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MASSIMILIANO AMARANTE and FABIO MACCHERONI

WHEN AN EVENT MAKES A DIFFERENCE

ABSTRACT. For (S,�) a measurable space, let C1 and C2 be convex,
weak∗ closed sets of probability measures on �. We show that if C1 ∪
C2 satisfies the Lyapunov property, then there exists a set A ∈ � such
that minµ1∈C1 µ1(A) > maxµ2∈C2 µ2(A). We give applications to Maxmin
Expected Utility (MEU) and to the core of a lower probability.

KEY WORDS: Lyapunov theorem, Maximin expected utility, lower prob-
ability

1. INTRODUCTION

In the theory of decision making under uncertainty as well as
in the theory of cooperative games, several questions can be
reduced to the problem of whether or not two distinct sets
of measures disagree on a set. For instance, if two Maxmin
Expected Utility (MEU) preferences have the same utility on
the prize space and the same willingness to bet, are they nec-
essarily the same? Under which conditions, does the core of
a lower probability coincide with the weak∗ closed and con-
vex hull of any set of measures defining it? Both questions
are answered in the affirmative if and only if one knows that
there exists a set A such that minµ1∈C1 µ1(A) > maxµ2∈C2 µ2(A),
whenever C1 and C2 are two (convex, weak∗ closed) disjoint
sets of measures. This is our main result, which we prove in
the next section under the conditions stated therein. In Sec-
tion 3, we provide a quick sample of the usefulness of The-
orem 1, by answering the two questions stated above. We do
not discuss, however, the full range of applications of Theo-
rem 1. For another less immediate application, we refer the
reader to Amarante and Filiz (2004), where our Theorem 1
turns out to be a key tool to characterize those events which
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are unambiguous either in the sense of Zhang (2002) or of
Epstein and Zhang (2001). In general, we expect Theorem 1
to be widely applicable in areas different from the ones we con-
sider such as in Quasi–Bayesian Statistics (due to the central
role played by upper probabilities; see, for instance, Wasserman
and Kadane (1990)) or in Social Choice Theory.

2. MAIN RESULT

Ifµ1 andµ2 are two probability measures on aσ-algebra �, then
(by definition) µ1 �=µ2 means that there exists a set A∈� such
that µ1(A)>µ2(A). Equivalently, the two disjoint sets {µ1} and
{µ2} can be separated by means of a linear functional having
an especially simple form, namely one that is defined by an
indicator function. Here, we are concerned with extending this
property to sets of measures which are not singletons.

Let (S,�) be a measurable space and let �(�) denote
the set of all (countably additive) probability measures on �.
�(�) is a subset of the norm dual of the Banach space of
bounded, �-measurable functions.

DEFINITION 1. Let C = {µi}i∈I ⊂ �(�). We say that C has
the Lyapunov property if the range of the vector measure
(µi)i∈I on E is a convex and compact subset of R

I (equipped
with the product topology), for all E ∈�.

Notice that if C has the Lyapunov property and all of its ele-
ments are absolutely continuous with respect to a given proba-
bility measure, then any subset of C has the Lyapunov property,
and that finite dimensional sets of nonatomic measures have
this property (see Kingman and Roberston, 1968). Sets of mea-
sures with the Lyapunov property have special importance in
the theory of decision making under uncertainty. For a deci-
sion maker described by a set of priors like in Gilboa and
Schmeidler (1989) or in Ghirardato et al. (2003), the Lyapunov
property corresponds to the demand that the class of unambig-
uous events in the sense of Nehring (1999) or Ghirardato et al.
(2003) be “rich” (Section 3).
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THEOREM 1. Let C1 and C2 be convex, weak∗ closed subsets
of �(�) such that C1 ∪C2 has the Lyapunov property. Then C1 ∩
C2 =∅ if and only if there exists A in � such that

min
µ1∈C1

µ1(A)> max
µ2∈C2

µ2(A).

Proof. Since each Ci is weak∗ compact, then it is weak com-
pact, and convexity of Ci implies that there exist a measure
λi ∈Ci such that µi �λi for all µi ∈Ci , i =1,2 (see, for instance
Chateaneuf et al., 2005). Hence, all the measures in C1 ∪C2 are
absolutely continuous with respect to λ = 1

2λ1 + 1
2λ2, and the

sets C ′
1 and C ′

2 of all Radon–Nikodym derivatives of elements
of C1 and C2 are disjoint, weakly compact, and convex sub-
sets of L1(λ). The Separating Hyperplane Theorem (see, Dun-
ford and Schwartz, 1954, V.2.10) guarantees that there exist
g0 ∈L∞(λ)−{0} such that

min
f1∈C′

1

∫
g0f1dλ>max

f2∈C′
2

∫
g0f2dλ (1)

W.l.o.g. 0 � g0(s) � 1 for λ-almost all s ∈ S
(
otherwise take

g0−essinfg0

‖g0−essinfg0‖∞

)
.

By assumption, C1 ∪ C2 has the Lyapunov property. Hence,
C ′

1 ∪C ′
2 is thin in the sense of Kingman and Roberston (1968).

By Lemma 1 in Kingman and Roberston (1968), g0 = χA + h

where A∈� and h∈L∞(λ) is such that
∫

hf dλ=0 for all f ∈
C ′

1 ∪C ′
2. For all µ∈C1 ∪C2, setting f =dµ/dλ we have

µ(A)=
∫

A

f dλ=
∫

χAf dλ=
∫

(χA+h)f dλ=
∫

g0f dλ

and Equation (1) becomes

min
µ1∈C1

µ1(A)> max
µ2∈C2

µ2(A).

The converse is obvious.

COROLLARY 2. Under the assumptions of Theorem 1, C1 ⊆C2

if and only if minµ1∈C1 µ1(A)�maxµ2∈C2 µ2(A) for all A∈�.
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Proof. Let minµ1∈C1 µ1(A) � minµ2∈C2 µ2(A) for all A ∈ �.
Assume that C1 is not contained in C2. Then there exists µ̄∈
C11C2. Since C2 ∪ {µ̄} is thin, Theorem 1 yields that there
exists B ∈� such that µ̄(B)<µ2(B) for all µ2 ∈ C2. Therefore
minµ1∈C1 µ1B � µ̄(B) < minµ2∈C2 µ2(B), which is absurd. The
converse is trivial.

We conclude this section, by proving another separation
result. This extends an obvious property of two nonatomic
measures: if µ1 �= µ2, there exist A,B ∈ �, A ∩ B = ∅ such
that µ1(A) > µ1(B) and µ2(A) < µ2(B). Notice that this is no
longer true if the nonatomicity assumption is removed. In
this form, the separation theorem turns out to be a basic
tool in study unambiguous events in the sense of Zhang
(2002) and Epstein and Zhang (2001) (see Amarante and
Filiz, 2004).

COROLLARY 3. Under the assumptions in Theorem 1, there
exist A,B ∈�, A∩B =∅, such that µ1(A)−µ1(B)>0>µ2(A)−
µ2(B) for any µ1 ∈C1 and any µ2 ∈C2.

Proof. Let A ∈ � be such that µ1(A) > µ2(A) for any µi ∈
Ci , i =1,2. Since C1 ∪C2 has the Lyapunov property, the range
on S of the vector measure defined by C1 ∪C2 is compact and
convex. Hence, for any α ∈ [0,1] there exists B ∈ � such that
µ1(B) = µ2(B) = α for all µi ∈ Ci , i = 1,2. Pick one such a B

so that 2µ(B)=minµ1∈C1 µ1(A)+maxµ2∈C2 µ2(A) for all µ∈C1 ∪
C2. Then, µ1(A)−µ1(B)>0 and µ2(A)−µ2(B)<0 for all µi ∈
Ci , i =1,2.

If A ∩ B �= ∅, write B = (A ∩ B) ∪ B ′ and A = (A ∩ B) ∪ A′.
Then, for any µi ∈Ci , i =1,2,

µ1(A)−µ1(B)=µ1(A∩B)+µ1(A
′)−µ1(A∩B)−µ1(B

′)
=µ1(A

′)−µ1(B
′)

µ2(A)−µ2(B)=µ2(A
′)−µ2(B

′)

and A′ and B ′ do the job.
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3. APPLICATION: MEU PREFERENCES AND LOWER
PROBABILITIES

In the theory of decision making under uncertainty, one is
concerned with a decision maker ranking the elements of a
set A of mappings a: S → X, where S is the state space and
X the prize space. For the sake of simplicity, let X be a con-
vex subset of a vector space and A be the set of all simple
and measurable functions from S to X. The decision maker’s
ranking �, is said to satisfy the MEU criterion if and only if
for a, b∈A

a �b⇔min
µ∈C

∫
(u◦a)dµ�min

µ∈C

∫
(u◦b)dµ,

where u: X→R is a nonconstant and affine utility function on
the prize space, and C is a weak∗ closed and convex set of
finitely additive probability measures on (S,�). The willing-
ness to bet of a MEU decision maker is the lower probability

ρ(A)= min
min∈C

µ(A), ∀A∈�.

The core of a lower probability ρ is the set core (ρ) of
all finitely additive probability measures ν on (S,�) such that
ν �ρ.

Preferences satisfying the MEU criterion have been axioma-
tized in Gilboa and Schmeidler (1989). In Marinacci (2002)
and Chateaneuf et al. (2005) necessary and sufficient condi-
tions on � are given that guarantee that all the measures in C be
countably additive. An event A∈� is unambiguous in the sense
of Nehring (1999) or Ghirardato et al. (2003) if µ(A)=µ′(A)

for all µ,µ′ ∈ C. In Amarante (2005) (Proposition 4), it was
shown that (i) the class of unambiguous events is “rich”, that is
there exist unambiguous events of measure α for every α∈ [0,1],
and (ii) there exists a countably additive, nonatomic probabil-
ity measure on the class of unambiguous events if and only if
C has the Lyapunov Property.

In the context of MEU, a natural question is whether or
not two MEU preferences with the same utility on the prize
space and the same willingness to bet are necessarily the same
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preference. A related question in the theory of lower proba-
bilities is whether or not the weak∗ closed and convex set C
defining a lower probability ρ coincides with its core. The fol-
lowing example, due to Huber and Strassen (1973), answers
negatively to both questions.

EXAMPLE 1. Let S ={1,2,3},X=R,µ= (
1
2 ,

1
2 ,0

)
, ν = (

4
6 ,

1
6 ,

1
6

)
.

Consider two MEU preferences, �1 and �2, with u1(x) =
u2(x)=x for any x ∈ R and sets of priors

C1=c0{µ,ν} and C2=
{(

3+ t

6
,

3− t − s

6
,
s

6

)
: 0� s, t �1

}
.

It is readily checked that:

• ρ(A)=minµ1∈C1 µ1(A)=minµ2∈C2 µ2(A)=ρ2(A) for all A⊂S,
but �1 is different from �2;

• C1 is a weak∗ closed and convex set defining the lower
probability ρ1, and it is strictly included in core (ρ1)

(which coincides with C2).

Both conclusions are reverted under the assumptions of
Theorem 1 as the next two corollaries show. In reading Cor-
ollary 4, notice that point 1. amounts to say that �1 is more
ambiguity averse than �2 (see Ghirardato and Marinacci,
2002), and remember that xAy is the mapping from S to X

taking value x on A and y on Ac.

COROLLARY 4. Let �1 and �2 be two MEU preferences with
(weak∗ closed and convex) sets of priors C1 and C2 contained in
�(�) and such that C1 ∪C2 has the Lyapunov property. Then the
following conditions are equivalent:

(1) For all a ∈A and z∈X,

a �1 z⇒a �2 z. (2)

(2) For all x, y, z∈X such that x �i y for i =1,2, and all A∈�,

xAy �1 z⇒xAy �2 z.

(3) u1 is a positive affine transformation of u2 and ρ1 �ρ2.

In particular, if u1 =u2 and ρ1 =ρ2, then �1 coincides with �2.
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COROLLARY 5. Let ρ be a lower probability such that core
(ρ)⊂�(�) and core (ρ) has the Lyapunov property. Then core
(ρ) is the weak∗ closed and convex hull of any subset K of
�(�) such that

ρ(A)= inf
ν∈K

ν(A), ∀A∈�.

The easy proofs are omitted.
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