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Abstract

When discussing Logical Pluralism several critics argue that such
an open-minded position is untenable. The key to this conclusion is
that, given a number of widely accepted assumptions, the pluralist
view collapses into Logical Monism. In this paper we show that the
arguments usually employed to arrive at this conclusion do not work.
The main reason for this is the existence of certain substructural log-
ics which have the same set of valid inferences as Classical Logic—
although they are, in a clear sense, non-identical to it. We argue
that this phenomenon can be generalized, given the existence of logics
which coincide with Classical Logic regarding a number of metainfer-
ential levels—although they are, again, clearly different systems. We
claim this highlights the need to arrive at a more refined version of the
Collapse Argument, which we discuss at the end of the paper.

Keywords: Substructural Logics, Cut Rule, Collapse Argument, Log-
ical Pluralism

1 Introduction

Logical Pluralism is the thesis that there is a plurality of different logics all
of which are correct. The view was systematically discussed and presented


http://dx.doi.org/10.1080/11663081.2017.1290488

in Beall and Restall (2006), which includes material from previous articles
written by these authors, and incorporates a number of critiques leveled
against their view.

In the wake of Beall and Restall’s writings, many voices raised against
Logical Pluralism expressing different concerns revolving around their view.
Perhaps one of the most important lines against it is the one represented
by the Collapse Argument, discussed among other places in the works by
Williamson (1987), Priest (2006), Read (2006), and Keefe (2014). This
allegedly knock-down argument is intended to show, according to Caret,
“that despite its intention to articulate a radically pluralistic doctrine about
logic, the view unintentionally collapses into logical monism” (Caret 2017,
p. 2).

The core of the Collapse Argument is sometimes presented in the form
of a question, as in (Caret 2017, p. 4). Suppose a pluralist comes to believe
the premise(s) of a given argument which she knows is deemed valid by one
of the logics she regards as correct, although not by all of them. Should
she accept the conclusion of such an argument, or not? The answer must
be definite, either positive or negative, and therefore the system constituted
by collecting all the arguments regarded as valid—in this sense—by the
pluralist represents the logic to which the pluralist position collapses.

In this regard, there have been scholars like Read (2006) who argued that
this collapse takes us to the strongest logic among those that the pluralist
accepts, but there have been those like Bueno and Shalkowski (2009) who
claimed that, much to the contrary, the collapse takes us to the weakest
of them. Either way, it seems that as tempting as the pluralist idea might
appear, in the end of the day such an approach crumbles and we are left
with nothing more than Logical Monism.

In this paper we argue that this kind of reasoning needs to be sub-
stantially refined. The main reason being that the account of rivalry and
of identity between logical systems—shared by the pluralist and the anti-
pluralist—is not appropriate in its present form. This account assumes that
for two logics formulated on the same language to be rivals they need to
be non-identical, meaning by this that they need to have different sets of
valid inferences. Our aim is to argue that there are, in fact, different logics
which have the same set of valid inferences, but which are nevertheless not
identical to one another. The difference between such logics, we claim, is
due to their having different sets of valid metainferences, i.e. of inferences
between inferences. Thus, a pluralist embracing a pair of logics that are
different in this sense will not be subject to the present form of the Collapse
Argument. Whence, there is a clear need on the anti-pluralist side to refine



this kind of argument.

Furthermore, we argue that this phenomenon can be generalized. Indeed,
as it is possible to exemplify different logical systems which coincide regard-
ing their valid inferences—but not their valid metainferences—it is possible
to have logical systems which coincide regarding their valid inferences and
metainferences—but not regarding their valid metametainferences, i.e. their
valid inferences between metainferences. This move, indeed, can be subse-
quently generalized, over and over. In this vein, and hoping to clarify the
discussion between the pluralist and the anti-pluralist, we propose novel
and fully general identity and rivalry criteria for logics, in order to design
what we take to be the strongest and most detailed version of the Collapse
Argument against Logical Pluralism.

The paper is structured as follows. We start in Section 2 by reviewing
the Collapse Argument. The main parts of the paper are Section 3, where
we discuss the case of a substructural logic which has the same set of valid
inferences as Classical Logic, and Section 4 where we show how such a
phenomenon can be generalized, later proposing what we take to be the most
appropriate modifications for the Collapse Argument. Section 5 includes
some concluding remarks.

Before turning to the actual presentation of the problems and arguments
of the present paper, let us highlight that in what follows our discussion of
rival logical systems is meant to be restricted to logics formulated on the
same language. This is as it should be, and as it is done in the literature
revolving around the debate on Logical Pluralism, for e.g. Classical and
Intuitionistic Logic to be properly speaking rival systems and for e.g. Clas-
sical Logic and the modal logic S4 not to be rival systems, since the latter
is usually understood as an extension of the former. We might highlight
this from time to time, but occasionally we will allow ourselves to omit this
clarification, hoping to improve in readability.

2 The Collapse Argument

Different formulations of the Collapse Argument were articulated by, e.g
Williamson (1987), Read (2006), Priest (2006), Keefe (2014) and others.
Priest, for example, lays the ground for such an attempt to refute Logical
Pluralism in the following quote:

Let s be some situation about which we are reasoning; suppose
that s is in different classes of situations, say, K; and Ks. Should
one use the notion of validity appropriate for Ky or for Ko7 We



cannot give the answer ‘both’ here. Take some inference that is
valid in K; but not Ks, [ = ], and suppose that we know (or
assume) « holds in s; are we, or are we not entitled to accept that
B does? Either we are or we are not: there can be no pluralism
about this. (Priest 2006, p. 203)

Thus, a pluralist attitude towards logic, which implies the acceptance
of several logical systems at the same time, collapses in practice into the
acceptance of a single logical system. Which of the logical systems accepted
by the pluralist this collapse leads to (if any) is left open, for this is not
determined by pointing out these difficulties. Suppose, for example, that a
pluralist accepts Classical Logic (CL, for short) and a paraconsistent logic.
Were she to believe o and —«, should she accept 87 There needs to be a def-
inite answer in this regard—although different perspectives on the collapse
could justify collapsing into different logics, i.e. some alternatives might
recommend collapsing to the stronger logic (that is, CL) and some might
recommend collapsing to the weaker logic (that is, the paraconsistent logic
in question).

In fact, in the face of this collapse, there seem to be at least two possi-
bilities. Given a plurality of allegedly accepted logical systems the collapse
either takes us to the strongest or to the weakest of these systems. (With the
additional difficulty, it should be said, of putting pluralists accepting some
incomparable systems—Ilike CL and either Abelian or Connexive logic—in
a dilemma. In such cases, e.g. the collapse to the strongest logic will bring
them to an inconsistent logic, thereby forcing them, according to Stei (2017),
to dialetheism.)!

The view that the former option—i.e. the collapse to the strongest of
the logics accepted by the pluralist—is to be favored is, paradigmatically,
represented by Read’s work, especially by (Read 2006, pp. 194-195). The
reasons for such an endorsement are clearly summarized by Caret, as follows:

! Abelian and Connexive logic are cases of the so-called contra-classical logics, i.e. of
systems which are neither subsystems nor linguistic expansions of CL. In particular,
they include as theorems formulae that are classically invalid which—given the Post-
completeness of Classical Logic, and their respective consistency—requires them to have
something that CL has not, and not to have something that CL has. In the case of
Connexive logic the target axioms, usually referred to as Aristotle’s Thesis and Boethius’
Thesis, can be schematically stated as =(A D —A) and (A D B) D —(A D —B) respectively,
although there are many versions thereof. In the case of Abelian logic, its hallmark axiom
scheme is ((A D B) D B) D A. For more on Connexive logic, see e.g. McCall (1966),
Priest (1999), McCall (2012) and Wansing (2016); for more on Abelian logic see e.g.
Meyer and Slaney (1989), Humberstone (2000) and Read (2006).



Any logic that judges the argument from P to Q to be valid will
give a direct affirmative answer to the central question: an agent
who knows that P is true should infer that Q is true. A logic
that judges the argument from P to Q to be invalid, on the other
hand, will give no answer to the central question: it is agnostic as
to whether an agent who knows that P is true should infer that
Q is true. Since these attitudes do not conflict, an agent who
endorses both logics should comply with the stronger demand.
(Caret 2017, pp. 4-5)

Whereas the latter option—i.e. the collapse to the weakest of the logics ac-
cepted by the pluralist—is apparently considered by Bueno and Shalkowski,
as can be read in the following quote by Keefe:

[Beall and Restall] consider and reject a closely related view (...)
proposing that validity requires truth-preservation in all cases of
all kinds. (...) (Bueno and Shalkowski 2009, p. 300) argue that
Beall and Restall’s necessity constraint drives them to this view,
and that once we consider the full range of alternative logics, this
would result in logical nihilism whereby nothing is valid. (Keefe
2014, footnote 7)

Be that as it may, in this paper we are not concerned with the result
of the Collapse Argument, but rather with the ingredients necessary by the
anti-pluralist to get the argument running. In this regard, as noticed in (Stei
2017, p. 3), among the agreed or conceded points between the pluralist and
the anti-pluralist we have that logical consequence is global in scope, that
logical consequence is normative, and that there is rivalry between different
correct consequence relations.

There are many subtleties that need to be considered in order to provide
a satisfactory account of rivalry between logics.? But once these issues
are dealt with what remains is a highly intuitive idea. Namely, that there

2Mainly, the two logics need to share the same vocabulary, as was previously remarked,
and have the same domain of application—see e.g. Stei (2017). In this regard, an anony-
mous reviewer sharply points out that a particular variant of pluralists that we might call
meaning-variance pluralists—among which Quine (1986) could, perhaps, be counted—
could deny that there is a genuine rivalry between different correct consequence relations.
After all, if a change of logic is a change of meaning, different logics are talking about
different things and cannot therefore be seen as disagreeing or having a dispute about
a common ground. This is, in fact, something recognized in the literature e.g. by Stei,
who claims that “If we understand plurality in terms of the ‘different logic, different lan-
guage’ (...) the collapse arguments do not straightforwardly apply” (Stei 2017, pp. 17-18).



is rivalry between two logical systems if and only if there is at least one
inference that is valid in one logic, but not in the other. Given the nowadays
standard account of a logical system as a pair consisting of a language and
a Tarskian consequence relation over the formulae of that language, this
account of rivalry can be equivalently expressed by saying that there is a
rivalry between two logical systems on the same language if and only if they
are not identical. One of the gravitational centers of the Collapse Argument
is, then, the move that equates the agreement between two logical systems
and the identity between their set of valid inferences or, equivalently, the
disagreement between two logical systems and the difference between their
set of valid inferences.

It could be possible, in principle, to challenge this conception by claiming
that a coincidence with regard to the set of valid inferences of two logics need
not be a necessary condition for their identity. Thus, two logics formulated
on the same language and having different sets of valid inferences could be,
perhaps, judged to be the same logic. But, even if it is interesting to see
where this route takes us, it does not look like it will render a very promising
(let alone coherent) account of the identity of logical systems. For what it is
worth, such an alternative would require a criterion to tell apart logics with
different set of valid inferences which are identical, from logics with different
set of valid inferences which are nevertheless not identical. In absence of
such a criterion—and, for what it is worth, of any example motivating the
reasonableness of this option—this seems a very intricate task, if not an
impossible one. The upshot of these reflections seems to be, therefore, that
for two logics formulated on the same language to be identical it is indeed
necessary for them to have the same set of valid inferences.?

Notwithstanding these difficulties, Stei recognizes that even for meaning-variance plural-
ists a certain notion of rivalry is available “as long as there is the applicational conflict as
to whether or not to accept the conclusion of a given argument.” (Stei 2017, 18). Be that
as it may, for the sake of simplicity we will be taking pluralists in this paper not to be
meaning-variance pluralists, i.e. we will take pluralists to consider the logics they embrace
to be genuinely rivals to each other.

3However, perhaps such a criterion is in the end available. It could be possible, in prin-
ciple, to identify logical systems which have the same set of theorems or valid inferences,
regardless of them having different set of valid inferences. This would render, e.g. that
Classical Logic and Graham Priest’s Logic of Paradox from Priest (1979)—which, among
other classically valid inferences, invalidates Modus Ponens—are after all the same system.
Although it is true that in the past scholars have played with this idea, as documented
e.g. in (Paoli et al. 2008, p. 1), that logics are nowadays studied in connection with logical
consequence and not with logical truth explains why it seems appropriate to consider the
Tarskian point of view to be, at least, a necessary condition for an appropriate identity
criterion for logical systems. We would like to thank an anonymous reviewer for discussion



However controversial the rejection of the necessary condition of the
Tarskian criterion of identity for logical systems appears to be, it seems that
questioning the sufficient condition of such an account is not as contentious.
In fact, claiming that a coincidence with regard to the set of valid inferences
of two logics need not be a sufficient condition for their identity suggests,
in itself, a very interesting route for the pluralist to escape the Collapse
Argument—in its present form. Abandoning this idea opens the way for a
pluralist to endorse different logics with the same valid inferences, without
succumbing to Logical Monism. The main reason being that there will be
no inference whatsoever according to which these logics disagree, whence
the absence of a disagreement that needs to be solved by means of this
argument.

But is this actually plausible? Are there any interesting examples of non-
identical logical systems coinciding with regard to their inferential validities?
In the next section we argue that it is, providing an example coming from the
philosophical literature on paradoxes. More particularly, from the literature
on the substructural approaches to the paradoxes.

3 Why refine?

In this section we show the case of a pair of logics which have the same set
of valid inferences, but which can nonetheless be legitimately regarded as
non-identical.

Our case study will be represented by CL and the non-transitive system
ST. This last system was presented and advocated by Pablo Cobreros, Paul
Egré, David Ripley and Robert van Rooij in a number of recent publications,
with the aim of solving paradoxes coming from the semantic, set-theoretic
and vagueness corners.® When we say that the system in question is non-
transitive we mean by this that the structural property of Cut fails, i.e.
that it cannot be applied unrestrictedly.® Its advocates claim that this
failure is not as critical as some may think and that, much to the contrary,
their preferred system enjoys many virtues that outweigh this peculiarity—

on this matter.
%A non-exhaustive list of some works of this collective where ST is discussed is
Cobreros et al. (2012), Ripley (2012), and Cobreros et al. (2014).
®This property is usually expressed by saying that for all I, A C FOR(L) and A €
FOR(L)
I'=sAA T A= A
'=A




among them, the ability to handle non-trivially and in a rather classical
manner the Liar, Curry, and all of the aforementioned paradoxes. In any
case, it is important to highlight that given these facts, ST constitutes a
substructural logic. That is, a logic where not all the commonly assumed
structural properties that characterize a Tarskian logic hold.

In order to show that the collection formed by CL and ST witnesses the
case of two different logics sharing the same valid inferences we need to fix
some terminology. For £ a propositional language and Var a countably infi-
nite set of propositional variables, we denote by FOR/(L) the absolutely free
algebra of formulae of £, whose universe is FOR(L). In what follows, and
merely for matters of simplicity, the logical connectives of the propositional
language will be assumed to be those in the set {—,A,V}. An inference
I' = A on £ is an ordered pair (I', A), where I'; A C FOR(L). We denote
by SEQY(L) the set of all inferences on £. With this in mind, we need
to explain how inferential validity is defined in these systems. To do this,
attention has to be drawn to the Strong Kleene algebra, i.e. the structure

K = ({1, 3,0} (/R ko fid))

where the functions fg, fi, fi are as follows

| S  fx|1l 3 0 fg[l 5 0
1] 0 1 [1 L o0 1 [1 1 1
1)1 PR AT S 1] 11
2 2 2 2 2 2 %2
0/ 1 00 0 0 01 I 0

Moreover, the functions D and < are definable via the usual definitions.
That is, A D B =g4ey "AV B and A < B =45 (AD B) A (B D A).

With the help of the Strong Kleene algebra, valuations can be defined
over the entire language, in the following ways. A Strong Kleene valua-
tion (SK-valuation, hereafter) is a homomorphism from FOR(L) to K. A
Boolean valuation is a SK-valuation whose range is {1,0}.

This allows, moreover, to define logical validity in CL and ST, precisely
as follows. A Boolean valuation v satisfies an inference I' = A in CL if and
only if it is not the case that v(A) = 1 for all A € T" and v(B) = 0 for all
B € A. We denote this fact by v Fcr, I' = A. As usual, an inference is
valid in CL if and only if it is satisfied by all Boolean valuations, and we
denote this by Ecy, I' = A. Similarly, a SK-valuation v satisfies an inference

5Thus, as a general remark, let us point out that for the sake of simplicity our discussion
here will be focusing on propositional, and not e.g. first-order, logics. However, all the
conceptual points are applicable, without much effort, to systems of the latter sort.



I' = A in ST if and only if it is not the case that v(A) =1 for all A € T
and v(B) = 0 for all B € A. We write this as v Fgp I' = A. Finally, an
inference is valid in ST if and only if it is satisfied by all SK-valuations,
something we symbolize as Fgr [' = A.

According to the previously referred authors, the main advantage of
working with ST lies in, allegedly, keeping CL as the underlying inferen-
tial framework even in what pertains the problematic paradoxical phenom-
ena. In other words, CL and ST coincide with regard to their set of valid
inferences—as proved e.g. by Girard (1987) and Cobreros et al. (2012).

Fact 1. For allT')A C FOR(L):
Est'= A ifandonlyif FcLl = A

Thus, given the present form of the Collapse Argument, a pluralist which
holds that both CL and ST are correct logical systems, seems to be un-
touched by the anti-pluralist critique. The main reason is that a pluralist
that accepts both of these systems will never find herself in a position where
there is an inference that is deemed as valid by one system but not by the
other. Whence, she will never have to give a controversial answer to a ques-
tion in the spirit of the one raised by the quotes in the previous section.
Therefore, her stance regarding logical validity will never collapse into one
of these systems in detriment of the other—or into any system different from
these two, for what it is wort. Thus, the case of these two systems requires
of a sincere anti-pluralist to face the difficulty of coming up with a way to
accommodate them.

One option for the anti-pluralist could be to insist in claiming that the
above fact shows nothing more than the identity of CL and ST.” However,
there is something deeply uncomfortable about such a claim: CL is prone
to trivialization when faced with transparent truth, vague phenomena and
much more, while ST does not fall into such troubles. Hence, it seems
that these systems are not identical, even if this in itself does not suggest a
criterion to tell them apart.

Advocates of the sameness of these two logics may claim that this does
not disprove the identity of CL and ST, but highlight that they are different
modes of presenting the same logic, i.e. Classical Logic.® One by means of
two-valued models or valuations, the other by means of three-valued mod-
els or valuations. But, then again, this will imply that which consequences

"This seems what Cobreros, Egré, Ripley and van Rooij tend to say, from time to time,
although without having in mind the discussion about Logical Pluralism
8We would like to thank an anonymous reviewer for stressing this option.



can be drawn from an arbitrary piece of content or a theory by closing it
under Classical Logic—and, as we will show below, which metainferences
are valid—essentially depends on which presentation of Classical Logic we
choose to work with. However, not only does this sound odd in connection
with identity criterion for logical systems, but it also has strange conse-
quences regarding Logical Pluralism and Logical Monism. Individuals may
have a Monist or Pluralist attitude about different logical systems, and they
may have an independent an orthogonal Monist or Pluralist stance towards
the various modes in which these logics can be presented.

In any case, our previous remark—that triviality ensues when adding
transparent truth to CL and the difference that this makes with regard to
ST—would not point out the difference between CL and ST but between
the theories closed under each of these logics, or these modes of presentation
of the same logic. This line of thought (as suggested by an anonymous re-
viewer) would have it such that, although CL and ST are one and the same
logic, closing arbitrary pieces of content under them may lead to different
outcomes. With this we cannot but disagree, for we see things completely
different. In fact, closing arbitrary theories under numerically different logi-
cal systems provides a way—a rather indirect way, but a way nonetheless—of
evaluating their strength, of ruling which logics draw more or which draw
less consequences, etc. As a limit case, if two logics render exactly the same
consequences when closing any arbitrary piece of content under them, we
think it is fair to assume that, by all extents and purposes, they are the
same logic.? This is not the case with CL and ST and that is why we think
it is necessary to have a more direct way of identifying and differentiating
them, by refining the Tarskian identity criterion.

Given these issues, the remaining option for the anti-pluralist is to de-
velop an identity criterion for logical systems which takes her beyond the
standard Tarskian account, and which helps to differentiate systems coin-
ciding with regard to their valid inferences. Saying this is the same as saying
that the anti-pluralist is in need of way of refining the identity criterion for
logical systems and, therefore, the Collapse argument itself. In the next
section, we show how such an anti-pluralist might proceed in doing so.

9An option along these lines has been both suggested and explored in what pertains
to Tarskian logics—particularly, Classical and Intuitionistic Logic—in Woods (2018).
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4 Refining

In order to refine the Collapse Argument, the anti-pluralist needs to come
up with a new identity criterion for logical systems that can, hopefully, tell
CL and ST apart. In this vein, a versed reader in the recent literature
on semantic paradoxes might point to a very promising clue to solving this
riddle.

A solution may be found by reflecting upon the set of metainferences that
are valid in each of these systems. To put it intuitively, a metainference is
an inference between inferences. More formally, a metainference ©® =, B
on L is an ordered pair (O, B), where © C SEQ"(L) and B € SEQ’(L).
We denote, analogously, by SEQ!(L) the set of all metainferences on £. To
illustrate this we can say that, from the following, the one on the left is a
formula, the one in the middle is an inference, and the one on the right is a
metainference.'”

0=p 0=-pVgqg
pV-p P, = q 0=q

The idea would be, in a nutshell, that if these logics agree with respect to
their valid inferences but disagree with regard to their valid metainferences,
then the anti-pluralist may design an identity criterion for logical systems
that cashes out this divergence. This would, eventually, help in rehashing
the Collapse Argument in such a way that a pluralist embracing CL and
ST cannot escape it.

Thus, let us have a look at how metainferences are determined to be
valid or invalid in the systems we are discussing. The answer is, we think,
very much straightforward—although we make room for some debate in this
regard, below. The following definitions, borrowed from Dicher and Paoli
(2018), say that a Boolean valuation v satisfies a metainference © =1 B
in CL if and only if v gy, 0 for some 8 € O, or v For, B, which we
write v Ecr, © =1 B. We consequently say that a metainference is valid
in CL if and only if it is satisfied by all Boolean valuations, symbolizing
it as Fc, © =1 B. Similarly, we say that a SK-valuation v satisfies a
metainference ©® =1 B in ST if and only if v Egy 0 for some 6 € O,
or v FgT B, denoting it by v Fgr © =1 B. We concomitantly say a

107t shall be noted that, according to our definition, inferences are multiple-conclusion
whereas metainferences (and, below, generalized metainferences of any arbitrary level) are
single-conclusion. This is completely inessential and, for all that matters, we could have
presented things in a unified multiple-conclusion way. If we did not do so, it is just for
the sake of keeping this as simple as possible.
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metainference is valid in ST if and only if it is satisfied by all SK-valuations,
which we write as FgT © =1 B.

It should be noticed that the semantic understanding of metainferential
validity that we chose to work with in the above definitions, and in the
rest of the paper, is the one referred to as local in Humberstone (1996). In
this regard, it is interesting to tell some kind of story that explains why
we decided to go with this and not with another reading. To this extent,
we would like to observe that, as long as metainferences are taken to be
inferences of a special kind—i.e. inferences between a collection of infer-
ences, and a single inference—adopting the local criterion allows to apply
the same standard for regular inferences (between collections of formulae)
and metainferences. When we apply the usual criterion for validity of regu-
lar inferences we require that, if the premises are satisfied according to the
standard for premise-formulae to be satisfied in the logic in question, then at
least one of the conclusions are (in the single-conclusion case: the conclusion
is) satisfied according to the standard for conclusion-formulae to be satisfied
in the said logic. Similarly, when we apply the local criterion for metain-
ferential validity we require that, if the premises are satisfied according to
the standard for inferences to be satisfied—i.e. not to be invalidated—in
the logic in question, then the conclusion is are satisfied according to the
standard for inferences to be satisfied in the target logic.

Logic is a discipline concerned, among other things, with validity. But
were we to adopt something other than the local understanding of metain-
ferential validity, this would mean that validity is something that should
be studied one way when it concerns formulae and another way when it
concerns inferences. Something that, we think, seems rather undesirable.
Having a unified stance towards validity, regardless of its relata, seems like
a more promising and interesting endeavour and this is why we think the
local reading is the way to go here, and in what follows of the paper. This
being said, there are in fact alternative semantic notions of metainferential
validity in the literature—e.g. in Humberstone (1996) and Dicher and Paoli
(2018)—and nothing that we said should be taken to argue that they should
be dismissed. But an exploration of the applicability of such notions to the
debate on Logical Pluralism, concerning specially substructural logics, will
take us too far afield.!!

In light of these remarks, it can be noticed that there is an actual in-
teresting difference regarding CL and ST—namely, that concerning the

1We are thankful with an anonymous reviewer for asking us to clarify our choice in
this regard.
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metainferences valid in them. In fact, as previously advertised, the lat-
ter is essentially non-transitive, that is to say, it invalidates the Cut rule.
Consequently, as pointed out e.g. in Barrio et al. (2015), there are many
metainferences which are valid in CL but not in ST.

Fact 2. There are some © C SEQY(L) and B € SEQ"(L) such that:
J?fST © =1 B and i:CL © =1 B

Among others, as a quick inspection of the definitions shows, the follow-
ing instances of Cut and of the metainference called meta Explosion by
Barrio et al. (2015), witness the aforementioned disparity.

p,q=T,5 D,q,T =5 0=p 0=-»
0,0 =5 0=q

Let us highlight, in passing, that the case of logics like CL and ST ex-
hibits an interesting phenomenon which was unnoticed before. For instance,
as long as ST accepts Explosion at the inferential level but rejects Meta-
Explosion—e.g., a metainference that can be considered a metainferential
version of Explosion—at the metainferential level, it can be said that ST has
a mized policy with regard to some rules.!? On the other hand, the logics on
which the debate was focused until now had a uniform policy in this regard,
i.e. when asked about a certain rule the systems in question always had the
same answer, regardless of this rule being formulated at the inferential or
the metainferential level. Thus, the pluralist may claim that logics like ST
allow for a certain pluralism within themselves—this being the source of the
possibility to escape the present form of the Collapse Argument.

12Tet us emphasize that there is some connection between Explosion and Meta-
Explosion—which can be made precise and which we make precise in what follows—as
there also is, in general, between an inference and a metainference of a certain form. We
do not want to claim, though, that this connection is more than a translation of the corre-
sponding inference (or inference scheme) to a metainference (or metainference scheme). In
particular, we do not want to claim that the inference and the metainference are strictly
speaking different incarnations of the same idea. We merely point out a certain resem-
blance to it. This being said, we can transform an (single-conclusion) inference I' = A in
its corresponding metainferential form by taking the premise-set of the metainference to
be the set of inferences {f) = B | B € I'}, and the conclusion to be the singleton {# = A}.
Similarly, we can go from a given metainference to its inferential form, but for the sake
of brevity we will postpone this explanation to footnote 4, for it will be subsumed by a
general technique that allows to transform what we call generalized metainferences of level
n into generalized metainferences of level n+ 1, and viceversa. We would like to thank an
anonymous reviewer for urging us to clarify these matters.
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Apart from this, though, the anti-pluralist may be tempted to claim
that CL is not identical to ST because, even if they coincide regarding their
valid inferences, they do not agree with respect to their valid metainferences.
Thus, it could be possible to devise a new and extended identity criterion for
logics saying that two logics formulated on the same language are identical
if and only if they have the same set of valid inferences, and the same set of
valid metainferences. It could also be possible to extend this conclusion to
our conception of when two logics are rivals, claiming that there is a rivalry
between two logics if and only if they are not identical with regard to the
novel identity criterion that we just outlined.

In this regard, CL and ST will become rival logics and, hence, the anti-
pluralist can easily reinstantiate the Collapse Argument—in a slightly refined
form. Thus, to follow Priest, suppose the pluralist embraces two logics
which agree with respect to their inferences but do not agree with regard
to their metainferences. Suppose, moreover, that the pluralist believes all
the premises of a given metainference that is valid according to one logic
but not the other. Is she or is she not entitled to accept the conclusion of
the given metainference? There can be no pluralism about this. Whence,
collapse ensues.

One may wonder whether there is a genuine asymmetry between the
usual form of the Collapse Argument and the present rejoinder. While in
its usual form the argument starts from belief in some sentences and asks
whether belief in some other sentence is justified—where these beliefs are not
relative to any particular logical system, but simpliciter—the refined version
of the argument just presented starts from beliefs in inferences themselves
and asks whether belief in some other inference is justified—where these
beliefs, the objection goes, seem to be relative to a particular logical system.

However, the entire debate around Logical Pluralism assumes that when
two logics are taken to be rival because they contend that a certain inference
is valid, the dispute is over the validity simpliciter of the said inference and
not over its validity relative to the corresponding logics. In fact, concerning
this last technical issue both parties can certainly agree. If they genuinely
disagree at all, as is again assumed in the literature, then there is some
sense in which it can be meaningfully thought that an inference is valid (or
invalid) without that being, in principle, a question relative to any particular
logical system. This point can be straightforwardly applied to other more
complex forms of inferences such as metainferences—and, as we will discuss
below, to generalized metainferences of any arbitrary level. For instance,
when scholars disagree about whether or not Cut is a valid metainference,
they are not disagreeing about whether Cut is valid in e.g. CL or ST, but
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rather about its validity, independent of any technical calculations that can
be made within a certain system. For these reasons, we take the modified
version of the Collapse Argument to be, properly speaking, a legitimate
refinement thereof.'?

Now, the anti-pluralist may think that, at this point, the need to refine
the Collapse Argument is satisfied. Unfortunately, the news are not that
good. Technically speaking, it is fairly straightforward to see how it is
possible to design a logic that has the same inferential and metainferential
validities as CL—namely, the logic TSST presented e.g. in Barrio et al.
(2018)—but which is, nevertheless, not identical to CL.

To define validity in TSST, we need to make a detour and first define
validity for another logic, called TS in French (2016). Before moving on, let
us mention that TS is a highly peculiar logic, for it is non-reflexive. Meaning
by this, that the structural property of Reflexivity is not unrestrictedly valid
in the system in question.!* French argues that despite this potentially
shocking feature, the system he puts forward is very much interesting and
fruitful in treating the paradoxes, just as the non-transitive logic ST. Once
again, like ST, the logic TS is also a substructural logic.

Moving now to the semantics, we say that a SK-valuation v satisfies an
inference I' => A in TS if and only if it is not the case v(A4) € {1,1} for all
A €T and v(B) € {3,0} for all B € A, which we denote by v Fpg I' = A.
An inference is valid in T'S if and only if it is satisfied by all SK-valuations,
and we write this as Fpg I' = A. Moving now to TSST, we say that a SK-
valuation v satisfies a metainference © =1 B in TSST if and only if v g 0
for some 0 € O, or v EgT B, which we symbolize as v EpgsT © =1 B. And
we, consequently, say that a metainference is valid in TSST if and only if
it is satisfied by all SK-valuations, denoting it by FrgssT © =1 B.

Interestingly, as shown in Barrio et al. (2018), TSST is a fairly classi-
cal system, in that it respects all the classically valid metainferences—in
addition to respecting all the classically valid inferences.®

13We would like to thank an anonymous reviewer for bringing this issue up to us.

!4This property is usually expressed by saying that for all A € FOR(L): A = A.

150One may ask, as an anonymous reviewer does, why is it that the latter holds. After
all, as defined TSST only gives a way to evaluate metainferences. The answer is that
it is possible to recast an inference I' = A as a metainference § =1 {I' = A}, ie. a
metainference whose premise-set is empty and whose conclusion-set is the inference that
we want to recast. This illustrates why two logics having the same valid metainferences
need to coincide, too, with regard to their set of valid inferences. In a similar fashion,
a formula A can be redescribed as an inference ) = A, which explains why two logical
systems having the same set of valid inferences need to have the same set of theorems or
valid formulae. This can be applied without loss of generality to all inferences, allowing
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Fact 3. For all © C SEQ"(L) and B € SEQ"(L):
ErssT © =1 B if and only if FcL © =1 B

Thus, in presence of a pluralist that accepts both CL and TSST, not
only the Collapse Argument has no force, but even the previously sketched
refinement of the Collapse Argument has not. The main reason is that a
pluralist accepting both CL and TSST will never find herself in a position
where there is an inference or a metainference deemed valid by one system
but not by the other. Whence, she will never have to give a controversial
answer to a question in the spirit of the one raised by the quotes in the previ-
ous section and, therefore, her stance regarding inferential or metainferential
logical validity will never collapse.

Hence, once again, a case like this requires of a sincere anti-pluralist
and advocate of the Collapse Argument to step up in order to think a way
of accommodating these systems. Once more, this highlights the need to
modify both the identity and the rivalry criteria for logical systems, hoping
that this will help to refine the Collapse Argument even more, in order to
face pluralists embracing logics with the same set of valid metainferences—
like CL and TSST.

This is in fact possible, if we consider not only valid inferences and
valid metainferences, but also valid metametainferences—or metainferences
of level 2—in giving identity and rivalry criteria for logical systems. To put
it intuitively, a metametainference is an inference between metainferences.
Speaking more formally, a metametainference = =2 C on L is an ordered
pair (Z,C), where Z C SEQ'(L) and C € SEQ'(L). We denote, analo-
gously, by SEQ?(L) the set of all metametainferences on £. To illustrate
this definition, we depict below a metametainference—in fact, an instance
of a metametainferential formulation of the Cut rule.

Y=11 Y =11
F'=pA I''p=A

Y =11
I'=A

As expected, there is a proper difference regarding CL and TSST—
namely, that concerning the metametainferences valid in them.

Fact 4. There are some = C SEQY (L) and C € SEQ!(L) such that:

#TSST = =1 C and 'ZCL = =1 C

to read them as metainferences and—as we will show—to all the objects that we will call
generalized metainferences, below.
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In fact, among others, the following instances of the metametainferential
formulations of Explosion and Modus Ponens witness the previously referred
difference.

¥ =11 Y =11 Y =11 Y =11

I'=p A I'=s—p A I'==p A T'=pDg A
Y=1I =11
I'=qA I'=qA

In order to cash out this divergence, the novel identity criterion will say
that two logics formulated on the same language are identical if and only
if they have the same set of valid inferences, the same set of valid metain-
ferences, and the same set of valid metametainferences. The accordingly
modified rivalry criterion would say that two logics formulated on the same
language are rivals when they are not identical, in the previously clarified
sense.

Once more, it can be noted that there is an actual difference regarding
CL and TSST. A difference, that is, concerning the metametainferences
valid in each of them. As pointed out in Barrio et al. (2018), there are many
metametainferences which are valid in CL but not in TSST.

Fact 5. There are some = C SEQY (L) and C € SEQ (L) such that:
FrssT = =9 C and FoL Z = C

Thus, CL and TSST will become rival logics and, thanks to this, the
anti-pluralist can easily reinstantiate the Collapse Argument—in an ever
more refined form. Hence, suppose the pluralist embraces two logics which
agree with respect to their inferences, their metainferences, but do not agree
with regard to their metametainferences. Suppose, moreover, that the plu-
ralist believes all the premises of a given metametainference that is valid
according to one logic but not the other. Is she or is she not entitled to
accept the conclusion of the given metametainference? Once more, there
can be no pluralism about this. Whence, collapse ensues.

Interestingly enough, we do not think that this is the end of the story
and, at this point, the reader may anticipate why. As a matter of fact,
just as we can define inferences, metainferences and metametainferences,
it is possible to given an abstract definition of what we call a generalized
metainference, i.e. a metainference of a given “level” which holds between
inferences of the immediately previous levels. This can be made precise in
the following way. A generalized metainference 2 =™ D of level n on £
(for 1 < n < w) is an ordered pair (Q, D), where Q@ C SEQ™ (L) and
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D € SEQ™1(L£). SEQ™(L) is the set of all metainferences of level n on
L. By looking at the metainferences and metametainferences above (which
are, under this redescription, generalized metainferences of level 1 and 2,
respectively), the reader can produce further examples of metainferences of
arbitrary large levels, just by using her imagination.!®

Thus, the main reason why the Collapse Argument in its present form
has not the force it is supposed to have is the following. For each identity
criterion that we might provide—stating that two logical systems on the
same language are identical if they have the same valid inferences, the same
valid metainferences, ..., and the same valid metainferences of level n—it
is possible to design a logic which coincides with CL in that regard. The
general construction, which outputs such a hierarchy of classical-like logics
can be found in Barrio et al. (2018). Given this, then, a pluralist embracing
such a system and CL could, in principle, avoid any version of the Collapse
Argument that is refined enough to cope with logics that agree up to that
extent. !

Therefore, the anti-pluralist is in need of a much more fine-grained ac-
count of the identity between logics and, therefore, of the rivalry between
logics. In need of criteria, that is, that allow her to formulate an absolutely
general and maximally refined version of the Collapse Argument. Luckily
for someone embracing such a position, we think this is in fact possible.

'6Clarification was asked, by an anonymous reviewer, concerning how a generalized
metainference of level n is matched with a corresponding generalized metainference of
level n + 1—and, additionally, we might point out, it is interesting to know how to match
a generalized metainference of level n + 1 with its counterpart of level n. The answer is,
in a nutshell, through the following translation functions. The latter task, i.e. how to go
from n + 1 to n, is achieved with the help of the lower function described in Barrio et al.
(2018) so that:

o lowerl'=A)=ATDVA
o for 1 <n, lower(I' =, A) = {lower(y) | v € '} =n_1 lower(A)

Whereas the former task can be achieved, correspondingly, with the help of one of the
inverses of the lower function—highlighting, therefore, that there is no unique way to go
from a generalized inference of level n to one of level n+ 1, but that there is always a way
to find at least one counterpart of this sort.

17 As should be clear by the fact that, in what follows, we present a form of the Collapse
Argument that takes into account this novel identity criterion for logical systems, we do
not mean to propose such a criterion as a defence of Logical Pluralism. Instead, our
main goal throughout the paper was to highlight that regardless of where one stands
concerning the pluralism debate, a refined criterion is a necessary conceptual tool to have
a clear understanding of the debate—e.g. in order to differentiate logical systems that,
intuitively, ought to be differentiated. Whether one is a Pluralist or a Monist, we think,
should be decided by reasons orthogonal to the kind of identity criterion that one adopts.
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To arrive at such definitions, we should first notice that each logic of
the hierarchy described in Barrio et al. (2018), in addition to agreeing with
CL up to a certain metainferential level n, is such that it disagree with CL
concerning the metainferential levels m > n. This, suggest a very obvious
identity criterion for logics, stating that two logics formulated on the same
language are identical if and only if they have the same set of valid inferences,
and the same set of valid generalized metainferences of all level—i.e. if they
have the same set of valid inferences and the same set of valid metainferences
of level n, for all n € w. In this vein, it could be said that there is rivalry
between two logics if and only if they are not identical with regard to the
fully generalized criterion of identity detailed before. As a consequence of
this, not only CL and ST will be judged as rival logics, but also CL and
TSST, as well as CL and any logic that does not coincide with it regarding
all the inferences and metainferences that it is possible to think about.

Finally, this allows to present the Collapse Argument in its strongest and
most general form, as follows. Suppose the pluralist embraces two logics that
are not identical, such that there is at least a certain metainferential level
n with regard to which their set of valid metainferences are not the same.
Suppose, additionally, that the pluralist believes all the premises of a given
metainference of level n that is valid according to one logic but not the
other. Is she or is she not entitled to accept the conclusion of the given
metainference? There really can be no pluralism about this. Faced with
the Collapse Argument formulated in this way, it very much seems that the
pluralist cannot get away using any of the previously discussed strategies.

5 Concluding remarks

In this paper we have revisited the Collapse Argument against Logical Plu-
ralism, which intends to show that such a position boils down to Logical
Monism—when properly understood. We have argued that given the ex-
istence of substructural logics which coincide with Classical Logic with re-
gard to its valid inferences, the anti-pluralist needs to devise a strategy to
refine her argument. In the same vein, we have argued that given the exis-
tence of logics which coincide with Classical Logic with regard to its valid
metainferences up to a certain level, an appropriate refinement of the Col-
lapse Argument that is able to deal with these cases with full generality is
needed. In order to do this, we proposed an identity criterion for logical
systems according to which two logics formulated on the same language are
identical if and only if they have the same set of valid inferences and of valid
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metainferences of all levels. This renders an appropriate criterion of rivalry
between logics, which helps design a much stronger version of the argument
for the collapse of Logical Pluralism. Whether or not it is possible for the
pluralist to escape this version of the argument by means of rejecting some
other premises—Ilike the widely assumed normativity of logic, as discussed
in Russell (2017)—is a question for another occasion, and one which we hope
to explore in future research.
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