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ABSTRAT. We study probabilistic logic under the viewpoint of the coheenceprinciple of de
Finetti. In detail, we explore how probabilisticreasoningundercoheenceis relatedto model-
theoeetic probabilisticreasoningandto defaultreasoningn Systen¥. In particular, we show
that the notionsof g-coheenceand of g-coheent entailmentcan be expressedoy combining
notionsin model-thecetic probabilisticlogic with conceptsfromdefaultreasoning Moreover,
we showthat probabilistic reasoningundercoheenceis a generlization of defaultreasoning
in SystenP. Thatis, weprovidea new probabilisticsemanticgor SystenP, which neitheruses
infinitesimalprobabilitiesnor atomicbound(or big-steppedprobabilities. Theseresultsalso
provide new algorithmsfor probabilisticreasoningundercoheenceandfor defaultreasoning
in SystenP, andthey givenew insightinto defaultreasoningwith conditionalobjects.

ReEsUME.Nousétudionsla logique probabilistesousle point de vue du principe de cohéence
proposépar de Finetti. En détail, nousanalysonscommente raisonnemenprobabilistesous
la cohéenceestlié au raisonnemenprobabilistemodéle-théorétiquet au raisonnemenpar
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défautdansle Systemé”. En particulier, nousprouvonsquelesnotionsdela g-cohéenceetde
I'implication g-cohéentepeuvengétre expriméesncombinantdesnotionsenlogiqueprobabi-
liste modele-théorétiquavecdesconceptglu raisonnemenpar défaut.D'ailleur s, nousprou-
vonsguele raisonnemenprobabilistesouda cohéenceestunegénéalisationduraisonnement
par défautdansle SystemdP. C’est-a-dil, quenousfournissonainenouvellesémantiquero-
babiliste pour le SystemeP, queni n'utilise desprobabilitésinfinitésimalni desprobabilités
atomique-bornée@®u «a grandesnarches») Cesrésultatsfournissenggalementiesnouveaux
algorithmespour le raisonnemenprobabilistesousla cohéenceet pour le raisonnemenpar
défautdansle SystemeP, etils donnentune nouvelleperspicacitédansle raisonnemenpar
défautaveclesobjetsconditionnels.

KEYWORDS:Conditionalprobability assessmentspnditionalconstaints, probabilisticlogic un-
dercoheence model-thecetic probabilisticlogic, g-coheence g-coheententailmentdefault
reasoningromconditionalknowledg basesSystenmP, conditionalobjects.

MoTs-CLES: Evaluationsde probabilités conditionnelles contraintes conditionnelles Jogique
probabiliste sousla cohéence logique probabiliste modele-théorétiqueg-cohéence impli-
cation g-cohéente raisonnemenpar défautdesbasesde connaissanceonditionnelle Sys-
temeP, objectsconditionnels.

1. Intr oduction

The probabilistictreatmenif uncertaintyplaysanimportantrole in mary appli-
cationsof knowledgerepresentatiomnd reasoning. Often, we needto reasonwith
uncertainnformationunderpartialknowledgeandthenthe useof preciseprobabilis-
tic assessmenteemainrealistic.Moreover, thefamily of uncertainquantitiesathand
hasoftenno particularalgebraicstructure.

In suchcases,a generalapproachis obtainedby using (conditionaland/orun-
conditional)probabilisticconstraintspasedon the coherencerinciple of de Finetti
and suitablegeneralizationf it [BIA 00, COL 94, COL 96, COL 993 COL 99h,
GIL 95h GIL 02, GIL 94, SCO96], or on similar principlesthat have beenadopted
for lower andupperprobabilities|PEL 98, WAL 91]. Two importantaspectsn deal-
ing with uncertaintyare: (i) checkingthe consisteng of a probabilisticassessment,
and(ii) the propagatiorof a givenassessmeno furtheruncertainquantities.

Anotherapproactor handlingprobabilisticconstraintds model-theoretiproba-
bilistic logic, whoserootsgo backto Boole’s book of 1854“The Laws of Thought”
[BOO 54]. Thereis awide spectrunof formal languageshathave beenexploredin
probabilisticlogic, which rangesfrom constraintsfor unconditionaland conditional
events[AMA 91, FRI 94, LUK 993 LUK 99h LUK 01, NIL 86] to rich languages
that specify linear inequalitiesover events[FAG 90]. The main problemsrelatedto
model-theoretiprobabilisticlogic arecheckingsatisfiability decidinglogical conse-
gquenceandcomputingtight logically entailedintervals.

Coherence-baseghdmodel-theoretiprobabilisticreasoninghave beenexplored
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quiteindependentlyfrom eachotherby two differentresearclcommunities.For this
reasonthe relationshipbetweenthe two areashasnot beenstudiedin depthso far.
The currentpaperandour work in [BIA 01] aim atfilling this gap. More precisely
ourresearchs essentiallyguidedby thefollowing two questions:

— Whichis thesemantiaelationshipbetweerprobabilisticreasoningindercoher
enceandmodel-theoretiprobabilisticreasoning?

—lIs it possibleto usealgorithmsthat have beendevelopedfor efficient reasoning
in oneareaalsoin theotherarea?

Interestingly it turnsout that the answergo thesetwo questionsare closelyre-
lated to default reasoningrom conditionalknowledgebasesin SystemP. The lit-
eraturecontainsseveral differentproposaldor default reasoningandextensive work
onits desiredproperties.The coreof thesepropertiesarethe rationality postulateof
SystemP proposeddy Kraus,Lehmann,andMagidor [KRA 90]. It turnedout that
theserationality postulatesonstitutea soundandcompleteaxiom systemfor several
classicalmodel-theoretientailmentrelationsunderuncertaintymeasuresn worlds.
More precisely they characterizeclassicalmodel-theoretientailmentunderprefer
ential structureSHO 87, KRA 90, infinitesimal probabilities[ADA 75, PEA 89,
possibility measuregDUB 91], andworld rankings[SPO88, GOL 92]. They also
characterizean entailmentrelationbasedon conditionalobjects[DUB 94]. A suney
of all theserelationshipss givenin [BEN 97, GAB 98].

In this paperwe shav thatprobabilisticreasoningindercoherencés reducibleto
model-theoretigrobabilisticreasoningusing conceptsrom default reasoning.Cru-
cially, weevenshaw thatprobabilisticreasoningindercoherencés ageneralizatiomf
defaultreasoningn SystemP. Thatis, we give anew probabilisticsemanticgor Sys-
tem P, which neitherusesinfinitesimal probabilities]ADA 75, PEA 89 nor atomic
bound[SNO 99 (or big-steppedBEN 99]) probabilities. This paperdealswith the
semantiaspect®f thesdindings,while thecompaniomapeBIA 01] focusenits
computationaimplicationsfor probabilisticreasoningindercoherence.

Themaincontritutionsof this papercanbe summarizedsfollows:

— Wedefineacoherence-basgmtobabilisticlogic. In particular wedefineaformal
languagef logicalandconditionalconstraintswhicharedefinedon arbitraryfamilies
of conditionalevents.Wethendefinetheconcept®of generalized¢oherencéor simply
g-coherenceandof g-coherenentailmentfor this language.

— We exploretherelationshipbetweercoherence-basethdmodel-theoretiprob-
abilistic reasoning.It turnsout thatthe former generalizeglefault reasoningn Sys-
tem P, while the latter generalizeglassicalreasoningn propositionallogic. Thus,
theformer doesnot have the propertyof inheritanceof logical knowledge,while the
latterdoes.We alsoshaw thatg-coherenentailmenticoincideswith logical entailment
from asmallerknowledgebase Moreover, g-coherencéies betweersatisfiabilityand
strongsatisfiability while g-coherenentailments wealer thanlogical entailment.



4 Journalof Applied Non-Classicalogics. VolumeX - n° X/2002

— We show thatg-coherencandg-coherenentailmenttanbereducedo theexis-
tenceof satisfyingprobabilisticinterpretationgndto logical entailmentyrespectiely,
usingconceptsrom default reasoning.Hence theseresultsprovide new algorithms
for coherence-baseagrobabilisticreasoningwhich are basedon reductionsto stan-
dardreasoningasksin model-theoretiprobabilisticlogic.

— We explore the relationshipbetweenprobabilistic reasoningunder coherence
and default reasoningn SystemP. We show that g-coherenceand g-coherenten-
tailmentaregeneralization®f consisteng andentailmentn SystemP, respectiely.
Hence,we provide a new probabilisticsemanticdor SystemP. Moreover, thesere-
sultsalsoprovide anew algorithmfor default reasoningn SystempP.

— We provide new insightinto Duboisand Prades approacho default reasoning
with conditionalobjectsiDUB 94, BEN 97]. In detail,we show thatthe definitionsof
consisteng andentailmentfor conditionalobjectsareactuallyclassicalcounterparts
of thedefinitionsof g-coherencandg-coherenentailmentrespectiely.

Therestof thispapelis organizedasfollows. Section? introducegheformalback-
groundof this work. In Section3, we explore the relationshipbetweenprobabilistic
reasoningundercoherenceand model-theoretigrobabilisticreasoning. Sections4
and5 focuson therelationshipbetweenprobabilisticreasoningundercoherencend
defaultreasoningn SystemP andwith conditionalobjects respectiely. In Sectiong,
we summarizehe main resultsandgive an outlook on futureresearchNote thatde-
tailed proofsof all resultsaregivenin AppendicesA—C.

2. Probabilistic logic under coherence

In this section,we first introducesometechnicalpreliminaries. We then briefly
describepreciseandimpreciseprobability assessmentsndercoherence We finally
defineour coherence-basaatobabilisticlogic andgive anillustratingexample.

2.1. Preliminaries

We first definethe syntaxand semanticof events. We assumea nonemptyset
of basicevents®. We useL and T to denotefalseandtrue, respectiely. The setof
eventsis theclosureof ® U { L, T} undertheBooleanoperators- andA. Thatis, each
elemenof® U { L, T} isanevent,andif ¢ andy areeventsthenalso(¢ A ¢) and—¢.
We use(¢ V ) and(y <= ¢) to abbreviate~(—¢ A —¢p) and—(¢ A ), respectiely,
andadoptthe usualconventionsto eliminateparenthesesA logical constaint is an
eventof theform ¢ < ¢. Notethat | < « is equivalentto —a.

A world I isatruthassignmento thebasiceventsin & (thatis,amapping/: & —
{false, true}), which is extendedto all eventsasusual(thatis, (¢ A ) is truein I
iff ¢ andy aretruein I, and—¢ is truein I iff ¢ is nottruein I'). Denoteby Zg the
setof all worldsfor ®. We oftenidentify thetruth valuesfalse andtrue with thereal
numbers) and1, respectiely. A world I satisfiesanevent¢, or I is a modelof ¢,
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denoted! |= ¢, iff I(¢) =true. I satisfiesa setof eventsL, or I is a modelof L,
denoted! =L, iff I isamodelof all € L. An event¢ (resp.,a setof eventsL) is
satisfiableiff amodelof ¢ (resp.,L) exists. An events) is alogical consequencef ¢
(resp.,L), denoteds = ¢ (resp.,L =), iff eachmodelof ¢ (resp.,L) is alsoamodel
of . Weuseg = ¢ (resp..L [~ 1) to denotethate =+ (resp.,L =) doesnothold.

2.2. Probability assessments

We next defineconditionalevents(precise)probabilityassessments conditional
events,andthe notionof coherencédor suchprobabilityassessments.

A conditional eventis an expressionof the form ¢|¢ with eventsy and ¢. It
can be looked at as a three-alued logical entity, with valuestrue, or false, or
indeterminate, accordingto whethery and ¢ aretrue, or ¢ is falseand ¢ is
true, or ¢ is false,respectiely. Thatis, we extendworlds I to conditionalevents
P|¢ by I(p|¢) =true iff I =y A, I(y|¢) =false iff [E- A ¢, andI(v|¢) =
indeterminate iff I |=—¢. Notethat|¢ coincideswith ¢)A¢|¢. More generally
1|1 andys| o coincideiff 11 A ¢1 = 12 A ¢ andgy = ¢s.

We recall thatin the framawork of subjectve probability, given an event ), the
evaluation Pr(y) = «, given by someonejs a numericalrepresentatiomf his de-
greeof beliefony beingtrue. Usingthebettingcriterion,if suchindividual evaluates
Pr(y) = a, thenhewill payanamouniof money a S, whereS # 0 is arbitrary andhe
will getbacktheamountS . ThentheassociatedandomgainisG = S (¢ — «). Co-
herenceequireghat,for every S #0, it mustbemax G > 0, whichimpliesO0 <a <1.

For aconditionalevent|¢, if theindividual evaluatesPr(|¢) = a, thenhewill
pay an amountof monegy a S gettingbackthe amountS « (resp.,a S) if ¢ is true
(resp.,false). Then,the associatedandomgainis G=5 ¢ (¢ — «). Coherencee-
quiresthat,for every S # 0, it mustbemax G|¢ > 0, which (again)implies0 <a < 1.

We pointoutthatthe coherence-baseqatobabilisticapproactis moregenerathan
the usualone,becauseo assessonditionalprobabilitieswe do not rely on uncondi-
tional probabilities.In fact,in ourframework theprobabilityassessmemi®r(i|¢) = a
hasa naturalmeaningin all casesjncluding the onein which Pr(¢)=0. In other
words,thequantity Pr(¢) playsnorole andtheonly relevantthing is theassumption
“¢ true”. Moreover, givena function A on a family of conditionaleventsC, if A is
coherentthen A satisfiesall the usualaxiomsof a conditionalprobability, while the
corverseis nottrue (for a countergamplesee[GIL 954, Example8).

More formally, a probability assessmen(L, A) on a setof conditionaleventsC
consistsof a setof logical constraintsl,, anda mappingA4 thatassignsachceC a
realnumberin [0, 1]. Informally, L describesogical relationshipsyhile A represents
probabilisticknowledge.For {¢1|¢1, - . ., ¥n|dn} C C with n > 1 andn realnumbers
81,---,8n, letthemappingG: Zs — R bedefinedasfollows. ForeveryI € Zg:

n

G(I) = E S 'I(<75z') : (I(wz’) - A(¢z’|¢z’)) .

i=1
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In the framework of bettingcriterion, G canbe interpretedasthe randomgain cor-
respondingo a combinationof n betsof amountssy - A(¥1|¢1), ..., Sn - A(n|dn)
on Y1 |d1, - .., Yn|od, with stakes sy, . .., s,. In detail, to beton ;|¢;, onepaysan
amountof s; - A(v;|¢;), and one getsbackthe amountof s;, 0, and s; - A(;|¢;),
wheny; A ¢;, —; A ¢;, and—g;, respectiely, turnsoutto betrue. Thefollowing no-
tion of coheencenow assureshatit is impossible(for boththegamblerandthebook-
maker) to have uniformloss. A probability assessmerftZ., A) on a setof conditional
eventsC is coheentiff for every {¢1|¢1, - .., ¥n|édn} CC with n > 1 andfor all real
numMberssy, . . ., s, it holdsmax {G(I) | [ €Ze, IEL, I = ¢1V -V} >0.

2.3. Imprecise probability assessments

We now describe@mpreciseprobability assessmentsn conditionaleventsandthe
conceptf g-coherencandg-coherenentailmentfor suchassessments.

An impreciseprobability assessmerftl., A) on a setof conditionaleventsC con-
sistsof a setof logical constraintsl, anda mappingA thatassignsachc € C anin-
tenal [I,u] C[0, 1] with I <wu. We say(L, A) is g-coheentiff thereexistsa coherent
preciseprobabilityassessmerfi, A*) onC suchthat A*(c) € A(c) forall ceC.

We recall a characterizatiorof g-coherencealue to Gilio [GIL 95h]; equialent
resultshave beenobtainedby Coletti [COL 94]. Given a setof logical constraints
L anda setof conditionaleventsC = {ci,...,cn}, denoteby Ry (C) the setof all
mappings: thatassigreache; = ¢;|¢; € C amembef {¢; A ¢;, —1b; A ¢;, ~¢; } such
that(i) LU {r(c;) | ¢; € C} is satisfiableand(ii) 7(c;) # —¢; for someie{1,...,n}.
For suchmappings: andeventsg, we user = ¢ to abbreviater(c;) A--- Ar(c,) E 6.

Theorem2.1(Gilio [GIL 95b]) Animpreciseprobability assessmerf, A) ona set
of conditional eventsC is g-coheentiff for everyC,, = {¢1|¢1,...,Un|dn} C C
with n > 1, thefollowing systenof linear constaints over thevariables), (r € R),
whee R = R (C,), is solvable:

S Aope > 1 (forallie{l,...,n})

TER

> Mg Su; (forallie{l,...,n})

rER (1)
S A =1
r€ER

Ar >0 (forallreR),

wheee [; andwu; are definedby A(v;|¢;) =[l;, u;] for all i € {1,...,n}, andp,; and

gr; aredefinedasfollowsfor all r € Randi e {1,...,n}:
pri (resp.gr;) = 0, if 7= - A s

l; (resp.u;), ifrE-g¢;.
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We next definethe notion of g-coherenentailmentfor impreciseprobability as-
sessmentsLet (L, A) be a g-coherenimpreciseprobability assessmenin a setof
conditionaleventsC. The impreciseprobability assessmerjt, «] on a conditional
event~ is calleda g-coheent consequencef (L, A) iff A*(y) €[l,u] for every g-
coherentpreciseprobability assessment* on C U {v} suchthat A*(c) € A(c) for
all ceC. It is atight g-coheent consequencef (L, A) iff [ (resp.,u) is the infi-
mum (resp.,supremumpf A* () subjectto all g-coherenpreciseprobabilityassess-
mentsA* onC U {v} suchthat A*(¢) € A(c) for all c€ C. Obserethatfor ¢ = |a
suchthatL | —a, every {(c, [I,u])} with [,u €[0,1] is a g-coherenttonsequence
of (L, A), and{(c,[1,0])} is theuniquetight g-coherentonsequencef (L, A). Note
thathereweidentify [1, 0] with theemptyset.

2.4. Probabilistic logic under coherence

We now defineconditionalconstraintsprobabilisticknowledgebasesandthe no-
tions of g-coherenceand g-coherententailmentfor probabilistic knowledge bases.
In therestof this paperwe assumehat® is finite.

A conditionalconstaintis anexpressiorof theform (| ¢)[l, u] with realnumbers
I,u €[0,1] andeventsy, ¢. We call ¢ its anteceden&nd) its consequentA proba-
bilistic knowledg base KB = (L, P) consistsof a finite setof logical constraintsZ,
anda finite setof conditionalconstraintsP suchthat (i) ! <wu for all (¢|¢)[l, u] € P,

and(ii) ¢1|¢ # vs|gs for ary two distinct (¢ é1)[ls, u], (Ws]¢s)[l2, us] € P.

EveryimpreciseprobabilityassessmedP = (L, A) with finite L on afinite setof
conditionaleventsC canberepresentethy the probabilisticknowledgebase

KBip = (LA, u] | Ylo€C, A(Wlg)=[l,ul}).

Corversely every probabilisticknowledgebaseKB = (L, P) canbeexpressedy the
following impreciseprobabilityassessmedPxp = (L, Axg) onCka:

Akp = {(¢|¢a [lau]) l (1/)|¢)[I,U]EKB},
Cxkp = {¥l¢[3Luel0,1]: (Yl)ll,u]€ KB} .
A probabilisticknowledgebase KB is said g-coheentiff IPxp is g-coherent.
For g-coherentKB and conditional constraints(y|¢)[l, u], we say (¢|¢)[l,u] is a
g-coheentconsequencef KB, denotedKB |~ (|@)[l, u], iff {(¥|¢,[l,u])} isag-

coherentonsequencef IPgp. It is atight g-coheentconsequencef KB, denoted
KB |"’tight (WD), ], iff {(¥],[l,u])} is atight g-coherentonsequencef IPkg.

We give anexampleto illustratethe concepiof aprobabilisticknowledgebaseand
thenotionsof g-coherencandof g-coherenentailment.

Example 2.2 Considetthefollowing probabilisticknowledgebaseKB = (L, P):

L = {bird < penguin},
P = {(legs|bird)[1, 1], (fly|bird)[1, 1], (fly|penguin)[0, .05]} .
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In probabilisticlogic undercoherenceKB may representhe logical knowlede “all

penguinsare birds”, the logical defaultknowledg “generally birds have legs” and
“generally birdsfly”, andthe probabilisticdefaultknowledg “generally penguindly

with aprobability of atmost0.05”. It is notdifficult to seethat KB is g-coherentand
thatsometight g-coherentonsequencesf KB aregivenasfollows:

KB pignt (legs|bird)[1,1], KB pgignt (fly|bird)[1, 1],
KB ptight (legs|penguin)[0, 1], KB pignt (fly|penguin)[0, .05] .

Here,theinterval “[0,1]” is dueto the factthatthe logical propertyof having legsis
notinheritedfrom birdsdown to penguins.

3. Relationshipto model-theoretic probabilistic logic

In thissectionwe exploretherelationshipbetweerprobabilisticlogic undercoher
enceandmodel-theoretiprobabilisticlogic. We first briefly recallthe mainconcepts
of model-theoretigrobabilisticlogic. We thenshov how the notion of g-coherence
canbe reducedto the existenceof satisfyingprobabilisticinterpretationdn model-
theoreticprobabilisticlogic. Moreover, we shav thatg-coherenentailmentanbere-
ducedto logical entailmenin model-theoretiprobabilisticlogic. We finally describe
theroughrelationshipbetweerg-coherencandsatisfiability(resp. strongsatisfiabil-
ity), andbetweerg-coherenentailmentandlogical entailment.

3.1. Model-theoretic probabilistic logic

We now briefly recallthe main conceptof model-theoretiprobabilisticlogic. In
particular we defineprobabilisticinterpretationsandthe semantic®f events,logical
constraintsand conditional constraintsunderprobabilisticinterpretations.We then
definethe notionsof satisfiabilityandlogical entailment.

A probabilisticinterpretation Pr is aprobabilityfunctiononZg (thatis, amapping
Pr: Is — [0, 1] suchthatall Pr(I) with I € Zs sumupto 1). The probability of an
event ¢ in the probabilisticinterpretationPr, denotedPr(¢), is definedasthe sum
of all Pr(I) suchthatl € Zs andI |=¢. For events¢ andy with Pr(¢) >0, we
use Pr(1|¢) to abbreviate Pr(¢ A ¢) / Pr(¢). Thetruth of logical and conditional
constraintsF in a probabilisticinterpretationPr, denotedPr = F, is definedby:

—Pr =< iff PriyAg) = Pr(4).
—Pr k= (I9)[l,u] iff Pr(¢) =0 or Pr(s|9) € [, u].

We say Pr satisfiesa logical or conditional constraintF, or Pr is a modelof F,

iff Pr |= F. We say Pr satisfiesasetof logical andconditionalconstraintsF, or Pr is

amodelof F, denotedPr |= F, iff Prisamodelofall F € F. We sayF is satisfiable
iff amodelof F exists. We say F is strongly satisfiableiff a model Pr of F exists
suchthat Pr(¢) > 0 for all (¢|¢)[l,u] € F.
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We next definethe notion of logical entailment. A conditionalconstraintF’ =
(¥|@)[l,u] is alogical consequencef a setof logical andconditionalconstraintsF,
denotedF |= F, iff eachmodelof F is alsoa modelof F. It is atight logical conse-
guenceof F, denotedF |=tight F, iff | (resp.,u) is theinfimum (resp.,supremum)
of Pr(y|¢) subjectto all modelsPr of F with Pr(¢) > 0. Notethatwe definel =1
andu =0, whenF |=(¢|T)[0,0]. A probabilisticknowledgebaseKB = (L, P) is
satisfiable(resp.,strongly satisfiabl@ iff L U P is satisfiable(resp.,strongly satisfi-
able). A conditionalconstraint(y|¢)[l, u] is alogical consequencef KB, denoted
KB (¢|¢)[l,u], iff LUP = (¢|p)[l,u]. It is atight logical consequencef KB,
denotedKB |ight (416)[1,ul, iff LU P Fighy (0)[1, ul.

Example 3.1 Consideragainthe probabilisticknowledgebaseKB = (L, P) of Ex-
ample2.2. In model-theoreticprobabilistic logic, KB may representhe logical
knowledeg “all penguinsarebirds”, “all birdshavelegs”, and“all birdsfly” (thatis, in
model-theoretigrobabilisticlogic, a logical constrainty < ¢ hasthe samemeaning
asthe conditionalconstraint()|¢)[1, 1]), andthe probabilistic knowledg “penguins
fly with a probability of at most0.05". It is easyto seethat KB is satisfiable put not

stronglysatisfiable Sometight logical consequencesf KB aregivenasfollows:

KB Fight (legs|bird)[1,1], KB [Egnt (fly|bird)[1,1],
KB Ftight (legs|penguin)[1,0], KB |=tignt (fly|penguin)[1,0].

Here, we have the empty set“[1,0]" in the lasttwo conditional constraints,as the
logical propertyof beingableto fly is inheritedfrom birds down to penguinsandis
thenincompatibletherewith “penguinsfly with a probability of at most0.05".

3.2. G-coherence in model-theoretic probabilistic logic

The following theoremshowns how g-coherencecan be expressedthroughthe
existenceof satisfyingprobabilisticinterpretations.This resultfollows from Theo-
rem2.1. Roughly it saysthat KB = (L, P) is g-coherentff every nonemptyP’ C P
hasamodel Pr suchthat Pr = L andthat Pr(¢) > 0 for atleastone(y|¢)[l,u] € P'.
Hence,if KB is g-coherentthen KB is alsosatisfiable thatis, L U P hasa model,
or equivalentlyevery nonemptyP’ C P hasamodel Pr suchthat Pr = L.

Theorem3.2 Let KB = (L, P) be a probabilistic knowledg base Then, KB is
g-coheentiff for every nonemptyP, = {(¢1|é1)[l1, u1l, - - -5 (¥n|dn)[ln, un]} C P,
there existsa modelPr of LU P, suhthat Pr(¢ V -+ V) >0.

Thenext theoremshowvsthatg-coherencéasa characterizatiosimilar to theone
of p-consisteng in default reasoningoy Goldszmidtand Pearl[GOL 91]. It follows
from Theorem3.2. To formulatethis result,we adoptthe following terminologyfrom
default reasoningfrom conditionalknowledgebaseg§GAB 98, BEN 97]. A proba-
bilistic interpretationPr verifiesa conditionalconstraint(v|@)[l, u] iff Pr(¢)>0 and
Pr = (¢|9)[l, u]. A setof conditionalconstraintsP toleratesa conditionalconstraint
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F underasetof logical constraintd. iff thereexistsamodelof L U P thatverifiesF'.
We say P is underL in conflictwith F' iff nomodelof L U P verifiesF'.

Theorem 3.3 A probabilisticknowledg@ baseKB = (L, P) is g-coheentiff there ex-
istsan ordered partition (P, - . ., Px) of P sudh thateither

(a) every P;, 0<i<k, isthesetofall Fe Uf:i P; toleratedunderL byU;?:Z. P;, or
(b) for everyi, 0<i<k, each F'e P, is toleratedunderL by Uj:i p;.

In acompaniorpaper[BIA 01], we useTheorem3.3to give a new algorithmfor
decidingg-coherencewhichis essentiallya reformulationof a previousalgorithmby
Gilio [GIL 958 usingterminologyfrom default reasoningandwhich is closelyre-
latedto analgorithmfor checkingp-consisteng by GoldszmidtandPearl[GOL 91].1

3.3. G-coherent entailment in model-theoretic probabilistic logic

We now shaw thatg-coherenentailmentcanbereducedo logical entailment We
first give somepreparatie definitions.

For probabilisticknowledgebaseskB = (L, P) andeventsa suchthat L [~ —a,
let P, (KB) denotethesetof all subset®,, = {(v1|d1)[l1, u1], - - -, (¥n|dn)[ln, un]}
of P suchthatevery model Pr of LU P, with Pr(¢, V ---V ¢, V @) > 0 satisfies
Pr(a) > 0. For KB = (L, P) anda with L = —a, let P,(KB) = {0}.

The following theoremshaws that the tight interval entailedunderg-coherence
canbe expressedstheintersectionof somelogically entailedtight intervals. It says
that (8|a)[l, u] is a tight g-coherentonsequencef KB = (L, P) iff [I,u] is thein-
tersectionof all [¢,d] suchthat L U P' =jght (8la)[c,d] for someP’ € P, (KB).
This follows from Theorem3.2, which implies that the tight interval (I, ] entailed
underg-coherencds theintersectiorof all [¢, d] suchthatc (resp.,d) is theinfimum
(resp.,supremum)f p subjectto Pr = LU P, U{(S|a)[p,p]} andPr(¢s V ---V
Pn V a) > 0 for someP, = {(¢1|¢1)[117 Ul], T (wn|¢n)[ln7un]} CP.

Theorem 3.4 Let KB = (L, P) be a g-coheent probabilistic knowledg base and
let B|a bea conditionalevent. Then, KB gt (B|a)[l, u], whee

[l,u] = (e d] | LU P' =tight (Ble)[c, d] for someP’ € P, (KB)} .

Clearly, this reductionof g-coherenentailmento logical entailmentis computa-
tionally expensve, aswe have to computea tight logically entailedinterval for each
memberof P,(KB). In thefollowing, we shav thatwe canrestrictour attentionto
the uniquegreateselementin P, (KB) with respecto setinclusion. The following

1. Notethattherelationshipbetweerthe algorithmsin [GIL 951 and[GOL 91] wassuggested
first by Didier Dubois(personatommunication).
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lemmashaows that P, (KB) containsindeedsucha uniquegreatestlement.This re-
sultcanbe provedby showing that P, (KB) is nonemptyandclosedundersetunion.

Lemma3.5 LetKB = (L, P) beag-coheentprobabilisticknowledgbase andlet o
beanevent.Then,P,(KB) containsa uniquegreatestlement.

Thenext theoremshows the crucialresultthatg-coherenentailmenof (3]a)[l, u]
from KB canbereducedo logical entailmenbf (8|a)[l, u] from thegreateselement
in P,(KB). It follows from Theorem3.4 andLemma3.5, usingthe monotonicityof
logical consequenceévhich saysthat,if 7 = F andF C F', thenF' |= F).

Theorem 3.6 Let KB = (L, P) be a g-coheent probabilistic knowledg base and
let F = (B|a)[l, u] bea conditionalconstaint. Let KB* = (L, P*), where P* is the
greatestlemenin P,(KB). Then,

(@) KB F iff KB* = F.
(b) KB piight F' iff KB™ Ftight F -

Thus,computingtight g-coherentonsequencesnbereducedo computingtight
logical consequencesom the greateselementP* in P,(KB). Thefollowing the-
oremshowvs how P* canbe characterizeéndthuscomputed.It specifiessomeP*
by two conditions(i) and(ii). It canthenbe shawvn that (i) impliesthatevery mem-
berof P,(KB) is asubsetbf P*, andthat (ii) impliesthat P* belongsto P, (KB).
In summarythis provesthatthe specifiedP* is the greateselementn P, (KB).

Theorem 3.7 Let KB = (L, P) bea g-coheentprobabilisticknowledg base andlet
a beanevent. Let P* C P, andlet (P, ..., P) bean ordered partition of P\ P*
sud thatthefollowing two conditions(i) and(ii) hold:

(i) Every P;, 0<i <k, is the setof all elementdn P;U --- U P, U P* that are
toleratedunderL U {L <a} by P;U --- U P, U P*.

(i) Nomembeiof P* is toleratedunderL U { L < a} by P*.
Then,P* is thegreatestelemenin P, (KB).

Hence,by Theorems3.6 and 3.7, the tight internval underg-coherententailment
canbe computedby first computingP* by a g-coherenceheck,andthencomputing
thetightinterval underlogical entailmenfrom P*. Thisnew algorithmfor computing
tight g-coherentonsequencdsasbeenformulatedin acompaniorpaperBIA 01].

SemanticallyTheorems3.6 and3.7 draw a precisepictureof therelationshipbe-
tweeng-coherenentailmentaindlogical entailment.They shav thatg-coherenentail-
mentcoincideswith logical entailmentfrom a smallerprobabilisticknowledgebase.
Thatis, underg-coherententailment,we simply cut away a part of the knowledge
base.Roughlyspeakingwe remove every conditionalconstraint(+|¢)[l, u]€ P such
that¢ is “larger” thana. Intuitively, g-coherenentailmenidoesnot have the property
of inheritance heitherfor logical knowledgenor for probabilisticknowledge,while
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logical entailmentshaws inheritanceof logical knowledge, but not of probabilistic
knowledge.Thefollowing exampleillustratesthis difference.

Example 3.8 Considetthefollowing probabilisticknowledgebase:
KB = ({bird <= penguin}, {(legs|bird)[1, 1], (wings|bird)[.95,1]}).

Obsene that KB is g-coherentand strongly satisfiable. Notice thenthat by Theo-
rem3.6the conditionalconstraint(v|penguin)[l, u] is atight g-coherentonsequence
of KB iff it is atight logical consequencef KB* = ({bird <= penguin}, #). By this
characterizatiorthe following tight g-coherentonsequencesf KB areimmediate:

KB [vign (legs|penguin)[0, 1] and KB fvyigpt (wings|penguin)[0, 1] .
Moreover, we have thefollowing tight logical consequencesf KB:
KB |tight (legs|penguin)[1,1] and KB |=tjght (wings|penguin)[0, 1] .

In summaryunderg-coherenentailmentneitherthe logical propertyof having legs
nor the probabilisticone of having wingsis inheritedfrom birdsto penguins.Under
logical entailmentthelogical propertyis inherited,while the probabilisticoneis not.

3.4. Coherence-based versus model-theoretic probabilistic logic

We now describethe rough relationshipbetweeng-coherenceand satisfiability
(resp. strongsatisfiability),andbetweerg-coherenentailmentndlogical entailment.
The following theoremshows that g-coherencémplies satisfiability andthat strong
satisfiabilityimplies g-coherenceThatis, g-coherencdies betweersatisfiabilityand
strongsatisfiability Theseresultsareimmediateby Theorem3.2.

Theorem 3.9 (a) Everyg-coheentprobabilisticknowled@ baseKB is satisfiable

(b) Everystrongly satisfiableprobabilisticknowled@ baseK B is g-coheent.

Thefollowing exampleshaws thatthe cornversestatementgenerallydo not hold.
Thatis, strongsatisfiabilityis strictly strongerthang-coherenceandg-coherencét-
selfis strictly strongerthansatisfiability

Example3.10 (a) The probabilisticknowledgebaseKB = (0, {(fly|bird)[.9,1],
(—fly|bird)[.2,1]}) is satisfiableput not g-coherent.

(b) The probabilisticknowledgebase KB = ({bird < penguin}, {(fly|bird)[1,1],
(—fly|penguin)[1,1]}) is g-coherentbut not stronglysatisfiable.

The following theoremshaws thatlogical entailmentis strongerthang-coherent
entailment.Thatis, g-coherentonsequencinplieslogical consequencgor thereare
more conditionalconstraintdogically entailedthanentailedunderg-coherenceand
thetight intervals thatare entailedunderlogical entailmentare subintenals of those
entailedunderg-coherenentailment.This resultis immediateby Theoren?.6.
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Theorem3.11 Let KB = (L, P) bea g-coheentprobabilisticknowledg base and
let (8|a)[l, u] and (B|a)[r, s] betwo conditionalconstaints. Then,

(@) KB b~ (Ble)[l, u] impliesKB |= (B|a)[l, u].
(b) KB ptight (Ble)[l; u] and KB |=ight (Bla)[r, s] implies[l, u] 2 [r, s].

The next example shows that logical entailmentis in fact strictly strongerthan
g-coherenentailment(recallthatwe identify [1, 0] with theemptyset).

Example 3.12 Considetthefollowing probabilisticknowledgebasesKB; and KBs:

KB, = (0, {(fly|bird)[1, 1], (mobile|fly)[1,1]}),
KBy = (0, { (fly|bird)[1, 1], (bird|penguin)[1, 1], (~fly|penguin)[1, 1]}) .

It is not difficult to seethat KB, and KB, arebothg-coherenindsatisfiable.Some
tight g-coheren{resp.,logical) consequencesf KB, and KB, aregivenby:

KB1 [vtight (mobile|bird)[0, 1] and KB ptignt (—fly|penguin)[1, 1],
KB [tight (mobile|bird)[1,1] and KB: [=ight (—fly|penguin)[1,0] .

4. Relationshipto default reasoningin SystemP

In this section,we explore the relationshipbetweerprobabilisticreasoningunder
coherenceanddefault reasoningn SystemP. We shaw that consisteng andentail-
mentin SystemP arespecialcase®f g-coherencandg-coherenentailmentrespec-
tively. Thatis, probabilisticlogic undercoherencegivesanew probabilisticsemantics
for SystemP, whichis neitherbasedninfinitesimalprobabilitieADA 75, PEA 89
noron atomicbound[SNO 99] (or alsobig-steppedBEN 99]) probabilities.

4.1. Default reasoning in System P

We briefly recallthe notionsof consisteng andentailmenin SystemP [KRA 90Q],
whichwe definein termsof world rankings(cf. especiall)f GEF 925 GEF 921 for the
equivalencebetweerentailmentin SystemP andentailmentunderworld rankings).

We first defineconditionalknowledgebaseswhich consistof logical constraints
1 <= ¢ andconditionalrules(or defaults)y <+ ¢, whichinformally readas“generally
if ¢ theny”. More formally, a conditionalrule (or defaul) is an expressionof the
form ¢ + ¢, where¢ ande areevents.A conditionalknowled@ baseKB = (L, D)
consistf afinite setof logical constraints, andafinite setof defaults D.

A world I satisfiesadefaultsy « ¢, or I isamodelof ¢ < ¢, denoted |= ¢ « ¢,
iff I =y<«<¢. Iverifiesyp @ iff I = ¢ A, I falsifies @ iff I = ¢ A )
(thatis, I [~ ¢ « ¢). I satisfiesa setof eventsanddefaults K, or I is amodelof K,
denotedl = K, iff I satisfiesverymembernf K. We sayK is satisfiableff amodel
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of K exists. An event ¢ is a logical consequencef K, denotedK |= ¢, iff every
modelof K is alsoamodelof ¢. A setof defaults D toleratesa defaultd underaset
of logical constraintsL iff D U L hasa modelthatverifiesd. A setof defaults D is
underL in conflictwith adefaulty + ¢ iff all modelsof D U L U {¢} satisfy—1).

A world ranking« is amappingx: Zs — {0,1,...} U {oo} suchthatx(I) = 0
for at leastoneworld I. It is extendedto all events¢ asfollows. If ¢ is satisfiable,
thenk(¢) = min{x(I)|I €Zs, I = ¢}; otherwisex(¢p) = co. A world rankingx
is admissiblewith aconditionalknowledgebase(L, D) iff k(—¢) = oo forall ¢ € L,
andx(¢) < oo andk(p A1) < k(¢ A —p) for all defaultsy « ¢ € D.

We arenow readyto definethenotionsof consisteng andentailmenin SystempP.
A conditionalknowledgebase KB is p-consistentiff there exists a world ranking
thatis admissiblewith KB. It is p-inconsisteniff no sucha world ranking exists.
A p-consistentonditionalknowledgebaseKB p-entailsa default ¢ « ¢ iff either
K(P) = oo or k(¢ A ) < k(¢ A —p) for all world rankingsk admissiblewith KB.

Example 4.1 Thelogical knowledge“all penguinsarebirds” andthelogical default

knowledge“generally birds have legs”, “generally birds fly”, and“generally pen-
guinsdonotfly” canbeexpressedy thefollowing conditionalknowledgebase:

KB = ({bird < penguin}, {legs « bird, fly + bird, —=fly + penguin}) .

Obsene that KB is p-consistentandthat KB p-entailslegs < bird, fly + bird, and
—fly < penguin, but neitherlegs < penguin nor —legs < penguin.

4.2. G-coherence and p-consistency

We now shawv that g-coherencés a generalizatiorof p-consisteng. Recallfirst
the following characterizatiomf p-consisteng by Goldszmidtand Pearl[GOL 91],
which correspondso the characterizatiowof g-coherencgivenin Theorem3.3.

Theorem 4.2 (Goldszmidt, Pearl [GOL 91]) A conditionalknowled@ base(L, D)

is p-consisteniff there existsan orderedpartition (D, . . . , Dy, ) of D suc thateither
(a) everyD;, 0<i<k, isthesetofall de Uf:z. D toleratedunderL byUf:i D;j,or
(b) for everyi, 0<i<k, eath de D; is toleratedunder L by Uf:i D;.
Thefollowing well-known resultshowvs that p-consisteng is equivalentto the ex-

istenceof admissibledefault rankings. A defaultrankings on KB = (L, D) maps

eachd € D to anonneative integer. It is admissiblewith KB iff eachD’ C D thatis
underL in conflictwith somed € D containsadefaultd’ suchthato(d') < o(d).

Theorem 4.3 (Geffner [GEF 92h]) A conditionalknowledg baseKB is p-consist-
entiff there existsa defaultrankingon KB thatis admissiblewith KB.

A similar result holds for the notion of g-coherencewhich follows from The-
orem 3.3 (b), and which is subsequentlifjormulatedusing the following concepts.
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A rankinge on KB = (L, P) mapseachelementof P to a nonngativeinteger. It is
admissiblewith KB iff eachP’ C P thatis underL in conflictwith someF € P con-
tainsaconditionalconstraintF” suchthato (F') < o(F).

Theorem4.4 A probabilisticknowledg@baseKB = (L, P) is g-coheentiff there ex-
istsa rankingon KB thatis admissiblewith KB.

The next theoremshaws theimportantresultthatg-coherencés a generalization
of p-consisteng. It follows from Theorems3.3 (b) and4.2 (b), usingthe resultthat
probabilistictolerationfor (1|¢)[1, 1] coincideswith classicalolerationfor ¢ < ¢.

Theorem4.5 Let KB = (L, {(¢1|#1)[1,1],- .., (¢¥n|én)[1,1]}) be a probabilistic
knowledg base Then,KB is g-coheentiff the conditionalknowledg baseKB' =

(L, {31 < 1, - .. ,%bn <+ ¢ }) iS p-consistent.

4.3. G-coherent entailment and p-entailment

We now show thatg-coherenentailmentis a generalizatiorof p-entailment.We
recallthefollowing result,whichis essentiallydueto Adams[ADA 75], who formu-
latedit for thenotionsof e-consisteng ande-entailmentandthe caseL = (.

Theorem4.6 (Adams[ADA 75]) A p-consistentonditionalknowledg@baseKB =
(L, D) p-entailsa defaultg < « iff (L, D U {—f < a}) is p-inconsistent.

The following theoremshaows that a similar result holds for g-coherentconse-
quencelt is animmediateimplication of thedefinition of g-coherenentailment.

Theorem4.7 Let KB = (L, P) beag-coheentprobabilisticknowledg base andlet
(8la)[l, u] beaconditionalconstaint. Then, KB (8|a)[l,u] iff (L,PU{(B|a)[p, p]})
is notg-coheentfor all p € [0,1) U (u, 1].

The next theoremfor tight g-coherenitonsequenceompletesthe picture. This
resultfollows immediatelyfrom the proof of Theorem3.4.

Theorem4.8 Let KB = (L, P) bea g-coheentprobabilisticknowledg base andlet
(Bla)[l, u] bea conditionalconstaint. Then, KB ignt (B|a)[l, u] iff

() (L, PU{(B|a)[p,p]}) is notg-coheentfor all p € [0,1) U (u, 1], and

(i) (L, PU{(Bla)p,p]}) is g-coheentfor all p € [I, u].

Thefollowing theorenfinally shavsthatg-coherenentailmenis ageneralization
of p-entailment.This resultfollows from Theorems3.2and4.5-4.7.

Theorem4.9 Let KB=(L, {(¢1|¢1)[1,1],- ., (¥n|dn)[1,1]}) beag-coheentprob-
abilistic knowledg base Then,KB |~ (8|a)[1, 1] iff the conditionalknowled@ base

(L, {th1 < d1,. .., 0n < ¢p}) p-entailsf « a.
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5. Relationshipto default reasoningwith conditional objects

We now relateprobabilisticreasoningundercoherenceo default reasoningwith
conditionalobjects which goesbackto DuboisandPradeglDUB 94, BEN 97].

We associatavith eachsetof defaults D = {4, < ¢1,...,¢n < ¢, }, the setof
conditionaleventsCp = {¢1|¢1, - - ., ¥n|dn }. Givena nonemptysetof conditional
eventsC = {¢1|¢1, - - -, ¥n|dn }, the quasi-conjunctiorof C, denoted@C(C), is de-
finedasthe conditionalevent (11 <= ¢1)A -+ - A(Yp, <= ) | 41V - - - Vb, Thequasi-
conjunctionof @ is definedby QC(0) =T|L. Note that the notion of quasi-con-
junctiongoesbackto Adams[ADA 75].

Thenotionsof co-consisteng andco-entailmentaredefinedasfollows. A condi-
tional knowledgebaseKB = (L, D) is co-consisteniff for every nonemptyD’ C D
thereexistsamodelI of L suchthat(QC(Cp)) =true. We assumehetotal order
false < indeterminate < true. We say KB = (L, D) co-entailsa default 8 + «
iff (x) someD’ C D existssuchthatI(QC(Cp)) < I(8|) for all modelsI of L.

The notionsof co-consisteng and co-entailmentcoincidewith the notionsof p-
consisteng andp-entailmentrespectirely [DUB 94, BEN 97]. We now show thatour
resultsin Sections3 and4 arenaturallyrelatedto default reasoningwith conditional
objects. First, it is easyto verify that the following counterparof Theorem3.2 for
p-consisteng formulatesthe above notion of co-consisteng. Note thatthe notion of
satisfiabilityusedin this theoremis definedasin Section4.1.

Theorem5.1 Aconditionalknowledg@baseKB = (L, D) is p-consistentff LUD'U
{¢1V---V¢,} issatisfiablefor everynonemptyD’ = {1 < ¢1,...,¥n < ¢} C D.

For conditionalknowledgebaseskB = (L, D) andeventsa with L [~ —a, let
D, (KB) bethesetof all D' ={1 + ¢1,...,%n+ ¢} CD suchthat LUD' U
{$1V --- Vo, Va} E a (wherethe notion of logical consequencél=" is defined
asin Sectiond.1). For KB = (L, D) anda with L |= -, let D, (KB) = {(}.

The following lemmashaws that D, (KB) correspondso P, (KB') from Sec-
tion 3.3,where KB’ is theprobabilisticcounterparto KB.

Lemmab5.2 Let KB = (L, D) bea conditionalknowledgbase andlet o beanevent.
Let KB' = (L, P) bedefinedoy P = {(4)|$)[1,1] | ¢ + ¢ € D}. Then {i)y < o, ...,
Un ¢ ¢n} € Do(KB) iff {(41]¢1)[1, 1], ., (tnln)[1, 1]} € Pu(KB').

Obsene now that condition (x) above is equialentto (x') the existenceof some
D' ={tpy < 1,..., %, ¢} C Dsuchthat LUD'U{¢, V---Vé,Va} = aand
LU D' E <« a. Thus,thefollowing counterparbf Theorem3.4 for p-entailment
formulatesthe above notion of co-entailment.

Theorem5.3 Let KB = (L, D) bea p-consistentonditionalknowledg base Then,
KB p-entailsthedefaultg « « iff LU D' = 8« o for someD’ € D, (KB).
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Crucially, wecannow alsoformulatecounterpartso Lemma3.5andTheorems3.6
and3.7. Thefollowing resultshonsthat D, ( KB) containsauniquegreateselement.

Lemma5.4 Let KB = (L, D) bea p-consistentonditionalknowledg base andlet
a beanevent.Then,D, (KB) containsa uniguegreatestlement.

The next theoremshaws that p-entailmenfrom KB coincideswith logical entail-
mentfrom the greatestlementin D,(KB). Thatis, denotingby D* the greatest
elementin D, (K B), we canreplacecondition (x) above by (x') I(QC(Cp~)) <
I(B|a) for all modelsI of L, or simply by (") L U D* = 8 <.

Theorem5.5 Let KB = (L, D) bea p-consistentonditionalknowledg base and
let 8 + a beadefault.Let D* denotethe uniquegreatestelemenin D, (KB). Then,
KB p-entailsf « a iff LU D* = g <.

Thefollowing theoremshavs how D* canbecharacterized.

Theorem5.6 Let KB = (L, D) bea p-consistentonditionalknowledgbase andlet
a beanevent. Let D* C D, andlet (Dy, ..., D;) bean ordered partition of D\ D*
sud that thefollowing two conditions(i) and (ii) hold:

(i) EveryD;, 0<i<k, is thesetof all elementsn D;U --- U Dy U D* thatare
toleratedunderL U {L <a} byD;U --- UD, U D*.

(i) Nomemberof D* is toleratedunderL U { L < a} by D*.
Then,D* is thegreatestlemenin D, (KB).

Obsene especiallythat Theorems.5 and5.6 provide a new algorithmfor decid-
ing whetherKB = (L, D) p-entailsg «+ a. We first computeD* by a p-consisteng
check,andthenwe decidewhetherL U D* logically entailsg < a.

6. Conclusionand outlook

We explored how probabilistic reasoningunder coherences relatedto model-
theoreticprobabilisticreasoningandto defaultreasoningn SystemP.

As for the relationshipbetweenprobabilisticlogic undercoherenceand model-
theoreticprobabilisticlogic, we shaved that g-coherenceand g-coherenentailment
canbereducedo the existenceof satisfyingprobabilisticinterpretationsandto log-
ical entailment,respectiely, using conceptsfrom default reasoning. We obsenred
especiallythatg-coherenentailmentoincideswith logical entailmentfrom asmaller
knowledgebase,and that logical entailmenthasthe propertyof inheritanceof log-
ical knowledge,while g-coherenentailmentdoesnot. Furthermoreg-coherences
strongerthansatisfiabilityandwealer thanstrongsatisfiability while g-coherenen-
tailmentis wealer thanlogical entailment.

The above semanticresultsalso paved the way for a precisecomplexity charac-
terizationandnew algorithmsfor the problemsof decidingg-coherencendof com-
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putingtight g-coherentntervals. Note especiallythatthe new algorithmsfor deciding
g-coherenceand for computingtight g-coherentntervals are basedon a reduction
to standardreasoningasksin model-theoretigrobabilisticlogic, andthus efficient
techniguesor model-theoretiprobabilisticreasoninganimmediatelybe appliedfor
probabilisticreasoningindercoherencéfor example,columngeneratioriechniques).
Thesenew resultson complexity andalgorithmsfor probabilisticreasoninginderco-
herencehave beenpresentedn a companiorpaper[BIA 01].

Notethatacompaniorpapel{LUK 02b] continueghisline of researclontherela-
tionshipbetweercoherence-baseahdmodel-theoretiprobabilisticreasoningln the
spirit of [LUK 024, it introducesprobabilisticgeneralization®f Pearls entailment
in SystemZ [PEA 90] andLehmanns lexicographicentailmenfLEH 95], which lie
betweerg-coherenentailmentandlogical entailment.

As for the relationshipbetweenprobabilisticreasoningundercoherenceand de-
faultreasoningn SystemP, we shavedthatg-coherencendg-coherentntailment
aregeneralizationsf consisteng andentailmentin SystemP, respectiely. This re-
sultgivesaclearpictureof themainpropertief probabilisticreasoningindercoher
ence andthedifferenceto model-theoretiprobabilisticreasoningwhich generalizes
classicareasoningn propositionalogic, andnot defaultreasoningn SystempP.

Theseresultsalsogive importantnew insightinto default reasoningn SystempP.
First and foremost,they showv that probabilisticreasoningundercoherencegivesa
new probabilisticsemanticdor SystemP, which is neitherbasedon infinitesimal
probabilities[ADA 75, PEA 89] nor on atomicbound[SNO 99] (or alsobig-stepped
[BEN 99)) probabilities. Note that an intuitive idea on the structureof this new
probabilisticsemanticsor SystemP is given by the fact that probabilisticreason-
ing undercoherencecanbe definedin termsof rankingson probabilisticinterpreta-
tions [LUK 02h. Secondtheseresultsprovide new insightinto default reasoning
with conditional objects,by shaving that the definitionsof co-consisteng and co-
entailmentare actually classicalcounterpartof the definitionsof g-coherenceand
g-coherenentailment respectiely. Third, they provide a new algorithmfor default
reasoningn SystemP, which differsfrom the classicalbnebasedn Theoren¥.6.

An interestingopic of futureresearclis to explorehow othernotionsof coherence
arerelatedto model-theoreti@robabilisticlogic andto default reasoning.
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7. Appendix A: Proofsfor Section3

Proof of Theorem 3.2. Let P,, = {(¢1|¢1)[l1,u1],-- -, (Wn|dn)[ln, un]} C P with
n > 1. Definethe impreciseprobability assessmertZ, A) onC,, = {¢1|¢1,-..,
Un|dn} by A(Wil¢i) =[li,u] foralli e {1,...,n}. By Theorem2.1,it is sufficient
to shaw thatthe systenof linearconstraintg1) is solvableiff L U P,, hasamodel Pr
with Pr(é1 V --- V ¢,,) > 0. Obserefirst that R definesa partitionS = {S,. | r € R}
of thesetof all TeZg With I = LU {¢1V --- V¢, }, whereS, ={Ie€Zs|I =
LUu{¢1V --- Vo }, I =r(|d) A --- Ar(n|dn)} forallre R.

(=) Supposehat (1) hasa solution \. (r € R). For eachr € R, denoteby I,
aworld in Zg that satisfiesL andr(v1|¢1) A -+ Ar(¢,|d,). Let Pr be defined
by Pr(I,) = M\, for all r € R andby Pr(I) = 0 for all otherI € Zs. Clearly, Pr
is a probabilisticinterpretationwith Pr(¢;V --- V¢,) = 1 > 0. Moreover, Pr
satisfiesL, and Pr satisfieghefollowing foralli € {1,...,n}:

1-Pr(si A i) +0- Pr(=ep; Ads) + 1; - Pr(—¢;) >1;,
L-Pr(¢; A¢i) +0- Pr(=wpi A ;) +ui - Pr(=¢;) <wui.
Thelatteris equivalentto I; - Pr(¢;) < Pr(¢; A¢;) < u;- Pr(¢;), andthusPr =

(i @i)[li, us] for all s € {1,...,n}. In summary Pr is amodelof L U P, suchthat
Pr(¢1 V---V ¢,)>0.

(<) Corversely let Pr beamodelof L U P, with Pr(¢;V --- V ¢,) >0. De-
fine now the probabilisticinterpretationPr’ by Pr'(I) = 0 for all I € Zg with T [~
V-V, andby Pr'(I) = Pr(I)/Pr(¢1V --- Vé,) for all other I € Zs.
Clearly, Pr' is a modelof L U P, with Pr'(¢; V --- V ¢,) = 1. In particular
foralli € {1,...,n}, it holds Pr' |= (v;|¢:)[l;, ui], or equivalentlyl; - Pr'(¢;) <
Pr'(a; A ¢;) < u;- Pr'(¢;), whichin turnis equivalentto:

L-Pr'(pi Ags) +0- Pr'(—p; Agy) + 1 - Pr'(—¢;) > 1,
L-Pr'(p; A i) +0- Pr'(—; A i) +u; - Pri(=¢;) < u;.

Forall r € R, definefinally A\, = Pr'(r(41]¢1) A - -+ Ar(n|dn)). It is now easyto
verify thatA, (r € R) is asolutionof (1). O

u

Proof of Theorem 3.3. (=) Supposethat KB is g-coherent. By Theorem3.2,
for every nonemptyP’ = {(¢1|d1)[l1,u1], - - -, (Wn|dn)ln, un]} C P, thereexists a
model Pr of L U P' suchthat Pr(¢; V - -- V ¢,) >0, andthus Pr(¢,) > 0 for some
j€{l,...,n}. Thatis, everynonemptyP’ C P containsaconditionalconstrainthat
is toleratedunderZ by P'. ThenP = J}_, P;, where

Py ={F € P | F istoleratedunderL by P};
P; ={F € P} | F istoleratedunderL by P;},
whereP; = P\ U;;t P; = U;?:Z. P;, forallie{1,...,k}.

In particular P, = P\ Uf;é P; is suchthateachF' € P, istoleratedunderL by P,.
This shaws that(a) and(b) hold.
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(<) Corversely as (a) implies (b), we canassumehat (b) holds. Thatis, sup-
posethat,for everyi € {0, ..., k}, eachmemberof P; is toleratedunderL by P} =
P, U--- UPg. Thatis, for each(¢y|¢)[l, u] € P;, thereis amodel Pr of L U P} with
Pr(¢) > 0. Thus,for eachP’ = {(¢1|¢1)[l1,u1],- -, (Wn|dn)[ln, un]} C P, denot-
ing by ¢ theminimumintegerwith P' N P; # 0, thereis some(y;|¢;)[l;,u;] € P'NP;
toleratedunderL by P}, andthen(«;|¢;)[l;, u;] is alsotoleratedunderL by P’. That
is, LU P'" hasamodel Pr with Pr(¢;) > 0 andthusPr(¢, V --- V ¢,) > 0. Then,
by TheorenB3.2,it followsthat P is g-coherentD

Proof of Theorem 3.4. Supposehat|l, u] is givenby KB |"'tight (8la)[l,u] andthat
[r, s] is the intersectionof all [I',u'] suchthat LU P' |=tight (B|a)[l’,u'] for some
P' € P,(KB). We now show that[l, u] = [r, s].

We first prove that[l,u] C [r,s]. Recallthat! (resp.,u) is the infimum (resp.,
supremumpf p subjecto all g-coherenkB' = (L, P') = (L, PU{(B|a)[p,p]}). By
Theorem3.2, KB’ is g-coherentiff for every nonemptyP, = {(v1|¢1)[l1,u1],.. .,
(¥n|dn)[ln,un]} C P’ thereexistsamodel Pr of LU P,, with Pr(¢, V---V ¢,) > 0.
In particulay g-coherencef KB’ impliesthatfor eachP” € P,(KB), thereisamodel
Prof LUP"U{(Bla)[p, pl} = LO{(#1]6)[l1,w), - ., (|0l wal, (Bl [p. 21}
with Pr(¢y V --- V ¢, V@) > 0, or equivalently Pr(a) > 0. Recallnow thatr (resp.,
s) is given by the infimum (resp.,supremum)f Pr(S|a) subjectto Pr = LU P",
Pr(a)>0,andP" € P,(KB). It thusfollowsp € [r, s]. Thatis, [I,u] C|[r, s].

We next shaw that for every elementp € [r, s], it holdsthat KB’ = (L, P') =
(L, PU{(B|a)[p,p]}) is g-coherentTowardsa contradiction supposeaot. By Theo-
rem3.3,thereexistsanorderedpartition (P, . .. , P;) of P’ suchthat(i) eachP; with
i€{0,...,k—1} isthesetof all elementsn P;U- - -U P, thataretoleratecunderL by
P;U---U Py, and(ii) nomemberf P; is toleratedunderL by P. Assumenow that
(Bla)[p,p] & Pr. By Theorem3.2,theg-coherencef KB impliesthatL U P, = L U
{1, wls - -5 (Yn|dn)ln, un]} hasamodel Pr with Pr(¢: V --- V ¢,) >0,
andthusPr(¢;) >0forsomej € {1,...,n}. Thatis, (¢;|¢;)[l;, u;] € P istolerated
underL by Py. But this contradictqii). It thusfollows (3|a)[p, p] € Pr. Assumethat
LU Py = LU P, — {(Bla)lp, p]}=LU{(41|¢1)[11, uil, - - -, (¥5]¢,) [l up]} hasa
model Pr with Pr(a) = 0 andPr (¢} V---V ¢;,) >0, andthus Pr(¢}) > 0 for some
j€{1,...,n}. Trivially, Pr alsosatisfies(8|a)[p, p]. Hence,(y;|#})[l;, u}] € P is
toleratedunder L by P,. But this contradictsagain(ii). Thus,every model Pr of
L U P, with Pr(¢} v ---V ¢l V a) >0 satisfiesPr(a) > 0. Hence,P}, € P,(KB).
Sincep € [r, s], thereexists a model Pr of LU P, suchthat Pr = (3|a)[p, p] and
Pr(a)> 0. Thatis, (8|a)[p, p] € Py is toleratedunderL by P,. But this contradicts
again(ii). It thusfollowsthat KB' is g-coherentd

Proof of Lemma 3.5. Obviously, P, (KB) is notempty asit containsf). Towardsa
contradiction supposeiow that P, = {(¢1|¢1)[l1,u1]s- -+, (¥m|Pm)[lm, um]} and
P, = {1, ul], -, (WL |00, ul]} aretwo distinct maximal elementsin
P,(KB). Thatis, everymodelPr of LU P,, (resp.,.L U P,) with Pr(¢1V---V ¢m V
a)>0 (resp.,Pr(¢y V --- V ¢!, V ) >0) satisfiesPr(a) > 0. Considernow ary
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modelPr of LU P, U P, with Pr(¢1 V -+ V ¢ V) V---V @), V a) > 0. Clearly,
Prisamodelof both LU P,, andL U P,, suchthateitherPr(¢ V---V ¢, Va) >0
or Pr(¢y V---V ¢l Va)>0. It thusfollows Pr(a) > 0. Hence,P,, U P,, belongs
to P,(KB). But this contradictsP,, and P, beingtwo distinct maximal elements
in P,(KB). It thusfollowsthat P, (KB) containsa uniquegreateselement.

Proof of Theorem 3.6. (a) Immediateby (b).

(b) Immediateby Theorem3.4 and Lemma3.5, sincethe conditions P’ C P”,
LUP' Etight (Bla)[l, u], andLU P" =iight (Bla)[r, s] imply [I,u] 2 [r, s]. O

Proof of Theorem3.7. Leti € {0,...,k}. Assumethatevery memberof P; istoler
atedunderLU{L < a} by P,U---UP, UP*. Thatis, for every ()|¢)[l, u] € P;, there
existsamodelPr of LU P;U- - -UP, U P* suchthatPr(a) = 0 andPr(¢) > 0. Thus,
forevery P’ = {(¢1|¢1)[l1, u1l, . .., (Wn|@n)[ln, un]} CP;U - -- U P, U P* suchthat
(W|@)[l,u] € P', amodel Pr of LU P’ existssuchthat Pr(a) = 0 andPr(¢) >0, and
thusPr(¢, V- --V ¢, Va) > 0. Thatis, nosuchP’ belonggo P, (KB). By induction
oni€{0,...,k},noP'CPwith PPN (PyU--- UPy) #  belongsto P, (KB).

Supposehatno memberof P* = {(¢1|¢1)[l1, u1],-- -, (¥n|dn)[ln, un]} is toler
atedunderL U {_L <= a} by P*. It thusfollows thatno model Pr of L U P* satisfies
Pr(¢1 V ---V ¢,) >0 and Pr(a) = 0. Thatis, every model Pr of LU P* with
Pr(¢1 V---V ¢, V a) >0 satisfiesPr(«) > 0. Hence,P* belongsto P, (KB).

Thatis, (i) impliesthateverymembeiof P, (KB) is asubsebf P*, and(ii) implies
that P* isin P, (KB). In summary P* is theuniquegreatestlemenin P,(KB). O

Proof of Theorem 3.9. (a) Assumehat KB = (L, P) is g-coherentBy Theorenm3.2,
for every nonemptyP,, = {(¢1]¢1)[l1, u1], - - -, (Wn|@n)[ln, un]} C P, thereexists a
model Pr of L U P, with Pr(¢y V ---V ¢,)>0. In particulay L U P hassucha
model Pr. Thatis, KB is satisfiable.

(b) Assumethat KB = (L, P) is strongly satisfiable. That is, a model Pr of
L U P existssuchthat Pr(¢) > 0 for all (v|¢)[l,u] € P. Hence for every nonempty
P, ={(t|¢1)[l1,w],---, @n|én)[ln,un]} C P, amodel Pr of L U P, existswith
Pr(¢1) >0, andthusPr(¢; V --- V ¢,,) > 0. By Theorem3.2, KB is g-coherentd

Proof of Theorem 3.11. AssumeKB ignt (Bla)[l, u] and KB |=iight (Bla)[r, s].
By TheorenmB.6(b), it follows (L, P*) |=ight (Bla)[l, u], where P* is the unique
greatestlementn P,(KB). SinceP* C P, it thusfollows [l,u] D [r,s]. O

8. Appendix B: Proofsfor Section4

Proof of Theorem 4.4. Theclaim clearlyholdsfor P = (. Assumenow P # .

(=) Supposeghat KB is g-coherentBy Theorem3.3 (b), thereexistsan ordered
partition (P, ..., P;) of P suchthat, for everyi € {0,...,k}, eachmemberof P;
is toleratedunder L by Uf:i P;. Define now the rankingo on KB by o(F) =1
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for every F € P; andi € {0,...,k}. We now shav that o is admissiblewith KB.
Assumethecontrary Thatis, thereexistssomeP’ C P thatis underL in conflictwith
someF € P suchthato(F') > o(F) for all F' € P'. But, F is toleratedunderL by
{F'eP|o(F")>0c(F)} D P', andthusalsoby P'. This contradictsP’ beingunder
L in conflictwith F'. Thus,o is admissiblewith KB.

(<) Suppos¢hereexistsarankingon KB thatis admissiblewith KB. Let! bethe
cardinalityof {o(F) | F € P}. Wecanassumgo (F) | F € KB} ={0,...,k}, where
k=1-1. Foreveryi€{0,...,k}, defineP,={F € P|o(F)=1i}. Thus,(P,. ..,
P,) is an orderedpartition of P suchthat, for everyi € {0,...,k}, eachF € P; is
toleratedunderL by Uf:i P;. Thus,by Theorem3.3 (b), KB is g-coherentd

Proof of Theorem4.5. Let L bea setof logical constraintsWe now shav that P! =
{@W164)[1,1, ..., (¥!,]9},)[1, 1]} tolerates(y|¢)[L, 1] underL iff D' = {} ¢,
., ¢l } toleratesy) «+— ¢ underL. Assumefirst that L U P’ hasa model Pr
suchthat Pr | (¢|¢)[1,1] and Pr(¢$) > 0. Thus,thereexistssomel € Z4 suchthat
I E ¢ andPr(I)>0. As Pr satisfiesL U P’ and(¢|¢)[1, 1], it follows that I is a
modelof LUD' suchthat! |= ¢ A+. Thatis, D' tolerates) « ¢ underL. Corversely
assumehat D’ tolerates) < ¢ underL. Thatis, thereexistsamodell’ of LUD' such
thatl’ = ¢ A 4. Hence the probabilisticinterpretationPr definedby Pr(I') =1 and
Pr(I)=0 for all otherI € 73 is amodelof L U P’ suchthat Pr = (¢|¢)[1,1] and
Pr(¢) =1, andthus Pr(¢) > 0. Thatis, P’ tolerates(¢)|¢)[1, 1] underL. Hence,
tolerationfor conditionalconstraintof theform (¢|¢)[1, 1] coincideswith toleration
for defaultsy < ¢. Thus,theclaimis immediateby Theorems3.3(b) and4.2(b). O

Proof of Theorem4.9. Let P’ = {(¢1|41)[1,1],. .., (WL, |¢0)[1,1]}. We now show
that L U P' U {(B|a)[1,1]} hasa model Pr with Pr(¢j V ---V ¢}, V a) >0 iff
thereexists somep € (0, 1] suchthat L U P' U {(8|a)[p,p]} hasa model Pr with
Pr(¢yV-- -Vl Va) > 0. Assumdirstthatsuchp € (0, 1] exists. SupposePr(a) = 0.
Hence thereexistssomel’ € Zg with I' |= (¢7 V --- V @) A ~a and Pr(I') > 0.
Define Pr' by Pr'(I') =1 andby Pr'(I) =0 for all otherl € Zs. Then,Pr' = LU
P'U{(Bla)[1,1]} and Pr'(¢} V --- V ¢!, V@) > 0. Assumenext Pr(a) > 0. Thus,
thereexistssomel’ € Zg with I' = 3 A« and Pr(I') > 0. Define Pr' by Pr'(I') =1
andby Pr'(I)=0 for all otherl € Zs. Then, Pr' = LU P' U {(8|a)[1,1]} and
Pr'(¢y vV ---V ¢, Va)>0. Thecorversetrivially holds.

By Theoremd.7, KB  (f|a)[1, 1] iff (L, P U{(B|a)[g, ¢]}) is notg-coherenfor
all ¢ € [0,1), whichis equivalentto (L, P U {(—f|a)[p, p]}) notbeingg-coherentor
all p€ (0,1]. By Theorem3.2 andthe above argumentationthe latter is equivalent
to (L, P U {(—f]a)[1,1]}) not beingg-coherentBy Theoren¥.5, this is equivalent
to (L, D U {-8 < a}) beingp-inconsistentBy Theorem4.6, thisis now equivalent
to 8 + «a beinga p-consequencef (L, D). O

9. Appendix C: Proofsfor Section5

Proof of Theorem 5.1. The statemenfollows immediatelyfrom Theorems3.2 and
4.5andtheobsenationthat{y; < ¢1, ..., ¥n < ¢, } hasamodell suchthatl | L
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andIl = ¢1 V.-V ¢y iff {(¢1]¢1)[1,1],-.., (¥n|¢n)[1,1]} hasamodel Pr such
thatPr = LandPr(¢;V --- V¢,)>0.0

Proof of Lemma 5.2. Assumefirst that L |= ~«. Then,the statements immediate
by D,(KB) =0 = P,(KB'). Assumenext that L [ —«. Then,the statemenfollows
from the obsenrationthatevery modell of L U {¢; < ¢1,..., %, + ¢} With I |

¢1 V-V ¢, V a satisfiesI =a iff every model Pr of L U {(¢1]é1)[1,1],...,

(n|én)[1,1]} with Pr(¢y V --- V ¢, V ) >0 satisfiesPr(a) > 0. O

Proof of Theorem 5.3. The statemenfollows from Theorems3.4, 4.5, and 4.9,
Lemmab.2, andthe obsenationthat LU {91 < ¢1,. .., ¢p} =L+ aiff LU

{(1lo1)[1,1],. .., (¥n[én)[1, 1]} = (Bla)[1,1]. O

Proof of Lemma 5.4. Immediateby Lemmata3.5and5.2. 0

Proof of Theorem5.5. (=) AssumeKB p-entailsf < «. By Theorenb.3,it follows
LUD' = <« aforsomeD’ € D,(KB), andthusalsoL U D* |= < a.

(«) AssumeL U D* |= 8 < a. Thus,by Theoremb.3, KB p-entailsg «+ «. O

Proof of Theorem 5.6. By the proof of Theorem4.5, tolerationfor conditionalcon-
straintsof theform (¢|¢)[1, 1] coincideswith tolerationfor defaultsy « ¢. Thus,the
claimfollows from Theorem3.7andLemmab5.2. O

10. References

[ADA 75] AbamMsE. W., TheLogic of Conditionals vol. 86 of Synthesé.ibrary, D. Reidel,
DordrechtNetherlands1975.

[AMA 91] AMARGER S., DuBolIs D., PRADE H., “Constraintpropagatiorwith imprecise
conditionalprobabilities”, ProceedingdJAI-91, MorganKaufmann,1991,p. 26-34.

[BEN 97] BENFERHAT S., DuBoIs D., PRADE H., “Nonmonotonicreasoningconditional
objectsandpossibilitytheory”, Artif. Intell., vol. 92,num. 1-2,1997,p. 259-276.

[BEN 99] BENFERHAT S., DuBoIS D., PRADE H., “Possibilisticand standardorobabilistic
semanticof conditionalknovledgebases”, J. Logic Computat,. vol. 9, num. 6, 1999,
p. 873-895.

[BIA 00] Biazzo V., GiLIO A., “A generalizatiorof the fundamentatheoremof de Finetti
for impreciseconditional probability assessments” Int. J. Approx. Reasoningvol. 24,
num. 2-3,2000,p. 251-272.

[BIA 01] Biazzo V., GILIO A., LUKASIEWICZ T., SANFILIPPO G., “Probabilisticlogic un-
dercoherenceCompleity andalgorithms”, Proceeding$SIPTA-01, 2001,p. 51-61.

[BOO 54] BooLE G., An Investigationof the Laws of Thought,on which are Foundedthe
MathematicalTheoriesof Logic and Probabilities Walton and Maberley, London, 1854,
(reprint: Dover PublicationsNew York, 1958).

[COL 94] CoLETTI G., “Coherentnumericaland ordinal probabilisticassessments”]EEE
Trans.SystMan Cybern, vol. 24,num. 12,1994,p. 1747-1754.



24 Journalof Applied Non-Classical ogics. VolumeX - n° X/2002

[COL96] CoLETTIG., ScozzAFAVA R., “Characterizatiorof coherentonditionalprobabil-
ities asa tool for their assessmergnd extension”, Journal of Uncertainty Fuzzinessand
Knowledg-basedSystemsvol. 4, num. 2,1996,p. 103-127.

[COL 99a] CoLETTI G., ScozzAFAVA R., “Coherentupperandlower Bayesianupdating”,
ProceedingdSIPTA-99 1999,p. 101-110.

[COL 99b] CoLETTI G., ScozzAFAVA R., “Conditioning and inferencein intelligent sys-
tems”, SoftComputingvol. 3,num. 3,1999,p. 118-130.

[DUB 91] DuBolisD., PRADE H., “Possibilisticlogic, preferentiamodels hon-monotonicity
andrelatedissues”, Proceeding$JCAI-91, MorganKaufmann,1991,p. 419-424.

[DUB 94] Dusolis D., PRADE H., “Conditional objectsasnonmonotonicconsequenceela-
tionships”, IEEE Trans.Syst.Man Cybern, vol. 24,num. 12,1994,p. 1724-1740.

[FAG90] FAGIN R., HALPERN J. Y., MEGIDDO N., “A logic for reasoningaboutprobabili-
ties”, Inf. Comput, vol. 87,1990,p. 78-128.

[FRI194] FriscH A. M., HADDAWY P, “Anytime deductionfor probabilisticlogic”, Artif.
Intell., vol. 69,1994,p. 93-122.

[GAB 98] GaBBAY D. M., SMETS P., Eds.,Handbookon DefeasibleReasoningand Uncer
tainty ManagementSystemsKluwer Academic,Dordrecht Netherlands1998.

[GEF92a] GEFFNER H., “High probabilities modelpreferencanddefaultaguments”,Mind
andMachines vol. 2,1992,p. 51-70.

[GEF92b] GEFFNER H., Default Reasoning:Causaland Conditional Theories MIT Press,
1992.

[GIL 94] GILIOA., ScozzAFAavA R., “Conditionaleventsin probabilityassessmerandrevi-
sion”, IEEE Trans.SystMan Cybern, vol. 24,num. 12,1994,p. 1741-1746.

[GIL 95a] GiLIo A., “Algorithms for preciseand impreciseconditional probability assess-
ments”, COLETTI G., DuBoils D., ScozzAFAVA R., Eds., MathematicalModelsfor
HandlingPartial Knowledg in Artificial Intelligence p. 231-254 PlenumPress1995.

[GIL 95b] GiLIOA., “Probabilisticconsisteng of conditionalprobabilitybounds”, Advances
in IntelligentComputingvol. 9450f LNCS Springer 1995,p. 200-209.

[GIL 02] GiLIOA., “Probabilisticreasoningindercoherencén SystemP”, Ann.Math. Artif.
Intell., vol. 34,num. 1-3,2002,p. 5-34.

[GOL 91] GoLbszmIDT M., PEARL J., “On the consistenyg of defeasibledatabases”Artif.
Intell., vol. 52,num. 2,1991,p. 121-149.

[GOL 92] GoLbszmIDT M., PEARL J., “Rank-basedsystems:A simple approacho belief
revision, belief updateand reasoningaboutevidenceand actions”, ProceedingKR-92
MorganKaufmann,1992,p. 661-672.

[KRA 90] KrRAUS S., LEHMANN D., MAGIDOR M., “Nonmonotonicreasoningpreferential
modelsandcumulatve logics”, Artif. Intell., vol. 14,num. 1,1990,p. 167-207.

[LEH 95] LEHMANN D.,“Anotherperspectie ondefaultreasoning” Ann.Math. Artif. Intell.,
vol. 15,num. 1,1995,p. 61-82.

[LUK 99a] Lukasiewicz T., “Local probabilisticdeductionfrom taxonomicandprobabilis-
tic knowledge-basesver conjunctie events”, Int. J. Approx. Reasoningvol. 21,num. 1,
1999,p. 23-61.

[LUK 99b] Lukasiewicz T., “Probabilisticdeductiorwith conditionalconstraint®verbasic
events”, J. Artif. Intell. Res, vol. 10,1999,p. 199-241.



Probabilisticlogic undercoherence 25

[LUK 01] LukAsiEwicz T., “Probabilisticlogic programmingwith conditionalconstraints”,
ACM Trans.ComputatLogic, vol. 2, num. 3,2001,p. 289-339.

[LUK 02a] Lukasiewicz T., “Probabilisticdefault reasoningwvith conditionalconstraints”,
Ann.Math. Artif. Intell., vol. 34,num. 1-3,2002,p. 35-88.

[LUK 02b] Lukasiewicz T., “Nonmonotonicprobabilisticlogics betweenmodel-theoretic
probabilisticlogic andprobabilisticlogic undercoherence”, Proceeding®f the 9th Inter-
national\Workshopon Non-MonotonidReasoningNMR-2002) 2002,p. 265-274.

[NIL 86] NiLssoN N. J., “Probabilisticlogic”, Artif. Intell., vol. 28,1986,p. 71-88.

[PEA 88] PeaRL J., Probabilistic Reasoningn Intelligent Systems:Networksof Plausible
Inference MorganKaufmann,SanMateo,CA, 1988.

[PEA 89] PeARL J., “Probabilisticsemanticfor nonmontonicreasoning:A suney”, Pro-
ceedingKR-89 MorganKaufmann,1989,p. 505-516.

[PEA90] PEARL J., “SystemZ: A naturalorderingof defaultswith tractableapplicationsto
defaultreasoning”, Proceedingg§ARK-9Q MorganKaufmann,1990,p. 121-135.

[PEL 98] PeELESSONI R., VicCIG P, “A consisteng problemfor impreciseconditionalproba-
bility assessments’ProceedingdPMU-98, 1998,p. 1478-1485.

[SCO96] Scozzafrava R., “Subjective conditionalprobability and coherencerinciplesfor
handlingpartialinformation”, Mathwase SoftComput, vol. 3, num. 1,1996,p. 183-192.

[SHO87] SHoHAM Y., “A semanticahpproactio nonmonotonidogics”, Proceeding®fthe
2ndIEEE Symposiunon Logic in ComputerScience1987,p. 275-279.

[SNO99] SNow P, “Diverseconfidencelevels in a probabilisticsemanticsfor conditional
logics”, Artif. Intell., vol. 113,1999,p. 269-279.

[SPO88] SpoHN W., “Ordinal conditionalfunctions: A dynamictheoryof epistemicstates”,
HARPER W., SKYRMS B., Eds., Causationin Decision, Belief Chang, and Statistics
vol. 2,p. 105-134 Reidel,DordrechtNetherlands1988.

[WAL 91] WAaLLEY P, StatisticalReasoningvith ImpreciseProbabilities ChapmarandHall,
1991.



