x e—f(P+2zljdx

y=Ae dx A=e? |
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1
now, let Zl = — (‘which is a particular solution of Riccati equation )
X

Lax  —(Adx
y:AeIX fe X dx
3
y=Ae|ane_4Inde=Ax X—+C1 =—éx_2+Bx B =AC,
3 3
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