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Abstract

We axiomatize the mono-agent logic of knowledge with public announcements and
converse public announcements. A special variant of our logic is determined by the
model of maximal ignorance wherein the agent considers all valuations of atomic
formulas possible.
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1 Introduction

Public Announcement Logic [15] models the effect of publicly observable events
on information states, [¢]T1 standing for “after ¢’s announcement, v is true”.
Now, suppose you want to go in the other direction, [¢] ™1 standing for “before
¢’s announcement, ¢ was true”’. Just as [¢]T has a diamond-version noted
(¢)T, [#]~ also has a diamond-version which we note (¢)~. Surely the relation
between public announcement and converse public announcement resembles
the behaviour of future and past constructs in temporal logic. Indeed, one
expects the validity of ¥ — [¢]T (@) and ¥ — [@] (¢) T 1. However, unlike
the announcement operation, the converse announcement operation is not de-
terministic: different states of information may lead to the same outcome state
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of information.

Dynamic epistemic logics with constructs to denote what was the case before
the executions of actions have been investigated in [1,18] where they are inter-
preted over history-based structures. See also [11,20]. In such structures, what
agents currently know are mere snapshots forming parts of a larger structure
that also contains possible prior and posterior states of information. These
states can then be accessed in some way. In [18], this access is realized with
the history-based structures of [14]. An actual state is accompanied by a list
of prior actions: going back in the past means removing the last event from
that history. This changed perspective then makes it possible to check what
was true before now. In [16,17], this history-based approach has also been gen-
eralized to cover non-public events.

In dynamic epistemic logics, fresh atomic formulas can be used to store the
values of formulas. This is useful, as the denotation of atomic formulas is con-
stant throughout action execution but the denotation of formulas is not. This
feature is used in the satisfiability preserving transformations demonstrating
complexity arguments in dynamic epistemic logic [12]. It is used as well for the
purpose of keeping denotations constant, for instance in [8] where the authors
model the announcement “I knew that you know the number pair” in the Sum-
and-Product riddle. Similarly, this technique is used to model “Do not turn
on the light if you have turned it on already in the past” in the “One hundred
prisoners and a light bulb” riddle [6].

As discussed above, the converse announcement operation is not deterministic
and has similarities with quantification: in a given model, a converse announce-
ment can be interpreted as one of the multifarious expansions of that model
satisfying ¢. About quantification, two analogues come to mind: Arbitrary
Public Announcement Logic [2] and Refinement Modal Logic [4]. In Arbitrary
Public Announcement Logic, B¢ stands for “¢ is true after any arbitrary
announcement”. This quantifies over all modally definable restrictions of the
actual information state whereas in converse announcements we quantify over
all expansions containing the actual information state. In Refinement Modal
Logic, B¢ means that ¢ is true in any structure that is a modal refinement
of the actual information state.

A less likely place to look for reasoning about the past is in the setting of Subset
Space Logic [5,13]. Apart from the epistemic modalities O and <, which behave
like S5-modalities, we now also have the so-called effort modalities B and ¢,
which behave like S4-modalities. A typical schema in Subset Space Logic is
#10¢ which stands for “after some effort, the agent knows that ¢”. This logic
is interpreted on models consisting of a domain plus a set of “enabled” subsets
of the domain. A formula is true after some effort if there is an enabled subset
of the current set that satisfies it. In Subset Space Logics, converse B~ and
¢~ effort modalities were also investigated [9]. In Subset Space Logics with
converse, we can now formalize statements like “before some effort, the agent
knew that ¢” by 4~ 0.

An appealing semantics for converse announcement of ¢ is that of truth in all
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models of which the current model is the ¢ restriction. We did not manage
to axiomatize that logic. Instead, we chose a setting similar to that of Subset
Space Logic with converse: given a state-subset pair in a model, a formula 1)
is true before announcement of ¢ if 1) is true for all state-subset pairs in that
model whose subset component contains the corresponding component in the
given pair. This semantics comes at the price of losing some validities of the
previous semantics, such as Op — (p)~ O—p. However, we can recover some of
our desiderata in the largest subset space model: the model consisting of all
valuations and all subsets of that. One possible logic of “before announcement”
is then the special case of the theory of that model.

The section-by-section breakdown of the paper is as follows. In Sections 2
and 3, we present the syntax and the semantics of a mono-agent logic of knowl-
edge with public announcements and converse public announcements. The aim
of Section 4 is to demonstrate that the constructs [-]T and [-]~ cannot be elim-
inated from our language. In Section 5, we compare our mono-agent logic to
subset space logic. In Section 6, we give an axiomatization and in Sections 7
and 8, we prove its completeness. The purpose of Section 9 is to analyse public
announcements and converse public announcements in the largest subset space
model. Easy proofs have been omitted whereas some others can be found in
the Annex.

2 Syntax

Let VAR be a countable set of atomic formulas (with typical members p, ¢,
etc). The formulas are inductively defined as follows:

s $pu=p|L|=¢[ (V) [0O8]|[d]7 Y| [¢] 9.

We define the other Boolean constructs as usual. The formulas C¢, (p) T
and (@)t are obtained as the following abbreviations: ¢ is =O=¢, (#) T2 is
=[¢]T b and (@)~ is —[¢]”—1). For the collection of boxes, we propose the
following readings:

e O¢: “the agent considers it necessary according to her knowledge that ¢”,

o [¢]Teh: “every execution of the announcement ¢ that comes from the present
situation leads to a situation bearing ",

e [p]"¢: “every execution of the announcement ¢ that leads to the present
situation comes from a situation bearing v”.

For the collection of diamonds, we propose the following readings:
e O “the agent considers it possible according to her knowledge that ¢”,

o (¢)T1h: “some execution of the announcement ¢ coming from the present
situation leads to a situation bearing ",

e (¢p)"1h: “some execution of the announcement ¢ leading to the present situ-
ation comes from a situation bearing ”.

The key point to note about the constructs [-]* and []~ is that they allow to
make modalities out of formulas. Our language can be used to reason about the
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knowledge of some agent after and before announcements are executed. Let ¢®
and ¢! respectively denote the formulas —¢ and ¢. We adopt the usual rules for
omission of the parentheses. Let (p1,p2,...) be a non-repeating enumeration
of VAR. Let k € N. A k-formula is a formula whose atomic formulas form a
sublist of (p1,...,px). A k-world is a formula of the form pi* A... Apy* where
ai,...,ar € {0,1} and a k-step is a non-empty set of k-worlds. Obviously,
there exist exactly 2F k-worlds and there exist exactly 22" 1 k-steps. A pair
(c, A) consisting of a k-world a and a k-step A such that & € A is called a
k-tip. For all sets I' of formulas, let

+ OT ={¢: O € T},

« [T = {¢: 6"y € T},

[0 T={v: [9]¢ € T}.

The degree of a formula ¢, in symbols deg(¢), is inductively defined as follows:

s deg(p) =3, * deg(0¢) = deg(9),
s deg(Ll) =3, o deg([¢] 1) = deg(p) + deg(¥)),
s deg(—¢) = deg(9), o deg([¢p]™%) = deg(9) + deg(¥).

deg(pVy) = max{deg(¢), deg ()},

Let the size of a formula ¢, in symbols size(¢), be the number of occurrences
of symbols it contains. For all finite sets I" of formulas and for all formulas ),
the formulas \/T', VI" and V4TI are defined by the following abbreviations:

s VIu=Vi{¢: ¢ € I},
e VI :=0OVIAN{Co: ¢ € T},
e Vyl =9y A0 = VD)AN{OCWAP): ¢ € T}

3 Semantics

A model is a triple of the form M = (W, X, V) where W is a non-empty set
(with typical members x, y, etc), X is a non-empty set of non-empty subsets
of W (with typical members S, T', etc) and V is a function associating to each
p € VAR asubset V(p) of W. Elements of W will be called worlds. Each of
them is an epistemic alternative to the real world: due to her lack of knowledge,
the agent is not able to distinguish between the real world and its epistemic
alternatives. Elements of X will be called steps. Each of them contains the
real world together with its epistemic alternatives at some moment of their
history. We shall say that a world-step pair (z,S) is a tip iff z € S. Each tip
determines the real world and the current restriction of the model containing
the real world together with its epistemic alternatives. To flesh this out a little,
the universal relation in the step component of tips should be interpreted as a
contemporaneity relation between moments. As for the function V, it assigns to
all atomic formulas, the set of all M-worlds in which it holds. It will be called
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valuation of M. The satisfiability of a formula ¢ in a model M = (W, X, V)
at tip (z,.5), in symbols M, (z, S) = ¢, is inductively defined as follows:

e M,(x,S)Epifz € V(p),
'M(xS)l;éJ_
* M, (z,8) E ¢ ifft M,(z,5) ¢,
e M, (z,5) EoVyiff M, (z,5) ¢ or M, (z,5) E ¢,
e M,(z,5) Q¢ iff forally € S, M,(y,5) = ¢,
°M(x5)k[]+1/)1ffforallT € X,ife €¢ TandT =41z € S:
M, (z,5) k= ¢} then M, (z,T) = ¢,
)

e M,(z,S) E [¢) ¢ iff foral T € X,ifxz € Tand S ={z € T:
M, (z,T) | ¢} then M, (z,T) |= ¢.

Let us reflect upon these truth conditions. First, the satisfiability of an atomic
formula does not depend on the step components of tips: it only depends on
their world components. This indicates that the concept of validity that we
will define at the end of this section will give rise to a non-normal set of valid
formulas. Second, the Boolean constructs are classically interpreted. Third,
the O construct behaves like a universal modality in the step component of
tips. This makes it similar to the epistemic construct in subset space logic.
Fourth, the [-]* construct behaves like an announcement modality: if a tip
satisfies ¢ then [¢]T further restricts the model to those epistemic alternatives
in the step component of the tip satisfying ¢. As a result, the announcement
modality []T is always deterministic. The reader may have understood from
the definition that a true announcement is executable in a tip iff the above-
mentioned restriction of the model is itself a step. With the concept of freedom
that we will define at the end of this section, we will concentrate on the class
of all models in which true announcements are always executable. Fifth, the
[]~ construct behaves like the converse of the announcement modality [-]T.
Seeing that the above-mentioned restriction of the model to those epistemic
alternatives in the step components of differents tips satisfying an announced
formula may produce the same result, there is no reason to expect the [-]~
construct to be deterministic. In any case, obviously,

e M, (x,5) |E O¢ iff there exists y € S such that M, (y,S) £ ¢,

e M,(z,S) = (¢)T iff there exists T € X suchthatz € T, T={z € S:
M, (2,9) £ ¢} and M, (z,T) = ¢,

e M, (z,5) = (¢p) "¢ iff there exists T € X suchthatz € T ,S={z €
T: M, (2,T) = ¢} and M, (x,T) E .

Let R4 be the binary relation between tips such that (x,S) RY' (y,T) iff

S = T. Obviously, RA" is an equivalence relation between tips such that:

M, (z,S) |: O¢ iff for all tips (y,T), if (x,S5) R (y,T) then M, (y,T)

¢. Let R[ ¢]+ and R[ e be the binary relations between tips such that

(i) (z,9) [¢]+(7 TYif e =yand T ={z € S: M, (295 = ¢} and



Balbiani & van Ditmarsch & Herzig 63

(i) (=,9) Rf};}, (y, )it x=yand S={z € T: M,(2T) E ¢}. Ob-
viously, Rm+ and Rf}ﬁ, are mutually converse relations between tips such
that: (i) M, (z,S) E [¢]*T¢ iff for all tips (y,T), if (z,S) Rm+ (y,T) then
M, (y,T) = ¢, (i) M, (z,S5) = [¢] ¢ iff for all tips (y,T), if (z, S) Rm, (y, T)
then M, (y,T) &= ¢. Moreover, the binary relation RM, is always de-

(o] T
terministic. Remark that R[/‘T’I]Jr and R[/‘T/‘]_ are equal to the identity rela-

tion between tips. Let =M be the transitive closure of U{Rf;;iJr g is a
formula} U U{R{(\;]‘, : ¢ is a formula}. Obviously, =™ is an equivalence rela-

tion between tips. Let = be the transitive closure of RAU =M. Obviously,
=M is an equivalence relation between tips. Moreover, =2 is coarser than
RM and =M. We shall say that a formula ¢ is globally true in a model M,
in symbols M = ¢, if ¢ is satisfied at all tips in M. There are two ways for
the announcement of ¢ to fail in a model M = (W, X, V) at tip (x,S). One
is for ¢ to be false at (z,.5) (which matches the traditional semantics of an-
nouncements). The other is for the set of worlds in S for which ¢ is true not
to be in X. A model M = (W, X,V) is said to be free if for all formulas ¢
and for all tips (z,S), if M, (z,5) | ¢ then there exists T € X such that
x € TandT ={z € S: M,(2,5) = ¢}. Obviously, in free models,
true announcements are executable. Moreover, any model M = (W, X, V) in
which X is closed under non-empty subsets is free. However, note that, in a
free model M = (W, X, V), X is not necessarily closed under subsets.

Lemma 3.1 Let M be a model. M is free iff for all formulas ¢, M = ¢ —
() T.

A formula ¢ is said to be valid, in symbols = ¢, if ¢ is globally true in all
free models. In Sections 6-8, we will give a complete axiomatization of the set
of all valid formulas. In the meantime, it is well worth noting some interesting
properties.

Lemma 3.2 The following formulas are valid:

s [dIfpe (=), s [GT(WVX) BT Vg,

s [¢]TL < -9,  [0]"0y < (¢ — Ol 7 y).

s [P (6 — o] Ty),

Lemma 3.3 Let ¢ be a formula. If ¢ is {[|T,[-]” }-free then = ¢ iff ¢ € S5.
Lemma 3.4 Let ¢ be a formula. If ¢ is ||~ -free then = ¢ iff ¢ € PAL.

4 Expressivity
We tackle the problem of the definability of [-|T and []~ in the class of all free
models.

Proposition 4.1 (i) [-]* cannot be eliminated from the language in the class
of all free models.
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(ii) []~ cannot be eliminated from the language in the class of all free models.

Proof. (1) Suppose [|T can be eliminated from the language in the class
of all free models. Hence, there exists a formula ¢(p,¢) in O and []~
such that (x) for all free models M = (W, X,V) and for all tips (z,S5),
M, (z,8) | ()T (a) " A —~g) iff M, (2,9) = ¢(p,q). Let M = (W,X,V)
and M’ = (W', X', V') be the models such that W = W' = {z,y,2}, X =
{ah {ob Lo Louh {o 2bh X7 = {{oh (b b {ogth V) = V() =
{y,z} and V(q) = V'(¢) = {y}. Obviously, M and M’ are free. Moreover,
M, (y,{z,y}) E )T (@)~ Op A =g) and M, (y, {z,y}) = (p) (@)~ O(p A —q).
By (%), M, (y,{z,y}) F ¢(p,q) and M, (y,{z,y}) = #(p,q). Nevertheless,
a proof by induction, based on the function size(-) defined in Section 2,
would lead to the conclusion that for all formulas ¥(p,q) in O and []~,
M, (y,{z,y}) E d(p.q) if M, (y{z,y}) = 4(p,q)-
(2) Suppose [-]~ can be eliminated from the language in the class of all free
models. Hence, there exists a formula ¢(p,q) in O and []T such that (x) for
all free models M = (W, X, V) and for all tips (x,S), M, (z,S) = (p)~Cq
iff M, (z,5) E ¢(p,q). Let M = (W, X,V) and M’ = (W', X', V') be the
models such that W = W’ = {z,y}, X = {{z}, {v}, {=, v}}, X' = {{z}, {y}},
V(p) = V'(p) = {2z} and V(q) = V'(q) = {y}. Obviously, M and M’ are
free. Moreover, M, (z,{z}) |= (p)~©q and M’, (z,{z}) [~ (p)”Cq. By (x),
M, (@{2}) £ é(p,q) and M, (z,{x}) £ ¢(p.q). Nevertheless, a proof by
induction, based on the function size(:) defined in Section 2, would lead to the
conclusion that for all formulas ¥ (p, ¢) in O and [-]*, M, (z, {z}) E ¥(p, q) iff
O

M, (2, {z}) E (P, 9)-

Proposition 4.1 implies that the constructs [-|* and [-]~ cannot be elimi-
nated from our language.

5 Relationships with subset space logic

Let the language be extended with the constructs BT and B~ with diamond-
versions 41 and 4~ and let the truth-conditions of formulas B¢ and B~ ¢ in
model M = (W, X, V) at tip (x,S) be defined as follows:

e M,(z,5) ERt¢iffforalT € X,ifx € TandT C S then M, (z,T) & ¢,
e M,(z,5) ER¢iffforallT € X ifx € Tand S C T then M, (z,T) | ¢.
Obviously, B is the so-called effort modality of Subset Space Logic [5,13] and

B~ is the converse effort modality introduced by Heinemann [9].

Proposition 5.1 B and B~ cannot be both eliminated from the language in
the class of all models.

Proof. Suppose B and M~ can be both eliminated from the language in
the class of all models. Hence, there exists a formula ¢(p,q) in O, []T and
[]~ such that (%) for all models M = (W,X,V) and for all tips (z,95),
M, (z,5) = 4 <C(p A ‘+‘_<>Q) iff M, (z,5) = é(p,q). Let M = (W, X,V)
and M’ = (W', X', V') be the models such that W = W' = {z,y,2,t}, X =
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e Az {z th {z,y, 23} X0 = {{a} {= th {z,y, 23}, VIe) = VIp) = {y. 2}
and V(q) = V'(q) = {t}. Obviously, M, (z,{z}) = ¢ C(p A 676 Oq)
and M, (z,{z}) [~ 4 O(p A #7970q). By (%), M, (z,{z}) = ¢(p,q) and
M (x,{z}) = &(p,q). Nevertheless, a proof by induction, based on the func-
tion size(-) defined in Section 2, would lead to the conclusion that for all formu-

las ¥(p,q) in O, []* and []7, M, (z, {z}) = ¥(p,q) if M', (z,{z}) E ¥(p, ¢).0

Proposition 5.1 implies that the constructs ™ and B~ of subset space
logics cannot be both defined in our language.

6 Axiomatization

Let PAL* be the least set of formulas containing the following axioms and
closed under the following inference rules:

(A1) all instances of CPL, (A12) [¢]TL — —¢,

(A2) O(¢ — ) = (O — OY), (A1z) [T]Té — ¢,

(A3) O¢ — ¢, (A1s) p— 9] p,

(A1) ©¢ — OO, (A15) —p — [¢]T—p,
(45) O¢ — Odg, (A16) (9)*0OyY — O8] Ty,
(A6) [¢]T (¥ = x) = ([¢]T — [9]Tx),  (Ai7) BTy — [¢]T O
(A7) (8~ =) = ([ = [0 x),  (Ry) 422,

(As) ¥ = [¢]7(¢) 2, (Ra) 25,

(Ag) ¥ — [8]7 ()"0, (Ry) -4

(Aro) (9)* = [8] 0, e

(A1) 6 = [o]* L, () =

We briefly explain the importance of the above axioms and inference rules:

1) and (R;) are all we need to prove Lindenbaum Lemma,

(4
(A2) and (Rg2) are all we need to prove the O-Lemma,

e (A3)—(As) are all we need to prove that O gives rise to an equivalence relation
between maximal consistent sets of formulas,

6); (A7), (R3) and (Ry) are all we need to prove the (¢)*-Lemma,

Ag) and (Ay) are all we need to prove that [¢]™ and [¢]™ give rise to mutually
onverse relations between maximal consistent sets of formulas,

A10) means that announcements are deterministic,

Aq3) means, together with (Ajg), that announcing T has no effect at all,

(A
(
c
(
e (A1) and (A12) mean that announcements are executable iff they are true,
(
(A14) and (A;15) mean that announcements have no effect on the valuation,
(

Ase) and (A;7) relate what becomes known after an announcement to what
was known before it.
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As the reader can see, (A7)—(Ag) are the only axioms explicitly concerning the
[]~ construct. About axioms (Aig)—(A17), seeing that, apparently, they are
less innocent than axioms (A7)—(Ag), from now on, we will indicate their use.

Lemma 6.1 The following formulas are in PAL*:

s SA[GTY = ($) Y, s [t Y = (¢ = —[e]TY),
*p—=107p, s BT VX)) = [e]FY Ve

* [¢]'p = (¢ = p),

Proposition 6.2 (Soundness) Let ¢ be a formula. If ¢ € PAL?T then |= ¢.
Proof. It suffices to verify that axioms (A;)—(A;7) are valid and inference rules
(R1)-(R4) are validity-preserving. O
7 Canonical model

A set T' of formulas is said to be consistent iff for all n € N and for all
1y € T, =(p1 Ao Agy) & PALT. We shall say that a set ' of
formulas is maximal iff for all formulas ¢, ¢ € T'or m¢ € I'. Let U, be the
set of all maximal consistent sets of formulas (with typical members I'; A, etc).

Lemma 7.1 (Lindenbaum Lemma) Let I' be a set of formulas. If ' is

consistent then there exists a mazximal consistent set A of formulas such that
r C A

Let Rp be the binary relation on U, such that ' Rg A iff AT C A.

Lemma 7.2 (¢O-Lemma) Let ¢ be a formula. LetT' € U.. If O¢ € T then
there exists A € U, such thatT' Ro A and ¢ € A.

Lemma 7.3 Rg is an equivalence relation on U,.

For all formulas ¢, let R4+ and R4~ be the binary relations on U, such
that (i) I' Rg+ A iff [¢]*T C Aand (i) T Ry~ Aiff [¢]"T C A.

Lemma 7.4 ((¢)*-Lemma) Let ¢ be a formula. LetT' € U..
o If (¢p)T9p € T then there exists A € U, such that T Rigp+ A andyp € A,
o if (¢)7¢ € T then there exists A € U, such that ' Rig- A and+p € A.

Lemma 7.5 Let ¢ be a formula. Rjg+ and Rig- are mutually converse on

U..
Lemma 7.6 Let ¢ be a formula. Let ')A € U.. IfT' R+ A then ¢ € T
and [¢]TT = A.

Lemma 7.7 Ri7)+ and R~ are equal to the identity relation on U,.

Let = be the transitive closure of [ J{ R4+ : ¢ is a formula} U J{ R4~ : ¢
is a formula}.

Lemma 7.8 = is an equivalence relation on U,.
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The equivalence class of I' € U, modulo = will be simply noted |I'|. Let
=p be the transitive closure of RgU =.

Lemma 7.9 =5 is an equivalence relation on U.. Moreover, =g s coarser
than Rn and =.

Proposition 7.10 Let I, A,A,© € U.. Let ¢ be a formula. If OT' C A,
[¢]7T C A and [p]TA C © then OA C O.

Proof. Suppose OI' C A, [¢]'T C A and [¢]TA C O. Suppose OA ¢ O.
Let ¢ be a formula such that v € OA and ¢v ¢ ©. Hence, Oy € A.
Since [¢]TT" C A, therefore (¢)*0y € I'. Using (As6), O[¢]T¢ € I'. Since
Or C A, therefore [¢p]Te) € A. Since [¢]TA C O, therefore v € O: a
contradiction. Thus, OA C ©. a

Proposition 7.11 LetT',A;A € U.. Let ¢ be a formula. If [¢]*T
OA C A then there exists © € U, such that OT C O and [¢]TO©

Proof. Suppose [¢]TT € A and OA C A. Suppose OTU{{¢)T ¢’ : ¢’ € A}
is not consistent. Consequently, there exist ¢1,...,¢, € OI and there exist
@1,y ¢l € Asuch that ~(p1 AL Apm AS) T AL A(B)T]) € PAL®.
Hence, o1 A ... A @ — [0]T (@) Ao A @) € PAL*. Thus, O(py A ... A
Om) = D@ T=(Py A Agl) € PAL*. Since ¢1,...,¢,m € OT, therefore
O(@1A. .. Apm) € T. Since O(p1A. . .Apm) — O[g]T=(QIA. .. Apl) € PALE,
therefore O[@]T—(p) A...Ap)) € T. Using (A17), [¢]TO-(piA...ApL) € T.
Since [¢]TT" C A, therefore O-() A ... A)) € A. Since OA C A,
therefore = (¢} A ... A¢l) € A. Consequently, ¢ & Aor...or ¢, € A:a
contradiction. Hence, OT' U {{¢) "¢ : ¢/ € A} is consistent. Let © € U, be
such that OT U {{(¢#)T¢' : ¢’ € A} C O. Thus, O C O and [¢]TO C A.O

For al Ty € U, let Mp, = (Wr,, Xr,, Vr,) be the model such that
WF(] = {lFl . FO =0 F}, XF(] = {SD(F) : FO =0 F} where SD(F) =
{|A] : T Rg A} and Vp,(p) = {[l| : Ty = Tand p € T}. For all
I'v € U; Mr, will be called I'g-canonical model. Each maximal consistent
set of formulas equivalent with I'y modulo =g should be seen as a moment
in the history of a world. If two of them are different but equivalent modulo
=, this means that they correspond to different moments in the history of the
same world. For this reason, Mr,-worlds are equivalence classes modulo =
of maximal consistent sets of formulas equivalent with I'g modulo =g5. As for
Mp,-steps, each of them is determined by a moment in the history of a world
and consists of the set of all Mr,-worlds that are equivalent with this moment
modulo Rg. The thing is that one should understand Rp as an equivalence
relation of contemporaneity between moments. Concerning the M, -valuation,
as expected, it associates to each atomic formula the set of all Mp -worlds that
contain a moment containing the atomic formula.

C A and
C A.

8 Truth Lemma

For an arbitrary I'y € U, let P be the set of all formulas ¢ such that for all
I''A € U, ifTy =g I',Ty =g A and |I'| € Sg(A) then the 3 following
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conditions C1—C3 are equivalent:

(C1) My, ([T, Sa(A)) E ¢,

(C2) there exists A € U, such that I' = A, A Rg Aand ¢ € A,
(C3) forall A’ € U, ifT' = A’ and A Rg A’ then ¢ € A'.

Proposition 8.1 Let ¢y € P. Let A € U.. Let T = {|II] € So(A):
Mr,, (O], Sa(A)) E¢}. Let B,A € Ue. fFARg X, ¢ € X and [Y]TE =A
then T = Sa(A).

Proof. Suppose A Rg X, ¢ € T and [¢]TE =A. Let I € U..

Suppose |II| € T. Hence, |II] € Sg(A) and Mrp,, (||, Sa(A)) E . Let
II' € U,besuchthat I = II') A Rg II'and ¢ € II'. Such II' € U,
exists because ¢ € P. Suppose DA ¢ [¢]T1I'. Let ¢ be a formula such that
p € OAand ¢ ¢ [¢]T1I'. Thus, Op € Aand [¢]T¢ & II'. Since [¢p]T2 = A,
therefore Op € []TX. Consequently, [¢]TO¢ € X. By Lemma 6.1, since
¥ € X, therefore (¢)TOp € X. Using (Ai6), O[Y)]Tp € . Since A Rg ¥
and A Rg I, therefore ¥ Rp II'. Since O[] ¢ € X, therefore [1]T¢ € TI':
a contradiction. Hence, A C [¢p]TII". Thus, A Rg [¢]TII'. Since I = II',
therefore II = [¢]TII'. Since A Rg [¢)]TII', therefore |II| € Sp(A).

Suppose |II] € Sg(A). Let II' € U, be such that II = II' and A Rp IT.
By Proposition 7.11, since [)]tX = A, let ® € U, be such that ¥ Ry ©’
and ©" Rpy+ I'. Since A Rg ¥, therefore A Rg ©'. Since II = 11" and
©" Rpy)+ I, therefore I = ©'. Since A Rn ©, therefore |II|] € Sn(A). By
Lemma 7.6, since ©" Rjyj+ II', therefore ¢y € ©'. Since I = ©', A Ry ©
and ¢ € P, therefore Mr, (|I1], Sa(A)) = . Consequently, |II| € T. |

Proposition 8.2 (Truth Lemma) For all formulas ¢, ¢ € P.

Proof. The proof is done by induction, based on the function size(:) defined in
Section 2. Let ¢ be a formula such that for all formulas 1, if size(p) < size(9)
then ¢p € P. We demonstrate ¢ € P. Let ') A € U, besuchthat 'y =5 T,
I'y =0 A and [I'| € Sg(A). We demonstrate the 3 above conditions C;—C
are equivalent. Let © € U, be such that ' = © and A Rp ©. We have to
consider the following 7 cases: ¢ =p, ¢ = L, ¢ = ), ¢ = ¢V x, ¢ = 0O,
¢ = []Tx and ¢ = [)]"x. For the sake of brevity, we only present the most
difficult of them, the case ¢ = [¢)]"x. The cases ¢ = Oy and ¢ = [¢p] Ty are
presented in the Annex.

Case ¢ = [1)] x. Since size(y)) < size(¢) and size(x) < size(¢), therefore
¢ € Pand y € P.

(C1 = C3). Suppose Mr,, (IT', Sa(A)) = [¢]x. Suppose [¢] x & ©. By
Lemma 7.4, let A € U, be such that © Ry~ A and x ¢ A. By Lemma 7.6,
Y € Aand []TA=0. SinceT' = O and © Ry~ A, therefore ' = A. Let
T={ € Sg(A): Mr,,(]II],Sg(A)) = v¢}. By Proposition 8.1, since ¢ €
A and [¢)]TA = O, therefore T' = Sp(©). Since A Rg O, therefore T = Sp(A).
Since I' = A, therefore [I'| € Sp(A). Since Mr,, (|IT'], Sa(A)) E [¢]x and
T = Sg(4A), therefore Mr,, (|I',Sa(A)) = x. SinceI' = A and x € P,
therefore x € A: a contradiction. Thus, [¢]"x € ©.
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(Cy = C3). Suppose A € U, issuch that ' = A, A Rg A and [¢)]"x € A.
Let A’ € U, be such that ' = A’ and A Ry A’. Suppose [¢] x & A
By Lemma 7.4, let A” € U, be such that A" Ry~ A” and x ¢ A”. By
Lemma 7.6, % € A" and [¢)]TA” = A’. Since A Rg A and A Rg A/, therefore
A" Rn A. Since A" Rpy+ A, therefore by Proposition 7.11, let A" € U, be
such that A” Rg A" and A" R+ A. Since [¢)]"x € A, therefore y € A"
SinceI' = A, T' = A, A Ry~ A” and A" Rpy)+ A, therefore A" = A”.
Since A Rg A", x € A" and x € P, therefore y € A”: a contradiction.
Hence, [¢] x € A’

(C3 = C1). Suppose forall A’ € U,,ifI' = A and A Rn A’ then [¢)] " x € A'.
Suppose Mr,, ([T, So(A)) = [¢]”x. Hence, there exists T € Xp, such that
Tl € T, Sa(A)={I1] € T: Mr,,(|1I|,T = ¢} and Mr,, (|T|,T) }~ x. Let
A’ € U, besuch that Ty =5 A’ and T = Sg(A’). SinceI’ = 0, A Rg ©
and for all A’ € U, if ' = A’ and A Rg A’ then [¢]"x € A’, therefore
WX € ©. Since [[| € T, Sa(A) = {1 & T: Mn,,(T.T |- v},
Mr,, (IT),T) = x and T = Sg(A'), therefore |T'| € Sa(A’), Sp(A) = {|| €
Sa(A) : Mr,, (]I1], Sa(A’) | ¢} and Mr,, (IT], Sa(A")) = x. Let © € U,
be such that ' = ©, A’ Rp © and x ¢ ©'. Such © € U, exists
because x € P. Since || € Sg(A) and Sg(A) = {|[II]| € Sz(4A'):
Mbr,, (IO, Sa(A’) = ¢}, therefore My, ([T, Sa(A’) = 4. Since ' = ©/,
A’ Ry © and ¢ € P, therefore v € ©'. Let R4(A') be the set of all
I € Rp(A’) such that v € II'. Since A’ Rnp ©' and ¢ € @, therefore
© € RY(A). SinceT = ©and ' = O, therefore ® = ©'. Let Tri be the
set of all triples of the form (d, m, p) where d € N, m € Nand ¢ is a formula.
Let @ be the set of all (d,m,¢) € Tri such that for all formulas ¢1,...,@m,
if (deg(p1) - ... deg(pm)) + deg(p) < d then for all sy1,...,s, € {+,—}, for
all ' € RY(A') and for all I € Rp(A), if I = II then the 2 following
conditions hold:

(Dy) for all ;...\ T, € U, if [WI¥ IV Rygyper 0, T Rppyes 1, ..,
1, 4 Rig,.jsm 11}, then there exist ITy, ..., II,, € U, such that IT R}, s IIy,
Iy Rygypeo Moy oo W1 Ry, jom iy and if o € 117, then ¢ € Iy,

(DQ) for all IIy,...,IL, € U., if II R[4P1151 I, II R[goz]SZ Iy, ...,
M1 Rpg,jem Iy, then there exist IIh,...,TI, € U, such that
[w]+H/ R[Sm]sl Hll, H/l R[Wz]” H/Q, RN H{m,—l R[WW]SW Hfm and if QY € Hm
then ¢ € II/,.

In the above definition, we use the product deg(¢1)-. .. deg(vm) of the degrees
of the formulas ¢1, ..., @n,. Since m may be equal to 0, we will consider that
in this case, such product is equal to 2. The following claims illustrate the
interest to consider the set Tri and its subset Q).

Claim (a):
(i) For all I € R&(A’), there exists II € Rg(A) such that I = II
(ii) for all II € Rn(A), there exists II' € RY(A’) such that I = IL

)



70 Before announcement

Claim (b): If Q = Tri then [¢]TO" C ©.
Claim (c¢): Q = Tri.

Claim (a) clearly shows the tight relationships between R&(A’) and Ro(A). It
is only used in the proof of Claim (¢). Now, by Claims (b) and (c), [)]T©’ C ©.
Hence, [¢]"© C ©’. Since [¢)] x € O, therefore x € ©’: a contradiction.d

Lemma 8.3 For allT'y € U., Mrp, is free.

Proposition 8.4 (Completeness) Let ¢ be a formula. If = ¢ then ¢ €
PAL*.

Proof. Suppose = ¢ and ¢ ¢ PAL*. Let I'y € U, be such that ¢ ¢ T.
By Proposition 8.2, Mr,, (|T'o|, Sa(I0)) & ¢. Moreover, by Lemma 8.3, Mr,
is free. Thus, [~ ¢: a contradiction. O

9 Maximal ignorance

The model of maximal ignorance is the triple Mg = (W, Xy, Vp) where Wy =
VAR xo =22"""\ {0} and V; is the function associating to each p € VAR
the subset Vy(p) of Wy defined as follows: x € Vy(p) iff p € x. In My, each
subset x of VAR represents an epistemic alternative for the real world and each
non-empty set S of subsets of VAR contains the real world together with its
epistemic alternatives at some moment of their history. Moreover, each world-
step pair (z,S) such that © € S determines the real world  and the current
restriction of the model containing the real world together with its epistemic
alternatives.

Lemma 9.1 M, is free.

From now on in this section, we will say that a formula ¢ is 0-valid, in
symbols ¢ ¢, if ¢ is globally true in M. In this section, we investigate the
set of all 0-valid formulas. This set is of special interest as we recover some
of the original intuitions for the logic of “what is true before an announce-
ment”, for example the validity of the formula Op — (p)~ C—p mentioned in
the introduction.

Proposition 9.2 Let ¢ be a formula. If ¢ is {[]T,[]” }-free then o ¢ iff
¢ € S5.

Proof. By [10, Pages 29 and 30]. O
Let £ € N.

Lemma 9.3 Let A and B be k-steps. If A C B then the formulas VB —
[V A]TVA and VA — (\/ A)~VB are 0-valid.

Proposition 9.4 Let ¢ be a k-formula. If ¢ is {[-]T, []]” }-free then there exists
a family {(a1, A1), ..., (am, An)} of k-tips such that =o ¢ < \/{a; AVA; :
1<i<m}
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For all My-worlds x, let fi(z) be the unique k-world V-agreeing with x.
For all Mg-steps S, let F(S) = {fi(x) : = € S} be the unique k-step
consisting of all k-worlds V-agreeing with an Mgy-world in S. Obviously, for
all Mo-tips (z, S), the pair (fi(z), Fx(S)) is a k-tip. Moreover, fi(x) is a finite
conjunction of literals over p1,...,pr and Fi(S) is a non-empty finite set of
finite conjunctions of literals over pq, ..., pk.

Lemma 9.5 For all My-tips (x,S) and for all k-tips (a, A), Mo, (z,5) E
aAVA iff fr(x) =« and Fy,(S) = A.

Lemma 9.6 For all k-formulas ¢ and for all Mo-tips (x,S), (y,T), if fru(x) =
fi(y) and Fi,(S) = Fi,(T) then Mo, (z,S) | ¢ iff Mo, (y,T) | ¢.

Proposition 9.7 Let ¢ be a k-formula. The formula ¢ <> \/{fx(z) A\VFg(S) :
e Wo&S € Xop&kz € S& Moy, (2,5) = ¢} is 0-valid.

Proof. Let (y,T) be an My-tip.

Suppose My, (y,T) E ¢. By Lemma 9.5, Mo, (v,T) E fx(y) A VE,(T). Since
Mo, (y, T) = ¢, therefore My, (y,T) = \/{fu(x) AVF(S): z € Wy & S €
Xo &z € S& Moy, (z,5) = ¢}

Suppose Mo, (v,T) = V{fu(z) AVF(S): = € W & S € Xo &z €
S & Mo, (2,5) = ¢} Let ¢ € Wpand S € Xj be such that x € S|
Mo, (z,9) = 6 and Mo, (3, T) |= fu(x) A VE(S). Hence, by Lemma 9.5,
M) = fr(z) and Fp(T) = Fy(S). Since My, (z,S) = ¢, therefore by
Lemma 9.6, Mo, (y,T) = ¢. O

Proposition 9.8 Let ¢ be a k-formula. There exists a {[-]7, ]|~ }-free formula
W such that =¢ ¢ < .

Proof. By Proposition 9.7. g

Proposition 9.8 says that the constructs [-]* and [-]~ can be eliminated from
the language as far as O-validity is concerned. It does not say how, though.
To be able to say how, it suffices to be able to determine in particular which
{[17, [']” }-free formulas are 0-equivalent to (¢) T+ and (¢) v when the formu-
las ¢ and © are already {[-]*,[]]” }-free.

Proposition 9.9 Let {(a1,A41),..., (am, Am)} be a family of k-tips and (8, B)
be a k-tip. Let ¢ = \J[{a; AVA; : 1 < i < m} andy = BAVB. If
By ={a;: 1 <i<m & A; = B} then the formulas (¢)*¢ <+ BAV,B and
(¢)" %Y < BAVB, are 0-valid.

By Propositions 9.4 and 9.9, one can easily design a procedure computing for
any given input formula a O-equivalent {[]*,[]”}-free formula. For instance,
the formula (p)~ T is 0-equivalent to the {[-]*, []™ }-free formula Op.

10 Conclusion

There are several ways to continue this research.
Firstly, there are computability issues. Within the context of the model of
maximal ignorance, using the fact that for each £k € N, there exist exactly
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2% k-worlds and there exist exactly 22" 1 k-steps, one readily sees that the
validity problem is decidable, although its exact complexity is still unknown.
Within the context of the class of all free models, the computability of the
validity problem is still open. Other computability issues are related to the
problem consisting of given a formula ¢, either to determine if there exists a
formula v such that (1) ¥ ¢ is valid, or to determine if there exists a formula
such that (1)~ ¢ is valid.

Secondly, there are multi-agent issues. There exist already many multi-agent
variants of subset space logic. Within the context of our logic of knowledge
with public announcements and converse public announcements, we did not
manage to find its acceptable multi-agent variant.

Thirdly, there are introspection issues. In our setting, the agent is both pos-
itively and negatively introspective. Suppose the agent is non negatively in-
trospective. This implies that we have to get rid of axiom (A4). But this
also implies that the binary relation Rg defined in Section 7 is no more an
equivalence relation on U.. And we did not manage to completely axiomatize
the corresponding logic of knowledge with public announcements and converse
public announcements. Remark that subset space logics of a merely positively
introspective agent do not seem to exist.

Fourthly, there is the issue of the extension with the constructs B+ and B~ con-
sidered in Section 5 and corresponding to the effort modality of Subset Space
Logic [5,13] and the converse effort modality introduced by Heinemann [9].
This extension is of great interest as, in our setting, B* is like an arbitrary
announcement modality [2], and thus B~ an “arbitrary before the announce-
ment” modality. How to completely axiomatize this extension is still open.
Fifthly, there are characterization issues. For example, the characterization of
the set of all pairs (¢,) of formulas such that [¢]T% is valid and the charac-
terization of the set of all pairs (¢, ) of formulas such that [¢] ¢ is valid.
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Annex

Proof of Proposition 8.2: Case ¢ = 0. Since size(¢y) < size(¢), therefore
Y € P.

(C1 = C3). Suppose Mry,(|T'],Sa(A)) = Oy. Suppose Oy ¢ ©O. By
Lemma 7.2, let A € U, be such that © Rg A and ¥ ¢ A. Since A Rg O,
therefore A Rg A. Hence, |A|] € Sg(A). Since Mp, (|T'],So(A)) = Oy,
therefore Mp,, (JA|,Sa(A)) = 4. Since v € P and A Rg A, therefore
1 € A: a contradiction. Thus, Oy € ©.

(Cy = C3). Suppose A € U, issuch that I' = A, A Rg A and Oy € A.
Let A’ € U, be such that I' = A’ and A Ro A’. Suppose Oy ¢ A’. By
Lemma 7.2, let IT € U, be such that A’ Rg Il and ¢ ¢ II. Since A Rg A and
A Rp A, therefore A Rp II. Since Ot € A, therefore 1) € II: a contradiction.
Hence, Oy € A’

(C5 = C1). Suppose for all A’ € U, if I' = A’ and A Rg A’ then Oy € A'.
SinceI' = O and A R 0, therefore Oy € ©. Suppose Mr,, (|I'|, So(A)) K~
Ov. Let [A] € Sg(A) be such that Mr,, (|A|, So(A)) K . Let II € U,
be such that A = II, A Rg T and ¥ ¢ II. Such II € U, exists because



74 Before announcement

1 € P. Since A Rg ©, therefore © R II. Since Oy € ©, therefore ¢ € II:
a contradiction. Hence, Mr,, (|I'|, Sa(A)) = Ov.

Proof of Proposition 8.2: Case ¢ = [¢)]*x. Since size(¢)) < size(¢) and
size(x) < size(¢), therefore ¢y € P and xy € P.

(C1 = C3). Suppose Mr,, (|T'],Sa(A)) E [#]*x. Suppose [)]"x ¢ ©. By
Lemma 7.4, let A € U, be such that © Rjyj+ A and x ¢ A. By Lemma 7.6,
P € ©and ]TO = A. Let T = {|lI| € Sg(A): Mr,, (]I, Sa(A)) E ¥}
By Proposition 8.1, since A Rg ©, v € © and [¢|TO = A, therefore T' =
Sa(A). Hence, T € Xp,. SinceI' = ©, ARg 0,9 € ©andy € P,
therefore Mr,, ([T, Sa(A)) = ¢. Thus, [I'| € T. Since Mr,, ([T, Sa(A)) =
[]x, therefore Mr, (|T], Sn(A)) = x. SinceI’ = © and © R+ A, therefore
I' = A. Since Mp,,(|T'],5z(A)) E x and x € P, therefore x € A: a
contradiction. Consequently, [¢)]Tx € ©.

(Cy = C3). Suppose A € U, issuch that ' = A, A Rg A and [¢]Tx € A.
Let A’ € U, be such that T = A’ and A Ry A’. Suppose [¢]Tx & A
By Lemma 7.4, let A” € U, be such that A" R+ A” and x ¢ A”. By
Lemma 7.6, ¢ € A’ and [)]TA’ = A”. SinceI’ = A, A Ry N,y € P,
I' = A and A Rp A, therefore ¢p € A. By Lemma 6.1, since [)]Tx € A,
therefore (1))*x € A. By Lemma 7.4, let A" € U, be such that A R+ A"
and y € A”. By Lemma 7.6, [)]TA = A”. Since A Rqg A and A Rg A/,
therefore A Rg A’. By Proposition 7.10, since []TA = A" and []TA’ = A",
therefore A" Rg A”. Since I' = A and [¢]TA = A" therefore T = A"
Since ' = A’ and [¢]TA’ = A”, therefore ' = A”. Since ' = A,
x € N, x € Pand A" Rp A, therefore x € A”: a contradiction. Hence,
[W]*x € A

(C3 = C1). Suppose forall A’ € U, if ' = A’ and A Rg A’ then [¢]Ty € A’
Suppose Mr,, (IT|, So(A)) B [¢]Tx. Hence, there exists T € X, such that
Tl & 7,7 = {] € 55(A): Mry, (T, So(A)) = 6} and M, (T],T) 1
x- Thus, Mr,, (|T', Sa(A)) E . SinceI' = ©, A Rg ©, ¢ € P and for all
AN € U, ifI' = A and A Rg A’ then [¢]Tx € A/, therefore vy € © and
[¥]Tx € ©. By Lemma 6.1, (/)Tx € ©. By Lemma 7.4, let A € U, be such
that © Rjy+ A and x € A. By Lemma 7.6, [¢/]*© = A. By Proposition 8.1,
since A Rg © and ¢ € O, therefore T = Sg(A). Since Mp,, (IT,T) ¥ x,
therefore Mr,, (|T',So(A)) & x. Since I' = © and © R+ A, therefore
I' = A. Since Mrp,,(|[T'|,So(A)) ¥~ x and x € P, therefore x ¢ A: a
contradiction. Consequently, Mr,, (|T[, Sa(A)) = [¥]Tx.

Proof of Claim (a): (i) Let Il' € R&(A’). Hence, ' € Rp(A’) and
v € II'. Since ¥ € P, therefore Mrg, (|IT'[, So(A’) = 9. Since Sp(A) =
{II} e Sa(A) : Mr,, (||, Sa(A’) = v}, therefore |II'| € Sg(A). Let
IT € U. be such that I" = I and A Rg IT . Thus, I € Rg(A) and
I = 1L

(i) Let I € Ro(A). Since So(A) = {|I] € Su(A'): Mr,, (T, So(A)) =
1}, therefore |II] € So(A’) and Mp,, (|II], Sg(A’) = 1. Let I’ € U, be such
that IT = II'; A" Rp I" and ¢ € II'. Such II" € U, exists because ¢p € P.
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Hence, I € RY(A') and I = 11

Proof of Claim (b): Suppose Q = Tri and [¢]T©’ ¢ ©. Hence, there exists
a formula ¢ such that ¢ € [¢]TO©' and ¢ ¢ ©. Since Q = Tri, therefore
(deg(¢) +1,0,¢) € Q. By condition (D1), since © € RS(A'), ® € Rp(A)
and © = O, therefore if ¢ € [¢]TO’ then ¢ € O. Since p € [P]TO,
therefore ¢ € ©O: a contradiction.

Proof of Claim (c¢): The proof is done by induction on (d, m,¢), using the
well-founded partial order < on T'ri defined as follows:

e (dym,p) < (d'ym/,¢) iff one of the 3 following conditions holds:
(i) d < d,
(ii) d=d and m < m/,
(iii) d=d', m =m' and size(p) < size(¢').
Let (d,m,) € Tribe such that for all (d',m/,¢') € Tri, if (d',m',¢’) <
(d,m,¢) then (d',m’/,¢’) € Q. We demonstrate (d,m,p) € Q. Let

©1,--+,¢m be formulas such that (deg(p1) - ... - deg(pm)) + deg(p) < d,
S1soiSm € {+—}, I € RY(A') and II € Rn(A) be such that
II' = 1II. We demonstrate the 2 above conditions D; and Dy. Since
(deg(p1) - ... - deg(pm)) + deg(p) < d, therefore d > 4. We consider the

following 2 cases.

Case m = 0.

(D1). Suppose ¢ € [¢]TII'. We demonstrate ¢ € IL

Subcase ¢ = p. Since p € []TII', therefore [)]*p € II'. By Lemma 6.1,
Y —p € II'. Since ¢v € I, therefore p € II'. Since I' = TI, therefore
using (A14) and Lemma 6.1, p € IL

Subcase ¢ = L. Since L € []TIl, therefore [¢)]TL € II'. Hence, using
(A12), ¥ ¢ II': a contradiction.

Subcase p = —¢'. Since —¢’ € []TI', therefore [¢]T—y’ € II'. By
Lemma 6.1, v — —[¢)]T¢’ € II'. Since ¢p € II', therefore =[¢)]T¢’ € II'.
Hence, [¢]T¢’ & II'. Thus, ¢’ ¢ [¢]TII'. Obviously, (d,0,¢’) < (d,0,—¢’).
Consequently, (d,0,¢') € Q. Since ¢ ¢ [¢|TIl, therefore ¢’ ¢ II. Hence,
-’ e IL

Subcase p = ¢’ V' Since ¢’ V" € [¢]TIT, therefore [¢]7 (¢’ V") € TI'.
By Lemma 6.1, [¢]t¢’ € II' or []T¢” € II'. Obviously, (d,0,¢) <
(d,0,¢" V") and (d,0,¢") < (d,0,¢" V¢"). Consequently, (d,0,¢') € Q
and (d,0,¢") € Q. Since [¢]T¢’ € II' or [h]T¢” € I, therefore ¢’ € II
or ¢ € II. Hence, ¢’ V" € IL

Subcase ¢ = Oy'. Since Oy’ € [¢p]|TII', therefore []TOy’ € II'. Suppose
O¢' ¢ II. By Lemma 7.2, let II; € U, be such that IT Ry II; and ¢’ ¢ II;.
Since II € Rg(A), therefore II; € Rg(A). By item (ii) of Claim (a), let
I} € RY(A') be such that I} = II;. Obviously, (d,0,¢') < (d,0,0¢).
Consequently, (d,0,¢') € Q. Since ¢’ ¢ II, therefore ' ¢ [¢]TII].
Hence, [T’ & IIj. Since I € RY(A’) and I} € R¥(A'), therefore
O[Ty’ ¢ II'. Thus, using (Asg), (¥)T0¢" &€ II'. Since ¢p € I, therefore
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by Lemma 6.1, [)]T0¢’ & II': a contradiction.

Subcase ¢ = [¢']°¢". Since [p'|*¢" € [¢]TII', therefore [¢p]T[¢]*¢" € II.
Suppose [¢']°¢” ¢ II. By Lemma 7.4, let II; € U, be such that IT Ry, II;
and ¢” ¢ II;. Hence, ~¢"” € II;. Obviously, (d—1,1,-¢") < (d,0,[¢']°¢").
Consequently, (d —1,1,—¢") € Q. Since 2 + deg([¢']°¢"”) < d, therefore
deg(¢') + deg(—¢") < d—1. Since (d —1,1,-¢") € @Q, Il Ry IIy
and ~¢” € Iy, therefore let I} € U, be such that []*II" Ry,- 1T} and
—¢"” € M. Thus, (¢ )—¢"” € [Y]TII'. Consequently, [¢)]T(p)5—p"” € II.
Since [¢]T[¢']*¢” € IU, therefore [)]TL € II'. Hence, using (A12), ¢ & 1T
Thus, I' ¢ RE(A'): a contradiction.

(D5). Suppose ¢ € II. We demonstrate ¢ € [o]TII'.

Subcase ¢ = p. Since p € I and II' = TI, therefore [¢)]Tp € II'. Hence,
p € [Y]*IT.

Subcase ¢ = L. Obviously, L ¢ II.

Subcase ¢ = —¢’. Since =@’ € II, therefore ¢’ ¢ II. Since (d,0,¢') <
(d,0,~¢’"), therefore (d,0,¢’) € Q. Since ¢’ ¢ II, therefore ¢’ & []TIT.
Hence, ]ty ¢ TI'. Thus, ()t—¢’ € II'. Consequently, using (Ajp),
W]~ € IT.

Subcase ¢ = ¢’ V ¢". Since ¢’ V ¢ € TI, therefore ¢’ € Il or " € I
Without loss of generality, suppose ¢’ € II. Since (d,0,¢") < (d,0,¢"V¢"),
therefore (d,0,¢’) € Q. Since ¢’ € II, therefore ¢’ € [¢]TII'. Hence,
[Y]T¢’ € II'. Thus, [¢]T (¢ V") € II'. Consequently, ¢’ V" € [¢]TII.
Subcase ¢ = O¢’. Suppose Op’ ¢ [¢]TTI'. Hence, []TOp’ & II'. Thus,
using (Aj7), Op]t¢’ & II'. By Lemma 7.2, let II} € U, be such that
II' R II} and [¢]T¢’ & IIj. Consequently, ¢’ & [¢]TII} and using (A7),
¢ € M. Since I' € Rp(A') and I Ry 11}, therefore I, € RH(A’). By
item (i) of Claim (a), let II; € Rg(A) be such that IIf = II;. Obviously,
(d,0,¢") < (d,0,0¢"). Consequently, (d,0,¢') € Q. Since ¢’ ¢ []*1I],
therefore ¢’ ¢ II;. Since Il € Rn(A) and II; € Rp(A), therefore II Rp II;.
Since ¢’ ¢ IIj, therefore Oy’ ¢ II: a contradiction.

Subcase ¢ = [¢'|*¢”. Suppose [¢']*¢" & [¢]TI'. By Lemma 7.4, let
I} € U. be such that [|tII" R - I} and " ¢ II;. Hence, ¢ € IIj.
Obviously, (d—1,1,-¢") < (d,0,[¢']°¢"). Consequently, (d—1,1,—-¢") € Q.
Since 2 + deg([¢']°¢") < d, therefore deg(¢') + deg(—¢”) < d — 1. Since
(d—1,1,-¢") € Q, [Y]*II" Ry, 1] and ~¢” € IIY, therefore let IT; € U.
be such that IT Ry, IT; and ~¢"” € TI;. Thus, [¢]*¢” & II: a contradiction.
Case m > 1.

(D1). Let IT},...,II,, € U, be such that [¢]TI" Rjy,jer 11}, I} Ryg,jex 115,
v 0,y Rypgem 1L, If o € II7, then let ¢ = ¢ else let ¢ =
—p. Obviously, deg(¢’) = deg(p) and ()¢’ € 1I,,_;. Moreover,
(d,m — 1, {pm)*¢") < (d,m,p). Hence, (d,m — 1,{pn)*m¢’) € Q. Since
(deg(epr) - ... - deg(om-1)) + deg({pm)*m¢") = (deg(pr) - ... - deg(pm-1)) +
deg(pm) + deg(¢’), (deg(pr) - ... - deg(pm)) + deg(p) < d and deg(y’) =
deg(p), therefore (deg(p1) - ... - deg(om—1)) + deg({om)*™¢’) < d. Since
[’L/)]+H/ R[Wl]sl th H/1 R[¢2]52 H/Q, Ce H;n72 R[cpnl_l]sm—l T/ (gom)s’”go/ S

m—1
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I, and (d,m — 1,{pm)*m¢’) € @, therefore let IIy,...,II,,_1 € U,
be such that IT Ry, o1 Iy, Iy Rjg,pe0 Mo, ..oy Mo Ry, j#m—1 Ily—1 and
(om)* ¢’ € Ilyp_1. Thus, let IT,, € U, be such that IL,,_1 Ry, jsm I

and ¢' € II,. Consequently, IIy,...,II,, € U, are such that II Ry, s IIy,
Iy Riggpse Moy ooy ey Ry, pom i and if o € I, then ¢ € Il,,.
(DQ) Let Hl,...,Hm S Uc be such that II R[Wl]sl Hl, 11, R[@Z]SZ HQ,

oy W1 Rpgjom e If € II, then let ¢ = ¢ else let ¢ =
—¢. Obviously, deg(¢') = deg(p) and {(py)*m¢" € Il,_1. Moreover,
(d,m — 1, {pm)my') < (d,m,p). Hence, (d,m — 1, {pm)*m¢') € Q. Since
(deg(er) - - - deg(pm—1)) + deg({pm)*"¢") = (deg(pr) - ... - deg(pm-1)) +
deg(pm)+deg(¢"), (deg(p1)-...-deg(pm))+deg(p) < d and deg(y') = deg(y),
therefore (deg(@1)-. .. deg(pm—1)) +deg({om)*m¢’") < d. Since IT Ry, o 14,

11, R[wz]” Ils, ..., I,—2 R[wm—ﬂs’”*l -1, <(pm>5mg0/ e II,,-1 and
(dym — 1,{pm)*™¢') € @Q, therefore let IT},...,II,_; € U, be such
that [1/)]+H/ R[<p1].c1 Hll, H/l R[<p2]s2 HIQ, ceuy H;n—2 R[meil]smf1 H'/m—l and

(om)* ¢’ € I, 4. Thus, let IT}, € U, be such that II}, | R, jsm II;, and
¢’ € 1II,. Consequently, IT},... ,II;, € U, are such that [¢)|*II" Ry, s 117,
H/1 R[Wz]sz H/27 R Hgnfl R[Som]Sm H{m and if Y € Hm then Y € H;”n

Proof of Lemma 8.3: Let I'\y € U.. Using (A4;2), by Proposition 8.2, for all
formulas ¢, Mr, = ¢ — (¢)*T. By Lemma 3.1, Mr, is free.



