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Summary. From known examples of theories T" obtained by Hrushovski-construc-
tions and of infinite Morley rank, properties are extracted, that allow the collapse
to a finite rank substructure. The results are used to give a more model-theoretic
proof of the existence of the new uncountably categorical groups in [Bau2|.

1 Introduction

In 1988 Ehud Hrushovski [Hrl] refuted Zil’bers Conjecture. He constructed
strongly minimal theories with non-locally-modular geometries and without any
infinite group interpretable in these theories. In [Bau2| uncountably categorical
groups are constructed that have non-locally-modular geometries and do not al-
low the interpretation of infinite fields. The essential Amalgamation Lemma in
that paper has a very long “bilinear-combinatorial” proof. The aim of this pa-
per is to find general properties of an w-stable theory T' such that the additive
collapse can be done. In [JG] Bruno Poizat gives a proof of Hrushovski’s result
above. First he constructs a theory of Morley rank w already with that kind of
geometry he finally wants. In a second step he does the collapse to obtain the
desired theory.

By the fusion paper [Hr2| of Ehud Hrushovski new ideas come into the subject.
He constructs a strongly minimal fusion of two strongly minimal sets with DMP
over a common domain. The new theory has the old theories as reducts, that are
“very independent” from each other. Later these ideas are applied to obtain an
algebraically closed field with a “black” predicate such that the whole structure
has Morley rank 2 ([Pol], [BH]).

Ehud Hrushovski asks in [Hr2| whether the fusion is also possible over a common
vectorspace over a finite field. The next question goes in the same direction. In
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his book [Po0] Bruno Poizat asks whether there exists an algebraically closed
field with a “red” predicate for an additive infinite proper subgroup, such that
this structure has still finite Morley-rank.

Amador Martin-Pizarro, Martin Ziegler and the author have solved these prob-
lems positively in [BMPZ4] and [BMPZ3|. The ideas of these two papers are
the basis of the more general additive collaps developed in this paper. It should
be mentioned that they are also essential for the construction of a bad field of
characteristic 0 in [BHMPW]|.

In this paper we consider structures M that are expansions of an infinite vec-
torspace over a finite field F,. We assume that the language L is at most count-
able and contains a predicate R(z). We consider seven properties P(I) — P(VII)
of the complete theories T of these structures M. If T" has the properties P(I) —
P(IV), then all models M of T are generated their subspace R(M). We have a
notion of strongness for subspaces A < R(M) and a pregeometry a € cly(A) on
R(M). Both notions are part of tp(A) and tp*(aA), respectively. The geomet-
rical closure of a strong subset A < R(M) is given by algebraic and prealgebraic
extensions. The second kind of extension is given by generic solutions of strongly
minimal formulas that behave similar as the code formulas from [BMPZ3]. We
move to code formulas. P(I) — P(IV) imply w-stability and allow us to introduce
a notion of difference sequences as in [BMPZ3].

Let C be a monster model of T. We define a class K* of strong subspaces U of
R(C) where a function p gives a bound p(«) to the length of difference sequences
for the code formula ¢, (z,y). If we have in addition the properties P(V) and
P(VI) we can amalgamate finite subspaces in K#, such that we get a countable
strong subspace R*(C) of R(C) in K*. It is rich (B. Poizat’s notion of richness)
and therefore algebraically closed in R(C) in the sense of 7. Let P*(C) be the
substructure generated by R*(C). Then P*(C) N R(C) = R*(C). P* can be
defined by one formula over R*. This is guaranteed by another property P(VII)
of T. Let L* be the extension of L by the predicate P*. We axiomatize the
L#-theory of C* = (C, P*(C)) and get an w-stable theory T" where R = PFN R
is strongly minimal and P* is of finite Morley-rank. We show that the induced
L#-structure on P* is the pure L-structure. Let I'(T*) be the L-theory of this
L-structure P*(C*). It is the desired collapse to finite Morley rank. We can
present the new uncountably categorical groups, the red fields and the fusion
over a vectorspace in this way. Maybe we can only use less u-functions but still
2% many as in the original papers. This frame is designed for further concrete
applications.



2 Group sets

For this chapter T is a countable w-stable theory where the models of T are
expansions of vectorspaces over F,. We use a version of a result of M. Ziegler in
[Z]. We work in 7.

Lemma 2.1 Let M be a model of T as above and a, b, ¢ be elements of M with
a—+ b+ c= 0 and pairwise independence over some set B. Then we have:

1) The strong types of the elements a, b, ¢ over B have the same stabilizer U
and U 1s connected.

2) a, b, and c are generic elements of acl(B)-definable cosets of U.

3) It follows that a, b, and ¢ have the same Morley rank over B namely MR(U).
U is definable over acl(B).

Let C be the monster model of T'. deg,, is used to denote Morley degree.

Definition Let X be a definable subset of C" with deg,,;(X) = 1.

X is called a group set (resp. torsor set) if its generic type is the generic type of
a definable subgroup G (resp. coset of a definable subgroup) of (C", +). We say
X is groupless, if X is not a torsor set.

Definition Two definable sets X and Y of Morley degree 1 are equivalent, if
MR(X) = MR(Y) and MR(XAY) < MR(X). We write X ~ Y.

Lemma 2.2 Let X, Y be definable sets of Morley degree 1.

) If X~Y, X, Y CC", and X is a group set (resp. torsor set), then'Y is a
group set (resp. torsor set).

2) IfH isin GL,(F,) and X C C" is a torsor set, then H(X)+m = {Hx+m :
T € X} is a torsor set.

Lemma 2.3 Let p(Z,9) be a formula such that C F 3z gp@,lg) implies that
©(C,b) is a strongly minimal subset of C". Then {b : ¢(C,b) is a group set}

is definable. Similarly for torsor sets.

Proof. We consider the group case. The following statements are equivalent:



i) ¢(C,b) is a group set.

ii) There exist two generic b-independent realizations a; and a, of ¢(z,b) such
that CE (p(C_Ll + C_lQ, b)

iii) CE3°z, € C" 3°Zy € C*(¢(T1,b) A p(ZTa,b) A (T1 + T2, b)).
The equivalence of i) and ii) follows from Lemma 2.1 as shown in [BMPZ3]. iii)

is first order since o(z,b) is strongly minimal. It is clearly equivalent with ii) in
the strongly minimal context. O

Note that X is a torsor set if for some (every) = € X the set X — x is a group
set.

Definition Given a group set X, its invariant group is the set Inv(X) = {H €
GL,(F,) : H(X) ~ X}.

For strongly minimal ¢(z,b) "H € Inv(¢(Z,b))" is an elementary property of b.

As in [BMPZ3] it follows

Lemma 2.4 Let X be a B-definable set of Morley degree 1, and eq and é; be two
generic B-independent elements in X. If eg— Hey | ey for some H in GL,(F,),
B

then X is a torsor set. Moreover, if X is a group set, then H is in Inv(X).

3 Starting theories

We consider countable theories T. Let M, N be models of T' and C be the
monster model of 7. (X) is used to denote the substructure generated by X.
(X)* is the linear hull of X.

P(I) The models M of T are F -vectorspaces with additional structure, where
[F, is a finite field.
Furthermore we have a unary predicate R(x) for a subspace of M. For all
M E T we have (R(M)) = M.

Mainly we consider finite subspaces A, B, C' of R(M). U, V, W are used for
arbitrary subspaces of R(M).



P(II) We have a pregeometry "a € cly(A)" on R(M) and a notion "A is a strong
subspace in R(M)" (short A < M). Both notions are invariant under
automorphisms of C. (0)¢ < M. For every B there exists a finite algebraic
extension that is strong in M. Algebraic extensions of strong subspaces are
strong. If M, N are modelsof T A C R(M), B C R(N), tpM(A) = tp™(B)
and a and b are geometrically independent of A and B respectively, then
tpM(a, A) = tpN (b, B). If furthermore A < M, then (Aa)* < M. The
geometrical dimension d(C) of R(C) is infinite.

We use d to denote the dimension function corresponding to cly. Note that P(II)
implies the following:

If AC R(M) and B C R(N) are the linear hulls of geometrically independent
subsets, where M, N are models of T, then l.dim(A) = L.dim(B) implies tp(A) =

tp(B).

We extend the notions in P(II) to infinite subspaces U of R(M) by the following
definitions:

Definition a € cly(U), if a € cly(A) for some finite subspace A of U.

Definition U < M, if for every finite B C U there is a finite A C U with B C A
and A < M.

P(III) There is a set X of formulas ¢(z,7) in L°¢ such that o(z,b) is either
empty or strongly minimal. Furthermore ¢(Z,b) ~ o(z,b) implies b = b'.
Length(z) = n, > 2, ¢(z,y) implies z; € R and the linear independence
of x1,...,@,,. If bisin del*(U) and M E ¢(a,b), then a € cly(U). If
furthermore U < M, then either a C U or a is a generic solution over U.
In the generic case (Ua)* < M. X is closed under affine transformations.

In the construction of red fields [BMPZ3| the formulas ¢(z,7) in X are of the
form ¢ (z,y) A N\ R(z;) where ¢(Z,y) is a formula in the field language. There
1<i<n

we use that AC_F; is a reduct of T" and has the elimination of quantifiers and
imaginaries. In the fusion over a vectorspace [BMPZ4| ¢(z,y) in X is of the form
©1(Z,9) N @2(Z,y) where ¢;(Z,y) is a formula of the theory T;. We assume elimi-
nation of quantifiers for the theories T;. For the construction of new uncountably
categorical groups in this paper we use formulas ¢(z,y) in L with the property
that o(z,b) ~ ¢(z,b) implies (b) = (b')*. Hence we have for these formulas
almost a canonical parameter.



We say that a vector space isomorphism f of A onto B is an isomorphism if we
can extent it to an L-isomorphism of (A4) onto (B).

P(IV) f A< M, B< M, and A= B, then tp(A) =tp(B). f B< M, A<M
and B C A C clyg(B), then there is a chain B=A4; C A; C...CA,=A
where A; < M and A;.; C acl(A;) or A;;; is obtained from A; adding a
generic solution of some ¢(Z,b) in X where b € dcl®(4;).

Note that by P(III) and the first part of P(IV) A;;; over A; can be described
by a quantifier-free L-formula. Let | be the non-forking independence in 7.
Besides genericity of solutions @ of ¢, (%, b) we introduce | “-genericity for these
solutions. If b € dcl®)(B), then in the known examples | “-genericity of @ over
B means that a is linearly independent over B and d(a/B) = 0.

P(V) Let ¢(Z,y) € X, V a subspace of R(M), and b € dcl®*(V). Then the | -
generic type of ©(z,b) over V is | “-generic over V and the | “-generics
of ¢(Z,b) over V have the same isomorphism type over V. They are | -
generic over every U C V with b € dcl®*(U). Furthermore if p(z,7) €
X, U < M, b € de®(B), and &, éy,... are solutions of ¢(Z,b) linearly
independent over B with &; Z (U, B, éy,...,&_1)%, then there are at most
l.dim(B/U) many i such that e; is not | “-generic over (U, B, €, ..., &_1)".

In P(V) it is possible to replace 1.dim(B/U) by a fixed function f(l.dim(B/U))
if this is necessary. P(V) implies that a | “-generic solution of ¢(Z, ) over V is
linearly independent over V as a | -generic solution.

P(VI) Assume C' O B C A are strong subspaces of R(M) linearly independent
over B and both minimal strong extensions of B given by generic solutions
of formulas in X. If b € dcl®Y(F), E C A+ C, and there is a solution
a € A+ C of some p(x,b) in X | “-generic over C' + E and over A + E,

then (7,b) defines a torsor set. If it defines a group set, then b is in
dcl®Y(B).

Note that the assumptions in P(VI) imply that A + C' is strong in R(M) and it
is the non-forking amalgam of A and C' over B.

Since we assume M = (R(M)) for all M F T, there exists a quantifier-free
disjunction x(z,y) of formulas that describe (R(M)) over R(M) such that



(%) M = {b: there exists a in R(M) with M E x(a,b)}.

We want that the substructure P*, that we will construct, will also satisfy (x)
for some suitable x. In the examples that we consider we have either M = R(M)
(IBMPZA4]), or (x) for all substructures H with acl(R(H)) N R(M) = R(H) and
H = (R(H)) (|Bau2]), or some formula in X" that provides the existence of x(Z, y)
(IBMPZ3]). Hence we suppose:

P(VII) Either M = R(M) and therefore connected,

or M is connected and there is a quantifier free formula 0(z,y) in X
such that for every B C R(M) and every tuple a of geometrically
independent generics over B in R(M) M E 6(a,b) implies that the
canonical parameter b is a generic of M over B and for all a b € dcl(a),

or for every substructure H C M & T with acl(R(H)) N R(M) = R(H)
and (R(H)) = H we have some quantifier free definable function
n(Z) = y such that

H={b:MEn(a) =0 for some a in R(H)}.

Definition A countable theory with the properties P(I) — P(VII) is called a
starting theory for the red collapse.

We will show that a suitable substructure of C F T has the wanted theory of
finite Morley rank.

Note that P(II) implies that acl(4) < M. From P(IV) follows:

If a € cly(B), then there are B C Ay C A; C ... € A, such that Ay C acl(B),
a € A,, Ai <M, Ay C acl(4;) or there is some b € dcl*!(A;) and some generic
solution @ of some p(z,b) € X with A, = (A;,a)".

In the last case we call A;;; a prealgebraic minimal extension of A;. Our aim

is to make it algebraic in the substructure. Note that non-generic solutions of
©(Z,b) are in A,.

Let T be as above, M and N are T-models, a is a tuple in R(M) and f(a) is an
isomorphic copy of @ in R(N) in the language of F,-vectorspaces. Then we want
to show that P(I) — P(IV) implies:



if and only if f preserves a geometrical sequence for a.

First we have to define the notions of geometrical sequence and construction:

Definition Assume B < C, B C A, and A < C. A geometrical sequence of A
over B is a sequence Ag C A; C ... C A,, where B = Ay, A = A,,, and all A;
are strong in M. Furthermore A;,; is a minimal strong extension of A; in the
following sense:

1. Transcendental Case: A;;1 = (A;,a)t, and a is geometrically independent
from A;.

2. Algebraic Case: A;y1 = (A;,a)’ where a is in the algebraic closure of A;
linearly independent over A;.

3. Prealgebraic Case: A;p1 = (4, ¢)¢ where ¢ is a solution of some ¢(z,b) € X
generic over A; where b € dcl®(A4;).

If case 1 does not occur we speak about a geometrical construction. In this case
A g C1d<B)

Definition The geometrical sequence above is a geometrical sequence for a,
if Ag is the linear hull of geometrically independent elements from a and in all
transcendental cases a € (a)’.

To obtain a geometrical sequence for a in R(M) there is some A < M with
a C A C acl(a) by P(II). Choose Ag = (0)* and A; for i < iy by transcendental
steps with a € (@)’ such that 1.dim(4;,) = d(A;,) = d(a). By P(II) 4;, < C and
A C clg(A;,). By P(IV) there is a geometrical construction of A over A;,. This
gives a geometrical sequence of a over Ay C a.

Definition Let Ag C A; C ... C A,, C M ET be a geometrical sequence for a.
Let f be an F-vectorspace embedding of (@)’ into R(N), where N F T, and f be
an FF,-vectorspace embedding of A,, into R(N) that extends f. Then f preserves
the given geometrical sequence Ao C A; C ... C A,, of a over Ay if we have

f(Ao) is f(Ao), _ _ _ _

in the transcendental case f(A;41) = (f(A;), f(a))® where f(a) is geometrically
independent from f(A;),

in the algebraic case f(a) fulfils the image of the isolating formula in M, and

in the prealgebraic case f(a) is a solution of ¢(Z, f(b)) generic over f(A;) where

f(b) € del®(f(A;)) is isolated by the image of the corresponding formula for M.
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Lemma 3.1 Let T be a theory with P(I) — P(IV). We consider models M and N
of T. Let Ag C ... C A, C R(M) be a geometrical sequence over Ay as defined
above and g be an F,-vectorspace embedding of A, into R(N) that preserves the
geometrical sequence.

If tpM(Ao) = tp™(g(Ao)), then tp™(A,) = tp™ (g(Am)).

Proof. We show tpM(A;) = tp?¥(g(A;)) by induction on i < m.
We have tpM(Ag) = tp™(g(Ay)) by assumption. Assume tp(A4;) = tp™(g(A;)).
By P(II) g(A4;) is strong in N. For A;;; we have the three cases in the definition.

Case 1 Transcendental Case

Aip1 = (A, a)® where a is geometrically independent over A;. Then g(A;;) =
(g(Ay), g(a))* where g(a) is geometrically independent over g(4;). By P(II)
tp™ (A1) = tpN (9(Ais1))-

Case 2 Algebraic Case

Air = (A;,a), a algebraic over A;. By definition g(a) is algebraically iso-
lated over g(A;) by the g-image of an isolating formula for a over A;. Hence
tp™ (Air1) = tp™ (9(Ain1)).

Case 3 Prealgebraic Case

Aip1 = (A;,a)" where a is a solution of some p(z,b) € X generic over A; and
b € dcl®d(4;). By definition of preservation g(a) is a solution of ¢(z, g(b)). By
induction tp™(b) = tpY(g(b)). Hence ¢(Z,g(b)) is strongly minimal. Since
g(A;) < N and g(a) € g(A;) the solution g(a) is generic over g(4;). We get
(A, 0)") = 1™ ((9(A), 9(a)"). .

Lemma 3.2 Let Ay C Ay C ... C A, be a geometrical sequence of a in C.
Assume a € M < C. Then there is a geometrical sequence f(Ag) C ... C f(An)
of a in M such that f preserves the geometrical construction.

Proof . By definition Ay C @ C M and in each transcendental case A, = (A;, a)*
we have a € a C M. We define f(a) = a for a in a. Then f(Ay) = A;. We
define f(A;) by induction on i such that f preserves the geometrical sequence
Ag C Ay C ... C Ay, and tpM(f(A;)a) = tp©(A;a). We have f(Ay) = Ay is part
of a. Now we prove the induction step.

1. Transcendental Case A; 1, = (4;a)¢ and a is geometrically independent from

A;. Then a € a and a is geometrically independent from f(A;) since cly(A;) =
cla(f(A;)). Then f(Aiq) = (f(Ay)a) fulfils the assertion.



2. Algebraic Case A;41 = (4;a)" and a is algebraic over A;. If a € (A;a)?, then
f(a) is already defined. Otherwise there is an algebraic formula 9 (z, d) isolating
a over (A;a)’. Let f(a) = c for some ¢ € M with M E ¥(c; f(d)).

3. Prealgebraic Case A;;1 = (A;, &) where é is a solution of some ¢, (7,b) in X
generic over A;. If € is algebraic over (A;a)* we proceed as above in the algebraic
case. Otherwise f(€) is any solution of ¢, (7, f(b)) in M generic over {f(A;)a)’.
Such a solution exists by P(II) and P(III). O

Lemma 3.3 Let T be a theory with P(I) — P(IV). Assume M, N £ T, a is in M,
and f(a) is an F,-vectorspace-isomorphic copy of a in N. Then the following are
equivalent:

i) tp™(a) = tp"(f(a)).

ii) Given a geometrical sequence for a we can extend f in such a way that the
extension f preserves the geometrical sequence.

iii) Some geometrical sequence for @ is preserved by an extension f of f.

Proof. Lemma 3.1 gives us iii) = i), ii) = iii) is trivial.

Finally we show i) = ii). We assume that tp™(a) = tp™(f(a)). To show ii) let
Ag C Ay C ... C A, be a geometrical sequence for a. We consider M and N as
elementary substructures of the monster model C. Then we can extend f to an
automorphism g of C. We get that g preserves the given geometrical sequence in
C. By Lemma 3.2 we obtain the desired geometrical sequence in V. O

Lemma 3.4 Ifa € cly(A), then there is a geometrical sequence for (A, a)* inside
acl(A, a).

Proof. Choose Ay C A with 1.dim(Ag) = d(Ay) = d(A). Then Ay < M by P(II).
Again by P(II) there is some A’ with (A4,a)* C A’ C acl(4,a) and A’ < M. By
P(IV) there is a geometrical construction of A" over Ay. O

Lemma 3.5 Ifc ¢ cly(B), a € cly(B), and a € acl(Bc), then a € acl(B).

Proof. We assume cq ¢ cly(B), ag € clg(B) \ acl(B) and ay € acl(Bcy) and show
a contradiction. B B B
Assume C F 9(ag, co, b) A I="y1p(y, o, b) where b is in B. Then

x & clg(B) U {¥(ag, z,b) A 3=y (y, x, b}
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is consistent. But by P(II) there is a unique type p(x) with = ¢ cly(B) over
C1d<B)

(+) Hence every element d ¢ cly(B) fulfils p(z) and we have 1 (ag, d, ).

Let M < C be a model that contains Bey and ag. Since acl(B) N {cy, ag)* = (0)*
there are ¢; and a; such that (c;,a;) N M = (0)¢ with tp(cia;/B) = tp(coag/B)
and ¢, realizes p. If we apply (+), then we get F v(ag,c1,b). If we continue in
this way we get more than n solutions of ¥(y, c,41,b) and 35"y (y, chi1,b), a
contradiction. dJ

Lemma 3.6 Assume U C R(M), acl(U) =U, A<M, and d(A/U) =d(A/U N
A). Then

i) AnNU < M, and
i) U+ A< M.

Proof. Let M be sufficiently saturated. Note that acl(U) = U implies U < M.
First we show that ii) is a consequence of i). Using i), P(II), and P(IV) we get a
geometrical sequence ANU = By C By C ... C By = A. We show by induction
on i that U+ B; < M. We have U + By = U < M. If By, = (B;,b)" where
b is algebraic over B;, then either b € U + B; or (UB;b)* < M by P(II). In
the prealgebraic case the assertion follows from U + B; < M and P(III). In the
transcendental case B¢+1 = (B;b) with b ¢ cly(B;) we have b ¢ cly(B; + U) since
d(AJU) =d(A/By). By P(II) B;y1 + U < M.

To show i) let Ay € ANU be such that 1. d1m( 0) =d(Ap) =d(ANU). By P(IV)
we get a geometrical sequence Ay C A; C ... C A,, = A. By the cho1ce of Ay
and by d(A/U) = d(A/U N A) we have that

(++) Aipr = (Ai0)* with ¢ ¢ cly(4;) implies ¢ ¢ clg(A; + U).

We show by induction on 1.dim(A) that we can choose the geometrical sequence
for A over Ay in such a way that there is some ig with 4;, = ANU.

We start with 1.dim(A) = 0. To prove the induction step we assume that we have
Ay C A C...C A, and ig such that A,, 1 NU = A;;, < M. Assume m > 0.

1. Algebraic Case: A,, = (A,,_1,a)’ where a is in the algebraic closure of A,,
linearly independent from A,,_;.
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If A, NU # A, then we can choose a in such a way that a € U. Assume
10 < m — 2, since otherwise we are done.

If a € acl(A,,_2), then we apply the induction to 49 C ... C A,,,_o C (A, 2, 0a)".
We get Ag = Aj € ... C A} C ... C A, = (Ana) where A,, | N
U = A;O < M. Then Aj C ... C A, , C A, is the desired sequence with
AnNU = A < M.

Now we assume a € acl(A4,,_1) \ acl(A,,_2).

First we assume A,,_; = (A,,_»c), where ¢ ¢ cly(A,,_»). Since a € acl({A,,_2,c))\
acl(A;,—2) we have a ¢ cly(A,—2) by Lemma 3.5. Hence by the Exchange-
Property for cly we get ¢ € cly(A,—2a) C cly(A,—2 + U) a contradiction to
(++).

Finally consider A,,_; = (A,,_2,¢)’ where ¢ is a solution of some p(z,b) € X
where b € dcl®¥(A,, 5) and ¢ is a generic solution over A, . Hence a €
acl(A;_9,¢) \ acl(A4,,_2). By the Exchange Lemma for acl in strongly minimal
sets ¢ € acl(A,,_2,a). By induction and ii) U + A; < M for i < m — 2. By P(III)
¢ C U+ A,,—2. Since ¢ is linearly independent over A,, o we get A,,,_.1NU # A;,
a contradiction to our induction assumption.

2. Prealgebraic Case: A,, = (A,,_1,a)’ where a is a solution of ¢(z,b) € X
generic over A,,_; where b € dcl®¥(4,, ;). By induction and ii) we have again
U+tAp 1 <M. If A,,NU # A,,, then some element in (a)*\ (0)¢isin U+ A,,_;.
By U+ A,—1 < M and P(III) we get a C U + A,,_1. Since X is closed under
affine transformations we can assume w.l.o.g. that a is in U. If igp = m — 1 we
are done.

Assume iy < m — 1. There is some s with ig < s < m — 1 such that A,,_; C
acl(A) and Aj is a transcendental or a prealgebraic extension of A;_;. Note that
A1 Cacl(4,,) is impossible since acl(U) = U would imply A,,—1 C U.

First we assume that A, = (As_1¢) and ¢ ¢ clg(As_1) and A, C acl(Ay).
Then a € cly(As_1) since otherwise a € clg(As_1¢) \ clg(As_1) and therefore
c € clg(As_1a) C cly(As_1 + U), a contradiction to (++).

In the next step we show that b € dcl®¥(cly(A,_1)). Let f be an automorphism
that fixes cly(A,_1) pointwise. We show f(b) = b. By the following argument we
can restrict us to the case where ¢ and f(c) are geometrically independent over
As_1. If c and f(c) are not geometrically independent over A,_;, then we choose
f1 such that fi(c) ¢ cly(As_1,c) and consider f; and fo = ff;*. Then c and fi(c)
are geometrically independent over A, ; and also f(c) and fi(c). Furthermore
f2(fi(c)) = f(c). Hence we assume w.l.o.g. that ¢ and f(c) are geometrically
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independent over A, ;. Then (A, 1, ¢, f(c))* < M. We have f(a) = a since we
have shown that @ € cly(As_1). Since @  (A,_1,¢, f(c))¢ it is a common solution
of p(z,b) and p(z, f(b)) generic over (A,_1,c, f(c))* by P(III). Hence f(b) = b
by P(III). Finally we show b € dcl®¥(4,_;). Let f be an automorphism of C
that fixes A,_; pointwise. Since b € dcl®(A,,_1) and A,,_1 C acl(4,_1,c), we
have that b € dcl®d(A4,_1,¢). Let g(x) be a function definable with parameters
in A,_; such that g(c) = b. Since tp(c/clg(As_1)) = tp(f(c)/cly(A,_1)) and
b € dcl®(cly(As_1)), as shown above, we get g(c) = b = g(f(c)) = f(b), as

desired.

Now we can apply the induction to Ag C ... C A,_; C (As_l,@e and can use
this to prove the assertion.

Next we assume A; = (A4, E}e is a prealgebraic extension and A,, 1 C acl(Ajy).
W.lo.g. we can assume that A, ; Nacl(As_1) = As_1. Since U + A, 1 < M, ¢
is a solution of some v (Z,d) in X generic over U + A,_;, where d € dcl®*(A,_;).
By assumption A,,_1 N (U + As_1) = As—1. Let {f;(¢) : i < w} be a Morley
sequence of tp(¢/U + As_1). We can speak about a Morley-sequence, if we use
the independence in the strongly minimal set 1(Z,d). Note A,,_; C acl(A,_1¢).
We can consider f; as an automorphism that fixes U + A,_; pointwise. Assume
fo = id. Furthermore A,_; + @ fi(¢) < M and a is a solution of all ¢(z, f;(b))
for i < w linearly independenlt@éver this strong subspace and therefore generic
over this space. It follows f;(b) = b. Since fi(b) = b is in acl®'(A4,_1, fi(¢)) we get
fi(¢) € acl(A,_1,b) by the Exchange Lemma for ¢(z,d). Then b € acl®)(A4,_1,¢)
implies f;(¢) € acl®¥(As_1,¢). This contradicts the construction of our Morley-
sequence.

3. Transcendental Case: A, = (A,,_1,a)* where a ¢ clg(A,_1). By (++) we get
a ¢ cly(Apm_1+ U). Hence A, NU = A;, as desired. O

Lemma 3.7 Let T be a countable theory that satisfies the conditions P(I) —
P(IV). Then T is w-stable. Furthermore the subspace R(x) is connected.

Proof. Since (R(M)) = M for M E T it is sufficient to count tp(a/M) where
a is in R(C) and M countable. We choose a geometrical sequence Ay C A; C
... € A, with d(A,,/M) = d(A,/M N A,,) and a C A,,. By Lemma 3.6
A, N M < C. Hence w.lo.g. Ay = A, N M. By Lemma 3.1 tp(4,,/Ag) is
given by the geometrical sequence. The same remains true if we replace Ay by
a larger strong subspace in R(M). Hence tp(A,,/M) is uniquely determined by
the geometrical sequence A9 C A; C ... C A,,. If there is a preservation map
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between two such geometrical sequences over Ay, then they present the same type
over M. There are only countably many Ag in M and countably many geometrical
sequences Ay C ... C A, with Ay = A, N M and d(A,,/M) = d(A,,/Ap) up to
preservation. Hence there are only countably many types over M.

Note that a ¢ cly(M) gives the only generic 1-type in R(C) over M. Hence R(C)
is connected. O

Lemma 3.8 Assume Ay < C and a € cly(Ap). Let Ay C Ay C ... C A, bea
geometrical construction for a over Ayg. Then there is a geometrical construction

for a over Ay inside of A, Nacl(AgU{a}).

Proof. Let U be acl(Ap U {a}). By definition A4,, < C and d(A4,,/U) = 0 =
d(A,,/UNA,,) since Ag CU N A,,. By Lemma 3.6 A,,NU = D < C. By P(IV)
there is the desired geometrical construction of D over A. U

Note that by Lemma 3.4 there is a geometrical construction for a over Ag inside
acl(Ap U {a}).

Lemma 3.9 Let Ag C Ay C ... C A, be a geometrical sequence in C. If Ay C U,
U<C,UNA, =4, and d(A,,/Ay) = d(A,,/U). Then A; + U is a geometrical
sequence. Hence U + A,, is strong in C.

Proof. We use induction on ¢ and start with Ay + U = U < C. If we have the
transcendental case A;y1 = (A;a)® with a ¢ cly(A;), then a ¢ cly(A; + U) and
Aij1 +U < C, as desired. In the algebraic case (A;a) +U = Ay +U = A;+ U
or a is algebraic over A; + U < C. Hence A; ;1 + U < C. The prealgebraic case
uses P(III) and the induction hypothesis A; + U < C. O

Lemma 3.10 Assume U < C and B finite. Then there is some V with U+ B C
V,V <C, Ldim(V/U) finite and d(V/U) = d(U + B/U).

Proof. Choose By C B such that 1.dim(B,/U) = d(B,/U) = d(B/U). By P(II)
U + BO S C. Extend BQ to AO with AQ = (AO N U) + Bo, d(AQ) = ldlm(AQ)
and B C cly(Ap). Note Ag < C and U + Ay < C by P(II). Choose a geometrical
construction Ag C A; C ... C A,, such that B C A,,. There are only algebraic
and prealgebraic steps. As in the proof of Lemma 3.9 we can show by induction,
that A; + U < C. Then A,, + U is the desired subspace V. O

Similarly as in the finite case we define
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Definition Let D C D’ be strong subspaces of R(C) with 1.dim(D’/D) finite. A
geometrical sequence for D" over D is a sequence D = Dy C D; C...C D,, =D’
where D; < C and for D;;, over D; we have one of the following cases:

1. Transcendental minimal extension D1 = (D;,a)* and a ¢ clg(D;).
2. Algebraic minimal extension D;;, = (D;,a)’ and a € acl(D;).

3. Prealgebmz_’c minimal extension Dy = (D;, a)f, where a is a solution of
some ¢(Z,b) in X generic over D; and b € dcl®(D;).

Lemma 3.11 Let D C D’ be strong subspaces of R(C) where 1.dim(D’/D) is
finite. Then there is a geometrical sequence for D' over D.

Proof.. Choose A < D'} A < C such that D+ A= D" and d(D'/D) = d(A/AN
D). By Lemma 3.6 Ay = acl(D) N A is strong. By P(II) and P(IV) there is a
geometrical sequence Ag C A; C ... C A,, = A. Note d(A,,/Ay) = d(A,,/ D).
By P(II) there is a geometrical sequence for D+ Ay over D. By Lemma 3.9 there
is a geometrical sequence D+ Ay C D+ A; C ... C D+ A. We combine the two
sequences to get the desired one. O

Lemma 3.12 Assume T satisfies P(I) — P(IV). Geometrical independence im-
plies non-forking independence in R(C).

4 Codes and difference sequences

In this chapter we assume that 7" satisfies P(I) — P(IV) as defined in Chapter 3.
Let C be the monster model. We work in 7°. Many notions and proofs in
this chapter are taken from [BMPZ3|. But we work in a different context. In
[BMPZ3| T is the theory of an algebraically closed field of characteristic p > 0. It
is a reduct of the final theory. For the construction of red fields of finite Morley
rank in this paper the considered theory T is already the theory of such a field
with a (red) additive subgroup. It is obtained by an amalgamation procedure
(see [Po2]) and has infinite Morley rank.

Lemma 4.1  a) Let p(z,y) and ¥ (Zo, ..., T, Y) be formulas where T and Z;
are in the home sort. Assume that p(Z,b) is strongly minimal where b is
in C*4. Then we can express that any Morley sequence ay, . . ., a, of o(z,b)

fulfils = ¢ (a, . .., a,,b).
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b) X ~Y for strongly minimal sets can be expressed.

Proof. b) follows from a) and

3*° 7o I%8,...3° 7, < /\ o(Z4,b) ANp(Zo, . .., Ty, B))

i<p
is the desired formula in a). 0

Definition If X is a strongly minimal subset of C" and X ~ ¢(z,b) where
b € C°, then we say that X is encoded by ¢(z, 7).

We define codes similarly as in [BMPZ3]. This is a modification of E. Hrushovski’s
definition [Hr2] to the vectorspace case.

Definition ¢,(Z,y) is a code formula or short a code, if it fulfils the following
conditions:

a) Length(z) = n, > 2, and ¢,(Z,y) implies R(x;) for all z;.

b) The set . (T, b) is either empty or strongly minimal.

¢) n, 1s the linear dimension for all solutions.

)
)
)
) @a(Z,b) ~ @u(Z, V) implies b= ¥'.
)
)
) F

o,

e) If some non-empty ¢, (Z,b) is groupless, then all ¢, (7, V) are.

f) @a(Z +m,b) is encoded by ¢, for all m.

g) For all H in GL,(F,) the set ¢,(HZ,b) is encoded by .

By d) bis the canonical parameter of the generic type of Morley rank 1 determined
by o (Z,b).

Lemma 4.2 There is a set C of codes v, (Z,y) that encodes the strongly minimal
sets that are encoded by the formulas in X.
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Proof: The proof is a copy of the proof in [BMPZ3]. But in [BMPZ3| we work
in ACF,. To get the red fields in this paper we start already with coloured
fields. The formulas in X' have the properties a)-d). Using Lemma 2.3 we can
assume w.l.o.g. that the formulas in X satisfy a)-e). Since X is closed under
affine transformations by compactness there are finitely many ¢1,...,p, in X
that encode all possible affine transformations of some given ¢(z,b). Moreover
we know that either all or none encode groupless sets by Lemma 2.2.

Choose a sequence wy, ..., w, of different definable elements in 7°%. Define
0;(b) = "No ¢, (j < i) encodes p;(7,b)”
02(b) = 7i(Z,b) is equivalent to some @(H(Z) + m,b)”

(@, y) = @i, §) NOH(Y) N6 (Y)

Finally let vo(Z,y1,9) = V (¢i(Z,y) A y1 = w;). @, has the properties a)-¢). To

- =1 -
show f) and g) let b, m, H be given. By construction ¢,(7, b1,b) is equivalent to
some @(H'z +m/,b"). Hence
Yo(HZ +m,b) ~ o((H' H)z + H'm +m',b)
and the right side is encoded by ¢, by construction. O

Theorem 4.3 There is a set C of codes such that for every ¢(z, b) in X there is
a unique 9o (Z,¢) in C such that p(C,b) ~ p.(C,¢).

Proof: (as in [BMPZ3])
Let a; be a list of all codes from Lemma 4.2. Again define:

0:(b) ="No a, (j < i) encodes @, (7,0)" and ¢ (7,9) = ¢a,(Z,5) A 0;(7)-

/

¢!, satisfies a)—e) we have to show f) and g). By construction ¢/, (HZ + m,b)
is encoded by ¢,,. We need only to show that no ¢, with j < i encodes it.
Suppose that B B
SOOéi(H7 +m, b) ~ Qpaj(fv b/)
Then B B B
Pa ('Tv b) ~ Pa; (Hﬁlf - Hﬁlﬁl? bl) ~ Pa; ('Tv bl/)

for some ”. This contradicts the definition of ¢/,. Hence C = {a} : i < w} has
the desired properties. 0

A set of codes as in Theorem 4.3 is called a set of good codes.
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Corollary 4.4 In the definition of P(I) — P(VII) we can replace X by a set C of
good codes.

For each a € C we choose a natural nungber mg such thz}t the existence of my,
common solutions of ¢, (Z,b) and ¢, (Z,V) implies o (Z,b) ~ p(Z,b'). This is
possible by the strong minimality of ¢, (Z, 7).

Theorem 4.5 For each o« € C and A\ > m,, there is a formula ¥, (Zo, ..., T))
with the following properties:

a) For any initial segment {€, ..., ex, f} of a Morley sequence of 0o (Z,b)

sz(éO_fw'-é)\_fT)

holds.

b) For each realization (o, ..., ex) of Yo there is a unique b with E p,(&;,b)
for 0 <i <A Moreover b € dcl®d(e;,, . . ., €, ) for any iy < ... <ip,.
(We call b the canonical parameter of the sequence €y, . .., €y).

c) Each realization of 1, is Fy-linear independent.
d) IfE a8, ...,E\), then fori e {0,...,\}:
F o€ — €. €1 — €, =€, €it1 — iy ..., €\ — €;).
e) Given a realization (€, ...,€x) of Vs with canonical parameter b as in b),

we have the following:
Suppose a 1s groupless:

1) If & is a generic solution of p(Z,b), then & — He; J, & for all H €
GL,,(F,) and j # 1. ’
Suppose « is a coset code, then:
2) ©o(Z,b) is a group-set.
3) Ya(€o,... 61,6 — €j,€i11,...,€x) for j #i.
4) Ya(€o,. .. Ci_1, HE;, Eiy1, ..., 8x) for all H € Inv(p,(Z,b)).
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5) Moreover, if & is generic in p.(Z,b), then &; — He; f & for all j # i
B b
and H € GL,,_(F,) \ Inv(p.(z,b)).

Proof: (Copy of the corresponding proof in [BMPZ3] but in another theory.)
We consider the following partial type

(€, - .., €r) = "There is some b and some Morley sequence
a07 s 7a)\7 f of (pa(;i’,b’) with € = a; — f'”

Claim. ¥ has the properties a) — e).

Proof of the claim. a) is clear.

Given a realization &, ...,€, of ¥, there are some b’ and a, ..., ay, f as above.
Hence {€;}o<i<y is a Morley sequence of ¢, (Z+f, ). Then o, (Z+f,V) ~ 0o(T, D)
for some b by f) in the definition of codes. Since b is the canonical parameter of the
generic type determined by ¢, (7, b), the sequence {&; }o<i<» is a Morley sequence
for v, (Z,b). Given another b* which satisfies (. (&;, %) for m, many 4’s, it follows
that ¢, (T, b*) ~ . (Z,b) by the choice of m,. By d) in the code-definition b* = b.
Hence b) is true for .

The linear independence in ¢) is clear.

Since ag, ..., a;—1, f, i1, .., 0y, G; is again a Morley sequence for ¢,(z,0) we
have
(G0 — @iy ooy @iy — iy f — @3, Ty — gy, G\ — @) F X
and hence
(€0 — €iy. vy Cim1 — €, —€, i1 — €4y .., 65 —€) F L.
We get d).

To prove e) we assume first that « is groupless. That means ¢, (Z,b) is not a
torsor set. By Lemma 2.4 the assertion follows.

Otherwise X = ¢, (C, V) is a torsor set. Hence X — f ~ ,(Z,b) is a group set
since f isin X.

We extend the Morley sequence {&; : 0 < i < A} by an element d. Then

eot+d,....ei1+de—ée+d e +d,. .. ex+d,d

is again a Morley sequence for ¢, (Z,b). Hence



Similarly we get e4).

eb) follows again by Lemma 2.4. O(Claim)
Using compactness we get a finite part ¢/, of ¥ that implies a), b), c), el), e2),
eb).

If « is groupless consider the following operations:
Vi(Zo,...,%x) = (Zo — T4, .., Tim1 — Ty, =T, Ti1 — Tiy -« ., Tx — T4)
and V be the subgroup generated by these operations. V is finite. Then
YalTo, ..., 22) = \ VL(V(Zo, ... Z2))

veV
satisfies d) and is also part of X.
If v is an coset code, property d) follows from e3) and e4). Hence it is sufficient
that ¢, satisfies e3) and e4). Let W(Zy, ..., Z)) be the subgroup of GL,,, ,, (F,)
generated by the operations mentioned in e3) and e4). Again W is finite, and
depends on Inv(p,(Z,b)). Note that A > m,, hence b remains constant in b)
after applying these operations. Set therefore:

Ga@or )= N W (0., 5),
WEW(:fo,...,:EA)

which has the required properties. 0

Definition Let a, A and v, be as above. A realization of v, is called a dif-
ference sequence for a. Moreover, given a realization ég, ..., e, of ¥,, we denote
by a derived difference sequence one obtained by composition of the following
operations:

€0 — iy i1 — Ciy—Ci, Bt — By ..., Ex — B
If v < X and we use the operations above only for ¢ < v, then we speak about a
v-derived sequence.

Corollary 4.6 A permutation of a difference sequence is a difference sequence.

Proof. Note that all permutations of a difference sequence are obtained by the
operation in d) of Theorem 4.5. U

Corollary 4.7 If D < C and D' is a prealgebraic minimal extension of D, then
there is a unique good code o such that there is a unique b in dcl®(D) and a
generic solution @ of p(Z,b) that generates D' over D.

Proof . This follows from Theorem 4.3 and poperties f) and g) of the codes. [
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5 Bounds for difference sequences

T is again a starting theory for a red collaps as described in Chapter 3. As
shown in Corollary 4.4 we can assume that X is a set C of good codes as given
by Theorem 4.3. We work in 7°4. A, B, C, D are subspaces of R(C).

Lemma 5.1 For every code formula ¢, (Z,y) and every natural number r there
is some A(r, ) = A > 0 such that for every D < C, and every difference sequence

€0 - - 1 €y for ©o(Z,7) with canonical parameter b and p > X either
i) the canonical parameter of some A-derived sequence of ey, ..., €, lies in
dcl®(D)
or
ii) for every ng-tuple m the sequence contains a subsequence €, .. .,€; _1 such
that me < i; and e;; is | “-generic over (&,...,&,_ )" + D + B, where
B = (e, m, ,,m)".

Proof . If assertion i) is not true, then every coset of C" /D" contains at most
me-many elements ¢; of the difference sequence under consideration with ¢ < .
Otherwise we could substract one of these elements €; (j < \) and would get
€iy — €jy -+, €, — € in D for some ig, ..., %n, , different from j. Hence the
canonical parameter of the corresponding derived sequence would be in dcl®d(D)
by property b) of a difference sequence. Now we have to choose A(r, a) such that
ii) is true.

Let s = Ldim(é, ..., ex/(D + B)*). Then lL.dim(é&y, ...,e\/D) < s + (mg + 1)n,.
By the considerations above we get

A+ 1 < mggqstmethnena,
Let X be the set of all 7 < X such that
Ldim(e;/D + B+ (&; : j < i)") > 0.
Then s < |X]| - n, and hence
A+ 1 < myg(XFratmatnan..

If we choose A(r,a) large enough, then we get | X| > r + (mq + 1)n,. Since
l.dim(B) < (mq + 1)n, P(V) provides us a subsequence é;,,...,¢; _, such that
e, is | “-generic over D + B + (€, ...,¢;,_,)". O
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Now we consider all finite-to-one functions p* and p defined on the good codes
a € C with values in N. We assume that the following inequalities hold:

o pla) = mq,

o () > max(A(my + 1, a) + 1,n, + 1),

o pla) = Ap (@), a) + 1.

o u*(a) >r,ifin O(z,y) € X from P(VII) z is an r-tuple.

For the definition above we fix a function A(r,«) given by Lemma 5.1 and we
assume that it is monotonous in the first argument.

Finally we will get for each such function i as above a countable "generic" sub-

space R*(C) of R(C) such that
RH(C) < C, acl(R*(C))NR(C) = R"(C).

We will extend the language L by a new predicate P* and consider the structure
(C, P*(C)) in the new language L*, where P*(C) = (R*(C)). P*(C) will be the
desired L-structure of finite Morley rank. We will get R*(C) by amalgamation in
the class K* of strong subspaces of R(C) defined below.

Definition Let K* be the class of all strong subspaces U of R(C), such that for
every good code « there is no difference sequence for a of length p(a) + 1 in U.
K% are the finite spaces in K~.

Note that difference sequences are given by realizations of the formulas
Yo (Zo, ..., Ty(a)) in Theorem 4.5. Their realizations are contained in R(C).

Let D C D' be strong subspaces of C with l.dim(D’/D) finite. By Lemma 3.11
there is a geometrical sequence for D’ over D. In the next lemmas we will in-
vestigate the minimal steps in this sequence, especially the prealgebraic minimal
steps for the case that D € K* but D’ ¢ K*.

Lemma 5.2 Assume D < C, D € K*, D' is a prealgebraic minimal extension
of D and D' is not K*. Let ey, ..., €,) be a difference sequence for a good code
a in D', such that its canonical parameter ¢ is in dcl®d(D). Then we find a
difference sequence d, . . . ,ciu(a) for a in D" with the same canonical parameter

such that dy, . . . du(a)—1 are in D, and d, ) is a D-generic realization of ¢4 (%, ¢)
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that generates D' over D.

If we cannot find the new sequence by a permutation of the old one, then « is
a group code and the new sequence is obtained using operations as €; is replaced
by some He; — €; where H is in Inv(p,(Z,¢)). a is the unique good code that
describes D' over D.

Proof. Since D € K*, there is some ¢; not completely in D. Since D < C by
P(III) é; is D-generic and generates D’ over D. If there is some other €; not
completely in D, then again e; is D-generic and generates D’ over D. Hence
e, = He; — m; where H is in GL, (F,) and m; is in D. Then He; — ¢; is in D.
Since e; is D-generic, we have

e; | He; —é;.
c

By the properties of a difference sequence it follows that « is a group code and
H is in Inv(p,(Z,¢)). If we replace €; by He; — €; we obtain again a difference
sequence with the same canonical parameter and this sequence has one more
element in M. We can iterate the argument to obtain the assertion.

Finally every strongly minimal set that gives us D’ over D determines a unique
code by Theorem 4.3. All such generic solutions of code formulas ¢, can be
transformed into each other by elements of GL,, (F,) and translations. By the
properties of good code we use only one formula. O

Corollary 5.3 Let D be in K* and D < D’ be a minimal extension. If D' has
linear dimension one over D, then D’ is in K*. Otherwise, in the prealgebraic
case, D" is in K" if and only if none of the following two conditions holds:

a) Thereis a code o € C and a difference sequence €y, . . . €,y for a in D" such
that
i) €o,...,€ua)-1 are contained in D.

ii) D = <Dé,u(a)>g-
iii) In this case « is the unique good code that describes D' over D.

b) There exists a code a € C and a difference sequence for a in D' of length
p(a) + 1 with canonical parameter b and with a subsequence &, . . ., € (a)—1
of length p* () such that €; is | “-generic over D+ B+{éy, . . ., € _1)" where
B is generated by the first m, elements of the given difference sequence.
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Proof. Consider first the case where 1.dim(D’/D) = 1. Assume that D’ is not
in K#. That means there is a difference sequence €, ..., €,). If the canonical
parameter b lies in dcl®d(D), then all €; would be in D, since no ¢; is linearly
independent over D. This contradicts D € K*.

Otherwise by Lemma 5.1 some ¢; is a realization of ¢,(Z, b) linearly independent
over D since pu(a) > A(1, ). Again we have a contradiction.

Finally we assume that D’ is minimal prealgebraic over D. Again we assume
that there is a difference sequence €y, ..., €, in D’ for some good code for-
mula ¢, (7, b) where b is the canonical parameter. If b lies in dcl®*(D), then by
Lemma 5.2 we get case a). Otherwise since pu(a) > A(p*(a), @) our sequence
contains a subsequence of length p*(«) as described in b) by Lemma 5.1. O

Corollary 5.4 Assume there is a formula 0(z,y) € X given by P(VIL), D is in
K*, d € dcl®(D) and 6(z,d) has no solution in D. Let D' = (Da) where a is a
generic solution of 0(z,d). Then D' is in K*.

Proof. Note that z in 6(Z,y) has length r and p*(a) > r for all @. Hence
L.dim(D'/D) = r. Assume D’ ¢ K. Case a) of Corollary 5.3 is not fulfilled, since
the unique code that describes D’ is given by 6(z,y). Hence Case b) provides us
more than 7 solutions of some ¢,(z,7) linearly independent over D. This is a
contradiction. O

6 Amalgamation in K*
Let T be a starting theory for a collapse as above. Again we work in 7.

Lemma 6.1 Let B C A and B C C all be strong subspaces of C such that A
and C are linearly independent over B. Assume that A and C are prealgebraic
extensions of B and that €y, ..., €,aq) ts a difference sequence for a good code o
in A+ C. Then there is a derived difference sequence of the above sequence with
the canonical parameter in dcl®d(C) or in dcl®(A).

Proof. We assume that the assertion of the lemma is not true. Let F =
(€0, . em. )t By Lemma 5.1 we get a subsequence &, ..., €, (ay» Such that
e, is | “-generic over (€, ...,¢;,_,)" +C + E. Since p*(a) > A(mq + 1,0) + 1
we get a subsequence of this sequence of length m,, 4+ 1 such that every element is
| "“-generic over C' + E and over A + E. Again we have applied Lemma 5.1. By
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P(VI) ¢a(z,y) defines a torsor set and by the properties of a difference sequence
a group set. Hence by P(VI) b € dcl®d(B), a contradiction to the assumption.

Note that all subspaces in K* are strong subspaces of C. By Lemma 3.3 tp©(A)
for A < R(C) is given by any geometrical sequence for A. On the other hand for
strong A tp®(A) is given by the isomorphism type of (A) (P(IV)). The partial
elementary maps B < A of strong subspaces of R(C) are the strong embeddings
(B) — (A).

Theorem 6.2 Assume that T satisfies P(I) — P(VI). The class K& has the amal-
gamation property with respect to partial elementary maps.

Proof. We assume that B C C, B C A are all strong subspaces of R(C) in
K& . We need to show that there is an extension D of B in K* and partial
elementary maps f : A <— D and g : C' — D extending the inclusion of B in D
such that tp(A/B) = tp(f(A)/B) and tp(C/B) = tp(¢(C)/B). Splitting A and
C into chains of minimal extensions in K* we can assume w.l.o.g. that A and C
are minimal extensions. Let DT be a non-forking amalgam of A and C over B.
W.l.o.g. C and A are linearly independent over B and D is A + C.

Case 1: 1.dim(C/B) =1 or 1.dim(A/B) = 1.
By Corollary 5.3 the amalgam D™ is in K~.
Case 2: Both extensions C'/B and A/B are prealgebraic.

We assume that DT is not in K#* and show in this case that C' and A have the
same type over B.

There is a good code « with a difference sequence é,...,€,q) in DT. By
Lemma 6.1 and symmetry we may assume w.lo.g. that its canonical parame-
ter b lies in dcl®(C'). By Lemma 5.2 we may assume that €, . .., €u()—1 are in C'

and €,,(,) is an C-generic realization of ¢,(Z,b) which generates Dt over C.

Assume that A = (Ba)‘ where a is a B-generic solution of some ¢, (z,c) with
canonical parameter ¢ in dcl®d(B). Since C'is strong, a is C-generic. We consider
three subcases:

Case 2.1: ey € A

Then é,(4) is generic over Bb C C. On the other hand A = (Ba)’ and a is a
B-generic solution of some ¢, (Z, ), where ¢ is in dcl*)(B). Then (B, e,(q))" = A,
since (C, €,(0))" = (C,a)" = D*. We have €,y = H(a)+ €, where &€ € B. We get
that €,(.,) is a solution of ¢,(7,b) and ¢, (z,d) where d € dcl®(B) generic over
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C. Here we use the properties f) and g) of codes. The new parameter d is again
in dcl®)(B) since € € B. By Theorem 4.3 we have o = 7 and by P(III) we get
b=d € dcl*YB).

By minimality of A over B we have that A = (B,€,(,))". Since A is in K there
exists an e; which lies in C' but not in B. Since B is strong é; is B-generic. Hence
(Bé;)* = C by minimality and

tp(4/B) = tp((B, &uw)'/B) = tp((B.&)"/B) = tp(C/B).

Case 2.2:  €,) ¢ A and the canonical parameter for some (p(a) — 1)-derived
difference sequence is in dcl®Y(B).

Hence w.lo.g. b € dcl®(B). Then €, is A-generic and C-generic. By P(V)
€u(a) is | “-generic over A and C. By P(VI) ¢, (7, b) defines a torsor set. Since
we consider a difference sequence, ¢, (7, b) defines a group set. Since (C,€,())" =
(C,a)" we can choose @ such that a = €,(,) + m, where m € C. As above
7 = a. Since €,y is generic over A and C' we have that a, —m, and —é,,
are pairwise | -independent over B. By Lemma 2.1 they are generic elements
in acl(B)-definable cosets of the B-definable connected group given by ¢.(7,b).
Since €,(q) is a generic element of this group, a and m are generic elements of
the same coset. Therefore tp(m/B) = tp(a/B) as desired and C' = (B, m)* by
minimality.

Case 2.3: Neither Case 2.1 nor 2.2

Again we have €,,) ¢ A. Since (C,a)" = (C,eyq))" wlo.g. €0 = a+m
where m € C. By application of Lemma 5.1 to B < C and the choice of u(a)
there exists a subsequence of elements é; in C' that are | “-generic over B +
(€0, ..., Ema—1,m)". Hence & and &,(,) are solutions of ¢, (Z,b) | “-generic over
B+ (€y,...,Em._1,m)" and therefore isomorphic over this subspace by P(V).
Hence €; —m and @ = €,,) — m are isomorphic over B and fulfil ¢, (z,¢) by
P(IV). This gives an embedding h of A in C over B with tp(h(a)/B) = tp(a/B).
By minimality C' = h(A). O

Remember that subspaces in K* are strong and in R(C).

Definition Let D be a subspace of R(C). D is called rich if it is in K* and if
for every finite B C A in K* with B C D, there exists an A’ with B C A’ C D
and tp(A’/B) = tp(A/B). By P(II) A’ < C. Richness is a property of the
elementary type of D in C. Hence, it makes sense in every model M F T. We
call a substructure V' of C rich, if (R(V)) =V and R(V) is rich.

26



Now we can use Theorem 6.2 to produce a countable rich structure via a Fraissé-
style-argument:

Corollary 6.3 There is a unique (up to automorphisms) countable rich subspace

of R(C).

Corollary 6.4 Let D be a rich subspace of R(C). Then
a) acl(D)N R(C) = D.
b) d(D) > .

Proof. a) Let A be a finite subspace of D and a € acl(A). W.lLo.g. we assume
that A is a strong subspace of C since D is a strong subspace. By property P(II)
and Corollary 5.3 every extension A’ of A by an element algebraic over A is strong
and in K*. By richness follows the assertion.

b) Let U < C be a maximal subspace of D linearly generated by geometrically
independent elements. Then U is strong in C and U is in K* (Axiom P(II),
Corollary 5.3). U cannot be finite since in this case an extension U’ of U by
an geometrically independent element would be in K* and had to be realized
in D. U

We extend our language L by a predicate P*. Let L* be the extended language.
We are interested in the L¥-structure (M, (D)) where My =< Cis a model T', D is
a countable rich subspace of R(My), and d(R(My)/D) > RX,. The interpretation
of P*is (D). We use acl” and often acl only for the algebraic closure in the
L-reducts. acl” is the algebraic closure in the full L*-structure.

Lemma 6.5 We consider L*-structures (My, D) as above.

i) There is a formula x(Z,y) = 32120 € RF(n(Z, 21, 22) = y) where n(T, z1, 23) =
y 1s a quantifier-free L-definable function such that

(D) ={e: (My, D) E x(d,e), d € D}.

ii) (D) = {e: (D) Fy 32120 € R(n(d,21,2) =e¢),d € D}.
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Proof . ii) follows from i). By P(VII) we have three cases:

If My = R(My), then (D) = D since acl(D) = D by Corollary 6.4a). In the
third case of P(VII) we use again acl(D) N R(C) = D. Then R((D)) = D. Hence
P(VII) provides the desired formula. It remains the second case of P(VII). We
define

X(i’l,.i_j‘Q,y) = 32122 c R”(@(i’l, Zl) A 9(.’,%2, 22) A 21 + Z9 = y),

where 0(Z,2) is given by P(VII). For d;, ds in D x(y,dy,ds) defines a unique
element in (D). If e is in (D), then there exists B < M, such that B C D
and e € (B). By Corollary 6.4 there is d; in D a sequence of generics of R(C)
geometrically independent over B. By P(VII) there is a unique e; € (D) such
that M F 6(dy,e;) and e; is generic over (B) in M. Then e — e is an element of
(D) generic over (B). There is a solution dy of §(Z, e —e;) in D. The noexistence
in D would imply that there is an extension A of B given by a solution a of
O(z,e — e;). Then A is in K* by Corollary 5.4. By richness of D there is a
solution in D in contrast to the assumption. O

Let D be a rich subspace of Moé(C such that d(R(My)/D) > Rg. Then M =
(M | L,(D)) is an L*-structure, where M [ L = M, and we interpret P* as (D).
By Lemma 6.5 P#(M) is definable over P*¥(M) N R(M) = R*(M). Hence M
fulfils the conditions of the next definition.

Definition We call an L*-structure M =
T, P*(M) N R(M) = R*(M) is rich. P*(
Lemma 6.5, and d(R(M)/R*(M)) > N,.

(M | L, P*(M)) rich, if M | L E
M) is defined over R*(M) by x in

Corollary 6.3 provides us a rich L*-structure.

Lemma 6.6 Let M be a LV-structure where M | L F T, R(M) N P*(M) =
RH(M) € K*, and ¢, (Z,b) a code formula. Then ¢, (z,b) has only finitely many
solutions in R*(M).

Proof. Choose a finite strong subspace B < M such that b € dcl®)(B). Each
coset in C" /B™ contains only ¢"«'9™(5) elements. As in the proof of 5.1 there
is a number s = s(a,ldim(B)) such that every sequence éy, . .., €, of solutions of
©a(Z,b) contains a subsequence €;,¢;, . . . Ciyoyss With e, & (Bé,, .. &, )" By
the property P(III) and induction (Bé,,...,¢;,_,)" is strong and e;; is generic
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over Bey, ...e;,_,. Hence ¢;, — Ciniars1s 2 Cipay — Cipgarsa is a Morley-sequence
and therefore a difference sequence of length p(a) + 1. If the starting sequence
€o, - - -, €s was in R*(M), then the canonical parameter of this difference sequence
is in dcl®d(R*(M)) and we get a contradiction. O

Definition Let M be a rich L*-structure and A be a subspace of R(M). A
satisfies the condition (x) if

(x) A<M, and d(A/AN R*(M)) = d(A/R*(M)).

The condition d(A/A N R¥(M)) = d(A/RM(M)) says that the union of every
geometrical basis of AN R*(M) and every geometrical basis of A over R*(M) is
a geometrical basis of A. This implies

clg(RF(M)) N A = cly(ANn RH(M)) N A.
Note that Lemma 3.6 implies for A with property (x) that
ANRHM) <M and Ancly(R*(M)) < M.
Lemma 6.7 Let M be a rich L*-structure.
i) Fvery a C R(M) is contained in a finite subspace A that satisfies (x).
ii) If A has property (x) then there is a geometrical sequence
Ay C...CA,C...CA, C...CA,=A

such that
Ay, = ANRH(M), Ay =Ancly(RH(M)).

Proof. 1) Choose step by step a geometrical independent set XY such that
X C RM(M), Y is geometrically independent over R*(M) and a C clg(XY).
Then any A < M with (XY, a)" C A C clg(XY) fulfils (x).

ii) By Lemma 3.6 AN R*(M) and ANcly(R*(M)) are strong in M. Then P(II)
and P(IV) provide the desired geometrical sequence. O

Theorem 6.8 Let M and N be rich L*-structures. Assume A < R(M) and
f(A) < R(N) satisfy (x) where f is an F,-vectorspace isomorphism of A onto
f(A), tpr(A) = tpg (f(A)), and f(ANRH(M)) = f(A) N R*(N). Then (M, A)
and (M, f(A)) are Lk, ,-equivalent.
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Note: f can be extended to an L-isomorphism of (A) onto (f(A)) if an only if
tpY(A) = tpY(f(A)). This follows from P(IV) since A < R(M) and f(A) <
R(N).

Corollary 6.9 The L*-theory T" of the rich L*-structures is complete.

Corollary 6.10 Let M and N be rich L*-structures, a € R*(M) and b € R*(N).
If tp}! (@) = tpy (b), then (M,a) and (N,b) are L, ,-equivalent.

Proof. Adding elements from the algebraic closures we can assume w.l.o.g. that
(@)t and (b)* are strong subspaces. Then they fulfil (*). O

Proof of Theorem 6.8. We show that the conditions in the theorem describe a win-
ning strategy for the Ehrenfeucht-Fraissé-game between (M, A) and (N, f(A)):
Since M = (R(M)) and N = (R(N)) we can assume w.l.o.g. that the players
choose only elements in R(M) and R(N). The situation is completely symmetric.
Hence we can assume that player I has choosen some element a in R(M). We
show that there are AU {a} C D < R(M) and g extending f such that:

(xx) D and ¢(D) fulfil (%), tp} (D) = tp¥ (¢9(D)), and
g(DNRA(M)) = g(D) N R*(N).

(xx) describes again the winning strategy of player II in our Fraissé-Ehrenfeucht-
game for (M, A) and (N, f(A)).

Case 1: a € R*(M).

1.1 a ¢ cly(A). Since N is arich L*-structure there is some b € R*(N)\clyg(f(A)).
Let D = (A, a)® and g = f on A and g(a) = b. (*%) is true.

1.2 a € clg(A). By Lemma 3.6 Co = AN RY(M) < M. By (%) we have
d(A/Cy) = d(A/R*(M)) and therefore a € cly(Cp). By Lemma 6.4 acl(R*(M))N
R(M) = R*(M). Hence by P(II) there is some finite C' < R#(M) with (Cp, a)* C
C C acl(Cy,a) € R*¥(M). By P(IV) there is a geometrical construction Cy C
C;C...CC,=CCRHM). By richness of N we get g extending f to A+ C
such that g | C preserves the geometrical construction above. By Lemma 3.9
A=A4+Cy CA+C, C...CA+C,, <M and g(A) = g(A+Cy) C g(A+Cy) C
... Cg(A+C,) < N are geometrical constructions. They are preserved by g.
By Lemma 3.3 tpY (A + C) = tpY (g(A + C)). A+ C and g(A+ C) fulfil (x).
Furthermore (A+C)NR*(M) = C and g(A+C)NR*(N) = g(C). Hence A+ C
and g fulfil ().
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Case 2:  a € cly(RH*(M))

Using Case 1 we add elements of R*(M) to A such that we can assume w.l.o.g.
that a € clg(R*(M)NA). Let C be a strong subspace of R(M) in cly(R*(M)NA)
such that {a} U (clg(R*(M)) N A) € C. By Lemma 3.6 C N R*(M) < M.
Furthermore C' N cly(R*(M)) O A N clg(R*(M)) by construction. Let Cy be
C' N R*(M). Using Case 1 we can assume w.l.o.g. that Cj is a subspace of A.
By P(IV) there is a geometrical construction Cy € C; C ... C (), = C. By
Lemma 39 A=A+Cy CA+C; C...C A+, is a geometrical construction
and all A+ C; < M. We show the assertion for each A + C; by induction
on i. By Lemma 3.6 AN cly(R*(M)) is strong. Hence we can assume w.l.o.g.
ANca(RM(M)) = Ancly(Cy) = Cyy and A+ Ciyy # A+ C; for @ > 4y. The
induction starts with the trivial case ig. We assume there is g with (xx) for
A + C;. That means we have property (%) for A + C; and g(A + C;), where g is
an extension of f that preserves tp; (A + C;) and satisfies

f(Co) = g(Co) = g(R*(M) N (A+Cy)) = RY(N) Ng(A+ Cy).

First we assume that (Cic)® = Ciyq (i > ig) where c is isolated over C; by an
algebraic L-formula 9 (z, d) with d in Cj. By construction ¢ ¢ R¥(M) + (A + C;).

We can assume that ¢ (x, d) isolates ¢ over A + C; with respect to the L-theory.
Now we choose g(c) as a solution of 1(z, g(d)). This formula is algebraic and
isolates g(c) over g(A + C;) by induction. A + C;y1 and g(A + C;1q) satisfy (x)
and they have the same L-type. It remains to show that g(c) ¢ R*(N)+g(A+C;).

g(c) € R*(N) + g(A+ C;) would imply g(c) € R¥(N) + ¢g(C;) since
cly(R*(N)) N g(A+ C;) = g(C).

Hence w.l.o.g. g(c) € R*(N). Otherwise we can change c. ¢ ¢ acl(Cp), since
otherwise ¢ € R*(M). Hence there is some s > 0 such that ¢ € acl(C;) \acl(Cs_1).
Then C, = (Cs_1€)* and € is a solution of some ¢, (7, b) with b € dcl®)(C,_;) and
€ is generic over Cs_;. Since C; N R*(M) = Cy we have €  R*(M) + Cs_1 and
therefore € is generic over RM(M) + Cy_1. Since g(c) fulfils g(tp”(c/A + C;)),
we have g(c) € acl(g(Cs_1,g(€))) \ acl(g(Cs_1)). By the Exchange Property for
strongly minimal sets we get g(e) € acl(g(Cs_1),9(c)) C acl(g(Cs_1) + R*(N)).
g(é) is linearly independent over R*(N)+¢(Cs_1)). Hence by P(III) g(e) is generic
over R*(N) + g(Cs_1). This is the desired contradiction to g(€) € acl(g(Cs_1) +
RH(N)).

Now we assume C;,; = (C;,¢)* where ¢ is a solution of some v, (Z,d) € X where
d € dcl®)(C;) and ¢ is generic over C;. By assumption ¢ € A + C;. Hence
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¢ is generic over A 4+ C; by P(III). Since (A+ C) N R¥(M) = AN R*(M) we
have ¢ € R*(M) + (A + C;). Since by Lemma 3.9 RF(M)+ A+ C; < M ¢
is also generic over this space. Now we consider 1 (Z, g(d)). This formula is
again strongly minimal. By Lemma 6.6 there are only finitely many solutions
of Yo (Z,€) in R*(N) for every parameter € and therefore also in every coset of
this subspace. Hence we have infinitely many solutions of ¥, (c, g(d)) generic over
RAM(N) +g(A+C;) < N. Let g(¢) be one of them and define g(C;11) = (g(c)C;)*
accordingly. Then A+ C;;1 and g(A + C;41) satisfy again (%) and have the same

L-type and by the choice of g(¢) we have

g(R* (M) N (A+ Ciga)) = B*(N) N g(A+ Cipa).

Case 3: a € cly(A)

Using induction we consider an algebraic or prealgebraic extension (Ac)‘ of A.
Using Case 2 we can assume that ¢ ¢ cly(R*(M)). Note that this implies

(@) Nclg(RM(M)) = (0)*.

Then we choose ¢(¢) such that tp} (Ac) = tpY (g(A)g(¢)). This is possible, since
¢ is isolated over A. Hence by P(II) g(¢) has the same geometrical behaviour over
g(A) as ¢ over A. By the conditions (%) of the game

d(g(A)/R*(N)) = d(g(A)/R*(N) N g(A)).

Since ¢ € clg(A) \ clg(AN R*(M)) we get g(c) € clg(A) \ clg(AN RH(N)). But
g(¢) € clg(R*(N)) would contradict the above equation. Hence (A¢)¢ and g ensure
the conditions of the game.

Case 4: a ¢ cly(A)

If a € clg(A+ R*(M)) then we use the cases before to play the game. We add
the necessary element from R*(M) to A. Otherwise a ¢ cly(A + R*(M)). Since
N is rich there is some g(a) ¢ cla(g(A) + R*(N)). Again the conditions (xx) of
the game are fulfilled. O

Corollary 6.11 Let M be a rich L*-structure. The code formulas @q(Z,b) with
b in P*(M)** are minimal.

Proof. By Lemma 6.6 there are only finitely many solutions in R*(M). Let
B < M be a strong subspace of R¥(M) such that b € dcl®!(B). We show that
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any two solutions a, ¢ that are not in B have the same L¥-type over B. a and ¢
are solutions of ¢,(7,b) generic over B. Then (Ba)‘ and (Bc)¢ with f(B) = B
and f(a) = c fulfil the conditions in Theorem 6.8. Hence tp,.(a/B) = tpyu.(c/B).
U

Lemma 6.12 For every good code o there is a L*-sentence x, such that for
all L*-structures M where M | L = T, R(M) N P*(M) = R*(M) € K* and
(RA(M)) = PH(M):

M E xao if and only if every minimal prealgebraic extension of R*(M) given by
©a(Z,b) with b € P*(M)* is not in KH.

Proof. Let a be a solution of ¢, (Z,b) not in RE(M). By P(III) a is a generic
solution. If (R*(M)a)* is not in K* we have the cases a) or b) of Corollary 5.3. In
case a) (R*(M)a)’ contains a difference sequence for o, (Z,b) of length p(a) + 1
for .. In case b) there is a difference sequence of length u(3)+1 for a good code (3,
which contains a subsequence of length p*(3) linearly independent over R*(M).
Hence p*(f)ng < n, in this case. Since p* is finite-to-one, only a finite set C,,
of codes 8 can occur. Let C! = C, U{a}. Then R*(M) has no prealgebraic
minimal extensions in K* given by « if and only if

M E Vbe P\ ... Gup € R (M)[Ezpa(z,b) —>
pec,
37T (pa(®,0) A 20 . .. Zup) € (T) Vs(Po + 20, - - - Yu(s) + Zu(d)))]-

W.lo.g. ¢.(Z,7) is in L. Note that the formula after 3%°7 is in L and ¢, (%, b) is
strongly minimal in M [ L. In this way we express "for ¥ generic over R¥(M)",
since by Lemma 6.6 ¢, (Z, b) has only finitely many solutions in R*(M). O

7 Axiomatization of T*

We assume that 7' satisfies P(I) — P(VII). Let 7" be the theory of rich L*-
structures. By Corollary 6.9 T* is a complete theory. We use the notation
R = PPN R. Using the Amalgamation Theorem 6.2 we get a countable rich
subspace D of R(C). Let P* be (D). This subspace is L-definable over D
(Lemma 6.5). Then (C, P*(C*)) is a rich LF-structure. We call it our standard
model. The following is true in T and can be expressed in L*. Let M be a
model of T*:
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T"1) M | Lis amodel of T

T#2) ac*(RH(M)) N R(M) = R*(M) and P*(M) = (R*(M)) described by
Lemma 6.5. d(R*(M)) and d(R(M)/R*(M)) are infinite for w-saturated

models.
TH3) RM(M) is in KH.

Tr4) If bis in del®(R*(M))) and a is a solution of ¢u(Z,b) in R(M) generic
over R*(M) for some code formula ¢, (7, b), then R*(M) + (@)’ is not in
K*.

These sets of axioms are elementary. For 7" 1) this is clear. Using Lemma 6.5
there is no problem to express 7% 2). For T* 3) note that R*(M) is strong since
it is closed under acl” in R(M). The absense of difference sequences for o, (Z, 7)
of length p(a) 4+ 1 in R*(M) can be expressed by Theorem 4.5. For T" 4) we use
Lemma 6.12. Finally for all axioms we find L*-formulas.

It is clear that rich LF-structures satisfy 7% 1), T# 2) and T* 3). That they also
satisfy T* 4) is part of the following theorem:

Theorem 7.1 An L*-structure M that satisfies T* 1), T+ 2) and T*" 3) is rich if
and only if it is an w-saturated model of TH.

Proof. First assume that M = (M | L, P*(M)) is an w-saturated model of T*.
We show that M is rich. Let B C A be in K#. Then B and A are strong in R(C).
Assume B < R*(M). W.lo.g. A is a minimal strong extension of B. There are
three cases:

i) If A= (Ba)* and a is algebraic over B, then A is in R¥(M) by TH 2).

ii) Let A be a minimal prealgebraic extension of B: A = (Ba)® where a is the
generic solution of some code formula ¢, (7, b) where b is in dcl®*(B). There
is a solution a in R(M) generic over the strong subspace R*(M). By Axiom
T#4) this free amalgam R*(M)® (a)* over B is not in K*. By Theorem 6.2
and P(III) there is a partial L-elementary map of a over B into R*(M) as
desired.

iii) A is a minimal transcendental extension. Then Axiom T* 2) ensures the
assertion.
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Now let M be a rich LH-structure. M satisfies T# 1) — T* 3). We show T* 4).
Choose a strong subspace B in R*(M) such that b € dcl®(B). Assume there is
a solution @ of o, (Z,b) generic over R*(M) such that R*(M) + (a)’ is in K".
Since M is rich there is a partial elementary copy Ag 2 B of (Ba) over B in
RAM(M). Since B < M Ag < M. In the next step we get a copy A; of (Aga)*
over Ay inside R*(M). We can continue this process as long as we want and get
a contradiction to the fact that R*(M) is in K*. By Corollary 6.3 there exists a
rich L*-structure. Hence T" is consistent and we have an w-saturated model N
of T*. As shown above N is a rich L*-structure. By Theorem 6.8 M and N are
Lf, -equivalent. Hence M is an w-saturated model of T*. O

Corollary 7.2 The deductive closure of T* 1) —T"4) is the complete theory T*.
Proof. This follows from Theorem 7.1 and Corollary 6.9. U
Let C* be the monster model of 7" where we work in.

Lemma 7.3 Let M < C* be a model of T*.

i) R*(CH*) and M are geometrically independent over R*(M).

1

iii (x) is strongly minimal.

1v

)
) In R*(CH) cly(X) is part of acl’(X).
) R*(x
) PH(x) is of finite Morley rank.

Proof. 1) If @ in M is geometrically dependent over RM(M), then there is a
geometrically construction over a proper subspace A’ of (@)’ and R*(M) that
contains an element of (a)¢\ A’. Hence “a is geometrically independent over R*”
is part of the L*-type of a. Since tp™(a) = tp“"(a) it follows the assertion.

ii) W.lLo.g. we assume B < R(C*), B C R*(C") and a € cly(B) N R*(CH). Let
A < R(CH) be a geometrical construction over B that contains a and has only
algebraic and prealgebraic steps. By Lemma 3.4 we can assume w.l.o.g. that
A C R*(C). By Lemma 6.6 A C acl’(B).

iii) To show the strong minimality of R*(z), we consider again some w saturated
M < CtETF and a,c € RH(CH) \ M. By ii) a and ¢ are not in cly(R*(M)).
By i) they are both not in cly(M). By Lemma 6.7 every finite subspace of R(M)
is contained in some A C R(M) that satisfies (x). If we define f = id on A
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and f(a) = ¢, then (Aa)® and f satisfy the conditions of Theorem 6.8. Hence
tpru(A,a) = tpru(A,c) and therefore tp;.(a/M) = tp..(c/M) as desired.

iv) Since P*(C*) = (R*(C*)) and R*(CH) is strongly minimal, P*#(x) has finite
Morley rank. U

Theorem 7.4 T* is w-stable.

Proof. Let M be a countable elementary submodel of C*. We show that there
are only countably many types tp(a/M) where a is a finite tuple in C* . W.l.o.g.
we can restrict us to a C R(C*). Furthermore we will consider finite subspaces
a C A C R(C) with certain properties only. For a given a C R(C*) it is easy to
find a set XYZW of geometrically independent elements (short geo. basis) such
that the following is true:

a C cly(XY ZW)

3) Z C R*(CH) (short R*) is geometrically independent over R*(M).

By Lemma 7.31) Y is geometrically independent over R* and Z over M. Now we

choose any A such that XY ZW C A Ccly(XYZW),a C A and A < C*. Then

ANRY M) C Ancly(R*(M)) C cly(X),

ANR(M) € Ancg(R(M)) C clg(XY),

ANRF CANCcly(R*) Ccly(XZ),

AN(R(M)+ R*) CANcly(R(M) + R*) C cly(XY Z).

By Lemma 3.6 the eight intersections above are strong in C*. Note that A N
(R(M)+ RM") contains the free sum of ANR(M) and ANR* over ANR*(M). Let
D be a geometrical construction for A over XY ZW that starts with a geometrical
construction of AN R*(M) over X, then extends this to AN R(M) and AN RM.

Now we consider XY Z'W' C A’ C cly(XYZ'W') with AN R(M) =AnNR(M),
XY Z'W' satisfy the properties (1)—(4) and there is a vectorspace isomorphism f
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of A onto A’ that extends the identity on A N R(M), preserves the geometrical
construction D, and

f(2)y=2, fw)y=w', f(RFNA =R'NA.

Then A and A’ satisfy the conditions in Theorem 6.8: A and A’ have (%) and
f(ANR*) = f(A)NR*. By Lemma 3.3 tp;(A) = tp.(A’). Hence by Theorem 6.8
tpLu(A) = tppu(A').

For any subspace E C R(M) we can enlarge X to Xg, Y to Yg, A to Ag,
A’ to A%, D to Dg and f to fp such that the conditions above remain true
ECMNAg=MnAy, Ap = A+ (MnNAg) and A, = A+ (M N A%;). Then
again tpp. (Ag) = tppu(Ap).

Since F was arbitrary we have shown that tp;.(A/M) = tp;.(A’/M) if A and
A’ are given as above. The conditions above define an equivalence relation for
subspaces A with only countably many classes. hence T* is w-stable. U

Let T; (1 = 0,1) be complete L;-theories. Let A be an interpretation of the theory
To in the theory Ti. In [Baul] is defined that A is an interpretation of Ty in T}
without new information, if for every M F T every subset X of A(M) defined
in M by a Li-formula without parameters is definable by a Ly-formula without
parameters. If T} is stable, then we have the same for formulas with parameters.
In [Baul]| the following result of Lascar is published:

Lemma 7.5 (Lascar) IfT) is stable and A is an interpetation of Ty in Ty with-
out new information, then for every model N of Ty there is some model M E T}
such that A(M) = N.

Definition If M is a model of T*, then let I'(M) be the L-substructure of M
with domain P*(M). Let I'(T") be the complete L-theory of all I'(M) where
MET*H.

I' defined above is an interpetation. We get:

Theorem 7.6 Let T be a theory with P(I) — P(VIIL). T'(T*) is uncountably cat-
egorical, R(x) is a strongly minimal formula in this theory. The pregeometry of
R is given by acl = clg. For models N of I'(T*) we have N = (R(N)).

Proof. R*(z) is strongly minimal for 7# by Lemma 7.31ii). Hence R(z) is strongly

minimal in I'(7*). Since I'(M) = (R(I'(M))) we have that I'(T*) is uncountably
categorical. Since cl; contains acl we get acl = cl; by Lemma 6.6. U
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Theorem 7.7 Let T be a theory with P(I) — P(VII). Every subset of P*(CH)"
defined in C* is L-definable in T'(C*). Hence I' is an interpretation without new
information and every model of T'(T*") has the form T'(M) with M & T*.

Proof. Let M be a w-saturated model of T#. Since T" is w-stable P* is stably
embedded in M. Hence it is sufficient to consider () — L¥-definable sets X. By
Lemma 6.5 we can assume that X C R*(C*)™. We have to show the following: If
a and b are tuples in R*(M) with tp"™)(a) = tp"™)(b) then tp™(a) = tp™ (b).
tpr M (a) = tp"M)(b) is equivalent to tp*® M) (@) = tp*F M) (p). tp*F"(M)(q)
is used to denote the subset of all formulas of tp™(a) with quantifiers that are
restricted to R*. By Corollary 6.10 it is sufficient to show that

For this we use Lemma 3.3. Let Ay C A; C ... C A,, be a geometrical construc-
tion for @ over Ay where Ay C (a)* is the linear hull of geometrically independent
elements and a C A, C cly(Ap). We can choose A, C acl” (a) and therefore
A, € R¥(M). Now we use that there are quantifier free formulas that describe
the geometrical construction (P(IV)).
Assume I, are variables for a vector basis ay for Aj.
T, are variables for some a; such that aga; is a vector basis for (d>z. W.lo.g.
a = God.
y are variables for some ¢ such that aga;c is a vector basis for A,,.
tp*® (M) (@, ¢) contains a description of the geometrical construction and the in-
formation about the geometrical independence of the subset ag of a. There is a
quantifier free formula ¢(Zg, z1,y) that describes the algebraic and prealgebraic
extensions of Ay necessary to obtain A,,.
The geometrical independence of the elements of ag can be described by formulas
—3z(z € R* N (T, 2)), where 9(Zg, Z) is quantifier free and describes a possible
geometrical construction over a proper subset of ay that uses only algebraic and
prealgebraic steps. Note we can restrict us to z € R* since such a geometrical
construction would exist inside acl”(R*(M)) N R(M) = R*(M). These formulas
are all in tp*® M) (@) = tp* " (M)(p). They ensure (ay) < M and M F ¢(ay, ai, c)
describes the geometrical construction over A;. By Lemma 3.3 these facts fix
tpM 1 (apa;c).
By w-saturation there is some d in R*(M) such that tp*** () (a, ¢) = tp*** M) (p, d).
Hence there is some vectorspace isomorphism f of (ac)’ onto (bd)* that preserves
the geometrical construction. By Lemma 3.3 tpM!L(ac) = tp™ ! (bd) as desired.
O
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8 A new uncountably categorical group

We consider 2-nilpotent graded I ,-Lie algebras M. If we say this we mean the
following:

Let F, be the finite field with ¢ elements. M is an F,-vectorspace M; @ M, with a
Lie-multiplication [, | such that [M;, M;] C My, [M;, Ms] = 0 and [M,, Ms] = 0.
Furthermore we assume that (M) = M, where (X)M is the Lie subalgebra
generated by X. That means ([M;, M])¢ = M,.

We use an elementary language L that is an extension of the language of F,-
vectorspaces by |, | for the Lie multiplication, R = R; and Rs for M; and M,
respectively. Note that a free algebra F(M;) over M; is given by (F(M;))s =
A?M; where A2M; is the exterior square over M;. Then M = F(Ml)/N(M)

where N(M) is a subspace of A>M;.
If H, is a subspace of My, then

H = (H)" = F(H)/ Ny 02w,

since there is a canonical embedding of F/(H,) into F(M;).

Definition We define 6(H) = 1. dim(H;)—1. dim(N(H)) where N(H) = N(M)N
A?H,.

This is the approach in [Bau2|. We follow the ideas of the first four chapters
in this paper to get a theory 7" with P(I) — P(VII). Omitted proofs are in that
paper. We use A, B, C to denote finite subspaces of M; where M is as above.
Let U, V be arbitrary subspaces of M;. If we write 6(F) for E C M, then this

is 5((E)).

Definition We say B < U for B C U C M, (B is self-sufficient or strong in U),
if §(B) <(A) forall BC ACU.
We define B <U (B is n-strong in U) if we consider only A with 1.dim(A/B) < n.

V<Uif fornevery B C V there is some A such that BC ACV and A <U.
We also use A < M and U < M instead of A < M; and U < M;.

Lemma 8.1 §(A+ B) <§(A) +0(B) — (AN B).
Assumption We consider only M with (a) < M for all a € M.

That means §(A) > 1 for all A # (0) in M. Hence we can define
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Definition d(A) = min{dé(B): AC B C M}. a € clg(Ay), if d(A) = d(AU{a}).
We also use d(H,) = d(H).

Lemma 8.2 For ¢ defined above the following is true:

i) The intersection of strong subspaces is strong.

ii) clg defines a pregeometry on the subspaces of My with dimension function
d.

iii) Strongness is transitiv.
iv) If V< U, then XNV < X NU for every subspace X.

By i) we can define CSS(A) as the intersection of all B that are strong in M and
contain A. Then CSS(A) C acl™(A).

Let K be the class of all 2-nilpotent graded F,-Lie algebras M with M = (M)
such that

i) [a,b] # 0 for linearly independent a, b in M;.
ii) (a)t < M, for all a € M;.

Note that i) implies §(A) = L.dim(A) for A C M with 1. dim(A) < 3.

In [Bau2| a class is considered where i) is replaced by d(A) = 1.dim(A) for
l.dim(A) < 3.

If H and K are 2-nilpotent graded [F,-Lie algebras as above with a common
subalgebra F, then the free amalgam H E K of H and K over F is the Lie algebra
M such that M; = H, EB K, and My = A?’M,; /N where N = N(H)+ N(FE). Note
that A2H,, A2E,, and A2K 1 are naturally embedded in A2M; and therefore also
N(H), N(E) and N(K).

If B<M,BCA, and A < M, then A is a minimal strong extension of B if

there is no A’ with B C A" C A and A" < M. There are three possibilities of
minimal strong extensions:

a) Transcendental Case: 1. dim(A) = 1. dim(B) + 1 and §(A) = 6(B) + 1.
b) Algebraic Case: 1.dim(A) =1.dim(B) + 1 and §(A) = §(B).
In this case A; = B; @ (a)’ and N(A) = N(B) @ {[a,b] + 1)* where ¢ €

0]
A?(By) and b € B;. By property i) in the definition of K (a)¢ is uniquely
determined modulo (b)¢. We call a a b-divisor of 1.
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c) Prealgebraic Case: 1.dim(A) > 1.dim(B)+1 and §(A) = §(B). In this case
B C A’ C Aimplies 6(B) < §(4).

As in [Bau2| we obtain:

Theorem 8.3 i) K has the amalgamation with respect to strong embeddings.

ii) If B < U and B< A for A, B, U in K, then there is an amalgam
L.dim(A/B)+n

D of (A) and (U) over (B) in K such that U < D and A< D.

Proof. As above A, B are finite and U can be infinite. We prove ii). i) follows
from ii). Consider B = Ay C A; C ... C A, = A where all A; are strong in A and
minimal over A; ; with this property. Using induction it is sufficient to assume
that A is a minimal strong extension of B. First we assume that B < A = (B, a)*
is given by [a,b] + ¢ = 0, where ¥ € A*(B;) and b € By (algebraic case) and
[z,b] + ¢ = 0 has already a solution ¢ in U. By A in K ¢ is not in B. Then
we embed A over B into U. This is possible because of B % U. Note: If B gl U
then the image of A is n-strong in D. "

In all other cases let D be the free amalgam of U and A over B. We have to show
i) and ii) in the definition of K. Let E be a finite subspace of D. We assume the

non-trivial situation £ # (0), £ € U and E Z A.

a) Transcendental Case: Ki) is clear. Furthermore £ = ENU+(e)* with e ¢ U
and 6(E) =0(ENU)+ 1> max{1l,0(ENU)}, since N(E) = N(ENU).

b) Algebraic Case: A; = B @ (a)t, N(A) = N(B) + {[a, b] + )¢ where b € B,
and ¢ € A%*(By).

First we show Ki). Assume [¢,d] = 0 for ¢,d € D;. Let X, Xyba be a vector
basis of D; where Xb is a basis of By, Xyba a basis of A; and X, X;b a
basis of Uy. Let ¢ = u. + w. + r.b+ s.a and d = ug + wy + r4b + sqa where
Ue, Ug € (Xu), e, wq € (Xp) 7Te, Sey7ay 84 € Fy. Wlo.g. {s.,sq4} C {0,1}
and s, = 1 or s4 = 1. a must be involved since U is in K. Let us work in
A%D;. Then

(eNd) = (et we+TbAUG+HWa+Tab) + (Sa(tetwe+7:D) —Sc(ug+wa+r4b) Aa).

(¥) Every element of N(D) has the form ¢((a A b) + ) + ® where
e NU) and t € F,.
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Hence s; = 1 implies u. = 0, and s. = 1 implies ug = 0. s4 = s, = 1 is
impossible since then u. = uqg = 0 and ¢,d € A. Hence w.l.o.g. sq4 = 1,
ug # 0, and s, = 0. Then we get

cNd=((we+1b) ANa)+ (we +7:b) A (ug + wq + 14b)).

By (%) we get w. = 0. If also 7. = 0 then ¢ = 0. Hence w.l.o.g. ¢ = b and
cAd = (bAa)+ (DA (ug+wg)). If eAd € N(D), then bA(ug+wq)—1 € N(U)
and —(ug + wy) is a solution of the equation that defines the considerd
algebraic case. This contradicts our assumption.

To show Kii) let F be as above. Then 1.dim(/N(F))

< Ldim(N(ENU)) + 1
and therefore §(F) > 6(ENU)>0o0or ENU =(0), E = (e

) and d(e) = 1.

Prealgebraic Case: A; = By ® (a)*.
Again we show Ki) first. We work with a vector basis X, Xya where X} is
a basis for By, X, X, for U;, and Xa for A. We have

C=U.+w,+a. and d=ug+ wg+ ayg
with ., ug € (X,)¢, w., wq € (X;) and a, and aq in (@)*. In A2D; we have
cNd = (Ue+ we Nug + wg) — (ug +wg) A ae + (ue +we) A ag.

Since U € K we can assume a, # 0 or ag # 0. If Ldim({a., az)*) = 1, then
w.lo.g. a. =ag or a. # 0 and ag = 0. In the first case ¢ A (d —c¢) = 0. Since
c and d are linearly independent, this implies an equation a.Ab+1v € N(A),
a contradiction to the prealgebraic case. Hence we can assume that we are
in the case a. # 0 and ag = 0. Then uy = 0 and wy # 0. We have that N(A)
contains an element wy A a, + ¢ with ¥ € A%*(B;). But then §(a./B) = 0
a contradiction to l.dim(a) > 2 and the minimality of A over B. Now we
assume that a. and a4 are linearly independent. Again uy = 0 = u,, since
N(U)+ N(A) cannot produce elements that contain ug A a. or u. A ag. But
then ¢ and d are in A and [c, d] = 0 is impossible since A € K.

It remains to show Kii). Again we consider F in Dy with E € U, E € A.
Let ¢ with ¢; = a} +d; (1 < i < m) be a vector basis of E over ENU
where a; € (a)* and d; € U. Then a},...,al, are linearly independent over
By and therefore over U;. Since N(D) = N(U)+ N(A) N(E)/N(ENU)
has a basis ¥;(a) + ¥;(u) (1 < i < £) where 1;(a) € N(A) and 9;(u) €
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N(U). Then v¢;(a) € A2(By @ (d,...,ad. )") and ¥1(a),...,¥(a) have to
be linearly independent over A2B;. Since B < A we get ¢ < m. Hence
E)=0dFENU)+m—L>6ENU)>0,if ENU # (0). Now assume
EnU=(0). If EN A # (0), then we get similarly that 6(E) > 6(E N A),
since 1.dim(£/B) < L.dim(A/B) and B is 1.dim(A/B) + n strong in U. If
ENU = (0) and EN A = (0), then §(E£) = L.dim(E). The proof of Kii) is
finished.

By the considerations above we have U < D. Similarly we get for £ O A
with Ldim(E/A) <n §(E) > §(A) since B < U. Hence A<D.[

L.dim(A/B)+n n

By the usual procedure we get a countable Fraissé-Hrushovski-Limit Mg in K:

Theorem 8.4 There is a countable structure Mg in K that satisfies the following
condition:

(rich) If B < A are in K and there is a strong embedding f of B in Ma, then it
is possible to extend f to a strong embedding f of A in Mg.

Mg is uniquely determined up to isomorphisms.

Definition A structure M in K that satisfies the condition (rich) is called a rich
K-structure.

Also the following result is easily proved by standard methods.

Theorem 8.5 Let M and N be rich K-structures, (a) < M, (b) < N and (a) =
(b). Then (M,a) =g, (N,D).

By Theorem 8.5 all rich K-structures have the same elementary theory 7. To
axiomatize T we write the following sets of L-sentences:

T1) M is a 2-nilpotent graded F,-Lie algebra.

T2) Vay € Ri("x and y are linearly independent"— [x,y] # 0)
Vezdy(x € RiANx #0ANz € Ry — [z,y] = 2).

T3) (a) < M for all a € M.
T4) If B < M, B < A are in K, then there is an n-strong embedding

l.dim(A_/B)Jrn
of Ain M.
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It is easily seen how to formulate this axioms in L. The strong form of (M;) = M
in T 2) follows from the richness.

Theorem 8.6 i) A rich K-structure satisfies T1)-T4).

ii) Let M be a model of T1), T2) and T3). Then M is a rich K-structure if
and only if M is a w-saturated model of T1)-T4).

Proof. Let M be a rich K-structure.

i) First we show
MEVzz3y(x € Ry ANz #0A 2z € Ry — [vy] = 2).

Take 0 # b € My and 0 # w € M. Since M € K there is some strong subspace
By of M such that (B;)" contains b and w. If there is some element ¢ € B such
that [b, c] = w, then we are done.

Otherwise we define A; = B;®(a)’ and Ay = AQAl/N(B) +((bAa) — i) where

W is a preimage of w in A?B;. We show that A € K. Kii) is clear. It remains to
show Ki). If [by + r1a, by + raa] = 0, where b; € By and by + ra and by + roa are
linearly independent, then [by, bo] + [r1by — 1901, a] = 0. r1 = 0 = ry is impossible
since (B1)M satisfies Ki). If riby = roby, then ry(by + ria) = ri(by + rea), a
contradiction to the linear independence.

Otherwise we assume w.o.g. 79 # 0. Then w.l.o.g. 0 # riby — ryby = b and
w = [by, by]. Tt follows

[ib, b2] — [b1, by] = w

a contradiction to the assumption that [b, 2] —w = 0 has no solution in (B;)M.

Since A is in K and M is rich there is a strong image of A over B in M. We
have [b, a'| —w = 0 for some a' in M as desired. Now we know that M is a model

of T1), T2) and T3). To show T4) assume B < M and B < A be K.
L.dim(A/B)+n

Then B C C' < M. By Theorem 8.3ii) there is an amalgam D > C of A and C
over B. We have A<D. By the condition (rich) there is a strong embedding of

D over C'in M. This gives the desired embedding of A over B in M. The image
of A is n-strong in M.

ii) Let M be an w-saturated model of T 1)-T'4). Then M is a K-structure and
we have to show that M is rich. Assume B < M and B < A are in K. W.l.o.g.
A is minimal over B. If A is algebraic, we get the strong embedding by T2). In
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the prealgebraic case we use T4). Since B < M the image of A in M is strong.
In the transcendental case we get some a € M \ cly(B) by T'4) and w-saturation.
It remains to show that rich models M of T'1)-T 3) are w-saturated models of
T1)-T4). Since the w-saturated models N of T'1)-T4) are rich as shown above
we get by Theorem 8.4 that M =;__ , N. Therefore also the rich models M are
w-saturated. O

Let T be the theory T'1)-T'4). To show that T satisfies P(I) — P(VII) let R be
Ry. Strongness < and the pregeometry cl; are given by the J-function defined
above. The Lemmas 8.1 and 8.2 provide us that a € cl;(A) defines a pregeometry.
By the definitions it is clear that “a € cl;(A)” is part of tp(aA) and “A < R(M)”
is part of tp(A). (0)* < M is true in all models of T'.

Furthermore CSS(A) is strong in M and is part of the algebraic closure of A. If
A< M and A C C Cacl(A), then §(C/A) = 0. Then w.lo.g. C' = CSS(C) and
therefore C' is strong in M. It follows A = Ay C A; C ... C A, = C where A; ;1
is a strong minimal extension of A;. But then A;,; is a minimal strong algebraic
extension of A; for all i, as described above. By Theorem 8.6 the geometrical
dimension of every w-saturated model of T is infinite.

To prove the rest of P(II) assume A C M and B C N with tp”(A) = tp~(B).
W.lo.g. M and N are w-saturated and therefore rich (Theorem 8.6). Furthermore
w.log A< M and B < N. If a is geometrically independent over A and b is
geometrically independent over B, then (aA) = (bB), (A,a) < M, (B,b) < N
and by Theorem 8.5 tp™(a"A) = tp™(b" B). Hence we know that P(I) and P(II)
are satisfied.

To continue we have to define X'. We consider minimal prealgebraic extensions
(Ba) = Ain amodel M ET. If a = (ag,...,a,_1) has linear dimension n over

B, then there are n “relations” ®; (i < n) in A*A linearly independent over A?B,
that are a basis of N(A) over N(B):

(+)  Pi= X rilahag) + 3005 Aag) + b

{<j<n j<n
where rj; € F,, 0% € By and ¢; € A*By.
Remark

e If we choose another basis of N(A) over N(B), then (b! : i,j < n)* and
(Y0, -+, n_1)* € A®By in (+) do not change.
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e Let H be a vectorspace automorphism of (a)‘. The representation (+) of
(H(a)B) over B uses the same spaces (0} : 4,7 < n)* and (¢, ..., n1)".

To describe (Ba) over B as above, let ¢(7;7,2) = 1(7;9,2) A ¢a(y,2). ¥ is
used for an enumeration b of the b;’s above and z for the images U; of the ;s
in M. y(y,2) describes the isomorphism-type of (b) and of Doy« -y p_1 OVer
(b)a. ©1(Z,7,7) says that a (represented by 7) is linearly independent over b and
describes N({Ba)) over N(B) by the equations corresponding to (+) and suitable
unequations. That means ((@,b))s + (to, - .., Un_1) is described. All formulas
can be chosen quantifier free.

Definition Let XM be the set of formulas (7, ¥, Z) above.

Remark

e If MEFT, D<M, d, € in D with M F ¢,(d,é) and a is a solution of
(7, d, €), linearly independent over Dy, then a is a generic solution and de-
fines a minimal prealgebraic extension of D. ¢(Z,d, €) is strongly minimal.

e A subset of M that is an affine transformation of a set defined by a formula
in Ahome is again encoded by a formula in Ahome,

Lemma 8.7 Let ¢(Z;7,%) be in X, M ET, and f € Aut(M) that fizes the
generic type of p(Z;b,¢) where M E <p2(b ¢). Then f fizes the vectorspaces (b)*
and (¢)* setwise.

Proof. Let M < C, where C is the monster model of T" and a € C, such that
tp(a/M) is the generic type of p(Z, b, ¢). Let f be an automorphism of C that fixes
a pointwise and M setwise. f can be naturally extended to A2C. We consider as
above

(I)i = Z sz(ag/\aj)+2(b§/\aj)+¢i

{<j<n i<n
f(®) = Z rg (ae A aj) +Z FO5) A ag) + fi)
{<j<n i<n

in A%C over A%(M). Since M is strong in C f must fix the subspace (@ . . <I>n,1)z
over A2M. That means (&g — vg,..., Pp_ 1 — Vu_1)t = f(Po — Yo,..., Py —
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Yn_1)". Hence f((b! :i,5 < n)¥) = (b :4,j < n)’. Then for every i f(P;) =

> s%®; modulo A*M and therefore

F(@;) =) sl = f(n) = > sty € N(M).
j<n j<n
If 1; is the image of ¢; in M, then f(z/?z) = E sﬁzﬂj in M. Hence (¢)* = f((¢)9).

O

Definition Let X be the formulas we get from X"°™¢ if we work with the canon-
ical parameters of the generic types of the formulas in Ahome,

Lemma 8.7 says that we can work with the quantifier free formulas in Ahome if
the we want to check P(III) — P(VII).

By the definition of X', Lemma 8.7, and J-computations P(III) is clear. The first
part of P(IV) is Theorem 8.5. The rest follows from the description of minimal
strong extensions A;,1/A; where §(A;11/4A;) = 0.

To obtain P(V)let @ be a solution of some ¢(z,b) € X'™ and b C B C R(C).
We say a is | “-generic over B, if 6(a/B) = 0 and a is linearly independent over
B. Note that different | “-generics over B are isomorphic over B. The first part
of P(V) is clear. To show the second part consider U < M and solutions €&, €1, . . .
with &; Z (U, B, &y, €1, ..., ¢€_1)". Then we compute

0<8(Bé...e/U) =d(B/U)+Y_6(j)
J<i
where 0(j) = 6(e;/UBéy...€;_1). Since §(j) < 0 there are at most 1.dim(B/U)
many j with 6(j) < 0. 6(j) = 0 implies that €; is | “-generic over (U, Béy . .., &;_1)"
since é] % <U, B, é(], Cey éj,1>£.

It remains to show P(VI). Let C' O B C A be strong subspaces of R(M) linearly
independent over B and both minimal strong extension of B given by generic
solution of formulas in A"™¢, Then A + C is a free amalgam over B. Let
€ € A+ C be a solution of ¢(z,b,d) where b,d € A+ C and ¢ is | “-generic
over A+ FE and C + E where (E) D bd. Since A+ C' is the free amalgam over
B N(A+C)=N(A) @ N(CO). Therefore the ®; in the definition of ¢, (e, b, )
N(B
have the form "
Zej/\b; +1;  where b; €eB

j<n
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and e; = a; + ¢; where ao,...,a,—1 is linearly independent over C' + E and

o, - - -, Cn_1 is linearly independent over A + E. Hence
O =) (a; AU+ + ) (¢ AbE) + 1
J J

where 37 (a; b))+ € N(A) and 3 (c;Abs)+45 € N(C). We see that (7, b,v)
defines a torsor set where the underlying group set is defined by > ._ (z; A b;)

and has the parameter in B as desired.

j<n<

P(VII) is true, since for each H with (R(H)) = H and acl(H)NR,(H) = R(H)

we can use the following function:

n(a,b) = { a, if <CL>€ = <b>€7

[a,b], otherwise.
Then H = {n(a,b) : a,b € H;}.
We have shown

Theorem 8.8 T is a theory that satisfies the conditions P(I) — P(VII).

Corollary 8.9 T provides us uncountably categorical theories T'(T*) of Morley
rank 2 where Ry(x) is a strongly minimal set. By interpretation we get the cor-
responding theories of nilpotent groups of class 2 and exponent p > 2.

9 Red fields and fusion over a vectorspace

In this chapter it is shown, how the results in [BMPZ3] and [BMPZ4| can be
proved using the results of this paper. B. Poizat [Po2| has constructed alge-
braically closed fields of characteristic p > 0 with a (red) predicate R(z) for a
subgroup of the additive group of the field, such that its theory T, is w-stable of
infinite Morley rank. To give a short description of T, consider fields in ACF,
(p > 0) as F,-vectorspaces with extra structure. We add a predicate R(z) for a
subspace and define for every finite subspace H of such a structure M

d(H) = 2trdeg(H) — 1.dim R(H).
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This definition is due to B. Poizat [Po2|. trdeg(H) is the transcendence degree
of H, and R(H) = R(M) N H. Furthermore trdeg(H/K) is the transcendence
degree of H + K over K and

0(H/K) = 2trdeg(H/K) — L.dim(H/K).

Now we use the d-function as in Chapter 8. Note that we do not restrict the
subspaces H, K to R(M). We define strongness as there. We get

Lemma 9.1 §(H + K) <0(H)+§(K) —0(HNK).

Definition Let K be the class of all M in ACF, with extra predicate for a
subspace such that (0)* < M.

We work in structures M in K. Then we define d and cl; as in Chapter 8 and
again we have

Lemma 9.2 i) The intersection of strong subspaces is strong.
ii) cly defines a pregeometry on subspaces of R(M) with dimension function d.
iii) Strongness is transitive.

iv) If V< U, then XNV < XNU for every subspace X. (U, V not restricted
to R(M).)

By i) we can define CSS(H) as the intersection of all K that are strong in M and
contain H. Then CSS(H) C acl™ (H).

Theorem 9.3 ([Po2]) The class K has the amalgamation property with respect
to strong embeddings and the asymmetric amalgamation.

By standard methods we obtain

Corollary 9.4 There is a countable structure Mg, in K that satisfies the follow-
ing condition:

(vich) If K < H € M € K and there is a strong partial Lgeaq-elementary
embedding f of K into Mg, then there exists an extension f of f, that

extends f and is a partial Lgeq-elementary strong embedding of H in
Mpg,.

49



B. Poizat has defined that a structure in K is rich if it satisfies the condition
(rich). He showed

Theorem 9.5 If M and N are rich K-structures (a)* < M, (b)* < N, and

tpfﬂi\gld@) = tpiji\‘fald<b) then (M, a) =loow (N,b).

Hence we have a complete theory Tx, of rich K-structures. B. Poizat gave an
axiomatization of T and showed

Theorem 9.6 Rich K-structures are the w-saturated models of Tg .

Let K < H C M € K, such that H is minimal over K. That means that there is
no K ¢ J C H with J < H. Then we have the following cases:

1. H=(K,a)', R(H) = R(K)

a) If a is transcendental over K, then we say H is white transcendental
over K.

b) If a is algebraic over K, then we say H is algebraic over K.
2. H = (K,a)" and a is a basis of R(H) over R(K).
a) l.dim(a) > 2 and 6(H/K) = 0. Then we call H prealgebraic over K.

b) Ldim(a) = 1 and a transcendental over K. Then we call H red tran-
scendental over K.

Theorem 9.7 T, fulfils P(I) - P(VII).

Proof. P(I) is clear. Every white generic is a product of two red generics. Hence
every element of M is the sum of two products of red elements.

P(II) Let A,B C R(M)and a € R(M). By the definitions A < M and a € cly(A)
is part of tp(A) and tp(a, A), respectively. Furthermore A C CSS(A) < M and
CSS(A) C acl(A)NR(M). Algebraic extensions A of strong spaces B are algebraic
with respect to ACF, and white over B. Hence they do not exist in R(M). The
rest of P(II) follows from Theorem 9.5.

P(III) Codes are already used by B. Poizat. We choose the codes from [BMPZ3].
They describe the minimal prealgebraic extensions.

P(IV) The first part is given by Theorem 9.5 and 9.6. The d-analysis of finite
strong extension of strong subspaces implies P(IV). Only prealgebraic extensions
occur, since we consider subspaces of R(M).
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For P(V) and P(VI) the relation | “ is non-forking in ACF, and therefore | “-
generic means \LACF”-generic.

P(V) follows by a computation as in Chapter 8. & < (UBey,...,e;_1)" and
6(e;/{U, B, &, ...,e_1)") = 0 implies that e; is | “-independent from &y, ..., & 1
over (U, B)*.

P(VI) will be proved as in [BMPZ3|. Note that non-forking in that proof is
non-forking for ACF),,.

P(VII) As mentioned above the formula 0(zq, x9,y) is 1 - 2 = y.

The elimination of quantifiers and the elimination of imaginaries in ACF, provides
quantifier-free formulas in P(IV). O

Corollary 9.8 The red fields from [BMPZ3| can be obtained using the approach
of this paper.

This is not a surprise, since the frame developed in this paper uses strongly the
ideas of [BMPZ3].

Now we turn to the fusion. The fusion over a vectorspace without the collapse is
described in [HH|. We start with two strongly minimal theories 7} and T with
the DMP. Let L; and L be the corresponding languages and Ly N Ly = Ly the
language of a vectorspace over a finite field. We assume quantifier elimination
for both theories. W.l.o.g. we assume that L; contains only relational symbols
besides Lg. Our language is L = Ly U Ly. Note that R(z) is the predicate z = z!
Furthermore { ) = { )*.

We consider models U of TY UTy. Then U is a vectorspace and a substructure of
the monster models C; F T7 and C, F T5. For finite models of T1V U TZV we write
again A, B, ... We define

Let K= {U :UF Ty UTy and §(A) > 0 for all A C U}. It is easy to check that
5(A+ B) < 8(A) + 8(B) — §(AN B).

As above we can use 0 to define strongness “<”, the pregeometry a € cly(A), the
dimension function d and CSS(A).

We have the following minimal strong extensions A < B.
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i) 6(A/B) =0, A= (B,a)* for some a € A\ B algebraic over B either in T}
or T;. We call it algebraic minimal extension.

ii) 6(A/B) = 0. A is neither algebraic in 7} nor in 7. We call it minimal
prealgebraic extension.

iii) 6(A/B) =1 and A = (B, a)" where a is neither algebraic over B in T} nor
in T5. We call it minimal transcendental extension.

Again K has the amalgamation property with respect to strong embeddings and
the asymmetric amalgamation. We get a Fraissé-Hrushovski-Limit Mpg,. We
define that a structure M in K is rich, if for all B < A in K and B < M we
find an embedding of A in M over B. Since rich structures in K are infinite and
closed under acl®* and acl®? they are models of 77 UT,. Then we obtain that
rich structures are (L; U L)oo o-equivalent. If (@)¢ < M, where M is rich, then
tpr(a) U tp2(a) determines the type of @ in M. Let Tp, be the theory of the
rich K-structures. T, can be axiomatized by

i) M e K.
i) MET,UT.

iii) M is rich with respect to B < A minimal algebraic or prealgebraic. This
can be expressed using the asymmetric amalgamation.

Theorem 9.9 Let M be a model of Tp,.
i) M is rich if and only if it is w-saturated.
ii) For every finite subspace A of M we have

Ldim(A) < try(A) + tra(A).

iii) If A < M, then tplt(A) U tpl2(A) implies tpM (A).

iv) Let M C N be models of Tp,. Then M =< N if M is an elementary
substructure of N in the sense of T\ and T.

For Tr, we introduce | “ as independent in the sense of 77 and T5. Furthermore
we choose the prealgebraic codes from [BMPZ4| as the set of formula X. Then
we get the following
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Theorem 9.10 Ty, satisfies P(I) — P(VII).

Note P(VII) follows from M = R(M) for M E Tp,. As in Corollary 7.2 we get
a L"-theory Tj, with an extra predicate R* = P*. If M E Tk, then R*(M) is
closed under acl®* and acl®. Hence R*(M) is again a model of T} U T. We can
go back to the original languages of T} and T, and get

Theorem 9.11 I'(T},) is a strongly minimal theory that contains Ty U Ty. Fur-
thermore 1) — iv) from Theorem 9.9 are also true for this theory.
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