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Abstract. Some authors have begun to appeal directly to studies ofremgtation in their
analyses of mathematical practice. These include resgaréfom an impressively diverse
range of disciplines: not only philosophy of mathematicd argumentation theory, but also
psychology, education, and computer science. This intialu provides some background to
their work.
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1. Mathematical Practice as Argumentation

Philosophy of mathematics is widely supposed to be condeexelusively
with the foundations of mathematics and the status of madkieat proof.
The methodology of mathematics is likewise supposed to trgpased exclu-
sively of formal logic. However, as an increasing number atmematicians
and philosophers of mathematics have complained, thessupmositions ig-
nore much of mathematical practice, including much that ighidlosophical
importance. Specifically, not all—indeed hardly any—maith&cal proofs
are strict formally valid logical derivations. Of coursepst of them can be
restated in this manner, sometimes with comparativelg liffort, but this is
not something that mathematicians routinely do. To insistuch paraphrase
is to misrepresent the nature of mathematical practice.ebar, there is
much that mathematicians do besides proving results,ateagrthat activity
may be. Most of this work may still be understood, however apecies of
argument

This thesis requires some justification. | am using ‘argumianan ev-
eryday sense, broadly speaking as an act of communicatiended to lend
support to a clain. Proofs fit unproblematically within this definition, as
almost all commentators agrédloreover, one of the problems which treat-
ments of mathematical practice face is the proliferationvbfit one might
call ‘proof*’: species of alleged ‘proof,” where there iglgr no consensus
that the method provides proof, or there is broad consenmisttdoesn't,

1 lan Dove’s paper in this issue provides a more thoroughrireat of the definition of
argument.

2 Erik Krabbe suggests two possible exceptiamsnediate and intuitive proofandformal
proofs (Krabbe, 1997, p. 70). Both exceptions could be challenged, he agrees that the
latter are at least models of arguments. In any event, thesptons would not significantly
undercut my thesis.
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2 Andrew Aberdein

but a vocal minority or an historical precedent which poithts other way.
These methods include proofs* predating modern standduritgonrr, picture
proofs*, probabilistic proofs*, computer-assisted psfoftextbook proofs*
which are didactically useful but would not satisfy an expgamactitioner,
and proofs* from neighbouring disciplines with differentisdards—most
notoriously mathematical physics (many of these topicsdiseussed by
contributors to Mancosu, 2008). Whether or not they qualifjlose their
asterisks, all of these varieties of proof* can be undeds®arguments.

Furthermore, there is much more to the process of proving itlkgrod-
uct, whether that be proof or proof*, and much of that proaqaesay also be
understood as argument. Perhaps the first step in the prisctss choice
of problem. While this may be subject to social forces andtraty whim,
mathematicians often have good reasons for choosing tixepns they do,
even if they seldom make them explicit. At the very least,aanelk Franklin
points out, supervisors of Ph.D. candidates are obligedk® this issue very
seriously: the candidate must chose a problem which haslmeatdy been
solved and isn't likely to be solved by somebody else any tsoen, but
which the candidate has a fair chance of solving (Frank@87). A second
step where the mathematician is also likely to resort tormfd arguments is
the choice of methods used to tackle the problem. The ngxt application
of the method to the problem, may ultimately lead to a proofthis is likely
to take shape first in the form of more or less incomplete pebatches,
which are, nonetheless, already arguments. When the maticégan has the
proof in a fit state for publication, it must then survive a maxplicitly
argumentational phase: the dialectic between author atelver. While this
is frequently superficial, it can be intense and protracésdhe well-known
cases of Andrew Wiles’s proof of Fermat's Conjecture andrag Hales’s
proof* of Kepler's Conjecture attest (for details see Sint97, Chp. 7, and
Szpiro, 2003, respectively). Once a proof has been refeardgyublished, it
may still be the object of critical argumentation if its medls or results are
sufficiently controversial. And even after it has becomeebjciccepted, if it
attracts sufficient interest, it may spur further argumergtisnathematicians
seek to generalize it, extend it, transpose it to a diffefietd, simplify it, or
manipulate it in some other wdy.

Beyond the characteristic mathematical practice of prtwdre are yet
more examples of mathematical practice as argument, mamyhizh are
ill-suited to formalization. The choice of axioms is one Isussue, where

3 And so understanding them may tell us something useful: & lagued elsewhere that
many of the debates arising from proofs* may be clarified byenstanding them in the
context of the types of dialogue to which they are intendedamtribute (Aberdein, 2007b,
p. 148).

4 The pioneering study of these last two phases in the careepafof is (Lakatos, 1976):
see Section 3.
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an account of the ‘non-demonstrative arguments’ (Madd9019. 148) by
which such choices become accepted is required, somettiiraip Wwas been
attempted in terms of argumentation theory (Alcolea Basety@98, pp. 144
ff.; see also Dove’s paper in this issue). Of course, conipata few math-
ematicians are directly involved in those arguments, bustmdll have par-
ticipated in similar arguments concerning the choice ofnilédins. Again,
while the definitions may be employed in formal proofs, andeid their
usefulness in formal proof may be cited in their favour, tppeals to ‘fruit-
fulness,’ ‘explanatoriness,’ or ‘naturalness’ by whickeyhgain acceptance
must be informal argumentsA further important source of informal mathe-
matical argument is the application of mathematics to sgienonsiderable
slippage between the mathematical theory and the empilita is often
inevitable, and it is informal argumentation that bridgks gap (see, for
example, Swinnerton-Dyer, 2005, p. 2440, or Urquhart, 2p08&08).

We have seen just some of the aspects of mathematical graktct are
comprised of argumentation. In the following sections Ilitlicate some
of the ways in which argumentation has been studied, and hosetstudies
have been brought to bear on mathematics.

2. What is Argumentation Theory?

Argumentation theory is the study of argument. In particit&mphasizes
those aspects which resist deductive formalization. mfdidogic and critical
thinking are often understood to be subfields of (or pseushenfor) argu-
mentation theory. Deductive logic is concerned with v&idind proof. It has
been a formidably successful research programme withirctirgext. How-
ever, deductive validity is only one tool for the appraisbh@ument. Other
tools exist, including tools which permit finer-grainedtitistions amongst
the arguments classified as deductively invalid.

Until the successful new mathematical approach of the darbntieth
century eclipsed all others, many of the themes which conoswdern ar-
gumentation theorists were central to logic. Indeed, Atists Organon fa-
mous as the ur-text of formal logic, actually devotes motergion to infor-
mal reasoning. Notably, Aristotle introduces ‘enthymemeger-simplified
by later commentators as syllogisms with tacit premisses;haracterize

5 See Tappenden (2008) for discussion. Indeed, Tappendieedtigalludes to argumenta-
tion theory by taking hisPort Royalprinciple’ (p. 273), that definition ‘depends much more on
our knowledge of the subject matter being discussed thahenues of logic’ (Arnauld and
Nicole, 1996, p. 128), from a work elsewhere praised as aupsec of modern argumentation
theory for its characterization of logic as ‘not a disciglin its own right but an instrument for
understanding, evaluating, and improving the argumerdsraasoning of other disciplines’
(Finocchiaro, 2005, p. 263).
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plausible non-deductive inferences. For Aristotle, thenuisses of enthy-
memes were linked to their conclusions by ‘topoi,’” or topiekich comprise
a diverse variety of commonplace patterns of more or lessupsive reason-
ing with widespread application. The study of topics waseltgyed by later
authors, including Cicero and many mediaeval and early mmoldgyicians.
In recent decades, this and other aspects of argumenthtonythave been
revived, and have acquired an increasingly thorough gttial basis.

The modern revival might be dated to 1958. That year saw thégation
of two profoundly influential books: Chaim Perelman and leu@ilbrechts-
Tyteca’sLa Nouvelle Rhétoriquand Stephen Toulmin'The Uses Of Ar-
gument Both works exhibit the influence of a greater range of argume
tational practice than had become common in formal logicparticular,
they both emphasize jurisprudential over mathematicatagmhes to rea-
soning. Perelman and Olbrechts-Tyteca’s work began trebilitation of the
long dormant topics. Toulmin’s chief innovation was they8at’ which ana-
lyzes arguments into six components. Tha¢a(or grounds) providgualified
support for theclaim in accordance with avarrant, which may in turn be
supported byackingor admit exceptions arebuttals® The last component
is particularly significant, since it recognizes that argumts may belefeasi-
ble. Latterly, some artificial intelligence researchers hamagst to integrate
this work with formal accounts of defeasible reasoning tgped during the
explosion of interest in non-classical logics in the ladf bathe twentieth
century (see, for example, Paglieri and Castelfranchi6200Verheij, 2005).

Recent work in argumentation theory exhibits a strong thseiplinary
trend, encompassing not only philosophy but also commtiaitaheory,
artificial intelligence, and law. This has led to a markededsity of method-
ologies (Johnson, 1996, pp. 43 ff. provides a helpful owsryi We may
broadly distinguish three overlapping approaches: theitisl, the exper-
imental, and the evaluative. According to Maurice Finoaohj one of its
most distinguished practitioners, ‘[tlhe historical apgech begins with the
selection of some important book of the past, containing italsly wide
range and intense degree of argumentation ... the investigas somehow
to acquire mastery of the content and historical backgroofnthe chosen
text’ (Finocchiaro, 2005, pp. 37f.). Finocchiaro’s own trdwution to this
genre is the magisteri@alileo and the Art of Reasonind@980), an analysis
of the argumentational structure of Galile@salogue Concerning the Two
Chief World System®n the other hand, the experimental approach gathers
its empirical data by a different species of enquiry. This bavious roots
in psychology, and within argumentation theory it is mossely associated
with the critical thinking movement. The assessment and@m=agement of

6 Several contributors to this issue discuss the Toulminugjrogreater detail. See espe-
cially the papers by Bart Van Kerkhove and Jean Paul Van Bmrdeand Alison Pease et
al.
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critical thinking have significant didactic implicationand mark a point of
contact with educational theory.

The evaluative approach has been pursued in a variety efeliff fash-
ions. For example, the ‘pragma-dialectic’ school of Amdén communica-
tion theorists Frans van Eemeren and Rob Grootendorst (,1862called
for its emphasis on the pragmatics of dialogues, proposesxplicit set
of normative ideals for critical discussion, jokingly refed to as the ‘Ten
Commandments.” Adherence to the rules is said to ensure aluiome to
a critical discussion. Other systems are less dogmatic hMeicent attention
has focused on ‘argumentation schemes.’ These are stpieaitpatterns of
plausible reasoning which might be seen as a reinventionrisf@ile’s topics.
This programme has been developed at length by the prolifiadian logi-
cian Douglas Walton and his collaborators (most recentl\Waiton et al.,
2008). One long-standing problem for which argumentaticmemes have
proved important is the characterization of informal feiks. Fallacies may
be understood as pathological instances of plausible hubhwvariably sound
schemes. This represents an improvement on the ‘standetrinent’ of fal-
lacy, as an argument whickeéems to be validutis notso’ (Hamblin, 1970,
p. 12), identified and discredited in Hamblin’s now clasdiedy, but still
on offer in most introductory logic textbooks. Schemes halg® attracted
a growing interest from artificial intelligence researchespecifically as a
means of interaction between ‘agents’ (see, for instanabwin et al., 2005).

3. Pioneering Approaches

As we have seen, the study of mathematical practice needsaura of argu-
ment, and that is what argumentation theory seeks to proViteintersection
of the two has the potential to be highly productive, buthvgibme important
exceptions, it has until recently remained unexplored.dtlogless, there have
long been studies of mathematics which show sensitivithéostructure of
argument. Works of this sort have tended not to cite arguatient research,
but often address closely related questions. Amongst thet mituential are
several books by the mathematician George Pdlya (1954;)1B&7huilds on
the ancient tradition of ‘heuristics’ (Groner et al., 1983%)ocedures for find-
ing solutions to problems, to articulate an account of wigatdils ‘plausible
reasoning’ in mathematical practice. His examples, at|dase been widely
cited by philosophers of mathematics, especially his agicolEuler’s infor-

mal derivation of>_ n—lz = ”—62 but his principal philosophical successor was
Imre Lakatos. Proofs and RefutationfLakatos, 1976) is one of the most

7 Indeed, the methods of both Pélya and Lakatos have beenmjgieal as topic-neutral
theories of argument: see Rhee, 2007, and Chang and Chit, 2&(pectively.
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thorough treatments of mathematical argumentation to, deie one of the
most influential. Lakatos provides what he calls a ‘ratiordonstruction’
of the successive proofs of the Descartes-Euler Conjeaitirieh relates the
numbers of vertices, edges, and faces in convex polyfedra.

Lakatos is also the patron saint of the so-called ‘Maverickdition’ in
philosophy of mathematics. This broke decisively with tberfdationalist
approach that had dominated the subject in the twentiettugerand urged
a reconnection with the history of mathematics (importanirses include
Davis and Hersh, 1980, and Aspray and Kitcher, 1988). Geytahe ad-
monition to widen the narrow diet of examples that had chareaed main-
stream philosophy of mathematics is one that researchiersriathematical
argumentation should observe carefully. While the suggeshat the ‘great
majority of deductions in geometry’ are instances of théogygmsBarbara
or Celarent(Fetisov, 2006, p. 15) may be an exaggeration, it is clear tha
elementary mathematics is not enough for an understandimgthematical
argument. Moreover, it is an enduring complaint ‘[tjhat eeany knowledge
was delivered in the same order it was invented, no not in ththematic,
though it should seem otherwise in regard that the projpositplaced last do
use the propositions placed first for their proof and demratish’ (Bacon,
c. 1603,Valerius Terminuscited in Merton and Barber, 2004, p. 274). Stud-
ies of mathematical argumentation must pay attention nigt tonpublished
arguments, but also to the reasoning from which those argtsr@amerged,
and the choices which were made en route. These are lessaciswéy be
drawn from the Mavericks, without endorsing their antifidationalism.

There are several other sources for work on mathematicahaegt. Fal-
lacies have been a long-standing, if not always especiatidyctive inspi-
ration for argumentation theory, and mathematical fadiadiave led to com-
parable studies, primarily in mathematics education §6gti2006; Bradis
etal., 1999; Maxwell, 1959; Barbeau, 2000). Until rece(Wiperdein, 2007a,
2009; Krabbe, 2008), these traditions have not been eftplmnnected, al-
though Wilfred Hodges’s entertaining paper (1998) on thltempts to rebut
Cantor’s diagonalization argument perhaps comes closer&ghilosophers
of mathematics have explored the role of particular formaarf-deductive
inference in mathematics. For example, there have beeiestatlambiguity
(Byers, 2007; Grosholz, 2007) and enumerative inducticek€é® 2007), as
well as advocacy for the use of Bayesian methods to captutkemsatical
reasoning (Franklin, 1987; Corfield, 2003). Some reseaschierking on the
automation of theorem proving and checking have also psediidn to infor-
mal mathematical argumentation, in the hope of extendieg tesults into
the realm of mathematical discovery (MacKenzie, 2001, ggt.9Kerber and
Pollet, 2007, pp. 77 f.). More modestly, the emerging fieldnaithematical

8 For more detail, see Dove, 2007, or the paper in this issueshgdet al.
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knowledge management seeks to facilitate the developnieohgistent and
searchable databases of existing mathematical knowldlgethis has led
to the development of protocols general enough to permitdéseription
of informal as well as formal mathematical argumentatiarchsas Michael
Kohlhase’s OMD»c (2006).

Recently, more explicit applications of argumentatiorotie¢ic techniques
to mathematical practice have begun to appear. There havedeseral sub-
stantially independent applications of the Toulmin laytmtmathematical
reasoning (Alcolea Banegas, 1998; Aberdein, 2005; Ingls. £2007; Pede-
monte, 2007) as well as attempts to extend the layout bettér complex
mathematical arguments (Knipping, 2001; Aberdein, 200@)er studies de-
ploy a variety of different methodologies including pragdialectics (Krabbe,
1997, 2008; Aberdein, 2007b) and other systems (Douek,; I9®@, 2007).

4. Contributionsto thislssue

The papers in this issue are intended to broaden and dedpeadant work,
while reinforcing hitherto neglected interconnectionsd &ncouraging fur-
ther research.

There are some fundamental philosophical issues that apsoagh to
informal mathematics will raise. One of the most cruciahsttof the success
of informal mathematics—if formality is essential to rigoand rigour cen-
tral to mathematical success, how does informal matheaiatiactice work
at all? Jody Azzouni’s paper addresses this question bytleiudefence of
his view that informal proofs are ‘derivation indicatorseg Azzouni, 2004).
Another difficult concept concerning informal proof is tlditsurveyability.
Ostensibly, long proofs present an obstacle to the reqeinéthat proofs be
surveyable, since they may be too long to be practically estgd. Edwin
Coleman'’s paper offers a characterization of surveyaghbilich tackles this
issue. Moreover, he argues that, since all proofs draw ostantial context,
there are in a sense no short proofs. This attendance toxtastalso a
central feature of Bart Van Kerkhove and Jean Paul Van Besrd&gpaper.
They exemplify this point with a careful reconstruction of @arly proof of
Pdlya. This might be seen as an instance of Finocchiardsridal approach.
Another paper in this tradition is David Sherry’s. He degl@ycareful read-
ing of the diagrams in Saccheri’s inadvertent anticipattbmon-Euclidean
geometry to argue against the prevailing view that diagramast represent
abstract objects.

Diagrammatic reasoning is one of the more conspicuous addlyvdis-
cussed examples of informal mathematics, and this issue isxoeption.
Zenon Kulpa'’s paper is the first part of a longer work defegdan account
of diagrams as rigorizable. Specifically, his paper tackles of the principal
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difficulties for any such account, the ‘generalization peofs: how can a
proof dependent on a specific diagram be generalized to céisess, and how
far can it be generalized? Matthew Inglis and Juan PablodviRiimos are
also concerned with visual reasoning in mathematics. Hewekeir paper
represents a very different methodological approach. Tapgrt on the re-
sults of a series of experiments into the reception of diagibased proofs by
professional and undergraduate mathematicians. As thiay gat, although
their work originates in educational psychology, the eimplrexamination
of the data of philosophical inquiry is also of a piece witleest work in
‘experimental philosophy.” Whereas this paper exhibitsitifluence of argu-
mentation theory in educational research, that of AlisoaseeAlan Smaill,
Simon Colton and John Lee is situated against their backgi®in artificial
intelligence. Their paper explores how resources from filedd, in partic-
ular computational modelling of mathematical reasoningyrbe utilized
to further develop argumentation theories and philos@bfenathematical
practice. Finally, my co-editor lan Dove’s paper offers @ety of evidence
for the utility of argumentation theory in the analysis ofth@matical prac-
tice, and in the resolution of some of the philosophical tkeb#o which that
practice has given rise, while also pointing the way to ferthpen questions
that remain to be answered by theorists of mathematicahzegtation.
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