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We present the topos S of trees as a model of guarded recursion. We study
the internal dependently-typed higher-order logic of S and show that S models
two modal operators, on predicates and types, which serve as guards in recur-
sive definitions of terms, predicates, and types. In particular, we show how
to solve recursive type equations involving dependent types. We propose that
the internal logic of S provides the right setting for the synthetic construc-
tion of abstract versions of step-indexed models of programming languages and
program logics. As an example, we show how to construct a model of a pro-
gramming language with higher-order store and recursive types entirely inside
the internal logic of S. Moreover, we give an axiomatic categorical treatment
of models of synthetic guarded domain theory and prove that, for any complete
Heyting algebra A with a well-founded basis, the topos of sheaves over A forms
a model of synthetic guarded domain theory, generalizing the results for S.

This talk is based on joint work with Rasmus Møgelberg, Jan Schwingham-
mer, and Kristian Støvring.
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