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ABSTRACT. We studyprobabilistic logic under the viewpoint of the coherenceprinciple of de
Finetti. In detail,weexplore howprobabilisticreasoningundercoherenceis relatedto model-
theoretic probabilisticreasoningandto defaultreasoningin System� . In particular, weshow
that the notionsof g-coherenceand of g-coherent entailmentcan be expressedby combining
notionsin model-theoretic probabilistic logic with conceptsfromdefaultreasoning. Moreover,
weshowthat probabilistic reasoningundercoherenceis a generalizationof defaultreasoning
in System� . Thatis,weprovidea new probabilisticsemanticsfor System� , which neitheruses
infinitesimalprobabilitiesnor atomicbound(or big-stepped)probabilities. Theseresultsalso
providenew algorithmsfor probabilisticreasoningundercoherenceandfor defaultreasoning
in System� , andthey givenew insightinto defaultreasoningwith conditionalobjects.

RÉSUMÉ.Nousétudionsla logiqueprobabilistesousle point de vuedu principe de cohérence
proposépar de Finetti. En détail, nousanalysonscommentle raisonnementprobabilistesous
la cohérenceest lié au raisonnementprobabilistemodèle-théorétiqueet au raisonnementpar
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défautdansle Système� . Enparticulier, nousprouvonsquelesnotionsdela g-cohérenceetde
l’implication g-cohérentepeuventêtreexpriméesencombinantdesnotionsenlogiqueprobabi-
liste modèle-théorétiqueavecdesconceptsdu raisonnementpar défaut.D’ailleurs,nousprou-
vonsquele raisonnementprobabilistesousla cohérenceestunegénéralisationduraisonnement
par défautdansle Système� . C’est-à-dire, quenousfournissonsunenouvellesémantiquepro-
babilistepour le Système� , queni n’utilise desprobabilitésinfinitésimalni desprobabilités
atomique-bornées(ou«àgrandesmarches»).Cesrésultatsfournissentégalementdesnouveaux
algorithmespour le raisonnementprobabilistesousla cohérenceet pour le raisonnementpar
défautdansle Système� , et ils donnentunenouvelleperspicacitédansle raisonnementpar
défautaveclesobjetsconditionnels.

KEYWORDS:Conditionalprobabilityassessments,conditionalconstraints,probabilisticlogic un-
dercoherence, model-theoretic probabilisticlogic, g-coherence, g-coherententailment,default
reasoningfromconditionalknowledge bases,System� , conditionalobjects.

MOTS-CLÉS: Évaluationsde probabilitésconditionnelles,contraintesconditionnelles,logique
probabilistesousla cohérence, logique probabilistemodèle-théorétique, g-cohérence, impli-
cation g-cohérente, raisonnementpar défautdesbasesde connaissanceconditionnelle, Sys-
tème� , objectsconditionnels.

1. Intr oduction

Theprobabilistictreatmentof uncertaintyplaysan importantrole in many appli-
cationsof knowledgerepresentationandreasoning.Often, we needto reasonwith
uncertaininformationunderpartialknowledgeandthentheuseof preciseprobabilis-
tic assessmentsseemsunrealistic.Moreover, thefamily of uncertainquantitiesathand
hasoftenno particularalgebraicstructure.

In suchcases,a generalapproachis obtainedby using (conditionaland/orun-
conditional)probabilisticconstraints,basedon the coherenceprinciple of de Finetti
and suitablegeneralizationsof it [BIA 00, COL 94, COL 96, COL 99a, COL 99b,
GIL 95b, GIL 02, GIL 94, SCO96], or on similar principlesthathave beenadopted
for lower andupperprobabilities[PEL 98, WAL 91]. Two importantaspectsin deal-
ing with uncertaintyare: (i) checkingthe consistency of a probabilisticassessment,
and(ii) thepropagationof a givenassessmentto furtheruncertainquantities.

Anotherapproachfor handlingprobabilisticconstraintsis model-theoreticproba-
bilistic logic, whoserootsgo backto Boole’s bookof 1854“The Laws of Thought”
[BOO 54]. Thereis a wide spectrumof formal languagesthathave beenexploredin
probabilisticlogic, which rangesfrom constraintsfor unconditionalandconditional
events[AMA 91, FRI 94, LUK 99a, LUK 99b, LUK 01, NIL 86] to rich languages
that specify linear inequalitiesover events[FAG 90]. The main problemsrelatedto
model-theoreticprobabilisticlogic arecheckingsatisfiability, decidinglogical conse-
quence,andcomputingtight logically entailedintervals.

Coherence-basedandmodel-theoreticprobabilisticreasoninghave beenexplored
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quite independentlyfrom eachotherby two differentresearchcommunities.For this
reason,the relationshipbetweenthe two areashasnot beenstudiedin depthso far.
The currentpaperandour work in [BIA 01] aim at filling this gap. More precisely,
our researchis essentiallyguidedby thefollowing two questions:

– Which is thesemanticrelationshipbetweenprobabilisticreasoningundercoher-
enceandmodel-theoreticprobabilisticreasoning?

– Is it possibleto usealgorithmsthathave beendevelopedfor efficient reasoning
in oneareaalsoin theotherarea?

Interestingly, it turnsout that the answersto thesetwo questionsarecloselyre-
lated to default reasoningfrom conditionalknowledgebasesin System� . The lit-
eraturecontainsseveraldifferentproposalsfor default reasoningandextensive work
on its desiredproperties.Thecoreof thesepropertiesaretherationalitypostulatesof
System� proposedby Kraus,Lehmann,andMagidor [KRA 90]. It turnedout that
theserationalitypostulatesconstitutea soundandcompleteaxiomsystemfor several
classicalmodel-theoreticentailmentrelationsunderuncertaintymeasureson worlds.
More precisely, they characterizeclassicalmodel-theoreticentailmentunderprefer-
ential structures[SHO87, KRA 90], infinitesimalprobabilities[ADA 75, PEA89],
possibility measures[DUB 91], andworld rankings[SPO88, GOL 92]. They also
characterizeanentailmentrelationbasedon conditionalobjects[DUB 94]. A survey
of all theserelationshipsis givenin [BEN 97, GAB 98].

In thispaper, weshow thatprobabilisticreasoningundercoherenceis reducibleto
model-theoreticprobabilisticreasoningusingconceptsfrom default reasoning.Cru-
cially, weevenshow thatprobabilisticreasoningundercoherenceis ageneralizationof
defaultreasoningin System� . Thatis,wegiveanew probabilisticsemanticsfor Sys-
tem � , which neitherusesinfinitesimalprobabilities[ADA 75, PEA 89] nor atomic
bound[SNO99] (or big-stepped[BEN 99]) probabilities. This paperdealswith the
semanticaspectsof thesefindings,while thecompanionpaper[BIA 01] focusesonits
computationalimplicationsfor probabilisticreasoningundercoherence.

Themaincontributionsof this papercanbesummarizedasfollows:

– Wedefineacoherence-basedprobabilisticlogic. In particular, wedefineaformal
languageof logicalandconditionalconstraints,whicharedefinedonarbitraryfamilies
of conditionalevents.Wethendefinetheconceptsof generalizedcoherence(or simply
g-coherence)andof g-coherententailmentfor this language.

– Weexploretherelationshipbetweencoherence-basedandmodel-theoreticprob-
abilistic reasoning.It turnsout that the formergeneralizesdefault reasoningin Sys-
tem � , while the latter generalizesclassicalreasoningin propositionallogic. Thus,
theformerdoesnot have thepropertyof inheritanceof logical knowledge,while the
latterdoes.Wealsoshow thatg-coherententailmentcoincideswith logicalentailment
from asmallerknowledgebase.Moreover, g-coherenceliesbetweensatisfiabilityand
strongsatisfiability, while g-coherententailmentis weaker thanlogical entailment.
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– Weshow thatg-coherenceandg-coherententailmentcanbereducedto theexis-
tenceof satisfyingprobabilisticinterpretationsandto logicalentailment,respectively,
usingconceptsfrom default reasoning.Hence,theseresultsprovide new algorithms
for coherence-basedprobabilisticreasoning,which arebasedon reductionsto stan-
dardreasoningtasksin model-theoreticprobabilisticlogic.

– We explore the relationshipbetweenprobabilistic reasoningundercoherence
anddefault reasoningin System� . We show that g-coherenceandg-coherenten-
tailmentaregeneralizationsof consistency andentailmentin System� , respectively.
Hence,we provide a new probabilisticsemanticsfor System� . Moreover, thesere-
sultsalsoprovideanew algorithmfor default reasoningin System� .

– We provide new insight into DuboisandPrade’s approachto default reasoning
with conditionalobjects[DUB 94, BEN 97]. In detail,weshow thatthedefinitionsof
consistency andentailmentfor conditionalobjectsareactuallyclassicalcounterparts
of thedefinitionsof g-coherenceandg-coherententailment,respectively.

Therestof thispaperisorganizedasfollows.Section2 introducestheformalback-
groundof this work. In Section3, we explore the relationshipbetweenprobabilistic
reasoningundercoherenceandmodel-theoreticprobabilisticreasoning.Sections4
and5 focuson therelationshipbetweenprobabilisticreasoningundercoherenceand
defaultreasoningin System� andwith conditionalobjects,respectively. In Section6,
we summarizethemainresultsandgive anoutlookon futureresearch.Notethatde-
tailedproofsof all resultsaregivenin AppendicesA–C.

2. Probabilistic logic under coherence

In this section,we first introducesometechnicalpreliminaries. We thenbriefly
describepreciseandimpreciseprobability assessmentsundercoherence.We finally
defineourcoherence-basedprobabilisticlogic andgiveanillustratingexample.

2.1. Preliminaries

We first definethe syntaxandsemanticsof events. We assumea nonemptyset
of basicevents� . We use 	 and 
 to denotefalseandtrue, respectively. Thesetof
eventsis theclosureof ��� � 	��
�� undertheBooleanoperators� and � . Thatis,each
elementof ��� � 	��
�� is anevent,andif � and� areevents,thenalso ��������� and ��� .
We use ��������� and � ��!"�#� to abbreviate ���������$�%�&� and �������'�%�&� , respectively,
andadopttheusualconventionsto eliminateparentheses.A logical constraint is an
eventof theform �'!"� . Notethat 	(!*) is equivalentto �+) .

A world , is atruthassignmentto thebasiceventsin � (thatis,amapping,.-��0/�214365 728 :9<;>= 8 � ), which is extendedto all eventsasusual(that is, ���?�@�&� is true in A
if f � and � aretruein A , and ��� is truein A if f � is not truein A ). Denoteby BDC the
setof all worldsfor � . Weoftenidentify thetruthvalues

14365�7E8
and 9<;>= 8

with thereal
numbersF and G , respectively. A world , satisfiesan event � , or , is a modelof � ,
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denoted,IH JK� , if f ,L���#�MJN9E;O= 8
. , satisfiesa setof events P , or , is a modelof P ,

denoted,�H JNP , if f , is a modelof all �RQSP . An event � (resp.,a setof events P ) is
satisfiableif f amodelof � (resp.,P ) exists.An event � is a logical consequenceof �
(resp.,P ), denoted��H JN� (resp.,PNH J@� ), if f eachmodelof � (resp.,P ) is alsoamodel
of � . Weuse�UTH JV� (resp.,PWTH JX� ) to denotethat ��H JN� (resp.,PNH J@� ) doesnothold.

2.2. Probability assessments

Wenext defineconditionalevents,(precise)probabilityassessmentsonconditional
events,andthenotionof coherencefor suchprobabilityassessments.

A conditional event is an expressionof the form �YH � with events � and � . It
can be looked at as a three-valued logical entity, with values 9E;O= 8

, or
14365 728

, orZ [%\ 8 9 8 ;>] Z�[ 3 9 8 , accordingto whether � and � are true, or � is false and � is
true, or � is false,respectively. That is, we extend worlds , to conditionalevents��H � by ,L�^�YH �#�MJ_9E;>= 8

if f ,�H J@����� , ,L�^��H �#�MJ 14365 728
if f ,IH JK�%�'�`� , and ,a� ��H �L��JZ [%\ 8 9 8 ;>] Z�[ 3 9 8 if f ,�H JK��� . Note that ��H � coincideswith �����+H � . More generally,�.bcH �Db and ��deH �Ld coincideif f �fb��g�DbhJV��df�g�Ld and �DbhJX�Ld .

We recall that in the framework of subjective probability, given an event � , the
evaluation �Yij�^���MJK) , given by someone,is a numericalrepresentationof his de-
greeof beliefon � beingtrue.Usingthebettingcriterion,if suchindividualevaluates�Yik� �&�MJ_) , thenhewill payanamountof money )`l , wherel_TJmF is arbitrary, andhe
will getbacktheamountl�� . Then,theassociatedrandomgainis noJNlg� �mp@)%� . Co-
herencerequiresthat,for every l_TJmF , it mustbe qsrut'n0v�F , whichimplies Fxwg)?wKG .

For a conditionalevent ��H � , if theindividualevaluates�Yij� ��H �L�aJK) , thenhewill
pay an amountof money )�l gettingbackthe amount l�� (resp., )�l ) if � is true
(resp.,false). Then,the associatedrandomgain is noJNls���^�Npg)+� . Coherencere-
quiresthat,for every l_TJNF , it mustbe q`rut'n?H �Rv@F , which(again)implies Fxwg)?wKG .

We pointout thatthecoherence-basedprobabilisticapproachis moregeneralthan
theusualone,becauseto assessconditionalprobabilitieswe do not rely on uncondi-
tionalprobabilities.In fact,in ourframework theprobabilityassessment�Yik� ��H �#�MJK)
hasa naturalmeaningin all cases,including the onein which �Yij���#�MJKF . In other
words,thequantity �Yij���L� playsno role andtheonly relevantthing is theassumption
“ � true”. Moreover, givena function y on a family of conditionalevents z , if y is
coherent,then y satisfiesall theusualaxiomsof a conditionalprobability, while the
converseis not true(for a counterexamplesee[GIL 95a], Example8).

More formally, a probability assessment� Ph{y�� on a setof conditionalevents z
consistsof a setof logical constraintsP , anda mappingy that assignseach |+Q�z a
realnumberin } F6EG�~ . Informally, P describeslogical relationships,while y represents
probabilisticknowledge.For

� �fbcH �Dbu<�<�E�<��+��H �L�#�f�$z with �`v_G and � realnumbers� b><�E�<�< � � , let themappingnK-cBDCN/�� bedefinedasfollows. For every ,sQsBDC :

ns� ,k�gJ ����� b � �6� ,L��� � � � ��,a� � � �+p(y�� � � H � � ���#�



6 Journalof Applied Non-ClassicalLogics.VolumeX - n� X/2002

In the framework of bettingcriterion, n canbe interpretedasthe randomgain cor-
respondingto a combinationof � betsof amounts� b � y��^� b H � b ��<�E�<�< � � � y�� � � H � � �
on � b H � b <�<�E�<�� � H � � with stakes � b <�E�<�� � � . In detail, to bet on � � H � � , onepaysan
amountof � � � y�� � � H � � � , andone getsback the amountof � � , F , and � � � y��^� � H � � � ,
when � � ��� � , �%� � �`� � , and ��� � , respectively, turnsout to betrue.Thefollowing no-
tion of coherencenow assuresthatit is impossible(for boththegamblerandthebook-
maker) to have uniform loss.A probabilityassessment��Ph{y�� on a setof conditional
eventsz is coherent if f for every

� �fbuH �Db>E�<�<�<:����H �L�#���$z with ��vKG andfor all real
numbers� bOE�<�<�< � � , it holds qsr>t � ns� ,k��H�,IQxBDC.6,�H J_Ph6,'H JW�Db�� �<�E� ���L�#��v�F .

2.3. Imprecise probability assessments

We now describeimpreciseprobabilityassessmentson conditionaleventsandthe
conceptsof g-coherenceandg-coherententailmentfor suchassessments.

An impreciseprobability assessment� PI�y�� on a setof conditionalevents z con-
sistsof a setof logical constraintsP anda mappingy thatassignseach|+Q�z an in-
terval } ����M~e�_} F6EG�~ with �kw'� . We say � PI�y�� is g-coherent if f thereexistsa coherent
preciseprobabilityassessment� PI�yh�>� on z suchthat yh�j� |E�#QSy�� |E� for all |+Q�z .

We recall a characterizationof g-coherencedue to Gilio [GIL 95b]; equivalent
resultshave beenobtainedby Coletti [COL 94]. Given a setof logical constraintsP anda setof conditionalevents zXJ � |2b2<�E�<�<{|��L� , denoteby ���+�^z�� the setof all
mappingsi thatassigneach| � JN� � H � � QYz amemberof

� � � ��� � {�%� � �`� � {��� � � such
that � ����P$� � ij� | � ��H:| � Q�z+� is satisfiable,and �^�4���Dij� | � �%TJK��� � for some��Q � GcE�<�E��:�+� .
For suchmappingsi andevents� , weusei�H JK� to abbreviate ik��| b �u� �<�<� ��ij� | � ��H JN� .

Theorem2.1(Gilio [GIL 95b]) Animpreciseprobabilityassessment� Ph{y�� ona set
of conditionalevents z is g-coherent iff for every z � J � � b H � b E�<�<�E:� � H � � ����z
with ��v�G , thefollowing systemof linear constraintsover thevariables �a�R� i&QS�S� ,
where �WJ�� � �^z � � , is solvable:����c� �a� �^  � � v*� � � for all �aQ � G¡<�E�<����+�O�����c� � � ��¢ � � w£� � � for all �aQ � G¡<�E�<����+�O���<�c� � � J¤G

�M�Nv*F � for all i�QR�S� ,

(1)

where � � and � � are definedby y��^� � H � � �MJ�} � � :� � ~ for all �LQ � GcE�<�E��:�+� , and   � � and¢ � � aredefinedasfollowsfor all i�QS� and �aQ � G¡<�E�<����+� :

  � � (resp.,¢ � � ) J
¥¦§ ¦¨ Gc if i`H J©� � �`� �
F6 if i`H J��%� � �`� �� � (resp.,� � )  if i`H J���� � .
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We next definethe notion of g-coherententailmentfor impreciseprobability as-
sessments.Let � Ph{y�� be a g-coherentimpreciseprobability assessmenton a setof
conditionalevents z . The impreciseprobability assessment} ����M~ on a conditional
event ª is calleda g-coherent consequenceof � Ph{y�� if f yI�e�^ªD�DQ`} ����M~ for every g-
coherentpreciseprobability assessmentyh� on zN� � ª%� suchthat yh�k� |E�#QRy���|<� for
all |+Q�z . It is a tight g-coherent consequenceof � PI�y�� if f � (resp., � ) is the infi-
mum(resp.,supremum)of y � �^ªD� subjectto all g-coherentpreciseprobabilityassess-
mentsyI� on z'� � ª%� suchthat yI�e��|<�#QRy���|<� for all |+Q�z . Observe that for |�Jm«�H )
suchthat P�H J¤�+) , every

� � |>2} �::�a~¬��� with ��:��Q�} F6EG�~ is a g-coherentconsequence
of ��Ph�y�� , and

� ��|>E}�Gc{F>~^��� is theuniquetight g-coherentconsequenceof � PI�y�� . Note
thatherewe identify }G¡�Fu~ with theemptyset.

2.4. Probabilistic logic under coherence

We now defineconditionalconstraints,probabilisticknowledgebases,andtheno-
tions of g-coherenceand g-coherententailmentfor probabilisticknowledgebases.
In therestof thispaper, we assumethat � is finite.

A conditionalconstraint is anexpressionof theform �^�YH �#�<} �::�a~ with realnumbers��:��Q�} F6EG�~ andevents�I�� . We call � its antecedentand � its consequent. A proba-
bilistic knowledge base ®�¯oJ�� PI��R� consistsof a finite setof logical constraintsP ,
anda finite setof conditionalconstraints� suchthat (i) �kwg� for all �^��H �#��} ����M~eQY� ,
and(ii) �fbuH �Db�TJX�+deH �Ld for any two distinct � �.b¡H �#bE��} � bO��Db�~ , �^��deH �Ld2�<} �¬dc:�#d�~eQY� .

Every impreciseprobabilityassessment,4�oJo��Ph{y�� with finite P onafinite setof
conditionaleventsz canberepresentedby theprobabilisticknowledgebase

®�¯R°± J ��Ph � �^�YH �#��} ����M~+HO��H �RQ�z�My��^��H �#�MJ�} �::�a~��>�#�
Conversely, everyprobabilisticknowledgebase®�¯oJ�� PI��R� canbeexpressedby the
following impreciseprobabilityassessment,��f²#³sJ�� PI�yS²#³.� on z#²#³ :

yS²#³ J � � ��H ��2} �::�a~¬�xH6�^��H �#��} ����M~eQS®�¯��fz ²#³ J � �YH �_Hc´������Q�} FM<G�~2-��^�YH �#��} ����M~eQR®�¯����
A probabilisticknowledgebase ®�¯ is said g-coherent if f ,4� ²#³ is g-coherent.

For g-coherent®�¯ and conditionalconstraints�^�YH �#��} ����M~ , we say �^�YH �#��} ����M~ is a
g-coherentconsequenceof ®�¯ , denoted®�¯©Hµ��^�YH �#��} ����M~ , if f

� �^��H �¶E} ����M~^��� is a g-
coherentconsequenceof ,4� ²#³ . It is a tight g-coherentconsequenceof ®�¯ , denoted®�¯©Hµ tight �^��H �#��} ����M~ , if f

� �^�YH �¶E} ����M~^��� is a tight g-coherentconsequenceof ,4�f²L³ .

Wegiveanexampleto illustratetheconceptof aprobabilisticknowledgebaseand
thenotionsof g-coherenceandof g-coherententailment.

Example2.2 Considerthefollowing probabilisticknowledgebase®�¯oJ�� PI��R� :
P·J �c¸c¹º¼» !�½u¾u¿OÀ6Á ¹ ¿c�f�·J � �ÃÂ ¾EÀcÄEH ¸c¹º¼» ��}�GcEG�~4E�¬ÅjÆ6H ¸u¹º¬» �<}G¡<G<~�2�¬ÅjÆMHÇ½u¾c¿2ÀMÁ ¹ ¿>��} F6E� FeÈO~��f�
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In probabilisticlogic undercoherence,®�¯ mayrepresentthe logical knowledge “all
penguinsarebirds”, the logical default knowledge “generally, birds have legs” and
“generally, birdsfly”, andtheprobabilisticdefaultknowledge“generally, penguinsfly
with aprobabilityof atmost0.05”. It is notdifficult to seethat ®�¯ is g-coherent,and
thatsometight g-coherentconsequencesof ®�¯ aregivenasfollows:

®�¯©Hµ tight �ÃÂ ¾<À¡ÄEH ¸u¹º¬» �<}G¡<G<~�m®�¯©Hµ tight �¬ÅjÆMH ¸c¹º¬» �<}G¡<G<~c®�¯©Hµ tight �ÃÂ ¾<À¡ÄEHÉ½u¾u¿OÀ6Á ¹ ¿O��} F6EG�~�@®�¯©Hµ tight �^ÅjÆaHÇ½u¾c¿2ÀMÁ ¹ ¿>��} F6<� F¡È>~c�
Here,the interval “ } F6EG�~ ” is dueto the fact that the logical propertyof having legs is
not inheritedfrom birdsdown to penguins.

3. Relationship to model-theoretic probabilistic logic

In thissection,weexploretherelationshipbetweenprobabilisticlogicundercoher-
enceandmodel-theoreticprobabilisticlogic. We first briefly recallthemainconcepts
of model-theoreticprobabilisticlogic. We thenshow how thenotionof g-coherence
canbe reducedto the existenceof satisfyingprobabilisticinterpretationsin model-
theoreticprobabilisticlogic. Moreover, weshow thatg-coherententailmentcanbere-
ducedto logicalentailmentin model-theoreticprobabilisticlogic. We finally describe
theroughrelationshipbetweeng-coherenceandsatisfiability(resp.,strongsatisfiabil-
ity), andbetweeng-coherententailmentandlogicalentailment.

3.1. Model-theoretic probabilistic logic

We now briefly recallthemainconceptsof model-theoreticprobabilisticlogic. In
particular, we defineprobabilisticinterpretationsandthesemanticsof events,logical
constraints,andconditionalconstraintsunderprobabilisticinterpretations.We then
definethenotionsof satisfiabilityandlogical entailment.

A probabilisticinterpretation Ê&Ë isaprobabilityfunctionon BDC (thatis,amappingÊ&Ë¶-�BDC�/Ì} F6<G<~ suchthatall Ê&Ëj� ,k� with ,hQxBDC sumup to 1). Theprobability of an
event � in the probabilisticinterpretationÊ&Ë , denotedÊ&Ëj���#� , is definedasthe sum
of all Ê&Ë6��,e� suchthat ,hQxB C and ,�H JK� . For events � and � with Ê&Ëj���#�#Í@F , we
use Ê&Ë6� ��H �L� to abbreviate Ê&Ëj�^�'�s�#�MÎ.Ê�Ëk���#� . The truth of logical andconditional
constraintsÏ in a probabilisticinterpretationÊ&Ë , denotedÊ&ËsH JXÏ , is definedby:

– Ê&ËsH JV��!Ð� if f Ê&Ëj�^�'�s�#�.JÑÊ&Ëj���#� .
– Ê&ËsH JÒ� ��H �L�<} �::�a~ if f Ê�Ëk���#�fJXF or Ê&Ëj� ��H �L�xQK} ����M~ .

We say Ê&Ë satisfiesa logical or conditionalconstraint Ï , or Ê&Ë is a modelof Ï ,
if f Ê�ËxH JNÏ . Wesay Ê&Ë satisfiesasetof logicalandconditionalconstraintsÓ , or Ê&Ë is
amodelof Ó , denotedÊ&Ë`H J©Ó , if f Ê&Ë is amodelof all Ï�QSÓ . Wesay Ó is satisfiable
if f a modelof Ó exists. We say Ó is strongly satisfiableif f a model Ê&Ë of Ó exists
suchthat Ê&Ëj���L�DÍmF for all � ��H �L�<} �::�a~¡QYÓ .
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We next definethe notion of logical entailment. A conditionalconstraintÏÔJ�^��H �#��} ����M~ is a logical consequenceof a setof logical andconditionalconstraintsÓ ,
denotedÓÑH J_Ï , if f eachmodelof Ó is alsoa modelof Ï . It is a tight logical conse-
quenceof Ó , denotedÓÔH J tight Ï , if f � (resp., � ) is the infimum (resp.,supremum)
of Ê&Ëj�^�YH �#� subjectto all modelsÊ&Ë of Ó with Ê&Ëj���L�DÍgF . Notethatwe define �eJUG
and �SJmF , when ÓWH J����+H 
Y��} F6{F>~ . A probabilisticknowledgebase ®�¯UJ�� PI��R� is
satisfiable(resp.,strongly satisfiable) if f P$��� is satisfiable(resp.,stronglysatisfi-
able). A conditionalconstraint � ��H �#��} ��:�a~ is a logical consequenceof ®�¯ , denoted®�¯©H J��^��H �#��} ����M~ , if f P$���VH J�� ��H �#��} ��:�a~ . It is a tight logical consequenceof ®�¯ ,
denoted®�¯*H J tight � ��H �#��} ��:�a~ , if f P$���*H J tight � ��H �#��} ��:�a~ .
Example3.1 Consideragainthe probabilisticknowledgebase®�¯�J���Ph{�R� of Ex-
ample 2.2. In model-theoreticprobabilistic logic, ®�¯ may representthe logical
knowledge“all penguinsarebirds”, “all birdshavelegs”, and“all birdsfly” (thatis, in
model-theoreticprobabilisticlogic, a logical constraint��!Õ� hasthesamemeaning
astheconditionalconstraint�^��H �#��}�GcEG�~ ), andtheprobabilisticknowledge “penguins
fly with a probabilityof at most0.05”. It is easyto seethat ®�¯ is satisfiable,but not
stronglysatisfiable.Sometight logical consequencesof ®�¯ aregivenasfollows:

®�¯*H J tight �ÃÂ ¾EÀcÄEH ¸c¹º¼» ��}�GcEG�~4g®�¯*HJ tight �^ÅjÆ6H ¸c¹º¼» ��}�GcEG�~¡®�¯*H J tight �ÃÂ ¾EÀcÄEHÉ½u¾u¿OÀ6Á ¹ ¿O�<}G¡�Fu~�@®�¯*H J tight �¬ÅjÆMHÉ½u¾u¿OÀ6Á ¹ ¿>�<}G¡�F>~¡�
Here, we have the empty set “ }G¡�Fu~ ” in the last two conditionalconstraints,as the
logical propertyof beingableto fly is inheritedfrom birdsdown to penguins,andis
thenincompatibletherewith “penguinsfly with a probabilityof at most0.05”.

3.2. G-coherence in model-theoretic probabilistic logic

The following theoremshows how g-coherencecan be expressedthrough the
existenceof satisfyingprobabilisticinterpretations.This result follows from Theo-
rem2.1. Roughly, it saysthat ®�¯oJ���Ph��R� is g-coherentif f every nonempty�SÖc�@�
hasamodel Ê&Ë suchthat Ê&ËxH JNP andthat Ê&Ëj���#�#Í@F for at leastone �^�YH �#�<} �::�a~¡QS�SÖ .
Hence,if ®�¯ is g-coherent,then ®�¯ is alsosatisfiable,that is, P$��� hasa model,
or equivalentlyeverynonempty� Ö �g� hasa model Ê&Ë suchthat Ê�Ë�H J_P .

Theorem3.2 Let ®�¯oJ�� Ph{�R� be a probabilistic knowledge base. Then, ®�¯ is
g-coherent iff for every nonempty�¶�hJ � � �fbuH �#b<��} � b>��Db{~�E�<�<�EE� �+�¶H �L�6��} �¬�D��L�¡~��f��� ,
thereexistsa model Ê&Ë of P'���%� such that Ê&Ëj���Db�� �<�E� ���L�M�DÍgF .

Thenext theoremshowsthatg-coherencehasa characterizationsimilar to theone
of × -consistency in default reasoningby GoldszmidtandPearl[GOL 91]. It follows
from Theorem3.2.To formulatethis result,weadoptthefollowing terminologyfrom
default reasoningfrom conditionalknowledgebases[GAB 98, BEN 97]. A proba-
bilistic interpretationÊ&Ë verifiesa conditionalconstraint�^�YH �#�<} �::�a~ if f Ê&Ëj���L��ÍIF andÊ&Ë�H J��^�YH �#�<} �::�a~ . A setof conditionalconstraints� toleratesa conditionalconstraint
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Ï underasetof logicalconstraintsP if f thereexistsamodelof P$��� thatverifies Ï .
We say � is under P in conflictwith Ï if f no modelof P$��� verifies Ï .

Theorem3.3 A probabilisticknowledgebase®�¯oJ�� PI��R� is g-coherentiff thereex-
istsan orderedpartition ����Øe<�E�<�E��+Ùu� of � such thateither

(a) every � � , F6wx��whÚ , is thesetof all Ï`Q�Û ÙÜ���� � Ü toleratedunder P by Û ÙÜ���� � Ü , or

(b) for every � , FMw&��whÚ , each Ï`Q�� � is toleratedunder P by Û ÙÜ���� � Ü .
In a companionpaper[BIA 01], we useTheorem3.3 to give a new algorithmfor

decidingg-coherence,which is essentiallya reformulationof apreviousalgorithmby
Gilio [GIL 95b] usingterminologyfrom default reasoning,andwhich is closelyre-
latedto analgorithmfor checking× -consistency by GoldszmidtandPearl[GOL 91].1

3.3. G-coherent entailment in model-theoretic probabilistic logic

Wenow show thatg-coherententailmentcanbereducedto logicalentailment.We
first givesomepreparativedefinitions.

For probabilisticknowledgebases®�¯oJ�� PI��R� andevents ) suchthat PÝTH JÞ�+) ,
let �+ß���®�¯R� denotethesetof all subsets�%��J � � �.bcH �DbE��} � bO��Db�~�E�<�<� , �^����H �a�a��} �¬�#:�#�e~��
of � suchthatevery model Ê�Ë of P$���¶� with Ê&Ëj���Db&� �<�E� �_�L���@)+�SÍÒF satisfiesÊ&Ëj� )+�#Í@F . For ®�¯oJ�� Ph{�R� and ) with PXH J��+) , let �+ß���®�¯��.J �Oà � .

The following theoremshows that the tight interval entailedunderg-coherence
canbeexpressedastheintersectionof somelogically entailedtight intervals. It says
that �^«�H )+��} ��:�a~ is a tight g-coherentconsequenceof ®�¯�Jo��Ph��R� if f } �::�a~ is the in-
tersectionof all } |>�ác~ suchthat P��(�SÖ�H J tight � «�H )%�<} |>{áu~ for some �SÖuQR� ß ��®�¯�� .
This follows from Theorem3.2, which implies that the tight interval } �::�a~ entailed
underg-coherenceis the intersectionof all } |>{áu~ suchthat | (resp.,á ) is the infimum
(resp.,supremum)of   subjectto Ê&Ë�H J�P'���%�h� � �^«&H )+��}      ~�� and Ê&Ëj���DbI� �E�<� ��a�S��)+�#Í@F for some�¶�hJ � � �.b¡H �#b<��} � b>��Db{~�E�<�<�EE� �+��H �L�M��} �¬�#:�#�e~��f��� .

Theorem3.4 Let ®�¯oJ�� PI��R� be a g-coherent probabilistic knowledge base, and
let «&H ) bea conditionalevent.Then,®�¯©Hµ tight �^«�H )%�<} �::�a~ , where

} ����M~LJÑâ � } |>{áu~+H>Pm�$� Ö H J tight � «�H )%�<} |>{áu~ for some� Ö QY�+ß¶��®�¯����f�
Clearly, this reductionof g-coherententailmentto logical entailmentis computa-

tionally expensive, aswe have to computea tight logically entailedinterval for each
memberof �%ß¶��®�¯R� . In the following, we show thatwe canrestrictour attentionto
theuniquegreatestelementin �+ß���®�¯�� with respectto setinclusion. The following

�
. Notethattherelationshipbetweenthealgorithmsin [GIL 95b] and[GOL 91] wassuggested

first by Didier Dubois(personalcommunication).
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lemmashows that �%ß¶��®�¯R� containsindeedsucha uniquegreatestelement.This re-
sult canbeprovedby showing that � ß ��®�¯�� is nonemptyandclosedundersetunion.

Lemma 3.5 Let ®�¯oJ�� PI��R� bea g-coherentprobabilisticknowledgebase, andlet )
bean event.Then,� ß ��®�¯�� containsa uniquegreatestelement.

Thenext theoremshowsthecrucialresultthatg-coherententailmentof �^«�H )%�<} �::�a~
from ®�¯ canbereducedto logicalentailmentof �^«�H )+��} ��:�a~ from thegreatestelement
in �+ß���®�¯R� . It follows from Theorem3.4andLemma3.5,usingthemonotonicityof
logical consequence(whichsaysthat,if ÓãH J�Ï and Ó"�0Ó`Ö , then Ó`Ö¶H J�Ï ).

Theorem3.6 Let ®�¯oJ�� PI��R� be a g-coherent probabilistic knowledge base, and
let ÏUJ��^«�H )%�<} �::�a~ bea conditionalconstraint. Let ®�¯ � Jo��Ph{�Y�O� , where �Y� is the
greatestelementin �+ß¶��®�¯�� . Then,

(a) ®�¯VHµNÏ iff ®�¯ � H JXÏ .

(b) ®�¯VHµ tight Ï iff ®�¯ � H J tight Ï .

Thus,computingtight g-coherentconsequencescanbereducedto computingtight
logical consequencesfrom the greatestelement�Y� in � ß ��®�¯R� . The following the-
oremshows how �Y� canbe characterizedandthuscomputed.It specifiessome �Y�
by two conditions(i) and(ii). It canthenbeshown that (i) implies thatevery mem-
ber of � ß ��®�¯R� is a subsetof �Y� , andthat (ii) implies that �Y� belongsto � ß ��®�¯�� .
In summary, this provesthatthespecified� � is thegreatestelementin � ß ��®�¯�� .
Theorem3.7 Let ®�¯�Jo��Ph��R� bea g-coherentprobabilisticknowledgebase, andlet) be an event. Let � � �@� , and let � �¶Ø¡E�<�<�<��+Ùu� be an ordered partition of ��ä>� �
such that thefollowing two conditions(i) and(ii) hold:

(i) Every � � , Fxw��awgÚ , is the setof all elementsin � � � �<�<� ��� Ù ��� � that are
toleratedunder Pm� � 	(!*)f� by � � � �<�E� �`� Ù ���Y� .

(ii) Nomemberof �Y� is toleratedunder Pm� � 	(!*).� by �Y� .

Then,�Y� is thegreatestelementin �+ß¶��®�¯�� .
Hence,by Theorems3.6 and3.7, the tight interval underg-coherententailment

canbecomputedby first computing� � by a g-coherencecheck,andthencomputing
thetight interval underlogicalentailmentfrom �Y� . Thisnew algorithmfor computing
tight g-coherentconsequenceshasbeenformulatedin a companionpaper[BIA 01].

Semantically, Theorems3.6and3.7draw a precisepictureof therelationshipbe-
tweeng-coherententailmentandlogicalentailment.They show thatg-coherententail-
mentcoincideswith logical entailmentfrom a smallerprobabilisticknowledgebase.
That is, underg-coherententailment,we simply cut away a part of the knowledge
base.Roughlyspeaking,we remove every conditionalconstraint� ��H �L�<} �::�a~�Q¶� such
that � is “larger” than ) . Intuitively, g-coherententailmentdoesnothavetheproperty
of inheritance,neitherfor logical knowledgenor for probabilisticknowledge,while
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logical entailmentshows inheritanceof logical knowledge,but not of probabilistic
knowledge.Thefollowing exampleillustratesthisdifference.

Example3.8 Considerthefollowing probabilisticknowledgebase:

®�¯·Jå� �c¸c¹º¼» !ã½u¾u¿OÀ6Á ¹ ¿c�e � ��Â ¾<ÀcÄ2H ¸c¹º¼» ��}�GcEG�~4E�^æ ¹ ¿OÀcÄ<H ¸u¹º¬» �<}� ç¡È6<G<~��>�#�
Observe that ®�¯ is g-coherentandstronglysatisfiable. Notice then that by Theo-
rem3.6theconditionalconstraint�^�YHÇ½u¾c¿2ÀMÁ ¹ ¿u��} ����M~ is a tight g-coherentconsequence
of ®�¯ if f it is a tight logical consequenceof ®�¯ � J�� �¡¸u¹º¬» !�½u¾u¿OÀ6Á ¹ ¿c�¡ à � . By this
characterization,thefollowing tight g-coherentconsequencesof ®�¯ areimmediate:

®�¯©Hµ tight ��Â ¾<ÀcÄOHÇ½u¾c¿2ÀMÁ ¹ ¿>��} F6EG�~ and ®�¯XHµ tight �¬æ ¹ ¿2À¡ÄEHÉ½u¾u¿OÀ6Á ¹ ¿O��} F6EG�~e�
Moreover, we havethefollowing tight logical consequencesof ®�¯ :

®�¯*H J tight ��Â ¾<ÀcÄOHÇ½u¾c¿2ÀMÁ ¹ ¿>��}�GcEG�~ and ®�¯*H J tight �¬æ ¹ ¿2À¡ÄEHÉ½u¾u¿OÀ6Á ¹ ¿O��} F6EG�~e�
In summary, underg-coherententailment,neitherthe logical propertyof having legs
nor theprobabilisticoneof having wings is inheritedfrom birds to penguins.Under
logical entailment,thelogical propertyis inherited,while theprobabilisticoneis not.

3.4. Coherence-based versus model-theoretic probabilistic logic

We now describethe rough relationshipbetweeng-coherenceand satisfiability
(resp.,strongsatisfiability),andbetweeng-coherententailmentandlogicalentailment.
The following theoremshows thatg-coherenceimplies satisfiability, andthat strong
satisfiabilityimpliesg-coherence. That is, g-coherencelies betweensatisfiabilityand
strongsatisfiability. Theseresultsareimmediateby Theorem3.2.

Theorem3.9 (a) Everyg-coherentprobabilisticknowledgebase®�¯ is satisfiable.

(b) Everystronglysatisfiableprobabilisticknowledgebase®�¯ is g-coherent.

Thefollowing exampleshows that theconversestatementsgenerallydo not hold.
That is, strongsatisfiabilityis strictly strongerthang-coherence,andg-coherenceit-
self is strictly strongerthansatisfiability.

Example3.10 (a) The probabilisticknowledgebase ®�¯èJé� à  � �¬ÅjÆ6H ¸c¹º¼» ��}�� ç6<G<~ ,���¶ÅjÆaH ¸u¹º¬» �<}�ÇêjEG�~��O� is satisfiable,but not g-coherent.

(b) The probabilisticknowledgebase ®�¯ëJì� �c¸c¹º¬» !ã½u¾c¿2ÀMÁ ¹ ¿¡� ,
� �^ÅjÆ6H ¸c¹º¼» ��}�GcEG�~ ,���¶ÅjÆaHÉ½u¾u¿OÀ6Á ¹ ¿O��}�GcEG�~��O� is g-coherent,but not stronglysatisfiable.

The following theoremshows that logical entailmentis strongerthang-coherent
entailment.Thatis, g-coherentconsequenceimplieslogicalconsequence(or thereare
moreconditionalconstraintslogically entailedthanentailedunderg-coherence)and
the tight intervals thatareentailedunderlogical entailmentaresubintervalsof those
entailedunderg-coherententailment.This resultis immediateby Theorem3.6.
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Theorem3.11 Let ®�¯�J"� Ph{�R� bea g-coherentprobabilisticknowledge base, and
let � «�H )%�<} �::�a~ and � «�H )%�<} i> � ~ betwoconditionalconstraints.Then,

(a) ®�¯VHµ��^«�H )+��} ��:�a~ implies ®�¯*H JÞ�^«�H )+��} ��:�a~ .
(b) ®�¯VHµ tight �^«�H )%�<} �::�a~ and ®�¯ÕH J tight �^«�H )+��} i> � ~ implies } �::�a~�íÑ} i> � ~ .
The next exampleshows that logical entailmentis in fact strictly strongerthan

g-coherententailment(recallthatwe identify }�Gc�Fu~ with theemptyset).

Example3.12 Considerthefollowing probabilisticknowledgebases®�¯�b and ®�¯Sd :

®�¯�b&JÑ� à  � �¬ÅjÆ6H ¸c¹º¼» ��}�GcEG�~4E��îIï ¸c¹ Â ¾¡H ÅjÆu�<}G¡<G<~��>�#®�¯ d JÑ� à  � �¬ÅjÆ6H ¸c¹º¼» ��}�GcEG�~4E� ¸u¹º¬» HÉ½u¾u¿OÀ6Á ¹ ¿O�<}G¡<G<~�2���¶ÅjÆMHÇ½u¾c¿2ÀMÁ ¹ ¿>��}�GcEG�~��O�#�
It is not difficult to seethat ®�¯�b and ®�¯Sd arebothg-coherentandsatisfiable.Some
tight g-coherent(resp.,logical) consequencesof ®�¯�b and ®�¯Rd aregivenby:

®�¯�b�Hµ tight �ÃîIï ¸u¹ Â ¾¡H ¸c¹º¼» ��} F6EG�~ and ®�¯SdfHµ tight ���¶ÅjÆaHÇ½u¾c¿2ÀMÁ ¹ ¿>��}�GcEG�~¡®�¯�bSH J tight �ÃîIï ¸u¹ Â ¾eH ¸c¹º¼» ��}�GcEG�~ and ®�¯SdRH J tight ���¶ÅjÆMHÉ½u¾u¿OÀ6Á ¹ ¿O��}�Gc{F>~e�
4. Relationship to default reasoningin System ð

In this section,we exploretherelationshipbetweenprobabilisticreasoningunder
coherenceanddefault reasoningin System� . We show thatconsistency andentail-
mentin System� arespecialcasesof g-coherenceandg-coherententailment,respec-
tively. Thatis, probabilisticlogic undercoherencegivesanew probabilisticsemantics
for System� , whichis neitherbasedoninfinitesimalprobabilities[ADA 75, PEA 89]
noron atomicbound[SNO 99] (or alsobig-stepped[BEN 99]) probabilities.

4.1. Default reasoning in System ð
Webriefly recallthenotionsof consistency andentailmentin System� [KRA 90],

whichwedefinein termsof world rankings(cf. especially[GEF92a, GEF92b] for the
equivalencebetweenentailmentin System� andentailmentunderworld rankings).

We first defineconditionalknowledgebases,which consistof logical constraints��!"� andconditionalrules(or defaults) �gñ"� , which informally readas“generally,
if � then � ”. More formally, a conditional rule (or default) is an expressionof the
form �gñ"� , where � and � areevents.A conditionalknowledge base®�¯oJ�� PI�ò$�
consistsof afinite setof logicalconstraintsP andafinite setof defaults ò .

A world , satisfiesadefault ��ñÐ� , or , is amodelof ��ñ"� , denoted,'H JX��ñÕ� ,
if f ,�H J"��!"� . , verifies �gñ"� if f ,oH Jó�$�N� . , falsifies ��ñÕ� if f ,�H JÐ�'�N�%�
(that is, ,_TH JW��ñ"� ). , satisfiesa setof eventsanddefaults ô , or , is a modelof ô ,
denoted,$H JXô , if f , satisfieseverymemberof ô . Wesay ô is satisfiableif f amodel
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of ô exists. An event � is a logical consequenceof ô , denotedô"H JK� , if f every
modelof ô is alsoa modelof � . A setof defaults ò toleratesa default á undera set
of logical constraintsP if f ò£�mP hasa modelthatverifies á . A setof defaults ò is
under P in conflictwith adefault �gñÕ� if f all modelsof òÒ��Pm� � ��� satisfy �%� .

A world ranking õ is a mapping õx-cB C / � F6EGcE�<�<�É��� �uö � suchthat õ¶� ,k�hJÝF
for at leastoneworld , . It is extendedto all events � asfollows. If � is satisfiable,
then õ����#�IJ÷q`øúù � õ¶� ,k��H�,xQhBDC , ,mH J���� ; otherwise,õ¶���#�hJ ö

. A world ranking õ
is admissiblewith aconditionalknowledgebase��Ph{ò$� if f õ¶�����#�fJ ö

for all �mQgP ,
and õ����#��û ö

and õ¶�����?����û0õ¶���`���%�&� for all defaults ��ñ"�mQ@ò .

Wearenow readyto definethenotionsof consistency andentailmentin System� .
A conditionalknowledgebase ®�¯ is × -consistentif f thereexists a world ranking
that is admissiblewith ®�¯ . It is × -inconsistentif f no sucha world rankingexists.
A × -consistentconditionalknowledgebase®�¯Ý× -entailsa default ��ñ"� if f eitherõ����L�aJ ö

or õ¶�����'�&�#û@õ������g�%��� for all world rankingsõ admissiblewith ®�¯ .

Example4.1 Thelogical knowledge“all penguinsarebirds” andthe logical default
knowledge“generally, birds have legs”, “generally, birds fly”, and“generally, pen-
guinsdonot fly” canbeexpressedby thefollowing conditionalknowledgebase:

®�¯ J � �¡¸u¹º¬» !�½u¾u¿OÀ6Á ¹ ¿c�¡ � Â ¾<À¡Ä6ñ ¸u¹º¬» jÅjÆ.ñ ¸u¹º¬» M�¶ÅjÆ.ñ�½u¾u¿OÀ6Á ¹ ¿c�O�D�
Observe that ®�¯ is × -consistent,andthat ®�¯Ò× -entails Â ¾<ÀcÄañ ¸u¹º¬»

, ÅjÆfñ ¸c¹º¼»
, and�¶ÅjÆ.ñ�½u¾u¿OÀ6Á ¹ ¿ , but neither Â ¾<ÀcÄañ�½u¾u¿OÀ6Á ¹ ¿ nor ��Â ¾<ÀcÄañ�½u¾u¿OÀ6Á ¹ ¿ .

4.2. G-coherence and ü -consistency

We now show that g-coherenceis a generalizationof × -consistency. Recallfirst
the following characterizationof × -consistency by GoldszmidtandPearl[GOL 91],
which correspondsto thecharacterizationof g-coherencegivenin Theorem3.3.

Theorem4.2(Goldszmidt, Pearl [GOL 91]) A conditionalknowledge base � PI�ò$�
is × -consistentiff thereexistsanorderedpartition ��ò�Øc<�E�<�E�òsÙu� of ò such thateither

(a) every ò � , F6w���wxÚ , is thesetofall áMQ Û ÙÜ���� ò Ü toleratedunder P by Û ÙÜ���� ò Ü , or

(b) for every � , FMw&��whÚ , each áMQ�ò � is toleratedunder P by Û ÙÜ���� ò Ü .
Thefollowing well-known resultshows that × -consistency is equivalentto theex-

istenceof admissibledefault rankings. A default ranking ý on ®�¯oJ�� PI�ò$� maps
eacháIQSò to a nonnegative integer. It is admissiblewith ®�¯ if f eachò$Öu�gò thatis
under P in conflict with someáhQSò containsa default á¡Ö suchthat ý�� áeÖ¬�#û�ý���áe� .
Theorem4.3(Geffner [GEF 92b]) A conditionalknowledge base®�¯ is × -consist-
entiff thereexistsa defaultrankingon ®�¯ that is admissiblewith ®�¯ .

A similar result holds for the notion of g-coherence,which follows from The-
orem 3.3 (b), and which is subsequentlyformulatedusing the following concepts.
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A ranking ý on ®�¯oJ�� Ph{�R� mapseachelementof � to a nonnegative integer. It is
admissiblewith ®�¯ if f each�SÖ>�@� thatis underP in conflictwith someÏ0QS� con-
tainsaconditionalconstraintÏSÖ suchthat ý�� ÏSÖ¬�#ûgý�� ÏR� .
Theorem4.4 A probabilisticknowledgebase®�¯oJ�� PI��R� is g-coherentiff thereex-
istsa rankingon ®�¯ that is admissiblewith ®�¯ .

Thenext theoremshows the importantresultthatg-coherenceis a generalization
of × -consistency. It follows from Theorems3.3 (b) and4.2 (b), usingthe resultthat
probabilistictolerationfor �^�YH �#�<}G¡<G�~ coincideswith classicaltolerationfor �'ñ"� .

Theorem4.5 Let ®�¯ÔJå��Ph � �^�fb>H �Db<�<}G¡<G<~�E�<�<�<E�^����H �L�M��}�GcEG�~��O� be a probabilistic
knowledge base. Then, ®�¯ is g-coherent iff theconditionalknowledge base®�¯ Ö J� Ph � �fbDñ"�Dbu<�E�<�<����xñ"�a�D�O� is × -consistent.

4.3. G-coherent entailment and ü -entailment

We now show thatg-coherententailmentis a generalizationof × -entailment.We
recall thefollowing result,which is essentiallydueto Adams[ADA 75], who formu-
latedit for thenotionsof þ -consistency and þ -entailment,andthecasePoJ à

.

Theorem4.6(Adams [ADA 75]) A × -consistentconditionalknowledgebase®�¯ÞJ� Ph{ò$�D× -entailsa default «Nñÿ) iff ��Ph{ò÷� � �%«�ñÕ)f�O� is × -inconsistent.

The following theoremshows that a similar result holds for g-coherentconse-
quence.It is animmediateimplicationof thedefinitionof g-coherententailment.

Theorem4.7 Let ®�¯�Jo��Ph��R� bea g-coherentprobabilisticknowledgebase, andlet�^«�H )%�<} �::�a~ bea conditionalconstraint. Then,®�¯?Hµ�� «�H )+��} �� �a~ iff ��Ph �R� � �^«&H )+��}      ~��O�
is not g-coherentfor all   Qs} FM����D�_� �¶EG�~ .

The next theoremfor tight g-coherentconsequencecompletesthe picture. This
resultfollows immediatelyfrom theproof of Theorem3.4.

Theorem4.8 Let ®�¯�Jo��Ph��R� bea g-coherentprobabilisticknowledgebase, andlet�^«�H )%�<} �::�a~ bea conditionalconstraint. Then,®�¯©Hµ tight �^«�H )%�<} �::�a~ iff

(i) � PI��(� � �^«�H )+��}      ~��>� is not g-coherentfor all   Qs} FM����M�$� �¶EG�~ , and

(ii) � PI��(� � �^«�H )+��}      ~��>� is g-coherentfor all   Q�} ����M~ .
Thefollowing theoremfinally showsthatg-coherententailmentis ageneralization

of × -entailment.This resultfollows from Theorems3.2and4.5–4.7.

Theorem4.9 Let ®�¯�J���Ph � �^�fbcH �DbE��}�Gc<G<~�E�<�E��E� �+��H �L�M��}�GcEG�~��O� bea g-coherentprob-
abilistic knowledge base. Then, ®�¯XHµo� «�H )+��}�GcEG�~ iff theconditionalknowledge base� Ph � � b ñ"� b <�E�<�<�� � ñ"� � �O�D× -entails «�ñÕ) .
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5. Relationship to default reasoningwith conditional objects

We now relateprobabilisticreasoningundercoherenceto default reasoningwith
conditionalobjects,which goesbackto DuboisandPrade[DUB 94, BEN 97].

We associatewith eachsetof defaults ò�J � �fbDñ"�Dbu<�E�<�<����xñ"�a�D� , the setof
conditionalevents z��mJ � �fbuH �Db>E�<�<�<:����H �L�#� . Given a nonemptysetof conditional
events zSJ � �fbcH �DbOE�<�E�<:����H �L�#� , the quasi-conjunctionof z , denoted

��� �^z�� , is de-
finedastheconditionalevent �^�fb�!Ð�Db<��� �E�<� ���^���h!"�L�M��H��#bE� �<�E� ���L� . Thequasi-
conjunctionof

à
is definedby

��� � à �aJK
`H 	 . Note that the notion of quasi-con-
junctiongoesbackto Adams[ADA 75].

Thenotionsof |�� -consistency and |�� -entailmentaredefinedasfollows. A condi-
tional knowledgebase®�¯oJ�� Ph{ò$� is |�� -consistentif f for every nonemptyò?Öc�gò
thereexistsamodel , of P suchthat ,L� ��� �^z �	� �:�aJm9E;>= 8

. We assumethetotalorder1�3M5 728 û Z [%\ 8 9 8 ;>] Z�[ 3 9 8 û�9<;>= 8
. We say ®�¯oJ�� PI�ò$� co-entailsa default «�ñ")

if f ��
6� someò?Öu�gò existssuchthat ,a� ��� �¬z ��� �:��w0,a� «�H )+� for all models, of P .

The notionsof |�� -consistency and |�� -entailmentcoincidewith the notionsof × -
consistency and× -entailment,respectively [DUB 94, BEN 97]. Wenow show thatour
resultsin Sections3 and4 arenaturallyrelatedto default reasoningwith conditional
objects. First, it is easyto verify that the following counterpartof Theorem3.2 for× -consistency formulatestheabove notionof |� -consistency. Note that thenotionof
satisfiabilityusedin this theoremis definedasin Section4.1.

Theorem5.1 A conditionalknowledgebase®�¯ÒJÞ� PI�ò$� is × -consistentiff P���ò?Ö��� � b � �E�<� �x� � � is satisfiablefor everynonemptyò?ÖOJ � � b ñ"� b <�<�E� , � � ñÐ� � �S�0ò .

For conditionalknowledgebases®�¯�J���Ph{ò$� andevents ) with P TH J �+) , letò`ß���®�¯R� be the set of all ò?ÖOJ � �.b�ñ"�DbOE�<�<�E:���hñ"�L�#�f��ò suchthat P$��ò?Ö��� �DbD� �<�<� ���L�x��).�NH J*) (wherethe notionof logical consequence“ H J ” is defined
asin Section4.1). For ®�¯oJo��Ph{ò$� and ) with PNH J_�+) , let òsß���®�¯��MJ �Oà � .

The following lemmashows that òsß���®�¯�� correspondsto �%ß¶��®�¯ Ö � from Sec-
tion 3.3,where ®�¯ Ö is theprobabilisticcounterpartto ®�¯ .

Lemma 5.2 Let ®�¯oJ�� PI�ò$� bea conditionalknowledgebase, andlet ) beanevent.
Let ®�¯ Ö Jo��Ph{�R� bedefinedby �oJ � �^�YH �#��}�GcEG�~jHÃ��ñÐ�RQSòg� . Then,

� � b ñÐ� b <�E�<� ,� � ñÐ� � �fQ�ò ß ��®�¯�� iff
� �^� b H � b �<}G¡<G�~4<�E�<��2�^� � H � � ��}�Gc<G<~���Q�� ß ��®�¯ Ö � .

Observe now thatcondition ��
j� above is equivalentto ��
kÖ¼� theexistenceof someò Ö J � �fbDñÐ�#bu<�E�<� , ���hñ"�L�#�R�0ò suchthat P��Sò Ö � � �DbL� �<�E� ���a�h��)f��H JX) andPK�@ò$Ö�H JÞ«�!Õ) . Thus,the following counterpartof Theorem3.4 for × -entailment
formulatestheabovenotionof |�� -entailment.

Theorem5.3 Let ®�¯oJ�� PI�ò$� bea × -consistentconditionalknowledgebase. Then,®�¯V× -entailsthedefault «�ñÕ) iff Pm�$ò$Ö¶H J©«�!") for someò$ÖuQSòsß���®�¯R� .
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Crucially, wecannow alsoformulatecounterpartsto Lemma3.5andTheorems3.6
and3.7.Thefollowing resultshowsthat ò ß ��®�¯�� containsauniquegreatestelement.

Lemma 5.4 Let ®�¯oJ���Ph�ò'� bea × -consistentconditionalknowledgebase, andlet) bean event.Then,ò`ß���®�¯R� containsa uniquegreatestelement.

Thenext theoremshowsthat × -entailmentfrom ®�¯ coincideswith logical entail-
ment from the greatestelementin ò ß ��®�¯R� . That is, denotingby òs� the greatest
elementin ò ß � ô���� , we canreplacecondition ��
6� above by ��
kÖ Öú�h,a� ��� �¬z �	� �:�@w,a� «�H )+� for all models, of P , or simply by ��
kÖ Ö Ö¬��Pm�'òs�`H JX«�!Õ) .

Theorem5.5 Let ®�¯óJ���Ph{ò$� bea × -consistentconditionalknowledge base, and
let «�ñÕ) bea default.Let ò � denotetheuniquegreatestelementin òsß���®�¯R� . Then,®�¯V× -entails «�ñÕ) iff Pm��òs��H JX«�!Õ) .

Thefollowing theoremshowshow òs� canbecharacterized.

Theorem5.6 Let ®�¯oJ�� PI�ò$� bea × -consistentconditionalknowledgebase, andlet) bean event. Let ò � ��ò , and let � ò�Ø¡<�<�E�<{ò`Ù>� bean orderedpartition of ò'ä>ò �
such that thefollowing two conditions(i) and(ii) hold:

(i) Every ò � , Fxw��Lw�Ú , is the setof all elementsin ò � � �<�E� �`òsÙ%��òs� that are
toleratedunder Pm� � 	(!*)f� by ò � � �<�E� ��ò Ù �`ò?� .

(ii) Nomemberof òs� is toleratedunder Pm� � 	(!*)f� by òs� .

Then,òs� is thegreatestelementin ò`ß���®�¯�� .
Observe especiallythatTheorems5.5and5.6provide a new algorithmfor decid-

ing whether®�¯oJ�� PI�ò$��× -entails «�ñÕ) . We first computeò?� by a × -consistency
check,andthenwe decidewhetherPm�'òs� logically entails«�!Õ) .

6. Conclusionand outlook

We explored how probabilistic reasoningundercoherenceis relatedto model-
theoreticprobabilisticreasoningandto default reasoningin System� .

As for the relationshipbetweenprobabilisticlogic undercoherenceandmodel-
theoreticprobabilisticlogic, we showed that g-coherenceandg-coherententailment
canbe reducedto theexistenceof satisfyingprobabilisticinterpretationsandto log-
ical entailment,respectively, using conceptsfrom default reasoning. We observed
especiallythatg-coherententailmentcoincideswith logicalentailmentfrom asmaller
knowledgebase,and that logical entailmenthasthe propertyof inheritanceof log-
ical knowledge,while g-coherententailmentdoesnot. Furthermore,g-coherenceis
strongerthansatisfiabilityandweaker thanstrongsatisfiability, while g-coherenten-
tailmentis weaker thanlogical entailment.

The above semanticresultsalsopaved the way for a precisecomplexity charac-
terizationandnew algorithmsfor theproblemsof decidingg-coherenceandof com-
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putingtight g-coherentintervals.Noteespeciallythatthenew algorithmsfor deciding
g-coherenceand for computingtight g-coherentintervals are basedon a reduction
to standardreasoningtasksin model-theoreticprobabilisticlogic, andthusefficient
techniquesfor model-theoreticprobabilisticreasoningcanimmediatelybeappliedfor
probabilisticreasoningundercoherence(for example,columngenerationtechniques).
Thesenew resultsoncomplexity andalgorithmsfor probabilisticreasoningunderco-
herencehavebeenpresentedin a companionpaper[BIA 01].

Notethatacompanionpaper[LUK 02b] continuesthis line of researchontherela-
tionshipbetweencoherence-basedandmodel-theoreticprobabilisticreasoning.In the
spirit of [LUK 02a], it introducesprobabilisticgeneralizationsof Pearl’s entailment
in System� [PEA 90] andLehmann’s lexicographicentailment[LEH 95], which lie
betweeng-coherententailmentandlogical entailment.

As for the relationshipbetweenprobabilisticreasoningundercoherenceandde-
fault reasoningin System� , we showedthatg-coherenceandg-coherententailment
aregeneralizationsof consistency andentailmentin System� , respectively. This re-
sultgivesaclearpictureof themainpropertiesof probabilisticreasoningundercoher-
ence,andthedifferenceto model-theoreticprobabilisticreasoning,whichgeneralizes
classicalreasoningin propositionallogic, andnot default reasoningin System� .

Theseresultsalsogive importantnew insight into default reasoningin System� .
First and foremost,they show that probabilisticreasoningundercoherencegivesa
new probabilisticsemanticsfor System � , which is neitherbasedon infinitesimal
probabilities[ADA 75, PEA 89] nor on atomicbound[SNO99] (or alsobig-stepped
[BEN 99]) probabilities. Note that an intuitive idea on the structureof this new
probabilisticsemanticsfor System� is given by the fact that probabilisticreason-
ing undercoherencecanbe definedin termsof rankingson probabilisticinterpreta-
tions [LUK 02b]. Second,theseresultsprovide new insight into default reasoning
with conditionalobjects,by showing that the definitionsof |�� -consistency and |�� -
entailmentare actually classicalcounterpartsof the definitionsof g-coherenceand
g-coherententailment,respectively. Third, they provide a new algorithmfor default
reasoningin System� , which differsfrom theclassicalonebasedon Theorem4.6.

An interestingtopicof futureresearchis to explorehow othernotionsof coherence
arerelatedto model-theoreticprobabilisticlogic andto default reasoning.
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7. Appendix A: Proofsfor Section3

Proof of Theorem 3.2. Let � � J � � � b H � b ��} � b �� b ~�E�<�E�<E� � � H � � �<} � � �� � ~��'�Ý� with�£v G . Definethe impreciseprobability assessment� PI�y�� on z6�©J � �fbuH �#b><�E�<� ,�+��H �L�#� by y��^� � H � � �MJ�} � � :� � ~ for all �aQ � G¡<�<�E��:�+� . By Theorem2.1, it is sufficient
to show thatthesystemof linearconstraints(1) is solvableif f P$���%� hasamodel Ê�Ë
with Ê�Ëk���Db.� �<�E� �g�L�M�#ÍgF . Observefirst that � definesa partition ��J � l � HÃi&QY���
of the setof all ,hQxBDC with ,�H J P�� � �DbD� �<�<� ���L�#� , where l � J � ,xQhBDC?H�,ÑH JPm� � �DbD� �E�<� �s�L�L� , ,$H J©ij�^�fbeH �#b<�6� �<�<� ��ij� �+�¶H �L�M��� for all i�QS� .

����� Supposethat (1) hasa solution � � �^i�QS�S� . For each i�QS� , denoteby , �
a world in BDC that satisfiesP and ij� �.b¡H �#bE�6� �<�E� ��ik� ����H �L�M� . Let Ê&Ë be defined
by Ê&Ëj� ,��O�`JÌ�M� for all i�QS� andby Ê&Ëj� ,k�sJãF for all other ,xQhB C . Clearly, Ê�Ë
is a probabilistic interpretationwith Ê�Ë6��� b � �<�<� ��� � �mJ G©Í F . Moreover, Ê�Ë
satisfiesP , and Ê&Ë satisfiesthefollowing for all �LQ � GcE�<�<����+� :

G � Ê&Ëj�^� � �`� � ���oF � Ê&Ëj���%� � ��� � ����� � � Ê&Ëj����� � �(vo� � G � Ê&Ëj�^� � �`� � ���oF � Ê&Ëj���%� � ��� � ���o� �j� Ê&Ëj����� � �.wU� � �
The latter is equivalentto � � � Ê�Ëk��� � ��wÕÊ&Ëj�^� � �`� � ��wÞ� � � Ê&Ëj��� � � , andthus Ê&Ë(H J�^� � H � � �<} � � :� � ~ for all �LQ � GcE�<�<����+� . In summary, Ê&Ë is a modelof P_�@� � suchthatÊ&Ëj��� b � �<�E� �g� � �#Í@F .

�4!�� Conversely, let Ê&Ë bea modelof PK�N�¶� with Ê&Ëj���Db�� �<�E� �s�L�6�#Í@F . De-
fine now theprobabilisticinterpretationÊ&Ë Ö by Ê&Ë Ö � ,k�YJ£F for all ,hQxBDC with ,�TH J�#b�� �E�<� �`�L� and by Ê&Ë Ö � ,k�©JìÊ&Ëj� ,k�MÎ.Ê�Ë6���DbD� �<�<� ���L�M� for all other ,hQxBDC .
Clearly, Ê&Ë Ö is a model of P©���%� with Ê&Ë Ö ���DbS� �E�<� ���a�a�KJ G . In particular,
for all ��Q � GcE�<�<����+� , it holds Ê&Ë Ö H J¤� � � H � � �<} � � :� � ~ , or equivalently � �j� Ê&Ë Ö ��� � �swÊ&Ë Ö � � � �s� � �&w0� �6� Ê&Ë Ö ��� � � , which in turn is equivalentto:

G � Ê&Ë Ö � � � �`� � ����F � Ê&Ë Ö ���%� � �`� � ����� �6� Ê&Ë Ö ����� � �(vo� � G � Ê&Ë Ö � � � �`� � ����F � Ê&Ë Ö ���%� � �`� � ���o� � � Ê&Ë Ö ����� � �.wU� � �
For all i�QY� , definefinally � � JÒÊ&Ë Ö �^ij�^�fb¡H �DbE�6� �E�<� ��ij�^����H �L�M�:� . It is now easyto
verify that � � � i�QY�S� is a solutionof (1). �
Proof of Theorem 3.3. ����� Supposethat ®�¯ is g-coherent. By Theorem3.2,
for every nonempty �SÖ2J � � � b H � b ��} � b �� b ~�E�<�E��E� � � H � � �<} � � �� � ~��f�'� , thereexists a
model Ê&Ë of PN�g�SÖ suchthat Ê&Ëj��� b � �E�<� �@� � �DÍ�F , andthus Ê&Ë6��� Ü �#Í@F for some� Q � G¡<�E�<����+� . Thatis, everynonempty�SÖc�@� containsaconditionalconstraintthat
is toleratedunder P by �SÖ . Then �ÒJ Û ÙÜ�� Ø � Ü , where

� Ø J � Ï0QS�£H>Ï is toleratedunder P by ������ � J � Ï�QS���� H>Ï is toleratedunderP by ���� �¡
where ���� J��©ä Û � � bÜ�� Ø � Ü J Û ÙÜ���� � Ü  for all �aQ � Gc<�E�<���ÚL�¡�

In particular, � Ù J©��ä Û Ù � bÜ�� Ø � Ü is suchthateachÏÞQg� Ù is toleratedunderP by � Ù .
Thisshows that(a)and(b) hold.
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�4!�� Conversely, as(a) implies (b), we canassumethat (b) holds. That is, sup-
posethat,for every �LQ � FM<�<�E��{Ú#� , eachmemberof � � is toleratedunder P by ���� J� � � �<�E� ���+Ù . That is, for each �^�YH �#�<} �::�a~¡QS� � , thereis a model Ê&Ë of P_�g���� withÊ&Ëj���#�#ÍmF . Thus,for each�SÖ%J � � � b H � b ��} � b �� b ~�E�<�<� , �^� � H � � ��} � � :� � ~����'� , denot-
ing by � theminimumintegerwith �SÖ"!�� � TJ à

, thereis some�^� Ü H � Ü �<} � Ü �� Ü ~�Q@�SÖ#!�� �
toleratedunderP by ���� , andthen �^� Ü H � Ü �<} � Ü �� Ü ~ is alsotoleratedunderP by �SÖ . That
is, P$��� Ö hasa model �Yi with �Yik��� Ü ��ÍÑF andthus Ê�Ëk��� b � �<�<� �`� � �#Í@F . Then,
by Theorem3.2,it follows that � is g-coherent.�

Proof of Theorem 3.4. Supposethat } �::�a~ is givenby ®�¯VHµ tight �^«�H )+��} ��:�a~ andthat} i> � ~ is the intersectionof all } ��Ö ��LÖ~ suchthat P$���SÖ�H J tight � «�H )%�<} ��Ö4:�#ÖÇ~ for some�SÖDQ@�%ß���®�¯�� . We now show that } �::�a~#JÒ} i> � ~ .
We first prove that } ����M~��ÿ} i> � ~ . Recall that � (resp., � ) is the infimum (resp.,

supremum)of   subjectto all g-coherent®�¯ Ö JÝ��Ph��SÖ¼�.JÞ� Ph{��� � �^«�H )%�<}      ~��>� . By
Theorem3.2, ®�¯ Ö is g-coherentif f for every nonempty�¶�(J � � �fbuH �#bE��} � bO��Db�~�E�<�E�<�^����H �a�6�<} �¬��:�#�c~��R���SÖ thereexistsamodel Ê�Ë of P��R�¶� with Ê&Ëj���#bL� �E�<� �R�L�M�#ÍgF .
In particular, g-coherenceof ®�¯ Ö impliesthatfor each�SÖ ÖcQS� ß ��®�¯�� , thereis amodelÊ&Ë of P����SÖ Ö^� � � «�H )+��}      ~���JXP�� � �^� b H � b �<} � b :� b ~4<�<�E�<2�^� � H � � �<} � � :� � ~4E� «�H )%�<}      ~��
with Ê&Ëj��� b � �E�<� �s� � ��)%�#Í@F , or equivalently Ê&Ë6� )+�#Í@F . Recallnow that i (resp.,� ) is givenby the infimum (resp.,supremum)of Ê&Ëj� «�H )+� subjectto Ê&Ë(H JÕP$���SÖ Ö ,Ê&Ëj� )+�#Í@F , and �SÖ ÖcQY� ß ��®�¯�� . It thusfollows   Q�} i> � ~ . Thatis, } ��:�a~¡�K} i> � ~ .

We next show that for every element  QÝ} i> � ~ , it holdsthat ®�¯ Ö J ��Ph{�SÖú��J� Ph{�o� � � «�H )%�<}      ~��O� is g-coherent.Towardsacontradiction,supposenot. By Theo-
rem3.3,thereexistsanorderedpartition � � Ø E�<�<�<�� Ù � of � Ö suchthat(i) each� � with�aQ � FM<�E�<��{ÚDpSGu� is thesetof all elementsin � � � �E�<� �I� Ù thataretoleratedunderP by� � � �E�<� �?� Ù , and(ii) nomemberof � Ù is toleratedunderP by � Ù . Assumenow that�^«�H )%�<}      ~MTQR� Ù . By Theorem3.2,theg-coherenceof ®�¯ impliesthat Pm��� Ù JmPm�� �^�fbcH �DbE��} � bO:��b{~4<�E�<�EE�^����H �L�M��} �¬�#:�#�e~�� hasa model Ê�Ë with Ê&Ëj���Db�� �E�<� �m�L�M�#ÍgF ,
andthus Ê&Ëj��� Ü �#Í@F for some

� Q � G¡<�E�<����+� . Thatis, �^� Ü H � Ü �<} � Ü �� Ü ~eQS� Ù is tolerated
underP by �+Ù . But thiscontradicts(ii). It thusfollows �^«�H )%�<}      ~¡QR�+Ù . AssumethatP_�@�SÖÙ JÝPK�@�+ÙSp � �^«�H )%�<}      ~��uJIP&� � � ��Öb H �LÖb ��} � Öb ��LÖb ~�E�<�<� , �^�&Ö� H �aÖ� ��} � Ö� :�#Ö� ~�� hasa
model Ê&Ë with Ê&Ëj� )+�fJ�F and Ê&Ëj��� Ö b � �E�<� �$� Ö� �#Í@F , andthus Ê�Ëk��� ÖÜ �#Í@F for some� Q � G¡<�E�<����+� . Trivially, Ê&Ë alsosatisfies� «�H )%�<}      ~ . Hence, � ��ÖÜ H �LÖÜ ��} � ÖÜ :�#ÖÜ ~¡QS�+Ù is
toleratedunder P by �%Ù . But this contradictsagain(ii). Thus,every model Ê&Ë ofP_�m�SÖÙ with Ê�Ëk���LÖb � �<�<� �m�LÖ� �@)%�DÍgF satisfiesÊ&Ë6� )+�#Í@F . Hence,�SÖÙ QR�%ß���®�¯�� .
Since   Q`} i> � ~ , thereexists a model Ê&Ë of P$���SÖÙ suchthat Ê&ËxH J�� «�H )%�<}      ~ andÊ&Ëj� )+�#Í@F . That is, � «�H )+��}      ~eQR� Ù is toleratedunder P by � Ù . But this contradicts
again(ii). It thusfollowsthat ®�¯ Ö is g-coherent.�

Proof of Lemma 3.5. Obviously, �%ß¶��®�¯R� is not empty, asit contains
à
. Towardsa

contradiction,supposenow that �%$ÕJ � �^�fbuH �Db<�<} � b>:��b{~4<�E�<��2�^�&$sH �'$Y��} ��$���'$h~�� and�¶�WJ � �^�&Öb H �LÖb �<} ��Öb :�#Öb ~4<�E�<��2�^��Ö� H �aÖ� ��} � Ö� :�#Ö� ~�� are two distinct maximal elementsin�%ß¶��®�¯R� . Thatis, everymodel Ê&Ë of P$���%$ (resp.,P'���%� ) with Ê�Ëk���DbM� �E�<� �S�'$g�)%�#Í@F (resp., Ê&Ëj���LÖb � �<�<� �U�LÖ� �()%�DÍ�F ) satisfiesÊ�Ëk��)%�DÍgF . Considernow any
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model Ê&Ë of P$���%$_���%� with Ê�Ëk���Db+� �E�<� ���($o���LÖb � �E�<� ���aÖ� �?)+�#Í@F . Clearly,Ê&Ë is amodelof both P$��� $ and P$��� � suchthateither Ê&Ëj��� b � �<�E� �s� $ �`)%�#Í@F
or Ê�Ëk���LÖb � �<�E� �_�LÖ� �@)+�#Í@F . It thusfollows Ê&Ëj� )+�#Í@F . Hence,� $ ��� � belongs
to � ß ��®�¯�� . But this contradicts� $ and � � being two distinct maximal elements
in � ß ��®�¯R� . It thusfollowsthat � ß ��®�¯�� containsa uniquegreatestelement.�
Proof of Theorem3.6. (a) Immediateby (b).

(b) Immediateby Theorem3.4 and Lemma3.5, sincethe conditions �SÖu�@�SÖ Ö ,P$���SÖ�H J tight � «�H )%�<} �::�a~ , and P$���SÖ Ö¶H J tight � «�H )+��} i> � ~ imply } ����M~�í÷} i> � ~ . �
Proof of Theorem3.7.Let �fQ � F6E�<�E��{ÚL� . Assumethateverymemberof � � is toler-
atedunderPY� � 	(!*)f� by � � � �E�<� �x� Ù �h�Y� . Thatis, for every �^��H �#��} ����M~eQY� � , there
existsamodel Ê&Ë of PY�I� � � �<�E� �h� Ù �I�Y� suchthat Ê�Ëk��)%��JXF and Ê�Ë6���#�#Í@F . Thus,
for every �SÖ2J � � �.bcH �DbE��} � bO��Db�~�E�<�<�EE� �+��H �L�M��} �¬�#:�#�e~��f�'� � � �<�E� ��� Ù ���Y� suchthat�^��H �#��} ����M~eQY�SÖ , amodel Ê&Ë of PR���SÖ existssuchthat Ê&Ëj� )+�fJ�F and Ê&Ë6���L�DÍgF , and
thus Ê&Ëj���Dba� �<�E� �S�L�&�Y)%�#Í@F . Thatis, nosuch�SÖ belongsto �%ß���®�¯R� . By induction
on �LQ � F6E�<�E��{ÚL� , no �SÖu�g� with �SÖ)!K� �¶Ø&� �<�<� ���+Ùu��TJ à

belongsto � ß ��®�¯R� .
Supposethatno memberof �Y�%J � �^� b H � b �<} � b :� b ~4<�<�E� , �^� � H � � ��} � � :� � ~�� is toler-

atedunder PN� � 	(!*)f� by �Y� . It thusfollows thatno model Ê�Ë of P$���Y� satisfiesÊ&Ëj��� b � �<�<� �o� � �#Í@F and Ê&Ëj��)%�gJ F . That is, every model Ê&Ë of P$���Y� withÊ&Ëj��� b � �<�E� �g� � ��)+�#ÍgF satisfiesÊ&Ë6� )+�#Í@F . Hence,� � belongsto � ß ��®�¯R� .
Thatis, (i) impliesthateverymemberof �+ß¶��®�¯�� is asubsetof �Y� , and(ii) implies

that �Y� is in �%ß���®�¯R� . In summary, �Y� is theuniquegreatestelementin �+ß���®�¯�� . �
Proof of Theorem3.9. (a)Assumethat ®�¯oJ���Ph��R� is g-coherent.By Theorem3.2,
for every nonempty� � J � � � b H � b ��} � b :� b ~�E�<�E�<E� � � H � � �<} � � �� � ~��f�g� , thereexists a
model Ê&Ë of Po�K� � with Ê�Ë6��� b � �<�E� �(� � �#Í�F . In particular, Po�K� hassucha
model Ê&Ë . Thatis, ®�¯ is satisfiable.

(b) Assumethat ®�¯oJo��Ph{�R� is strongly satisfiable. That is, a model Ê&Ë ofP_�g� existssuchthat Ê&Ë6���#�#Í@F for all �^��H �#��} ����M~eQY� . Hence,for every nonempty�¶�hJ � � �.bcH �DbE��} � bO��Db�~�E�<�<�<E�^����H �L�6��} �¬�D:�#�¡~������ , a model Ê&Ë of P(�@�¶� existswithÊ&Ëj���Db<�DÍgF , andthus Ê&Ëj���Db�� �E�<� �`�L�M�#Í@F . By Theorem3.2, ®�¯ is g-coherent.�
Proof of Theorem 3.11. Assume®�¯©Hµ tight �^«�H )%�<} �::�a~ and ®�¯ÿH J tight � «�H )%�<} i> � ~ .
By Theorem3.6(b), it follows � PI��Y�>�NH J tight � «�H )+��} ����M~ , where �Y� is the unique
greatestelementin � ß ��®�¯�� . Since�Y����� , it thusfollows } ����M~�í÷} i> � ~ . �

8. Appendix B: Proofsfor Section4

Proof of Theorem4.4. Theclaimclearlyholdsfor �÷J à
. Assumenow �ÐTJ à

.

����� Supposethat ®�¯ is g-coherent.By Theorem3.3 (b), thereexistsanordered
partition � �¶Ø¡E�<�<�E��+Ùu� of � suchthat, for every �aQ � F6<�E�<���ÚL� , eachmemberof � �
is toleratedunder P by Û ÙÜ���� � Ü . Define now the ranking ý on ®�¯ by ý���ÏR�MJN�
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for every Ï0QS� � and �LQ � F6E�<�<���ÚL� . We now show that ý is admissiblewith ®�¯ .
Assumethecontrary. Thatis, thereexistssome�SÖc�g� thatis underP in conflictwith
someÏ�QR� suchthat ý�� ÏSÖ¬�#v@ý���ÏR� for all ÏSÖuQS�SÖ . But, Ï is toleratedunder P by� ÏSÖuQS�*H>ý�� ÏSÖ¬�#vgý�� ÏR���fí@�SÖ , andthusalsoby �SÖ . Thiscontradicts�SÖ beingunderP in conflictwith Ï . Thus, ý is admissiblewith ®�¯ .

�4!�� Supposethereexistsarankingon ®�¯ thatis admissiblewith ®�¯ . Let � bethe
cardinalityof

� ý�� ÏR��H�Ï0QS��� . Wecanassume
� ý�� ÏR��H�Ï0QR®�¯���J � F6<�E�<���ÚL� , whereÚhJm�¶p©G . For every �LQ � FM<�<�E��{ÚL� , define � � J � Ï�QS�©H�ý�� ÏR�aJm�{� . Thus, ��� Ø <�E�<� ,� Ù � is an orderedpartition of � suchthat, for every �LQ � F6E�<�<�<{ÚL� , each Ï�QR� � is

toleratedunder P by Û ÙÜ���� � Ü . Thus,by Theorem3.3(b), ®�¯ is g-coherent.�
Proof of Theorem 4.5. Let P bea setof logical constraints.We now show that �SÖ#J� �^�&Öb H �LÖb ��}�Gc<G<~�E�<�E� , � ��Ö$ H �aÖ$ �<}G¡<G�~�� tolerates�^�YH �#��}�GcEG�~ under P if f ò?Ö#J � ��Öb ñ"�LÖb ,�<�<�E:�&Ö$ ñ"�aÖ$ � tolerates��ñÕ� under P . Assumefirst that P(�m�SÖ hasa model Ê�Ë
suchthat Ê&ËgH JÕ�^�YH �#�<}G¡<G�~ and Ê&Ë6���#�#Í@F . Thus,thereexistssome,IQxB C suchthat,oH J"� and Ê&Ëj� ,k�#Í@F . As Ê�Ë satisfiesPU�m�SÖ and � ��H �L�<}G¡<G<~ , it follows that , is a
modelof P���ò Ö suchthat ,$H J������ . Thatis, ò Ö tolerates��ñ"� underP . Conversely,
assumethat ò?Ö tolerates��ñÐ� underP . Thatis, thereexistsamodel ,eÖ of PI�&ò?Ö such
that ,eÖ¶H JW����� . Hence,theprobabilisticinterpretationÊ&Ë definedby Ê&Ëj� ,eÖ¼�aJUG andÊ&Ëj� ,k�MJ_F for all other ,hQxBDC is a modelof P(�@�SÖ suchthat Ê&ËmH Jã�^��H �#��}�GcEG�~ andÊ&Ëj���#�MJ�G , and thus Ê�Ë6���#�#Í@F . That is, �SÖ tolerates �^�YH �#�<}G¡<G�~ under P . Hence,
tolerationfor conditionalconstraintsof theform �^�YH �#��}�GcEG�~ coincideswith toleration
for defaults ��ñ"� . Thus,theclaim is immediateby Theorems3.3(b) and4.2(b). �
Proof of Theorem 4.9. Let �SÖ#J � �^��Öb H �LÖb �<}G¡<G�~4<�E�<��2�^�&Ö$ H �LÖ$ ��}�Gc<G<~�� . We now show
that P0��� Ö � � �^«�H )%�<}G¡<G<~�� hasa model Ê&Ë with Ê&Ëj��� Ö b � �<�E� ��� Ö$ �o)+�#Í@F if f
thereexists some  Q���F6<G<~ suchthat P��U�SÖ#� � � «�H )+��}      ~�� hasa model Ê&Ë withÊ&Ëj���LÖb � �<�<� �&�LÖ$ ��)%�DÍgF . Assumefirst thatsuch  Q���F6EG�~ exists.SupposeÊ&Ëj� )+�MJ_F .
Hence,thereexistssome,eÖ¡Q�BDC with ,eÖhH J����LÖb � �<�<� �_�LÖ $ �+�K�+) and Ê�Ëk��,¡Ö¬�#ÍgF .
Define Ê�Ë Ö by Ê&Ë Ö � ,eÖú�MJ�G andby Ê&Ë Ö ��,e�aJNF for all other ,hQxBDC . Then, Ê&Ë Ö H JÒPN��SÖe� � �^«�H )%�<}G¡<G<~�� and Ê&Ë Ö ���aÖb � �E�<� �s�LÖ $ ��)+�#Í@F . Assumenext Ê�Ëk��)%�DÍgF . Thus,
thereexistssome,eÖuQxB C with ,eÖ¡H JN«���) and Ê�Ë6� ,eÖú�#Í@F . Define Ê&Ë Ö by Ê&Ë Ö � ,eÖ¼�aJUG
andby Ê&Ë Ö � ,k�MJ_F for all other ,hQxB C . Then, Ê&Ë Ö H J P��U�SÖL� � �^«�H )+��}�Gc<G<~�� andÊ&Ë Ö ��� Ö b � �<�<� ��� Ö$ �')+�#Í@F . Theconversetrivially holds.

By Theorem4.7, ®�¯©Hµo� «�H )%�<}G¡<G�~ if f ��Ph��U� � � «�H )%�<} ¢  ¢ ~��>� is notg-coherentfor
all ¢ Qs} F6<GO� , which is equivalentto ��Ph{�V� � ���%«�H )%�<}      ~��>� not beingg-coherentfor
all   Qs� F6EG�~ . By Theorem3.2 andthe above argumentation,the latter is equivalent
to ��Ph��W� � ���%«�H )+��}�GcEG�~��O� not beingg-coherent.By Theorem4.5, this is equivalent
to � PI�òÞ� � �%«�ñÕ)f�O� being × -inconsistent.By Theorem4.6, this is now equivalent
to «�ñ*) beinga × -consequenceof � Ph{ò$� . �

9. Appendix C: Proofsfor Section5

Proof of Theorem 5.1. The statementfollows immediatelyfrom Theorems3.2 and
4.5andtheobservationthat

� �fb�ñ"�Db><�<�E� , ���hñ"�L�#� hasamodel , suchthat ,$H JXP
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and ,(H JÕ�Db�� �<�<� �_�a� if f
� �^�fb¡H �Db��<}G¡<G<~�E�<�<�<E�^����H �L�6��}�GcEG�~�� hasa model Ê&Ë such

that Ê&Ë`H JXP and Ê&Ë6��� b � �E�<� �`� � �#ÍgF . �

Proof of Lemma 5.2. Assumefirst that PNH J_�+) . Then,the statementis immediate
by ò ß ��®�¯��MJ à JN� ß ��®�¯ Ö � . Assumenext that P(TH JN�+) . Then,thestatementfollows
from the observationthatevery model , of PU� � � b ñ"� b E�<�E��:� � ñ"� � � with ,UH J� b � �<�<� �o� � �o) satisfies,�H JN) if f every model Ê&Ë of P0� � �^� b H � b �<}G¡<G�~4<�E�<� ,�^����H �a�6�<}G¡<G<~�� with Ê&Ëj���#bf� �<�<� ���L�S��)%�DÍgF satisfiesÊ&Ëj� )+�#Í@F . �

Proof of Theorem 5.3. The statementfollows from Theorems3.4, 4.5, and 4.9,
Lemma5.2, andtheobservationthat P$� � �.b�ñÕ�Db>E�<�<�E:���hñ"�L�L�&H Jm«�ñÕ) if f PK�� �^�fbcH �DbE��}�Gc<G<~�E�<�E��E� �+��H �L�M��}�GcEG�~��&H JU� «�H )+��}�GcEG�~ . �

Proof of Lemma 5.4. Immediateby Lemmata3.5and5.2. �

Proof of Theorem5.5. ����� Assume®�¯U× -entails«�ñÕ) . By Theorem5.3,it followsPm�'ò$Ö�H J©«�!") for someò?ÖcQSò ß ��®�¯R� , andthusalso Pm�$ò?��H JV«�!Õ) .

�4!�� AssumePm�$ò � H J©«�!") . Thus,by Theorem5.3, ®�¯0× -entails«�ñ") . �

Proof of Theorem 5.6. By theproof of Theorem4.5, tolerationfor conditionalcon-
straintsof theform � ��H �#��}�Gc<G<~ coincideswith tolerationfor defaults �'ñÐ� . Thus,the
claim follows from Theorem3.7andLemma5.2. �
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