
The modal multilogic of geometryPhilippe BalbianiLaboratoire d'informatique de Paris-NordAbstractA spatial logic is a modal logic of which the models are the math-ematical models of space. Successively considering the mathematicalmodels of space that are the incidence geometry and the projectivegeometry, we will successively establish the language, the semanti-cal basis, the axiomatical presentation, the proof of the decidabilityand the proof of the completeness of INC, the modal multilogic ofincidence geometry, and PRO, the modal multilogic of projective ge-ometry.1 IntroductionOur perception of space is less direct than our perception of time whichis not the result of thought but the outcome of consciousness. Nev-ertheless, we should acknowledge that space more vigorously assertsits truth to our senses than time : we can see the objects that occupyspace whereas we cannot know similarly the ways of the events that�ll time [12].Well then, why, since the works of Dummett and Lemmon [8], Hin-tikka [14] and Prior [22] on the logic of the Diodorean modalities, hastemporal logic become the industry of today (speci�cation and veri�-cation of programs and systems [1], applications in natural language,concurrent computation, planning and databases [11], logics and se-mantics of programming [18], etcetera) whereas spatial logic is still inits infancy ? Because, in actual fact, there are but a few modal logicswhich are for space what temporal logics are for time. And even are1



they presented without a common line of action, with the result thatwe cannot consider working out a general theory of spatial logic.The relevance of the modal logics designed by Balbiani, Fari~nasdel Cerro, Tinchev and Vakarelov [4], Bennett [5] and Jeansoulin andMathieu [17] for spatial reasoning is debatable. On the one hand, it isjust that Balbiani, Fari~nas del Cerro, Tinchev and Vakarelov regardthe arrow frame �a la Vakarelov [25] as a mathematical model of space :their choice leads to a too abstract modal logic of space. On the otherhand, it is just that Bennett considers a topological interpretationof the intuitionistic propositional calculus and that Jeansoulin andMathieu look upon S4 as the modal logic of inclusion : there is nothingoriginal about their propositions.By the way, what is the measure by which we can judge whetheror not a modal logic is a spatial logic ? For several years, a tempo-ral logic is a modal logic of which the models are the mathematicalmodels of time [10]. By analogy with temporal logic, in agreementwith Lemon [19], we will say that a spatial logic is a modal logic ofwhich the models are the mathematical models of space. A mathemat-ical model of space is a relational structure consisting of one or moresets of geometrical beings (lines, points, etcetera) together with oneor more basic relations between these geometrical beings (incidencebetween lines and points, parallelism between lines, orthogonality be-tween lines, etcetera). The simplest mathematical model of spaceis the frame of incidence that is a relational structure of the formF = (Li; Po; in) where Li is a nonempty set of geometrical beings oftype line, Po is a nonempty set of geometrical beings of type pointand in is a binary relation of incidence between points and lines suchthat two distinct points are together incident with exactly one line.Traditionnally, the semantical basis of modal logic is a relationalstructure consisting of one set of possible worlds together with onerelation between these possible worlds [15]. The possible applicationsof modal logic (reasoning about knowledge [9], reasoning about pro-grams [13], reasoning about objects [21], etcetera) have given promi-nence to relational structures consisting of one set of possible worldstogether with several relations between these possible worlds. It is onlylately that, in the context of dynamic arrow logic, van Benthem [6],Marx [20] and de Rijke [24] have resolved to consider relational struc-tures consisting of several sets of possible worlds together with severalrelations between these possible worlds.2



The frame of incidence is a relational structure consisting of twosets of geometrical beings together with one relation between thesegeometrical beings. Backing up our reection with the achievementsof van Benthem, Marx and de Rijke and successively considering themathematical models of space that are the incidence geometry andthe projective geometry (that is an incidence geometry in which twodistinct lines are together incident with exactly one point), we will suc-cessively establish the language, the semantical basis, the axiomaticalpresentation, the proof of the decidability and the proof of the com-pleteness of INC, the modal multilogic of incidence geometry, andPRO, the modal multilogic of projective geometry. The proof of thedecidability of the modal multilogic of incidence geometry and theproof of the decidability of the modal multilogic of projective geome-try use the techniques of the �ltration introduced by Segerberg [15].The proof of the completeness of the modal multilogic of incidencegeometry and the proof of the completeness of the modal multilogic ofprojective geometry use the techniques of the frame of subordinationintroduced by Cresswell [15] and developed by Balbiani [2] [3] andHumberstone [16].2 LanguageThe linguistic basis of the modal multilogic of geometry is the propo-sitional calculus. Let LIN be a nonempty set of atomic formulas oftype line and POI be a nonempty set of atomic formulas of typepoint. The set FORLIN of the complex formulas of type line andthe set FORPOI of the complex formulas of type point are de�nedby induction in the following way :� LIN � FORLIN .� POI � FORPOI .� For every �; � 2 FORLIN , � _ � 2 FORLIN .� For every A;B 2 FORPOI , A _B 2 FORPOI .� For every � 2 FORLIN , :� 2 FORLIN .� For every A 2 FORPOI , :A 2 FORPOI .� For every A 2 FORPOI , [on]A 2 FORLIN .� For every � 2 FORLIN , [in]� 2 FORPOI .3



For every A 2 FORPOI , let honiA = :[on]:A. For every � 2FORLIN , let hini� = :[in]:�.The frame of incidence is a relational structure consisting of twosets of geometrical beings together with one relation between thesegeometrical beings. Consequently, it is only natural that the decisionshould have been reached to consider a language made up of two setsof formulas together with the modal operators [on] and [in] permittingto go from one set to another in the following way :� For every A 2 FORPOI , the complex formula [on]A of type linesigni�es \in every point incident with the current line, it is thecase that A".� For every � 2 FORLIN , the complex formula [in]� of type pointsigni�es \in every line incident with the current point, it is thecase that �".Consequently :� For every A 2 FORPOI , the complex formula honiA signi�es\in some point incident with the current line, it is the case thatA".� For every � 2 FORLIN , the complex formula hini� signi�es \insome line incident with the current point, it is the case that �".� For every � 2 FORLIN , the complex formula [on][in]� signi�es\in every line incident with any point incident with the currentline, it is the case that �".� For every A 2 FORPOI , the complex formula [in][on]A signi�es\in every point incident with any line incident with the currentpoint, it is the case that A".The modalities of type line to line and the modalities of type pointto point are de�ned by induction in the following way :� The empty modality is a modality of type line to line.� The empty modality is a modality of type point to point.� For every modality � of type line to line, [on][in]� is a modalityof type line to line.� For every modality � of type point to point, [in][on]� is a modal-ity of type point to point. 4



3 Semantical studyThis section presents the semantical study of the modal multilogic ofgeometry.3.1 Basic frameA basic frame is a relational structure of the form F = (Li; Po; on; in)where Li is a nonempty set of geometrical beings of type line, Po isa nonempty set of geometrical beings of type point , on is a binaryrelation of incidence on Li and Po and in is a binary relation ofincidence on Po and Li such that :� For every x 2 Li, on(x) 6= ; (every line is incident with at leastone point).� For every X 2 Po, in(X) 6= ; (every point is incident with atleast one line).� For every x 2 Li and for every X 2 Po, if X 2 on(x) thenx 2 in(X) (if a line is incident with a point then the point isincident with the line).� For every X 2 Po and for every x 2 Li, if x 2 in(X) thenX 2 on(x) (if a point is incident with a line then the line isincident with the point).F is normal when :� For every X; Y 2 Po and for every x; y 2 Li, if fx; yg � in(X)\in(Y ) then X = Y or x = y (if two points are incident with twolines then either the two points are equal or the two lines areequal).Direct calculations would lead to the conclusion that :Proposition 1 If F is normal then :� For every x; y 2 Li and for every X; Y 2 Po, if fX; Y g � on(x)\on(y) then x = y or X = Y (if two lines are incident with twopoints then either the two lines are equal or the two points areequal).F is connected when : 5



� For everyX; Y 2 Po, there exists k � 0 and there existsX0; : : : ; Xk 2Po such that :{ X0 = X .{ For every l 2 f1; : : : ; kg, in(Xl�1)\ in(Xl) 6= ;.{ Xk = Y .The reader may easily verify that :Proposition 2 If F is connected then :� For every x; y 2 Li, there exists k � 0 and there exists x0; : : : ; xk 2Li such that :{ x0 = x.{ For every l 2 f1; : : : ; kg, on(xl�1) \ on(xl) 6= ;.{ xk = y.F is a frame of incidence when :� For every X; Y 2 Po, in(X)\in(Y ) 6= ; (two points are togetherincident with at least one line).F is a projective frame when :� For every x; y 2 Li, on(x) \ on(y) 6= ; (two lines are togetherincident with at least one point).� For every X; Y 2 Po, in(X)\ in(Y ) 6= ;.It is easy to verify that :Proposition 3 If F is a frame of incidence then F is connected.Proposition 4 If F is a projective frame then F is connected.Moreover :Proposition 5 If F is a normal frame of incidence then, for everyX; Y 2 Po, if X 6= Y then Card(in(X) \ in(Y )) = 1 (two distinctpoints are together incident with exactly one line).Proposition 6 If F is a normal projective frame then, for everyx; y 2 Li, if x 6= y then Card(on(x)\ on(y)) = 1 (two distinct linesare together incident with exactly one point). Moreover, for everyX; Y 2 Po, if X 6= Y then Card(in(X)\ in(Y )) = 1.6



3.2 ValuationLet F = (Li; Po; on; in) be a basic frame. A valuation on F is astructure of the form (R; V ) where R is a mapping of LIN to P(Li)and V is a mapping of POI to P(Po). The mapping eR of FORLINto P(Li) and the mapping eV of FORPOI to P(Po) are de�ned byinduction in the following way :� For every � 2 LIN , eR(�) = R(�).� For every p 2 POI , eV (p) = V (p).� For every �; � 2 FORLIN , eR(� _ �) = eR(�)[ eR(�).� For every A;B 2 FORPOI , eV (A _B) = eV (A) [ eV (B).� For every � 2 FORLIN , eR(:�) = Li n eR(�).� For every A 2 FORPOI , eV (:A) = Po n eV (A).� For every A 2 FORPOI , eR([on]A) = fx : on(x) � eV (A)g.� For every � 2 FORLIN , eV ([in]�) = fX : in(X) � eR(�)g.Our de�nition yields the following result :Proposition 7 For every A 2 FORPOI, eR(honiA) = fx : on(x) \eV (A) 6= ;g. Moreover, for every � 2 FORLIN , eV (hini�) = fX :in(X)\ eR(�) 6= ;g.Moreover :Proposition 8 If F is a frame of incidence then, for every A 2FORPOI, if eV (A) = Po then eV ([in][on]A) = Po else eV ([in][on]A) =;.Proof If eV ([in][on]A) 6= ; then there exists X 2 Po such thatin(X) � eR([on]A). Consequently, for every x 2 Li, if x 2 in(X)then on(x) � eV (A). Since F is a frame of incidence, then, for everyY 2 Po, there is x 2 Li such that x 2 in(X) and Y 2 on(x). Conse-quently, for every Y 2 Po, Y 2 eV (A). Consequently, eV (A) = Po andeV ([in][on]A) = Po.aProposition 9 If F is a projective frame then, for every � 2 FORLIN ,if eR(�) = Li then eR([on][in]�) = Li else eR([on][in]�) = ;. Moreover,for every A 2 FORPOI, if eV (A) = Po then eV ([in][on]A) = Po elseeV ([in][on]A) = ;. 7



Proof If eR([on][in]�) 6= ; then there exists x 2 Li such that on(x) �eV ([in]�). Consequently, for everyX 2 Po, if X 2 on(x) then in(X) �eR(�). Since F is a projective frame, then, for every y 2 Li, there isX 2 Po such that X 2 on(x) and y 2 in(X). Consequently, for everyy 2 Li, y 2 eR(�). Consequently, eR(�) = Li and eR([on][in]�) = Li.a3.3 Basic modelLet F = (Li; Po; on; in) be a basic frame and (R; V ) be a valuationon F . The structure M = (Li; Po; on; in; R; V ) is called basic modelon F de�ned from (R; V ). Let : : : :� : : : K be the class of all basic models and K� be the class of allcountable, normal and connected basic models.� : : : INC be the class of all models of incidence and INC� be theclass of all countable and normal models of incidence.� : : : PRO be the class of all projective models and PRO� be theclass of all countable and normal projective models.Let : : : :� : : : K� be the class of all connected basic models and K�f be theclass of all �nite and connected basic models.� : : : INCf be the class of all �nite models of incidence.� : : : PROf be the class of all �nite projective models.The relation of satis�ability in M of a formula is de�ned in the fol-lowing way :� For every x 2 Li and for every � 2 FORLIN , x j=M � i�x 2 eR(�).� For every X 2 Po and for every A 2 FORPOI , X j=M A i�X 2 eV (A).The relation of validity in M of a formula is de�ned in the followingway :� For every � 2 FORLIN , j=M � i�, for every x 2 Li, x j=M �.� For everyA 2 FORPOI , j=M A i�, for everyX 2 Po,X j=M A.Let K be a class of models. The relation of validity in K of a formulais de�ned in the following way : 8



� For every � 2 FORLIN , j=K � i�, for every M2 K, j=M �.� For every A 2 FORPOI , j=K A i�, for every M2 K, j=M A.Theorem 1 Let M = (Li; Po; on; in; R; V ) be a basic model. Forevery x 2 Li and for every � 2 FORLIN , x j=M � i� x j=Mx �(Mx being the connected submodel of M containing x). Moreover, forevery X 2 Po and for every A 2 FORPRO, X j=M A i� X j=MX A(MX being the connected submodel of M containing X).Proof By induction on the complexity of � and on the complexity ofA.aConsequently :Theorem 2 For every � 2 FORLIN , if j=K� � then j=K �. More-over, for every A 2 FORPOI, if j=K� A then j=K A.Proof If 6j=K � then there exists M = (Li; Po; on; in; R; V ) 2 K suchthat 6j=M �. Consequently, there exists x 2 Li such that x 6j=M �.According to the theorem 1, x 6j=Mx � (Mx being the connected sub-model ofM containing x). Consequently, 6j=Mx �. Direct calculationswould lead to the conclusion that Mx 2 K�. Consequently, 6j=K� �.a3.4 FiltrationA �lter is a structure of the form (�;�) where � is a subset ofFORLIN and � is a subset of FORPOI such that :� For every �; � 2 FORLIN , if � _ � 2 � then � 2 � and � 2 �.� For every A;B 2 FORPOI , if A _ B 2 � then A 2 � andB 2 �.� For every � 2 FORLIN , if :� 2 � then � 2 �.� For every A 2 FORPOI , if :A 2 � then A 2 �.� For every A 2 FORPOI , if [on]A 2 � then A 2 �.� For every � 2 FORLIN , if [in]� 2 � then � 2 �.Let (�;�) be a �lter andM = (Li; Po; on; in;R; V ) be a basic model.Let �� be the relation of equivalence on Li de�ned in the followingway : 9



� For every x; y 2 Li, x �� y i�, for every � 2 �, x 2 eR(�) i�y 2 eR(�).and �� be the relation of equivalence on Po de�ned in the followingway :� For every X; Y 2 Po, X �� Y i�, for every A 2 �, X 2 eV (A)i� Y 2 eV (A).Let Li0 = Lij�� and Po0 = Poj�� . Let on0 be a binary relation on Li0and Po0 such that :� For every x 2 Li and for every X 2 Po, if X 2 on(x) then�� (X) 2 on0(�� (x)).� For every x 2 Li and for every X 2 Po, if �� (X) 2 on0(�� (x))then, for every A 2 FORPOI , if [on]A 2 � and x 2 eR([on]A)then X 2 eV (A).and in0 be a binary relation on Po0 and Li0 such that :� For every X 2 Po and for every x 2 Li, if x 2 in(X) then�� (x) 2 in0(�� (X)).� For every X 2 Po and for every x 2 Li, if �� (x) 2 in0(�� (X))then, for every � 2 FORLIN , if [in]� 2 � and X 2 eV ([in]�)then x 2 eR(�).Let R0 be a mapping of LIN to P(Li0) such that :� For every � 2 LIN , if � 2 � then R0(�) = f�� (x) : x 2 R(�)g.and V 0 be a mapping of POI to P(Po0) such that :� For every p 2 POI , if p 2 � then V 0(p) = f�� (X) : X 2 V (p)g.The structure M0 = (Li0; Po0; on0; in0; R0; V 0) is called �ltration of Mthrough (�;�).Proposition 10 For every � 2 FORLIN , if � 2 � then fR0(�) =f�� (x) : x 2 eR(�)g. Moreover, for every A 2 FORPOI, if A 2 �then fV 0(A) = f�� (X) : X 2 eV (A)g.Proof By induction on the complexity of � and on the complexity ofA.aConsequently : 10



Theorem 3 For every � 2 FORLIN , if j=K�f � then j=K� �. More-over, for every A 2 FORPOI, if j=K�f A then j=K� A.Proof If 6j=K� � then there exists M = (Li; Po; on; in; R; V ) 2 K�such that 6j=M �. Consequently, there exists x 2 Li such that x 6j=M �.Consequently, x 62 eR(�). Let (�;�) be a �nite �lter such that � 2 �and M0 = (Li0; Po0; on0; in0; R0; V 0) be the �ltration of M through(�;�) de�ned in the following way :� For every x 2 Li and for every X 2 Po, �� (X) 2 on0(�� (x))i� there exists y 2 Li and there exists Y 2 Po such that x ��y, X �� Y and Y 2 on(y).� For every X 2 Po and for every x 2 Li, �� (x) 2 in0(�� (X))i� there exists Y 2 Po and there exists y 2 Li such that X ��Y , x �� y and y 2 in(Y ).Direct calculations would lead to the conclusion that M0 2 K�f . Ac-cording to the proposition 10, �� (x) 62 fR0(�). Consequently, ��(x) 6j=M0 �, 6j=M0 � and 6j=K�f �.aMoreover :Theorem 4 Let L 2 fINC; PROg. For every � 2 FORLIN , ifj=Lf � then j=L �. Moreover, for every A 2 FORPOI, if j=Lf Athen j=L A.Proof If 6j=L � then there exists M = (Li; Po; on; in; R; V ) 2 L suchthat 6j=M �. Consequently, there exists x 2 Li such that x 6j=M �.Consequently, x 62 eR(�). Let (�;�) be a �nite �lter such that � 2 �and M0 = (Li0; Po0; on0; in0; R0; V 0) be the �ltration of M through(�;�) de�ned in the following way :� For every x 2 Li and for every X 2 Po, �� (X) 2 on0(�� (x))i� there exists y 2 Li and there exists Y 2 Po such that x ��y, X �� Y and Y 2 on(y).� For every X 2 Po and for every x 2 Li, �� (x) 2 in0(�� (X))i� there exists Y 2 Po and there exists y 2 Li such that X ��Y , x �� y and y 2 in(Y ).Direct calculations would lead to the conclusion that M0 2 Lf . Ac-cording to the proposition 10, �� (x) 62 fR0(�). Consequently, ��(x) 6j=M0 �, 6j=M0 � and 6j=Lf �.a 11



4 Axiomatical studyThis section presents the axiomatical study of the modal multilogic ofgeometry.4.1 Axiomatical presentation of KTogether with the classical tautologies, all the instances of the follow-ing schemata :� [on](A! B)! ([on]A! [on]B).� [in](�! �)! ([in]�! [in]�).and all the instances of the following schemata :� [on]A! honiA.� [in]�! hini�.� �! [on]hini�.� A! [in]honiA.are axioms of K. Together with the classical rules of inference, all theinstances of the following schemata :� If A is a theorem then [on]A is a theorem.� If � is a theorem then [in]� is a theorem.are rules of inference of K.4.2 Axiomatical presentation of INCTogether with the axioms and the rules of inference of K, all theinstances of the following schema :� [in]�! �hini�, for every modality � of type point to point.are axioms of INC, the modal multilogic of incidence geometry.4.3 Axiomatical presentation of PROTogether with the axioms and the rules of inference of K, all theinstances of the following schemata :� [on]A! �honiA, for every modality � of type line to line.12



� [in]�! �hini�, for every modality � of type point to point.are axioms of PRO, the modal multilogic of projective geometry.4.4 SoundnessTheorem 5 Let L 2 fK; INC; PROg. For every � 2 FORLIN , if� is a theorem of L then j=L �. Moreover, for every A 2 FORPOI,if A is a theorem of L then j=L A.Proof By induction on the length of the proof of � and on the lengthof the proof of A.a5 CompletenessThis section presents the proof of the completeness of K with respectto the class of all connected basic models, the proof of the completenessof INC with respect to the class of all models of incidence and theproof of the completeness of PRO with respect to the class of allprojective models. These proofs use the techniques of the canonicalmodel.5.1 Canonical modelLet L 2 fK; INC;PROg. The canonical model of L is the structureof the formML = (LiL; PoL; onL; inL; RL; VL) where LiL is the set ofthe maximal and L-consistent subsets of FORLIN , PoL is the set ofthe maximal and L-consistent subsets of FORPOI , onL is the binaryrelation on LiL and PoL de�ned in the following way :� For every x 2 LiL, onL(x) = fX : for every A 2 FORPOI , if[on]A 2 x then A 2 Xg.inL is the binary relation on PoL and LiL de�ned in the followingway :� For every X 2 PoL, inL(X) = fx : for every � 2 FORLIN , if[in]� 2 X then � 2 xg.RL is the mapping of LIN to P(LiL) de�ned in the following way :� For every � 2 LIN , RL(�) = fx : � 2 xg.13



and VL is the mapping of POI to P(PoL) de�ned in the followingway :� For every p 2 POI , VL(p) = fX : p 2 Xg.The reader may easily verify that :Proposition 11 The relational structure of the form (LiL; PoL; onL; inL)is a basic frame.Moreover :Proposition 12 For every � 2 FORLIN , gRL(�) = fx : � 2 xg.Moreover, for every A 2 FORPOI, fVL(A) = fX : A 2 Xg.Proof By induction on the complexity of � and on the complexity ofA.a5.2 Connected submodelDirect calculations would lead to the conclusion that :Theorem 6 Every connected submodel of MK is a basic model.Theorem 7 Every connected submodel of MINC is a model of inci-dence.Proof LetM�INC = (Li; Po; on; in; R; V ) be a connected submodel ofMINC. For every X; Y 2 Po, let x0 = f� : [in]� 2 Xg [ f� : [in]� 2Y g. If x0 is not INC-consistent then there exists � 2 FORLIN andthere exists � 2 FORLIN such that [in]� 2 X , [in]� 2 Y and f�; �gis not INC-consistent. Since M�INC is connected, then there existsk � 0 and there exists X0; : : : ; Xk 2 Po such that :� X0 = X .� For every l 2 f1; : : : ; kg, in(Xl�1) \ in(Xl) 6= ;.� Xk = Y .Since [in]� 2 X , then �hini� 2 X , for every modality � of type pointto point. Consequently, hini� 2 Y | a contradiction. Consequently,x0 is INC-consistent and there exists x 2 Li such that x 2 in(X) andx 2 in(Y ).a 14



Theorem 8 Every connected submodel ofMPRO is a projective model.Proof LetM�PRO = (Li; Po; on; in; R; V ) be a connected submodel ofMPRO. For every x; y 2 Li, let X0 = fA : [on]A 2 xg[ fB : [on]B 2yg. If X0 is not PRO-consistent then there exists A 2 FORPOI andthere exists B 2 FORPOI such that [on]A 2 x, [on]B 2 y and fA;Bgis not PRO-consistent. Since M�PRO is connected, then there existsk � 0 and there exists x0; : : : ; xk 2 Li such that :� x0 = x.� For every l 2 f1; : : : ; kg, on(xl�1) \ on(xl) 6= ;.� xk = y.Since [on]A 2 x, then �honiA 2 x, for every modality � of type lineto line. Consequently, honiA 2 y | a contradiction. Consequently,X0 is PRO-consistent and there exists X 2 Po such that X 2 on(x)and X 2 on(y).a5.3 CompletenessConsequently :Theorem 9 For every � 2 FORLIN , if j=K� � then � is a theoremof K. Moreover, for every A 2 FORPOI, if j=K� A then A is atheorem of K.Proof If � is not a theorem of K then there exists x 2 LiK such that� 62 x. According to the proposition 12, x 62 gRK(�). Consequently,x 6j=MK �. According to the theorem 1, x 6j=MxK � (MxK being theconnected submodel of MK containing x). Consequently, 6j=MxK �.Consequently, 6j=K� �.aConsequently :Theorem 10 For every � 2 FORLIN , � is a theorem of K i� j=K �i� j=K� � i� j=K�f �. Moreover, for every A 2 FORPOI, A is atheorem of K i� j=K A i� j=K� A i� j=K�f A.Moreover : 15



Theorem 11 Let L 2 fINC; PROg. For every � 2 FORLIN , ifj=L � then � is a theorem of L. Moreover, for every A 2 FORPOI,if j=L A then A is a theorem of L.Proof If � is not a theorem of L then there exists x 2 LiL such that� 62 x. According to the proposition 12, x 62 gRL(�). Consequently,x 6j=ML �. According to the theorem 1, x 6j=MxL � (MxL being theconnected submodel ofML containing x). Consequently, 6j=MxL � and6j=L �.aConsequently :Theorem 12 Let L 2 fINC; PROg. For every � 2 FORLIN , �is a theorem of L i� j=L � i� j=Lf �. Moreover, for every A 2FORPOI, A is a theorem of L i� j=L A i� j=Lf A.5.4 The �nite model propertyConsequently :Theorem 13 Let L 2 fK; INC;PROg. L has the �nite model prop-erty.Proof According to the theorems 10 and 12, L is sound and completewith respect to a class of �nite models. Consequently, L has the �nitemodel property.aConsequently :Theorem 14 Let L 2 fK; INC; PROg. L is decidable.Proof L is �nitely axiomatizable and, according to the theorem 13, Lhas the �nite model property. Consequently, there exists an e�ectiveprocedure for deciding whether a formula is a theorem of L or not.a6 SubordinationThis section presents the techniques of the frame of subordination.16



6.1 The frame of subordinationThe frame of subordination of the modal multilogic of geometry is thestructure of the form F� = (Li�; Po�; on�; in�) where Li� and Po�are the sets de�ned by induction in the following way :� 0Li 2 Li�.� 0Po 2 Po� .� For every X 2 Po� and for every n � 1, Xn 2 Li�.� For every x 2 Li� and for every n � 1, xn 2 Po� .on� is the binary relation on Li� and Po� de�ned in the followingway :� on�(0Li) = f0Pog [ f0Lin : n � 1g.� For every X 2 Po� and for every n � 1, on�(Xn) = fXg [fXnn0 : n0 � 1g.and in� is the binary relation on Po� and Li� de�ned in the followingway :� in�(0Po) = f0Lig [ f0Pon : n � 1g.� For every x 2 Li� and for every n � 1, in�(xn) = fxg [ fxnn0 :n0 � 1g.Our de�nition yields the following result :Theorem 15 F� is a countable, normal and connected basic frame.6.2 The function of maximalityLet L 2 fK; INC;PROg and F = (Li; Po; on; in) be a basic frame.An L-function of maximality on F is a structure of the form (S;W )where S is a mapping of Li to the set of the maximal and L-consistentsubsets of FORLIN and W is a mapping of Po to the set of themaximal and L-consistent subsets of FORPOI such that :� For every x 2 Li and for every A 2 FORPOI , [on]A 2 S(x) i�,for every X 2 on(x), A 2 W (X).� For every X 2 Po and for every � 2 FORLIN , [in]� 2 W (X)i�, for every x 2 in(X), � 2 S(x).17



The mapping RS of LIN to P(Li) and the mapping VW of POI toP(Po) are de�ned in the following way :� For every � 2 LIN , RS(�) = fx : � 2 S(x)g.� For every p 2 POI , VW (p) = fX : p 2 W (X)g.Proposition 13 For every � 2 FORLIN , fRS(�) = fx : � 2 S(x)g.Moreover, for every A 2 FORPOI, gVW (A) = fX : A 2 W (X)g.Proof By induction on the complexity of � and on the complexity ofA.a6.3 The lemma of subordinationTheorem 16 Let L 2 fK; INC; PROg. For every � 2 FORLIN , if� is not a theorem of L then there exists an L-function of maximality(S�;W�) on F� such that � 62 S�(0Li). Moreover, for every A 2FORPOI, if A is not a theorem of L then there exists an L-functionof maximality (S�;W�) on F� such that A 62 W�(0Po).Proof If � is not a theorem of L then the mapping S� of Li� tothe set of the maximal and L-consistent subsets of FORLIN and themappingW� of Po� to the set of the maximal and L-consistent subsetsof FORPOI are de�ned by induction in the following way :� Let S�(0Li) be a maximal and L-consistent subset of FORLINnot containing f�g.� Let W�(0Po) be a maximal and L-consistent subset of FORPOIcontaining fA : [on]A 2 S�(0Li)g.� For every X 2 Po� , let �1, �2, : : : be a list of the set f� :hini� 2 W�(X)g. For every n � 1, let S�(Xn) be a maximal andL-consistent subset of FORLIN containing f�ng [ f� : [in]� 2W�(X)g.� For every x 2 Li�, let A1, A2, : : : be a list of the set fA :honiA 2 S�(x)g. For every n � 1, let W�(xn) be a maximaland L-consistent subset of FORPOI containing fAng [ fB :[on]B 2 S�(x)g.Direct calculations would lead to the conclusion that (S�;W�) is anL-function of maximality on F�.a 18



7 Normal completenessThis section presents the proof of the completeness of K with respectto the class of all countable, normal and connected basic models, theproof of the completeness of INC with respect to the class of all count-able and normal models of incidence and the proof of the complete-ness of PRO with respect to the class of all countable and normalprojective models. These proofs use the techniques of the frame ofsubordination.7.1 Normal completeness of KTheorem 17 For every � 2 FORLIN , if j=K� � then � is a theoremof K. Moreover, for every A 2 FORPOI, if j=K� A then A is atheorem of K.Proof If � is not a theorem of K then, according to the theorem 16,there exists a K-function of maximality (S�;W�) on F� such that � 62S�(0Li). Let MS� ;W� = (Li�; Po�; on�; in�; RS� ; VW�) be the basicmodel on F� de�ned from (S�;W�). According to the proposition 13,0Li 62 gRS�(�), 0Li 6j=MS�;W� �, 6j=MS�;W� � and 6j=K� �.aConsequently :Theorem 18 For every � 2 FORLIN , � is a theorem of K i� j=K��. Moreover, for every A 2 FORPOI, A is a theorem of K i� j=K� A.7.2 Normal completeness of INCTheorem 19 For every � 2 FORLIN , if j=INC� � then � is a the-orem of INC. Moreover, for every A 2 FORPOI, if j=INC� A thenA is a theorem of INC.Proof If � is not a theorem of INC then, according to the theo-rem 16, there exists an INC-function of maximality (S�;W�) on F�such that � 62 S�(0Li). According to the annex A, F� can be grad-ually extended into a countable and normal frame of incidence F� =(Li�; Po�; on�; in�) on which there is an INC-function of maximality(S�;W �) extending (S�;W�). LetM�S�;W � = (Li�; Po�; on�; in�; RS�; VW �)be the basic model on F� de�ned from (S�;W �). According to the19



proposition 13, 0Li 62 gRS�(�), 0Li 6j=M�S�;W� �, 6j=M�S�;W� � and6j=INC� �.aConsequently :Theorem 20 For every � 2 FORLIN , � is a theorem of INC i�j=INC� �. Moreover, for every A 2 FORPOI, A is a theorem ofINC i� j=INC� A.7.3 Normal completeness of PROTheorem 21 For every � 2 FORLIN , if j=PRO� � then � is atheorem of PRO. Moreover, for every A 2 FORPOI, if j=PRO� Athen A is a theorem of PRO.Proof If � is not a theorem of PRO then, according to the theorem 16,there exists a PRO-function of maximality (S�;W�) on F� such that� 62 S�(0Li). According to the annex B, F� can be gradually extendedinto a countable and normal projective frame F� = (Li�; Po�; on�; in�)on which there is a PRO-function of maximality (S�;W �) extending(S�;W�). Let M�S�;W � = (Li�; Po�; on�; in�; RS�; VW �) be the basicmodel on F� de�ned from (S�;W �). According to the proposition 13,0Li 62 gRS�(�), 0Li 6j=M�S� ;W� �, 6j=M�S� ;W� � and 6j=PRO� �.aConsequently :Theorem 22 For every � 2 FORLIN , � is a theorem of PRO i�j=PRO� �. Moreover, for every A 2 FORPOI, A is a theorem ofPRO i� j=PRO� A.8 The extended modal multilogic ofgeometryNow, the question is whether the method explained above can beapplied as well to other mathematical models of space. Relating to thisquestion, one should in the �rst place examine closely the potentialof a complete axiomatization of the modal multilogic of orthogonalgeometry and the potential of a complete axiomatization of the modalmultilogic of a�ne geometry. 20



8.1 LanguageThe linguistic basis of the extended modal multilogic of geometry isthe modal multilogic of geometry enriched with the modal operator 2such that :� For every � 2 FORLIN , 2� 2 FORLIN .For every � 2 FORLIN , let 3� = :2:�.� For every � 2 FORLIN , the complex formula 2� of type linesigni�es \in every line orthogonal, parallel with the current line,it is the case that �".The modalities of type line to line and the modalities of type pointto point are de�ned by induction in the following way :� For every k � 0, 2k is a modality of type line to line.� The empty modality is a modality of type point to point.� For every modality � of type line to line and for every k � 0,[on][in]2k� is a modality of type line to line.� For every modality � of type point to point and for every k � 0,[in]2k[on]� is a modality of type point to point.8.2 Semantical studyAn extended frame is a relational structure of the formF = (Li; Po; on; in; ./) where ./ is a binary relation on Li such that :� (Li; Po; on; in) is a basic frame.� For every x 2 Li, ./ (x) 6= ; (every line is orthogonal, parallelwith at least one line).� For every x; y 2 Li, if y 2./ (x) then x 2./ (y) (if a �rst lineis orthogonal, parallel with a second line then the second line isorthogonal, parallel with the �rst line).F is normal when :� (Li; Po; on; in) is normal.� For every x 2 Li, for every X 2 Po and for every y; z 2 Li,if fy; zg �./ (x) \ in(X) then y = z (if a line and a point areorthogonal, parallel and incident with two lines then the twolines are equal). 21



F is connected when :� For everyX; Y 2 Po, there exists k � 0 and there existsX0; : : : ; Xk 2Po such that :{ X0 = X .{ For every l 2 f1; : : : ; kg, there exists m � 0 such thatin(Xl�1)\ ./m (in(Xl)) 6= ;.{ Xk = Y .It is easy to verify that :Proposition 14 If F is connected then :� For every x 2 Li and for every X 2 Po, there exists k � 0 andthere exists x0; : : : ; xk 2 Li such that :{ x0 = x.{ For every l 2 f1; : : : ; kg, there exists m � 0 such thaton(xl�1) \ on(./m (xl)) 6= ;.{ xk 2 in(X).F is an orthogonal frame :� For every x 2 Li and for every X 2 Po, ./ (x) \ in(X) 6= ; (aline and a point are together orthogonal, parallel and incidentwith at least one line).� For every X; Y 2 Po, in(X)\ in(Y ) 6= ;.� For every x; y 2 Li, ./ (x)\ ./ (y) 6= ; i� x = y or on(x)\on(y) =;.� For every x; y; z; t 2 Li, if y 2./ (x), z 2./ (y) and t 2./ (z) thent 2./ (x).F is an a�ne frame when :� For every x 2 Li and for every X 2 Po, ./ (x)\ in(X) 6= ;.� For every X; Y 2 Po, in(X)\ in(Y ) 6= ;.� For every x; y 2 Li, ./ (x)\ ./ (y) 6= ; i� x = y or on(x)\on(y) =;.� For every x; y; z 2 Li, if y 2./ (x) and z 2./ (y) then z 2./ (x).22



8.3 Axiomatical studyTogether with the axioms and the rules of inference of K, all theinstances of the following schema :� 2(�! �)! (2�! 2�).and all the instances of the following schemata :� 2�! 3�.� �! 23�.are axioms of E and all the instances of the following schema :� If � is a theorem then 2� is a theorem.are rules of inference of E.Together with the axioms and the rules of inference of E, all theinstances of the following schemata :� 2�! �[on]hini�, for every modality � of type line to line.� [in]�! �hini�, for every modality � of type point to point.� 22�^ [on][in]� ! �(�_�), for every modality � of type line toline.� 2�! 222�.are axioms of ORT , the modal multilogic of orthogonal geometry.Together with the axioms and the rules of inference of E, all theinstances of the following schemata :� 2�! �[on]hini�, for every modality � of type line to line.� [in]�! �hini�, for every modality � of type point to point.� 22�^ [on][in]� ! �(�_�), for every modality � of type line toline.� 2�! 22�.are axioms of AFF , the modal multilogic of a�ne geometry.It appears that the method presented above can be applied to theproof of the completeness of ORT and the proof of the completenessof AFF as well :Theorem 23 For every � 2 FORLIN , � is a theorem of ORT i�� is valid in the class of all countable and normal orthogonal models.Moreover, for every A 2 FORPOI, A is a theorem of ORT i� A isvalid in the class of all countable and normal orthogonal models.23



Theorem 24 For every � 2 FORLIN , � is a theorem of AFF i� �is valid in the class of all countable and normal a�ne models. More-over, for every A 2 FORPOI, A is a theorem of AFF i� A is validin the class of all countable and normal a�ne models.9 ConclusionWe have described the frame of incidence as the simplest mathemat-ical model of space : a nonempty set of geometrical beings of typeline, a nonempty set of geometrical beings of type point and a binaryrelation of incidence between points and lines such that two distinctpoints are together incident with exactly one line. The projectiveframe is a frame of incidence in which two distinct lines are togetherincident with exactly one point. The signi�cance for the geometer ofa relational structure such as those ones lies in the fact that there is avery strong connection between projective geometry and the algebraictheory of �elds [7].There is every indication that the proof of the completeness of themodal multilogic of incidence geometry and the proof of the complete-ness of the modal multilogic of projective geometry are not easy to do.The very important condition of normality (if two points are incidentwith two lines then either the two points are equal or the two linesare equal) that we have placed on the frame of incidence and on theprojective frame does not correspond to any schema of the language ofthe modal multilogic of geometry. That is the reason why the proof ofthe completeness of the modal multilogic of incidence geometry andthe proof of the completeness of the modal multilogic of projectivegeometry use the techniques of the frame of subordination.We are thinking of studying the following issues :� The modal multilogic of geometry extended with the modal op-erator of inequality [23] so that, for every � 2 FORLIN , [6=]� 2FORLIN and, for every A 2 FORPOI , [6=]A 2 FORPOI .� The modal multilogic of projective geometry with the propertyof Desargues.� The modal multilogic of orthogonal geometry with the propertyof the orthocenter. 24
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� in0jPo� = in�.Direct calculations would lead to the conclusion that F 0 is a countable,normal and connected basic frame. Let x0 = f� : [in]� 2W (X)g[f� :[in]� 2 W (Y )g. If x0 is not INC-consistent then there exists � 2FORLIN and there exists � 2 FORLIN such that [in]� 2 W (X),[in]� 2 W (Y ) and f�; �g is not INC-consistent. Since F is connected,then there exists k � 0 and there exists X0; : : : ; Xk 2 Po such that :� X0 = X .� For every l 2 f1; : : : ; kg, in(Xl�1) \ in(Xl) 6= ;.� Xk = Y .Since [in]� 2 W (X), then �hini� 2 W (X), for every modality � oftype point to point. Consequently, hini� 2 W (Y ) | a contradiction.Consequently, x0 is INC-consistent. The mapping S 0 of Li0 to theset of the maximal and INC-consistent subsets of FORLIN and themapping W 0 of Po0 to the set of the maximal and INC-consistentsubsets of FORPOI are de�ned in the following way :� S 0jLi = S.� W 0jPo = W .� Let S 0(0Li) be a maximal and INC-consistent subset of FORLINcontaining x0.� S 0jLi�nf0Lig = S� .� W 0jPo� = W�.Direct calculations would lead to the conclusion that (S 0;W 0) is anINC-function of maximality on F 0. Let (F(0); S(0);W (0)), (F(1); S(1);W (1)),: : : be the sequence de�ned by induction in the following way :� F(0) = F .� S(0) = S.� W (0) = W .� For every k � 0, let F(k) be a countable, normal and connectedbasic frame and (S(k);W (k)) be an INC-function of maximalityon F(k). Let X; Y 2 Po(k) be such that in(k)(X)\ in(k)(Y ) =;. According to the previous line of reasoning, F(k)0 is a count-able, normal and connected basic frame and (S(k)0;W (k)0) is anINC-function of maximality on F(k)0. Let :28



{ F(k+ 1) = F(k)0.{ S(k + 1) = S(k)0.{ W (k + 1) = W (k)0.Let F� = (Li�; Po�; on�; in�) be the structure de�ned in the followingway :� Li� = SfLi(k) : k � 0g.� Po� = SfPo(k) : k � 0g.� on� is the binary relation on Li� and Po� de�ned in the followingway :{ For every k � 0 and for every x 2 Li(k), on�(x) = on(k)(x).� in� is the binary relation on Po� and Li� de�ned in the followingway :{ For every k � 0 and for every X 2 Po(k), in�(X) =Sfin(l)(X) : l � kg.Direct calculations would lead to the conclusion that F� is a countableand normal frame of incidence. The mapping S� of Li� to the set of themaximal and INC-consistent subsets of FORLIN and the mappingW � of Po� to the set of the maximal and INC-consistent subsets ofFORPOI are de�ned in the following way :� For every k � 0 and for every x 2 Li(k), S�(x) = S(k)(x).� For every k � 0 and for every X 2 Po(k), W �(X) = W (k)(X).Direct calculations would lead to the conclusion that (S�;W �) is anINC-function of maximality on F�.Annex BLet F = (Li; Po; on; in) be a countable, normal and connected basicframe and (S;W ) be a PRO-function of maximality on F . For everyx; y 2 Li, if on(x) \ on(y) = ; then the completion of F at x and aty is the structure of the form F 00 = (Li00; Po00; on00; in00) where :� Li00 = Li[ Li�.� Po00 = Po [ Po� .� on00(x) = on(x)[ f0Pog. 29



� on00(y) = on(y)[ f0Pog.� on00jLinfx;yg = on.� on00jLi� = on� .� in00jPo = in.� in00(0Po) = in�(0Po)[ fx; yg.� in00jPo�nf0Pog = in� .Direct calculations would lead to the conclusion that F 00 is a countable,normal and connected basic frame. LetX0 = fA : [on]A 2 S(x)g[fB :[on]B 2 S(y)g. If X0 is not PRO-consistent then there exists A 2FORPOI and there exists B 2 FORPOI such that [on]A 2 S(x),[on]B 2 S(y) and fA;Bg is not PRO-consistent. Since F is connected,then there exists k � 0 and there exists x0; : : : ; xk 2 Li such that :� x0 = x.� For every l 2 f1; : : : ; kg, on(xl�1) \ on(xl) 6= ;.� xk = y.Since [on]A 2 S(x), then �honiA 2 S(x), for every modality � oftype line to line. Consequently, honiA 2 S(y) | a contradiction.Consequently, X0 is PRO-consistent. The mapping S 00 of Li00 to theset of the maximal and PRO-consistent subsets of FORLIN and themapping W 00 of Po00 to the set of the maximal and PRO-consistentsubsets of FORPOI are de�ned in the following way :� S 00jLi = S.� W 00jPo = W .� S 00jLi� = S� .� LetW 00(0Po) be a maximal and PRO-consistent subset of FORPOIcontaining X0.� W 00jPo�nf0Pog = W�.Direct calculations would lead to the conclusion that (S 00;W 00) is aPRO-function of maximality on F 00. Let (F(0); S(0);W(0)), (F(1); S(1);W (1)),: : : be the sequence de�ned by induction in the following way :� F(0) = F .� S(0) = S. 30



� W (0) = W .� For every k � 0, let F(2� k) be a countable, normal and con-nected basic frame and (S(2� k);W (2� k)) be a PRO-functionof maximality on F(2 � k). Let x; y 2 Li(2 � k) be such thaton(2� k)(x)\ on(2� k)(y) = ;. According to the previous lineof reasoning, F(2 � k)00 is a countable, normal and connectedbasic frame and (S(2 � k)00;W (2 � k)00) is a PRO-function ofmaximality on F(2� k)00. Let :{ F(2� k + 1) = F(2� k)00.{ S(2� k + 1) = S(2� k)00.{ W (2� k + 1) = W (2� k)00.� For every k � 0, let F(2 � k + 1) be a countable, normal andconnected basic frame and (S(2�k+1);W (2�k+1)) be a PRO-function of maximality on F(2 � k + 1). Let X; Y 2 Po(2 �k + 1) be such that in(2 � k + 1)(X) \ in(2 � k + 1)(Y ) =;. According to the line of reasoning of the previous annex,F(2� k + 1)0 is a countable, normal and connected basic frameand (S(2�k+1)0;W (2�k+1)0) is a PRO-function of maximalityon F(2� k + 1)0. Let :{ F(2� k + 2) = F(2� k + 1)0.{ S(2� k + 2) = S(2� k + 1)0.{ W (2� k + 2) = W (2� k + 1)0.Let F� = (Li�; Po�; on�; in�) be the structure de�ned in the followingway :� Li� = SfLi(k) : k � 0g.� Po� = SfPo(k) : k � 0g.� on� is the binary relation on Li� and Po� de�ned in the followingway :{ For every k � 0 and for every x 2 Li(k), on�(x) = Sfon(l)(x) :l � kg.� in� is the binary relation on Po� and Li� de�ned in the followingway :{ For every k � 0 and for every X 2 Po(k), in�(X) =Sfin(l)(X) : l � kg. 31



Direct calculations would lead to the conclusion that F� is a countableand normal projective frame. The mapping S� of Li� to the set of themaximal and PRO-consistent subsets of FORLIN and the mappingW � of Po� to the set of the maximal and PRO-consistent subsets ofFORPOI are de�ned in the following way :� For every k � 0 and for every x 2 Li(k), S�(x) = S(k)(x).� For every k � 0 and for every X 2 Po(k), W �(X) = W (k)(X).Direct calculations would lead to the conclusion that (S�;W �) is aPRO-function of maximality on F�.
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