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Abstract. We study probabilistic logic underthe viewpoint of the coherence
principle of deFinetti. In detail, we exploretherelationshipbetweencoherence-
basedandmodel-theoretiprobabilisticlogic. Interestinglywe shaw thatthe no-
tionsof g-coherencandof g-coherenentailmentanbeexpressedby combining
notionsin model-theoretiprobabilisticlogic with conceptdrom default reason-
ing. Crucially, we even shaw that probabilisticreasoningundercoherencds a
probabilisticgeneralizatiorof default reasoningn systemP. Thatis, we provide
a new probabilisticsemanticgor systemP, which is neitherbasedon infinitesi-
mal probabilitiesnor on atomic-boundor alsobig-steppedprobabilities. These
resultsalsogive new insightinto default reasoningvith conditionalobjects.

1 Introduction

The probabilistictreatmenbf uncertaintyplaysanimportantrole in mary applications
of knowledgerepresentatiomnd reasoning Often, we needto reasonwith uncertain
information underpartial knowledgeandthenthe useof preciseprobabilisticassess-
mentsseemainrealistic.Moreover, thefamily of uncertainquantitiesat handhasoften
no particularalgebraicstructure.

In suchcasesa generalapproachs obtainedby using (conditionaland/oruncon-
ditional) probabilisticconstraints pasedon the coherenceprinciple of de Finetti and
suitablegeneralization®f it [5,9,15,16]. Two importantaspectsn dealingwith un-
certaintyare: (i) checkingthe consisteng of a probabilisticassessmengnd (ii) the
propagatiorof a givenassessmeit furtheruncertainquantities.

Anotherapproachfor handlingprobabilisticconstraintds model-theoretigroba-
bilistic logic, whoserootsgo backto Boole'sbookof 1854“The Laws of Thought”[8].
Thereis a wide spectrumof formal languageshat have beenexploredin probabilistic
logic, which rangesfrom constraintsfor unconditionaland conditionalevents[2, 13,
19,20,22,23] to rich languageghat specify linear inequalitiesover events[12]. The



mainproblemsrelatedto model-theoretiprobabilisticlogic arecheckingsatisfiability
decidinglogical entailmentandcomputingtight logically entailedintervals.

Coherence-baseahd model-theoretigrobabilisticreasoninghave beenexplored
quite independenthfrom eachother by two differentresearchkcommunities For this
reasontherelationshipbetweerthetwo areashasnot beenstudiedin depthsofar. The
currentpaperandourwork in [7] aim atfilling this gap.More precisely our researchs
essentiallyguidedby thefollowing two questions:

e Which is the semantiarelationshipbetweencoherence-baseshd model-theoretic
probabilisticreasoning?

e Canalgorithmsthathave beendevelopedfor efficientreasoningn oneareaalsobe
usedin the otherarea?

Interestingly it turnsout thatthe answerdo thesetwo questionsare closelyrelatedto
defaultreasoningrom conditionalknowledgebasesn systemP.

The literaturecontainsseveral differentproposalgor default reasoningandexten-
sive work on its desiredpropertiesThe coreof thesepropertiesaretherationality pos-
tulatesof systemP proposedy Kraus,LehmannandMagidor[18]. It turnedout that
theserationality postulateonstitutea soundand completeaxiom systemfor several
classicalmodel-theoretientailmentrelationsunderuncertaintymeasure®n worlds.
More precisely they characterizelassicalmodel-theoretientailmentunderpreferen-
tial structureg25, 18], infinitesimalprobabilities[1, 24], possibilitymeasure§l0], and
world rankings.They alsocharacterizeanentailmentrelationbasedon conditionalob-
jects[11]. A sunwy of all theserelationshipss givenin [3].

Roughlyspeaking coherence-basegutobabilisticreasonings reducibleto model-
theoreticprobabilisticreasoningusing conceptsfrom default reasoning Crucially, it
even turns out that coheence-basegbrobabilistic reasoningis a probabilistic gener
alization of default reasoningin systemP. That is, we provide a new probabilistic
semanticdor systemP, which is neitherbasedon infinitesimal probabilitiesnor on
atomic-boundor alsobig-steppedprobabilities[4, 26].

The currentpaperdealswith the semanticaspectof thesefindings, while [7] fo-
cusenits algorithmicimplicationsfor coherence-baseqatobabilisticreasoning.

Themaincontritutionsof the currentpapercanbe summarizedsfollows:

e We definea coherence-baseatobabilisticlogic. We definea formal languageof
logical andconditionalconstraintsyhich aredefinedon arbitraryfamiliesof con-
ditional events.We thendefinethe notionsof generalizeccoherencdor g-coher-
enc§, g-coherentonsequenceandtight g-coherentonsequencr thislanguage.

o We exploretherelationshipgbetweerg-coherencandg-coherenentailmentpnthe
onehand,andsatisfiabilityandlogical entailmenton the otherhand.

e \We shaw thatprobabilisticreasoningindercoherencés a probabilisticgeneraliza-
tion of defaultreasoningrom conditionalknowledgebasesn systemP.

e \We show thatthisrelationshiprevealsnew insightinto DuboisandPrades approach
to defaultreasoningwith conditionalobjects[11, 3].

Notethatdetailedproofsof all resultsaregivenin the extendedpaper6].



2 Probabilistic Logic under Coherence

In this sectionwefirstintroducesometechnicalpreliminaries We thenbriefly describe
preciseandimpreciseprobability assessmentsdercoherenceWe finally defineour
coherence-basaqatobabilisticlogic andgive anillustratingexample.

2.1 Preliminaries

We assumea nonemptyset of basic events®. We use L and T to denotefalse and
true, respectiely. The setof eventsis the closureof $U{L, T} underthe Boolean
operations— and A. Thatis, eachelementof $U {1, T} is an event,andif ¢ and
1) are events,thenalso (¢ Av) and —¢. We use (¢ V ¢) and (¢ < ¢) to abbreiate
—(=¢ A —p) and—(¢ A —p), respectiely, andadoptthe usualcorventionsto eliminate
parenthesesNe oftendenoteby ¢ the negation—¢, andby ¢y the conjunctiong A ).
A logical constrintis aneventof theform ¢ < ¢. Notethat L < « is equivalentto —a.

A world I is atruth assignmento thebasiceventsin @ (thatis, amappingl/: ¢ —
{false, true}), whichis extendedo all eventsasusual(thatis, (¢ A1) istruein I iff ¢
andy aretruein I, and—¢ istruein I iff ¢ is nottruein I). We useZg to denotetheset
of all worldsfor &. A world I satisfiesaneventg, or I is amodelof ¢, denoted! |= ¢,
iff I(¢) = true. I satisfiesasetof eventsL, or I is amodelof L, denoted! |= L, iff I
isamodelof all ¢ € L. An event¢ (resp.,asetof eventsL) is satisfiableff amodelof
¢ (resp.,L) exists.An eventy is alogical consequencef ¢ (resp.,L), denotedp |=
(resp.,.L =), iff eachmodelof ¢ (resp..L) is alsoamodelof 1. We useg¢ [~ 1) (resp.,
L £ 1) to denotethat¢ =4 (resp.,L = 1) doesnothold.

2.2 Probability Assessments

A conditionaleventis anexpressionp|¢ with eventsy and¢ # L. It canbelookedatas
athree-waluedogicalentity, with valuestrue, or false, orindeterminate, according
to whethery and ¢ aretrue, or ¢ is falseand ¢ is true, or ¢ is false,respectiely.
Thatis, we extendworlds I to conditionaleventsy|¢ by I(¢)|¢) = true iff I =9 A ¢,
I(y|¢) =false iff I =— A ¢, andI(y|¢) = indeterminate iff I |=—¢. Note that
1|¢ coincideswith ¥A@|p. More generally ¢ |¢1 andis|@- coincideiff ¢ A ¢ =
¢2 A ¢2 andqﬁl = ¢2.

A probability assessmen(tZ., A) on a setof conditionalevents€ consistsof a set
of logical constraintsL, anda mapping A that assignseache € £ a real numberin
[0,1]. Informally, L describedogical relationshipswhile A representprobabilistic
knowledge.For {¢1|¢1, - . ., ¥n|pn} CE withn > 1 andn realnumberssy, . .., sp, let
themappingG: Zs — R bedefinedasfollows.For every I € Zs:

G(I) = ; s 1(6s) - (L(3) — A(wbil )

In the previousformula, we identify thetruth valuesfalse andtrue with therealnum-
bers0 and1, respectiely. Intuitively, G canbe interpretedasthe randomgain corre-
spondingto a combinationof n betsof amountssy - A(¢)1|¢1), ..., $n - A(Yn|dn) ON
UV1|@1, - -, ¥n|dn wWith stalessy, . . ., s,. In detalil,to beton;|¢;, onepaysanamount
of s; - A(v;|¢;), andonegetsbacktheamountof s;, 0, ands; - A(;|é;), wheny; A ¢;,



—p; A ¢y, and —¢;, respectiely, turnsout to be true. The following notion of coher
encenow assureshatit is impossible(for boththegamblerandthebookmaler)to have
uniformloss

A probabilityassessmertl, A) on a setof conditionalevents¢ is coheentiff for
every {1 |¢1, ..., ¥n|dn}t C € with n > 1 andfor all realnumberssy, .. ., s,, it holds
max{G(I) |I€Zs, IEL, I =1 V--- Vo,}>0.

An impreciseprobabilityassessmenrif., A) onasetof conditionaleventsf consists
of a setof logical constraints, anda mappingA thatassignseache € £ aninterval
[[,u] C[0,1] with I <u. We say(L, A) is g-coheentiff thereexistsa coherenprecise
probabilityassessmerfiL, A*) on £ suchthat A*(e) € A(e) foralle € €.

Let (L, A) beag-coherentmpreciseprobability assessmermn a setof conditional
events€. Theimpreciseprobabilityassessmeift, u] onaconditionaleventy is calleda
g-coheentconsequencef (L, A) iff A*(y) € [I,u] for every g-coherenpreciseprob-
ability assessment* on £ U {v} suchthat A*(e) € A(e) for all e €&. It is a tight
g-coheentconsequencef (L, A) iff [ (resp.,u) is theinfimum (resp.,supremumf
A*() subjectto all g-coherenipreciseprobability assessmentd* on £ U {v} such
thatA*(e) € A(e) foralle € £.

2.3 Probabilistic Logic under Coherence

In the rest of this paper we assumethat & is finite. A conditional constaint is an
expression(y|¢)[l, u] with realnumberd, u € [0, 1] andeventsy andg. A probabilistic
knowledgebaseKB = (L, P) consistsof a finite setof logical constraintsL, and a
finite setof conditional constraintsP suchthat (i) I <w for all (¢|$)[l,u] € P, and
(i) 1] ¢1 # 1| @2 Tor all distinet (| ¢) [l ur, (¥2]2)[l2, un) € P.
EveryimpreciseprobabilityassessmeriP = (L, A) with finite L on afinite setof
conditionalevents€ canberepresentedy thefollowing probabilisticknowledgebase:

KBip = (L, {(¢|9)[l,u] | ¥|¢ €&, A(¥[¢) =[l,u]})-
Corversely every probabilisticknowledgebaseKB = (L, P) canexpressedy thefol-
lowing impreciseprobabilityassessmedPxp = (L, Axp) onkp:

Agp = {(¢|¢7 [la U]) | (¢|¢)[la ’LL] € KB} )

Exp = {¢lo[3Luel0,1]: (¥|9)[l,u] € KB} .
A probabilisticknowledgebaseKB is saidg-coheentiff IPxg is g-coherentFor g-
coherentX B andconditionalconstraintvy|@)[l, u], we say(¢|$)[l, u] is ag-coheent
consequencef KB, denotedKB h (¢|¢)[l, u], iff {(1|4,[l, u])} is ag-coherenton-
sequencef [Pkp. It is a tight g-coheent consequencef KB, denotedKB  fignt
(W|P)[L, ], iff {(]|d,[l,u])} is atight g-coherentonsequencef IPxp.

Example 2.1. The logical knowledge“all penguinsare birds” and the probabilistic
knowledge“birds have legswith a probability of atleast0.95”, “birds fly with a proba-
bility betweer0.9and0.95", and“penguinsfly with a probability of at most0.05” can
be expressedy thefollowing probabilisticknowledgebaseK B = ({bird < penguin},
{(legs|bird)[.95, 1], (fly|bird)[.9, .95], (fly|penguin)[0,.05]}).

It is easyto seethat KB is g-coherenaindthat(legs|bird)[.95,1], (legs|penguin)[0,1],
(fly|bird)[.9, .95], and(fly|penguin)[0, .05] aretight g-coherentonsequencesf KB.



3 Relationship to Model-Theoretic Probabilistic Logic

In this sectionwe characterizéhe notionsof g-coherencandof g-coherenentailment
in termsof the notionsof satisfiabilityandof logical entailment.

3.1 Moded-Theoretic Probabilistic L ogic

A probabilistic interpretation Pr is a probability function on Zg (thatis, a mapping
Pr: Zg —[0,1] suchthatall Pr(I) with I € Zg sumupto 1). The probability of an
event¢ in theprobabilisticinterpretationPr, denotedPr(¢), is definedasthesumof all

Pr(I) suchthat! € Zg andI = ¢. Foreventsg andy with Pr(¢) > 0, weusePr(y|¢)

to abbreviate Pr(y A ¢) / Pr(¢). Thetruth of logical andconditionalconstraintsF” in

aprobabilisticinterpretationPr, denotedPr = F, is definedasfollows:

e Pri=y<¢ iff Pr(vpA¢p) = Pr(¢).

o Pri= (¥|9)ll,u] iff Pr(¢) =0 or Pr(y|¢) € [l,u].
We say Pr satisfiesa logical or conditionalconstraintF’, or Pr is a modelof F, iff
Pr = F. We say Pr satisfiesa setof logical and conditionalconstraints¥, or Pr is
amodelof F, denotedPr |= F, iff Pr is amodelof all F'€ F. We saythat F is
satisfiableiff amodelof F exists.

We next definethe notion of logical entailment.A conditional constraintF' =
(¥|9)[l,u] isalogical consequencef asetof logicalandconditionalconstraintsF, de-
noted* | F, iff eachmodelof F is alsoamodelof F'. It is atight logical consequence
of F, denotedF =jgnt I, iff I (resp.u) is theinfimum (resp. supremumpf Pr(y)|¢)
subjectto all modelsPr of F with Pr(¢) > 0. Note thatwe definel =1 andu =0,
whenF = (¢|T)[0,0]. A probabilisticknowledgebaseskB = (L, P) is satisfiableiff
LU PissatisfiableA conditionalconstraini(«|¢)[, u] is alogical consequencef KB,
denotedKB = (¢|¢)[l,u], iff LUP = (¢|4)[L, u]. It is atight logical consequencef
KB, denotedKB [=ight (¥9)[L, ul, iff LUP gt (4[8)[1, u].

3.2 G-Coherencein Modéd-Theoretic Probabilistic L ogic

The following theoremshavs how g-coherencecan be expressedhroughthe exis-
tenceof probabilisticinterpretationsThis resultfollows from a characterizatiorf g-
coherencen [15]. It shovsthat KB = (L, P) is g-coherentff every nonemptyP' C P
hasa model Pr suchthat Pr |= L andthat Pr(¢) > 0 for atleastone(«|¢)[l, u] € P'.

Theorem 3.1. Let KB = (L, P) be a probabilistic knowledg base Then, KB is g-
coheentiff for everynonemptyP, = {(¥1|é1)[l1, w1l, - - ., (Wn|dn)[ln, un]} C P, there
existsamodelPr of LU P, sudhthat Pr(¢; V --- V) >0.

It thenfollows that g-coherencédasa characterizatiorsimilar to p-consisteng in
defaultreasoningTo formulatethisresult,we adoptthefollowing terminologyfrom de-
faultreasoningrom conditionalknowledgebaseg43]. A probabilisticinterpretationPr
verifiesa conditionalconstraint(y|@)[l, u], iff Pr(¢) >0 and Pr = (¢|9)[l, u]. A set
of conditionalconstraintsP toleratesa conditionalconstraintF’ undera setof logical
constraintd, iff thereexistsamodelof L U P thatverifiesF'. We say P is underL in
conflictwith F', iff nomodelof L U P verifiesF.



We arenow readyto characterizey-coherencén away similar to p-consisteng by
GoldszmidiandPearl[17]. Notethatin [7] we usethis characterizatioto provideanew
algorithmfor decidingg-coherencewhich is essentiallya reformulationof a previous
algorithmby Gilio [15] usingterminologyfrom defaultreasoningandwhichis closely
relatedto analgorithmfor checkingp-consisteng givenin [17].2

Theorem 3.2. A probabilisticknowled@ baseKB = (L, P) is g-coheentiff there ex-
istsan ordered partition (P, .. ., P,) of P suc thateither

(a) everyP;, 0<i<k,isthesetofall F e U;?:i P; toleratedunderL byU;“:Z. Pj,or
(b) for everyi, 0<i<k,ead F € P; istoleratedunderL by Uf:i P;.

3.3 G-Coherent Entailment in Model-Theor etic Probabilistic Logic

We next shav how g-coherenentailmenttanbereducedo logical entailment.

For probabilisticknowledgebaseskB = (L, P) andeventsa, let P, (KB) denote
thesetof all subset, = {(¢1|¢1)[l1,u1];. ., (¥n|dn)[ln, us)} Of P suchthatevery
model Pr of LU P, with Pr(¢, V ---V ¢, V ) > 0 satisfiesPr(a) > 0.

Thefollowing theoremshavs thatthetight interval concludedundercoherencean
be expressedistheintersectiorof somelogically entailedtight intervals.

Theorem 3.3. Let KB = (L, P) be a g-coheent probabilistic knowledg base and
let 3|a bea conditionalevent. Then, KB ignt (B|a)[l, u], whee

[l,u] = ({le,d] | LU P' tight (Bla)[c, d] for someP’ € Py (KB)} .

Clearly, this reductionof g-coherenentailmentto logical entailmentis computa-
tionally expensve, aswe have to computea tight logically entailedinterval for each
memberof P,(KB). In thefollowing, we shav thatwe canrestrictour attentionto the
uniquegreateselementin P,(KB). The following lemmashaows that P, (KB) con-
tainsindeeda uniquegreateselementwith respecto setinclusion.This resultcanbe
provedby shoving that P, (KB) is nonemptyandclosedundersetunion.

Lemma3.4. Let KB = (L, P) beag-coheentprobabilisticknowledgbase andlet «
beanevent.Then,P, (KB) containsa uniquegreatestlement.

Thenext theorermow shavsthe crucialresultthatg-coheententailmentrom KB
canbereducedo logical entailmenfromthe greatestlemenin P,(KB).

Theorem 3.5. Let KB = (L, P) bea g-coheentprobabilisticknowledg base andlet
F = (B|a)][l,u] beaconditionalconstaint. Let KB* = (L, P*), whee P* is thegreat-
estelemenin P,(KB). Then,

(@ KBNF iff KB* = F.
(b) KB pviight I iff KB =tight F-

! Notethattherelationshipbetweerthealgorithmsin [15] and[17] wassuggestedirst by Didier
Dubois(personatommunication).



Thus,computingtight g-coherentonsequencesanbe reducedo computingtight
logical consequencesom thegreateselementP* in P, (KB). Thefollowing theorem
shavs how P* can be characterizedind thus computed.More precisely it specifies
some P* by two conditions(i) and (ii). It canbe shown that (i) implies that every
memberof P, (KB) is asubsebf P*, andthat(ii) impliesthat P* belongso P, (KB).
In summarythis provesthatthe specifiedP* is the greateselementn P, (KB).

Theorem 3.6. Let KB = (L, P) be a g-coheentprobabilistic knowledg baseand a
beanevent.Let P*C P and(P,,..., P;) beanorderedpartition of P\ P* sudc that:

(i) everyP;, 0<i<k,isthesetofall elementsn P;U --- U P, U P* thatare toler-
atedunderLU{L «<a}byP,U --- UP,UP* and
(i) nomembeiof P* is toleratedunderL U { L < a} by P*.

Then,P* is thegreateselementin P,(KB).

In summary by Theorems3.5 and 3.6, a tight interval under g-coherententail-
mentcanbe computedby first checkingg-coherenceandthencomputinga tight in-
terval underlogical entailment[7]. Semantically Theorems3.5 and 3.6 show that g-
coherenentailmentcoincideswith logical entailmentirom a smallerknowledgebase.
Thatis, underg-coherenentailmentwe simply cutaway a partof theknowledgebase.
Roughlyspeakingwe remove all thoseconditionalconstraint«|#)[l, u] € P where¢
is “larger” thana. Intuitively, g-coherenentailmentdoesnot have the propertyof in-
heritanceneitherfor logical knowledgenor for probabilisticknowledge,while logical
entailmentshows inheritanceof logical knowledgebut not of probabilisticknowledge.
Thefollowing exampleillustratesthis difference.

Example 3.7. Considerthefollowing probabilisticknowledgebase:
KB = ({bird < penguin}, {(legs|bird)[1, 1], (wings|bird)[.95,1]}) .
Noticethat KB is g-coherenindsatisfiable Moreover, we have:

KB ptight (legs|penguin)[0, 1] and KB |=ight (legs|penguin)[L, 1],
KB }‘tight (wings|penguin)[0, 1] and KB [=ight (wings|penguin)[0, 1] .

Thatis, underg-coherenentailmentneitherthelogical propertyof having legsnorthe
probabilisticone of having wings is inheritedfrom birds to penguins.Underlogical
entailmenthowever, thelogical propertyis inherited while the probabilisticoneis not.

3.4 Coherence-Based versus Model-Theoretic Probabilistic L ogic

We now describethe rough relationshipbetweeng-coherenceand satisfiability and
betweeng-coherenentailmentand logical entailment.The following theoremshows
thatg-coherencémpliessatisfiability This resultis immediateby Theorem3.1.

Theorem 3.8. Everyg-coheentprobabilisticknowled@ baseKB is satisfiable
In fact,g-coherenceés strictly strongethansatisfiability asthenext exampleshaws.

Example 3.9. Considerthe probabilisticknowledgebaseKB = (0, {(fly|bird)[.9, 1],
(—fly|bird)[.2, 1]}). It is easyto verify that KB is satisfiableput notg-coherent.



The next theoremshaws thatlogical entailmentis strongerthang-coherenentail-
ment.Thatis, g-coherentonsequenciemplieslogical consequencéor therearemore
conditionalconstraintdogically entailedthanentailedunderg-coherencejndthetight
intervalsthatarederivedunderlogical entailmentaresubintenalsof thosederivedun-
derg-coherenentailmentThis resultfollowsimmediatelyfrom Theorem3.5.

Theorem 3.10. Let KB = (L, P) bea g-coheentprobabilistic knowledg base and
let (8|a)[l,u] and (B|a)[r, s] betwo conditionalconstaints. Then,

(@) KB (Bla)[l,u] impliesKB = (B|a)[l, u)].
(b) KB piight (Ble)lls u] and KB [=iight (B|a)[r, s] implies[l, u] 2 [r, s].

Thefollowing examplenow shavsthatlogical entailments in factstrictly stronger
thang-coherenentailmentnotethatwe identify [1, 0] with theemptyset).

Example 3.11. Considerthefollowing probabilisticknowledgebaseskB; and KB5:

KB, = (0, {(fly|bird)[1, 1], (mobile|fly)[1,1]}),
KBy = (0, {(fly|bird)[1, 1], (bird|penguin)[1, 1], (—=fly|penguin)[1,1]}) .

Sometight g-coherenaindtight logical consequencesf KB, and KB, aregivenby:

KB, |~tight(mobile|bird)[0, 1] and KB [=tight (mobile|bird)[1, 1],
KB, |’Vtight (—fly|penguin)[1,1] and KB> Fight (—fly|penguin)[1, 0] .

4 Relationship to Default Reasoning in System P

In this section,we shav that consisteng andentailmentin systemP arespecialcases
of g-coherencendof g-coherenentailment respectiely. That is, probabilisticlogic
undercoherencgivesanew probabilisticsemantic$or systenP, whichis neitherbased
oninfinitesimalprobabilitiesnor on atomic-boundor alsobig-steppedprobabilities.

4.1 Default Reasoningin System P

We now describethe notionsof consisteng and of entailmentin systemP [18]. We
definethemin termsof world rankings.

A conditionalrule (or defaulj is an expressiorof theform ¢ « ¢, where¢ and
areevents.A conditionalknowledgbaseKB = (L, D) consist®f afinite setof logical
constraintd. anda finite setof defaultsD.

A world I satisfiesadefaulty « ¢, or I isamodelof ¢ < ¢, denoted! |= ¢ + ¢,
iff I =1 < ¢. Theworld I verifiesy « ¢ iff I = ¢ A 4. Theworld I falsifiesy « ¢
iff I = ¢ A (thatis, I [~ 1+ ¢). I satisfiesasetof eventsanddefaultsK, or I isa
modelof K, denotedl = K, iff I satisfiesverymembernf K. We sayK is satisfiable
iff amodelof K exists.A setof defaults D toleratesa defaultd underasetof classical
formulas L iff D U L hasa modelthat verifiesd. A setof defaults D is under L in
conflictwith adefaulty + ¢ iff all modelsof D U L U {¢} satisfy—1).

A world ranking is amappings: Zg — {0,1,...} U {oo} suchthatx(I) = 0
for atleastoneworld I. It is extendedto all events¢ asfollows. If ¢ is satisfiable,
thenk(¢) = min{k(I) |I €Zs, I = ¢}, otherwisek(¢) = oco. A world rankingx



is admissiblewith a conditionalknowledgebase(L, D) iff k(—¢) = oo for all ¢ € L,
andk(¢) < oo andk (¢ A ) < k(¢ A —p) for all defaultsy + ¢ € D.

A conditionalknowledgebaseKB is p-consisteniff thereexists a world ranking
thatis admissiblewith KB. It is p-inconsisteniff no sucha world rankingexists. We
say KB p-entails a default ¢ « ¢ iff eitherx(¢) = oo (thatis, ¢ is unsatisfiable)
or k(¢ A ) < k(¢ A —p) for all world rankingsk thatareadmissiblewith KB.

A defaultrankinge on KB = (L, D) mapseachd € D to a nonngative integer.
It is admissiblewith KB iff eachD’ C D thatis underL in conflict with somed € D
containsadefaultd’ suchthato(d') < o(d).

4.2 G-Coherenceand P-Consistency

We now shaw thatg-coherencés a generalizatiorof p-consisteny.

Recallfirst thatthe characterizatiowf p-consisteng by GoldszmidtandPearl[17]
correspondso the characterizatiolof g-coherencgivenin Theorem3.2.

The following well-known result(seeespecially[14]) shows that p-consisteng is
equialentto the existenceof admissibledefaultrankings.

Theorem 4.1. A conditionalknowledg baseKB is p-consisteniff there existsa de-
fault rankingon KB thatis admissiblewith KB.

A similar resultholdsfor g-coherencewhichis subsequentlyormulatedusingthe
following conceptsA rankinge on KB = (L, P) mapseachelemenbf P to anonney-
ative integer. It is admissiblewith KB iff eachP’ C P thatis underL in conflict with
someF € P containsa conditionalconstraintF” suchthato(F') < o(F).

Theorem 4.2. A probabilisticknowled@ baseKB is g-coheentiff there existsa rank-
ing on KB thatis admissiblenith KB.

Thefollowing theorenfinally shovs theimportantresultthatg-coherencés agen-
eralizationof p-consisteny.

Theorem 4.3. Let KB = (L,{(¢1|¢1)[1,1],..., (¥n|¢n)[1,1]}) be a probabilistic
knowledg base Then, KB is g-coheentiff the conditionalknowledg base KB' =
(L, {1 < &1, .., %0 < ¢ }) is p-consistent.

4.3 G-Coherent Entailment and P-Entailment

We now shaw thatg-coherenentailments a generalizatiorof p-entailment.
Thefollowing resultis essentiallydueto Adams[1], who formulatedit for L = (.

Theorem 4.4 (Adams [1]). A conditional knowledg base KB = (L, D) p-entailsa
defaults « a iff (L, D U {-8 < a}) is p-inconsistent.

Thefollowing theorenmshaowvsthatasimilar resultholdsfor g-coherentonsequence,
whichis animmediateimplication of the definition of g-coherenentailment.

Theorem 4.5. Let KB = (L, P) bea g-coheentprobabilisticknowledg base andlet
(8la)[l, u] beaconditionalconstrint. Then,KB |~ (8|a)[l, u] iff (L, PU{(B|a)[p,p]})
is notg-coheentfor all p € [0,1) U (u, 1].



Thefollowing relatedresultfor tight g-coherentonsequenceompleteshepicture.

Theorem 4.6. Let KB = (L, P) bea g-coheentprobabilisticknowledg base andlet
(Bla)[l, u] bea conditionalconstaint. Then,KB fignt (Bla) [l u] iff

(i) (L, PU{(B|a)[p,p]}) is notg-coheentfor all p € [0,7) U (u, 1], and

(i) (L,PU{(Bla)p,p]}) is g-coheentfor all p € [I, u].

Thenext resultfinally shavs thatg-coherenentailmentgeneralize®-entailment.

Theorem 4.7. LetKB = (L, {(¥1|¢1)[1,1], ..., (¥n|¢n)[1,1]}) beag-coheentprob-
abilistic knowled@ base Then, KB |~ (8|a)[1, 1] iff the conditional knowledg base

(L7 {¢1 « d)la s 7¢n « ¢n}) p'enta“Sﬂ —a.

5 Relationship to Default Reasoning with Conditional Objects

In this section,we relatecoherence-basgatobabilisticreasoningo default reasoning
with conditionalobjectswhich goesbackto DuboisandPrade[11, 3].

We associatavith eachsetof defaults D = {¢; < ¢1, ..., ¥, + ¢}, the setof
conditionalevents Cp = {¢1|¢1, - - ., ¥n|én}. Given a nonemptyset of conditional
events€ = {¢1|¢1, . .., ¥n|dn }, thequasi-conjunctiomf £, denoted) C(£), is defined
astheconditionalevent(vy; < ¢1)A - A(Yn < dn) | 1V -+ V dn.

We now definethe notionsof co-consisteng andco-entailmentasfollows. A con-
ditionalknowledgebaseKB = (L, D) is co-consistentff, for everynonemptyD’ C D,
thereexistsamodelI of L suchthatI(QC(Cp')) = true. We assumehetotal order
false < indeterminate < true. We say KB = (L, D) co-entailsa default 3 + « iff
either(i) LU {a} E B, or (ii) somenonemptyD’ C D existssuchthatI(QC(Cp)) <
I(B|e) for all modelsI of L.

The notionsof co-consisteng and co-entailmentcoincidewith the notionsof p-
consisteng and p-entailment,respectrely [11,3]. We now show that our resultsin
Sections3 and4 arenaturallyrelatedto default reasoningvith conditionalobjects.

It is easyto verify thatthe following counterparbf Theorem3.1 for p-consisteng
formulatesheabove notionof co-consisteng. Notethatthe notionof satisfiabilityused
in thistheoremis definedasin Section4.1.

Theorem 5.1. AconditionalknowledgbaseKB = (L, D) is p-consistentff LU D' U
{¢1V---V ¢,} is satisfiablefor everynonemptyD’ = {11 < ¢1,...,¥n < ¢n} C D.

For conditionalkknowledgebasesk B = (L, D) andeventsa, let D, (KB) betheset
ofall D' = {1  ¢1,...,%n  ¢p} CD suchthat LUD'U{¢1 V---V ¢, Va}Ea.
Obsere now thatfor D' = {¢1 < ¢1,...,%, < ¢, }, condition(ii) in thedefinition of
the notion of co-entailmentis equivalentto LU D' U {¢1V --- V¢, Va} = a and
LU D' E B <« a. Thus,the following counterparof Theorem3.3 for p-entailment
formulatesthe above notion of co-entailment.

Theorem 5.2. Let KB = (L, D) be a p-consistentonditionalknowled@ base Then,
KB p-entailsthedefault < «, iff LU D' |= 8 < « for someD’ € D,(KB).

Crucially, we cannow alsoformulatecounterpart$o Lemma3.4andTheorems3.5
and3.6.To ourknowledge theseesultsfor systemP areunknovn sofar. Thefollowing
resultshavsthat D, (KB) containsauniquegreateselement.
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Lemmab5.3. Let KB = (L, D) bea p-consistentonditionalknowledg base and let
a beanevent.Then,D, (KB) containsa uniquegreatestlement.

Thenext resultshavs thatp-entailmentfrom KB coincideswith logical entailment
from thegreateselemenin D, (KB). Thatis, we canreplaceitem (ii) in thedefinition
of co-entailmenty (ii") I(QC(Cp+)) < I(B|«) for thegreatestD* in D, (KB).

Theorem 5.4. Let KB = (L, D) bea p-consistentonditionalknowledg base and
let 3 «+ a beadefault.Let D* denotethe uniquegreatestlemenin D, (KB). Then,

KB p-entailsg «« iff LUD* E <.

Thefollowing theoremshovs how D* canbe characterizeéndthuscomputed.

Theorem 5.5. Let KB = (L, D) bea p-consistentonditionalknowledg baseand o
beanevent.LetD* C D and(Dy, ..., D}) beanorderedpartition of D\ D* sudh that:

(i) everyD;, 0<1i<k,isthesetofall elementsn D;U --- U Dy U D* thataretoler-
atedunderLU{ L <a} byD;U --- UDy U D*, and
(i) nomembeiof D* is toleratedunderL U { L <= «} by D*.

Then,D* is thegreatestlemenin D, (KB).

6 Summary and Outlook

We exploredtherelationshipbetweerprobabilisticlogic undercoherencemodel-theo-
retic probabilisticlogic, anddefault reasoningn systemP. We shavedthatcoherence-
basedorobabilisticreasoninganbereducedo model-theoretiprobabilisticreasoning
by usingconceptsrom defaultreasoningMoreover, we shavedthatit is aprobabilistic
generalizatiorof default reasoningn systemP. Thatis, we gave a new probabilistic
semanticdor systemP, which is neitherbasedon infinitesimal probabilitiesnor on
atomic-boundor alsobig-stepped)probabilities.We finally shoved thattheseresults
alsogive new insightinto default reasoningvith conditionalobjects.

Roughlyspeakingthe main differencebetweencoherence-baseghd model-theo-
retic probabilisticreasonings thattheformergeneralizeslefaultreasoningn systenP,
while thelattergeneralizeglassicareasoningn propositionalogic.

A veryinterestingtopic of futureresearclis to explorehow othernotionsof coher
encearerelatedto model-theoretiprobabilisticlogic andto defaultreasoninglt would
alsobevery interestingto develop coherence-basqutobabilisticextensionsof notions
of defaultreasoninglifferentfrom systemP (for example,in the spirit of [21]).

Acknowledgments. This work hasbeenpartially supportecby a DFG grantandthe
AustrianSciencé-undunderprojectN Z29-INF. We arevery gratefulto theanorymous
reviewersfor their usefulcomments.
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