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Mathematical Infinity,
Ilts Inventors, Discoverers,
Detractors, Defenders, Masters,idfims,
Users, and Spectators

The definitive clarification of the natureof theinfinite has become
necessary, not merely for the special interests of the individual
sciences, but rather for the honourof the humanunderstandingself.
The infinite has always stirred the emotionsof mankind more deeply
than any other question, the infinite has stimulated and fertilized
reason as few other ideashave ; but also the infinite, more than other
notion,is in need of Clarification.

[Hilbert 1925], pp. 370-371.

Had I been present at the creation, I would have given some useful
hints for the better ordering of the universe.

Alfonso X the Wise, King of Castile (1252-84),
cited in [ODQ 1980], p. 3.

81. Preamble.

No one shall be able to drive us from the paradise that Cantor created
for us.

[Hilbert 1925], p. 376.

Letusstartby thefollowing trivial observatiorf a pure phenomenologicaharacter :
before GeorgCantorhas enteredhe sceneof mathematicahfinity, two typesof infinite
totalitieswerealreadyknown experimentallyo themathematicatommunity,andatleast as
earlyasatthetimeof Euclid,- we aretalkinghereaboutdenumerabland continuum-like
totalities.

Technically Cantors legacyincludes: first, a remarkablelarificationof the notions

of boththedenumerablen (or X ) * andthecontinuume; secondthediscoveryof thehuge
gap betweerthem,X , < ¢; third, the inventionof an uncountabléhostof new infinite

! Whereas w notations correspond to ordinal infinite totalities, their N counterpants correspond to

cardinal infinite totalities ; see below 83 and, e. g., [Hrbacek, Jech 1984].
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totalitiessupposedckitherto fill the gapbetweerX , andc, orto go far beyondc. Cantor’s
followersinventedevenmoreformidableinfinite totalities;theyalsohavetried hardto fill
the hiatud X, ¢}, albeit without much success.

Of coursesuchmodestphenomenologicaéchnicalitiescannotbe held accountable
for whatreallyhappeneth mathematicafterCantor Thetruthis that mathematicahfinity
hasbecomédoth anattractiveandperilousmathematicakKlondike»of sorts: a gold-mine
for someinfinity prospectorsa moraland psychologicatuin for otherswith thefounder
[Dauben1979], [Meschkowskil964] and his most perspicacioudollower [Feferman
1986],belongingsadly,to the last category Many mathematicakfortunes»weremade
thereandevenmorehopesweredashedprovokingfrom time to timesuddenandpowerful
mathematicahnd philosophicakquakesswhich could be felt far awayfrom the «infinite
epicentrex». Fratricidal wars were waged, won and lost [van Dalen 1990].

And, similarly to whathashappenedo the Americangold-rushthe risky «infinite»
adventureéhasled to a tremendougxpansiorof mathematicsfirst, into logic, philosophy,
theninto computersciencephysicsandbackinto mathematics(It is outsidethe scopeof
the present paper to dwell upon these developments.)

However the «infinite» dust is still very far from being settled!

A leadingresearchanto infinite hasstill to write paperswith titles and preliminaries
soundingooth defensiveandsoothing Shelah1992](on anothenccasionthe sameauthor
wonderswithouta shadowof irony, why so «many of my colleagues, including the best
minds in the field of set theory, feel apologetic about their subjecty [Shelahl1993], p.
2; cf. also[Jensenl1995], p. 407). Meanwhile,his well-known contemporaryflatly
dismissesis andhis colleaguesffortsof «setting up new axioms in the never-never
land of large cardinals» [Mac Lanel983]. T consummatéhe disunion,on the «infinite»
side,dramaticannouncemenigboundspoth apocalyptidFriedman1986]and exuberant
[Fremlin 1993], whereaghe other sideremainsunconvincedindifferent,unawarejf not
outrighthostile,— justhavea look atthenever-endinglialogueof thedeaf[Mathias1992]
- [Mac Lane 1992], [Mathias 2000] - [Mac Lane 2000].

This painful discordcontinuesto be accompanietdy no lesspainful conflicts of
foundationalphilosophiesof mathematicgHersh 1979] (cf. also an almost pathetic
dialogue[Henle 1991], [Paris 1992], [Henle 1992], in this magazine)as well as of
educationamethodologie$Bishop 1985], [Bishop, Bridges1985],and of policiesof
funding mathematicatesearchSmorynskil988], [Mathiasl992]. In fact, the integrity of
mathematics [Simpson 1988], if not its very existence [Arnold 1995], are at stake.

Thequestionis now : Why? Why it alwayshappengo «us»,people searchin@nd,
in fact,so successfully!¥or, andinto, theinfinite? Why notto «them»{o «others»working
in other fields of mathematics? Or less humorously, and more responsibly :

What is the meaningof this <foundational crisis of nearly unprecedented
magnitude» (paraphrasing [Friedman 1986], 98),andwhatarethe goodlessonsve can
learn from it ?

To addresgheseas well as a coupleof othersnaiveandyet pertinentquestions
(calledbelow Frequently Asked Questions, FAQ) concerningnodernsettheoreticabnd
foundationatesearchone needgo look closely,andin a broaderculturalandintellectual
context,at both the multifacetedVathematical Infinity and the century-longattempts,
calledSet-Theoretical Infinity, of its scientific appropriation and customization.

However toventurento the unsafe ground of set theory ((Cohenl1971]p. 15), with
its surrealist landscape ([Mathias1979] p. 109), in searchfor genuinesamplesof
Mathematical Infinity, oneneeddo payas muchattentiorto the glamorouspicturesof
official travelguidesasto from-sober-to-bitteassessmentsf experiencedyccasionally
disgruntledinfinity prospectorspr just to friendly warningsand testimoniesof often
incredulousnevemaliciouscompagnons de route. Theconsiderablattentionwhich these
contradictingnsightsareenjoying inthis study mightbe,in thefinal analysisjts only (if
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any) merit and novelty.

The presentpaperis a very personalributeto both the exceptionabeautyof the
subject andhe wealthand depthof mathematicaandphilosophicalcontributionsof many
contemporarynathematicians, startingith Georg Cantor The abundantquotes these
pearlsborrowedfrom manyauthorson the occasionof our friendly Get-Together at
Mathematical Infinity, are acknowledgetierewith the authors deepgratitudeandself-
effacing admiration.

An Apology.For thegoodunderstandingve mustappeato thereaders patience
andindulgence not everythingcanbe said at once,and manyimportantissuessimply
cannotput in an appearancet leastexplicitly,in sucha shortarticle.Thus, axiomatic
aspectf set-theoreticahvestigationswill cometo light muchlater andin muchmore
modestform, thanit mightbeexpectedy a knowledgeableeader This will be evenmore
truewith respecto formalphilosophicaldeliberationsAlso, we begpardonfor a coupleof,
possiblytoo overt,smiles (couldtheybe comparedo a laughteiin Paradise?) whichwere
intendedo extenuatéhe occasionaémbarrassmerf our official andnot-so-officialset-
theoretical guides.

82. Answering the First Frequently Asked Question.

Infinity in Mathematics : Is Cantor Necessary ?
[Feferman 1987], the title.

A team of Hollywood techno-wizards set out to “bring ‘em back
alive” ... So they took a little artistic license ... [and] decided to

make them half again as large. Anyway, what did books know? Then a
surprising thing happened. In Utah, paleontologists found bones

of areal raptor, and it was the size of the movie’s beast. “We

were cutting edge”, says the film's chief modelmaker with a pathfinder’s
pride. “After we created it, they discovered it.”

[Dorfman 1993], p. 53.

As manyvisionariesand prophetdeforehim, GeorgCantorhasbeemot grantedhe
graceto seegood fruits of his set-theoreticalevelationstypically, quite the opposite
happenedand the immediatelyensuingset-theoreticatontroversiefiave had disastrous
consequence®r his scientificactivity,aswell asfor his moraland mentahealth[Dauben
1979)).

And yet, after all, elegantand powerful extra-set-theoreticapplicationshave
completelyvindicatedat leastsome of the crucial featuresof Cantors vision of
Mathematical Infinity.

Arecentresearclpaperonterminatiorprooftechniques$or Term Rewriting Systems
(TRS playanimportantrolein Theoretical Computer Science,in particularly,in automated
deduction and abstract data type specifications) starts as follows [Dershowitz 1993], p. 243:

«Cantor invented the ordinal numbers
01,2 3 ...,nn+tl ..0 WO+, e

- €p 8080, &g SED . ...,and so on .
Each ordinal is largerthan all preceding ones, and is typically defined as the
set of them all :
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W = the set of all natural numbers ;
W=wU{w+tn | new)

wn = U, wi;

W =U, o

O)Tn = Ui<n lea

& = wh = Unewan;
2

8080 = (1)80 ,

g, = U, _,&Tn.

The notation QTn represents a tower of n 0s.»

After this mostsuccinctand transparenintroductionto Cantors transfinitenumbersthe
authordemonstrategndall this on just 6 pageshow the ordinal descent canbe usedto
proveterminationfor specific7RSs. The generallRS terminationproblem(which is, of
course, a specialization of the halting problem for Turing machines) is undecidable.

Ordinal descents animportantspecialcaseof descentlongpartiallyorderedsets
(say, alongtrees).One of Cantors mostfruitful ideashas beenthe notionof a well-
ordering, WO, i. e.,of alinearly ordered setfulfilling theconditionoffinite descent, FD,
I. e.,of terminationaftera finite numberof stepsof any descendingubsequencrdinals
are,of course, specialOs). The principalmeritof the FD conditionis theextendibility of
the mechanisnof Mathematical Induction beyondnaturalnumbersto any WO and,in
particular to any ordinal.

Noticethat, typically, €antor invented» or «reated»,not «iscovered», theordinal
numbers.Later it was Gerhard Gentzen[Gentzen1936] who has discovered that,
assuming the validity of the law of mathematical induction along Cardatinal segment

[01,23 . 0wt ., .¢g],

onecanprovetheconsistencyf Peanaoarithmetic.Then,aremarkablgeneralnterpretation
of (explicitly defineddenumerablegrdinalsas succinctsymbolic notationgor algorithmic
structureswith multiple loops has beengiven by Alan Turing [Turing 1950], and his
approactnassubstantiallycontributedo thedevelopmenof themodern theorpf program
verification.

Evenbefore Turing, and building on [Gentzen1936], ReubenL. Goldsteinhas
constructeda truly elementaryfunctionn - g(m) whosearithmeticstructuremimics
Cantors transfinitehierarchyupto €, andwhoseiteratesgf(n) ultimatelyterminateat) for

any n. However with n growing, it takeshem veryjong indeedto arriveat 0, which means
that the function

K(n) = min (k, g€(n) = 0)
IS growing so fast,thatany proof of this fact necessarysesa mathematicahduction
throughtransfinitenumbersupto €, [Goodstein1944]. Thecasehasbecomea paradignof
anindependent confirmation of the existenceof aninfinite totality throughits necessary
use in a proof of an elementary theorem.

Taking the lead, Harvey Friedman discovereda remarkably transparentfiniti:
version,calledF FF, of Kruskal's theoremconcerningnfinite sequencesf finite trees.
The proof of FFF demonstrably requiresmathematicainductionup to the first
impredicative denumerable ordinal T, [Gallier 1991]. (The impredicativity of I
signifies,in particular thatno explicit transfinitelyrecursiveformulafor it, similarto those
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fore, g, andsED, could be displayed.)

Verily, «after Cantor created ordinals, they have discovered them» | Moreover,
Friedmanproposedthat any newly invented infinite totality might be rediscovered
throughits necessary uses in a «naturabsolutionof a «natural»finitistic, i. e., number-
theoretical or combinatorial problem :

«For at least twenty years, a principal issue in set theory has been the extent
to which abstract set theory is necessary for proofs in normal mathematical

contexts where abstract set theory plays little or no role in the formulation of
the results.» [Friedman 1986], p. 192.

83. Flying over Cantors Paradise with On&’ Cup of Ea.

Let us say that the assertion of a large cardinal property is a strong
axiom ofinfinity. The adaptation of strong axioms of infinity is thus a
theological venture, involving basic questions of belief concerning
what is true about the universe. ... There is here a pleasant analogy:
In order for a true believer to really know Mount Everest, he must
slowly and painfully trudge up its forbidding side, climbing the rocks
amid the snow and the slush, with his confidence waning and his
skepticism growing as to the possibility of ever scaling the height. But
in these days of great forward leaps in technology, why not get into a
helicopter, fly up to the summit, and quickly survey the rarefied realm
- all while having a nice cup of tea?

[Kanamory, Magidor 1978], pp. 103-104

Emboldenedby the outstandingconfirmationsof Gentzen,Goodstein,Turing,
Friedman(to mentionjustthosefour leadingresearchersg commonandshy mathematical
fellow is finally readyto follow the friendly invitation andto contemplatén peacdhe awe-
inspiring beauty of the transfinite universe :

«This appears to me to be the most admirable flower of the mathematical
intellect and in general one of the highest achievements of pure rational human

activity.» [Hilbert 1925], p. 373

Starting fromthe0 level,our «helicopterpasseshe naturaihumbersandentergheregion
of infinite (denumerable) ordinals described above, 82 :

AL A R S S € v o 850 ... and soon .
To ascendfurther one assertsthat all countable(i. e., finite or denumerableprdinalse
followed by thefirst uncountable ordinal,w;, which,in its turn,is followedby w, , thefirst
ordinal beyondv, and not equipotent wittv;, ezc. :

01,2 3 .. W= Wy, o Wy, 0y, and so on .

To accelerateascent,one introduces absolute set-theoretical values» of ordinals,0
cardinals, with, say, wy| = N, . The notionis basedon the equivalenceelationship
introducedby Cantorand calledone-to-one correspondence, or equipotency. Different
butequipotent ordinals correspondo onecardinal, as, sayX , corresponds$o w €, ’880 :

etc., - in short, to allenumerable ordinals :
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W, ..., and so on

N, N, N, .

Thosearealreadyverystrongassumption®f existenceof newinfinite totalities.Any step
behindthe last «wnd so on» shouldinvolve a new notion,a new constructiona new
«theological venture» [Kanamory, Magidor 1978], p. 104.

Hereis the mostmodernandvery-large-scalenap (borrowed with minor aesthetical
modifications, from [Jech 1995], p. 414) of Cargariountainou®aradise :

PP2P22P272222222222222222272227277

0,1, .. @y, . W, .
o

inconsistency
o — N
_ huge

supercompact

Woodin

oK) =k**

o(K)=2
measurable

Ramsey
I
weakly compact

Mahlo

inaccessible

I,

| [

00 1 1

The experienceduidesdirecttheattentiorof aflying-by spectatoto two remarkable
featureof thissplendidransfinitelandscapdrirst, theinfinite universenasa «roof»called

the inconsistency ceiling. (Which meansthat the axiomaticfoundationsof Cantor’s
Paradisevould«crumble»underanynew«storey»built on its top. Thosefoundationsare

ZFC, Zermelo-Fraenked'axiomswith theaxiom ofchoice.)Thesecondmpressivefeature
of Cantors Paradise, - its linearly ordered structure :

«As our edifice grew, we saw how one by one the large cardinals fell into place
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in a linear hierarchy. This is especially remarkable in view of the ostensibly
disparate ideas that motivate their formulation. As remarked by H. Friedman,
this hierarchical aspect of the theory of large cardinals is somewhat a mystery
... In other words, is there a hierarchy of set-theoretical principles in another

galaxy above ZFC, disjoint and incomparable to our large cardinals ?»
[Kanamory, Magidor 1978], p. 104.

(In whatfollows,the spectatoturnedDevil s set-theoretical advocate, will be compelled
to submita less glamourousassessmengs well as to searchfor a quite different
interpretation, of the same infinite phenomena, 886, 7, 12-14.)

Our «uick survey of the rarefied realm», andwith it, the wice cup of tea», being
drawnto theend,weareleavingthefriendly «kelicopter> with amixed feelinglt hasbeen
nice,of courseandveryreassuringndeed to rub shouldersn this breath-takingdventure
with suchluminariesas Saunder$/ac Lane[Mac Lanel1992],andto meetthere our old
friends,naturalnumbersyestingnicely betweerthe first two levels from 0 to X, of the

transfinitemountain.After all, it's nothingto be surprisedabout: Mac Lane hasbeen
alwaysfrank aboutbothhis foundationalpreferencefMac Lane1986]andhisinterestin a
good pastime[Mac Lane 1994], and the linear transfiniteascenthas been somehow
modelled on natural numbers!

But our guidesassumdor aretheyjust beggingthe question?) thata/l existingor
imaginable infinite totalities are somewhere on the steep slope, out to pasture. Then :

3.1. Frequently Asked Question.What about the continuum ¢, where is it
to be located on this transfinite surrealistic landscape ?
Everybodyknowsthat Cantorhas strongly believedto unmaske as the covertX;

(thisis theordinal version of Cantors Continuum Hypothesi€;H : cf. FAQ 7.3).During
thetrip, our mathematicafokel hassomehowoverheardhatKurt Godelhasbeeninclined

to believethatthe continuumsizeshouldbe X , , the seconduncountableardinalMoore

1990], p. 175. As they tell us, a recentpapey referringto «he actual evidences
accumulated by 30 years of forcing considerations» [JudahRoshnowski 1995], p375,
tendsto confirm Goédels intuition and, building on the previouswork, develops a
sophisticateanachinerytowardthe eventuabroof of Gddels conjecture seefor details
[Woodin 2001].
Unfortunately official travelguidesare eithersilent aboutthis, or worsestill, are

optimistically elusive :

«Despite efforts of Cantor himself and others, the question ... remained

unanswered until the emergence of methods of modern logic.» [Jech1995],p.

4009.
Theyarejust forgettingto addthatit remainsunansweredverafter: it hasbeenshownthat
the ContinuumHypothesiscanbe neitherproved(the famousforcing methodof Paul
Cohen[Cohen1966]), nor disproved Godel 1964] in Zermelo-Fraenked' set theory.
Worse still, «the generalized continuum hypothesis can fail everywhere» [Foreman,
Woodin 1991] (theissuesof the continuumand the Generalise€ContinuumHypothesis,
GCH, will be raisedanewandin a moreseriousvein,in 887, 1) ... Tell meanotherfumes
bombastically Mac Lane :

«l admire Godel’s accomplishments, but I suspect that it is futile to wonder
now what he imagined to be the «realy cardinal of the continuum. Those
earnest specialists who still search for that cardinal may call to mind that
infamous image of the philosopher - a blind man in a dark cellar looking for a

black cat that is not there. » [Mac Lane 1992], p. 121.
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Thefollowing cartoon(Fig. 1) * will hopefully helpto dissipatehe unpleasanaspectof
the ongoing,andvery importantdiscussiorof the natureandfuture of Mathematical
Infinity :

INTO THE
NEYER-NEYER
LAND

q

AN
WUNHILES

OF YERY
Zi| (YERY-YERY)
7| INACCESSIBLE
CARDINALS

€ Lane ¢
VNER

oo 13 BT Suwy
o i R mmf P

Figure 1

84. But How Do V¢ Know Indeed That
All These New Infinite Dtalities Really Exist ?

Just think : in mathematics, this paragon of reliability and truth, the
very notions and inferences, as everyone learns, teaches, and uses
them, lead to absurdities. And where else would reliability and truth

be found if even mathematical thinking fails?
[Hilbert 1925], p. 375.

Back homefrom the splendidtransfinitetrip, with his confidencedeepshakenpne

> Borrowed from International Herald Tribune, November 18, 1993, and slightly modified, with the

permission which is here gratefully acknowledged. The original cartoon, created by KAL, represents
«Washington crossing the Dinnerware» into a «Theme Park based on US History to be build by Disney». The
rejoinder «This worries me» belongs to KAL.
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hasto confrontthe bitter truth : the Cantorianandpost-Cantoriardreamsaboutinfinity
havebecomea nightmare Let’s faceit : thefirst crisis provokedby settheory,that of
logical paradoxesgin Hilbert's words, «wbsurdities»), hasgivenplaceto themoderncrisis
of thearbitrariness of bothtransfiniteinsightsand of extremelyelaboratedormal notions
andconstructions inspirelly thoseinsights Nowherein mathematicgor, for that mattetin
naturalsciencesyloesoneneedto blindly believe in SO manyconceptual inventiorend
infinite artifacts without:ny benefit of illumination and/or confirmation [Maddy 1988].

His usualnaivemathematicadobrietyintact,our mathematicatountrycousintimidly
but distinctly utters :

4.1. Frequently Asked Question.Emotions and travel guides aside, but do
they really exist ?!

Haveall newinfinite totalitiesdiscoveredy Cantorandafterhim «#he same strong
claim to existence» (aparaphrasef [Barwise1975], p. 13) asthedenumerablandthe
continuumknown alreadyto the Greeks? In other words,whatare our reasongo be
committedto theirexistenceaswearecommittedo theexistencef thenaturaihumbersw

and of the continuurm ?

Poor yokel : how could he expectthat such simple and naturalmathematical
guestions are invariably provoking a terrible storm ...

For GeorgCantorfDauben1979],pp. 132-133andDavidHilbert [Hilbert1925], pp.
375-376,the answerwas straightforwardand generousn extremis : all mathematical
objectswhosedefinitionsdo not contradictthe formal frameworkof a theory,exist.In
other wordsgonsistency is the only condition for existence.

On the other hand, for Luitzen Brouwer and Henri Poincaréneitherof new
(uncountable)nfinite totalitiesexistsas a matter of principle, becauseneitherhasbeen
everproperlydefined: the advancediefinitionsdid notsatisfysomea priori criteria of
philosophicalkcorrectnesspr examplethey employthe law of the excluded middle, or
lack predicativity. Hereis a moremodernbrandof a violentdenialof Cantors and
Hilbert’s existential generosity :

«At the beginning of this century a self-destructive democratic principle was
advanced in mathematics (especially by Hilbert), accordingto which all axiom
systems have equal right to be analyzed, and the value of mathematical
achievement is determined, not by its significance and usefulness as in other
sciences, but by its difficulty alone, as in mountaineering. This principle
quickly led mathematicians to break from physics and to separate from all
other sciences. In the eyes of all normal people, they were transformed into a
sinister priestly caste of a dying religion, like Druids. » [Arnold 1995], pp. 7-8.

The persistencef suchextreme mutually (and violently) incompatibleattitudes
explainhow the issuehas becomea hostagen the war of mathematicahabits and
philosophical tastes.

Theatmosphersurrounding, fronits very beginningDauben1979],[Moore 1982],
[van Dalen1990] this extremelydifficult problemhasbeen,andstill is, soopinionatedthe
argumenthavebeen,and still remain,so personalarbitrary[Jensenl995], p. 401 (note
18), andevenviolent[Mac Lane 1992], p121, that thepeoplewho preferto stick to their
set-theoreticahterestdhavebecomesomewhatynicalaboutit. Someare just going after
their formalkills, havingfreedthemselvefrom any ontologicalfetters;as CraigSmorynski
has uncharitably put it:

«The subject attracted careerists, who were trained to solve problems, to
belittle anything that wasn’t hard, and who were not taught anything about the
history or philosophy of their subject and quickly learned that such knowledge
did not help their careers.» [Smorynski 1988], p. 13.

Edward G. BELAGA page: 9
Mathematical Infinity, Its Inventors, Discoverers, etc. 07/8/02



Othersareacknowledginghe legitimacyof the problem,only to addresst straightawayn
the «didn’t ask, wouldn’t tell» manner :

«The question “what large cardinals are there?” is, although undecidable
(unless there are none) surely a natural one. Not that these strong inaccessibles
obviously exist; but if caution was to be exercised it should have been
exercised a longway earlier. Anyone who is happy about unlimited application
of the power set operation can feel few qualms about an inaccessible». [Dodd
1982], p. xxii.
(Incidentally,andin anticipatiorof theensuingdeliberations§8§8, 11the presenauthorhas
beennever «appy about unlimited application of the power set operation» [Belaga

1988], andthus,accordingo [Dodd 1982], heis somehowentitledto feel qualmsabout
new infinite totalities).

Clearly,at stakeis so muchthatonecannotbut understandnd deeplyrespecthe
indignation of Kurt Gédel, who has written more than thirty years ago :

«Brouwer’s intuitionism is utterly destructive in its results. The whole theory
of N's greater than X is rejected as meaningless.» [GOdel 1964], p. 257.

Ours s not a destructivattitude,and we are not rejectinganything.And yet, risking to
offendthe sensitivityof high-handedlwellersof Cantors Paradisewe feelrelievedo beat
this fatefuljuncturein the companyof suchgood mathematicianand seriousthinkersas
LuitzenBrouwer Henri LebesgueandHarveyFriedman peoples infinite fantasiefhaveto
be somehow independentlyverified and confirmed. Moreover we even have few ideas
howit couldbe donein thespirit of, andwith all duerespecto the achievementsf our
transfinitecolleaguesg6. But the stormwe haveprovokednot only continues unabated,
grows even more bizarre and destructive ...

85. Worse Still : Does Mathematical Infinity Exist at All ?

To be sure, the discussion of the paradoxes of set theory led research
in the foundation of mathematics a long way from the classical view
of the nature of mathematics so passionately defended by Cantor.
Intuitionists and formalists are united in their effort to eliminate all
metaphysical elements from the foundations of exact sciences. ....
Georg Cantor, schooled in Plato and scholastics, thought differently
about the matter. .... It is part of the tragedy of our investigator'’s life,
so full of disappointments, that his own theory gave rise to a new
concept of mathematics which, for good reasons, put an end to basing
the exact sciences on metaphysics.

[Meschkowski 1964], pp. 94, 95

Thus, before evenattemptingo reflect on the aboveexistentialproblem,one is
confronted with a much more formidable one :

5.1. Frequently Asked Question.Does Mathematical Infinity exist at all ?
O, in other words : Can one «really knowy anything about infinity ?

The answersof two leading modern schools of thought, formalism and
constructivism, whichsplit betweerthemthe majorityof votesof philosophicallyaffiliated
memberof the mathematicatommunity,varyfrom a mild «Not verymuchindeedsto the
unapologetieNothing,anddo notmakeafool of yourself».(We apologizeto thereader of
a Platonist or any otheridealistic persuasiorfor classifyinghim as an ideological
minority,and we implorehim to waitfor a while patiently inline. As to nominalists and
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otherpragmatists, they do not belong here anyway.)

Theultimateintuitionist, Or constructivist, reasons philosophicalgvena religious
one: theunderstandin@f manasa purelyfinite beinghavingno reliableaccesso infinite.
PushingBrouwers originaland deepvision to its almostabsurdlimits, Errett Bishop
claims :

«Qur point of view is to describe the mathematical operations that can be
carried out by finite beings, man’s mathematics for short. In contrast, classical
mathematics concerns itself with operations that can be carried out by God.»
[Bishop 1985], p. 9.

And

«lf God has mathematics of his own that needs to be done, let him do it
himself» [Bishop, Bridges 1985], p. 5.
Of course,not every constructivistcould easily swallow such a brutal brand of the
intuitionist philosophy ; Hermann &yl, for once, has been of another opinion :

«Mathematics has been called the science of the infinite. Indeed, the
mathematician invents finite constructions by which questions are decided

that by their very nature refer to the infinite. That is his glory.» [Weyl 1985], p.
12.

Astotheformalist schoolwhosehistoricalraison d’étre hasbeerthe urgenineedo
defendthe mathematicalaterland from theonslaughof intuitionism,andjudging by what
we haveheardfrom David Hilbertin the first epigraphto the presentpaper one might
expectthatit would defendthe infinite with at leastas muchgoodwill as Wyl did ...
Surprisingly,Hilbert's defenceagainstBrouwers foundationalcritique of classical
mathematichiasbeenbasedon not lesssweepinga denialof the «realexistencesxf the
infinite than Bishogs [Hilbert 1925], p. 392.

Yet, the dubioushonourto unambiguously anterminallyaffirm the formalist death
of theinfinite, andto do this confessedlypn the groundsof theabsenc®f anyinspiring
philosophicalconvictionsfell finally to AbrahamRobinson(who, too, has beenjust
pushing the foundes’original vision to its clearly absurd limits) :

«My position concerning the foundations of Mathematics is based on the
following two main points or principles. (1) Infinite totalities do not exist in
any sense of the word (i. e., either really or ideally). More precisely, any
mention, or purported mention, of infinite totalities is, literally, meaningless.
(i1) Nevertheless, we should continue the business of Mathematics “as
usual”, i. e., we should act asif infinite totalities really existed.» [Robinson
1965], p. 230.

Two «merits» of this famous doctrine bear on the subject of the present study.

First,it plagiarizeswith minor adjustmentsanothefamousmaxim: that,of all things
... of AristotelianPhysics *!! The Greeks strike again ...

3 As a matter of fact (to the best knowledge of the present author), neither Abraham Robinson, no any

other source mention the striking similarity between the spirit and letter of Robinson’s dictum and the

following passage from Physics of Aristotle (we following the translation of [Hintikka 1996], p. 201) :
«Qur account does not rob the mathematicians of their study, by disproving the actual existence
of the infinite ... In point of fact they do not need the infinite and do not use it. They postulate
only that the finite straight line may be produced as far as they wish. It is possible to have
divided in the same ration as the largest quantity another magnitude of any size you like. Hence,
for the purposes of proof, it will make no difference to them to have such an infinite instead,
while its existence will be in the sphere of real magnitudes ». [Phys. lll, 7, 207b27-34]

Of course Aristotle’s is a more consistent and, from the modern point of view, more radical assertion : in

the up-to-date parlance it would be dubbed something like «ultra-intuitionistic criticism» [Yessenin-

Volpin 1970].
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SecondRobinsons dictumhasbeerthe final affirmationthat Hilberts formalism a
la Robinson, andthe inherentin it schizophreniwision of the mathematicatheoryand
practice[Cohen 1971], [Hersh 1979], [Bishop 1985], have becomea normative

mathematical thinking.

86. The Greeks Strike Again and Again :
Problemsversus Paradoxes.

Yes, I once gave a lecture with the flamboyant title, «Set theory is
obsolete.» In this and few others contentious articles, I have violated
one of the -cardinal principles of mathematical activity
Mathematicians do not make pronouncements, they prove theorems.
My apologies.

[Mac Lane 1992], p.19.

Althoughtheills of modernsettheory,as thereademight havealreadynoticedare
numerousthe presentiuthoris convincedhatit is neitherobsoletenot terminally sick.
Still, in the light of all important(and only partially mentionedn the presentpaper)
pronouncements concerningthe past[Dauben 1997], [Hallett 1984], [Moore 1982],
presenfJech1995], [Jensenl995],[Mac Lane1992],and future [Shelah1993] of set
theory,asimpleanddown-to-eartiset-theoreticaliagnosisvouldbeno luxury. Therestof
this study, 886-14, represents such a diagnosis.

Our first observation all aboveFrequently Asked Questions haveabouthem arair
of somehow touching@aystery, and not just annknown. This is a typical phenomenon :

6.1. Frequently Asked Question. What makes the problems concerning
Mathematical Infinity more akin to logical paradoxes than to open problems of other
mathematical domains ?

Hereare a few words of explanationOpenproblemsexcitethe imaginationof a
mathematiciansomeof themfor yearspthersfor decadesstill othersfor centuriegas, for
example,Fermats Last Problem),even millennia (Euclid’s Fifth Postulate). &,
impenetrablenddeepasanopen problem mightbe, it representsn exactquestionraised
In anexactmathematicatontext.An open problem can be compared to a clearly marked
trail leading into as yet inaccessible but absolutely real terra incognita

By contrastparadoxeslo not havesucha privilege: a deepmathematicabr logical
paradox is a double-edgeduestionconcerningooth the objectandthesubject ofstudy, -
the subjectbeing our intellectualability to decentlyhandlethe object.An unresolved
paradox is similar to a mirage, with its clear but deceptive image, deprived of any
certitude of reality, not speaking about possible ways to eventually reach it. In
particular to answeia good paradoxpneneedgo inventfrom scratcha properconceptual
(mathematicalpgical, or evencultural)contextin whichthehiddenin the paradoxquestion
becomegxplicitandexactjn otherwords,becomesnopen problem. Also,if aproblemis
solvedthenit is definitely solvedpy contrasta goodparadoxtendsto remainopenand
attractivein everygenerationafterit hasbeen«successfullyesolved»as manytimesas
many philosophers have addressed it.

6.2. Meta-Paradox of Mathematical Infinity. Themostsalientfeatureof
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all inquiriesinto Mathematical Infinity, startingwith the Greeks®, hasbeen,andstill
remainstheir «disconcertingtendency to produce» (a paraphrastrom [Shelah1992], p.
197)

(i) more new paradoxes than new open problems,

(ii) andmorenew (often,extremelysophisticateddefinement®f knownparadoxes
than new solutions of known problems.

Let usillustratethesestatementdy oneof themostmarvellousset-theoreticastories
concerningheexistence of thecountableandthecontinuum,aswell as ofthe relationship
between them :

6.3. Example of an Apparently Resolved But in the Last Analysis,
Aggravated Paradox.The confrontation between the countable and the continuum,
from Zeno to Cantor, and beyond.

The Greekshavebeenthefirst to «colonizextwo basic(and fundamentalor us as
well) infinite mathematical habitats,the naturalnumbersandthe continuumg andc in

modern notations.They existedfor the Greeks(as they exist for us, present-day
mathematical yokels) simply because of :

6.4. The Criterion of «Real Existence» of an As Yet Only
Intuitively Perceived Mathematical Notion. Beautiful mathematical theories
about and around. it, rich in fruitful applications.

Notice that thigriterionis neithemplatonist, norconstructivist, NOr formalist : it just
doesn’t claim anythingaboutthe «objectbehindthe notion».For the Platonist, the
existence is related to anagect» :

«But, despite their remoteness from sense experience, we do have something
like a perception also of the objects of set theory, as is seen from the fact that
the axioms force themselves upon us as being true. » [Godel 1964], p. 268.

For theConstructivist, theexistenceof an objectis sine qua non conditionfor atheoryto
be mathematicsandthereexistonly constructivelydefinedobjects.For the Formalist,
nothing existential matters.

Becomeacquainteavith w and ¢ experimentally, the Greekshavebeenabsolutely

fascinatedy theobvious tothemdifferencedn the «rigins» and watures» of thesetwo
infinities, as it is clearfrom the paradoxesadvancedyy Zenoof Elea €. 464/4608.c)
[Bochenski 1970], p. 26, [Anglin, Lambek 1995], pp. 54-57.

In particular Zenos paradox «dchilles and Tortoise» clearly demonstratethe
conceptuaktonfrontationbetweenwo differenttypesof experiencesvhich led to two
differentmodelsof infinity. One typeis bestencapsulatedy the countingexperience
(throughobservation®f hearth-beatingsyalkingas a step-by-stepnovementbuilding of
towers,etc.),- the only humanlyavailable «ccumulation of infinity» by finite and
discrete portions.The secondype canbe observedn theexternalworld asa continuous
infinity (pointson the horizon,theflight of anarrow,etc.). Zenoclearlydoubtedthatthe
two infinities could be reconciled: one can run, but one cannot«understandshis
phenomenorhecauseur understanding is finite and discrete, wherea®ur movemen(a

* «A “foundational crisis” occurred already in Greek mathematics, brought about by the Pythagorean

discovery of incommensurable quantities. It was Eudoxos who provided new foundations, and since then
Greek mathematics has been unshakeable. If one reads modern mathematical textbooks, one is normally
told that something very similar occurred in modern mathematics. » [Lorenzen 1958], p. 241.
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mysteryin itself) is, as thesky itself, continuous. *° This doesnot mean,of course that
Zeno doubted thexistence of the continuum.

Cantor hasresolvedthis particularaspectof Zenos paradox’ by inventingan
absolutelynew mathematicaliniversehis Set Theory, unavailabléo Zeno,wherethe
relationshipbetween two, previouslypcompatibleinfinite «habitats»canbe successfully
conceptualized, and then formally studied and understood.

In fact, all whatwe arenow know aboutthe continuumyfor sure (and whatremains
oneof Cantors moststriking andimportantdiscoveries), canbe explainedo a schoolgirl
or -boy :

6.5. Cantor’s Powerset Construction and Proof of the Inequality X,

< ¢. (i) Cantors constructionor definition,of thecontinuumc asthe setof all subsets
(called the power set) of the sebf natural numbers,
¢ = powerset(w) = P (w).
(ii) The proof, basedon Cantors formidablediagonal argument, that this fact
implies theuncountability of the continuum,

NO <(C.
Notice that this inequalityhas as yet nothingto do with the aboveordinal-cardinal
hierarchy It just meanghat (i) ¢ hasa subsetequipotenwith w, (ii) a conjecturghat w

canbe put into one-toone correspondence with leadsto contradictionoveran extremely

weak subset of F.

For betteror worse this hasnot beentheendof the story. Fallingin an evendeeper
trap thanZeno,Cantor ¢reed himself of all fetters and manipulated the set concept
without any restriction» (asHermann Ryl putsit disapprovinglyn [Weyl 1949], p.50).
Most important,Cantor hasinventedransfiniteordinalswith the explicit purposeto be
capableo do exactlywhatZenorealizedhehasbeenunableto do: namely,to «countup»
the continuum ! (The details will be discussed @811, 12).

Theresulting state dffairsin settheoryfar surpasses its discordancy all known
Greekprecedentsn particulay the cleavagdetweerthe discrete(or Pythagoreanas, as
RonaldJenserhaschosento call it [Jensenl995],p. 401) andcontinuous Yewtonian,
according to Jensen) accounts of the world has become even more acute and irrecon

6.6. The Fundamental Problem of the Continuum in Modern Set-
Theory. There is as yet no definitive demonstration of the fact (conjectured by
Cantor and proved by Ernest Zermelo in ZFC set theory from even more complicated
conjectured properties of sets) that the continuum, as we know it mathematically, can
be embedded into the aforementioned ordinal-cardinal hierarchy.

° More than two thousand years later, apparently the same intuition has motivated Brouwer’s efforts to

re-define Cantor’'s mathematical continuum [Brouwer 1981] ! On the other hand, according to the Bible, a
few thousands years before Zeno, the people of Shinar had no such scruples :
«And they said: Come, let us build a city and a tower, whose top may reach to heaven.» (Genesis
11:4).
They have been, of course, mistaken ... Still, as some argue, modern set theory is far from being completely
free from a similar imperious insanity.
o Other aspects of this paradox are still vividly discussed by philosophers. Thus, for instance, Henri
Bergson (1859-1941) is thoroughly discussing and forcefully «explaining» Zeno’s paradox anew in his book
[Bergson 1959], pp. 1259, 1376, 1377.
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87. More FAQs Concerning the Continuum and
the Ordinal-Cardinal Hierarchy.

«For me the essential point is the existence of infinite totalities. The
attitude toward infinite sets has traditionally been the great dividing

line between mathematicians. »
[Cohen 1971], p. 10.

AssumingCantors Paradiseas it is describedabovein 83, exists and shelters
somehowhe continuumpnecanask aboutsucha continuummany (oftencontradicting)
guestionsandreceivemany(mostly, mutuallyncompatible)answerdJudah Just, Wbodin
1992]. Assuming howevey that theproblem ofthe continuums sojournin the Paradisas
still open(FundamentdProblem6.6), oneis left with at leasttwo openquestionswhose
merit is their unambiguous and universal mathematical importance.

7.1. Frequently Asked Question.Could it be that the continuum belongs, in
fact, to an «hierarchy of set-theoretical principles in another galaxy above the linearly

ordered hierarchy of §3 ?» (Paraphrazing [Kanamorilagidor 1978], p.104,cf. 83.) In
other words, is it possibly that , in reality,the continuum cannot be well-ordered ?

If the answer would be in affirmative, then
7.2. Frequently Asked Question. Would be all members of the linear

ordinal-cardinal hierarchy comparable to the continuum, or would be it «disjoint and

incomparable to some or even all of our large cardinals» ?» (More paraphrazing
[Kanamory, Magidor 1978], p. 104, cf. 83.)

Two following questions can be answered affirmatively immediately:

7.3. Frequently Asked Question. Does the Continuum Hypothesis make
sense outside the linear ordinal-cardinal hierarchy ?

The obviousanswelis : yes, it does,if one understand€antors inequality inthe
spiritof his constructior6.5 : onelooksfor asubset, sayi. of ¢, which encloseshesetl

of naturalnumbers[ll C . C ¢, andsuchthatll < [L < ¢, inthesamesenseas N =

N, <. CH states that no sudh exists.

Interestinglyenoughwhile Cantorstill talks abouthis conjecturen both of its
possibleforms, @wo cardinal value 1. strictly between TN and c¢» and &¢; = c», Kurt
Godels attitudebecomesigid andsingle-minded he completelyidentifiesMathematical
Infinity withits ZFC formalization,CH with «X ; = ¢», insistingwith thedeterminatiorof

a martyrof the newset-theoreticafaith that «he axioms force themselves upon us as
being true» [G0Odel 1964], p. 268.

We will returnto Godelandhis tragedylatet in Cantor’s Transfinite Dream, 11.2;
now comes the next

7.4. Frequently Asked Question. What might be the criterion of «real
existence» of members of the linear ordinal-cardinal hierarchy ?

Our answerfollows Kurt Godels [Godel 1964]andHarveyFriedmans [Friedman
1986], p. 192, suggestions (cf. §2) :

7.5. The Criterion of «Real Existence» of a New Infinite Totality
Defined in a Fixed Axiomatic Framework : It Mast Be Relevant and
Even Necessary (Okham’ Razor).

(CREDO) Its existence is directly confirmed by displaying of a verifiably true
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theorem from number theory, combinatorics, etc., which demonstrably needs in its
proof the mathematical induction up to this particular infinite totality.

The following can be regarded as a supporting evidence :

(CREZ1) The totality is an object of a rich, beautiful, and multifaceted theory.

(CREZ2) This theory fruitfully interacts with theories from other mathematical
domains, and has nontrivial and interesting applications there.

The following are the instructions for the raza’ user :

(CREU) A most lenient, liberal, and cautious use of the above r¢
advisable. Still, until the existence of an infinite totality has been indepe
confirmed, it would eke out a bare formal notational existence, remaining
different interpretations, critique, and even to an outright rejection.

Of coursethe actualabsencef sucha confirmationdoesnot give to anybodythe
right to apply Okhams razor as the butchers axe, proclaimingmodernset-theoretical
researclhirrelevantor to strivefor its permanentransferto mentalinstitutions|Mac Lane
1992], p. 121 (quoted in 83).

After introducingin the nextsectionCantors basicmechanismsf fabricatingnew
infinite totalities,wewill discussn 813whatonereally knows today,beyondtheexamples
of 82,aboutindependentonfirmation(the criterion CREOQ)of the real existence of new
infinite totalities.Thenwe proceedo reviewthestatusof infinite totalitieswhoseexistential
credential are restricted to CRE1-2, or less.

88. Entering Cantors Paradise on Foot.

For inaccessible or measurable cardinals our intuition is probably
not yet sufficiently developed or at least one cannot communicate
it. Nevertheless I feel that this is a useful task, to develop our
mystical feeling for which axioms should be accepted. Here of
course, we must abandon the scientific program entirely and
return to an almost instinctual level, somewhat akin to the spirit
with which man first began to think about mathematics. I, for one
... feel impelled to resist the great aesthetic temptation to avoid
all circumlocutions and to accept set theory as an existing reality
... The reader will undoubtedly sense the heavy note of pessimism
which pervades these attitudes. Yet mathematics may be likened
to a Promethean labour, full of life, energy and great wonder, yet
containing the seed of an overwhelming self-doubt. ... Through all
of this, number theory stands as a shining beacon. ... This is our
fate, to live with doubts, to pursue a subject whose absoluteness
we are not certain of, in short to realize that the only “true”
science is itself of the same mortal, perhaps empirical, nature as
all other human undertakings.

[Cohen 1971] p. 15.

UnlessonebecomegparaphrazingSmorynskil988], p.13) a «areerist belittling
anything he does not understand»,oneneedgo go backto §3,andto climb thetransfinite
slopein personrivetedby the visionof Cantors Paradisewith its flying-by helicopters
carryingour mathematicatountrycousinsiMaddy 1988]. ThebeautifulGreekiconbelow,
812, faithfully portrays our dangerous ascent ...

Entering Cantos set-theoreticaldifice on foot, one discovers :
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(i) a foundationwith its two powerful primitive conceptsthat of set-theoretical
object, andthat of set-theoreticale/ationship betweerobjects;any mathematicabbjector
structurecanbe,accordingo Cantorstrippedof all its propertiesgownto thestateof being
astructurelessollection,or set, or ((in)finite) totality, composedf its elements, who,in
their turn,belong to thetotality (cf. the Axiom of Extensionality below,this section);the
only criterion of equality between totalities is that of éhe-to-one correspondence;

(ii) four «pillars»restingon the foundationwhich arefour different(andnot always
mutuallyindependentjnethodologiesor meta-proceduresf fabricationof new infinite
totalities from the known ones;

(iii) the «dome»,Cantors transfinitetheory,or superstructurepf ordinalsand
cardinalssupportedy thefour pillars,with Cantors Well-Ordering Principle servingas
the «keystone».

Cantors naivesettheorycould be axiomatizedn manyways. The bestknown
Zermelo-Fraenkel axiomaticsystem/ZF [FraenkelBar-Hillel, Lévy1973] ¢FC denotes
ZF plus thedxiom of Choice , AC), comprises four types of axioms:

(i) the Axiom of Extensionality, A E, which,in fact,is adefinition of the notion of
setwith respecto the relationshipof membership= : to «know»a set,it is enoughto
«know» all its elements;

(ii) two axiomsof existencegachonepostulatingthe existenceof two specificsets,
of theempty set andf the (countable)nfinite one: Empty Set Axiom, ESA,andAxiom
of Infinity , A1,

(iii) threeaxiomsof constructionywhich,givenasetx, a pairof setsx, y, orasetz of
sets, postulatine existencerespectivelypf the powersetof x, P (x), of thepairset §, ),

andof theunion Uz of member-sets of : Power Set Axiom, PSA, Axiom of Pair, AP,
Axiom of Union , AU,

(iv) anaxiom schemat@. e.,arecipeto designaxioms)of constructionyhich,given
asetx anda «property»pr «condition» expressedly a formula,postulatehe existencef
the imageof x underthe function (mapping)definedby the givenformula: Axiom
Schemata of Replacement ,ASR.’

PresentingpelowCantors naivesettheory we indicatein bracketghe corresponding
axiomatic means formalizing Can®ihtuitive notions in th&FC framework.

89. The Main Principle : Invoking Mathematical Infinity
in One Full Swoop : Just Say «And So On !»

I am about to introduce a symposium on infinity. I do so, not because |
can claim any special intimacy with the infinite, nor yet because I feel
myself specially competent to unravel its intricacies, but because I think it
all-important that a notion so fundamental should be rescued from the grip of
the experts, and should be brought back into general circulation. It is a notion
so common and so clear as to lie behind practically every use of the ordinary
phrases “and so on” or “and so forth”, but it is non the less capable of giving
rise to vertiginous bewilderments, which may lead, on the one hand, to the
mystical multiplication of contradictions, as also, on the other hand, to that
voluntary curtailment of our talk and thought on certain matters, which is as
ruinous to our ordered thinking. A notion which is at once so tantalizing and

7 Tothese axioms one usually adds an axiom banning the existence of some «pathological» sets, which

are members of themselves, either directly, or through other members, or have any similar property of
infinite descent through the membership relationship : the Axiom of Foundation.
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so ordinary plainly deserves the perpetual notice of philosophers. Throughout
the history of human reflection the fogs of an interesting, and often
interested obscurity have surrounded the infinite; they were dispersed for a
brief period by the sense-making genius of Cantor, but have since gathered
about it with an added, because wilful, impenetrability. In the growing
illiteracy of our time, when the lamp of memory barely sheds its beams
beyond the past two decades ...... I must attempt, at any rate, to do what
others, better qualified than myself, have so entirely neglected; it is better
that someone should discuss this topic with the freedom of philosophy, than
that all talk about it should be allowed to flow along those technical channels
which, whatever else they may do, never enrich our philosophical
understanding.

[Findlay 1953], pp. 146-147.

The domesuperstructurdeingdiscussedn 811, we are enteringnow Cantor’s
factory of infinities.

Among four«pillars» ofCantors settheory,oneis centralanddistressinglygeneral.
In fact, it representa fundamentalneta-philosophical principle of reaching out for new
infinite totalities, with three others methods being its (meta-) mathematical specificatior

Cantor’s «<Beyond the Upper-Limits» Principle, BULP (Or Principle
of the Ultimate Accessibility of Any Set-Theoretical Inaccessible).The
set-theoretical world you see around you has a limit, and behind this limit a ne
world starts. So let’s go and take a look at it !

The spirit of the procedure is aptly captured by the old engraving Fig. 2 below.

Onecannotunderestimate alinportanceof this principlefor theoryof sets.In fact,
rarelyin the history of scienceor mathematiceanonefind a vastandfull-fledgedtheory
with sucha predominanceyoth conceptionaand formal, of a single,and for that matter,
extremely controversial idea !

Startingwith Cantors first and historically unprecedentedffirmation that any
potential, or incomplete or impropernfinity canbeviewed.andsubsequentlgealtwith, as
anactual, or proper or completeone[Daubenl1979], p.97, -throughinaccessibility and
indescribability [Kanamory1994], -andup to the most-recentnconsistency ceiling for
all known strong hypothesis of infinity, 83, - everywhereone meetsand needsthe
omnipresentpmnipotentand,as many arestill hoping,omniscienCantors «beyond-the-
upper-limits»Symbol of Set-Theoretical Faith. Notice thatin its generality BULP is
independent of a specific axiomatic framewdK( including.
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810. Three Lesser Principles of
Fabrication of New Infinite Totalities.

10.1. Transfinite Counting. Thefirst offshootof Cantors generalaccessibility
principle hasbeenhis methodof extensionof the usualcountingprocedure/, 2, 3, ...,
beyondits infinite «ceiling»,asit hasbeendescribedbove 82. Notice that inthe standard
set-theoreticagxpositionsthe first (transfinite counting) procedurds usually formally
incorporatednto thethird (functional) schemeyia Cantors concepdf well-ordering. (In
ZFC, one needs here, among other thiags$ and4 /.)

10.2. Combinatorial Method.Thesecondnethod extendthe aforementioned
PowerseConstructior6.5 to anyset,includingthe continuumitself, ¢ ; = powerset(c) =

P (¢), and beyond.It also employssuch basic combinatoriabperationsover infinite
totalities as the sum, product, pairing. (The axi®fid, 4 P, AU in ZFC.)

10.3. Functional (or Descriptive) Scheme(s).This methoddesigns,or
rather nominates, new infinite totalitiesby pure descriptive(or functional) means.
Typically, oneassemblesogethew// alreadyexistingor hypotheticallyavailabletotalities
with a chosen property into a«basket»andthenonedeclareshat the«stuffed»in such a
way basket must necessary represent an infinite totality. (The axiom schetRata

10.4. Example of the Application of the Functional Scheme
Cantor’s Construction of the First, Second, etc., Uncountable Ordinals.
Onecollectsall countable ordinalsinto one «basket»¢alledCantors first number class. It
hasto be anordinal,andit mustbe (by definition)greatethanany onefrom thefirst class,
- thus,thesmallest uncountable ordinal,w; = L(w) (L standsfor thetransfinite Limit

operation; our notation).All ordinals,which follow w, and are equipotentvith it, form
Cantors second number class followed byw, = L (w)), ... «and so on» !

811. Cantor’s Transfinite Superstructure.

Still, Cantorhas beennot satisfiedwith the emergingtransfiniteuniverseand not
withoutreason afterbeingcreatedaccordingto one(or severalpf Cantors threemethods,
someof his newinfinite totalitiesbearforeverthe «marksof theirinfinite origins»,which
do not let themto effectively «mix» with otherinfinities, leavingthem «lisjoint and
incomparable» ([Kanamory, Magidor 1978], p. 104; 882, A®s 7.1-2).

To overcoméhesdanbredshortcomingsCantorhasconjecturedwo fundamentaind
far-reachingoropertieof theold andnew infinite totalities,whichforcefully amalgamate
disparatenfinities into onelinearly orderedin fact, well-ordered) transfiniteuniverse put
whichstrike anattentiveobservefseee.g., [Lebesgue 1905], tmentiononly one of many
prominentcritics, pastand present)as comingout of nowherea sort of a politically
motivated, transfinite «affirmative action».

And hereit is howit apparentijhappenedAs Cantorhasdiscoveredthe powerset

constructionccreates>an uncountablgthe continuum)from the countableg = P (w)
(Cantors Powerset Construction 6.5ut so doesCantors transfinitelimit procedure w;

= L (w) (Examplel0.4)! Also,two operationshareanimportantgeneraproperty: applied
to a set, they increase its cardinal power :

a<P(a), a<L(a).
In thecaseof L, it is trueby (theordinal)definition,for P Cantorhasdiscovered general,
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simple,elegantand influential diagonal argumentmentionedn 6.5) which doesnot
depend on Canta’ordinal construction.

11.1. Cantor’s Transfinite Dream.Our guesss, Cantor believed that both
operations have the same cardinal strength and create the same things .
In otherwords,for cardinalsP = L. But, beingenactecn ordinals,L is a much

more subtle rich, transparentand good-behavingperation (i) it definesthe minimal
uncountabldotality w,; (ii) more generallyjt incrementghe cardinalpowerby the

minimaltransfinitecquantum»ln a word,a perfectassemblyline wonderfullyexplaining
away the somewhat obscure and recalciffant

Cantor never claimed that. Instead, he proposed :

(H1) Any set(thecontinuumincluding)canbe well-ordered, or, in otherwords,is
equipotent with some ordinal (Can®Well-Ordering Principle).
(H2) The Continuum Hypothesis in Its Ordinal Form (CH) : the

continuumand the first uncountableordinalare equipotentc = w;. Lateron, the last
conjecture has been vastly extended :
(H2*) The Generalized Continuum Hypothesi&CH) : P %(w) = L%(w).

Thefact is, takenogetherthe conjectures H1, H2, H2* amounin Cantors naiveset
theoryto exactly P = L ! In axiomaticsettheory,the constructibleuniverseL of Kurt
Godel,togethemwith the conjecturel’ = L [Devlin 1984], representhe closestand most
exquisiteformal realization(with necessaradjustmentspf Cantors last set-theoretical
will. After all, G6del has beenthe most faithful, gifted, subtle,and, inescapablymost
pathetic [Feferman 1986] of Can®mtieirs :

11.2. Kurt Godels Intellectual Martyr : Believing, first, that all of
them really exist, and second, that ZFC represents the heaven-sen
(sorry, Platon-sent) axiomatic basis for any adequate formalism capable
to eventually capture the «true nature» of Mathematical Infinity

Neversince Hamlet,the famousPrinceof Denmark,has lived and actedsuch a
brilliant and relentlesslyanalyticmind, who would be so puerileand credulousin his
fundamental existential beliefs !

Two examplesllustrate thisintrinsic paradoxin an almosttragicomic,if not tragic,
way. First, remembehow this gentleman [Feferman1986]would characterizé&rouwer
(«utterly destructive», cf.84;[G0del1964], p.257),only becausef thelatter’s critical (if
evenintellectuallyand mathematicallyperfectlyjustified, both a priori anda posteriori)
attitude toward Canta'infinite constructions.

Second readthe hilarious accountjn [Feferman1986],p. 12, of Gddels, this
consummat&uropearandex-VienneseacquiringUsS citizenship.He hasbeenassistedn
this endeavouby two faithful ex-Europeatieutenants (themselvésminariesof sorts :
Albert Einstein and Oskar Morgenstern)who have succeededo save the formal
proceedingsrom Godels initiative to correctin the United State€onstitutiona «ogical-
legal possibility by which the U. S. A. could be transformed into a dictatorship ».

11.3. Historical Aside As thereademprobablyalreadyknows,thefatesof two
conjecturesi{/ andH2, turned out to be very different :

(1) Cantors Well-Ordering Principle, or WOP, originally conceived by him as

«a fundamental law of thought, rich in consequences and particularly
remarkable for its general validity » (cf. [Hallett 1984], p.73),
hasbecomeatheoremin ZFC. The nontriviality andcontroversiahistory of the Axiom of
Choice arewell known [Moore 1982]. The axiomhasbeeninventedn 1904 by Ernst
Zermelo with the express purpose to provelti#r.
Lessknown s thefactthat Zermelos proof (or, for thatmatter any other proof) of
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WOP dependsn equalmeasureon Cantors powersetconstructionpr the Power Set
Axiom, PSA, aswell. (It is clearfrom theaboveremarkof [Dodd 1982]in 84, why this
particular technical feature is worth to be mentioned here.)

(2) In fact,theyarePS4 andASR, whoform togetherthe potentcmotor»capableto
propelus into Cantors transfiniteParadiseand beyond®. Still new and more powerful
motorsareneededo evenmore accelerat®ur transfiniteascentSuch motorsare called
strong axioms of infinity (cf.thequotationfrom [KanamoryMagidor1978]in §3),andin
this «quest for new axioms of infinity» [Jensenl995],p. 401,0nehasalreadyinvented a
throng of them [Jech 1995] ...

(3) Asto the validity of the Continuum and Generalized Continuum Hypothesis,
CH and GCH, theyremainopenproblems,in fact,the mostfamousopen problemsof
modern set theory [Jech 1995].

(4) Still, Cantors implicit expectatiorhidden(as we affirm above)behind the
combinationWOP + CH, thatof theidentityof twotransfiniteoperationsP =L , hasbeen
definitively abandonedeachof thetwo mutuallyexcludingconjecturesP >L and GCH
are consistent withFC [GOdel 1964], [Cohen 1964].

812. Cantors Dream and the Post-Cantorian Nightmare.

And he dreamed, and behold a ladder set up on the earth, and the top
of it reached to heaven,; and behold the angels of God ascending and
descending on it ... And Jacob awoke out of his sleep, and he said:
Surely the Lord is in this place; and I knew it not. And he was afraid,
and said: How dreadful is this place! This is no other than the house

of God, and this is the gate of heaven.
Genesis 28:12, 16, 17

Our understandings : Cantors transfiniteprogrammehasbeeninspiredby his
powerfulanddeepextra-mathematicahterests.TheseinteresthaveshapedCantors set
theory,andtheyimplicitly continueto shapethe bulk of «theologicaiventures»of modern
set theory.

In short: if angelscouldascendanddescenabn the laddersetup onthe earthand
reachingo heavenwhy not men? Our guesss, suchhasbeentheinspirationof Georg
Cantor(this wasa deeplyreligiousman[Dauben1979]),who conceivedcand constructed
the transfiniteladderwith the expresspurposeto ascendrom thefinite («earth»of a
mathematician}hroughthe countable(the lower partof the ladder).to the continuum
(«heavensef theGreeks)andthenbeyond(to the«heavensef scholastics?) he beautiful
Greekicon below,this true precursorof the transfiniteladderof 83, perfectlycaptures his
vision.

Has Cantorbeendirectlyinfluencedby this icon,or wasit a famousclassicof the
VIIth century, &he Ladder of Divine Ascent» [Climacus1982], that hagnticechim (cf.
Fig. 3 abovep. 19) ?...As nowadaysZenor TaoareenticingsomephysicistyCapral991]
who view them aghe privilegedandmostpowerful para-spirituaéngineof their scientific
research.

Cantorhimselfwasquiteunapologeti@abouthis motives.Herehe is, writing hundred
years ago to Father Thomas Esser in Rome:

«The establishing of the principles of mathematics and the natural sciences is
the responsibility of metaphysics. Hence metaphysics must look on them as

& Without ASR, one cannot even assemble the ordinal W + w = w2, §8, fromthe sets w +n: see, e. g.,
[Hrbacek, Jech 1984], p. 144.
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her children and as her servants and helpers, whom she must not let out of her
sight, but must watch over and control, as the queen bee in a hive sends into
the garden thousands of industrious bees, to suck nectar from the flowers and
then together under her supervision, to turn it into precious honey, and who
must bring her, from the wide realm of the material and spiritual world, the
building blocks to finish her palace. » [Meschkowski 1964], p. 94.

So far, so good ... The only trouble is, Cantors haughty metaphysicshas been
overburdenedith silly ideologicalin parlanceof philosophersyeductionists) platitudes
which have dominated his (and to some degree, our) age.

Thus, Cantorhas sharedwith Karl Marx, CharlesDarwin,and SigmundFreudthe
key idea that theaison d’étre of thewordaroundus canbe fully understoodsa linear
progress towards an encompassing, assembly-line like universe (respectivelypf sets,
societiesprganismspr humanbeings),beginning from scratch (callit the empty set,
primitive society cell, monkey, orbaby),and driven by a single, blind, algorithmic force
(beit thetransfiniteenumeratiomr othertransfinitemechanismsvhichwill be discussed
later the class struggle, struggle for biological survival, or libido).

This ideologicaliability hasconsiderablydistortedjn the presentauthors opinion,
the future development of set theory.

813. Another Apocalyptic Scenario :
And What if Mahlo Infinite Totalities Really Exist ?!

Nevertheless, it will be argued below that thenecessaryseof higher
set theory in mathematicof the finite has yet to be established.
Furthermore, a case can be made that highersettheoryis dispensable
scientificallyapplicablemathematics.. Put in other terms : the actual
infinite is not required for the mathematics of the physical world.
[Feferman 1987], p. 153

In particular thecarefredhastines®f Cantors passagehroughnewlycreatedoy him
uncountables,
Wy, o Wy, Wy, and so on !

withoutanyunderstandingf thenecessityof anindependerjustificationof theirexistence,
hasprovokedadeepcrisisof confidenceandthis chasmis still huntingus. Sure, would be
he rightin his (CH) conjecturghatX; = ¢, thereal existencef (atleastsomeof) new

uncountables would be assured ...

In the absencef suchaproof,onehasto look for otherjustifications.Thus, recently,
somepeoplehavebecomeconvincedhat HarveyFriedmans outstanding resu({tmentioned
above§82) concerninganindependentinitistic confirmationof theexistencef I, (thefirst

impredicativedenumerablerdinal),shows « commitment toT, to entail a commitment
to the [existenceof thefirst] uncountable [ordinalw;]» [Smorynskil982],p. 186.As the
eloquent Craig Smorynski writes in this magazine:

«Harvey Friedman, who has the most original mind in logic today, has shown a
simple finite form of Kruskal’s Theorem, FFF to be independent of a theory
much stronger than formal number theory. Throughits unprovability in theories
of strength greater than I ,, i. e., the impredicative nature of any proof of it,

FFF illustrates beautifully the fallacy of predicativity:. FFF is a concrete
assertion about finite objects instantly understandable to any predicativist
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(predicatician?),; but any proof of it must appeal to impredicative principles. In
short, FFF would have been meaningful to Poincaré, but he would not have
been able to prove it, disprove it, or accept any proof of it given to him.»
[Smorynski 1982], pp. 182, 187.

Convincing,isn't it ? Yet, with all duerespecto Friedmans remarkablealiscovery Jet
us makeit clearthatthe resultin questiondemonstratesnly that predicativityis too
restrictivea concepto fully formalizethe notion of «finite andelementary»of coursethis
is in itselfa remarkablechievement However it is still a far (moreprecisely,uncountably
far) cry from a necessary use of even the first uncountable oaginal

Now, if one cannot prove as yet that Cantors «minimal» uncountable
«independentlyexists(Criterion7.5),why notto go far aheadcandto find somenew,huge
and «mathematicallyseful»infinite totality, whoseexistencewould radicallyjustify all
«little guys»behindit, includingw,; ? This is whatis hidden,in particularin the following

radical affirmation :

«Here we give necessary uses of the outer reaches of the abstract set theory in
a finite mathematical context ... These outer reaches of abstract set theory
actually go significantly beyond the commonly accepted axiomatic framework
for mathematics (as formalized by ZFC), and are based on the existence of
Mahlo cardinals of finite order ... These are among the so-called small large
cardinals ... We believe that the example is sufficiently convincing to open up
for the first time the realistic possibility, if not probability, that strong abstract
set theory will prove to play an essential role in a variety of more standard
finite mathematical contexts. Of course this would open up a foundational
crisis of nearly unprecedented magnitude since we seem to have no way of
convincing ourselves of the correctness of consistency of such set theoretic
principles short of faith in our very uneasy intuition about them.» [Friedman
1986], p. 93.

This dramaticpronouncemenmadeten yearsago has remainedever since neither
commentedn, nor justified or explainedeitherby Friedmanpr by his followers and
admirersThereasons, of coursethefar-fetchednessf theclaimthatthe existencef a
Mahlo cardinalis necessaryo proveFriedmans combinatoriatheorem Our alternative
explanation of Friedmasiresult will appear elsewhere (cf. also [Feferman 1987]).

Note thattheradicaljustificationof the existentiakeliability of newinfinite totalities
by their necessary uses in somewell establisheanathematicalomainscanbe somewhat
weakened theusescouldbe justuseful, or evenjust serveasanalternative approach to
otherwisediscoverednathematicdlacts[Godel 1964],[Jensenl995]. Alimited analogy
can be drownwith the caseof elementarynd analyticalmethodsin number theory
althoughanalyticalmethodsare dispensablén somecasesthey still sometimegprovide
even in those cases useful alternative insights.

Still, eventhis weakeningf theindependentonfirmationrequirementslid notbring
us any closer to a proof of the viability of the uncountable part of Caftaradise ...

814. Philosophical Postlude.

The author ... has come to believe that the debate between various
philosophies of mathematics is a particularisation of the debate
between various accounts of the world. [Thus,] parallels may be drawn
between Platonism and Catholicism, which are both concerned with
what is true; between intuitionism and Protestant presentation of
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Christianity, which are concerned with the behaviour of
mathematicians and the morality of individuals, between formalism
and atheism, which deny any need for postulating external entities;

and between category theory and dialectical materialism.
[Mathias 1977], p. 543.

Justcomparethe aforementione@antoriarandpost-Cantoriaigonjurations883,9,
10, of infinite totalities out of nowhere with the following famous lines :

«And God said, Let there be light : and there was light. And God saw the light,

that it was good : and God divided the light from the darkness. And God called

the light Day, and the darkness he called Night. » (Genesis 1:3-5).
We proposeto systematicallyapply this divine methodologicakchemeto all new infinit
totalities: first, inventit, thenseeif it is good,and only then «divide and name» them
also submitthat the Existential Criterion 7.5 mightserveasa goodapproximatiorto the
divine «see that it is good».

To an agnostic(or evenatheistic)readerwho might be displeasedy so many
idealistic,if not outright theologicalreferenceswe expresshere all our sincere
understandingThefactis, settheoretiaesearctasreally becomeanopen <¢ieological
venture» ([Kanamory,Magidor 1978],p. 104,if nota «nystical experience» [Cohen
1971], p. 15.

More precisely,one introducesnew axioms of infinity following her or his
«theologicalbbeliefs,andthenonepretendgaccordingo Robinsons formalistmaxim,85)
to just do some formal mathematics :

«The adaptation of strong axioms of infinity is thus a theological venture,
involving basic questions of belief concerning what is true about the universe.
However, one can alternatively construe work in the theory of large cardinals
as formal mathematics, that is to say the investigation of those formal
implications provable in first-order logic.» [Kanamory, Magidor 1978], p. 104.

It is enoughto browsethefaithful reporting called Believing the Axioms» andwritten
duringa helicopterflight by an honestlycredulousspectatofMaddy 1988],to fully grasp
the frivolity of the cohabitation of all this «theology» with mathematics.

And this leavesus with the graveresponsibilityto answerthe following naivebut
inescapable question :

14.1. (Not So) Frequently Asked Question.Lacking necessary faith into
ZFC and its extensions, how have one to face the challenge of the advanced ZFC

research without resorting to one or another form of a purely negative and «utterly
destructivey (§4, [Godel 1964], p. 257) attitude ?

Let's face it the secondtime : we do not sharethe widespreadconviction tha
axiomaticcapturesdequatelyhe natureof mathematicahfinity. Sure the problemstarts
not with ZF itself butwith Cantors original set-theoretica¥isionof which ZF is the most
faithful and best researched formalization.

The opinion thatZF' is lackingin somestill to discoverandto formalize,basic
principlesof infinity, both «qualitative»and «quantitativexfwhatevethesequalifiersmight
meanin a specificcontext),is widespreadIn fact,the notionis forcedon us by the
discoverie®f Kurt GodelandPaulCohenof theindependencef CH overZFC. (Seeg.qg.,
[Jech1995]onthe mostinfluential andadvancednethodgo feel«infinite axiomaticgaps»
in ZF). However whatmakesour pronouncemerdboutthe deficiencyof ZF differentis
thefact thatit is coupledwith the claimof its redundancyNamely we believethatsome
axiomsof ZF aresuperfluous, becausieeydo not captureany«infinite reality»: they are
just instances of our wishful axiomatic thinking about infinity.
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Thefollowing technologicametaphomighthelp: imagineonewantsto build aflying
devicesay, helicoptebutonly knowshowto designcars.ZF, whichhasbeenconceivedo
«fly», is, asit where,a very powerfulandfast «racingcar» (muchmorepowerfulandfast
thandriversusuallyneed[Barwise1975], [Mathiasl992]). And evenafterbeingoutfitted
with all thosebrand-newand extra-powerfukenginesxvery large cardinalaxioms),the
overburdened F still cannot«fly». Justaddingtwo «wings»(principlesstill to discover)
would not help ZF would still remain a heavy «racing car with two wings».

The troubleis hiddenexactlywhereour ZF prideresides: in the powerful built-in
iterativemechanisnof set generationHere is the crucial meaningful distinction (we
borrowthis expressiorirom severalery clevermethodologicalormulasof [Bishop1985])
: (i) onethingis our ability to build recursivelysomeinternal (or inside) mathematical
objects inagivenaxiomaticframework: andhereonecanbe justly proudof therecursive
powerof theweakeshontrivial subsystenof ZF, theKripke-Platek axiomaticsystemkK P
[Barwisel1975],[Mansfield, Weitkampl1985],[Mathias 1992]; (ii) quiteanothetthingis,
howeverto recursivelyre-createin ZFC, anexternal (or outside) set-theoreticalniverse
[Parsons1977],[Shoenfield1977] : a modern,but still absolutelyillusory attemptto
outperform the builders of the Babylonian tower (Gendsi#) 1

It is obvious that Zmasgainedn its creativgpoweron the expensef its descriptive
power; oy as Jon Barwise has put it :

«The most obvious advantage of the axiomatic method is lost since ZF has so
few recognizable models in which to interpret its theorems.» [Barwise1975], p.
8.

In comparisonthe axiomsof Euclidiangeometryareweakin creative powebut extremely
strongdescriptivelyln fact, ZF is so powerfulthatit permitsa «user»to createhis own
infinite totalities, which have nothing to do with real infinity :

14.2. Thesis : ZFC Is an Interactive Programming Language. (Let Us
Call It Tentatively the ZFC-Calculus of Imaginary Infinite-Like Constructions.) (1)
The advancedZFC set theory is a sophisticatedand beautiful structure,which is
successfullymimicking someaspect®f mathematicainfinity, but whosemain thrustlies
with the providing to advanced«kusers»sophisticatedoptions of creationof, and
manipulation with, artificial infinite totalities (similar to computer graphic images).

(2) Thetotalitiesin questiorare,in fact, puremathematicahotationsnot relatedto
any «reality» outside the tight structure of their definitions and relationships.

(3) The mathematicadbeautyof the constructionbecomeshus,anaturaloutcomeof
the fascinatingnterplaybetweerthetight intrinsicrecursivestructureof the «programming
languagexZFC (whose «xioms force themselves upon us as being true» [GOdel 1964,
p. 268) andthe wealthof mathematicatonstructiondreely (assomecontendarbitrary)
borrowed by set-theorists from the treasury of our science.

In this interpretationfinds its proper place the puzzling and «disconcerting»
predominance in modern set theory of resultg€ Brtonsistency and independency:

«When modern set theory is applied to conventional mathematical problems, it
has a disconcerting tendency to produce independence results rather than
theorems in the usual sense. The resulting preoccupation with «consistencyy
rather than «truthy may be felt to give the subject an air of unreality.» [Shelah
1992], p. 197.
We claim that those consistencyresults are just the instancesof successfulpr
verifications.

We understandthat our interpretationof ZF bringswith it the responsibility,bc
scientificandmoral,to proposea dignified «ontologicakxit»for ZF relatedresearchyhich
hasproducedpveralmostone hundredyears,a wealthof beautifuland extremelydifficult
resultsand theories What «meanxsthose mathematicdiacts if, as we are arguing,the
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infinite totalitiesthey describeare «preprogrammedand existonly «on paper»? One
possible explanation was hinted at by Stephen Simpson :

«Only the first few levels of the cumulative hierarchy bear any resemblance to
external reality. The rest are a huge extrapolation based on a crude model of

abstract thought processes. Godel himself comes close to admitting as much.»
[Simpson 1988], p. 362.

In otherwords,ZF relatedresearchcould be viewedas a sophisticate@nd protracted
exercisan perfectingour skills of inductiveanditerativeimaginationOtherinterpretations
are possibleas well, someof themleadingto as yet unknown applicationgo future

philosophy of reasoning and computing.

14.3. A Few Farewell Confidential Quips about Mathematical
Infinity. (1) When invited next time on a transfinite trip, look closely at remarkable
results concerning the universe of countable ordinals. We are only beginning to
penetrate the fringes of the immense wilderness of the denumerable. There is no
doubt that (paraphrazing [Friedman 1986], p. 92) the «outer reaches» of the universe
of denumerables will become an important subject of future research in set theory,
theory of recursive functions, and mathematical logic [Wainer 1989], [Aczel, Simmons,
Wainer 1993].

(2) There exists probably nothing well-ordered beyond the (the author
conjectures, propey class of denumerable ordinals, in particular, «because» the
continuum cannot be well-ordered.

Bidding good-byeto our goodreaderweleaveto him the privilegeto decidefo what
categorybelongghe authorof thepresenstudy: is he aninventor, discoverer, detractor,
defender, master, victim, user, or spectator of mathematical infinity ?

And who are you, my reader ?
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