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ABSTRACT. We develop positive model theory, which is a non first order analogue
of classical model theory where compactness is kept at the expense of negation. The
analogue of a first order theory in this framework is a compact abstract theory:
several equivalent yet conceptually different presentations of this notion are given.
We prove in particular that Banach and Hilbert spaces are compact abstract theories,
and in fact very well-behaved as such.

INTRODUCTION

Trying to extend the classical model-theoretical techniques beyond the strictly first-
order context seems to be a popular trend these days. In [Hru97], Hrushovski defines
Robinson theories, namely universal theories whose class of models has the amalgama-
tion property. He subsequently works in the category of its existentially closed models,
which serves as an analogue of the first order model completion when this does not
exist. In [Pil00], Pillay generalises this to the category of existentially closed models
of any universal theory. In both cases, one works rather in an existentially universal
domain for the category, which replaces the monster model of first order theories.

The present work started independently of the latter, trying to use ideas in the
former in order to define a model-theoretic framework where hyperimaginary elements
could be adjoined as parameters to the language, the same way we used to do it with
real and imaginary ones since the dawn of time: as the type-space of a hyperimaginary
sort is not totally disconnected, we need a concept of a theory who just can’t say
“no”. In the terminology of [Hru97], this means we must no longer require the set of
basic formulas A to be closed for boolean combinations, but only for positive ones.
The notions of positive model theory, and in particular of positive Robinson theories,
follow.

As it turns out, positive Robinson theories are but one of several alternative pre-
sentations of the same concept. We prefer therefore to make the distinction between
any particular presentation and the fundamental concept itself, which we call compact
abstract theories, or cats.

In the present paper we restrict ourselves to the development of the framework.
General model theoretic tools, and in particular simplicity, are developed for it in
[Ben02b]. Additional results, and in particular a better treatment of simplicity under
the additional hypothesis of thickness, are given in [Ben02c]. These tools are applied
in [Ben02a] for the treatment of the theory of lovely pairs of models of a simple theory
in case that the theory of pairs is not of first order.
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It was pointed out that the definition of a universal domain for a positive Robinson
theory is similar to Assumption III from [She75, Section 2].

1. INTRODUCTION TO POSITIVE MODEL THEORY

We introduce positive model theory, which in particular generalises first order model
theory. Although it is related to classical first order logic, its development requires
a radical change in our point of view: we use at times the language of categories
more than that of logic, and the usage of negation and of the universal quantifier is
discouraged (not to mention unnecessary).

The basic idea is to replace the notions of elementary extensions and embeddings by
that of homomorphisms: for a designated set of “positive” statements, what was true
for the domain must be true for its image, but not necessarily the converse. In other
words, any positive statement that’s true is already decided, whereas those which are
not true will not necessarily remain so: they are simply “deferred” for a later decision.

This fact, of being allowed to decide only what we want and defer everything else
makes the compactness theorem almost trivial: a short and elegant proof is given below
as a corollary of positive Morleyisation (which is, on the other hand, more complicated
than first-order Morleyisation).

Due to this shift in point of view and language, and with an easy proof of the
compactness theorem, an exposition from scratch seems reasonable, and would make
this paper very much self-contained.

1.1. Language and categories of structures. We start with the basic definitions:

Definition 1.1. 1. A (relational) signature L is a set along with a function v :
L — w. An element P € L is called a v(P)-ary predicate symbol. We also have a
distinguished binary predicate symbol =€ L.

2. Let £ be a signature. A L-structure is a set M along with a v(P)-ary predicate
PM C M¥(P) for every predicate symbol P € L, called the interpretation of P in
M. The symbol = is always interpreted by equality.

Remark 1.2. Classically one also allows function symbols: however, as a function can
be represented just as well by the predicate defining its graph, this is not necessary
and would only serve to complicate things.

Definition 1.3. Let X = {z; : i < w} (where all the x; are distinct) and call its ele-
ments variables. In fact, we could have simply taken X = w, but we follow traditional
notation.
We differ somewhat from the standard definitions in the fact that we consider the set
of free variables of a formula (including the dummy ones) a part of the information in
the formula: for us a £-formula is something of the form ¢(x¢;) for some finite I C w,
where z¢; is shorthand for {z; : i € I'}. If I = n then we write z,,.
We are going to define formulas by induction, and for each formula ¢(z¢;) and L-
structure M define the set o(M?) C M. For ac; € M, M |= ¢(aes) is synonymous
with acr € o(M7).

1. If P is a n-ary symbol, then P(x.,) is an atomic formula, and P(M") = PM,

whereby M | P(a.,) < a-, € PV.
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2. If p(zer) is a formula, J C w is finite, and f : [ — J is a map, then ¢(xzc;) =
f«(p(zer)) is a formula obtained by change of variables:

For ac; € M7, write f*(acy) = (ayu) : ¢ € I) € M7, and for a set A C M define
fo(A) = f7HA) © M2 then (MY) = f.(p(M")), whereby M | ¢(ae,) <=
M |= o(f*(aes))-

In actual notation, we may write f.(¢) as @(2f@),-.. ,Tfmn—1)), but it must be
understood that this is a formula in the variables x¢ ;.

3. If k < w and @;(z¢s) is a formula for every i < k, then x(zer) = A, @i(zer) and
p(zer) = Vip, wi(ver) are formulas constructed by positive (boolean) combina-
tions: conjunction and disjunction, respectively. We define x(M') =, _, i (M")
and p(M") = U, :i(M7).

We sometimes denote the empty conjunction by T and the empty disjunction by
1.

4. InJ = @ and ¢(xruy) = ¢(rer,ves) is a formula then ¢(xer) =
Jdres (xer, wey) is a formula constructed by existential quantification, and 1 (M?7)
is the projection of @(M? x M”) on M!, whereby M = ¢(ac;) if and only if there
is acy € M7 such that M |= ¢(acr, acy).

5. If p(x¢) is a formula, then ¥ (xer) = —p(xer) is a formula constructed by nega-
tion, and P (M?1) = M~ p(M?).

A formula p(z¢;) is I-ary, and the variables z¢; are its free variables. A 0-ary formula,
that is without free variables, is called a sentence, or a closed formula.

A sub-formula of ¢ is any formula appearing along its construction.

L, . is the set of all L-formulas.

Notation 1.4. If the set of free variables of a formula is clear from the context or is
irrelevant, we just write ¢(Z), ¢(x) or even .

Also, we may write @ € M or even a € M, when it is clear that these are tuples in M7
where I is clear from the context, and we may similarly replace ¢(M?) with ¢o(M).

Definition 1.5. Two I-ary formulas ¢ and v are equivalent if p(M?!) = (M?") for
every L-structure M.

Convention 1.6. We consider equivalent formulas as equal.

Definition 1.7. An almost atomic formula is a change of variables on an atomic
formula.

Lemma 1.8. Every formula is equivalent to one constructed from almost atomic for-
mulas along the same construction tree without any further changes of variables (beyond
the almost atomic formulas).

Proof. Easy. QED

Definition 1.9. 1. Aset A C L, is a positive fragment of L if it contains all the
atomic formulas in £, , and is closed under change of variables, sub-formulas,
and positive combinations.

2. Let A be a positive fragment. Then ¥(A) is its closure under existential quan-

(
tification, and II(A) = {—¢ : p € B(A)}.
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3. The minimal positive fragment, which consists of positive combinations of almost
atomic formulas (or, in a more traditional terminology, quantifier-free positive
formulas), is noted Ay. We also note X1 = X(A), II; = II(Ag).

4. Let A be a positive fragment. Then a map f : M — N between two L-structures
is a A-homomorphism if M = p(a) = N E ¢(f(a)) for every n < w, n-ary
formula p(z<,) € A, and a € M™.

5. Amap f: M — N between two L-structures is a A-embedding if M |= ¢(a) <=
N E ¢(f(a)) for every n < w, n-ary formula ¢(x.,) € A, and a € M™.

6. The category of L-structure where the morphisms are the A-homomorphisms is
noted M.

If the positive fragment A is clear from the context, we omit it.

Convention 1.10. When M is clear from the context and f : M — N is a mor-
phism, then we say that N continues M.

When f is clear from the context, and it is also clear that we work in N, we may some-
times omit f, identifying elements of M with their images in N. This is convenient
but requires attention, as f is not necessarily injective!

Remark 1.11. If A is a positive fragment, then so is ¥(A) (since we only consider
formulas up to equivalence). Moreover, replacing A with 3(A) does not change
any of X(A), TI(A), or the notion of A-homomorphism (which is always a X(A)-
homomorphism). However, it may well change the notion of a A-embedding, which is
why we consider this an unnatural notion (see also below).

The motivation is straightforward: first of all, given the definition of an L-structure,
the natural notion of morphism is that of a map that preserves the truth (though not
necessarily falsehood) of every predicate, that is every atomic formula. Clearly, if a map
preserves the truth of a set of formulas it does so for every formula obtained thereof
by positive combinations and change of variables, so we may pass to the generated
positive fragment. We get the notion of a Aj-homomorphism and the category Ma,,
where indeed we shall work most of the time.

In fact, one sees easily that for every positive fragment A, a A-homomorphism
preserves the truth of every formula in ¥(A), so we can add any such formula to A
and pass to the generated positive fragment without changing M.

However, one may also desire (weird as it may seem) not only to preserve the truth
of some ¢ € A, but its falsehood as well, which means to preserve —¢. Adding —¢p to
A and passing to the generated positive fragment would have precisely this effect.

Doing this repeatedly (possibly an infinite number of times) we obtain any category
M, and at the very end we find M, ,, where first order model theory takes place.

We see from this that the addition to A of formulas constructed by negation is the
only one that does not come for free, which is why we try to avoid negations. This
stands in contrast to the classical exposition of model theory, where one considers A-
embeddings rather than A-homomorphisms, and then it is quantification that does not
come for free. Nevertheless, even in our context the truth of a ¥(A)-formula is slightly
more complicated to verify than that of a A-formula, in particular when A = A,
which is why we keep the distinction between the two: we aim to show later on that



POSITIVE MODEL THEORY AND COMPACT ABSTRACT THEORIES 5

in certain cases A and ¥(A) have the same power of expression, and then restrict
ourselves to A.

Convention 1.12. A is a positive fragment, and a morphism is one of M4, that is a
A-homomorphism.

Definition 1.13. Let (I,<) be a directed partial order, and (M; : ¢ € I) a Ay-
inductive system indexed by I: for every ¢ < j we have a Aj-homomorphism f;; :
M; — Mj, such that fjx o fi; = fu for every i < j < k. Let N = lim M; as sets, with
maps g; : M; — N. For R € L, we define N = R(a) if and only if there is i € I and
b € M; such that M; = R(b) and @ = ¢;(b). We note lim M; = N, now as L-structures.

Lemma 1.14. With the notations of Definition 1.13, if A is a positive fragment and
(M;) is a A-inductive system, then for every p(z) € A: lim M; = ¢(a) if and only if
there isi € I and b € M; such that M; |= ¢(b) and @ = g;(b).

Proof. For atomic formulas, this was the definition. We can now use the fact that a
positive fragment is closed for sub-formulas and work by induction on ¢ € A.

Positive combinations and existential quantifiers are easy. As for negation, assume
that —¢(Z) € A and lim M; = —¢(a). Then there are i € I and b € M; such that
gi(b) = a, and then necessarily M; | —¢(b), since p(z) € A. Conversely, assume
that M; |= —¢(b) but lim M; |= ¢(g;(b)). Then there are j € I and ¢ € M; such that
M; | ¢(€), and gj(¢) = g;(b). Then there is k > i, j such that fi(b) = f;1(¢) = a,
say, so My = ¢(a) and My = —p(a) (here we finally use the fact that ~p € A),
contradiction. QED

And we conclude:

Proposition 1.15. With the notations of Definition 1.13, if A is a positive fragment
and (M;) A-inductive system, then every g; is a A-homomorphism, and lim M; is the
injective limit in the sense of Ma.

Let us imagine once more we walk along Ma. At some point we stand at the
structure M, and we ask ourselves whether ¢(a) holds, where ¢ € 3(A) and a € M.
Assume indeed that M = p(a): if we follow a morphism f : M — N, then N |
o(f(a)). If we follow several morphisms one after the other this is still true, and by
Proposition 1.15 we can even pass to the limit of a chain of morphisms. On the other
hand, if M [~ ¢(a), we do not have a definitive answer yet on what will happen when
we follow a morphism (unless - € A, of course), so we have to continue and see what
happens. However, we shouldn’t go too far either: for example, if A = Ay, we may
end up in a structure where everything is true, in particular equality, so the structure
would be reduced to a single point!

This means we need some means to give definitive negative answers, without using
negations. For example, by restricting ourselves to those structures where two certain
positive statements cannot be true simultaneously: then saying that one is true is a
definitive decision for the falsehood of the other. This leads us quite naturally to the
notion of a II-theory.

Definition 1.16. A (II-)theory is a set of II-sentences, that is a set of statements of
the form “for no tuple a do we have p(a)”, for certain formulas ¢ € A.
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If M is a structure then Thy(M) it its theory, that is the set of all II-sentences true
in M.

If M is a class of structures, then Thy(M) = ;e Thu(M).

A model of a theory T is a structure M = T, meaning M = ¢ for every ¢ € T. Two
theories are equivalent if they have the same models.

Definition 1.17. If T is a theory (that is, a Il-theory), then M°(T) is the (full)
sub-category of M whose objects are models of T'.

Given a theory 7" we can give definitive positive answers, which may also imply
definitive negative answers for other questions. It makes sense now to look for a model
of T where every reasonable question has a definitive answer.

Definition 1.18. A model M |= T is ezistentially closed (e.c.) if every A-
homomorphism f: M — N with N |= T is a ¥-embedding.

In other words, we require that for every p(z) € 3(A) and everya € M,if N = ¢(f(a))
then M = ¢(a).

The category of e.c. models of T is noted M(T).

Assume that M, N € M(T), f : M — N is a morphism, a € M is some tuple,
and ¢(z) € X(A). Then, by definition, M = ¢(a) <= N = ¢(f(a)). But then, if
f is actually an inclusion, then we can write rather M = p(a) <= N = ¢(a). This
justifies:

Notation 1.19. If M € M(T), a € M and () € X(A), then by slight abuse of
notation we write |= ¢(a) or a = ¢ instead of M = p(a).

Next step is to show that enough e.c. models exist:
Lemma 1.20. Every M =T continues to some e.c. model N € M(T).

Proof. Set My = M.

Having constructed M;, let {(y;,a;) : j < A;} be an enumeration of all pairs (¢, a)
where (z<,) € ¥ and @ € M. Set M = M;; for j < X, let @ be the image
of @; in M/: if there is a model M’ |= T and a morphism f : M? — M’ such
that M' = ¢;(f(a})), set MY = M’ otherwise M?™" = MJ; For § < ); limit,
M? = lim j.sM7. In the end, take M; ; = M.

_)
Then M, = h_r)anMi is clearly e.c.. QED

Remark 1.21. Lemma 1.20 is easily seen to be equivalent to the Axiom of Choice.

1.2. Positive Morleyisation and compactness. Positive Morleyisation is a an
adaptation to positive model theory of a first order construction of Michael Morley,
which allows us to reduce the case of a general positive fragment to that of Ag. It re-
quires more work than in the first order case, but then it is more powerful: for example,
the compactness theorem follows as a trivial corollary.

Definition 1.22. Let I be any set of indices, and {z; : i € I \ w} new distinct
symbols.

For an n-ary formula ¢(z,) and a map f : n — [ we define a generalised I-ary
formula (xcr) = fi(p), again by change of variables: f*(acr) = (asu) @ <n) € M",
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V(M) = f(p(M™) = [ Hp(M™), and M | ¢(aer) <= M = o(f*(aer))-
Note that this can only be a last step in the construction of a formula. When we say
I-ary formula for an infinite I, it is understood we mean generalised.

Convention 1.23. When we say that a generalised [-ary formula p(z¢;) is in A, we
mean that it is obtained from some ¢ € A by a change of variables.

Moreover, in what follows we are going to consider change of variables as done implicitly
every time we consider formulas in different tuples of variables, provided that there are
indeed obvious changes of variables that would make them all formulas in the same
tuple (this is after all the common practice with the standard notation for formulas).

Definition 1.24. A (partial I-ary) A-type is a set p(zes) of formulas p(ze;) € A.

If p(z;er) is such, and T" a theory, then p is consistent with 7" if there is a model M = T
and @ € M' such that M |= p(a), that is M |= p(a) for every ¢ € p. If T is clear from
the context, we just say that p is consistent.

We start by studying the easy case where A = Ay. We recall the notation ¥, =
E(A0)7 Hl - H(Ao)

Lemma 1.25. Let T be aIl;-theory, and ®(xc;) a set of almost atomic I-ary formulas,
with I possibly infinite. If every finite subset @y C & is consistent with T' (in fact, it
suffices that it be consistent with each ¢ € T ), then ® is consistent with T

Proof. Take My = {a; : i € I} where these are all distinct elements, and define ~ as the
equivalence relation generated by {a; ~ a; : x; = x; € ®}. Take M = M/divsim, and
for every n-ary predicate symbol R take RM = {([a;,], ..., [ai,_,]) : R(ziy, ... s 74,_,) €
¢}, Thus M = P([acq]).

Assume that there is ¢ € T such that M = 1. This means that there is something
true in M that 1 forbids, and it is true in M due to a finite part ®q C ®. This means
that ®q is inconsistent with 7', and in fact with v, contradicting the hypothesis. QED

We wish to make the notion of a definitive negative negation more explicit in some
special case:

Lemma 1.26. Let T be a 1l;-theory, and assume that T s closed for logical conse-
quence: any Il; sentence which is true in every model of T is in T. Let M |= T be
e.c., R an n + k-ary predicate symbol, and a € M™.

Then M = 3y R(x<p, ) (15| = k) if and only if there are m < w, a tuple b € M™, a
map f:n — m and ©(x<y) € Ag such that a = f*(b), M |= p(b), and some 1 € T is
inconsistent with ©(x<y) AN R(f*(x<m), Y)-

We say then that according to T, the instance ¢(b) (of ¢(z)) forbids R(a,y).

Proof. One direction is clear, since M = T. B
For the other, enumerate M = {b; : i € I}, and let f : n — I be such that a = f*(b).
Set

C(wier,y) = {R(f"(2),9)} U{R (M"(2)) : R' € L, h:v(R') — I, M |= R'(h"(b))}

If ®(Z) is consistent with T, say satisfied by b, ¢in a model M’, then the map sending
b to b is a Ap-homomorphism of M into M'. Since then M’ = R(f*(V),¢) and M is

e.c., we must have also M |= 3y R(f*(b),y), that is M |= 3y R(a, y), contradiction.
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Therefore ® is inconsistent with 7', and by Lemma 1.25 there is a finite &) C ® which
is inconsistent with some ¢ € T. Write ®((z,y) = ®o(Z) U {R(f*(Z),y)}. Since Py is
finite it is equivalent to ¢(xc;) (with the implicit change of variables) where p € Ay is
a conjunction of almost atomic formulas and J C [ is finite such that m¢; enumerates
every element of a (that is, J contains the image of f). Then ¢ € T is inconsistent
with o(xecs) A R(f*(zey),y) and M = ¢(bey), as required. QED

Definition 1.27. Let £ be a given signature, and A a positive fragment. Define
LOED) = LU{R, : n € w,p(x<y,) € A}, where each R, is a new n-ary symbol, and
A?E(A) is the minimal positive fragment of £LF(*), Similarly, HQE(A) (AQE A))

If M is a L-structure, expand it to a LA _structure MUPA) by defining Rfy = @(M™)
(that is, M = Ry(a<,) <= M |= p(a<,)) for every p(zr.,) € A.

Remark 1.28. If M and N are any CL-structures, then Homp, (M,N) =
Hom AGE) (MQER) | NQE(A)) a5 sets of maps. Therefore —QF(A) : M5 — M \ana) is
0

a fully faithful functor.

Definition 1.29. Let T be a II(A)-theory, and define M) (T ) = {M®A) M €
M(T)} and T = Th qea) (MYPFA(T)). In other words, T is the H(AQE N-

theory of the class of all the LP(A)_structures M which are, as £-structures, e.c. models
of T, and in addition interpret each R, as ¢.
We call T9FA) then A-Morleyisation of T.

Lemma 1.30. Let A be a positive fragment, and A(?E(A) as above. Let T be a II(A)-
theory and T" a H?E(A)—theory, such that M = (M)A for every M € M(T)
(namely, o(M) = R} for every o € A). Assume also that MOER) = T" for every
M e M(T) and M= T for every M € M(T").

Then the functor M + M@F®) s an isomorphism M(T) ~ M(T"). In other words,
MOEAN(TY = M(T").

Proof. Let M € M(T). Then we know that M®®®) = T’ and we need to show
that MQBA) s cc. as such. So let N = T’ and f : M) — N be a AZFA.
homomorphism, and we need to show that is it a Z?E(A)—embedding. We may assume
that N € M(T"), whereby N = (N ;)% so fl,: M — N[ is a A-homomorphism,
and N[z T. Since M is an e.c. model of T, f|. is a 3(A)-embedding, and f is a

E?E(A)-embedding as required:

MO = 35 R (a,) <= M = 3y o(a, )
N 3ye(f(a),y) <= N &= Iy R,(f(a),y)

So MQEA) e M(T).

This shows that —E(®) is a functor from M(T) to M(T"). In order to show that it
is an isomorphism, we still need to show that every M € M(T") is in the image. We
assumed that if M € M(T") then M = (M ;)% so we only need to prove that
M| e M(T), with the same argument: let N be a model of T and f : M [,— N a A-
homomorphism. In order to show that f is a ¥(A)-embedding, we may assume that N
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is e.c., whereby NQF(A) |= T" and fQEA) . M — NQEA) js 4 A?E(A)-homomorphism,
whereby it is a £ ®)_embedding and f is a ¥ (A)-embedding. QED

Lemma 1.31. Let M € M(TPFAX). Then M = (M[)@EA),

Proof. We prove by induction on the structure of a formula ¢ € A, that M = go(’) =
M | R,(a) for any a € M (of the right length) applying Lemma 1.26 to T9E(®), Of
course, since we made no particular assumptions about 7" beyond its being a H(A)—
theory, we do not know exactly what TQE(A) would forbid. However, since TQF(A) =
ThH?E(A) (MOEANT)), we know that T forbids something if and only if it never

happens in MQEA)(T) and then we use what we know about the interpretation of R,
in MQE@A)(T):
e v = R(v.,) where R € L: According to T%®) an instance of a formula forbids
¢(a) if and only if it forbids R, (a). Thus ¢(a) and R,(a) are true of false together.
o v(xer) = fo(¥(xey)): Aninstance forbids R, (a) if and only if it forbids Ry (f*(a)).
® ©(7) = V,., ¥i(Z): An instance forbids R (_) if and only if it forbids Ry, (a) for
every i < k.
o ©(7) = N\icx¥i(Z): If k = 0, nothing can forbid R, so we may assume that
k > 0. Then an instance of a formula forbidding and Ry, (a) would forbid R,(a).
Conversely, assume that R,(a) is false, say forbidden by x(b), but A,_,_; Ry, (a)
is true: then x(b) A A\, Ry (a) forbids Ry, (a).
©(Z) = Jy(Z,y): An instance forbids R, (a) if and only if it forbids Ry (a,y).
o(z) = ~(z): On one hand, R,(a) forbids Ry(a). On the other, every instance
which forbids R, (a) forbids every instance which forbids Ry (a), so precisely one
of the two must be true.

&I

QED

Proposition 1.32. The functor M + M9PA) s an isomorphism M(T) =~
M(TOER)).

Proof. By Lemma 1.31, we have M = (M) for every M € M(TFA)). By
definition of TRF®) we have MQEA) = TQED) for every M € M(T). Finally, if
M € M(QFA)) then necessarily M [.|= T, using the fact that M = (M[,)?¥?) and
that modulo the translation between A and £LRF(?) | everything forbidden by 7" must
be forbidden by T@FA) as well.

Now apply Lemma 1.30. QED

And conversely:

Proposition 1.33. Let A be a positive fragment, and T a H?E(A)—theory, such that
M = (M)A for every M € M(T) (namely, o(M) = R} for every o € A).
Let Ty = Thyay(M(T)[z). Then T is equivalent to TOQE(A).

Proof. First, if M |= Ty then M®¥4?) |= T: modulo the translation between A and
LOFR) - everything forbidden by T' must be forbidden by T, as well. Also, if M €
M(T) then M|;f= Ty by definition and M = (M];)?F®) by assumption. Then by
Lemma 1.30 and Proposition 1.32: M(T) = MEA)(Ty) = M(TED). Tt is easy
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to see that if two H?E(A)—theories have the same e.c. models then they have the same
models. QED

Proposition 1.32 tells us that working in M(T) is equivalent to working in
M(T¥A), But MO(T) and MO(TFA)) can be very different: MO(TRFA)) is always
very simple, as is shown for example by the easy proof of Lemma 1.25. But then we
see the power of Proposition 1.32 which allows us to reduce the general case to the A,
one:

Theorem 1.34 (Compactness Theorem). Let ®(Z) be a set of formulas (of L, ., with-
out limitations), such that every finite ®y C ® is consistent. Then ® is consistent.

Proof. Set A = L,,,, and write L = LOE(Lww), AOQE = A?E(ﬁ“‘w), etc. Take T'= @,
so TQF = ThH?E(MQE(Q)).

Set ®F = {R,(z) : ¢(x¥) € ®}. Then every finite o C W s consistent with
TRF thus by Lemma 1.25 it is satisfied by some tuple @ in a model M |= T®F. By
Lemma 1.20, there exists an e.c. model N = T and a morphism f : M — N: then
N = ®9F(f(a)). Finally, by Lemma 1.31, N = (N[)®F®) so N = ®(f(a)). QED

As a last remark, if A = £, ,,, then every structure is e.c. (as a model of any theory
for which it is indeed a model). Thus first order model theory is a special case of
positive model theory.

1.3. Types and type-spaces.

Convention 1.35. A is a positive fragment, > = X(A) and IT = TI(A) as usual, and
T is a II-theory. M = M(T), the category of e.c. models of T.

We want to give a full description of tuples in models of T. We obtain equivalent
definitions:

Definition 1.36. Let M € M, a € M!, and = a positive fragment which is not
necessarily equal to A: it will usually be either A or 3. Then the =-type of a (in M)
is tp2' (a) = {¢(zer) : p € E, M = p(a)}.

The type of a (in M) is its X-type: tp(a) = tpM (a), and not its A-type! (at least for
the time being).

In the same manner that we may write = ¢(a) instead of M = ¢(a), we may omit
the model M: if f : M — N is an inclusion morphism between two e.c. models and
a € M’ then tp™(a) = tp"(a).

Lemma 1.37. Let I be a set of indices, and M; € M, a; € M! for i < 2. Then the
following are equivalent:

1. There is N € M and morphisms f; : M; — N fori < 2 such that fo(ao) = fi(a1).
2. tp™ (ag) = tp (ay).
3. tpMo(ag) C tpMi(ay).

Proof. 1= 2: If N, f; exist then My |= ¢(ag) <= N E o(fi(a;)) <= M; = ¢(a,)
for every ¢ € ¥(A), by e.c..
2 — 3: Clear.
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3 = 1: Assume that My = p(ag) = M, = ¢(ay) for every ¢ € X(A). Let M; =
{b;j:j € J;} with JonJ; =@ and let g; : I — J; be such that a; = g7 (b;). Write
pi(wes) = tp"i(bey,) for i < 2 and @(zesun) = po Upi U gs(zes) = 9i(wes)-
Since each p; is closed for finite conjunctions and tp™°(ay) C tp™i(a;), we see
that @ is finitely satisfiable in M;, and therefore is consistent with 7" by the
compactness theorem. Let it be satisfied in N |= T, say by cejus. We may
assume that N is e.c., that is N € M. Let f; : M; — N be defined by f;(bes,) =
cey;, and then fo(ag) = fi(a1) as required.

QED

Definition 1.38. Let I be a set of indices, and let S;(T') = {tp(a) : M € M,a € M'}.
For p(zer) € X, let () ={p e Si(T) : ¢ € p}.

As we did for the definition of types, let = be a positive fragment contained in X,
usually either A or ¥. Then the =-topology on S;(T') is the one generated by {(¢) :
o(xer) € Z} as closed sets. Take for the standard topology on S;(7") the X-topology.
We call S;(T') with the ¥-topology the space of (complete pure) I-types of T.

If f:1I— Jthen f*:S,(T) — S;(T) is defined by f*(p) = {¢(xicr) : fu(p) € p} =
- (p). We also define f, : P(S;(T)) — P(S;(T)) by f.(A) = f*"'(A) (P denotes the
power set).

Lemma 1.39. Let f: I — J be a map, M € M.

1 f (tp(a)) = tp(f*(a)) for every a € M.

f({@)) = (fulp)) € S4(T) for every p(zer) € 3.

3 (@) = Qyeszer = [*(yes) Ne(yes)) € Si(T) for every p(zes) € X (with
our definitions, this is only meaningful for finite I, J C w, but this can be given a
natural meaning for arbitrary I, J in which case it also holds).

Proof. 1. ¢ € f*(tp(a)) <= [f.(p) € tp(a) <= M |= o(f*(a)) <= ¢ € tp(f*(a))
for every p(zer) € X.

2. p € [.({p) <= ¢ € [*(p) <= fi(p) € p for every p € S,(T).

3. By definition, p € f*({¢)) if and only if there is ¢ € (p) such that p = f*(q).
This is equivalent to the existence of bey in some N € M, such that bey = ¢
and f*(bes) f= p. If such be, exist, then N = yey f*(bes) = [*(Yes) N (yes)
implies p € (yesxer = [*(yes) N ©(yes)). Conversely, if p € (Jyejxer =
F*(yes) N o(yes)) and p is realised by cer in N, then there are bey = ¢ with
f*(bey) = cer as required.

QED
Proposition 1.40. With the given topology, every S;(T) is a compact Ty space, and
every f* is a continuous closed map. Thus, if f : 1 — J, then f* sends closed sets of
Ss(T) to closed sets of S{(T), and f. sends closed sets of S;(T) to closed sets of S;(T').

Moreover, let S(I) = S;(T) and S(f) = f*. Then S is a contravariant functor. We
gust note it by S(T'), and call it the type-space functor of T

Proof. These are easy verifications. For the properties of f*, use Lemma 1.39. QED

Finally, we can consider certain properties of the topology on S(7') as properties of
T': the importance of these properties will become clearer later on.

Definition 1.41. 1. T is Hausdorff if every type-space of T is.
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2. T is semi-Hausdorff if for every n, the set {tp™ (a,b) : M € M,a,b € M" tp(a) =
tp(b)} is closed in S, (7T") (we say that equality of types is definable by a partial
type, that is by an infinite conjunction).

Remark 1.42. Let 7, : Son(T) — S,(T)? be the obvious map (just send tp(a,b) to
(tp(a), tp(b))), and let D(S,(T)) = {(p,p) : p € Su(T)} C S,.(T)? be the diagonal.
Then T is Hausdorfl if and only if every D(S, (7)) is closed, and it is semi-Hausdorff
if and only if every 7, 1(D(S,(T))) is closed. Thus Hausdorff implies semi-Hausdorff.

1.4. Complete theories and completions.

Definition 1.43. 1. A Il-theory T is complete if it is of the form Thy (M) for some
M.

2. A completion of a theory T is a minimal complete theory containing 7.

Proposition 1.44. The following are equivalent for a consistent 11-theory T':

1. T is complete.

2. Whenever T implies the disjunction of two Il-sentences, it implies at least one of
them.

3. [Se(T)| =1

4. T = Thy(M) for every M € M(T).

5. T = Thy(M) for some M € M(T).

Proof. 1= 2: Clear.

2 = 3: Assume that p,q € So(T) are different. Then they are incomparable, and
by a compactness argument we find Y-sentences ¢ € p and @ € ¢ such that
T U{p,v} is inconsistent. This means that T'F —p V =), whereby by hypothesis
T+ —p or T'+ =), contradicting the assumption that p and ¢ were types.

3= 4: Let M € M(T). Then M =T so T C Thy(M). For the converse, assume
that " C Thp(M), so there is a Y-sentence ¢ such that M | —¢ but T'U {¢}
are consistent. Then we can find N = T where ¢ holds, and we can continue N
to some N’ € M, so N’ |= ¢ as well. Then the types of the empty tuples in M
and N’ are different, contradicting | So(7")| = 1.

4 = 5 = 1: Clear.

QED

Corollary 1.45. 1. The completions of T are precisely the theories of e.c. models
of T.
2. If f : M — N 1s a morphism between two e.c. models of T then their theories are

equal: Thy(M) = Thy(N).

Proof. 1. If T" is a completion of T, it is complete, that is 7" = Thy (M) for some
M. Then M =T so we can continue M to an e.c. model M’ of T. We obtain:
T C Thp(M') CT', so T" = Thy(M) by its minimality.
Conversely, Let M be an e.c. model of 7', and 7" = Thyy(M). Then 7" is complete.
Suppose that T'C T"” CT" and T” is complete as well. Then M is a fortiori e.c.
as a model of 7", thus T"” = Thy(M) = T" as T" is complete. This shows the
minimality of 7".
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2. In such a case we have that Thy(M) O Thy(N) are both completions of 7', and
by minimality of completion we have equality.
QED

{M € M(T) : tp™ (@) = p} and
= {p}, and the map c: p — T, is

Corollary 1.46. For each p € So(T'), let M,(T) =
T, = Thp(M,(T)). Then M(T,) = M,(T), So(T})
a bijection between So(T) and the completions of T

Proof. Assume that M, M' € M, (T) for some p € So(7"). Then by Lemma 1.37, there
is N € M(T') that continues both M and M’, and by Corollary 1.45 we have Thy (M) =
Thi(N) = Thy(M’). This shows that 7, = Thy(M,(T)) = Thy(M), so in particular
Thi(M,(T')) is a completion of T, and the map ¢ : So(T) — {completions of T'} is
well defined.

If T" is a completion of T', then T" = Thy (M) for some M € M(T), and let p = tp(2).
Then by the above, 7" = Thy (M) = T, so ¢ is surjective. Finally, if p,q € So(7T") are
distinct, then there is a X-sentence ¢ € p \ ¢, so ¢ € T, but = ¢ T,, whereby
T, # T, and c is surjective.

If M € M,(T), then it is an e.c. model of T" and therefore a fortiori of Thy(M) = T,
so M € M(T,). Conversely, assume that M € M(T},), and we want to show that
M € M(T). Since T, is complete we have Thy(M) = T,. Let f : M — N be a
morphism with N |= T, and we need to show that it is a ¥-embedding. We may assume
that N € M(T'), whereby Thy;(IN) C T, are both completions of 7" and therefore equal.
Since M € M(T,), f is a X-embedding, which shows that M € M(T). Since every
q € So(T") different from p contradicts T}, we must actually have M € M,(T). QED

Corollary 1.47. Every complete theory containing T contains a completion of T.

Proof. Assume that 7" = Thy(M) and 7" C T". Then M |= T, and we can continue it
to N € M(T): Thy(N) is a completion of 7" and Thy(N) C T QED

Example 1.48. Set A =L, , and T'= &. As a set, the completions of 1" are all the
complete first order theories in the language £, and topology on Sy(7") is the classical
Stone topology on this set.

2. CATS

We are going to define three objects of very different nature, that turn out to be
manifestations of the same concept, which we call a compact abstract theory, or a cat.

2.1. Positive Robinson theories. In various contexts of model theory, assuming
quantifier elimination is useful as a starting point, and in abstract contexts does not
cost much. In our context, this will be the assumption that A has the same power of
expression as

Definition 2.1. A Il-theory T is a positive Robinson theory if whenever M; € M(T)
and a € M/ for i < 2 and tpa(ag) C tpa(ar) then tp(ag) = tp(ar) (that is, tps(ag) =

tps(ar1)).
In other words, a A-type determines a >-type.
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In particular, if A = 3(A) then every theory is positive Robinson.

This definition generalises that of Hrushovski from [Hru97], which considers the case
where A is closed for negations as well. We refer to Hrushovski’s definition as classical
Robinson theories. Much of what follows is adaptation of results in [Hru97] to our
context.

Convention 2.2. We want to restrict ourselves to what can be said using A alone.
Therefore from now on, every formula is in A, unless explicitly said otherwise. If
we want to consider a Y-formula we will call it so and use the existential quantifier
explicitly.

Proposition 2.3. For a theory T, the following are equivalent:

1. T is positive Robinson.

2. Definition 2.1 restricted to finite tuples.

3. The class M of e.c. models of T is axiomatised by the set of all the sentences of
the form:

Va By e(z,y) —— N{-v(@) : TH -3z, y () A ez, y)}]

In other words, an L-structure M is an e.c. model of T if and only if, for every
o(z,y) and tuple a € M of the same length as x, M = 3y p(a,y) if and only if
M ¥ ¢(a) whenever according to T', 1(a) forbids p(a,y).

Informally, we would say that something exists in M if and only if there is no
reason for it not to exist.

4. Whenever T = = \,_, @i(x,y;) (namely, the set {p;(x,y;) : i < A} is inconsis-
tent with T'), then there exist infinitary disjunctions V;(x) such that M =\ ¥,
(meaning that each V; is a set of formulas ¥(x), and if M € M and a € M is of
the right length, then M = 1 (a) for some ¢ € |J¥;) and for all i and b € V;:
T+ —3z,y¢(x) A pilz, yi).

5. As above, for x finite and \ = 2.

Proof. 1 = 2: Clear.

2 = 3: First, we show that these sentence are all true in M: The — part is

clear. As for the other direction, let M € M, M = —=3Jyp(a,y), and write
p(z) = tpal(a). Then T U p(x) U p(z,y) is contradictory: if not, there would
be M' = T with o/,b € M’ satistying p(z) U ¢(z,y), so by the assumption
and Lemma 1.37 there is N and morphisms f : M — N, f' : M’ — N,
and f(a) = f'(a’). But then M’ = Jyp(f(a),y), contradicting the assump-
tion on a and the fact that M was e.c.. Thus, there is some 1 such that
T+ =3z,yY(x) A p(z,y), and M = 1¥(a). Thus we have shown that M sat-
isfies all these axioms.
Conversely, suppose that M satisfies them all. Then M satisfies T, for if
—Jye(y) € T, then T+ —Jy T A ¢(y), thus we get the axiom Jyp(y) < L,
that is =3y ¢(y) (if one does not like this, one can always add T" to the list of
axioms). Now, the fact that M is e.c. is evident: if f : M — N is a morphism
and N = 3y e(f(a),y), then all that contradicts it is false in N, therefore false
in M, wherefore M = Jy ¢(a,y) as well.
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3 = 4: Note that by compactness we can easily reduce to the case where A < w,
but this is unnecessary. Let U,;(z) = \/{¢(x) : T'F =3z, y () Api(x,y;)}. Then,
by the assumption, they satisfy the conditions.

4 = 5: (Clear.

5= 1: Let M; € M and a; € M/ for i < 2, and assume that tp,(ag) = tpa(a1).
We need to show that tpy(ag) = tpg(ar1). Enumerate tpy(a;) as {Jy; ¢j(z,y;) :
J € Ji}, and let @;(x,yes,) = {@;(z,y;) : j € J;}, where Jy N J; = & and all the
y; are distinct tuples of variables.

If &y U P, is consistent with 7', let it be realised in some model N by a, be j,u4,:

then tpy(ag), tpy(a;) C tpy(a), whereby they are all equal by Lemma 1.37.

So assume that ®; U ®; is inconsistent with 7": since each ®; is closed for

conjunction, and by compactness, there are ¢;(x,y;) € ®; such that T" F

=32, Yo, Y1 Yo(T,Y0) A p1(z,y1). Take Wy, Uy as in the hypothesis. Then M,

Uo(ag) V ¥i(ap), so My E ¥(ap) with T F =3z, y;¢(x) A @i(x,y;) for some

i < 2 and for some ¢ € W, whence also M; | (a;). But this contradicts

M; &= 3y; oi(as, vi)-

QED

Remark 2.4. If T is positive Robinson, M, N =T, M e.c. and f : M — N a partial
A-homomorphism, then f is a partial isomorphism. Indeed, by Proposition 2.3 we can
find M’ =T and morphisms g : M — M’ and h: N — M’ such that g = ho f. Then
any relation, including equality, true in N for elements of the domain of f is true in
M'" and therefore in M (as M is e.c.).

We defined a positive Robinson theory as one where complete X-types are equivalent
to A-types. However, what about partial types?

Definition 2.5. A Il-theory T is strongly positive Robinson if every partial ¥-type is
equivalent to a partial A-type.

Proposition 2.6. Let T be a II-theory. Then the following are equivalent:

1. T is strongly positive Robinson.

2. The A-topology on the type-spaces coincides with the standard one, that is the
Y-topology.

3. For every f:m — n, the map f*:S,(T) — S,.(T) is closed in the A-topology.

Proof. 1 <= 2 is by definition, as a closed set in the Z-topology corresponds to a
partial Z-type, for Z € {A,X}. 2 <= 3 is just the definition of X as the closure of A
for the existential quantifier and Lemma 1.39. QED

Remark 2.7. When considering the general case, there is no loss of generality assuming
that T is strongly positive Robinson, even when A = Ay: if not, replace A by ¥ and
perform a positive Morleyisation, and T9F®) is strongly positive Robinson with respect
to AgE(E).

Remark 2.8. 1f the A-topology is Hausdorff, then T is clearly strongly positive Robin-
son and Hausdorff, since a topology strictly stronger than a Hausdorff topology cannot
be compact.

In particular, any classical Robinson theory is strongly positive Robinson.
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The Hausdorff case is somewhat closer to [Hru97] than the general case, as we have
finitary quantifier separation:

Fact 2.9. Let X be a Hausdor(f space, {K;} compact sets, and (| K; = &. Then there
are open sets U; O K; with (\U; = @. Moreover, if we have a basis for the open sets
that is closed for finite union, we can take U; to be of this basis.

Proposition 2.10. For a theory T, the following are equivalent:

1. The A-topology on the type spaces of T is Hausdorff (so in particular T is strongly
positive Robinson).

2. Whenever T' = = \,_, wi(x,y;) then there exist 1;(x) such that M |= \/v; and
for alli: T+ —3x,y(x) A pi(z,y;).

3. As above, for x finite and \ = 2.

Proof. 1= 2:Set K; = (Jy;vi(x,y;)) € S,(T), where x is an n-tuple. By
Lemma 1.39, K; is the image of (¢;) under a continuous map, and therefore
compact in the A-topology. The hypothesis also says that (),_, K; = &, so we
may apply Fact 2.9 to obtain open U; 2 K; such that (),_, U; = &, and by the
moreover part we may assume that each U; = (—);) for some formula ;. Then
Ui 2 Ki = TF -3z, y¢i(x) Npi(z,y;), and (|, Ui = @ = M = \/ .

2 = 3: Clear.

3 = 1: Two distinct type necessarily contain two contradictory X-formulas. By
the assumption, they are separated by two open sets in the A-topology, whereby
it is Hausdorff.

QED

We also adapt from [Hru97] the definition of universal domains (leaving the notion
of smallness a bit vague, as required by the tradition):

Definition 2.11. 1. A structure M is homogeneous if whenever f : M — M is a
partial endomorphism with a small domain, f extends to an automorphism.
2. A structure M is compact if any small set of formulas over M in possibly infinitely
many variables, which is finitely realised in M, is realised in M.
3. A structure M is a wuniversal domain (for Thy(M)) if it is homogeneous and
compact.

This is clear:

Lemma 2.12. 1. A universal domain is e.c..
2. If U is a universal domain for T and M is a small model of T, then M can be
sent A-homomorphically into U.
3. Abowve, if M € M, then this A-homomorphism is a A-embedding.

As in [Hru97], we wish to show the correspondence between complete positive Robin-
son theories and universal domains.

One should note first that if 7" is positive Robinson then every completion of T is
positive Robinson: if 77 is a completion of 7', then any complete pure type of T" is
such for T, and therefore equivalent to a A-type. Such properties as strong positive
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Robinson, Hausdorff, semi-Hausdorff, etc., are easily verified to be also preserved under
completion.
Then we prove the correspondence:

Theorem 2.13. A complete I1-theory T is positive Robinson if and only if it has some
universal domain U.

Proof. =: 1. As T is positive Robinson, a partial endomorphism of an e.c. model
of T is a partial isomorphism, and in particular invertible. Thus one can
amalgamate the model with itself over the endomorphism in both directions,
thus obtaining a larger model with an endomorphism extending the original,
whose domain and range contain the original model. As the original model was
e.c., this endomorphism passes to an e.c. continuation. Repeating this process
w times we get an e.c. continuation on which the endomorphism extends to
an automorphism. Note that being an e.c. model of T is stable for increasing
unions.

2. Now, if we are given given a model M, and < A partial endomorphisms of M,
we can do the same thing: we do the fundamental step for each endomorphism,
and repeat this procedure w times. Note that the endomorphisms pass to the
continuations, as they were originally on e.c. models. If A\ > |M| + [T, the
resulting model can be taken to be of cardinality .

3. Choose some A, k with \* = X\ > |T|, and some M with Thy(M) = T and
|M| < X. One can continue M to be e.c., of cardinality exactly A. Over
M there are at most A partial types (i.e., subsets of complete types) with at
most « formulas, and at most A partial endomorphisms whose domain is of
cardinality at most k. Thus one can extend all these to automorphisms and
realise the partial types in some e.c. continuation of cardinality A. Repeat this
kT times, at each step also extending automorphisms already created on the
previous ones (we always have at most A), to obtain a x*-universal domain
for T continuing M, of cardinality A.

<=: Say that M, N € M, a € M, b€ N, and tp,(a) C tps(b). By compactness,
we can send M, N into U by morphisms. As M is e.c., it is in fact embedded
into U, and the map @ — b is a partial endomorphism of U. We finish using

homogeneity.
QED

We finish with a few examples.

Example 2.14. As we said before, if A is closed for negation then a positive Robinson
theory is a classical Robinson theory, and if A = £, every theory is a first order
theory.

Example 2.15. If A = 3(A), then every theory is strongly positive Robinson. As
noted before, replacing A with 3(A) does not change 3(A), II(A) or the notion of a
morphism, so we may always assume we deal with a strongly positive Robinson theory.
In particular, if A is the closure of Ay for negation, then working in M gives the
context described in [Pil00], where every theory is strongly positive Robinson with
respect to A’ = X(A).
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Example 2.16. Let U be a universal domain for 7', and E(z,y) a type-definable
equivalence relation on tuples of length . The elements of U®/E are called hyper-
imaginaries, and we wish to add them to the structure as ordinary elements (of a new
sort).

For each formula ¢(z,x;...2;) € A, with each x; of length « (of course, only finitely
many variables actually appear), add a symbol R, of arity |z| in the first sort, and
k in the second, and interpret it on U’ as: R,(a,b) if and only if 3% € bp(a,Z). Let
A’ be the positive fragment generated by A and atomic formulas in the new predicate
symbols. One verifies that U’ is a universal domain for A’. Moreover, if U is Hausdorff,
so is U’. Equality for the sort of U’ is in the A’, but not necessarily inequality, as it is
for hyperimaginaries in first-order theories.

One can similarly add several hyperimaginary sorts in one blow.

Example 2.17. Let U be a universal domain for a multi-sorted language. Let U’ be
the structure obtained by replacing the sorts with unary predicates. Then U’ is also a
universal domain. As a consequence, we obtain:

Let T be a positive Robinson theory in a multi-sorted language £. Let L' be the
language obtained by abolishing the sorts, adding unary predicates in their stead. Let
T be the natural image of T' in L', with the addition of =(p(Z) A Ps(x;)) whenever
v €A, S # S are two different sorts, and x; would be of the sort S” in £. Then T’
is a positive Robinson theory (with A’ being the image of A with the addition of the
sort-predicates).

2.2. Compact type-space functors. We define (compact) type-space functors.
These are very close to the f-spaces from [Hru97|, although we use them for differ-
ent ends. We show the equivalence between compact type-space functors and positive
Robinson theories, namely that they are precisely the type-space functors of the those
theories.

Definition 2.18. 1. We let Set be the category of sets, F'Set that of finite sets, and
T that of topological spaces. We also define 77 as the category of T} topological
spaces with continuous closed maps as morphisms, and 7, C 7; as the full sub-
category consisting of compact spaces. 3

2. Let S € Funct(FSet” ,C), where C € {Set,7}. We extend it to S €
Funct(Set?,C) by taking inverse limits. In other words, for a set a, define
S = im yrepringg)S(a’). Clearly, S extends S. For a € Set, we write S, = S(a). If
f € Homge(a,b) and S is clear from the context, we write f* = S(f) : Sy — S,.
For X C S, we write f.(X) = (f*)"(X) C S,.

3. In case that S € Funct(F'Set?,7) and 7’ C 7 is a sub-category, we say that S
(resp. S) factors through T' if it factors through the inclusion 77 < 7T .

4. Let feq : 2 — 1 be the only possible map, and note eq = e*q(Sl) C S5. Then
S is equality-preserving if for every a € F'Set and h : 2 — a, if one notes b =
a/{h(0) = h(1)} and f : a — b the projection, then f*(S,) = h.(eq).

5. S has the (finite) amalgamation property if for every two (finite) sets a and b, the
natural map Seup — Sa Xg,, Op 1S surjective.

6. A type-space functor is a functor S : F'Set®” — C which is equality-preserving
and has the amalgamation property, and C € {Set, 7 }.
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S is a set type-space functor if C = Set; it is a topological type-space functor if

C =T and S factors through 7;; it is a compact type-space functor if C = T and

S factors through 7;°.

Note that we require S, and not only S, to factor through 7; and T, respectively.
7. A finite type-space functor is a functor S : FSet”” — (C which is equality-

preserving and has the finite amalgamation property, and C € {Set, 7T }.

S is a finite set type-space functor it C = Set; it is a finite topological type-space

functor if C = T and S factors through 71; it is a finite compact type-space functor

if C =7 and S factors through 7;°.

In this definition we just replaced each requirement of the previous one with its

finite analogue.

Remark 2.19. 1. The equality-preservation condition can be considered as an amal-
gamation condition. Indeed, with the notation of the definition, let A’ : 1 — b,
h'(0) = {h(0),h(1)}, so foh = h o fo,. Then b is the direct limit of (f., : 2 —
1,h : 2 — a), and h,(eq) is the inverse limit of (fe*q :S1 — So,h* 1 S, — Ss).
Then we obtain f*: S, — h.(eq), and we require this to be surjective.

2. We defined type-space functors for a single sort. For multiple (say A) sorts, one
should replace Set and FSet with the categories of (finite) sets coloured in A
colours, and modify the definitions appropriately.

Intuitively, the set S, is supposed to represent the set of types of a-tuples z, = (z; :
i € a) in the models of some theory. Clearly, if f : @ — b is a map and the type of
(x; : i € b) is known, then so is that of (zy; : ¢ € a), as it is merely a sub-tuple,
possibly with repetitions. Thus we obtain the map f* : S, — S,. Note that in the
particular case where f is injective, the effect of f* is just taking the type of a sub-
tuple, and should be surjective, whereas when f is surjective, f* gives the types of
tuples with duplicate elements, that is the sub-space corresponding to the conjunction
of some equality relations. The equality-preservation condition says that the meaning
of equality is sane: two elements of an a-tuple are equal if and only if they are equal
as a 2-tuple. The amalgamation condition is straightforward: types which coincide
on a sub-tuple can be amalgamated. Finally, the topology: we understand closed
sets as definable by some possibly infinite conjunction. The T} requirement means
that every type can be expressed in the language; the compactness is just that; the
continuousness of the maps corresponds standard manipulations of the free variables
of a formula: using the same variable several times, or adding dummy variables, to
render it in another tuple of free variables; and finally the closedness requirement of
the maps f* corresponds both to the application of the existential quantifier (where f
is the inclusion of the sub-tuple on which we do not quantify) and to the definability of
equality (for example, when f : 2 — 1, then f*(S;) C Ss is the closed set corresponding
to the formula xqg = 7). The modifications of the above needed when considering
multiple sorts should be obvious.

As usual in model theory, equality needs a somewhat special treatment. In this
context, this means we need to understand the map f*, when f is surjective.

Lemma 2.20. Let S be a type-space functor.
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If a map f :a — b is surjective (injective) then f* is injective (surjective).

Let f: a — b be surjective. Assume that a =bUc and f is the identity on b, and
let g : b — a be the inclusion. Then f*(X) = f*(Sp) N g.(X) for every X C S.
Continuing with the previous notations and assumptions, we have a strong version
of equality-preservation: For i € ¢, define h; : 2 — a by h;(0) = f(7), hiy(1) = i.
Then f*(Sy) = (Nie. his(eq) (in other words, many equalities hold at the same
time if and only if each one holds separately).

Proof. 1. If f is surjective, then there is (an injective) g : b — a such that fog = Id,.

2.

Then g* o f* = Idg,, so f* must be injective. Similarly if f is injective.

If y € f*(X), then y = f*(x) € f*(Sp) for x € X and g*(y) = g* o f*(x) =2 € X,
so y € g«(X). Conversely, if y € f*(S,) N g.(X), then y = f*(x) for some = € S,
and = = g* o f*(x) = ¢*(y) € X. Until now, we only used the fact that S was a
functor.

. Assume at first that a is finite, so so is b. We prove this by induction on |¢|. When

lc| = 0, there is nothing to show. So take i € ¢, and write b’ = a~{i}, ¢ = e~ {i},
and define f': a — b’ as the identity on ¢’ and f on {i}, and f” = f [ ¥/. Then
f = f"o f'. By the induction hypothesis and equality-preservation:

f/*(Sb/) = hi.(eq)

F7(Sy) = [\ (f o hy) ﬂ hy,(eq))

Thus:
FA(Sh) = (7 (Sh)) FU) hy(eq))
e hj*<eq>>>J= () . (ea) 0 7 (5)
= D hj,(eq)

as required. For an infinite a, we prove each inclusion separately. For the first,
take any i € ¢, repeat the construction above, and define also A’ : 1 — b by
W(0) = f(i). Then f"ohi = h'o feg, s0 hi(f"(Sv)) = f2,(h"(Sy)) = eq, and
F5(Sy) € f(Sy) € R YA (f™(Sy))) = hi(eq). For the other inclusion, take
r € (V;e. hix(eq), and we wish to prove that x € f*(S;). Take g : b — a as above,
and we will show that z = f*(¢*(z)). By the definition of S, as an inverse limit,
it suffice to prove that for every finite @’ C a there is a finite @’ C @ C a such
that 7*(x) = W*(f* (g*(x))) where 7 : @ — a is the inclusion. So given @’ C a we
replace it with @ = @' U f(@’), so that f(a) C a. Write b=>bNa, ¢ =cNa, so
a=>bUc andlet f:a—b, §:b— aandh; : 2 — afor i € ¢ be the obvious
restrictions. Then we have reduced to the finite case and f*(S;) = Nics hi.(eq).

On the other hand, gofowzwogof, and h; :7~roi~zi for i € ¢. Then fori € ¢
we have 7*(z) € 7*(hi.(eq)) = 7" (mc(his(eq))) C hi(eq). Then *(x) € f*(5;),
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say *(x) = f (y). A f o g = Id;, we obtain 7*(z) = f*(y) = f*(~*(f*(y))) =
*( *(r*(x))) = 7*(f*(g*(x))) as required. This concludes the proof.
QED

Corollary 2.21. A finite compact type-space functor S is a compact type-space func-
tor.

In other words, with the presence of compactness, the finitary versions of the require-
ments from a compact type-space functor imply the infinitary ones.

Proof. Clearly, S, is T; for every x. We now verify that S, is compact for every
infinite x, and that for injective f : o — [, f* is closed. We do this by induction on k,
assuming |5 < k. Write S, = lim,;,.S;. Then by the assumption .5; are all compact,
and the projection f : S; — S; is closed for every i < j < k. Let {C, : v € T'}
be closed subsets of S, having the finite intersection property. We may assume that
they are closed for finite intersection. By the definition of the topology on S, each C,
can be written as (,_,. fi.(Cy;) where f; : i — & are the injections, and C,; C S; are
closed subsets. We claim that we may assume that f;3(C, ;) = C,; for every i < j < .
Indeed, we can replace C.,; with C, ; N f(C, ), and C’w with C,; N fi;,(C,,;): these
sets are closed as f7; is continuous and closed and the changes do not 1nﬂuence C,.
Iterating until the process stabilises, we obtain the required property. As a consequence
we also have f*(C,) = C,,;: f(C,) C C,; is clear, and for every z; € C,,; we can
construct a branch above it of z; € C7 j,» and its limit is in C,.

By induction on i, choose x; € [, C,; such that z; = f(z;) for i < j. As Sy is
compact, just choose some xy € ) C’%o For a limit 4, the sequence (z; : j < ) fixes
x; completely, and one sees it has to be in each C,; = ﬂj<i fi . (Cy;). Fori=j+1,
we want to show that {C,; : v € I'} U {f};,(x;)} has the finite intersection property.
Note first that

() Coi = [V (G0 2 f7([) Cou) = £7(C) = O

k<n k<n k<n
for some v, as {C,} is closed for finite intersection. Thus it suffices to show that
C.i N fii,(z5) # @ for every 7. However, this is equivalent to x; € f5;(C,;) = Cy,
which is true. Thus we may choose z; € fj; (z;)N() C,,, and continue the construction.
The sequence (z; : i < k) fixes an element in Sy, which is clearly in () C,,, and we proved
that S, is compact. Assume now that f : a < k is an inclusion, and we want to show
that f* is closed. In fact, if a is bounded in k, then we have already shown this. In
the general case, we obtain a “ladder”, where on one side we have S; : ¢ < k and on
the other Sin, : 7 < k. We know by the induction hypothesis on x that for every i < k&,
the map f : S; — Sine is closed. We also note the following inclusions: g¢;; : i — j
and h;; : 1N a — jNa, and when there is an index x we allow ourselves to omit it
(except for Sy). Let C' C S, be closed, and we want to prove that f*(C) C S, is
closed. Let C; = ¢f(C) and D; = f(C;) for i <k (so in particular D, = D = f*(C)).
For i < K, C; is closed as i C k is bounded, and D; is closed as |i| < k. We claim
that D = (,_, hi.(D;). Indeed, we clearly have D C h;,(D;). On the other hand,
let x € ()., hi (DZ-), and let x; = hi(z) € D;. Then the singleton {z;} is closed in
Sina, thus fi(h l*(xl)) = gi.(fi.(z;)) C S, is closed, and this is a decreasing sequence
in i. For every i, we have C' N g, (fi.(z;)) # @, as x; € D; = f(¢g7(C)). Thus, by
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compactness of Sy, there is y € C' N[ fi(hi,(x;)). This means that f*(y) = x, and we
are done. This concludes the proof that S, is compact for all x, and that f* is closed
for every injective f.

The infinitary amalgamation property is proved in a similar manner using compactness.
When f : a — b is surjective and C' C S, is closed, then following notations and
conventions of Lemma 2.20 we have f*(C) = f*(Sy) N g.(C) = (;e. his(eq) N g.(C)
which is closed, concluding the proof. QED

Question 2.22. Is a finite set type-space functor a set type-space functor? In other
words, does the finite amalgamation property implies the full one?

We can now characterise positive Robinson theories as precisely those who have
compact type-spaces. On the one hand, S(7T") is a compact type-space functor (see
Lemma 1.39). Conversely, we have:

Theorem 2.23. There is an operation Thy,s that associates canonically to every com-
pact type-space functor S a strongly positive Robinson theory Th,es(S), such that
S(Thyes(S)) = S.

Proof. We start with S, and we try to obtain a positive Robinson theory T = Th,,,s(.5).
We take £,, = {Pgr : R C S, is closed} and £ = |JL,,, where the elements of £, are
considered as n-ary predicates, and A = A,. For every k,n € w, n € w*, maps
fi :mi — nand Pr, € Ly, for i < k, consider (,_, fi.(R;). If it is empty, then T

contains the sentence

—3rop /\ Pr,(f7 (x<n))
i<k
and T contains only sentences obtained in this way. Then 7" is an II;-theory, and it is
consistent as any L-structure not satisfying any relations is a model of T. Let M be
an e.c. model 7', and write M = {a; : i < k}. Consider the intersection:

C=(Wf(R):m<wPr €Ly, f:m— kM Pp(f*(a))}

This is an intersection of closed sets of S, and each finite sub-intersection is non-empty,
as T would forbid otherwise. Therefore C' # @, and we may choose some element
p € C. Define now a structure M’, over the same base set, such that M’ = Pr(f*(a))
if and only if p € f.(R) for every m < w, f : m — k and Pr € L,,. Then M' =T is
a continuation of M, and as M is e.c. they must be equal. This means in particular
that C' = {p}, so it would make sense to define tp”(M) = tp%(a..) = p, and similarly,
for every f : n — k we can define tp®(f*(a<.)) = f*(tp°(a<s)) = f*(p). We clearly
have M = Pr(f*(a.)) if and only if tp®(f*(a<.)) € R.

In order to say that tp®(b) determines tpX (b), there is still one predicate to deal
with: equality. So let h : 2 — kK be 0 — 4,1 — j, and we want to prove that
M = P.,(a;,a;) if and only if a;, = a;. One direction is clear. For the other, assume
that M |= P.y(a;,aj) and ¢ # j. Solet ¥ = k \ {j}, and let g : Kk — &’ send j to ¢
and be the identity elsewhere. Then tp®(M) € h.(eq) = g*(Sw), say tp°(M) = g*(q).
Construct M” on a base set {ar : k € &'} from ¢ as we did M’ from p, and let
@ : M — M" send ay, to agy). Then for f:n — k, M = R(f*(a<,)) if and only if

(go f)*(q) = f*(g*(q)) = f*(tp®(M)) € R if and only if M" |= Pr((go f)*(a<x)). But
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(go f)*(ack) = @(f*(a<y)), so ¢ is a homomorphism (in fact, but for equality, we have
shown it to be an isomorphism), and M"” |= ¢(a;) = ¢(a;). As M is e.c., we must have
had a; = a; to begin with, contradicting 7 # j.

We prove that S(T) ~ S by sending tp(b) (for some M € M(T) and b € M™) to
tp¥(b). This map is necessarily surjective, and we wish to show that it is injective.
Let M; € M(T), b; € M™ for i < 2, and assume that tp®(by) = tp°(b;) = ¢ € S,.
Since ¢ determines equality we may assume that both b; are without repetition. By
the amalgamation property of S we can amalgamate tp® (M) and tp®(M;) over ¢, and
realise it in some model N = T. Since tp®(—) determines tp,, (—), we obtain Ag-
homomorphisms ¢; : M; — N with go(by) = g1(b1). We may assume that N € M(T)
whereby tp(bo) = tp(gi(b;)) = tp(b1).

Finally, the Ay-topology clearly coincides with the original topology on S, in which
every f* is closed. Therefore T is strongly positive Robinson. QED

We can characterise the classical subdivisions:

Theorem 2.24. There is an operation Th that associates canonically to a totally dis-
connected compact type-space functor S a classical Robinson theory (i.e., with negation)
Th(S), such that S(Th(S)) = S.

Moreover, Th(S) is first-order (i.e., has a first-order model completion) if and only if
S is open as well (i.e., f* are open maps).

Proof. In the proof above, taking the language to be a base for the closed sets would
have sufficed. If S is totally disconnected and compact, then the clopen sets form such
a base. So take it as the language L, let A be the set of all quantifier-free formulas, and
Ay C A the set of all positive ones. Let T" be Thy,(S) restricted to L£: it is a positive
Robinson I1;-theory and S(T") ~ S. Moreover, in M(T'), every A-formula is equivalent

to a Ag-formula, so up to obvious identifications we have Ay = A(?E(A), and in can
apply Proposition 1.33: in particular, if Ty = Thya)(M(T)), then M(T) = M(Ty),
and Ty is a classical Robinson theory.

For the moreover part, we know that the type-space functor of a first order theory is
clopen. For the converse, assume that S above is also open. Then f*(R) is clopen for
every clopen R, thus the positive quantifier-free formulas are also closed for quantifi-
cation, and in fact give all of £, . We can therefore apply the above argument (and
in particular Proposition 1.33) with A = L, . QED

2.3. Compact abstract elementary categories. Here we give yet another equiva-
lent description of positive Robinson theories (and a method for obtaining such). We
show that abstract elementary classes with amalgamation and locality of types, or
a slight variant thereof, satisfying in addition a (weak) version of compactness, are
indeed equivalent in a sense to positive Robinson theories (by “equivalent” we mean
“having the same type-spaces”). Using this method, we can show that Hilbert and
Banach spaces are such.

Convention 2.25. In order to put this section in the context of ZF (| a few remarks
are required:
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1. We shall consider many equivalence relations for which the equivalence classes are
proper classes. Therefore we represent each equivalence class by the set of all its
members of minimal foundation rank in this class.

2. The objects of a category may form a proper class, though the morphisms between
each pair are always a set. If obj(C) is a set, we say that C is a set category,
otherwise we say that it is a proper class category.

3. If C, C' are categories, then a functor from C to C' is a class. if C is a set

category, then such a functor is a set, and it makes sense to speak of the category
Funct(C,C’") (which is a set if and only if C’ is).

Definition 2.26. Let C a category equipped with a functor |- | to the category of sets.
Then C (or more precisely, (C, |- |)) is a concrete category if:

1. Whenever A, B € C, and f : |A| — |B] is a function, there is at most one
g € Home(A, B) such that f = |g| (in other words, | - | is a faithful functor). In
case ¢ exists, we say that f is a morphism and identify it with g.

2. Whenever A € C, X is a set, and f : |A] — X is a bijection, there is a unique
f(A) = B € C, such that X = |B| and f € Hom¢(A, B).

A functor of concrete categories a functor F': C — C', such that |- |0 FF = |- |c.

Definition 2.27. Let M be a concrete category. Call its objects models, and its
morphisms elementary embeddings. Write M <, N if M C N and the inclusion is
a morphism. Then M is an elementary category with amalgamation if it satisfies the
following:

Injectiveness: All morphisms are injective (on the underlying sets).

Tarski-Vaught property: Whenever My, C M; and My =<y N, M; <y N, then
Mo 2 pm M.

Elementary chain property: A < -chain (}/;) is bounded from above, i.e. there
a structure N with M; <\; N for all 7. If both Ny, N; have this property, then
there is P € M and f; € Hom(N;, P) which are the same on |J|M;].

Amalgamation: Whenever f; € Hom (M, N;) for i < 2, there are P € M and
g; € Hom y((V;, P) such that go o fo = g1 0 fi.

Remark 2.28. Shelah’s definition of an abstract elementary class (as can be found,
in [She99]) does not include amalgamation, but requires more structure on the class
itself. We omit these structure requirements, as we do not need them and they may
just cause confusion with the structure that we shall put on the class later on. In any
case, everything said here for elementary categories with amalgamation holds full well
for abstract elementary classes with amalgamation, so the difference is not essential.
Note that the second clause in the definition of the elementary chain property just
says that tpy, (U [M;]) = tpy, (U [M;]) (see below), so if we ever wish to remove the
amalgamation hypothesis it will make sense to weaken this clause accordingly.

Convention 2.29. When we say elementary category we mean with amalgamation.
M usually denotes an elementary category.

For M € M, we usually write M instead of |M| when the meaning is clear from the
context.
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Definition 2.30. Let M be an elementary category. For M; € M :i < 2, and tuples
a; € M;, write (Mg, ag) = (Mj,ay) if there is N € M and f; € Hom(M;, N) such
that fo(ag) = fi(a1). By amalgamation, this is an equivalence relation. The class
Sa(M) = (M,a)) =1 M € M,a € M?) is the class of pure a-types in M, and
S(M) = JSa(M). We also write tp,,(a) = (M, a)/ =, namely the type of a in M.

Definition 2.31. An elementary category M is connected if So(M) is a single element.
More generally, for p € So(M), M, = {M € M : tp, (@) = p} is the connected
component of p. One verifies easily that this is a maximal connected elementary sub-
category.

In order to do first-order-like manipulation, we still need a few axioms:

Definition 2.32. We say that an elementary category is compact if in addition it
satisfies:

Type boundedness: For all n < w, S, (M) is a set.

Type locality: We have tp(a) = tp(b) if and only if for every finite sub-tuple a’ of
a, tp(a’) = tp(b') where ¥ is the corresponding sub-tuple of b.

Weak compactness: Assume that z; is an infinite tuple, Z C P(I) and X(z) =
{ps(zy): J €T} is a set of of types on sub-tuples of I, such that for every finite
Yo C ¥ there are M € M and a; € M! that realises ¥y. Then there are M € M
and a; € M that realise X.

Remark 2.33. We call this weak compactness, as it corresponds to the compactness
of a somewhat poor topology, namely the minimal topology rendering S(M) a finite
topological type-space functor (see below).

Remark 2.34. The following weaker version of compactness holds in any elementary
category with type-locality: Let I be a set, Z C P([), x; an infinite tuple indexed
by I, and {ps(z;) € S;(M) : J € I} a set of (representatives of) pure types in
sub-tuples of zj, such that (Z,C) is directed, and whenever J,J' € 7 and J C J',
then py (z ) F ps(zs) in the obvious sense (in the type-space functor terminology, if
f:J < J'is the inclusion, then f*(p;) = ps). Then there is M € M and a; € M
such that tp,,(ay) = p, for all J € 7.

Proof. We prove this by induction on x = |I|. For finite £ this is clear, so we may
assume it is infinite. We reduce easily to the case where Z = P/"(I). We may of
course assume that I = k as sets. We construct by induction on ¢ < k a <, -chain
(M;) and choose a; € M, that realise the proper types, in the following manner:

1. i = 0: Take My to be any model that realises pg.

2. ¢ limit: Take M; to be some < -bound for (M; : j < i).

3. 1= j+ 1: We already have constructed a.;, and want to construct a;. By the
hypothesis of the induction on &, as |i| < k there is some model M’ and b; € M’
that realise all p; for J € P/™(i). By type locality, tp,, (b<;) = tpyy, (a<;), so we
may take M; to witness (M;,a-;) = (M',b<;). We may assume that M; > M;,
and take a; to be the image of b; in M;.

Now taking a bound for the entire sequence (M;), we obtain the result. QED

We connect this with previous definitions:
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Lemma 2.35. An elementary category M has type boundedness and locality if and
only if S(M) is a set type-space functor. It is compact if and only if S(M) can be
topologised to be a compact type-space functor. This is further equivalent to: the min-
imal topology on S(M) rendering it a finite topological type-space functor is compact.

Proof. The first assertion should be clear, using Remark 2.34, so we prove the second.
Just during this proof, call a topology rendering S(M) a finite topological type-space
functor good, and note that this property does not involve any S, (M) for infinite «.
The discrete topology on S(M) (that is, on S, (M) for every n < w) is clearly good,
and the intersection of good topologies is also good. Thus a minimal good topology
exists, as the intersection of all good topologies. On the other hand, the minimal good
topology can be constructed by starting with the co-finite topology on every .S,,, and
adding at each step all images and inverse images of closed sets by every f*, and taking
the generated topology. Iterating this would give the minimal good topology.

We now note that in the definition of weak compactness we could have added existential
quantifiers, equality, finite disjunction and infinite conjunction at no additional costs:
an existential quantifier can be disposed of, making sure that the quantified variables
are new, and instead of saying x = y, we can just replace all the occurrences of y with
x. Finite disjunction and infinite conjunction are disposed of easily in standard ways
so we reduce to the original compactness property.

Assume now that M satisfies weak compactness, and put on S(M) the topology where
the closed sets on S, (M) are defined by formulas with n free variables, generated
from the type-predicates and equality by finite disjunction, infinite conjunction and
existential quantification. Then this topology is clearly good, and by the previous
argument it is also compact.

Conversely, assume that the minimal good topology on S(M) is compact. Then by
Corollary 2.21, S(M) is a compact type-space functor. This implies that S, is compact
for every k, so weak compactness holds. QED

Remark 2.36. Tt is important to point out that if M is compact, then S(M) comes
already with one intrinsic compact topology, namely the minimal one rendering it
a topological type-space functor. Given any specific M, one may point out richer
topologies that are still compact (and we will do so in the examples we give), but
one does not have to: the minimal one will always suffice. This means that in what
follows, a minimal (and very poor) language can always be deduced directly from the
pair (M, | -|), without any language appearing explicitly in the input.

We thus obtain:

Proposition 2.37. Let T' be a positive Robinson theory, M the category of its e.c.
models. Then M 1is a compact elementary category, and the notions of type in a
positive Robinson theory and in an elementary category coincide.

Proof. Easy. QED
And the converse:

Theorem 2.38. Let M be a compact elementary category, with a given compact type-
space functor topology on S(M). Then there is a signature L, a positive Robinson
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theory T in L with respect to A = Ay, and a functor F from M to the category of
L-structures, such that:
1. T is the IIy-theory of M (or rather, of F(M)), and S(T) = S(M) as compact
type-space functors.
F is a functor of concrete categories.
For any e.c. model M of T there is N € M such that M Cp F(N).
For any M € M there is an e.c. model N of T' such that F(M) C, N.
For all M,N € M: M 2N <= F(M) C; F(N).

Proof. Take T = Th,es(S(M)), and F' the natural interpretation of M € M as an
L-structure. Then:

AN

1. The second assertion is already known. As for the first, it suffices to show that
T+ -3z A\ Ri(zy,) if and only if M |= —-3% A R;(zy,), where where R; are n;-ary
relations, and f; : n; — n give the relevant sub-tuple. Clearly, both are equivalent

. Clear.

3. As M =T = Thp(M), A(M) is finitely realized in M. By weak compactness,
M can be continued to a F'(N) for N € M. As F(N) =T and M is e.c., this is
an embedding and M C, F(N).

4. As F(M) = T by definition, we can continue F'(M) to an e.c. model N of T.
As every finite tuple from F'(M) satisfies precisely one predicate, and every finite
tuple in NV satisfies at most one predicate (7" would forbid more), we see that
F(M)Ce N.

5. One direction is evident by the construction. For the other, if M C, N then by
type locality, if m is an enumeration of M, then tp,,(m) = tp,(m). By definition,
there is P which amalgamates M and N over m. Now by Tarski-Vaught we get
that M = M N.

[\)

QED

2.4. Examples. We start with a simple example, of an elementary abstract category
with type-locality (that is, of a set type-space functor) which is not compact.

Consider first the category C of bipartite graphs. So a model M € C is a disjoint
union Uy U V), and there is also the graph Ry, C Uy x V), and Home (M, N) is the
set of embeddings of M into N. It is easily verified that C is a compact elementary
category, and S, (C) is finite for every n < w. Thus we recover from the category
structure an w-categorical first-order theory, that of the generic bipartite graph.

For a € Uy note Ry(a) ={b € Vy : (a,b) € Ryy}. For M € C and a # o € Uy
(that is, a,a’ € Uy such that a # a'), write:

acly(ad’) = ‘RM(CL).m Ry(d)| <w {a,d'} U (Ry(a) N Ry(ad))
otherwise {a,a'}
And for A C M:

acly(A) = AU U aclys(aa’)

{a,a’}E [U}y[ ﬂA]Q
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In order to add structure to C, we consider the sub-category C' where the objects
are the same, but morphisms are now required to preserve acl. Thus, working in C’,
we do not need to specify in which model we take the acl. One verifies that C’ is an
clementary category (with amalgamation). We claim then that for a set A, tp(A) is
just the ismorphism class of acl(A) (as a bipartite graph, over A). This is clear, as
A C M implies that acl(A) <& M, so just apply amalgamation. This shows type
locality and boundedness. In particular, this means that Sy(C) contains the following
types: x =y e U,z =y €V, z Ry, y Rz, 7(x Ry) -(y R z) (in the last
two we unterstand implicitly that the left-hand side is in U and the right-hand in V'),
r#yeV, and for o € wU{o0}: z #y € UA|R(x) N R(y)| = a. It can be verified
that C’ is also compact.

Our goal however is C” C C’, which is the full sub-category consisting of all objects
M € C" such that |Ry(a) N Ry(a')] < w for all a # o’ € Uy Then everything we said
about C" holds, except the following: the 2-type x # y € U A |R(z) N R(y)| = oo no
longer exists, and compactness is lost. Indeed, the following set is finitely consistent
but not consistent:

{zRz i <wlU{yRz i <w}U{z #z €V :i<j<w}U{zRw,~(yRw)}

So in a sense, C' is a compactification of C”.

We continue with very natural examples, Hilbert and Banach spaces. Note that
similar examples exist also in [BLOO].

Example 2.39. Let F be R or C. Then category 4 of normed vector spaces over
F, with isometries as morphisms, is a connected compact elementary category, and
the sub-category ¢ of inner product spaces is a connected compact elementary sub-
category. In both, two tuples have the same type if and only if there is an isometry of
the subspaces they generate sending one onto the other.

Proof. We give the proof for %, unless where it is different for 7.
This is clearly a concrete category. Let us verify that it is elementary:

Injectiveness: Isometries are injective.
Tarski-Vaught property: Clear.
Elementary chain property: Clear.
Amalgamation: This should probably be in every textbook of functional analysis.
However, as I know none, I give it:
The normed case: Suppose that f; : A — B; are isometries for i < 2. Let A, B;
be the completions of A, B; respectively. Then we can extend f; to f/ : A — B; in
a unique way, and we may define C' = By @ 5 B, the fibred sum as vector spaces.
Define for b; € B;: ||bg — b1||c = infe1(||bo — al| g, + ||b1 — al| 5,)- Then it is a well
defined function from C' to R,. It is a norm:
|z||c > 0: Clear.
|z|lc = 0 = o = 0: Suppose that b; € B;, and ||by — b;||c = 0. Then for all n
there is a, € A such that ||b; — a,|| < 1/n. Thus by = b; € A, and by —b; =0
in C.
|laa|| = |a||al|: Clear.
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Triangle inequality:
oo + b6 = b1 = billc = nf(llbo + by — allz, + [lbx + b} — allz,)

= inf (||lbo + 0y —a—d'|g, + Ibs + b, —a—d|5)

a,a’' €A
< inf ([lbo — a5, + |15 — @'l 5, +
a,a
101 — al| g, + |V} — dl| 5,)

= 1H£(||b@ - CLHBO + ”bl - a’“Bl)
acA
+ Inf (|1t — o', + 16— o'll3,)
= [lbo — billc + IIbG + by llc

Finally, the natural mappings of B; into C' are isometries: For b € By:
Ibll5, > int (b = all5, +llall5)
= inf ([[b — al[5, + llall5,)
acA
> {6l 5,

and similarly for b € B;. Restricting back to A, B;, we get the required amalga-
mation result. As a matter of notation, if C" C C'is the subspace spanned by the
images of B;, we note: C' = By &% B.
The inner product case is easier: Write C' = A® (ByNAL)® (BN AL), the direct
sums being orthogonal, and take €' = By @7 B to be the subspace spanned in
C by the B;.
The characterisation of equality of types should be clear. As there is a unique type for
the empty tuple, we have connectedness. We have yet to show that this is compact:

Type boundedness: Clear.

Type locality: If a, b are infinite tuples, and every two corresponding finite sub-
tuples have the same type, then we have an isomorphism of the vector spaces
generated by a and b sending a onto b. But then it preserves norms as well.

Weak compactness for Banach spaces: We shall prove a stronger result, that
is the compactness of a space with a richer topology (or language). For every
n<w, A€ F* and K C Rt compact, we define the n-ary predicate pf”xK by:

Py k(@) = | Z)\z%n €K
<n
and we take L4 to be the set of all such predicates. First, every complete n-
type is the conjunction of (infinitely many) such predicates, so it suffices to show
compactness in this language. We claim then that if ¥(Z) is a set of positive
quantifier-free formulas in this language in some infinite tuple of variables, and it
is finitely realized in A, then it is realized in £:
First, we may clearly assume that ¥ is in fact a set of predicates. Let V = € Fu;
the space of linear combinations in Z, and let W C V' be the subspace generated

by those linear combinations which are present in the predicates which appear
in . Choose a basis g for W, and find W’ such that V = W & W’ as vector
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spaces. The compactness of the sets K gives us for every y; in this basis a
bound M; € R, and some finite X C 3 such that X! F ||y;|| < M;. Now, for
finite Xg C X, the linear combinations of ¥ that appear in ¥, generate a finite-
dimensional subspace of W, so a finite subset {y; : i € I} of the base suffices to
generate it. Let Xf = Yo U U, ¥ C %, so it is still finite, and by assumption
there are a € U € A, U = ¥y(a). Let 7 : V. — U send y; onto ay, and the
rest of § along with W’ to 0, and define ps,(w) = ||7(w)||y. Then pyg, is a semi-
norm on V such that (V, ps,) E o, ps,(vi) < M; for all 4, and it is zero on W'.
This means that as elements of (R*)V all the ps, belong to some compact, and
therefore (py, : ¥ C X finite) has an an accumulation point p. p is a semi-norm
as the limit of such, and as each predicates is a closed condition which is realized
by ps, from some point on, we have (V, p) = 3. Dividing out by the elements of
semi-norm zero gives the desired normed space.

Weak compactness for Hilbert spaces: We do a similar thing using the previ-

ous result, translating conditions on inner products to conditions on norms. For
alln < w, \,i € F*, X C F closed and N € R*, we define the n-ary predicate

Prxax.n PY:

pﬁ,ﬁ,X,N(f) — <Z >\i$iaZM$i> e XA /\ lzi|| < N

<n <n <n
and we take L4 to be the set of all such predicates. Again, it suffices to prove
compactness in this language. We claim that if 3(Z) is a set of predicates of this
form in some infinite tuple of variables, and it is finitely realized in ¢, then it
is realized in 2. This can be proved directly in a similar fashion as for normed
spaces, but we can in fact reduce to that case. Recall that in an inner product
space over R:

R hat e TR

And over C:
(u,v) = [+ ol* = flu = of* | Jlutiv]* = [lu—dvl?
4 4
So we see that the condition on the norm of being induced by an inner prod-

uct is a closed one (that is, can be expressed by a conjunction of predi-
cated of the form p’fj\ 7 Where F' C R* is closed), and so are the conditions

<Zi<n i@, ZKn ,uiai> € X. As they are not compact, we also need the bounds
on the norms of the participating variables. Combining the closed conditions with
these bounds we obtain compact conditions, that is a set ¥'(Z) C L, which is
finitely realized in ¢ and therefore in Z. Then by the compactness for Banach
spaces it is realized in Z. But as ¥’ contains predicates that say that the norm
is induced by an inner product, it is in fact realized in 2 and we are done.

QED

Remark 2.40. Note that we just gave a richer topology than the minimal one. We did
not change the type spaces as sets.



POSITIVE MODEL THEORY AND COMPACT ABSTRACT THEORIES 31

Remark 2.41. With the languages we gave for % and ¢, they are not Hausdorff, nor
indeed semi-Hausdorff. In fact, not only is the language for % not semi-Hausdorff,
but we also cannot expand it to be (while keeping compactness). Indeed, if we add
predicates for type equality, then the set {z; = ;11 1 i < w}U{||xip1— 24| =i i < w}
is finitely realised but not realised.

Remark 2.42. Replace the language we gave for 4 with the somewhat weaker language
consisting of the predicates:

05 x (@) = 1D Nl € X AN llaill < N
i<n <n

and add predicates for equality of types. Then S(Z) is compact with the induced
topology, and in particular 4 is semi-Hausdorff in this language. Indeed, assume we
are given a finitely consistent set ¥ of predicates in this language. Then we have
two kinds of predicates: norm predicates and type-equality predicates. The norm
predicates (in the modified language) give us bounds on the norm of every variable
they apply to. Then, if we have a bound on ||z|| and we know that 2 = y then we also
have a bound on ||y||. Let z; : i < A be the variables on whose norms we have bounds,
and z} : i < X the others. Let W, W’ be the spaces of linear combinations of these
sets of variables respectively, and V' = W @ W'. For every finite ¥ C ¥ we have a
semi-norm p on V such that (V,p) | Xg. Define p'(w + w') = p(w) (where w + w’ is
the decomposition of v € V.= W @& W’). One verifies that then (V,p') = ¥y. This
means that ¥’ = X U {||z}|| = 0 : ¢ < X'} is also finitely consistent, and now we have
bounds on all the variables. We can then replace the type-equality conditions, which
are closed, by compact ones and reduce to the language we gave in the beginning.
A similar argument shows that we can add type-equality predicates to the language
we gave for 7 preserving compactness.
Thus, when needed, both % and 7 can be assumed to be semi-Hausdorff.
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