ON THE FINE STRUCTURE OF THE POLYGROUP BLOW-UP
ITAY BEN-YAACOV

ABSTRACT. We study in detail the blow-up procedure described in [BTWO01]. We
obtain a structure theorem for coreless polygroups as a double quotient space G/ H,
and a polygroup chunk theorem.

Seeking to remove the arbitrary parameter needed for the blow-up, we find canonical
@-invariant groupoids G > H analogous to G and H above, and show that H contains
precisely all the arbitrary choices related to the blow-up.

INTRODUCTION

This paper continues [BTWO01], seeking a better understanding of two fundamental
concepts introduced therein: polygroups and the blow-up procedure.

In the discussions that led to the writing of [BTWO1], one of the main sources of
intuition was the double coset polygroup GJ/H = {HaH : a € G}. But then, this
could be considered as a problem on its own: can any polygroup be written in this
form? This is related to a conjecture made by Ivan Tomasi¢: that in a simple theory,
any hyperdefinable polygroup is poly-isogenous to a group (two polygroups P and
(@ are poly-isogenous if there is a sub-polygroup of P x @) such that each projection
has bounded fibres and an image of bounded index). For example, we know that if
H is commensurable with all its conjugates, then G/ H is poly-isogenous to G/N for
some N < G. He gave the following proof, using the yet-unproved (at the time) group
configuration theorem: take three independent generic elements, obtain an algebraic
quadrangle, then a group, then show the poly-isogeny.

Later on, in [BTWO01], we defined the core of a polygroup and proved the following
two properties, that allow a more direct and comprehensive approach:

e The set of generic elements in a gradedly almost hyperdefinable polygroup is
type-definable. Thus we may obtain a polygroup chunk directly, without passing
first through an algebraic quadrangle, a procedure by which we may well “lose”
a part of the polygroup.

e [BTWO1, Theorem 4.4], which gives a direct manner to obtain a map from the
group to a coreless polygroup.

As we are looking for a poly-isogeny, it should be allowed to divide by a bounded
normal sub-polygroup such as the core, and in fact it would seem to be necessary. So
we allow ourselves to assume that the polygroup is coreless. In this case, the results
mentioned above get us only as far as a surjective map 7 : G — P such that H = ker 7
is bounded, whence the poly-isogeny.
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In order to obtain a better result, a finer understanding of the kernel H is required.
We show that it is in fact intrinsic to the blow-up procedure (that is to say that it can
be defined directly from the polygroup chunk: no polygroup P or map 7 are required),
and obtain some insight into its structure. As a corollary, we prove a stronger form
of the conjecture: P ~ G//H. A Weil-Hrushovski coreless polygroup chunk theorem
follows as well.

These are the principle results of this paper, and appear in the first section.

In the second section we derive certain structures from the blow-up procedure, with
the following motivation in mind: since the polygroup chunk we started with is de-
finable over @, we want to obtain a group definable over @ as well; or, if this is not
possible, to describe by a @-definable structure the inevitable arbitrary choices that
make this so. We give several descriptions of these arbitrary choices, the most elegant
of which being given at the cost of the introduction of almost hyperdefinable groupoids.

It may seem that this question is completely unrelated to the first: however, we
prove that the subgroup H is, in a sense, precisely the set of such arbitrary choices.
Moreover, originally it was this result that led to the understanding of the structure of
H, and thence to the theorems of the first section, so the picture would be incomplete
without it.

1. STRUCTURE THEOREM FOR CORELESS POLYGROUPS
1.1. preliminaries. We recall from [Com84]:

Definition 1.1. A polygroup is a structure (P,-, "' e) where ' : P — P is a map,
e € P is a constant, and - is a multi-operation (namely a -b C P is a non-empty set
for every a,b € P), such that:

1. For every a,b,c € P: a-(b-c)=(a-b)-c (as sets).

2. For everya € P: a-e=e-a={a}.

3. For everya,b,c€ P:a€b-ce>bca-c'—ceb!-a.

For general simplicity theory we refer the reader to [Wag00]. The reader should
consult [BTWO01] for many of the results and definitions we use in this paper, and in
particular for the theory of almost hyperdefinable structures, almost hyperimaginaries
and their theory of independence.

Definition 1.2. An polygroup is almost hyperdefinable in a theory T if (P,-, 1 e) is
an almost hyperdefinable multi-structure (in T ) in the sense of [BTWO1]. In particular,
the set a - b is bounded for every a,b € P.

Remark 1.3. For our needs, there is no need to assume that ~' is single-valued, nor
that e exists: this follows anyways from corelessness (see below) which is why these
assumption are omitted in [BTWO1].

When T is simple we also have the notion of a polygroup chunk:

Definition 1.4. (T" simple)
An almost hyperdefinable generic polygroup chunk (S,-,7') is defined similarly to a

polygroup:
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1. Ifa,b € S are independent then a-b # @ (otherwise it may be empty), and then
c |l aandc | b foreverycea-b.

2. For independent a,b,c € S: a-(b-c) = (a-b)-c (as sets).

3. For pairwise independent a,b,c € S: a€b-c+—bc€a-ct<cecb?! a.

Convention 1.5. T is a simple theory.

By definable we mean almost hyperdefinable (in T'), and by a polygroup (chunk) we
mean an almost hyperdefinable polygroup (chunk). Unless explicitly said otherwise, all
are defined over &.

Generic elements are defined for polygroups as they are defined for groups, and
we prove in [BTWO1] that almost hyperdefinable polygroups in simple theories have
generic elements, and the set of the generic elements of such a polygroup is a polygroup
chunk.

Definition 1.6. 1. A polygroup P is said to be coreless if whenever a,b,g € P
such that g is generic, g | a,b anda-gNb-g+# & then a =b.
2. A polygroup chunk S is said to be coreless if whenever a,b,g € S, such that
gl abanda-gNb-g+# 2 then a=h.

In particular, the set of generic elements of a coreless polygroup is a coreless poly-
group chunk. If P is any polygroup, then there is a minimal normal sub-polygroup
N < P such that P/N is coreless, and moreover N is bounded. We call N the core of
P.

We recall [BTWO01, Lemma 3.2[:

Fact 1.7. If S is a coreless polygroup chunk, and ay,as,bi,by € S are such that aj’ -
by Nay - byt # @ and {a1,b1, by} are independent, then a; - ay Nby - by = {f} is a
singleton.

Notation 1.8. In this case we write f = ay - as rcw b1 - by to say that ay - as N by - by is
the singleton {f}, where ¢ € a;' - by Nay - by witnesses that that a; - as N by - by # 3.

Remark 1.9. The independence of the triplet {a1,by,bs} is equivalent to the indepen-
dence of any triplet from {ay, as, by, by, c}, except for {ay,as, c} and {by, bs, c}.

We now have everything we need in order to define the blow-up:

Let S be a coreless polygroup chunk, and write S = Sy/ R, meaning that Sy is a type-
definable set and R is the graded almost type-definable equivalence relation modulo
which S is defined. Fix some element e € Sy; we are going to use e as a parameter and
work over it, so we need it to be at least hyperimaginary.

We define Sy = {(a,d’,a") : a € Sp,a | e,a’ € e ' -aanda” € a-e} C S3, and
S = Sy/R C S® (to be precise, S = Sy/(R x R x R)). A triplet (a,d’,a") € S is
(ambiguously) denoted by a: a is its azis, and a’ and a” are the left-hand and right-
hand extensions, respectively. We also define the blow-up map 7 : S— S by m(a) = a.
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Assume that @ = (a,d’,a”),b = (b,V,1") € S, and @ \Leg (equivalently: a J/eb, or
a,b,e are independent). Then we can define ¢ = a - b Aa’ - bV, =et-c Ad - b,

b .
" =a-0"Nc-eand é=(c,d,")eSs.

71\&/ T H‘a,‘!(‘: !c‘/ bH?T
e e - . e
a b a b‘q Ca b

Define in this case @ - b = & then it is proved in [BTWO1] that with this product
(and (a,d’,a”)™ = (a~',a” ", a’™")), S is an almost hyperdefinable group chunk (over
the parameter e), so there is a unique group G, almost hyperdefinable over e, whose
set of generic elements is isomorphic to S.

Convention 1.10. For simplicity, we add e to the language for the rest of this section,
so independencies are over e, and every element of S we consider (except for e itself)
15 independent of e.

We identify the generic part of G with S.

1.2. The subgroup H. We start with a technical lemma:
Lemma 1.11. Let a = (a,d’,a") and b; = (b, b}, V") for i < 2 be in S such that a | b.

e b ~ ~
Letc=a-bNa" by andd=a-eNc-b,"". Then (a-by)-bi' = (a,d,d).
Stmilarly, on the left.

Proof. Clearly a | c. Take ¢ = (¢,c, ") such that:

c=a-bNd" b

S
™
|
Qt
jw
S

c=e -cNa -

e
_ 1
a=c-b'nd v

™

d=etanc bt = byt = (a,d,d)

b _
d=a-eNc-b !
[
Definition 1.12. We define H C G as the set of all (a,af,a”) - (a,a},a”)™ fora € S,
a,€el-a,ad" €a-e.
Proposition 1.13. Let @ = (a,d’,a") € S. Then there is a bijection f : H — a - e,
given by a-b = (a,d’, f(b)) for every b € H, and this bijection does not depend on a'.

In other words, multiplying on the right by an element of H has the sole effect of
modifying the right-hand extension, every such modification is possible, and all this
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independently of the left-hand extension.

In yet other words, (ag,ap,al) - (ay,ay,a)™ € H if and only if ay = a1 = a and
ay = ay = a”, and in this case the value of the product does not depend on the choice
of d" € a-e, but only on a, aj and a.

Similarly for multiplying on the left.

Proof. We wish to calculate @ - b for b € H. Write b = by - by* where b; = (b, b, V).
Take any ¢y | ab, and let ¢ = ¢ - b. Then by Lemma [1.11] we can write ¢&; = (¢, ¢, ¢})
for i <2, and b= ¢;' - ¢. But then again by Lemma[1.1T we have @ - b = (a,d’, d) for
some d, so f(b) = d is well defined. Finally, Lemma [1.11 tells us that the value of d
does not depend on a'. A

f is injective, since b = a~* - (a,d’, f(b)). It is surjective since a~* - (a,a’,d) € H for
every d € a - e. 0
Corollary 1.14. H < G is a bounded subgroup.

Proof. H is bounded since a - e is bounded for any a.

H is clearly closed for inverses. As for products, let b € H for i < 2, and let a =
(a,d’,a”) be quite arbitrary. Then a; = b; - a = (a,a}, a”), whereby by -by' = ao-a;' €
H. OJ
Lemma 1.15. Write G = Go/R, where Gy is a type-definable set and R an I-graded
almost type-definable equivalence relation, whose grading is compatible with the struc-
ture of G, and similarly S = SO/R (this needs not be the same R, strictly speaking, but
there is no place for ambiguity).

For just this time we consider real elements rather than R-classes.

Set:
HOZ{hGG[)ZhREH}
Hi= |J (edd) (add)"
(a7a;7a”)i<2€§O

Then H, C Hy C Gy, Hy is type-definable, and Hy = \J,c; Hi/R;. Moreover, taking
(Hy1/R;) as a grading of H (in the same way that (R;) is a grading of R), then this
grading is compatible with the group structure.

1

Proof. Clear from the construction. 0

Corollary 1.16. G/ H is a I-gradedly almost hyperdefinable polygroup, poly-isogenous
to G.

Remark 1.17. If we do not insist on considering H as a subgroup of G, the infinite
union is not necessary: there is i € I such that for every g,h € H; there is f €
HyN(g-h)/R;, whereby Hi/(R [u,) is an almost hyperdefinable group, isomorphic to
H.

Lemma 1.18. For every independent generic a,b € S, we have in S: m(a) - w(b) =
a-b=m(aHDb).

Moreover, the above statements holds in the graded sense, meaning that there is i € [
such that if @ and b are actual representatives, then m(a) - m(b) C w(aH.b)/R; and
m(aH.b) C (n(a) - w(b))/R;.
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Proof. We have 7(a - ¢) = a for every ¢ € H, so: m(aHb) C Usen m(@a-¢)- 7(b) = a-b.

For the other inclusion, let ¢ € a-b. Let b, = a" "' - ¢ Aet. bsoc=a-b Na - bl
Therefore, setting by = (b,b},0"), we get:

c=m(a- by) = m(a- (by - b1 - b)
€ w(aHb)
The graded version is proved precisely the same, with some additional bookkeeping

that is easier to verify by oneself than to read (and would be very cumbersome to
write). O

1.3. The blow-up of a polygroup. We assume now that P is a coreless gradedly
almost hyperdefinable polygroup, and S its set of generic elements (so it is a coreless
polygroup chunk). The rest is as above.

We let # : G — P be the unique extension of the blow-up map 7 : S — S,
by [BTWO01, Theorem 4.4]. We recall that for ¢ € G and hg,h; € G generic and
independent over g: m(ho)-7(hy*-g)Nw(h)-m(hit-g) = (7(ho)-7(hy*-g))Nbdd(g) =
{7 (g)}-

Lemma 1.19. H = ker 7.

Proof. Let b € H, say b = dg - a;". Then b | d and e € m(dg) - m(a;") N del(b), so
#(b) = e.
Conversely, assume that 7 (g) = e for some g € G. Choose ag | g, and set a; = g~ '-ay.

Then #(g) = e € w(ao)-m(a;"), so do and @, have the same axis: @; = (a, @}, a;). Choose

(b, 0, b") = B\L gody and set & = @;-b. Then g = & -&; ' and & | g, and by the same

b
argument: & = (¢, c;,c/). But then ¢ =a-b"Nc-e=c,s0g=2¢ -6 ' € H. O

And Lemma [1.18] generalises to:

Lemma 1.20. For every g,h € G we have in P: 7(g) - 7(h) = 7(gHh).
As in Lemmal1.18, the graded version holds as well.

Proof. One inclusion is easy: 7(gHh) C 7t(g) - 7#(H) - 7(h) = 7(g) - 7(h).

We have g,h € G and ¢ € 7(g) - 7(h), and we try to reduce to the case treated in
Lemma Choose two independent generics f, f over gh. Then ¢ € #(g- f~') -
#(f)-7(f")-#(f~"-h). Applying associativity we obtain [#(f-g~")-c-7(h~ - f)]N[7(f)-
7(f")] # @. By Lemmall.18|there is a € H such that #(faf’) € #(f-g~')-c-a(h™t- f").
Now let f vary as f;, which we may take to be all independent over gh, and for
each pair we get a; € H such that #(f; - a; - f') € #(fi-g7')-c-a(h™- f). Let
d; € c-7w(h™t- f') be such that 7(f;-a;- f') € #(fi-g~') - d;. Then there are boundedly
many possibilities for d; and a;, so there exist two values of ¢ (say 0 and 1) for which
they are the same. Note a = a9 = a; and d = dy = d;. Then we have for ¢ € 2:
de#(g-fY-#(fi-a-f'). As fo and f, were chosen independent from everything,
we get: d=7(g-f;'-fi-a-f)=4(g-a-f). Now let f’ vary, and proceed similarly
on the right to find a € H such that c=7(g-a- h).

For the graded version, work with representatives: since R is almost type-definable,
we can actually find two values of 7 (say, 0 and 1) such that ay Ry a1 and dy Ry d;. O
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We obtain:

Theorem 1.21. Let P be a coreless gradedly almost hyperdefinable polygroup, S the
set of its generic elements, and S, G, H as above. Then P ~ G J/H.

Proof. Let o : GJJH — P be induced by 7.

We show first that it is surjective. For an element a € P, let b and ¢ be independent
generics of P over a. We can write a € b-b'Nc-c for some ', ¢ (which are also generic
and independent over a). By associativity we find d € b= -¢N¥ - ¢, and it is generic
because b | ¢. Choose a blow-up d of d: then there are blow-ups Z~), c, v , ¢ such that

d=btlée=bc Write g = b-b' = b-d-& = &&. Thenb | ac=b | ¢ = b | gé
and similarly ¢ | gb so #(g) = a.

We also know that ker o = {ég}, and 0(g-h) = o(g) - o(h) (by Lemmal[1.20), o(5!) =
o(g)~". Then:

o(g) =oc(h)=epco(g)-oh) " =0o(g-h")
—céqcca-bt
=b

Ql

—

And o is injective. l

Remark 1.22. If P is not coreless, then P/N ~ G JH, where N < P is the core of P,
and we recall that this is a bounded normal sub-polygroup.

Remark 1.23. We did not find in the (poly)algebraic literature any reference to the
question of what polygroups can be written as double-coset spaces (although double-coset
spaces are often mentioned as an important example of polygroups).

In [Com84]|, Comer orders (linearly) by weak inclusion certain similar properties, the
strongest of which, Q?, being weaker than double-coset space. He also asks whether any
of the inclusions is strict, but gives no consideration to the inclusion of double-coset
spaces in Q2: if this is due to an evident counter-example, then we are not aware of it.

Theorem 1.24. Let S be a coreless gradedly almost hyperdefinable polygroup chunk,
and S, G, H as above. Then G JJH is coreless, and gen(GJH) ~ S, where gen(G J/H)
denotes the set of the generic elements.

Moreover, G | H is unique (up to a unique isomorphism) with these properties.

Proof. By Proposition [1.13, the set HaH is precisely the set of all blow-ups of a, so
S and gen(G J/H) are in natural bijection. This bijection is an isomorphism of generic
chunks by Lemma [1.18.

Let P be any coreless polygroup such that S ~ gen(P). Then by the previous theorem

P ~ G//H, whence the uniqueness. In particular, this holds for the core-reduct of
G/ H,so GJ/H is coreless. O

This may be viewed as a polygroup chunk theorem, although we needed to pass
through the group chunk theorem in order to prove it.
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2. THE O-DEFINABLE CATEGORY OF BLOW-UP GROUPS

One apparent disadvantage of the blow-up construction is the introduction of the
parameter e: as we start with a @-definable polygroup chunk, we would like to end
up with a @-definable object. Even in the stable case one may need to increase the
set of parameters in order to pass from an algebraic quadrangle where everything is
algebraic to one where everything is actually defined, so this is not surprising. On the
other hand, as here we do it at a later stage, we may understand better what is going
on, and what can be recovered that is @-definable.

In his PhD thesis [Tom01], Tomasi¢ uses tools similar to those we describe here
in a manner opposite to ours: by fixing a big set of independent e; and compatible
Peies fi; € I(€i,€5) (see below), he obtains a blown-up group chunk with a universal
property with respect to these parameters.

2.1. The category of arbitrary choices. Here S is still a coreless polygroup chunk.
However, we will now let e € Sy vary, so we obtain blow-ups S, and groups G.. Note
that the definitions of GG, in terms of e are uniform.

Had it been true that GG, and G were canonically isomorphic for every e, ¢’ € S, then
we would have obtained a @-definable G canonically isomorphic to any G.. Unfortu-
nately, although they are isomorphic, generally there is no one canonical isomorphism
that stands out. Instead, we can isolate a small (that is, bounded) set of isomorphisms
which is canonical.

L. e, Consider now

a | e, and a = (a,d',a") € S., and set b =€ a(eﬁf_l d and V' =a-eNa"- f.
Then sending (a,d’,a") to (a,b, V") gives us a map from a generic enough part of Se to
Ser, which can be seen to preserve products. This induces a definable homomorphism
Geerf 1 Ge — Geo. One also sees that (pe_é,f = Qer ¢,f-1, S0 this is an isomorphism.
Write I(e,e') = {pee s: fE €}

We recall [BTWO01, Corollary 3.3]:

Construction 2.1. Assume we have e | €', and fix some f € e~

Fact 2.2. Let ay,as,bq1,bs,¢1,00,dy,dy € S satisfy:

1. {a1,as,dy,dy} are independent.
2.dy€a;t-biNay-byY) anddy €ayt -eiNay-cy .
3.0 endit - daNby eyt #£ 2.

d1 d2
Then ay-as MNby -by =a;-as Necy-cy:
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1 /

Lemma 2.3. 1. Lete | €. Then the map [ +— e ¢ is bijection between e - e

Proof.

w

. Assume that {e, €', e"} are independent, f € e ¢, f' € ¢~

and I(e,e'). In fact, if pee s and e p coincide on an element of G. generic
over €, then f = f.

1 .
e are given, and

(&
set " =e"t "N f-f'. Then @eer pr = Peren 10 Peer s

. For every independent {e, €', e"} and ¢ € I(e,€'), ¢’ € 1(€/,€") we have I(e, ") =

I(e,e")op=¢ ollee).

. Assume that €” | ee’ (but e, e’ are not necessarily independent). Then for every

o € I(e,e") and ' € I(",€') we have I(e",e') o = ¢ o I(e,e") = I(e", €)oo
I(e,e”).
Moreover, this set does not depend on e”.

1. By definition it is surjective. Let @ € S. be generic over ¢’ (that is,
a | ee'), and assume that ¢, (@) = @ee p(@) = (a,0/,0"). Then we have both
f=eleNa -V =fand f=a"" Vel ¢ =f (so in fact, it suffices
that e (@) and @ (@) have the same extension on one side).

. Tt suffices to prove the statement for @ € S, such that a | ee’e”. Write

(a7 b/a b//) = ¢6,6/7f(&)7 (CL, C/a C//) = Qe e I © Spe,e’,f(d) and (a, d/, d//) = 506,6”7f”(d)~

Then we have b = a - ¢ N a” - f,d"=a-é b - ffand d" =a-€" Aa" - .
Then the assumptions of Fact 2.2 hold, whereby ¢’ = d”:

One proves ¢ = d' similarly.

. For every ¢ € I(e,e”) we have " o o=' € I(€/,¢"), ¢’ "o " € I(e,€).
. It suffices to prove that for every ¢’ | ee’, e” | ee’e”, and for every ¢ € I(e,e”),

o € I(e”,e) we have I(e",¢') o = ¢ ol(e, ). This is equivalent to showing
that ¢’ " o I(e",€) = I(e,e"”) o p~', but we know that both sets are equal to
I(e// e///).

U

And we obtain:

Proposition 2.4. For everye,e’ € S set I(e,e') = I(e",¢e")ol(e,e") for somee” | e
Then this extends Construction 2.1 and does not depend on €.
Moreover, let T be the category of groups given by:

(*)

obj(Z) ={G.: e € S}
Homz(Ge, Gor) = I(e,€’)
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Then T is the unique category with these objects such that!* holds for e | ¢
Proof. This is just a re-statement of Lemma 2.3. O

This can be more loosely restated by saying that Z is the @-invariant structure that
describes our inability to define G over @. In order to say that 7 is rather @-definable,
we need:

Definition 2.5. Let C = Cy/R be an I-gradedly almost hyperdefinable set, and obj a
hyperdefinable (and not almost hyperdefinable) set. Letd : C* — C be a partial gradedly
definable map, and let id : obj — C, and I,7 : C — obj be gradedly definable maps.
For a,b € obj we write: Home(a,b)o = {f € Co : I(f) = a,r(f) = b}, Home(a,b) =
Home(a,b)o/R. Note that since obj is hyperdefinable, | and r just take one value, even
before passing to I and 7; in particular, if f € Home(a,b)o then f/R C Home(a,b)o.
We now require that the following azioms be satisfied in the graded sense:

Lor(f) =U(g) = U(fog)=I(f) < r(fog)=r(f)
2. 7(f) =l(g) Ar(g) =IU(h) = (fog)oh=fo(goh)
3. r(id(x)) = l(id(z)) = =
4. foid(r(f)) =id(I(f)) o f=f
If all this holds, then C is an I-gradedly almost hyperdefinable category.

Remark 2.6. The reason for which obj is assumed to be hyperdefinable rather than
almost hyperdefinable, as one might have expected, is that we never allow almost hy-
perimaginaries as parameters, and yet Home(a,b) is defined over ab.

Ordinarily, this does not pose any significant limitations on what we can do. However,
if we really must have obj almost hyperdefinable, say obj = objo/R', the obstacle can
be overcome by defining an identity in Home(a, b) whenever a R’ b:

Replace everywhere in Definition 2.5 obj with objy, and say that for every i € I
we have id; : R, — C such that a R; b = id;(a,b) € Home(a,b), if j > i then
id;(a,b) =id;(a,b), and the aziom for the identity is modified accordingly (in particu-
lar, now we need to say that the composition of two identities is an identity).
Dividing by (composition with) these identities, we obtain Home(a,b) for a,b € obj.

Proposition 2.7. 7 is an almost hyperdefinable category.
Proof. First, for eg | €l define Iy(eg,€s) = e~!- €. This is a type-definable set (and

the set {(e,e’) € Sg : er | €} is also type-definable). For independent {eg, €5, €%},
and f € Iy(e, ), f' € Iy(e,e"), define foy f' =e 1" N f-f. Since we deal with

e/
real elements, f oy f’ is a type-definable set, and (f og f')r = ej' - €% A fr-frisa
singleton.
Now set for any e, e’ € Sp:

To={(e, e, " 0, ¢) e | ee',p € Iy(e,e), ¢ € Ih(e",€e)}
Lo(e,e) ={(f. 1", [ o) €ETo: f=e, [ =€}
(e;e’s frp, ) ou (€ e”, f1 . 9) =
={(e,e¢", f",x,X') €Zo: [ L e€e" ffA
X €@ o(@ol(golpox™)))}
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Define (e, €’,e”,,¢") =i (f, f', f",,4') on I as:
" Te=fANe=Ff
Nep | eee " AT e Ty(e” e)
A @' og (pogT) Ry ¢ o (¢ oy T)

Then = is an [-graded almost type-definable equivalence relation on Zy, and (e, €)
is in natural bijection with Zy(e,e’) /=. In particular, if e R f and ¢ R f’ then
To(e,e') /= ~Ty(f, [') /= in a gradedly unique canonical manner; still, it is convenient
to keep the distinction between Zy(e, €’) /= and Zy(f, f’) /=, since this way the base sets
To(e,e') and Zy(f, f') are type-definable. Composition 6, : Zy(e, €') /= xZy(€', ") /= —
Zo(e, ") /= is a graded map (that is, compatible with the grading of =).

It should now be evident to define r, I and id so as to make Z = 7 /= an [-gradedly
almost hyperdefinable category, with obj = Sj. O

Remark 2.8. In fact, the action of Z(e, €') from G to Ge is also almost hyperdefinable,
so we might say that T is an almost hyperdefinable concrete category.

One easily verifies that the approach suggested in Remark 2.6 can be applied in this
case make the set of objects S rather than Sy.

2.2. The subgroup H revisited. For e | ¢, the interpretation of I(e,e’) is given by
Proposition 2.4: a small set of isomorphisms between GG, and G/, constructed rather
naturally, of which none is distinguished above the others (as no element of the set
e~!. ¢ is distinguished above its peers). This also determines (e, ¢’) for any e, €', and
in particular I(e,e) < Aut(G.). However, in I(e, e) we have clearly one distinguished
element, namely the identity, so the interpretation for independent e, ¢’ no longer holds.
Instead, it interprets in terms of H,:

Proposition 2.9. There is a gradedly definable isomorphism i : I(e,e) ~ H, which
coincides with the action of H, on G, through internal automorphisms: p(g) = g'*®).

Proof. Fix some f = (f, f',f") € Se. Then f' € e~ - f and e.r.pr € I(e, f).
Let ¢ € I(e,e). Then there is a unique f}, € e~ - f (that is, a unique Pe.r.11, € 1(e; f))
such that v = @71, 0 9. We also have fy = (£, £, f") € S, and we set i(1)) =

f~¢ : fil S He-
Let a = (a,d’,a"”) € S, be generic over f, and set:

b':f’l-afeﬁf{b—l-a' b”:a-fr%a”-fl’p
c’:efl-arfﬁf’-b’ c”:a-effﬁb”~f’_1
Then by Lemmal1.11, and by the definition of ¢, f 1y et
(*) (a,d,c") = a-i()

(a,¢,a") = i)™ a
(%) 9(@) = (a,¢, ") = &)
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From [*] and from the fact that elements of I(e, €) act independently on each one-sided
extension, we deduce that i : I(e,e) — H, is group homomorphism that does not
depend of f.

As ®* holds for every @ € S, generic over f, we deduce ¢(g) = ¢'® for every g € G..
Thus i is injective, and it is surjective since every f,, € e~1. f is possible. We conclude:
i:1I(ee)~ H,.

By its construction, ¢ is gradedly definable. 0

This only describes I(e, e), that is I(e, f) when e = f. In order to describe all of Z
in similar terms, one has to notice that Z is more than a mere category. We recall:

Definition 2.10. A groupoid (over a set X) is a category G where every morphism is
invertible (and X = obj(G)). It is connected if Homg(a, b) # @ for every a,b € obj(G).

Notation 2.11. When dealing with a groupoid G, we shall use the notation (and order)
2 Gap X Gpe — G Tather than o : Homg(b, ¢) x Homg(a, b) — Homg(a, c).

Example 2.12. A group G is identified with the groupoid G over the singleton {x},
where G.. = G.

Example 2.13. Let X be a topological space. Let obj(mi(X)) = X, and let
Homy, (xy(x,y) be the set of homotopy classes of paths from = to y. Define compo-
sition in the obvious manner. Then mi(X) is the fundamental groupoid of X, and
Homy, (xy(z, x) = m (X, x) for every x € X. It is connected if and only if X is path-
connected.

The fundamental groupoid of a space allows us to turn around the fact that, although
m (X, x) is isomorphic to m(X,y) for every x,y € X, there is no natural choice of
such an isomorphism.

The reader who appreciates geometric examples is advised that this example is analo-
gous to the situation treated in this paper. In particular, S (or Sy) is the analogue of
the base space X, T is the analogue of 71(X), the groups G form the analogue of a
bundle over X (that is, over Sy), and a map ¢ € I(e,e’) acts as the transport of an
element of the bundle along a path.

And of course:

Example 2.14. 7 is an almost type-definable groupoid (and the inversion map is
gradedly definable).

Since what follows is mostly new presentations of previous constructions and results,
we skip the details. Let us just say that the theory of stratified local ranks, generic
elements, and generic chunks, give in [BTWO01] for almost hyperdefinable groups, gen-
eralises fully to almost hyperdefinable groupoids. (One just has to remember that
when working in G, one works over the parameters a, b: in particular, the definition
of a generic element g € G, is given in terms of independence over ab, etc., and one
has to pay attention since a,b may vary as g does.)

The blow-up of a coreless polygroup chunk S = Sy/R fits naturally in the context
of groupoids. For e, f € Sy, define:

Sepo={(a,d,a" €S2 a | e frdcet-and ca-f}
Ser = Sero/R
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This extends previous definitions, since S, = See for every e € Sy. Moreover, if
0 € Seer,b€Suer,and a | € Ne | DAG L .oon b (Which is a very complicated way to

say that {a, b, ee’e”} is an independent trlplet), then we can define ¢ = - b € S.on just
as we did in the case when e = ¢/ = ¢”. We obtain a generic groupoid chunk S over
Sp, whence a @-definable groupoid G, where G.. = G, for every e € 5.

The analogue of H is defined as:

~ o~ ~ 5
Hepey, = {00 a7 : €' € S,a | epere,a; = (a,a;,a") € Se,er} C Gepe,

All properties proved for H in the first section can be proved just as well for H. In
particular, H < G is a bounded sub-groupoid (that is, every H.e is bounded). We can
now express Z in terms of H:

//l

Proposition 2.15. There is a gradedly definable isomorphism i : T ~ H (we identify
the object e € obj(H) = obj(G) with G. € obj(Z)), such that if g € Gee = G. and
¢ € I(e, f) then p(g) = g"® (since i(p) € Hep we have g'¥) € Gy).

Proof. Same as Proposition 2.9. O

Remark 2.16. Let p € I(e, f) and a = i(¢) € Hep. Then ¢ can only act on G. = G,
but a can act on any element g € G.. = Ue’GSg Gere by g — ga, and on any element of
Ge. by g— a~lg.

If e | f, then natural variants of Construction 2.1 would give one-sided analogues of
¢ acting one the right G.. — G.y and on the left G.. — Gy., and these would coincide
with multiplication by a (a=') on the right (left), respectively.

2.3. Invariance of the polygroup. Z (or H) describe the arbitrary choices involved
in the blow-up: one should expect them to have no effect on the original polygroup
(chunk). This is rather clear from the construction, but let us state it formally:

Lemma 2.17. For every e,e’ € S and ¢ € I(e,e’) we have p(H.) = H.r.
Proof. We may assume that e | ¢’. Then it suffices to notice that if a; = (a,a},a”) €

S. are independent of ¢ for i < 2, then ¢(a;) are of the form (a,b},0"), whereby
o(ag-ay"') € Ho.

(This also follows directly from Proposition 2.15.) U
Proposition 2.18. G.//H. does not depend on e, and is &-definable.

Proof. By Lemma every ¢ € I(e,€') induces an isomorphism ¢ : G./H, —
Ge /He . By Proposition 2.9, this ¢ is unique (that is, if ¢, ¢’ € I(e,€') then ¢ = ¢').
Define then GJH as {(e,g) : e € S,g € G.JH.}/ = where (e, g) = (¢/, ¢') if there exists
@ € I(e,e’) such that ¢(g) = g’. This can be done gradedly almost hyperdefinably. [

Again, in terms of groupoids this has a more elegant presentation: define GJH =
{HgH : g € G} (it is understood that products are only taken when they are defined)
and HgH - Hh'H = HgHIH = HgH,gun)hH. Then for every e € Sy and class HgH,
there is ¢’ € G, such that HgH NG, = H.g'H., by which the polygroup P = G/H is
canonically isomorphic to every G,/ H.. We prove that G /’H is is almost hyperdefinable
as we did for G.// H., but this time it is over .

Thus the pair H < G contains all the other constructions present in this paper.
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