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Abstrad: We propose aview of vagueness as a semantic property of names
and predicates. All entities are aisp, on this emantic view, but there ae, for
ead vague name, multi ple portions of redity that are equally goodcandidates
for being its referent, and, for eah vague predicae, multiple dasses of
objeds that are equally goodcandidates for being its extension. We provide a
new formulation o these ideas in terms of atheory of granular partitions. We
show that this theory provides a general framework within which we can
understand the relation between vague terms and concepts and the
correspondng crisp pations of redity. We dso sketch how it might be
posshle to formulate within this framework a theory of vagueness which
dispenses with the notion o truth-value gaps and aher artifads of more
famili ar approaches. Central to ou approach is the ideathat judgments about
redity involve in every case (1) a separation d redity into foreground and
badkground d attention and (2) the fedure of granularity. On this basis we
attempt to show that even vague judgments made in naturally occurring
contexts are not marked by truth-value indeterminacy. We distinguish, in
addition to crisp granular partitions, also vague partitions, and reference
partitions, and we explain therole of the latter in the @mntext of judgments that
involve vagueness We mnclude by showing how reference partitions provide
an effedive means by which judgng subjeds are &le to temper the
vaguenessof their judgments by means of approximations.

1. Introduction

Consider the proper name ‘Mourt Everest’. This refers to some mereologicd whale,
a cetain gant formation d rock. A mereologicd whale is the sum of its parts, and
Mourt Everest certainly contains its summit as part. But it is not so clea which parts
along the foathill s of Mourt Everest are parts of the mourntain and which belong to
its neighbas. Thusit isnot clea which mereologicd sum of parts of redity acually
congtitutes Mount Everest. One option is to hdd that there ae multiple candidates,
no ore of which can claim exclusive rights to serve & the referent of this name.
Each o these many candidates has the summit, with its height of 29,028 fed, as
part. These candidates differ, however, regarding which parts along the foathill s are
included as parts of Mourt Everest and which are not (seetheright part of Figure 1).

Consider, analogowsly, the predicate ‘is a bald male'. Bill Clinton certainly does
not belong to the extension d this predicate, and Yul Brunrer certainly does. But



how about Bruce Willi s? It would sean that there ae some candidates for the
extension d this predicate in which Bruce Willi s is included, and certain others in
which heisnat.

Varzi (200]) refers to the aove & a de dicto view of vagueness It treds
vagueness nat as a property of objeds but rather as a semantic property of names
and predicates. There ae, for eat vague name, multi ple portions of redity that are
equally good candidates for being its referent, and, for ead vague predicae,
multiple dases of objeds that are equally goodcandidates for being its extension.
There ae some, for example Tye (1990, who are happy to include in their ontology
vague objeds and regions and thus defend a de re view of vagueness In a
guantitative formalism this might result in what Fisher (1996 cdls fuzzy objeds
and regions. The important point is that onthisdere view one nealsto extend ore’s
ontology in such a way as to include new, spedal sorts of regions and oljeds in
addition to the aisp oljeds and regions one has already remgrized. This not only
brings added ortologicd commitments but implies also that one needsto investigate
the question whether vague locaion (of vague objedsin vague regions) is or is not
the same relation as the more famili ar crisp locaion o old.

Given the de dicto point of view there is no reed to extend ou ontology in this
way. We nedl, rather, to recmnceptuaize the relationships between terms and
concepts on the one hand, and crisp oljeds and locations out there in the world on
the other. Such relationships are not one-one, but rather one-many, and we can think
of their targets, tentatively, as multiple products of demarcation. Note that this
reconceptuali zaion is not intended as an acourt of what is involved cogritively
when we use vague terms or predicates. Normal subjeds in namal (which means:
non-philosophicd) contexts are not aware of the eistence of such multiple targets.
Rather, the smultaneous demarcation d a multiplicity of crisp referents or
extensions takes place & it were behind the scenes. What we offer hereis a proposal
for deding theoreticdly with the ontology o that particular type of linksa mgnitive
subjed to some arrelated redity when vague terms or predicates are used. While it
isnot our primary purpase here to throw light on what the agritive subjea thinksis
going onwhen using such terms or predicates, the fad that many of the matters with
which we ded fall beneah the threshold of her concern isitself something which the
theory of granular partitionsis able to ill uminate.

The de dicto view of vagueness goes hand in hand with the doctrine of
supervaluationism, which is based on a redefinition o the notion o truth to
acommodate the multiplicity of candidate predsifications which the de dicto view
sees as being aswociated with vague names or predicates. The basic ideais that,
when determining the truth of an assertion containing a vague name or predicde, it
is necessary to take into acourt al its candidate referents or extensions. In order to
evaluate such an asertion semanticadly, we must effedively run through these
candidates in successon and determine, for ead particular choice, whether it makes
the asertion true or false. An assertion such as ‘Y ul Brunner was bald’ is supertrue
becaise it is true for al such choices. An assertion such as ‘Bill Clintonisbad’ is
superfalse because it isfalse for all such choices.
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Figure 1: Left: a partition, with cdls Everest, Lhotse and The Himalayas. Right:
A part of the Himalayas e from space, with Mount L hotse (left) and M ount
Everest (right).

The problems arise in regard to sentences which are indeterminate, in the sense
that they come out true for some coices and false for others. The wre of these
problems is captured in the so-cdled Sorites paradox (Hyde 1996. Consider Bill
Clinton. He is certainly nat bald, and losing ore hair will not make him bald. This
seams to hdd quite generaly: if Clintonis not bald and e loses one hair, then heis
il not bald. Following this chain of reasoning if we start from a nonbald Clinton,
then Clinton will till not be bald even if he has only 10 hairs left on his head. This
is because, intuitively, losing ore hair does not cause the transition to baldness A
similar chain of reasoning can be mnstructed in the cae of Mourt Everest. The
summit is part of the mourtain. If x isa part of amourtain, then every moleaule that
isconreded to x is also part of the mourtain. Following this chain of reasoning, we
end upconcludingthat Berlin is part of Mourt Everest. In this paper we will provide
a framework for understanding hav such chains of reasoning are broken in namal
contexts of asertion.

We shall concentrate our attentions in what follows on the @ase of singuar
reference, i.e., reference via names and definite descriptions to concrete portions of
redity such as mourtains and deserts, leaving for ancther occasion the task of
extending the acourt to the cae of vague predicaion. We shall concentrate
primarily on spatial examples. Aswill beacome dea, however, it is one advantage of
the framework here defended, that it can be generalized automaticaly beyond the
spatial case.

2. Judgments, Supervaluation, and Context

2.1 Judgments and supervaluation

Asarealy pdnted ou above, supervaluation is based onaredefinition o the notion
of truth to acommodate a multiplicity of possble referents. It draws on the
recogntion that a sentence can often be adgned a determinate truth-value
independently of how the referents of its constituent singuar terms are more
predsely spedfied, or in ather words, independently of how we might restrict such
reference to just one (or just some few) of the many pations of redity which are



candidate predsificaions. A sentence is cdled supertrue, on this acourt, if and
only if it istrue (and superfalse if and only if it isfalse) for al such predsifications.
If, on the other hand, it is true under some ways of predsifying and false under
others, then it is sid to fall down a supervaluational truth-value gap. Its truth-value
isindeterminate.

The technique of supervaluation evolved as part of standard model-theoretic
semantic. Thus it has been studied primarily as it applies to formulae of artificia
languages conceved in context-free fashion. As Smith and Brogaard (2007) point
out, however, the degree ad type of vagueness by which the singuar terms of
natural language ae dfeded varies in significant ways acording to the @ntexts in
which such terms are used. They therefore ague that, if the supervaluationistic
method is to be extended to natural languege, then it will be necessry to
contextuali ze the theory by conceiving semantic evaluations as being applied na to
sentences but to the judgments which such sentences express It is, after all, through
judgments — sentences as used assertively in spedfic contexts — that terms are
projeded orto redity by the subjedswho use them.

It then transpires that the very same sentence may be used in
different contexts to express distinct judgments even where the
singuar terms involved refer to what is intuitively the same parce
of redity. The supervaluations of the given judgments will then
look very different, even though the sentences in question are, as
syntadic objeds, one and the same (Smith and Brogaad 2001).

This context-dependence of vagueness has important consequences. For while it is
easy to concoct examples of sentences neither supertrue nor superfalse when such
sentences are treded ou of context — much of the philosophicd literature on
vaguenessis devoted to the discusson d examples of this rt —it is much lesseasy
to find examples of such sentences when we @nfine ourselves to assertions which
would naturally arise in the spedfic types of contexts which human beings adually
inhabit. Thisisfor reasons of pragmatics: such contexts have feaures which make it
difficult if not impossble for judgments to occur within them which are marked by
indeterminacy.

2.2 Context dependence

To get an ideaof what we have in mind, consider the sentence
[A] This cavity is part of Mount Everest,

uttered by someone pointing to a small cave nea the summit of the mountain.
Certainly, if we mnceive matters entirely in abstradion from all contexts, then there
are some predsified referents of ‘Mournt Everest’ which would make this sntence
come out true, and ahers which would make it come out false. The sentence ®mes
out true, for example, if we muld alow predsificaions of Mournt Everest to be
defined spatialy, for example by means of a rule (R) to the dfed that it is a
sufficient condtion for x to be part of Mount Everest that x occupies a spatial
locaion which lies within the convex hul of the mourtain as depicted on relief



maps. The sentence mmes out false, on the other hand, for all predsificaionswhich
conform to ancther, no lessattradive rule (R,)), to the dfed that if X is a part of a
mourtain above a cetain minimal size, then x is made of rock.

Different sorts of rules for determining all owable predsificaions will now be in
operation in dfferent sorts of contexts. Imagine, for example, that the sentence [A]
is uttered by a speleologist on commencing the exploration d the cave. For her the
cave is cetainly a part of Mourt Everest; she uses rule R, as a matter of course.
Moreover, the fad that the cave isfill ed with air isin this context criticd: if it would
be fill ed with rock, it would na be a cae. When she uses[A] to expressa judgment
in her spedfic speleologicd context, then the resultant judgment is reasonably
evaluated as true for al possble predsificaions consistent with this context; and
hence, as supertrue.

Consider, on the other hand a geologist analyzing probes colleded by dilli ng
holes in the rock. For him, rule R, is in operation: portions of Mourt Everest are
congtituted out of rock in every case. Here we seein play the fador of pragmatics:
the geologist would na use [A], or anything like [A], to make ajudgment. Even the
negation o [A], i.e., ‘This cavity is not part of Mournt Everest’ is nat judgeable in
his geologicd context.

Some sentences have the feaure that they are judgeable only in certain
exceptional contexts. Consider for example the sentence

[A] Thisholeis part of my jadket.

In most everyday contexts [A'] is smply nat judgeable. And if it is judgeadle (for
example becaise the hdle is a design fedure of the jadket), then it comes out
supertrue.

Consider the foll owing example:

[B] This glassis empty,

and contrast the behavior of this sentencein two distinct contexts. In the first, C,, it
is used to expressa judgment by a drunkard in a seedy bar just after taking the last
sip of bee from his glass In the second, C,, its negation is used to express a
judgment by a hygiene inspedor inspeding the same glassjust a few seconds later.
We have here two dstinct judgments, which we can abbreviate loosely as: J, = (B,
C) and J, = (not-B, C). J is supertrue, since the glass contains, on all
predsifications, nothing left to drink. And J,is supertrue dso: the hygiene inspedor
sees al the baderia inside the glassand on no pedsificaion consistent with what
she sees would the sentence [B] be evaluated as true.

Judgments, to reped, are dways made in contexts. Hence, to evaluate ajudgment
asto itstruth (supertruth) or falsehood (superfalsehood isto evaluate that judgment
in its context. A judgment is supertrue if and oy if it istrue under all contextually
appropriate ways of putting members of the pertinent ‘many’ into the extensions of
the arrespondng terms; and analogowsly for superfalsehood If a sentence is not
judgeable in a given context, then in that context it does not even read the point
where it can serve a aproper objed of supervaluation.

Can a sentence be judgedble in a mntext and et still be indeterminate & to its
truth-value?1t is this question with which we shall ded in what follows. The notion
of ‘context’ is of course itself notoriously problematic. The primary advantage of



our propasal here will lie in the fad that the framework we alvance aables us to
rephrase our question in a way which dces not rely on the use of this problematic
notion.

3. Granular Partitions

3.1 Foreground, Background and Granularity

Our fundamental ideais that every use of language to make ajudgment abou redity
brings abou a cetain grandar partition. Already every ad of singuar reference
and every ad of perception effeds a partition d redity into a foreground domain,
within which the objed of reference is locaed, and a background domain, which
comprehends all the entities beyond When ore moves ones attention from this to
that (for example from this chair to that table) then ore brings abou an ontological
regrouping of foreground and badkground objeds in one's environment that
previoudy served as foreground are now in the badkground while objeds
previously in the badkgroundare now advanced to the front.

Sometimes there occurs not regroupng bu what we might cdl ontological
zooming. The hygiene inspedor first sees the glass which serves as foreground
objed of her attention; then she focuses more caefully onthe tiny particles of soap
and kee clinging to the wall s of the glass She sees the world first througha arser
and then throughafiner grid.

To produwce an ortologicd theory of such partitioning, of ontologicd zooming
and regroupng, will be somewhat tricky. This is becaise the results of partitioning
are granular in every case, and this means that they canna be understood along any
simple mereologicd lines. For it is not as if one wnreded, compad (hole-free
portion o redity would be foregrounded or set into relief in relation to its
surroundngs in such a way that the latter — the badground d our cogritive ad¢ —
could itself be identified simply as the mereologicd complement of what is
foregrounded. For if an oljed — say Ledls, or the ice aeam in you hand — are
included in the foreground danain, this does not at all imply that all the parts of this
objed are dso included therein. For to say that partitions are granular is to say that
they do nd reagnize parts beneah a cetain size The separate roads and buldings
in Leals are not foregrounced by the partition you creae when you se the term
‘Ledls, for example, when planning you trip to England rext month; the separate
moleaules of the ice aean are not foregrounded by the partition you creae when
you look down to the ice @eam in you hand prior to eding. This means that the
ontology d foreground and badground structure is ontologicdly more complex
than has hitherto been suppaosed. Simple mereology will not suffice (Bittner 1997).

The complexity of the foregroundbadkground structure has consegquences also
for the isaue of vagueness For it means that ead partitioning o a portion d redity
into foregroundand badkgroundis compatible with a range of possble views as to
the ultimate @nstituents of the objeds in the foreground The granularity involved
in ou partitioning adivity effedively alows us to trace over the lower-level



congtituents of those objeds which are set into relief. It is this very granularity
which is thus in fad resporsible for the vaguenessof our terms and concepts, for it
allows us to ignare questionable parts and thus also to ignare questions as to the
predse boundaries of the objeds with which we have to ded.

The theory of granular partitions is advanced in ou ealier papers (Smith and
Brogaad to appea), (Bittner and Smith 2003, (Smith and Bittner 2001 as a
solution to the problem of how to ded with granularity in a mereologicd
framework. Granular partitions are defined as g/stems of cdls conceved as
projeding orto redity in something like the way in which a bank o flashlights
projeds onto redity when it carves out cones of light in the darkness Consider, for
example the simple partition o the Himalayas that is depicted in the left part of
Figure 1 abowve. This partition contains cel s labeled ‘ Everest’ and ‘' Lhotse’, together
with ore maximal cdl labeled ‘the Himalayas' . These cdls projed onto dfferent
parts of that portion d redity that is depicted in the right part of Figure 1. They
carve mourtains out of a cetain formation o rock. They do nd do this physicaly,
but rather by establishing fiat boundriesin redity, represented by the blac linesin
the right part of the figure. (Smith 1995, (Smith 200, (Bittner and Smith 200J.
Fiat boundries are in a way like the boundxries of a light-cone that is projeded
during daylight. The fiat boundries are there, but we cainat see them. Thus we
have to use indired means (for example maps and compasses and complex
cdculations) in order to discover where they lie. In some caes we may have good
grounds for believing that we have aossd them. For example asudden increase in
slope may tell us that we have aossed the boundary of Mourt Everest. In some
cases fiat boundries have become assciated with suitable bora fide props, for
example with systems of pegs or fences in redity. Surveying is abou establishing
relations between fiat boundries and red, physicd landmarks of these sorts.
(Moffitt and Bouchard 1987, (Bittner 1999.

The problematic nature of the caes which concern us here, however, lies in the
fad that the fiat boundiries with which we have to ded are not in any determinate
place but exist rather as multiple systems of boundries projeded orto redity
through cogritive ads of a range of different sorts. Vaguenessis, on the de dicto
view, entirely a matter of the fiat redm. Everything which exists in the bora fide
physicd world — the world as it is before we mme dongwith our partitions and our
fiat borders- is crisp. (We leave aside the problems which arise for this thesis at
very small scdes.)

3.2 Judgments, Partitions and Contexts

Judgments and partitions are dosely related. Consider the judgments J= (B, C,) and
J,= (nat-B, C) referred to above. Correspondng to J, and J, are two partitions, Pt
and Pt,. Both contain cdls labeled ‘glass and ‘beg’, similar to the cdls in the
partition in the left part of Figure 1. But Pt, has in addition cdls labeled ‘baderia,
‘mold’, ‘chlorine’, and so forth. Moreover Pt, and Pt, do nd differ only in their
complement of cdls; they differ also in the way the céls they share in common are
projeded orto redity. The cdl labeled ‘beea’ in the drunkard’s partition projeds
(tries to projed) onto drinkable amourts of bee. The mrrespondng cdl in the
partition of the hygiene inspedor projeds even orto amourts of bee that are visible



only under a microscope. Refleding on such examples reveds a way in which
partitions, by means of their cdl structure, can stand proxy for contexts in a theory
of judgment designed to take acourt of the context-dependence of vagueness The
number and arrangement of cdlswithin a partition and the ways in which these cdls
projed onto redity — which means above dl the granularity at which they are
targeted upon olpeds in reality — serve & formally tradable surrogates for thase
feaures of contexts which are relevant to the understanding o vagueness as a
semantic (de dicto) phenomenon

Let us return to ou partition o the Himalayas. There ae, we cax now say,
multiple equally good ways of projeding the cdl ‘Mournt Everest’ onto the
correspondng formation o rock. Each is dightly diff erent as regards the location o
the mourtain boundries which are projeded among the pertinent foothill s. Each
projedion targets just one posshle candidate predsification. Each has, in other
words, an ortologicd correlate that is entirely crisp. Vaguenessarises only becaise
thereis nat one such admissble projedion, but rather very many.

4. A Theory of Granular Partitions: A Brief Outline

4.1 Partitions as System of Cells

The theory of granular partitions has two parts: (A) atheory of the relations between
cdls and the partitions in which they are housed, and (B) a theory of the relations
between cdlsand ohjedsin redity.

Theory (A) studies the properties granular partitions have in virtue of the
relations between and the operations performed uponthe cdls from out of which
they are built. All such partitions involve cdls arranged together in some grid-like
structure. This gructureisintrinsic to the partition itself; that isto say, it iswhat it is
independently of the objeds onto which it might be projeded. As we shall seethis
part of the theory applies equally well to crisp asto vague partitions.

The cdls in a partition may be aranged in a simple side-by-side fashion, for
example in ou partition d the Beatles into John, Paul, George and Ringo. Cells
may also be nested ore inside ancther in the way in which, for example, the spedes
crow is nested inside the spedes bird which is nested in turn inside the genus
vertebrate in standard biologicd taxonamies. It is the possbility of this nesting
which more than anything else distinguishes granular partitions as here understood
from partitions in the more familiar mathematicd sense (partitions generated by
equivalencerelations).

We define the cdl structure, A, of a partition, Pt, as asystem of cdls, z, z,, ..., .
We write Z(z, A,) as an abbreviation for ‘z is a cdl in the cdl-structure A of the
partition Pt'. We say that z, is a subcel of z, if the two cdls are in the same cdl
structure and the first is contained in the latter, and we write z Oa z, in order to
designate this relationship. In the remainder we omit subscripts wherever the mntext
is clea. We then impose four axioms (or ‘master condtions) on all partitions, as
follows:



MAZL: The subcdl relation O is reflexive, transitive, and
antisymmetric.

MAZ2: The cdl structure of a partition is always sich that chains of
nested cdls are of finite length.

MAS: If two cdls overlap, then one is asubcdl of the other.

MAA4: Each partition contains a unique maximal cdl.

These oonditi ons together ensure that ead partition can be represented as a
tree(adireaed graph with aroot and no cycles).

4.2 Partitionsin their Projecdive Relation to Reality

Theory (B) arises in refledion d the fad that partitions are more than just systems
of cdls. They are mnstructed in such away as to projed uponredity. Intuitively,
this projedion corresponds to the way proper names projed onto o refer to the
objeds they denate and to the way our ads of perception are related to their objeds.
(Projedion is close to what philosophers cdl ‘intentionality’.) When projedion is
successul, then we say that the objed targeted by a cdl islocated in that cdl. We
then write ' P(z, 0)’ as an abbreviationfor: cdl zisprojeded orto oljed o, and ‘L (o,
z)’ as an abbreviation for: objed o islocated at cdl z. Intuitively, beinglocaed in a
cdl islike beingilluminated by a spatlight. That locaion is not simply the mnverse
of projedion follows from the fad that a cdl may projed withou there being
anything orto which it is projeded (as a spotlight can cast its bean withou striking
any obed). Becaise location is what results when projedion succeels, location
presuppcses projedion. An oljead is never locaed in a cél in a partition uessas a
result of the fad that this cdl has been projeded uponthat objed. Thisisthe first of
our master condtions for theory (B):

MB1 L(o,2) - P(z 0).

Partitions are mgntive atifads. Objeds can come to be located in the cdls of
our partitions only if we have mnstructed cdls of the gpropriate sort and targeted
them in the right diredion. We then say that the partition in question is transparent
to the mrrespondng pation o redity. We can formulate this condtion o
transparency as follows:

MB2  P(z,0) - L(o, 2).

In what follows we shall assuume @ndtions MB1 and MB2 as master condtions
governing all partitions. Thus in the restricted context of this paper MB1 and MB2
collapse to L(0, z) - P(z, 0). MB2 serves to guarantee that objeds are acually
located at the cdls that projed onto them. In a more genera theory of granular
partitions, MB2 will be we&ened to allow misprojedion, for example where an
objed iswrongy named or wrongy classfied.

In order to ensure that projedion and location satisfy the intuitions underlying our
spatlight analogy, we demand further that projedion and locaion are functiond



relations, i.e., that every cdl projeds onto just one objed and every objed islocaed
injust one cdl:

MB3 P(z, o) and P(z, 0;) - 0, =0,
MB4 L(o,z;)and L(0,2p) —» z1=2,

For partitions stisfying MB3, ead cdl is projeded orto ore single objed. (One
rather than two; thereis no owercrowding.) For partitions stisfying MB4 oljeds are
in every case locaed at singe cdls. Noticethat this excludes the sort of redundancy
which would be invalved where asingle partition would contain distinct cdls (for
example labeled ‘Mount Everest’ and ‘Chomlungma) both projeding orto what is
(moduo the fador of vaguenesg the same formation o rock. Notice dso that
‘objed’ hereisused in a very wide sense, to include dso scatered wholes. Thus a
partition d the animal kingdan might involve a cd | abeled cat which projeds onto
that objed which isthe mereologicd sum of all li ve cds.

We will assume that partitions are complete in the sense that every cdl projeds
onto at least one objed, i.e, that there ae no empty cdls (no cdls projeding
outwards into the void):

MB5  Z(z,A) - [b:L(o,2)

Consequently, projedionisatotal function.

Location, however, is typicdly a partial function. This is becaise human beings
are not omnipotent in their partitioning paver. Thus for any given partition dreded
towards some domain o concrete redity there will always be objeds which its
referential spotlights do nd read. Even where we have apartition whaose domain is
just one single objed, we can assume that there will be parts of this objed — atoms,
or sub-atomic particles — onto which no cdl is projeded. (This, again, is what is
meant when we say that partitions are ‘granular’.) In the ntext of this paper we
will assume that the mnstraints MB1-5 are dways stisfied, i.e., projedion and
location are dways functional, and there ae no empty cdls.

4.3 Remgnizing and Preserving Mereological Structure

Partiti ons refled the basic part-whole structure of redity in virtue of the fad that the
cdlsin a partition are themselves gich as to stand in the relation of part to whole.
This means that, given the master conditions expressed within the framework of
theory (A) above, partitions have & least the potentia to refled the mereologicd
structure of the domain onto which they are projeded. And in felicitous cases this
potential is redized. We write ‘p(z)’ to designate the objed locaed in the cdl z. By
MBS, p(z) is aways defined. We say that the cdls z; and z, refled the mereological
relationship between the objeds onto which they are projeded if and only if the
following holds:

DR1  RS(z,2) =202 - p(z1) <p(z)

If z, is a proper subcdl of z, in a given partition, then the objed onto which z,
projeds is a proper part of the objed onto which z, projeds. A partition refleds the



mereologicd structure of the domain it is projeded orto if and orly if ead pair of
cdls stisfies DR1, a condtionwe impaose on al partitions, as follows:

MB6:  Z(zi, A) and Z(zp, A) - RS(z1, 25)

It follows from MB6 that everything orto which a cdl in a partitionis projeded isa
part of that onto which the root-cdl i s projeded.

We demand further that granular partitions stisfy a onstraint to the dfed that if
objeds remgnized by a given partition stand to ead aher in a relation d part to
whale, then the cdls in which these objeds are locaed stand to ead ather in the
subcdl relation. We first of all define what it isfor an oljed to be recgnized by a
partition:

DR2  R(o,A)=[%Z Z(z, A) andL(o, 2),

and we write ‘1(0)’ to designate the cdl in which an oljed recognized by a given
partitionislocated. We then set:

DR3 RS'(0,0,)=0,<0, - I(0,) Ol(0,)
We can now formulate the condtion:

MB6": R(A, 0,) and R(A, 0,) — RS(01, 0y),

which assertsthat al partitions are mereologically monaone.

4.4 Thedomain of a partition

Eadc partition has a cetain domain, which we can define & that portion of redity
upon which its maximal cdl is projeded. Thisis a cetain mereologicd sum: it is, as
it were, the total massof stuff upon which the partition sets to work: thusit is guff
as it exists independently of any of the divisions or demarcaions effeded by the
partition itself throughits constituent cdls. Since the scope of partition theory is ©
general, the domain of a partition may comprehend not only concrete particulars and
their constituents (atoms, moleaules, limbs, organs), but also groups or populations
of individuals (for example biologicd spedes and genera, battalions and regiments,
archipelagos and diasporas) and their constituent members. In some caes, for
example when drawing gidded maps, we projed the cdls of our partitions
deliberately onto regions of space (A more general theory than the one alvanced
here might allow that even partitions of this last sort may have cdls which are
empty. For example they may fail to projed onto any actual region of space asin
the cae of amap of Midde Earth.)

We can define the domain of a partition, D(Pt), smply as the objed onto which
its root cdl is projeded. By functionality of projedion and location there can be
only ore such oljed. That every partition has a nonempty domain follows from



MB5. We now can define agranular partitionas atriple Pt = (A, P, L), where A isa
system of cdls sich that MA1-4 hdd and P and L are projedion and location
relations such that MB1-6" hold for the relationship between the cél structure A and
the portion d redity onto which it projeds.

5 Judgments

A judgment is a pair J = (S, Pt) where S is a sentence and Pt is a granular partition
(which stands proxy for the @ntext in which the judgment is made). It will take us
too far afield to provide agenera partition-theoretic acount of truth for judgments
here (to include, for example, compound judgments and judgments expressed by a
sentence involving ron-referring singuar terms). It will suffice for our purpases to
provide brief treaments of one or two simple examples, which have been chosen for
ill ustrative purposes.

5.1 Judgments about mereological relationships

Consider the left part of Figure 1, with its three partition cdls labeled ‘The
Himalayas, ‘Everest’, and ‘Lhotse’. These labels are the partition-theoretic
counterparts of (inter alia) the names we use in judgments. Consider the sentence
‘Everest is part of the Himalayas' uttered in the context represented by the partition
Pt. This judgment is of the form ‘a stands in R to b where ‘a’ is replaced by
‘Everest’ and ‘b’ is replaceal by ‘the Himalayas' and ‘R’ is replacal by the binary
predicate ‘ part-of .

Given ajudgment J = (S, Pt), the relationship between S and Pt is provided by a
labeling function which asdgns the names of the objeds referred to in S to cdls of
Pt= (A, P, L). We say that A isalabeling relating the partition Pt to the sentence S if
and only if the following hdds:

(1) A mapsthe sentence Sasawhale onto theroat cdl of the partition Pt;

(2) A maps proper names appeaingin Sto cdlsin A in such away that eath
cdl getsuniquely labeled and ead name has a unique crrespondng cdl;

(3) the m-domain of A exhauststhe cdl-structure of Pt.

Condtion (1) ensures that the judgment as a whole has a well-defined scope,
namely the domain of Pt. In the spedfic case of J, = (S, Pt), where Sis the sentence
‘Mournt Everest is part of the Himalayas and Pt is the partition shown in the left
part of Figure 1. The sentence S, as awhole is mapped by A onto the roct cdl of the
given partition. Condtion (2) ensures, in conjunction with the assumption (MB5)
that there ae no empty cdls, that ead cdl is uniquely labeled by a name mntained
in S. The asxciation d partition cdls to the names occurring in the mrrespondng
judgment corresponds to ou discusson o ontologicd regrouping above. The
judgment J, brings into the foregroundMourt Everest, the Himalayas, and the part-
of relation which hdds between them; it forces everything else, including Mount
Lhotse, Ledds, Bill Clinton, theice a@eam in you hand, into the background d our



attentions. Condtion (3) ensures that the mrrespondng eartition contains the cdls
‘Everest’ and ‘The Himalayas' but not a cdl labeled ‘Lhotse.” In this nse the
labeling function always maps onto pertitions that are minimal with resped to the
sentence used in making the arrespondng judgment.

Imagine apartition similar to the one represented in Figure 1, but withou the cdl
‘Lhotse’. Here we can establish a labeling function between S, and Pt, but we need
to adknowledge that the root cdl has a speda status in the following sense: the
labeling A maps both the sentence S, as a whole and also the name ‘the Himalayas
onto the roat cdl of the given partition. Consequently the inverse of A is not a
function. This does not however violate condtion (2), sincethe latter demands only
the unique @rrespondence between names and cdls. Formally we demand: (i) A isa
total function onproper names in S; and (ii) the inverse of the restriction d A to
proper namesin S, (|, isatotal functionin (A —{r(A)}). Note that the roct cell is
often na targeted explicitly by any name & all.

We now say that a judgment of the form *ais part of b’ is true in the mntext
represented by Pt if and only if

Q) Pt represents a portion o redity in such away that MA1-4 and MB1—
6" hald;

(i) thereisalabeling function A with the properties pedfied above; and

(iii) the cdl labeled ‘a’ isasubcdl of the cdl labeled ‘b’ in the partition Pt.

5.2 Judgments about spatial relationships

Consider the judgment J, = (S,, Pt,), with S, = ‘Lhotse lies to the west of Everest’
uttered while discussng the locaion of mountains in the Himalayas. This we shall
interpret as ajudgment of the form ‘ais F where ‘'F isidentified with the predicae
‘west of Everest’. We can then interpret J, as a judgment to the dfed that ‘Lhotse’
is a part of the mereologicd whole formed by the sum of all things that lie to the
west of Mournt Everest.

Let Pt, be the partition shown in

Figure 2 which consists of three nested cdls. The labeling function A maps S,
onto the root-cdl, which projeds onto the Himalayas. This refleds the fad that the
judgment was uttered in the context of a discusson d the relative locdions of the
mountains of the Himalayas. The predicate ‘west of Everest’ is mapped orto the
middle cdl which is projeded orto the mereologicd sum of al the parts of the
Himalayas that are to the west of Mount Everest. Findly, the name ‘Lhotse’ is
mapped orto the cdl in the center, which projeds onto Mourt Lhotse.

what is to-the-west-of -Everest

Lhotse

The Himalayas

Figure 2: A partition corre sponding to the judgment ‘Lhotseisto the west of
Everest’.



We can now regard the judgment ‘Lhotse is to the west of Everest’ as being o
the more general form ‘ais F.” We define alabeling, for judgments of this form, as
follows. A is a labeling relating the partition Pt to the sentence S = ‘ais F if and
only if the following hdds:

(D] A maps the sentence S as awhole onto the root cdl of the partition Pt;

2 A maps the subjed term of Sonto aunique cdl zin A;

3 the m-domain of A exhauststhe cdl-structure of Pt.

A judgment of the form ‘ais F isthen true in the context represented by Pt if and
only if

>Ei) Pt isapartition d redity for which MA1-4 and MB1-6" hold;

(i) thereisalabeling function A with the properties gedfied above; and
(iii) the cdl labeled ‘a’ isasubcdl of the cdl |abeled ‘F' in the partition Pt.

5.3 The perspedive of the semantic theorists and of the judging subjed

When discussng the truth of judgments in partiti on-theoretic terms, we must take
two dstinct perspedives into acwunt: the perspedive of the semantic theorist and
the perspedive of the judgng subjed. It is criticd to carefully separate these two
different views.

The perspedive of the semantic theorist considers the truth of a judgment in
relatively abstrad terms as a corresponcence between language and redity. (We ae
attempting, in al of the éowve, to be mnsistent with the standard ndion d truth as
correspondence) The judgment J = (S, Pt) is true if and orly if there is labeling
function d the gpropriate sort linking S to the cdls of the partition Pt, and a
projedion function linking these cdls in turn to correspondng pations of redity.
This is of course very preliminary, and the range of examples treaed is meager in
the extreme, but it will provide asufficient basis for what foll ows noretheless

The juddgng subjed succeeals in making a true judgment because he is able to
effed a separation d redity into foregroundand badkgroundand to bringto bea a
perspedive on redity that has a cetain appropriate granularity. Only as a result of
these seledive feaures of his attention is he ale to establish arelation to redity of
the sort that is required to make atrue judgment.

6. Vague Granular Partitions

6.1 Vaguenessof projedion

The re of the theory of granular partitions is presented in (Smith and Brogaad, to
appea). Our paper (Bittner and Smith 2001) gives a formal acount of the mncepts
of cdl and projedion. The present paper provides a formal acount of the
phenomenon of vaguenessin partiti on-theoretic terms.



When projedion is vague, then (to pursue our ealier spatlight analogy) not only
can you na seethe fiat boundries carved ou by the projedions, you can know only
rougHy where they lie. What this ‘rougHhy’ (‘ vaguely’) meansis explained from the
de dicto point of view asfollows. It is asif there were many owverlapping pations of
redity that are equally good candidates for faling within the light-cone of your
flashlight. Thus there ae many alternative ways in which fiat boundiries for Mount
Everest might be caved ou amongits foathill s. The judgng subjed knows rougHy
where they lie — above dl he knows that they must include the summit — but he
canna see or measure them diredly. And this is not merely an epistemologicd
problem: thus it is not merely that we do nd know the fads abou where the
boundry of the mountain lies. There ae nofadsthat spedfy wherethisboundry is
located.

Partition theory enables us to understand how, through their use of terms and
concepts, judging subjeds effed corresponding demarcations on the side of objeds
in redity. What we & partition theorists need to donow is to show how the use of
terms and concepts can effed not only crisp demarcaions of redity — as in the cae
of postal districts and census trads — but also vague demarcaions, as in the cae of
mountains and deserts and unregulated wetlands. The extension of the theory of
granular partitions is modeled on the supervaluationist understanding of vagueness
but it follows the cntextualized version of supervaluation suggested in (Smith and
Brogaad 200). Where, in the aisp case, ead partition is charaderized by asinge
projedion relation and a single locdion relation, in the vague cae we nedd to give
up the cnstraint that ead partition is asociated with a single projedion/locéaion
relation. Theory (A) is unaffeded by this change, but we will need to provide
modified axioms for theory (B) in such a way that crispnessis included as just one
spedal case.

6.2 Vague partitions

A vague granular partition Pt' = (A, P', L") isatriple such that A isasystem of cdls
for which MA1-4 hold and P’ and L" are classes of projedion and location relations,
with properties which will be discussed below. Consider Figure 3, which depicts a
vague partition PtY = (A, P', L") of the Himalayas. This has a cdl structure A, as
shown in the left part of Figure 3, which isin fad identicd to the corresponding part
of Figure 1. In the right part of the figure, in contrast, there is a multiplicity of
posshle candidate projedions for the cdls in A, indicaed by boundary regions
depicted via doudy ovoids. The boundaries of the at¢ual candidates onto which the
cels ‘Lhotse’ and ‘Everest’ are projeded under the various P, in P’ are included
somewhere within the douds of regions depicted in the figure.



Lhotse Everest

The Himalayas

Figure 3: A vague partition of the Himalayas

The projedion and location relations in these dasses form pairs (P, L,), which are
such that eah P, has a arrespondng urique L, and \ice versa, satisfying the
following conditions (where the notation ‘ [1' abbreviates. ‘there exists one and orly
one’):

MB1Y  Oj: Lj(o,2) — Oi P(z 0)
MB2Y  Oi: P(z,0) - Oj: Lj(0, 2)
In the context of this paper MB1" and MB2" can be simplified as: 0ilj: P(z,0) -
L.(0,2).
"We dso demand that all P anddl L, are functional in the sense discussed in the
crisp case:

MB3”  P(z 0y) and P(z,0,) - 0, =0,
MB4Y  Lj(0,2)) and Li(0,2) — 21=2,

We demand further that cdls projed onto some objed (are non-empty) under every
projedion:

MB5'  Z(z, A) - Oj [o: Lj(o, 2)

The modified versions of the aiioms enforcing the preservation d mereologicd
structure and mereologicad monaony for the pairs (P, L,) satisfying MB1" and
MB2" then read:

MB6'  Z(zy, A) and Z(zp, A) — 0i RS(z1, 25)

MB6"™ R(A, o) and R(A, 0,) — RS*(0y, 0,),
with definitions

DR1Y RS(zi,2) =702 - pi(z) < pi(z2)

DR2 R0, A) =Lk Z(z, A) and L(0, 2)

DR3" RS(01,0) =0, <0, — li(0) O 1i(02)



We cdl all partitions Pt, = (A, P, L) with pairs (P, L) satisfying MB1-MB6’
crispings of the vague partition Pt'. The domain of a vague partition is the
mereologicd sum of the domains of all crispings. From MB5" it follows that the
domain of ead crispingisnonempty, i.e., Ui, [b: 0 = D(Pt).

Consider a partition with cdls labeled with vague proper names. Intuitively, eat
pair of projedion and location relations (P, L) then recognzes exadly ore
candidate predsified referent for ead such cdl. The predse candidates carved ou
by eat (P, L,) are dl dlightly different. But ead is perfedly crisp andthusit has all
of the properties of crisp partitions discussed in the previous ®dions. This means
that, even under condtions of vagueness the principal properties of partitions are
preserved. Note that the vague partition Pt' has just one single system of cdls but
many projedion and locdion relations. The one system of cdls projedsin multiple
ways onto redity. Each of the projedions and ead of the correspondng locaion
relations behaves asit would in a standard, crisp partition.

We can now consider two peirs of projedion and location relations, (P, L;) and
(Pm, L), both satisfying MB1Y—6". We then have two distinct crisp partitions Pt; =
(A, P L)) and Pty = (A, Py, Ly). The cdl structure is identicd in both cases; both
have the same minimal cdls, ‘Mount Everest’ and ‘Mount Lhotse’, contained in the
same maxima cdl ‘the Himalayas. In both cases these cdls projed onto
neighbouring formations of rock, which are digoint in the sense that - [k: x =
P,(‘Everest’) * P(‘Lhotse’) and - [k: x = Py(‘Everest’) * Py(‘Lhotse’), where **’
signifies mereologicd intersedion. (That such digointness éould hold for eadh
projedion relation is a penumbral condtionin the sense of Fine (1975.) Again, itis
important to recognize that the presence of vaguenessdoes not mean that any of our
conditions governing partitions are violated. Vagueness de dicto is captured at the
partition level via multiple ways of projeding crisply. Each of these ways of
projeding crisply must satisfy the conditi ons on partitions st forth above.

6.3 Judgments and vagueness

We can now define the notions of supertruth, superfalsehood, and indeterminacy for
judgments, J = (S, Pt¥) with resped to a vague partition Pt = (A, PY, LY). We
asaume that the cdl structure A satisfies MA1-4 and that all of its crisp Pt = (A, P,
L;) are such that MB1Y—6" hold. A judgment J is then supertrue with resped to a
vague granular partition Pt if and only if it is true with resped to all of the aisp
partitions Pt; = (A, P, L;). A judgment J is superfalse with resped to Pt"if and only
if it is true with resped to nore of the aisp partitions Pt = (A, P, Lj). It is
indeterminate otherwise.

As in the aisp case we nedl to take into acount both the perspedive of the
semantic theorist and the perspedive of the judging subjed. The former is refleded
in ou use of a mntextualized supervaluationary semantics, which cgptures those
feaures of the matters in hand which fall beneah the threshold of awarenessof the
judgng subjed. As to the latter we note first of al that, as in the aisp case,
important aspeds of juddng are the separation d redity into foreground and
badkground d attention and the fad that judgments abou redity are made & a
certain level of granularity.



7. Unity and vagueness

7.1 Unity conditions

When making ajudgment to the dfed that ais part of b, you apply a unity condtion
which provides you with the means to determine which perts of redity areto form a
certain whole. We shall seethat the study d the vaguenessof judgments of the form
J' = (‘ais part of b’, Pt) is closely related to questions of the vagueness of unity
condtions.

When reagnizing wholes as aums of parts, judgng subjeds draw upon unity
condtions that spedfy what sums of parts they are cncerned with. In the cae of
Mount Everest, the pertinent unity condtion might be formulated, in first
approximation, alongthe following lines:

Ul (1) Thesummit is part of Mount Everest. (2) If x isapart of Mount
Everest and y is conneded to x theny isa part of Mount Everest.

We can assume for present purposes that clause (1) is unproblematic. Not so for
clause (2), however, for this makes the unity condtion incgpable of determining
which oulying pations of redity are parts of the mountain and which are nat. It is
because of this that paradoxes of the Sorites type can arise. U1 has the structure of
an inductive definition. It spedfies a start condtion and a @wndtion on hav to add
parts to Mount Everest, but it does not spedfy where to stop adding parts. This
means that if we take (1) and (2) in U1 as true premises, then it islogicdly soundto
infer that portions of redity are parts of Mount Everest that clealy fal outsideit.

We caana simply dismissU1. Clause (2) captures the continuows gructure of the
formation d rock to which the cmncept mourtain applies, that is, it captures the fad
that mountains are never scatered wholes; they are dways such that we can form
chains of conreded parts a, a, a,, ... But what determines the outer limits of such
chains? Where does the mourtain stop? As will by nowv be dea, there is no
generally applicable aad context-independent stop condtion that can be inferred
from a general concept such as mourtain.

Consider now the relationship between the unity condtion U1 and a judgment of
theform J' = (‘ais part of Everest’, Pt"). The two are dosely related in the foll owing
sense: U1l gowrns the way Pt' projeds onto redity in the sense that the cél
‘Everest’ must projed onto a topdogicdly conreded whole (clause (2) of U1)
which contains the summit (clause (1) of U1). On the other hand judgment J’ in the
context represented by Pt' also places limits on the range of admissble
predsificaions in the sense that it projeds boundiries onto redity which serve to
bres the unlimited chains in the neaded fashion. The problem is that these limits,
i.e., the projeded boundries, are themselves sibjed to vagueness and it is this
which threaens the posshility of truth-value indeterminacy. Our task will be to
show how this posshility is prevented from becming adual in netural contexts, and
thus to show that even judgments expressd by sentences involving vague terms
have determinate truth-values.



To this end, we nedl to discussthe range of relevant kinds of contexts. Two cases
in particular are of importance, distinguished by the kinds of boundaies that can
provide stop conditi ons of the needed sort:

1. Contexts in which ou use of the mrrespondng term brings a single
crisp boundry into existence

2. Contexts in which ou use of the mrrespondng term brings a vague
boundry (i.e.,, a multiplicity of crisp boundry candidates) into
existence

7.2 Thesingle (crisp) boundary case

Contexts of the first type ae illustrated by those caes where judgng subjeds
themselves have the authority (the partitioning powver) to bring a aisp boundry into
existence Suppcse that you have been delegated by some government agency to
establish the boundxries of Mourt Everest for purposes of regulating the adiviti es of
climbers. Your partition —we ca imagine that it is %t forth in some document D —
would then come very close to being fully crisp, i.e. only one single projedion
relation would be invalved, and the boundry of Mourt Everest would in relevant
contexts coincide with the boundary impased by you This has the cnsequencethat,
in the given contexts, the incomplete unity condtion that comes with the underlying
general concept is completed contextually, as foll ows:

U2 (1) The summit is part of Mount Everest. (2) x is part of Mount
Everest if and only if: (i) there is ©me y which is part of Mount
Everest and x is conneded to y, and (ii) x is part of the projedion
of the cdl labeled '‘Everest’ in the partition determined by the
document D.

U2 hes the alvantage of blocking the almisdon o unlimited chains of conreded
parts. Moreover U2 still enforces the continuity of parts of the mourtain in the spirit
of Ul. Using U2 the truth-value of a judgment of the form J= (‘ais part of Mount
Everest’, Pt) is fixed in a determinate manner for eat a and truth-value
indeterminacy canna arise.

7.3 The multiple (vague) boundary case

Contexts where judgng subjeds have the authority and the need to kbring a predse
boundry into existence ae, it must be admitted, very rare. Fortunately however
there is in most contexts no real for the high degree of predsion which such
contexts represent. In most contexts, that is to say, we get along with a creded
boundary that is just predse enough This means that it is predse to the degreeto
which it matters where it lies, and therefore dso just predse enoughto enable the
judgng subjed to make adeterminate judgment. In most cases, therefore, it will
manifest a cetain degree of vagueness and the adual degree of vagueness(or the
degree of predsion) will depend on context. Where vagueness is involved
indeterminate cases threden to arise. To this end we must show, following (Smith
and Brogaad 2003, that in naturally occurring contexts where boundhries are just



predse enrough sentences which would have indeterminate truth-values are
unjudgeale.

In instructing your staff to set up the tables in you restaurant ead evening, you
establish where the line between smoking and norrsmoking zones isto be drawn by
using a sentencelike:

[C] The boundary of the smoking zone goes here,

while pointing with you finger in such a way to hised the restaurant floor. You
thereby also indicate on which tables the ashtrays are to be placel. You spedfy
vaguely where the boundxry lies. This means that, with you vague gesture ,you
bring awhole multitude of equally good bomdary-candidates into existence

Our concept of asmoking zoneiis, after al, one of awholewith boundrieswhich
are not predsely defined by sharp lines, fences, or walls. Thisisrefleded by a unity
condtionalongthe lines of U3:

u3 x is part of the smoking zone if and only if x is part of one
of a multitude of equally good smoking-zone-candidates
that were brought into existence by your initial
spedfication of the boundary locdion .

U3 like U2 has the advantage of blocking the unlimited chains of conreded parts.
The question then arises whether a judgment of the form J = (‘This table is part of
the smoking zone', Pt) can be such as to have a indeterminate truth-value.
Inspedion reveds that the gpparent vagueness of the boundrry-spedficaion does
not affed the determinacy of those judgments which judgng subjeds such as the
restaurant staff or customers might adually make. Whether an ashtray is or is not
placal on a table is, after al, a mmpletely determinate matter. To capture the
pragmatic constrains on judgeability in the given context, U3 nealsto be revised in
such away that it does not admit arbitrary parts but only parts of certain size

u4 X is part of the smoking zone if and only if: (1) x is
greder than or equal to onetable in size and (2) x is part
of one of a multitude of equally good smoking-zone-
candidates that were brouglht into existence by the initial
spedfication of the boundary locétion.

In addition, U4 gains a twin, which determines the analogous condition for
parthood in relation to the non-smoking zone which is its (partition-
theoretic) complement:

U4 X is part of the non-smoking zone if and only if: (1) x is
greder than or equal to onetable in size and (2) x is part
of one of a multitude of equally good non-smoking-zone-
candidates that were brought into existence by the initial
spedfication of the boundary locétion.



The vaguenessof your spedficaion d the locaion d the boundry of the smoking
areadoes not affed the determinacy of the truth-value of the judgments made in the
resultant context. U4 ensures that judgments of the form of J are @ther supertrue or
superfalse. It also ensures that ajudgment of the form * This nicotine moleauleis part
of the smoking zone' canna be uttered in the given context, since the unity
condtion U4 dees not admit moleaules as parts of smoking (or non-smoking) zones.
A judgment of thisform refleds an ill egitimate mixing d granularities. If judgments
of the given form are to be judgeable, then more predse spedficaions of the
relevant boundaries would needed to be made by those invalved, and this would
mean creding a new context.

8. Degrees of Vaguenessand Crispness

We can seethat the adievement of an appropriate degreeof vaguenessor crispness
within given naturally occurring contexts is criticd for avoiding truth-value
indeterminacy. In this sdion we discuss a range of examples which further
strengthen this point.

Imagine two neighbaing courtries, one with the deah penalty and one withou.
Even if the border between the two courtries is fiat in nature (no wall, no fence),
till, if you murder somebody on o side of the border you will beliableto die, and
if you commit your crime on the other side of the border you will be liable to goto
jal. Here it does not seam that indeterminacy can arise. This will hold even if you
commit the aime while your body spans the border of the two courtries (a one-
dimensional fiat spatial entity, whose location can nowadays be determined with
considerable acairagy). This is becaise, since this is the sort of case where your
exad location relative to the boundry matters to the procealings of the @urts,
these murts will themselves have developed mecdhanisms to remove indeterminacy
by fiat from their judgmentsin light of the fad that the same person canna both be
hanged, and nd hanged, for the same aime.

Imagine that you are wandering acoss the desert somewhere in the borderlands
between Libya and Egypt pointing towards a grain of sand on the ground, and that
you pronounce the sentence:

[D] Thisgrain of sand belongsto Egypt.

No correspondng judgment will have been made, ac@rding to the view we ae here
defending. This is the cae not because the spedficaion d the boundry between
Libya and Egypt is vague. Rather, it is becaise speaker and audiencewould na take
the given sentence seriously as expressng a judgment, because ayain, it refleds an
ill egitimate mixing d granularities.

If, on the other hand, the need to determine the ownership of every grain of sand
were to arise (for example becaise sand has become more valuable than gdd), then
means would be devised — and rew sorts of contexts creaed — which would alow
the @rrespondng judgmentsto be made and their truth-to be determined, at least in
principle, unequivocdly. For so longasthisis nat the case, however, thereisnoway
to determine the truth-value of a judgment like [D]. Consequently, too, any attempt



to make ajudgment of this kind in ou present contexts must fail on pragmatic
grounds.

Imagine that you are with a party of climbers mewhere in the foathills of
Mourtain Everest and that one of your number, pointing to some imaginary line on
the ground uses the sentence:

[E] Thisisthe boundary of Mount Everest

in order to make ajudgment. We ague that in the given context (a mntext in which
it isobviousto all partiesthat thereisno law or treay which establi shes where, in or
aroundits foothill s, the boundary of the mountain lies) someone using [E] would na
succeal in making a judgment. Rather, he would be seen as making some sort of
joke. This is becaise ajudgment J = (D, Pt) of this form would invoke acrisp
partition Pt = (A, P, L), and it is pragmaticdly impossble to invoke aisp pertitions
in contexts where both speaker and audience know that vague partiti ons are the best
that can be adieved. Correspondng attempts to make judgments will nat be taken
serioudly.

It is, though possble to conceve of contexts in which it is necessary to refer to
the boundiry of Mourt Everest no matter how vague it might be. Suppacse you make
ajudgment of the form:

[F] We will crossthe boundary of Mount Everest within the next hour.

The almissble candidate boundries for Mournt Everest are hereby delimited as
falling within a cetain range, projeded ou onto the path ahead and determined as a
function d travel time (all under the aaumption that the judgment in question is
true).

In this case you, as judgng subjed, do nd care where predsely the border is
crossd becaise you are avare that you youself are in a sense aeding this border.
The judgment concerns the approximate locaion o a boundary which has no legal
or other formal status beyond that which is intended by you in the given context.
The way in which the locdion d the boundry is pedfied is then orce aain just
predse enough it is gduch that it can be aossed within the next hour. It is then easy
to seehow your judgment might be ather supertrue or superfalse. It is supertrue if,
after afew minutes, you embark on a steep rise, which continues uninterrupted urtil
you readt the summiit. It is superfalse if you dscover (or could discover), two hous
after making you judgment, that you were over-optimistic: a new, wide valley
suddenly appeas between youand the mourtain.

The aucial question is: under what condtions might the given judgment be
indeterminate in truth-value? Bea in mind that there is here no crisply pre-
established boundry; it is you the judger who determines — rougHy — where the
boundxry lies. Can you determine that the boundary will be located in such away as
to dssed the family of admissble predsificaions asociated with the judgment you
expresshby [F] into two dgoint sub-famili es, the first crossable within the hour, the
send nd? We think na. There is here only just enough pedsion. The necessary
degreeof predsionto gveriseto indeterminacy isnot avail able.



9. Boundarieslimiting vagueness

We agued that sentences containing vague names need to be considered as vehicles
for judgment and thus that they must be analyzed semanticdly in the contexs in
which they are actually used. Our overarching pojed is to show that, when
considering judgments in their contexts, indeterminacy of truth-value is at least a
much rarer phenomenon than is commonly supposed. Ancther large family of
contexts must now be mnsidered, they are mntexts which involve the spedfication
of constraints that delimit the range of admissble candidates. These ae ntexts
which allow judgers to impose boundries onto redity that resolve or at least limit
the vaguenessof their ads of reference Thusin this sdion we focus on the judgng
subjed and on lis role in delimiting the degree of vagueness of his judgment by
imposing fiat boundaries onto redity.

9.1 Vaguenessand approximation

How do juddng subjeds impase boundiries vaguely? Consider judgment [F]: ‘We
will cross the boundry of Mount Everest within the next hou’. This judgment
spedfies a range of admissble candidates by using the phrase ‘cross... within the
next hou’. The judgng subjea thereby delimits the range of admisdgble candidates.
Consider the left part of Figure 4. Boundaries delimiting admissble candidates are
impaosed by spedfying atime interval that translates to travel distance donga path —
time serves here @ frame of reference The boundxries are defined by the aurrent
locdion d the judgng subjeds (marked: ‘now’) and their locaion after the
spedfied time has passd (marked: ‘in ore hou’). Boundwies of admissible
candidates of reference aossthe path between these two boundries. In general we
cdl the first boundxry the exterior bounday and the second the interior bounday.
Exterior and interior boundxries are imposed orto redity by judgng subjeds in a
processwe cdl approximation.

In the process of approximation the judgng subjed projeds a granular partition
onto redity. This granular partition serves as frame of reference in terms of which
the judgng subjead is able to bah spedfy and constrain the range of admissble
candidates of vague reference In being projeded orto redity this granular partition
imposes fiat boundaries that limit the vaguenessof reference in the sense discussed
abowe in the mntext of judgment [F]. In the examples shown in Figure 4 the cédl-
structure of the partition serving as frame of reference (the reference partition)
consists of three cdls that are labeled ‘exterior’ and ‘core’ (projeding onthe path
left of ‘in ore houw’ in the left part), and ‘where-the-boundry-candidates-are’. The
cdl exerior then projeds onto the path west of ‘now’ in the left part of the figure,
the cdl core projeds onto the path east of ‘in ore hou’ and the cdl where-the-
bounday-canddates-are projeds onto the region enclosed by the two boundries.

Consider the sentences: ‘We will crossthe boundary of Mourt Everest in the next
ten seonds' and ‘We will cross the boundary of Mourt Everest in the next 10
yeas. Both sentences are cetainly not judgeable in most naturaly occurring
contexts. In the first case thisis becaise the spedfied range of admissble candidates
is much toofine, in the second case becaise it is much to coarse. We will discussthe
relationships between degree of vagueness (the higher the degree of vaguenessthe



larger the range within which admissble candidates occur) and the spedficaion o
constraints on the range of admissble candidates in more detail below. For now it is
sufficient that the degree of vagueness and the spedficaion d constraints on the
range of admisdble candidates need to be of compatible scde in the sense sketched
above. In the remainder we @nsider constraints on the range of admisdble
candidates that are cmpatible with the degree of vaguenessin force in a given
context unlessexplicitly stated atherwise.

candidate
boundary

exterior

cor exterior
boundary
in one hour, now
interior boundery / }
AAAAAAAAAAA $direction
of travel

interior boundarv
where-the-boundary-candidates are extérior boundary

Figure 4: Boundariesthat limit vagueness

9.2 Higher-order vagueness

In a dightly more complex case, the boundiries that are imposed to delimit the
vagueness of the reference of a judgng subjed are of the sort illustrated by the
sentence

[C] We will crossthe boundary of Mount Everest not ealier than 60
minutes and not later than 90 minutes from now

Here there is creaed a zne within which all the various admissble candidate
boundaries must lie.

This phenomenon is extensively discussed in the literature, e.g. (Cohnand Gotts
1996, (Clementini and Felice 1996, (Roy and Stell to appea), but it raises the
problem of higher-order vagueness For when considered in a mntext-free manner,
the eterior and interior boundries are themselves sibjed to vagueness We
hypahesize, again, that when contexts are taken into acwurt, and when we restrict
our attentions to naturally occurring contexts, then this higher-order vaguenessis,
not indeed eliminated, but at least constrained in such a way that truth-value
indeterminacy of judgments canna arise.

In order to suppat this hypahesis we need ornce more to consider the range of
possble caes in which a judgng subjed establishes an oljed-boundry from
scratch by spedfying constraints on the possble locaion d the boundxries of
admissble candidates. There ae two fundamentally different ways in which this
might occur:

(1) Existing borafide or fiat boundries are re-used, as for example in the cae
where someone judges ‘ Ohio is north of the Ohio river'.



(2) New fiat boundries are imposed, as for example in the cae where someone
judges ‘We will crossthe boundary of Mourt Everest within the next hour'.
We shall discusseadt of thesein turn.

9.3 Re-using existing boundaries

Thereisone aisp granular partition with which we ae dl familiar. It has exadly 50
cdls, which projed onto the 50 constituent states of the United States of America A
fragment of this partition is presented in the left and right parts of Figure 5. In the
foreground d the figure we seein addition an areaof bad weaher, represented by a
dark datted regionthat is subjed to vagueness de dicto in the sense discussed above.
Wherever the boundaries of this objead might be located, they certainly lie skew to
the boundxries of the relevant states. But the figure dso indicates (with the help o
suitable labeling) that there ae parts of the aeaof bad weaher that are dso perts of
Wyoming, others which are parts of Montana, others which are parts of Utah, and
yet others which are parts of 1daho.

In the sorts of contexts (represented by more or less coarse-grained partitions)
which we humans normally inhabit, it is impossble to refer to any crisp boundry
when making judgments abou the location o a bad weaher region d the sort
described. However it is pasdble to describe its (current) locdion relative to the
underlying US-state partition. We, the judgng subjeds, then deliberately employ
this partition as our frame of reference and we describe the relationships that hold
between all admissble referents of the vague term ‘area of bad weaher’ and the
cdls of this partition. In terms of spatial relations this means in the given case that
all admissble candidates partially overlap the states of Wyoming, Montana, Utah,
and ldaho and that they do nd overlap any other state. Consequently, if a judgng
subjed can spedfy for every partition cedl a unique relation that holds for all
admissble candidate referents of a vague term, then this is a determinate way to
effed vague reference A meteorologist may use afiner approximation, which
means that she will employ afiner-grained partition as frame of referencein order to
make amore spedfic judgment abou the aurrent location d the bad weaher region.
Thus de might use cdls labeled Eastern Idaho, Southern Montana, Western
Wyoming, and Northern Utah, and so on The latter yield a fiat boundry of the sort
depicted in theright part of Figure 5.

Notice that all these boundiries existed already before the judgments which use
them as frame of reference were made. They are only re-used in order to formulate
constraints on the posshle locaion d admissble candidates of the wrrespondngly
vague referring term. Juddng subjeds re-use eisting boundries in this way in
order to make determinate judgments abou approximate locations. They do so
because this is a mnwvenient and determinate way to make vague reference, and it
has even greder utility when the frame of referenceis a ommonly accepted ore, as
in the present case. It isimportant to see again, that frames of reference ae tosen
in netural (normal) contexts in such away that there is no truth-value indeterminacy
in judgments effeding vague reference
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Figure 5: States of the United States with a bad weather system

Consider now the issue of higher-order vagueness i.e., the question whether or not
the boundaries re-used in order to delimit vague reference ae subjed to vagueness
themselves. If the boundaries re-used by a judging subjea are of the bona-fide sort —
if, that is, they are boundaries in physicd redity — then they are aisp by definition,
at least at those levels of granularity pertinent to everyday human behavior.

A first examination o the example &owve shows that the boundxriesin aframe of
reference like that determined by the states of the United States, too, are aisp. One
can see eaily that there ae many frames of reference that impose aisp boundries
in the same sense and that such boundries are re-used in judgments by judgng
subjedsin the way discussed above.

There ae, however cases where the boundaries that are re-used are not crisp (i.e.
where the boundaries in question are amultiplicity of crisp baundaries). Consider
the judgment

[H] The path taken by the whales foll ows the Gulf Stream.

Obvioudly bath ‘the path taken by the whales and ‘the Gulf Strean’ are vague
terms, and noless obviously the vague reference of the latter constrains — if only
vaguely — the range of admissble candidate referents of the former. But are there
contexts in which [H] expresses a judgment whose truth-value is indeterminate?
Again, we think na. Predsely because the judgng subjed avoids impasing crisp
boundiries it is impassble to construct ceses of truth-value indeterminacy, since
once again: the requisite degreeof predsionis here not avail able for use onthe level
of semantic evaluation in the way required.

9.4 Imposing fiat boundaries

If the juddgng subjed has the freedom to impase fiat boundries in order to delimit
the vagueness of reference of a cetain term, then these delimiting boundries may
or may na be imposed uponredity crisply. Consider the gproximation-based
approach to representing vagueness underlying ou treament of sentence [F] (‘We
will crossthe boundiry of Mourt Everest within the next hou’). In this case the
judgng subjed has the authority to impase a (new, transient) boundxry that limits



the extent of the vaguenessof the term ‘Everest’. Consider the left part of Figure 4,
depicting the boundry impaosed by a subjed who makes a judgment by using the
sentence [F]. Since [F] is judged in a spedfic spato-temporal locaion, there is no
vaguenessin reference to the impaosed fiat exterior boundry. The spatio-temporal
locaion d the judgng subjed now is perfedly crisp.

In most normal cases however the end-boundry of the time-interval will nat be
taken to to impose a eisp boundry. Rather, in most contexts and for most judgng
subjeds the intended meaning d [F] is better captured by the judgment:

M We will crossthe boundary of Mount Everest in the next
hour or so.

This judgment is obviously subjed to higher-order vaguenessin the sense that there
is amultitude of admissble candidate referents for ‘in the next hour or so’. Yet the
judgment has a determinate truth-value noretheless Thisis becaise, as we saw, the
vaguenessof the goproximation dees nat alow us to construct cases that give raise
to truth-value indeterminacy.

The higher-order vagueness presented in cases auch as [I] is restricted in the
sense that the degree of vagueness of the interval boundaries does not excee the
degree of vaguenessof the boundiries of the underlying oljeds. For example, [I]
cannd be used by a judgng subjed in order to projed onto redity in such a way
that among the admissble boundiry-candidates there will be included some which
can be aossd only after several hous of travel. This means that reference-frame-
boundxries delimiting vaguenessmust be (much) crisper than the boundiries whase
vagueness they delimit, i.e.,, the degree of vagueness of the referenceframe
delimiting boundries (‘one hou or so’) must be (significantly) lessthan the degree
of vaguenessof the objed boundiries (in the cae the boundiries of the mourtain) to
which reference is made. From this it follows that if we assume that in naturally
occurring contexts the delimiting d vagueness of objed boundries which is
effeded by using crisp boundries does not cause truth-value indeterminacy, then in
thase same contexts higher-order vaguenesscanna cause truth-value indeterminacy
either.

10. Judgments, vagueness and approximation

Given that judgng subjeds are (in certain contexts) able to impose boundaries onto
redity (to re-use boundries already existing in redity) in order to delimit the
vaguenessof their ads of reference, then we need to define in aformal manner what
this means from the perspedive of the semantic theorist who employs a
supervaluationist framework. In order to do so we first define the nation o
approximating judgments of which ajudgment like [F] ‘We will crossthe boundry
of Mourt Everest within the next hou’, is a spedfic instance. Second, we discuss
the relationship between the underlying supervaluationist semantic of vague names
like ‘Everest’ and the vaguenesslimiting boundries imposed by approximating
judgments like [F]. Thirdly, we define truth-condtions for approximating
judgments.



10.1 Approximating judgments

Approximating judgments are judgments like [F] ‘“We will crossthe boundary of
Mount Everest within the next hour’, [G] ‘We will crossthe boundary of Mount
Everest not ealier than 60 minutes and not later than 90 minutes from now’, [H]
‘The path taken by the whales follows the Gulf Strean’, [I]‘We will cross the
boundary of Mount Everest in the next hour or so’.

Approximate judgments are a speda class of judgments that contain vague
names which contain in addition a aisp reference to boundries that delimit this
vagueness Consider the goproximating judgments [F] and [G]. These judgments are
vague becaise they contain the vague name ‘Everest’. They are dso approximating
sincethey contain the reference to boundries deli miting the vaguenessof the name
‘Everest’ by referring to boundries that delimit admisgble candidates of reference
for ‘Everest’: ‘[ having a boundxry that will be dossd] not ealier than 60 minutes
and nd later than 90 minutes from now’ in [G], or ‘within the next hou’ (i.e.,
between nowv and 60 minutes from now) in [F]. In this paper we nsider
approximating judgments which contain a single vague name and some referenceto
boundiries delimiting the vaguenessof this name. More cmmplex cases are possble
— for example caes where the reference frame itself involves a cetain degree of
vagueness— but consideration o these is omitted here since their tregment foll ows
the same basic pattern.

From the perspedive of the partition theorist an approximating judgment J', if
uttered succesdully, imposes two partitions onto redity: a vague partition Pt’
representing the supervalutationist semantics of the vague name N and a reference
partition Pt* which delimits the vaguenessof reference of N.

We say that an approximating judgment is atriple I', = (S, Pt', Pt°), condigting o
a sentence, S, together with two granular partitions, Pt and Pt". The cntext of an
approximating judgment is represented by the two partitions taken together.

Consider, for example, the gproximating judgment J*, = ([F], Pt’, Pt%), with the
sentence [F] containing the vague name ‘Everest’ and the aonstraint on admissble
boundries of admisible candidates of ‘Everest’ being expressd by ‘[having a
boundiry that will be adossed] in the next hou’. The vague name ‘ Everest’ imposes
avague partition Pt’ with a crrespondng cel | abeled ' Everest’ projeding orto the
multi plicity of admissble candidate referents of the name ‘Everest’, as indicated in
Figure 3.

The judgment [F] (throughits ‘in the next hou’ part) also impases a reference
partition Pt™ onto redity as depicted in the left part of Figure 4. Intuitively, this
reference partition projeds onto redity in away that constrains admissble candidate
referents for ‘Everest’, i.e., it constrains admisdble projedions of the cdl ‘Everest’
in Pt'. The latter must be such that they will be crossed by the judgng subjec
between now andin ore hou.

Another example of an approximating judgment is J*, = ([K], Pt', Pt%) with the
sentence

[K] The aeaof bad weaher extends over parts of Wyoming, parts
of Montana, parts of Utah, and parts of |daho.



The wrrespondng vague partition Pt’ contains a cél labeled ‘the aea of bad
weaher’ projeding orto a multiplicity of admissble candidates. The judgment J',
reuses the partition depicted in the right part of Figure 5 as reference partition P
The latter constrains admissble projedions of the cdl labeled ‘the aea of bad
weaher’ in Pt’ in such a way that ea candidate of reference that is targeted by a
projedion P, of Pt" must extend over parts of redity targeted by the céls labeled
‘Wyoming', ‘Utah’, ‘Montana, and ‘Idaho in Pt". Moreover Pt™ implicitly
constrains admissble projedions of the cdl ‘the aeaof bad weaher’ in such away
that no candidate of referencetargeted by a projedion P, of Pt’ can extend over parts
of redity targeted by cdls of Pt*with labels not mentioned in [K].

We now continue by giving a forma partition-theoretic definition d reference
partitions of the sort described.

10.2 Partition theory and approximation

The ideabehind the theory of approximation is that a (crisp) granular partition can
be used as a frame of reference (a generalized coordinate frame (Bittner 1997),
which alows us to describe the approximate location of objeds. The partition
theoretic notion o approximation is closely related to the nation d approximation
defined using rough sets (Pawlak 1982. Consider a vague name such as ‘Mount
Everest’ and the rrespondng multiplicity of admissble candidates formed by
crisp pations of redity in the domain of the Himalayas. Consider ancther crisp
partition structuring this ssme domain bu withou recognizing any of the candidates
referred to by the name ‘Everest’ diredly. This might be apartition working with
the boundries of India, Tibet and Nepal and their constituent provinces, or a
partition formed by a raster of cdls aligned to lines of latitude and longtude (asin
the right part of Figure 6). Such a reference partition hes the power to recognize dl
these admissble candidatesindiredly, i.e., withou explicitly projeding orto them.

To see how this works, we introduce the three @ncepts of full overlap (fo),
partial overlap (po), and nonroverlap (no), concepts which we shall useto generalize
the nations of projedion and location, as follows. Let o be an oljed that is not
diredly remgrized by a given partition and let x be an oljed that is located at the
cdl z of our partition (the cdl z projeds onto X). x is, in the caes mentioned, a
region d spaceon the surfaceof the Earth. The mnstants fo, po, no will now be
used to measure the degreeof coverage of the objed x by the objed o.

We cdl the relation L%(0, z, w) the roughlocation of the objed o with resped to
the cédl z and the relation P(z, 0, w) the rough pojedion of the cél z onto o. In
both relations the value w charaderizes the degree of overlap of the objed targeted
by the cdl z with the adual objed o, i.e., it takes the value fo, po, or no. Consider
the left part of Figure 5. There the relation po hods between al admissble
candidate referents (BWA)) of ‘the aea of bad wedaher’ and Montana, i.e., Oi:
L*(BWA,, Mortana, po). The relation no holds between all BWA, and Oregon i.e.,
0i: LY(BWA,, Oregon, no).

We can charaderize the relationships between exad and roughlocaion and exad
and rough pojedion asfoll ows:



LR,z fo) =0Ox: L(x,2) - x<o0

P(z, 0,fo) = Ox: P(z,X) » X< 0

LR,z po)=0x: L(x,2) » Oy:y<xandy<o
PX(z,0,p0)=0x: P(z,X) - Oy:y<xandy<o
L0,z n0)=0x: L(x,2) » -Oy:y<xandy<o
Pz, 0,n0)=0x: P(z,2) -~ ~y:y<sxandy<o

The notion of roughlocation gves rise to an equivalence relation in the domain
of objedswith resped to a given reference partiti on Pt, as foll ows:

0,=R0x = Oz: LR(Z, 0y, (A)) o LR(Z, 0Oy, (A))

This can be interpreted as meaning that two oljeds are ejuivalent with resped to
the granular partition Pt* if and orly if they have an identicd roughlocation with
resped to all cdls of this partition. =, can thus be interpreted as meaning
indiscernibility with resped to the frame of reference provided by the partition Pt".

Consider the left part of Figure 6, which shows the goproximation, by means of a
redanguar frame with two cdls, of one transparent elli psoid region and ore gray
colored region consisting d two separate parts. With resped to the underlying crisp
partition indicated by the two raster cdls, both regions are eguivalent: L%(z,, o,, po),
L%(z,, o, po), L (z, o, po), L (z, 0, po). In order to take into acourt the
topdogicd properties of the gproximated oljeds one can either use more
sophisticaed methods of approximation (Bittner and Stell 2000, or one can take
into acourt the topdogicd structure of the gproximated oljeds (Randell, Cui et
al. 1992. In either cases one nedls as underlying theory a mereotopdogy (Varzi
1994 rather than pue mereology. Both alternatives go beyond the scope of this
paper.

The eyuivalence relation =, induces equivalence dasses of indiscernible objeds
relative to Pt". We write [0,] in order to denote the dass of objeds that are =
equivalent to o. Below we will show that approximating judgments like ([F], Pt’,
Pt") projed onto redity in such a way that all admissble candidate referents (e.g.,
p’,(‘ Everest’)) are eguivalent with resped to some =, (e.g., the partition Pt™ imposed
by ‘[such that its border can be adossed] in the next hou’). This means that al
admissble candidates of reference have identicd relations to the portions of redity
onto which the cdls of the reference partition projed. In this way al admissble
candidates can beremgnized in determinate fashion, albeit indiredly.

We define areference partition as a fourtuple, Pt?= (A, P}, LR, Q) where A isa
cdl structure, P* and L® are arough projedion and location relations, and Q is the
set of values (fo, po, no), indicaing the degrees of overlap dstinguished. The
equivalence relation =g is given indiredly by L® and Q. We demand that the
foll owing counterparts of MB1"—4" hold for reference partiti ons:

MB1®  LR(0,z w) — P(z 0, )

MB2® PRz 0,w) - L0,z w)

MB3®  Oo: (LR(0, zy, w) and L0, 2, 0)) - 1= 2,
MB4R 0Oz (PX(z, 01, w) and P¥(z, 0, @) - 01 =p 0,



MB3" tells us that if two cells are such that all objeds cover the targets of these céls
in the same way then these cdls must be identica. MB4” tell s us that if two oljeds
have the same relations (fo, po, no) to all cdls of agranular partition Pt then the two
objeds are indiscernible with respea to this partition.

D

Figure 6: Rough approximation

Every reference partition Pt® has a crisp skdeton Pt° = (A, P°, L°). Where Pt°isa
crisp granular partition with the following properties: (1) A is identicd to the cdl
structure in PtY; (2) P° is the restriction d P to triples of the form (z, o, fo) for
objeds o that are recogrized diredly by single cdls zin A; (3) L® is the restriction
of L™ to triples of the form (o, z, fo) for objeds o that are recogrized dredly by
single cdls zin A; (4) Pt° satisfies MA1-4, MB1-6". It is the a@isp skeleton d the
reference partition which adually establishes the frame of reference for the
approximation, i.e., projeds onto the boundries that deli mit vagueness

Consider the judgment ‘The aeaof bad weaher extends over parts of Wyoming,
parts of Montana, parts of Utah, and parts of Idaho and the crrespondng formal
structure J* = ([K], Pt', Pt). The aisp skeleton d the reference partition Pt" is the
partition Pt> which recogrizes the federal states of the US (Figure 5) and establi shes
the frame of referencefor the gproximation. Consider Figure 4. The crisp skeletons
of the reference partitions contain the cdls ‘core’, ‘exterior’, and ‘where-the-
boundry-candidates-are’ (this cdl sructure is dared in bah cases with the
reference partition Pt°). The crisp projedion (Pt°) of these cdls establishes the
(interior and exterior) boundaries which limit the vagueness as discussed abowe. In
both cases the reference partition (Pt"), on the other hand, indiredly recogrizes the
admissble candidate referents. Consequently, the crresponcdence between the cdl
structure A in reference partitions, Pt°, and redity is completely determined by the
crisp projedion and locaion relations of the underlying crisp skeleton Pt°. The
reference partition is built upon the aisp skeleton, i.e., the frame of reference,
provided by Pt°.

10.3 Truth for approximating judgments

Approximate judgments J' are defined by a sentence S containing a vague name N
and bya frame of reference deli miting the boundiry-candidates of the referent of N.
Thisresultsin a structure J' = (S, Pt', Pt%) where Pt" represents the vaguenessof the
vague name N and Pt" represents the frame of reference. In arder to be true the



partitions Pt and Pt must stand in a particular, well-defined relationship to eadh
other.

Truth condtions are necessary and sufficient condtions that need to be satisfied
for a judgment to be true. The definition d truth condtions for approximating
judgments is based on the truth condtions for granular partitions and vague
partitions as defined abowve. If an approximating judgment has been made (and this
means. made in such a way that its truth can at least in principle be evaluated by
spesker and audience), then this means that appropriate partitions Pt' and Pt™ have
been successully invoked by the judging subjedsinvolved. These can how be used
on the level of semantic evaluation to define truth condtions for the crrespondng
judgment.

Consider again the gproximating judgment ' = ([K], Pt’, Pt%) with [K] = ‘The
area of bad weaher extends over parts of Wyoming, ...". Let Pt' be avague
partition Pt' = (A, P, L"), representing the vague reference of the name ‘the aeaof
bad weaher,” and let Pt™ be the reference partition, Pt= (A’, P%, L%, Q), depicted in
the right part of Figure 5. Both partitions have rougHy the same domain, but the cél
structures A and A’ are completely distinct. We say that Pt™ approximates the vague
reference of the name ‘the aea of bad weaher if and orly if al admisdble
candidate referents, i.e., al portions of redity carved ou by the multiplicity of
projedions of the cel labeled ‘the aeaof bad weaher’ in Pt’ are equivalent with
resped to =,.

More generally we can consider approximating judgments such as[K], [G], [F] as
instances of the general form:

J*=(S=‘Nstandsinrelation R to Ny,..., R, to N, , Pt', Pt%).

Consider judgment [K]: here ‘N’ trandatesto ‘the aeaof bad weaher’, R; trandates
to po (extends over parts of), N; translates to Wyoming, and so on. In the cae of
judgment [F] ‘N’ trandates to ‘Everest’, N; trandates to the path the judging subjed
takes ‘in the next hour’, and R, trandates to po.

In general we say that N is avague name, N,, ..., N, are aisp names, and the R
range over the relationships fo, po, no. The gproximate judgment of the form J* has
areference partition Pt*, which approximates the multi pli city of admissble referents
of the vague name N in S in acardance with the vague partition Pt’, if and orly if
the following hdds:

I. the labeling A* maps the namesN,, ... , N_onto cdls z,, ..., z, in Pt i.e,
A(N) =z,
the labeling A maps the name N onto the cél zin Pt',i.e.,, N= (A" )(2)
Il. therelations R(p‘(2), p(z)) hold.
The gproximating judgment J*= (S, Pt’, Pt°) isthen true if and orly if
(@ Pt* approximates the candidate referents onto which the cédl AY(N)
vaguely projeds,
(b) Pt’ represents its domain in such a way that MA1—4 and MB1'—6""
hald;
(c) Pt® represents its domain in such a way that MA1-4 and MB1°6"
hald.



From this it follows that in a true gproximating judgment J* = (S, Pt', Pt°) all
admissble candidate referents of the vague name N in S are equivalent with resped
to=,.

Consequently, the judgment J* = ([F], Pt’, Pt%) istrue if and orly if al boundiry
candidates are aos=d within the spedfied interval. However the underlying ndion
of approximation alows the judgng subjed to choose the interval generously
enoughto make sure that the boundries of all admissble candidates are aossed.
Notice, however, that the judgng subjed does not have the freedom to make the
interior boundry arbitrarily small and the exterior boundary arbitrarily large &
discussd in the sedion onthe relationship between vagueness and approximation
above. Consider the judgment J' = ([G], Pt’, Pt°). One can easly verify that this
judgment comes out true in terms of the truth condtions gedfied.

It isimportant to stress again, that Pt” and Pt" are distinct partitions with different
cdl structures, projedions and so on Notice that chocsing a raster that is as fine &
possble for the gproximating pertition will not necessrily yield a better
approximation, since the céls forming the boundry approximation must partialy
overlap the union d the boundxry locaions of the vague partition. However in most
cases it will be nat be too hard to find a partition that absorbs vaguenessin the sense
discussed here. Obviously, goodapproximations are harder to find than very coarse
approximations.

11 Judging subjed and approximation

When analyzing approximating judgments the partition theorist needs to go keyond
purely semantic considerations. He needs to take the perspedive of the judgng
subjed into acourt. In this edion we discuss the relationship between judgng
subjeds and the reference partitions they utili ze We start by discussng properties of
reference partitions and their use a frames of reference Seacondy, when uttering an
approximating judgment judgng subjeds often have the choice between alternative
reference partitions, some marser, some finer, and this represents a new variant of
the ontologicd zooming mentioned above. The dcoice of a particular reference
partition determines its usability as a frame of reference and the predsion of the
resulting approximation. We will show below that judgng subjeds often utter
approximate judgments that approximate & predsely as necessary rather than as
predsely as possble. Thirdly, we shall seethat judgng subjeds have more dfedive
means to determine the truth of vague judgments than would be involved in passng
through a potentially infinite number of candidate referents in a supervaluationist
fashion.

11.1 Referencepartitions

The types of granular partitions that are used as frames of reference, i.e., the aisp
skeleton d the reference partition, charaderisticadly have the following properties:
(1) they are relatively stable, i.e., they do nd change over time (we can also demand
that they are spedfiable in some ealy communicable way); (2) they are



mereologicdly monaonic; (3) they do nd contain empty cdls; (4) the mereologicd
sum of the relevant minimal cdls is identicd to the root cdl; and (5) the
mereologicd sum of the targets of all partition cdlsisidenticd to the domain of the
partition. Reference partiti ons are often spatial or temporal in nature.

Thefirst charaderistic property of areference partitionisthat it isrelatively static
with resped to the objeds to which it relates. This meansthat (a) the cdl structureis
fixed and that (b) the objeds onto which it projeds do nd change (they are, for
example, spatial regions tied to the surfaceof the Earth). Consider the examplesin
Figure 5. The granular partition projeding orto the United States has existed for
more than ore hunded yeas withou significant changes, where eat areaof bad
weaher changes continuously throughou the murse of its (brief) existence In fad
Figure 5 itself nealsto be mnsidered as a snapshot. (Smith and Brogaad, to appea)
Due to the relative stability of the reference partition in a cae such as this, it
provides useful information to say that the aeaof bad weaher was located in parts
of Montana, Idaho, Wyoming, and Utah at such and such atime. Every child leans
this reference partition at schod, and it is used for all sorts of purposes theredter
(Stevens and Coupe 1978.

Seoondy, the aisp skeleton d reference partitions must be mereologicaly
monaonic (MB6") in oder to aswure that the mereologicd structure of the
underlying damain is preserved.

Thirdly, reference partitions do nd have empty cdls, i.e., every cdl projeds onto
some objed. Fourth, reference partitions do nd contain ‘empty spacé (in contrast,
say, to the periodic table, which contains cdls kept in reserve to projed onto
elements yet to be discovered. This means that the mereologicd sum of al minimal
cdls simsuptheroot cdl. Formally we write:

CF [, z3,...,z; Max(z) z= + wine) Z;

where the predicates Max and Min hdd of the root and minimal cdls, respedively,
of our reference partition and + is the operation o taking mereologicd sums. (See
(Bittner and Smith 200) for detail s.)

Fifth, reference partitions are such that the mereologicd sum of al objeds
locaed at minimal cdls is identicd to that onto which the root cdl projeds.
Formally we write:

CE [k, z3,...,2,: Max(z) and p(2) = +wine) P(7) ,

where p(z) returns the objed onto which z is projeded.

Condtions (3)-(5) ensure that crisp reference partitions are full, exhaustive, and
complete in the sense of (Smith and Bittner 20017). In this classthere fall al spatial
partitions with minimal cdls which sum together to exhaust a cetain space
Important groups of reference partitions are partitions imposed by quantities of all
kinds (Johanson 1989 chapter 4); temporal partitions like cdendars (Bittner to
appea), and spatia partitions like pdliticd subdvisions or the subdvision d the
Earth into cdlsbounded bylines or latitude and longtude.



11.2 Precision of approximation

When analyzing approximating judgmentsiit is often na sufficient to determine only
truth or falsehood but one has to evaluate dso the predsion involved. We start by
taking the perspedive of the semantic theorist and classfy portions of redity in
terms their relationships to admisdble candidate referents of a vague name.
Afterwards we mpare these partitions with reference partitions imposed by
judging subjeds.

Consider the vague projedion o the cdl ‘Everest’ as depicted in Figure 3. From
the perspedive of the semantic theorist, we need to take into acournt the
correspondng urity condition, which would look like this:

us (1) The summit is part of Mount Everest; (2) if x is part of
Mount Everest and y is conneded to x then y is part of
Mount Everest if and only if y is part of the projedion P,
of the cdl 'Everest’.

For ead cdl z in a vague partition PtY we can now classfy corresponding portions
of redity into three dasses: core parts with resped to z, boundary parts with resped
to z, and exterior parts with resped to z.

We say that x isacore part of the objed onto which the cél z projedsif and orly
if, uncer all projedions Pin P', x is a part of al admissble candidate referents of
the vague name mrrespondngto z. In symbals:

corey(x, z) =0p O PY: x < p(2)

Consider, for example, the cél |abeled ‘ Everest’ in Pt'. There ae portions of redity
that are parts of Mourt Everest under al projedionsin Py, for example, the summit.
Thus core,(summit, ‘ Everest’).

X is a bounday part of the objed onto which the cdl z projeds if and only if
there ae some projedions in P’ under which x satisfies the associated urity
condtion and there ae other projedions in P’ under which x fails to satisfy the
associated urity condtion:

boundaryy(x, z) = b O PY: x < p(z) and Cp O PY: = (x < p(2))

For example, there ae portions of redity that are parts of Mount Everest under some
projedions but not under others.

X is an exerior part of the objed onto which the cdl z projedsif and orly if x is
not readed by any projedion d the cdl z

exteriory(x, z) = Op O PY: = (x < p(2))

For example, there ae parts of redity — such as Berlin — that are not readed by any
of the projedions of the cdl ‘Everest’ in any natural context.

Consequently, from the semantic perspedive every vague name aedes a
partition d redity into core, boundry, and exterior parts. We define the semantic
partitioning of redity with resped to avague name N to be a partitioning of this ort
generated in refledion d the vaguenessof N.



In order to evaluate the predsion d atrue gproximating judgment, we now need
to consider the deviation of the locaion d two pairs of boundries: (a) the interior
and exterior boundaries imposed by the judgng subjed as a frame of reference for
her approximation; and (b) the boundiriesimpaosed by the semantic partitioning.

Consider, again, the gproximating judgment J* = ([F], Pt’, Pt%). The reference
partition Pt® (shown in the left part of Figure 4) is a spedal instance of the dassof
reference partitions that impose two fiat boundries onto redity: an interior
boundry of the gpproximation and an exterior boundry of the gproximation. As
discussed abowe, this often results in a partiti on structure similar to the one depicted
in the right part of Figure 4. The (geometric) projedion d this partition orto the
path the judgng subjed takes on her journey towards the summit of Mourt Everest
results in the reference partition shown in the left part of Figure 4.

In more complex reference partitions, like the pdliticd subdvision o the US
used in judgment [K] (Figure 5), the interior boundry of the gproximation
coincides with the boundiry of the mereologicd sum of targets of partition cdls for
which the relation fo holds (e.g., the boundxry of the cdl K in the midde of Figure
6). The exterior boundry of the goproximation coincides with the boundxry of the
mereologicd sum of targets of partition cdls for which the relation po holds (e.g.,
the outer boundiry of the mereologicd sum of the cdls[A,..., P]| minusthe cdls A
and M in the middle of the figure). This corresponds to the boundxries of the
mereologicd sums of the lower and upper approximations in the sense of rough set
theory (Pawlak 1982.

We say that an approximation is predse for the name N if and orly if (1) the
interior boundry of the gproximation coincides with the boundry separating the
core from the surroundng parts of the semantic partitioning; and (2) the exterior
boundxry of the gproximation coincides with the boundary separating exterior parts
from what lies within. A true gpproximating judgment is otherwise impredse.

Due to the nature of vagueness most approximations will be impredse.
Moreover, as discussed above in our sedion on agrees of vaguenessand crispness
judgng subjeds will utter approximating judgments which are as predse as
necessary in the given context. This means that the limits imposed on vagueness
will be such that, for the dassof objedsin the foreground d the judger’s attentions,
only judgments with determinate truth-values can be made, for example judgments
abou the tables or ashtrays relative to the smoking zone as discussed in ou example
[C].

11.3 Determining the truth of judgments

The partition theorist holds that judgng subjeds use gproximations in order to
formulate judgments which truth-value can be determined more eaily than gang
through al the (potentidly infinite) candidates of vague reference in a
supervaluationist fashion. To see this, consider the vague reference of the name
‘Everest’. Within a cetain range there ae abitrarily many, inded infinitely many,
admissble candidates of reference When making a judgment abou Mourt Everest
a finite being like a human judgng subjed canna go through all these infinite
candidate referents in order to determine the truth-value of the judgment in a



supervaluationist fashion. Consequently more dfedive acgntive means neel to be
at work.

In order to seehow approximations fit into the picture, consider the definition o
the truth of an approximating judgment: An approximating judgment J* = (S, Pt
Pt%) with the vague name N is S is true if and orly if the partitions Pt’ and Pt®
projed in a structure preserving manner onto redity (MA1-4, MB1'-6" and
MB1*-4" hold) and all admissble candidates of reference of N (projeded orto
redity by Pt") are eguivalent with resped to the approximation dictated by Pt*.

An important point is that the @owve definition daes not spedfy that the
approximation is predse. On the other hand, the mnceptual structure underlying
vague names gich as ‘Everest’ or ‘areaof bad weaher’ is sich that it provides a
(vague) unity condtion which ensures that admissble candidate referents are not
arbitrarily scatered mereologicd wholes. These two aspeds give the judgng subject
the power to placevaguenessdelimiting boundries in such a way that she does not
need to gothrough d admissble anddates in order to determine the truth of an
approximating judgment. All the juddgng subjed has to ched is whether or not the
judgment is true regarding the limiting boundries, and she has the freedom to
choose adegreeof predsion most convenient for her purposes. Thus e can place
the boundriesin ‘safe’ places, i.e., in places that are such that the truth or falsehood
of the judgment can be determined easily for these boundries and withou
indeterminacy.

Consider the gpproximating judgment [G]: ‘We will crossthe boundry of Mourt
Everest in the next hou’. [G] can be uttered seriously only in contexts where the
judgng subjed has means to determine that the boundry to Mourt Everest has not
yet been crossed. After one hour the judging subjed chedks again and will come to
the result that the judgment was either true or false. During this hou the judgng
subjed might have chedked occasionally whether or not the boundry has been
crossed already, but she cetainly does not go throughinfinitely many candidates of
referencewhile heading uplhill .

12.Conclusions

In this paper we proposed an application d the theory of granular partitions to the
phenomenon d vagueness a phenomenon which is itself seen as a semantic
property of names and predicaes. We defended a supervaluationistic theory of the
underlying semantics, but we agued that it isinsufficient to consider the vagueness
of names and pedicaes in a ontext-free fashion. Rather vague names and
predicates must be evaluated as they appea within judgments adually made in
natural contexts. We then argued that judgments add context to sentences in a way
that helps to resolve the dilemma posed by vagueness Note that this does not mean
that vagueness is ©mehow eliminated. Vague names and predicaes are still as
vague & they always were. Rather, we showed that the framework of granular
partitions can provide the framework for understanding haw, in red-world contexts,
judgments with indeterminate truth-values are systematicdly avoided. We dso
showed that the use of frames of reference in making approximating judgments can
be formulated very naturaly in partition-theoretic terms, and that the framework of



granular partitions then helps us to uncerstand the relationships between vagueness
and approximation.
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