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Abstract. We study probabilistic logic under the viewpoint of the coherence
principleof deFinetti. In detail,we exploretherelationshipbetweencoherence-
basedandmodel-theoreticprobabilisticlogic. Interestingly, weshow thattheno-
tionsof g-coherenceandof g-coherententailmentcanbeexpressedby combining
notionsin model-theoreticprobabilisticlogic with conceptsfrom default reason-
ing. Crucially, we even show that probabilisticreasoningundercoherenceis a
probabilisticgeneralizationof default reasoningin systemP. That is, we provide
a new probabilisticsemanticsfor systemP, which is neitherbasedon infinitesi-
mal probabilitiesnor on atomic-bound(or alsobig-stepped)probabilities.These
resultsalsogive new insightinto default reasoningwith conditionalobjects.

1 Introduction

Theprobabilistictreatmentof uncertaintyplaysanimportantrole in many applications
of knowledgerepresentationandreasoning.Often, we needto reasonwith uncertain
informationunderpartial knowledgeandthenthe useof preciseprobabilisticassess-
mentsseemsunrealistic.Moreover, thefamily of uncertainquantitiesathandhasoften
no particularalgebraicstructure.

In suchcases,a generalapproachis obtainedby using(conditionaland/oruncon-
ditional) probabilisticconstraints,basedon the coherenceprinciple of de Finetti and
suitablegeneralizationsof it [5, 9,15,16]. Two importantaspectsin dealingwith un-
certaintyare: (i) checkingthe consistency of a probabilisticassessment;and (ii) the
propagationof a givenassessmentto furtheruncertainquantities.

Anotherapproachfor handlingprobabilisticconstraintsis model-theoreticproba-
bilistic logic, whoserootsgobackto Boole’sbookof 1854“The Lawsof Thought”[8].
Thereis a wide spectrumof formal languagesthathave beenexploredin probabilistic
logic, which rangesfrom constraintsfor unconditionalandconditionalevents[2, 13,
19,20,22,23] to rich languagesthat specify linear inequalitiesover events[12]. The



mainproblemsrelatedto model-theoreticprobabilisticlogic arecheckingsatisfiability,
decidinglogicalentailment,andcomputingtight logically entailedintervals.

Coherence-basedandmodel-theoreticprobabilisticreasoninghave beenexplored
quite independentlyfrom eachotherby two differentresearchcommunities.For this
reason,therelationshipbetweenthetwo areashasnot beenstudiedin depthsofar. The
currentpaperandourwork in [7] aimatfilling thisgap.Moreprecisely, our researchis
essentiallyguidedby thefollowing two questions:

� Which is thesemanticrelationshipbetweencoherence-basedandmodel-theoretic
probabilisticreasoning?� Canalgorithmsthathavebeendevelopedfor efficient reasoningin oneareaalsobe
usedin theotherarea?

Interestingly, it turnsout that theanswersto thesetwo questionsarecloselyrelatedto
default reasoningfrom conditionalknowledgebasesin systemP.

The literaturecontainsseveraldifferentproposalsfor default reasoningandexten-
sive work on its desiredproperties.Thecoreof thesepropertiesaretherationalitypos-
tulatesof systemP proposedby Kraus,Lehmann,andMagidor [18]. It turnedout that
theserationality postulatesconstitutea soundandcompleteaxiom systemfor several
classicalmodel-theoreticentailmentrelationsunderuncertaintymeasureson worlds.
More precisely, they characterizeclassicalmodel-theoreticentailmentunderpreferen-
tial structures[25,18], infinitesimalprobabilities[1, 24], possibilitymeasures[10], and
world rankings.They alsocharacterizeanentailmentrelationbasedon conditionalob-
jects[11]. A survey of all theserelationshipsis givenin [3].

Roughlyspeaking,coherence-basedprobabilisticreasoningis reducibleto model-
theoreticprobabilisticreasoningusing conceptsfrom default reasoning.Crucially, it
even turnsout that coherence-basedprobabilistic reasoningis a probabilistic gener-
alization of default reasoningin systemP. That is, we provide a new probabilistic
semanticsfor systemP, which is neitherbasedon infinitesimal probabilitiesnor on
atomic-bound(or alsobig-stepped)probabilities[4,26].

The currentpaperdealswith the semanticaspectsof thesefindings,while [7] fo-
cuseson its algorithmicimplicationsfor coherence-basedprobabilisticreasoning.

Themaincontributionsof thecurrentpapercanbesummarizedasfollows:

� We definea coherence-basedprobabilisticlogic. We definea formal languageof
logical andconditionalconstraints,which aredefinedon arbitraryfamiliesof con-
ditional events.We thendefinethe notionsof generalizedcoherence(or g-coher-
ence), g-coherentconsequence,andtight g-coherentconsequencefor thislanguage.� Weexploretherelationshipbetweeng-coherenceandg-coherententailment,onthe
onehand,andsatisfiabilityandlogicalentailment,on theotherhand.� Weshow thatprobabilisticreasoningundercoherenceis aprobabilisticgeneraliza-
tion of default reasoningfrom conditionalknowledgebasesin systemP.� Weshow thatthisrelationshiprevealsnew insightintoDuboisandPrade’sapproach
to default reasoningwith conditionalobjects[11,3].

Notethatdetailedproofsof all resultsaregivenin theextendedpaper[6].
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2 Probabilistic Logic under Coherence

In thissection,wefirst introducesometechnicalpreliminaries.Wethenbriefly describe
preciseandimpreciseprobability assessmentsundercoherence.We finally defineour
coherence-basedprobabilisticlogic andgiveanillustratingexample.

2.1 Preliminaries

We assumea nonemptysetof basic events 	 . We use 
 and � to denotefalse and
true, respectively. The set of eventsis the closureof 	
����
������ underthe Boolean
operations� and � . That is, eachelementof 	
����
������ is an event, and if � and�

are events,then also ����� �! and �"� . We use �#�%$ �& and � �(' �  to abbreviate�&���"����� �! and �&�#�%��� �& , respectively, andadopttheusualconventionsto eliminate
parentheses.We oftendenoteby )� thenegation �"� , andby � � theconjunction��� � .
A logical constraint is aneventof theform

�(' � . Notethat 
 '+*
is equivalentto � * .

A world , is a truthassignmentto thebasiceventsin 	 (thatis, amapping,.-/	10�325476983:;�=<?>�@A:;� ), whichis extendedto all eventsasusual(thatis, ���!� �& is truein B if f �
and

�
aretruein B , and �"� is truein B if f � is not truein B ). WeuseCED to denotetheset

of all worldsfor 	 . A world , satisfiesanevent � , or , is a modelof � , denoted,%F GH� ,
if f ,I���  GJ<?>�@A: . , satisfiesa setof eventsK , or , is a modelof K , denoted,%F GLK , if f ,
is amodelof all �NMNK . An event � (resp.,asetof eventsK ) is satisfiableif f a modelof� (resp.,K ) exists.An event

�
is a logical consequenceof � (resp.,K ), denoted�OF G �

(resp.,KJF G � ), if f eachmodelof � (resp.,K ) is alsoamodelof
�

. Weuse�QPF G � (resp.,KRPF G � ) to denotethat ��F G � (resp.,KJF G � ) doesnot hold.

2.2 Probability Assessments

A conditionaleventis anexpression
� F � with events

�
and ��PGL
 . It canbelookedatas

athree-valuedlogicalentity, with values<S>�@T: , or 25476�8S: , or U9VAWT:X<S:X>�YZU�VT4[<3: , according
to whether

�
and � are true, or

�
is falseand � is true, or � is false,respectively.

Thatis, we extendworlds , to conditionalevents
� F � by ,;� � F �  GJ<?>�@T: if f ,%F G � �\� ,,;� � F �  GJ25476�8S: if f ,�F GJ� � �
� , and ,I� � F �  GHU�VTWA:X<S:X>�YZU9VA4[<S: if f ,%F GH�"� . Note that� F � coincideswith

� �"�]F � . More generally,
� � F � � and

� � F � � coincideif f
� � �J� � G� � �(� � and � � G^� � .

A probability assessment�9K_�a`  on a setof conditionalevents b consistsof a set
of logical constraintsK , and a mapping ` that assignseach c&Mdb a real numberine f �?gih . Informally, K describeslogical relationships,while ` representsprobabilistic
knowledge.For � � � F � � �Sj?jSji� �"k F � k �.lmb with n\oLg and n realnumbersp � �?j?jSj?��p k , let
themappingqH-rCEDs0ut bedefinedasfollows.For every ,�MOCED :

q
��,  G
kvwyx � p w7z ,I��� w  z ��,;� � w  ]{ `�� � w F � w  = j

In thepreviousformula,we identify thetruthvalues25476�8S: and <?>�@A: with therealnum-
bers

f
and g , respectively. Intuitively, q canbe interpretedasthe randomgain corre-

spondingto a combinationof n betsof amountsp � z `�� � � F � �  �?j?jSj?��p k z `�� �"k F � k| on� � F � � �?jSj?j?� �"k F � k with stakes p � �Sj?jSji�}p k . In detail,to beton
� w F � w , onepaysanamount

of p w[z `�� � w F � w  , andonegetsbacktheamountof p w , f , and p w[z `�� � w F � w  , when
� w �O� w ,
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� � w �\� w , and �"� w , respectively, turnsout to be true. The following notion of coher-
encenow assuresthatit is impossible(for boththegamblerandthebookmaker)to have
uniformloss.

A probabilityassessment�9K~�}`  on a setof conditionalevents b is coherent if f for
every � � � F � � �?j?jSj?� � k F � k �.l(b with n\oLg andfor all realnumbersp � �Sj?jSj , p k , it holds�\��� �3q
�9,  F�,_M&C D �|,mF G^K~�7,mF G�� � $ z?zSz $(� k ��o f .

An impreciseprobabilityassessment��K~�a`  onasetof conditionaleventsb consists
of a setof logical constraintsK anda mapping ` that assignseach c&M�b an intervale � �=�;h�l e f �Sgih with

��� � . We say �9K_�a`  is g-coherent if f thereexistsa coherentprecise
probabilityassessment�9K~�}`~�  on b suchthat `_�X��c  MN`���c  for all c&M�b .

Let �9K_�a`  beag-coherentimpreciseprobabilityassessmenton asetof conditional
eventsb . Theimpreciseprobabilityassessment

e � �a�|h onaconditionalevent � is calleda
g-coherentconsequenceof �9K~�}`  if f `_�X���  M e � �=�;h for every g-coherentpreciseprob-
ability assessment`_� on bQ���?�A� suchthat `~����c  M�`���c  for all c!Mdb . It is a tight
g-coherentconsequenceof �9K_�a`  if f

�
(resp.,� ) is the infimum (resp.,supremum)of`~�����  subjectto all g-coherentpreciseprobability assessments`~� on bL���?�A� such

that `~�[��c  M�`���c  for all c!M�b .

2.3 Probabilistic Logic under Coherence

In the rest of this paper, we assumethat 	 is finite. A conditional constraint is an
expression� � F �  e � �a�|h with realnumbers

� �=��M e f �Sgih andevents
�

and � . A probabilistic
knowledgebase �%��G���K~�}�  consistsof a finite set of logical constraintsK , and a
finite set of conditionalconstraints� suchthat (i)

��� � for all � � F �  e � �a�|hXM�� , and
(ii)
� � F � � PG � � F � � for all distinct � � � F � �  e � � �=� � h , � � � F � �  e � � �=� � hXMN� .
Every impreciseprobabilityassessment,5�ZGZ��K~�}`  with finite K on a finite setof

conditionaleventsb canberepresentedby thefollowing probabilisticknowledgebase:

�������ZG��9K_�i�X� � F �  e � �=�;hTF � F ��M�b��|`�� � F �  G e � �=�;h��  j
Conversely, everyprobabilisticknowledgebase���1G��9K~�}�  canexpressedby thefol-
lowing impreciseprobabilityassessment,5�.�I��GZ��K~�}`��E�  on b;�E� :

` �E� G��X� � F �T� e � �=�;h  F[� � F �  e � �=�;h�MN���O�.�b �E� G�� � F �JFr� � �=��M e f �Sgih3-�� � F �  e � �a�|hXM����O�.j
A probabilisticknowledgebase�%� is saidg-coherent if f ,5�.�I� is g-coherent.For g-
coherent�%� andconditionalconstraints� � F �  e � �a�|h , we say � � F �  e � �=�;h is a g-coherent
consequenceof �%� , denoted�%��F��� � F �  e � �a�|h , if f �X� � F �T� e � �=�;h  � is a g-coherentcon-
sequenceof ,5���E� . It is a tight g-coherent consequenceof ��� , denoted����F� tight� � F �  e � �a�|h , if f �X� � F �T� e � �=�;h  � is a tight g-coherentconsequenceof ,5�.�E� .

Example 2.1. The logical knowledge“all penguinsare birds” and the probabilistic
knowledge“birds have legswith aprobabilityof at least0.95”, “birds fly with aproba-
bility between0.9and0.95”, and“penguinsfly with a probabilityof at most0.05” can
beexpressedby thefollowing probabilisticknowledgebase���ZGZ� �r¡r¢�£¥¤ '§¦�¨r©3ª|« ¢ © � ,�X�­¬ ¨Sªr® F¯¡r¢�£¥¤  e j °X±[�Sgih , ��²[³;F¯¡�¢�£�¤  e j °7�Sj °X±´h , ��²[³|F ¦�¨�©´ª7« ¢ ©� e f �?j f ±´h#�  .

It iseasytoseethat µE¶ isg-coherentandthat � ¬ ¨?ª�® F·¡r¢�£�¤  e j °�±7�¯gih , �­¬ ¨Sªr® F ¦�¨�©´ª7« ¢ ©´ e f �¯gih ,��²[³|F·¡r¢�£�¤  e j °7�Sj °X±´h , and ��²[³;F ¦�¨�©´ª7« ¢ ©´ e f �?j f ±´h aretight g-coherentconsequencesof �%� .
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3 Relationship to Model-Theoretic Probabilistic Logic

In thissection,wecharacterizethenotionsof g-coherenceandof g-coherententailment
in termsof thenotionsof satisfiabilityandof logical entailment.

3.1 Model-Theoretic Probabilistic Logic

A probabilistic interpretation ¸!¹ is a probability function on C D (that is, a mapping¸!¹]-.CED�0 e f �?g?h suchthat all ¸!¹[�9,  with ,~M/CED sumup to 1). The probability of an
event � in theprobabilisticinterpretatioņ!¹ , denoteḑ!¹7���  , is definedasthesumof all¸!¹[�9,  suchthat ,
M
CED and,�F G�� . Forevents� and

�
with ¸&¹��#�  Eº f , weusȩ!¹[� � F �  

to abbreviate ¸!¹[� � �\�  |» ¸!¹[���  . The truth of logical andconditionalconstraints¼ in
a probabilisticinterpretatioņ!¹ , denoteḑ!¹\F G^¼ , is definedasfollows:� ¸!¹OF G �(' � if f ¸!¹[� � �
�  G�¸!¹[�#�  .� ¸!¹OF G�� � F �  e � �a�|h if f ¸!¹[���  G f or ¸!¹7� � F �  M e � �=�;h .
We say ¸!¹ satisfiesa logical or conditionalconstraint¼ , or ¸&¹ is a modelof ¼ , if f¸!¹&F GL¼ . We say ¸!¹ satisfiesa setof logical andconditionalconstraints½ , or ¸!¹ is
a modelof ½ , denoteḑ!¹^F G¾½ , if f ¸!¹ is a model of all ¼�Md½ . We say that ½ is
satisfiableif f amodelof ½ exists.

We next define the notion of logical entailment.A conditional constraint ¼¿G� � F �  e � �a�|h is a logical consequenceof asetof logicalandconditionalconstraints½ , de-
noted½ÀF GJ¼ , if f eachmodelof ½ is alsoamodelof ¼ . It is a tight logical consequence
of ½ , denoted½§F G tight ¼ , if f

�
(resp.,� ) is theinfimum(resp.,supremum)of ¸!¹[� � F �  

subjectto all models ¸&¹ of ½ with ¸!¹[���  Eº f . Note that we define
� GZg and �dG f ,

when ½RF G��#�AF �  e f � f h . A probabilisticknowledgebases���ZGZ��K~�}�  is satisfiableif fK��O� is satisfiable.A conditionalconstraint� � F �  e � �a�|h isa logical consequenceof �%� ,
denoted�%�ÁF G�� � F �  e � �=�;h , if f K�����F G�� � F �  e � �a�|h . It is a tight logical consequenceof�%� , denoted���ÂF G tight � � F �  e � �=�;h , if f Km���ÂF G tight � � F �  e � �=�;h .
3.2 G-Coherence in Model-Theoretic Probabilistic Logic

The following theoremshows how g-coherencecan be expressedthrough the exis-
tenceof probabilisticinterpretations.This resultfollows from a characterizationof g-
coherencein [15]. It shows that �%��GZ��K~�a�  is g-coherentif f everynonempty��Ã�lÄ�
hasa model ¸!¹ suchthat ¸!¹/F GÅK andthat ¸!¹[���  Eº f for at leastone � � F �  e � �=�;h�M�� Ã .
Theorem 3.1. Let �%�ZG��9K_�a�  be a probabilistic knowledge base. Then, �%� is g-
coherentiff for everynonempty� k GQ��� � � F � �  e � � �=� � h5�?jSj?j?�3� �"k F � k; e � k �=� k h��.lÄ� , there
existsa model ¸!¹ of K���� k such that ¸!¹7��� � $ z?zSz $\� k| Eº f .

It thenfollows thatg-coherencehasa characterizationsimilar to Æ -consistency in
defaultreasoning.To formulatethisresult,weadoptthefollowing terminologyfrom de-
fault reasoningfrom conditionalknowledgebases[3]. A probabilisticinterpretatioņ!¹
verifiesa conditionalconstraint � � F �  e � �=�;h , if f ¸!¹7�#�  Eº f and ¸&¹&F G�� � F �  e � �a�|h . A set
of conditionalconstraints� toleratesa conditionalconstraint¼ undera setof logical
constraintsK , if f thereexistsa modelof Km��� thatverifies ¼ . We say � is under K in
conflictwith ¼ , if f no modelof Km��� verifies ¼ .
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We arenow readyto characterizeg-coherencein a waysimilar to Æ -consistency by
GoldszmidtandPearl[17]. Notethatin [7] weusethischaracterizationto provideanew
algorithmfor decidingg-coherence,which is essentiallya reformulationof a previous
algorithmby Gilio [15] usingterminologyfrom default reasoning,andwhich is closely
relatedto analgorithmfor checkingÆ -consistency givenin [17].1

Theorem 3.2. A probabilisticknowledge base�%��GZ��K~�a�  is g-coherentiff there ex-
istsanorderedpartition ���ÈÇX�?jSj?jS�a�]É  of � such thateither

(a) every � w , f/�(ÊI�(Ë , is thesetof all ¼�MZÌ ÉÍax�w � Í toleratedunder K by Ì ÉÍax�w � Í , or

(b) for every
Ê
,
f/�(ÊI�ÄË

, each ¼�Md� w is toleratedunder K by Ì ÉÍax�w � Í .
3.3 G-Coherent Entailment in Model-Theoretic Probabilistic Logic

We next show how g-coherententailmentcanbereducedto logical entailment.
For probabilisticknowledgebases�%��GZ��K~�a�  andevents

*
, let �]ÎÈ�#�%�  denote

thesetof all subsets� k G^��� � � F � �  e � � �=� � h5�?j?jSj , � � k F � k  e � k �a� k h#� of � suchthatevery
model ¸!¹ of Km��� k with ¸!¹7��� � $ zSz?z $Ä� k $ *] &º f satisfieş!¹7� *] Eº f .

Thefollowing theoremshowsthatthetight interval concludedundercoherencecan
beexpressedastheintersectionof somelogically entailedtight intervals.

Theorem 3.3. Let ���ZG��9K~�}�  be a g-coherent probabilistic knowledge base, and
let Ï!F * bea conditionalevent.Then,�%��F� tight ��ÏÐF *A e � �=�;h , where

e � �=�;hIG^ÑÂ� e Ò �aÓrhAF�KÅ�(� Ã F G tight ��Ï!F *] e Ò �aÓrh for some� Ã M��]Î��#�%�  �.j
Clearly, this reductionof g-coherententailmentto logical entailmentis computa-

tionally expensive, aswe have to computea tight logically entailedinterval for each
memberof �]ÎÈ�#�%�  . In thefollowing, weshow thatwe canrestrictourattentionto the
uniquegreatestelementin �]Î��#�%�  . The following lemmashows that �]ÎÈ�#�%�  con-
tainsindeeda uniquegreatestelementwith respectto setinclusion.This resultcanbe
provedby showing that � Î �#�%�  is nonemptyandclosedundersetunion.

Lemma 3.4. Let ���ZG��9K~�}�  bea g-coherentprobabilisticknowledgebase, andlet
*

bean event.Then,� Î �����  containsa uniquegreatestelement.

Thenext theoremnow showsthecrucialresultthatg-coherententailmentfrom ���
canbereducedto logical entailmentfromthegreatestelementin �]Î��#�%�  .
Theorem 3.5. Let �%�1G��9K_�a�  bea g-coherentprobabilisticknowledgebase, andlet¼1G���Ï!F *] e � �a�|h bea conditionalconstraint. Let ��� � GZ��K~�a�d�  , where �d� is thegreat-
estelementin � Î �#�%�  . Then,

(a) �%��F�J¼ iff ��� � F G^¼ .
(b) �%��F� tight ¼ iff �%� � F G tight ¼ .

1 Notethattherelationshipbetweenthealgorithmsin [15] and[17] wassuggestedfirst by Didier
Dubois(personalcommunication).
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Thus,computingtight g-coherentconsequencescanbereducedto computingtight
logicalconsequencesfrom thegreatestelement�d� in � Î �#�%�  . Thefollowing theorem
shows how � � can be characterizedand thus computed.More precisely, it specifies
some �d� by two conditions(i) and (ii). It can be shown that (i) implies that every
memberof �]Î��#�%�  is asubsetof �d� , andthat(ii) impliesthat �d� belongsto �]ÎÈ�#�%�  .
In summary, this provesthatthespecified�d� is thegreatestelementin �]Î��#�%�  .
Theorem 3.6. Let �%�ZG��9K_�a�  be a g-coherentprobabilistic knowledge baseand

*
bean event.Let �d�.lÄ� and �9� Ç �Sj?jSj?�a� É  bean orderedpartition of ��Ô´�d� such that:

(i) every � w , f~�mÊI�ÄË , is thesetof all elementsin � w � z?zSz �O� É �O� � that are toler-
atedunder Km����
 'Â* � by � w � zSz?z �O� É ���d� , and

(ii) no memberof �d� is toleratedunder KÅ�J��
 'Â* � by �d� .
Then,�d� is thegreatestelementin � Î ���%�  .

In summary, by Theorems3.5 and 3.6, a tight interval underg-coherententail-
mentcanbe computedby first checkingg-coherence,andthencomputinga tight in-
terval underlogical entailment[7]. Semantically, Theorems3.5 and3.6 show that g-
coherententailmentcoincideswith logical entailmentfrom a smallerknowledgebase.
Thatis, underg-coherententailment,wesimplycutawayapartof theknowledgebase.
Roughlyspeaking,weremoveall thoseconditionalconstraints� � F �  e � �=�;h�M�� where�
is “larger” than

*
. Intuitively, g-coherententailmentdoesnot have thepropertyof in-

heritance,neitherfor logical knowledgenor for probabilisticknowledge,while logical
entailmentshows inheritanceof logical knowledgebut not of probabilisticknowledge.
Thefollowing exampleillustratesthis difference.

Example 3.7. Considerthefollowing probabilisticknowledgebase:

�%��G��­��¡�¢�£�¤ 'Õ¦�¨�©´ª7« ¢ © �����X�­¬ ¨Sªr® F¯¡�¢�£�¤  e gr�Sgih5����Ö/¢ ©´ªr® F·¡r¢�£¥¤  e j °�±[�Sgih#�  j
Noticethat �%� is g-coherentandsatisfiable.Moreover, we have:

�%��F� tight �­¬ ¨?ª�® F ¦�¨�©´ª7« ¢ ©´ e f �?gih and ���ÂF G tight � ¬ ¨?ª�® F ¦�¨�©´ª7« ¢ ©´ e gr�SgihX��%��F� tight ��Ö/¢ ©´ªr® F ¦�¨r©3ª|« ¢ ©� e f �Sgih and �%�ÂF G tight ��Ö~¢ ©3ª�® F ¦�¨�©´ª7« ¢ ©´ e f �SgihXj
Thatis, underg-coherententailment,neitherthelogicalpropertyof having legsnor the
probabilisticoneof having wings is inheritedfrom birds to penguins.Under logical
entailment,however, thelogicalpropertyis inherited,while theprobabilisticoneis not.

3.4 Coherence-Based versus Model-Theoretic Probabilistic Logic

We now describethe rough relationshipbetweeng-coherenceand satisfiability, and
betweeng-coherententailmentand logical entailment.The following theoremshows
thatg-coherenceimpliessatisfiability. This resultis immediateby Theorem3.1.

Theorem 3.8. Everyg-coherentprobabilisticknowledgebase��� is satisfiable.

In fact,g-coherenceis strictly strongerthansatisfiability, asthenext exampleshows.

Example 3.9. Considerthe probabilisticknowledgebase�%�ÕG×�#Ø[�?�X��²[³|F¯¡�¢�£�¤  e j °|�?gih ,���T²[³;F¯¡�¢�£�¤  e j·Ù[�Sgih#�  . It is easyto verify that �%� is satisfiable,but not g-coherent.

7



Thenext theoremshows that logical entailmentis strongerthang-coherententail-
ment.That is, g-coherentconsequenceimplies logical consequence(or therearemore
conditionalconstraintslogically entailedthanentailedunderg-coherence)andthetight
intervalsthatarederivedunderlogical entailmentaresubintervalsof thosederivedun-
derg-coherententailment.This resultfollows immediatelyfrom Theorem3.5.

Theorem 3.10. Let �%�§G§�9K_�a�  bea g-coherentprobabilistic knowledge base, and
let �9ÏÐF *A e � �=�;h and �9ÏÐF *A e Ú ��pih betwoconditionalconstraints.Then,

(a) �%��F����Ï!F *] e � �a�|h implies ���ÂF G���Ï!F *] e � �a�|h .
(b) �%��F� tight ��ÏÐF *] e � �=�;h and �%�ÂF G tight ��ÏÐF *] e Ú �}p?h implies

e � �=�;h�Û e Ú ��pih .
Thefollowing examplenow showsthatlogicalentailmentis in factstrictly stronger

thang-coherententailment(notethatwe identify
e gr� f h with theemptyset).

Example 3.11. Considerthefollowing probabilisticknowledgebases�%� � and ��� � :
��� � GÀ��Ø7�i�X��²[³[F¯¡r¢�£¥¤  e gr�Sgih5�S�­Ü%Ý7¡r¢�¬ ¨ F ²[³  e gr�Sgih#�  ���� � GÀ��Ø7�i�X��²[³[F¯¡r¢�£¥¤  e gr�Sgih5�S�­¡r¢�£�¤IF ¦�¨�©´ª7« ¢ ©´ e g��?gih5�S�#�T²[³|F ¦�¨r©3ª|« ¢ ©� e gr�?g?h��  j

Sometight g-coherentandtight logical consequencesof �%� � and ��� � aregivenby:

�%� � F � tight � Ü_Ý7¡r¢�¬ ¨ F¯¡�¢�£�¤  e f �?g?h and �%� � F G tight � Ü_Ý7¡r¢�¬ ¨ F¯¡�¢�£�¤  e gr�?g?h���%� � F � tight �#�T²[³|F ¦�¨r©3ª|« ¢ ©� e gr�Sgih and �%� � F G tight �#�T²[³;F ¦�¨r©3ª|« ¢ ©� e gr� f h�j
4 Relationship to Default Reasoning in System P

In this section,we show thatconsistency andentailmentin systemP arespecialcases
of g-coherenceandof g-coherententailment, respectively. That is, probabilisticlogic
undercoherencegivesanew probabilisticsemanticsfor systemP, whichis neitherbased
on infinitesimalprobabilitiesnoron atomic-bound(or alsobig-stepped)probabilities.

4.1 Default Reasoning in System P

We now describethe notionsof consistency andof entailmentin systemP [18]. We
definethemin termsof world rankings.

A conditionalrule (or default) is anexpressionof theform
�(Þ � , where � and

�
areevents.A conditionalknowledgebase�%�ZG���K~�aß  consistsof afinite setof logical
constraintsK anda finite setof defaults ß .

A world , satisfiesa default
�(Þ � , or , is a modelof

�(Þ � , denoted,mF G �ÄÞ � ,
if f ,ÄF G �Ä' � . Theworld , verifies

�mÞ � if f ,(F GR�\� � . Theworld , falsifies
�(Þ �

if f ,�F G^����� � (thatis, ,sPF G �ÄÞ � ). , satisfiesasetof eventsanddefaults µ , or , is a
modelof µ , denoted,�F G^µ , if f , satisfieseverymemberof µ . Wesay µ is satisfiable
if f amodelof µ exists.A setof defaults ß toleratesadefault Ó underasetof classical
formulas K if f ß+�QK hasa model that verifies Ó . A setof defaults ß is under K in
conflictwith adefault

�(Þ � if f all modelsof ß��mKÅ�J����� satisfy � � .
A world ranking à is a mapping à/-�CED�0á� f �Sgr�?jSj?j·�_�1��â�� suchthat àÈ��,  G f

for at leastoneworld , . It is extendedto all events � as follows. If � is satisfiable,
then àT���  G �\ãyä �´àT�9,  F ,_M&CED , ,�F Gå�È� ; otherwise,àÈ�#�  Gæâ . A world ranking à
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is admissiblewith a conditionalknowledgebase�9K~�}ß  if f àÈ�#�"�  G�â for all �HMHK ,
and àÈ�#�  &ç â and àT���O� �& &ç àÈ�#���(� �! for all defaults

�(Þ �ÅMsß .
A conditionalknowledgebase�%� is Æ -consistentif f thereexists a world ranking

that is admissiblewith ��� . It is Æ -inconsistentif f no sucha world rankingexists.We
say ���+Æ -entails a default

�(Þ � if f either àÈ�#�  Gèâ (that is, � is unsatisfiable)
or àÈ�#��� �! éç àT���O�Ä� �! for all world rankingsà thatareadmissiblewith ��� .

A defaultranking ê on �%�×Gë�9K_�aß  mapseach Ó~M�ß to a nonnegative integer.
It is admissiblewith ��� if f eachß Ã lÄß that is under K in conflict with some Ó~M�ß
containsadefault Ó Ã suchthat ê"�9Ó Ã  Eç ê"�9Ó  .
4.2 G-Coherence and P-Consistency

We now show thatg-coherenceis ageneralizationof Æ -consistency.
Recallfirst thatthecharacterizationof Æ -consistency by GoldszmidtandPearl[17]

correspondsto thecharacterizationof g-coherencegivenin Theorem3.2.
The following well-known result(seeespecially[14]) shows that Æ -consistency is

equivalentto theexistenceof admissibledefault rankings.

Theorem 4.1. A conditionalknowledge base �%� is Æ -consistentiff there existsa de-
fault rankingon �%� that is admissiblewith �%� .

A similar resultholdsfor g-coherence,which is subsequentlyformulatedusingthe
following concepts.A ranking ê on ���ZG��9K~�}�  mapseachelementof � to anonneg-
ative integer. It is admissiblewith �%� if f each� Ã l(� that is under K in conflict with
some¼�Md� containsa conditionalconstraint¼ Ã suchthat ê"��¼ Ã  Eç ê"�9¼  .
Theorem 4.2. A probabilisticknowledgebase�%� is g-coherentiff thereexistsa rank-
ing on �%� that is admissiblewith �%� .

Thefollowing theoremfinally shows theimportantresultthatg-coherenceis agen-
eralizationof Æ -consistency.

Theorem 4.3. Let ����G¿�9K_�i�X� � � F � �  e gr�Sgih5�?j?jSji�S� �"k F � k| e g��?gih#�  be a probabilistic
knowledge base. Then, �%� is g-coherent iff the conditionalknowledge base �%� Ã G�9K~�?� � � Þ � � �?jSj?j?� � k Þ � k �  is Æ -consistent.

4.3 G-Coherent Entailment and P-Entailment

We now show thatg-coherententailmentis a generalizationof Æ -entailment.
Thefollowing resultis essentiallydueto Adams[1], who formulatedit for K�GÁØ .

Theorem 4.4 (Adams [1]). A conditional knowledge base �%�ZG��9K_�aß  Æ -entails a
default Ï ÞÂ* iff �9K_�aß��J�´�AÏ Þì* �  is Æ -inconsistent.

Thefollowing theoremshowsthatasimilarresultholdsfor g-coherentconsequence,
which is animmediateimplicationof thedefinitionof g-coherententailment.

Theorem 4.5. Let �%�1G��9K_�a�  bea g-coherentprobabilisticknowledgebase, andlet��ÏÐF *A e � �=�;h beaconditionalconstraint.Then,�%��F����Ï!F *] e � �a�|h iff �9K_�a�N�!����ÏÐF *A e í � í h��  
is not g-coherentfor all

í M e f � �  �L�9�T�Sgih .
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Thefollowing relatedresultfor tight g-coherentconsequencecompletesthepicture.

Theorem 4.6. Let �%�1G��9K_�a�  bea g-coherentprobabilisticknowledgebase, andlet��ÏÐF *A e � �=�;h bea conditionalconstraint. Then,�%��F� tight ��ÏÐF *A e � �=�;h iff
(i) �9K_�a�1���X��Ï!F *] e í � í h#�  is not g-coherentfor all

í M e f � �  ���9�T�Sgih , and
(ii) �9K_�a�1���X��Ï!F *] e í � í h#�  is g-coherentfor all

í M e � �a�|h .
Thenext resultfinally shows thatg-coherententailmentgeneralizesÆ -entailment.

Theorem 4.7. Let �%�ZG��9K_�i��� � � F � �  e g��?gih5�?jSj?ji�3� � k F � k  e gr�?g?h��  bea g-coherentprob-
abilistic knowledge base. Then, �%�ÁF�Z�9ÏÐF *] e gr�Sgih iff the conditionalknowledge base�9K~�?� � � Þ � � �?jSj?j?� � k Þ � k �  Æ -entails Ï Þì*

.

5 Relationship to Default Reasoning with Conditional Objects

In this section,we relatecoherence-basedprobabilisticreasoningto default reasoning
with conditionalobjects,which goesbackto DuboisandPrade[11,3].

We associatewith eachset of defaults ß^G1� � � Þ � � �?jSj?jS� �"k~Þ � k � , the set of
conditionalevents î!ïÅG1� � � F � � �?jSj?j?� �"k F � k � . Given a nonemptyset of conditional
eventsb�GQ� � � F � � �?jSj?ji� �"k F � k � , thequasi-conjunctionof b , denotedðNî\��b  , is defined
astheconditionalevent � � � ' � �  � zSz?z �Ä� �]k~' � k; F�� � $ z?z?z $\� k .

We now definethenotionsof
Òiñ

-consistency and
Ò?ñ

-entailmentasfollows.A con-
ditionalknowledgebase�%�ZG��9K_�aß  is

Òiñ
-consistentif f, for everynonemptyß Ã lÄß ,

thereexistsa model , of K suchthat ,;�#ðNî\��î ï�ò  = GJ<S>´@A: . We assumethetotal order2#4|6983: ç U9VAWT:X<3:�>�YZU�VT47<S: ç <?>�@A: . We say �%��G���K~�}ß  co-entailsa default Ï Þ+*
if f

either(i) K���� * ��F GÁÏ , or (ii) somenonemptyß Ã lsß existssuchthat ,I��ð�î\��î ï ò  = �,;�9ÏÐF *] for all models, of K .
The notionsof

Òiñ
-consistency and

Òiñ
-entailmentcoincidewith the notionsof Æ -

consistency and Æ -entailment,respectively [11,3]. We now show that our resultsin
Sections3 and4 arenaturallyrelatedto default reasoningwith conditionalobjects.

It is easyto verify that thefollowing counterpartof Theorem3.1 for Æ -consistency
formulatestheabovenotionof

Ò?ñ
-consistency. Notethatthenotionof satisfiabilityused

in this theoremis definedasin Section4.1.

Theorem 5.1. A conditionalknowledgebase�%��G��9K_�aß  is Æ -consistentiff K��dß Ã ��´� � $ zSz?z $O� k � is satisfiablefor everynonemptyß Ã G1� � � Þ � � �?jSj?j , �"k~Þ � k ��lóß .

For conditionalknowledgebases���ZG��9K~�}ß  andevents
*

, let ß Î �#�%�  betheset
of all ß Ã G1� � � Þ � � �?jSj?jS� � k Þ � k �.l(ß suchthat K���ß Ã �
��� � $ z?zSz $�� k $ * �&F G * .
Observenow thatfor ß Ã G1� � � Þ � � �?jSj?jS� � k Þ � k � , condition(ii) in thedefinitionof
the notion of

Òiñ
-entailmentis equivalentto KZ�Lß Ã �Z�´� � $ z?z?z $O� k $ * �QF G *

andK��Qß Ã F GôÏ 'ì*
. Thus,the following counterpartof Theorem3.3 for Æ -entailment

formulatestheabovenotionof
Òiñ

-entailment.

Theorem 5.2. Let ���ZG��9K~�}ß  be a Æ -consistentconditionalknowledge base. Then,�%�óÆ -entailsthedefault Ï Þì*
, iff KÅ�(ß Ã F G�Ï 'Â* for someß Ã M�ß Î �#�%�  .

Crucially, wecannow alsoformulatecounterpartsto Lemma3.4andTheorems3.5
and3.6.To ourknowledge,theseresultsfor systemPareunknownsofar. Thefollowing
resultshows that ß Î �#�%�  containsauniquegreatestelement.
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Lemma 5.3. Let �%�ZG��9K_�aß  bea Æ -consistentconditionalknowledge base, and let*
bean event.Then,ß Î �����  containsa uniquegreatestelement.

Thenext resultshows that Æ -entailmentfrom �%� coincideswith logicalentailment
from thegreatestelementin ß\ÎÈ�����  . Thatis, wecanreplaceitem(ii) in thedefinition
of
Òiñ

-entailmentby (ii’) ,I��ð�î\��î!ï.õ  = � ,I��ÏÐF *A for thegreatestß
� in ß Î �#�%�  .
Theorem 5.4. Let �%�¾G¾�9K~�}ß  be a Æ -consistentconditionalknowledge base, and
let Ï Þ+*

bea default.Let ß
� denotetheuniquegreatestelementin ß Î �����  . Then,

����Æ -entails Ï ÞÂ* iff KÅ�(ß � F GÁÏ 'ì*
.

Thefollowing theoremshowshow ß � canbecharacterizedandthuscomputed.

Theorem 5.5. Let �%�1G��9K_�aß  be a Æ -consistentconditionalknowledge baseand
*

beanevent.Let ß
�.lsß and ��ß Ç �?jSj?ji�}ß É  beanorderedpartition of ßmÔ�ß�� such that:

(i) every ß w , f/�mÊ;�sË , is thesetof all elementsin ß w � z?zSz �Oß É �Oß
� thatare toler-
atedunder Km����
 'Â* � by ß w � zSz?z �Oß
É"�Oß
� , and

(ii) no memberof ß
� is toleratedunder KÅ�J��
 'Â* � by ß�� .
Then,ß
� is thegreatestelementin ß\ÎÈ�����  .
6 Summary and Outlook

We exploredtherelationshipbetweenprobabilisticlogic undercoherence,model-theo-
retic probabilisticlogic, anddefault reasoningin systemP. We showedthatcoherence-
basedprobabilisticreasoningcanbereducedto model-theoreticprobabilisticreasoning
by usingconceptsfrom defaultreasoning.Moreover, weshowedthatit is aprobabilistic
generalizationof default reasoningin systemP. That is, we gave a new probabilistic
semanticsfor systemP, which is neitherbasedon infinitesimal probabilitiesnor on
atomic-bound(or alsobig-stepped)probabilities.We finally showed that theseresults
alsogivenew insightinto default reasoningwith conditionalobjects.

Roughlyspeaking,themaindifferencebetweencoherence-basedandmodel-theo-
reticprobabilisticreasoningis thattheformergeneralizesdefaultreasoningin systemP,
while thelattergeneralizesclassicalreasoningin propositionallogic.

A very interestingtopicof futureresearchis to explorehow othernotionsof coher-
encearerelatedto model-theoreticprobabilisticlogic andto defaultreasoning.It would
alsobevery interestingto developcoherence-basedprobabilisticextensionsof notions
of default reasoningdifferentfrom systemP (for example,in thespirit of [21]).
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