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INTRODUCTION

The Successor Axiom asserts that every number has a successor, or in other words, that the
number series goes on and on ad infinitum. The present work investigates a particular sub-
system of Frege Arithmetic, called F, which turns out to be equivalent to second-order Peano
Arithmetic minus the Successor Axiom, and shows how this system can develop arithmetic up
through Gauss' Quadratic Reciprocity Law. It then goes on to represent questions of
provability in F, and shows that F can prove its own consistency, in the fashion of Godel, and
indeed the Godel consistency of stronger systems. So, arithmetic without the Successor Axiom
has an exceptional combination of three characteristics: it is natural, it is strong, and it proves its
own, as well as stronger systems’, consistency.

Also exceptional is what F lacks - the assumption that the natural numbers go on and on
ad infinitum. This hypothesis, while central to most mathematicians’ view of their subject, is
nonetheless apparently of a different character than the other axioms, which have a more logical
or analytic character to them. For instance, the axiom that P numbers O if and only if P is empty
seems to follow directly from the meaning of the words used; it is analytic. In contrast the ad
infinitum assumption is ontological. Unlike the other axioms, it makes a statement that certain
things, indeed many, many things, exist. Where, might one ask, are all of them and how does
one know that they are there? It would seem justification can only come from some inner
intuition and the imagination of adding one continually forever and ever. But it would seem our
imaginations are not so clear that they can distinguish between the adding of one ad infinitum
and adding one to a very large number. Perhaps our inner intuition is really only of the latter.

It might seem that even though the number series does not go on ad infinitum, it might
do so. It is, one might assert, logically possible that it could go on and on. While apparently a
weaker claim, it has the same problem of evidence. For it would seem that the only way that its
logical possibility could be known is the same sort of appeal to inner intuition. But the
imagining of might would seem to be as problematic as the imagining of is. So it is no more
clear that the number series could go on ad infinitum than that it does.

Reluctance to embrace the Successor Axiom does not compel the acceptance of the
contrary assertion, that there is a maximum number. For it would seem that there is no evidence
for this position either - no one, for instance, can present a maximum number. One can
perhaps imagine the numbers stopping or fading away, but there is no reason to suppose that
our numbers stop or fade away.

So F assumes neither the Successor Axiom nor its contrary. Either assumption - the
continuance of the number series ad infinitum or the existence of a maximum number - is not
one the author would care to make, because both go beyond what he can confidently assert. He
is therefore agnostic about the matter. F assumes only the existence of O - and it could forego
even that.

Agnosticism might seem too constraining a philosophy to do any meaningful
mathematics, but, as we shall see, the system F is capable of proving many theorems. Indeed, it
is hard to see what the assumption of a maximum integer would add to the system were it
included; what useful proposition could thereby be deduced which could not already be deduced
without it. Its assertion would only confuse matters by making it seem it is needed in places
where it is not. So even from a practical standpoint, agnosticism is a better approach than the
atheistic assumption there is a maximum integer.

Belief in the infinite, whether of an infinite divine being or a number series which goes
on and on, would seem to be a matter of faith. It can be accepted, its justification will be and has
been often attempted, but at the end of the day, it remains a matter of faith. Still, the religious
and mystical impulse should never be underestimated.
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F may be described as ontologically downward. If a number n is assumed to exist, then
all numbers less than 7 can be proved to exist. On the other hand, it is not possible to infer the
existence of any number greater than n. F has as models the standard model - if, that is, one
believes there is a standard model - as well as all initial segments, which is in harmony with our
agnostic philosophy.

F is unable to prove the Commutative Law of Addition when it is expressed thusly:
VxVy(x +y=y+x).

For this asserts, given x and y, that x + y and y + x exist and are equal. But the existence claim
cannot be inferred. On the other hand, F can prove this version of Commutativity:

VxVyVz(x +y=z=y+x=72).

For it is now assumed that x + y exists; and given this, it can be proven that y + x exists and
indeed equals x + y.

F cannot prove that there are an infinity of prime numbers. Indeed this sentence is not
true in most initial segments. For example, {0,1,2,3,4,5} has 3 prime numbers, and since 3 is
one of the natural numbers in the segment, the set of prime numbers is finite in this model. Still,
F can prove that, if n and n! + 1 are natural numbers, then there is a prime number between the
two, which is the essential content behind the assertion that there are an infinity of primes. So,
even when F may not be able to prove certain theorems as usually stated, it can often prove
restated versions which maintain the essential core of the original.

Most sub-systems of Peano Arithmetic have focused on weakening induction. Indeed
perhaps the most famous sub-system, Robinson’s Q, lacks an induction axiom altogether. It is
very weak in many respects, unable for instance to prove the Commutative Law of Addition (in
any version). Indeed, it is sometimes taken to be the weakest viable system; if a proposition can
be proved in Q, then that is supposed to pretty much establish that all but Berkleyan skeptics or
fools are compelled to accept it.

But weakness of systems is not a linear order, and F is neither stronger nor weaker than
Q. F has induction, indeed full induction, which Q does not. But F is ontologically much
weaker than Q, since Q supposes the Successor Axiom. Q assumes the natural numbers, all of
them, ad infinitum. So in terms of strength, F and Q are incomparable. In actual practice, F
seems to generate more results of standard arithmetic; and so in that sense only, is it
“stronger”.

One of the most important practitioners of Q has been Edward Nelson of Princeton,
who has developed a considerable body of arithmetic in Q . While Nelson’s misgivings with
classical mathematics seemed to have their source in doubts about the existence of the natural
numbers, the brunt of his skepticism falls on induction, hence his adoption of Q. “The
induction principle assumes that the natural number series is given.” [p. 1, Predicative
Arithmetic] Yet it would seem that induction is neither here nor there when it comes to
ontological supposition. Induction states conditions for when something holds of all the natural
numbers, and says nothing about how many or what numbers there are. So a skeptic about the
natural numbers should put, so to speak, his money where his doubts are, and reject the
assumption which is generating all those numbers - namely the Successor Axiom - and leave
induction, which those doubts impact at worst secondarily, alone.

A number of arithmetic systems, capable of proving their own consistency, have become

known over the years. Jeroslow [Consistency Statements] had an example, which was a certain
fixed point extension of Q v VxVy(x = y). More recently, Yvon Gauthier [Internal Logic and
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Internal Consistency] used indefinite descent and introduced a special, called “effinite”,
quantifier. And Dan Willard [Self-Verifying Axiom Systems] has exhibited several cases, based
on seven “grounding” functions. These systems lack a certain naturalness and seem to be
constructed for the express purpose of proving their own consistency. Finally, Panu
Raatikainen constructed what is effectively a first-order, weaker variant of F; this system can
prove that it has a model [Truth in a Finite Universe], but its weakness does not allow the
author to draw conclusions about intensional correctness and so it seems to fall short of the
ability to prove its own self-consistency.

A distinction needs to be made between Godel consistency and real consistency. Godel
consistency is expressed in terms of Godel numbers to represent wffs and proofs, while real
consistency, as far as possible, avoids Godel numbering and resorts to sequences which may be
taken really to represent wffs and proofs, which are after all syntactical sequences. Real
consistency is a stronger notion than Godel consistency, and while F can prove its own Godel
consistency, the author is unable to prove that F can prove its own real consistency. (Versions
of this treatise prior to Dec 2010 asserted such a proof, but this made a crucial, albeit simple,
error.) Nonetheless, a sister version to F, which has effectively the same proof-theoretic
strength towards arithmetic, can prove its real (and so Godel) consistency and so F’s
shortcoming in this respect, if considered important, can be rectified simply by changing the
system.

As remarked above, F is a sub-system of Frege Arithmetic. Frege Arithmetic is second-
order logic, with the additional axiom of Hume’s Principle

VPYQ (#P = #0 < P ~ Q).

It is possible to prove the Peano Axioms in Frege Arithmetic, a fact which can be found in Frege
himself [Grundgesetze], and which was brought to modern attention by Charles Parsons
[Frege’s Theory] and Crispin Wright [Frege’s Conception]. George Boolos [Logic] had a role
in developing and popularizing the theory. His student, Richard Heck, showed [Cardinality]
that a finite version of Hume’s Principle could be proved from a suitable system, a technique
which is mirrored by the one here. Frege Arithmetic normally uses an axiom for successoring

VnVm (onm < APAa (wPa & #P=n & #(P U {a})=m)),

which while suitable for a development of arithmetic when Hume’s Principle is assumed as well,
is less suitable in the context of F. The axiom which F uses (called F3) is similar to one which
Neil Tennant stated in an earlier system in his Anti-Realism and Logic.

The present work brings together material from four papers of the author - Systems for
a Foundation of Arithmetic, “True” Arithmetic Can Prove its Own Consistency, Proving
Quadratic Reciprocity, and The Equivalence of F With a Sub-Theory of Peano Arithmetic -
which were written from 2001 through 2005. The objective is an improvement in exposition, in
order to render the subject more accessible and clearer to the interested reader.

The author would like to thank contributors to sci.logic for many fruitful discussions

and especially Torkel Franzen, who suggested the writing of this work, and Mike Oliver, whose
skepticism towards infinity caused the author to think more deeply about the subject.
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A. List of Basic Symbols and Terms Used

The left-side abbreviates the right-side:

xeP
P=0
PCQ

PCOQ

PUQ

P\Q

R[A

(R°S)

¢

0]

{a}

{ab}

{(a.b)}
{(a,b,0)}
Dom(R)
Im(R)
IsFunction(R)
Isl-1(R)
P~Q

Px

Vx (Px< QOx)or VxVy (Px,y < Qx,y)
Vx(Px= Qx)
Vx(Px=0x)&-P=Q

{z:Pzv Qz}or{yz: Pyzv Qyz}
{z:Pz&~Qz}or{yz: Pyz & Qyz}
{yz:Ryz & Ay}

{xz:3dy (Rx,y & Sy,z)}
{zinz=z}or{yz:nz=2}
{z:z2=2}

{z:z=a}

{z:z=avz=0b}

{yz:y=a&z=>b}
{yz:x=a&y=b&z=c}
{x: 3y Rx)y}

{y:dx Rx,y}

VxVyVz (Rxy & Rxz=y=12)
VxVyVz (Rx,y & Rz,y =>x=7)

AR (P = Dom(R) & Q = Im(R) & IsFunction(R) & Is1-1(R))
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1. The Systems F and FPA and Some Preliminary Results

Second-order logic, considered as a deductive system, is essentially two-typed first-
order logic, the types being distinguished by case. Lower-case letters may be thought to
represent individuals and are called first-order, while upper-case letters symbolize predicates,
properties, or sets, and are called second-order.

Along with the usual axioms and rules of inference of first-order logic with equality,
second-order logic has a Comprehension Axiom, or more properly Schema:

Let ¢ be any formula not containing any free “P”, and let n = 1. Then

AP Vx1..Vx, (Pxl,..xn < ¢ ).
P, which is unique up to equivalence, will be written as {x1,....xn : ¢ }.

When there is no restriction on ¢, comprehension is full, and the resulting second-order
logic is also called full. Arithmetic or Predicative Comprehension restricts ¢ to wffs with no
quantified upper-case variables, and the resulting logic is called predicative. Throughout only
predicative comprehension will be used.

Second-order Peano Arithmetic has one first-order constant 0 (“zero”), and two
second-order constants, o (the successor relationship) and N (the set of natural numbers). Its
axioms are:

(PA1) NO

(PA2) VnVm (Nn & onjn=>Nm)

(PA3) Vn(Nn=3Imonm)

(PA4) YnVmVm' (Nn & onjn & onyn'=m=m")

(PAS) VnVmVn'(Nn & Nn' & onym & on'y/n=n=n')

(PA6) Vn(Nn=-0n0)

(PA7) Induction schema. Let ¢ be a well-formed formula. Suppose ¢[0\n]
and VnVm (Nn & ongn & ¢ = ¢[m\n] ). Then Vn (Nn= ¢ ).

Here ¢[x\y] refers to the formula ¢, with x replacing all free instances of y.

Remark that these axioms could have been stated without the use of N, in which case the
domain of quantification would be understood as the set of natural numbers, rather than
everything. In such an environment both (PA1) and (PA2) would be redundant and so would
be suppressed.

The conjunction of (PA2) and (PA3) will be called the Successor Axiom. (PA3) says
that every natural number has a successor. (PA2) ensures that this successor is also a natural
number, which thus in turn by (PA3) has a successor. If the axioms had been stated without the
use of N and so if (PA2) had been suppressed, then (PA3) would have been, by itself, the
Successor Axiom.

Abbreviate Second-order Peano Arithmetic by PA2. Abbreviate the subsystem
consisting of (PA4), (PAS), (PA6), and (PA7) by FPA.

Now introduce into the language one more constant, M. M has two arguments, the first

being first-order and the second being second-order, e.g. Mx,P. It can be taken to say, “the size
of Pis x.” Consider the axioms:
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(F1) VoVmVP (Mn,P & Mm,P=n=m)

(F2) VP (MO,P < —~3dx Px)

(F3) VanVmVPVYQVa (Nn & onyn & -Pa& Q= (P U {a})
= (Mn,P < Mm,Q))

(F4) Induction schema. Let ¢ be a well-formed formula. Suppose ¢[0\z] and
VnVm (Nn & onyn & ¢ = ¢[m\n] ). Then Vn (Nn= ¢ ).

(F5) NO

(F6) YnVPVYa (Nn & Mn,P & = Pa = dm (Nm & Mm (P U {a})))

Call the system with these axioms FF. (F6) is the Ad Infinitum Axiom and it plays the
same role for FF as the Successor Axiom does for PA2. Accordingly, let F be the system with
the axioms (F1), (F2), (F3), and (F4).

FF is a cousin of Frege Arithmetic, which shares the same language as PA2, except that
in addition it has a second-order function, #. ‘#(P)’, which can be read as “the size of P,”
plays the same role as M in F and FF, except that, because it is a function, it makes implicit two
assumptions: first, that each P has at most one size; and secondly, that each P does have a size.
The F and FF systems make the first assumption explicitly, with (F1). F foregoes the second,
while FF in (F6) makes a weaker ontological claim.

It will be shown that (1) F and FPA and (2) FF and PA2 are equivalent systems. PA2
being obviously well understood, the efforts of this monograph will almost exclusively be to
investigate the first pair of systems, which are less, even much less, known. One special feature
of both F and FPA, which makes them worthy of attention, is that they have as models not only
the standard one, but also all initial segments of the standard model. The last claim will be
substantiated later, but it is enough to notice now that both F and FPA have as a model the
domain with only one first-order element, 0, where 0 has no successor.

The rest of the chapter will be devoted to comments pertaining to all four systems, F, FF,
FPA, and PA2.

First, remark that the Induction Schema can be replaced by a stronger Schema:

(F4*) Let ¢ be a well-formed formula. Suppose NO = ¢[0\n]
and VeVm (Nn & Nm & ~m =0 & onn & ¢ = ¢[m\n] ).
Then Van (Nn=> ¢ ).

For each instance of (F4*) can be deduced from an instance of (F4) using
(Nn = ¢[0\Wn]) as its ¢.

The axiom “NO” is not assumed in the subsystems F and FPA because it is rarely
needed, so it is simply better to append it when the need arises. Its near-vacuity follows from
the fact that the existence of any natural number implies that O is a natural number:

Prop 1.1. ¥Yn(Nn=NO)
Pf:
Use (F4*), with ¢ as NO. 0

Prop 1.2.¥n (Nn & = n=0= 3k (Nk & ok,n) ), i.e. every non-zero natural number is
preceded by a natural number.
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Pf:
By induction, with ¢ as

(= n=0= Jk (Nk & ok,n)). O

Prop 1.2 brings to mind a slight generalization of the natural numbers, appropriate for
the systems F and FPA.

Def 1.3. A generalized natural number is either O or preceded by a natural number. That is, I'x
if and only if

x=0 v Ik (Nk & ok.x) O

It follows immediately from the definition and Prop 1.2 that:

Corollary 1.4. ¥Yn (Nn = Tn). O

Def 1.5. one(u) if and only if Nu & o0,u. O

Prop 1.6. YnVk (Nn & Nk & onk = Ju one(u) ), i.e. if at least one natural number has a
natural number as a successor, then 0 has a successor which is a natural number.

Pf:

By induction, with ¢ as

Vk (Nn & Nk & onk = 3u (Nu & o0,u) ). 0
Def 1.7.
x = yif and only if Nx & Ny & 3P3Q (P C Q & Mx,P & My,0Q)
x<yifandonlyifx<y&-x=y O

The manner of treating the ontological implication of terms in this work may be new to
the reader and so merits some remarks. The assertion of an atomic wff with a term is held to
assert that the term refers successfully, or speaking loosely that the term exists. The assertion
of the negative of an atomic wff with a term or terms makes one of two assertions: that one of
the terms does not refer successfully - speaking loosely, that the term does not exist - or that the
terms all exist but just do not satisfy the predicate of the wff. So for instance, if one assumes
that M(x + y),P, then one can infer that (x + y) exists. And if one assumes that - M(x + y),P for
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some P, then either (x + y) does not exist, or it does exist but it is simply not such that it is the
size of P.

Generally speaking one must be careful with definitions which create new symbols and
predicates which look atomic, e.g. < in Def 1.7. It would be possible to define predicates which
contain a negation - e.g. define Rx to mean — Mx,P - , in which case one would have to decide
whether such predicates filled with a term which does not exist, are true or not. That is, there are
two possible conventions: (1) treat the new symbol as a new predicate and follow the rule that a
positive assertion of the symbol with a term pre-supposes that the term exists; or (2) demand
that the new symbol be unpacked in terms of its definition, and then apply the rule that a term in
an atomic wff implies the existence of the term. Fortunately, none of the definitions in this work
are such that conventions (1) and (2) result in different conclusions, so it is not necessary to
choose between them.

Terms may be defined with pre-suppositions. For instance, the greatest common divisor
of x and y is defined in the case when x and y are natural numbers and not both are 0. When
one asserts an atomic wff containing the greatest common divisor term, one can therefore
conclude that x and y are natural numbers and not both 0.
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2. Equivalence of the Systems I

The principal object of this chapter is to show that F proves the axioms of FPA, and that
FF proves those of PA2. In passing a few other assertions will be deduced from F.

For simplicity’s sake, the axioms of F will be assumed for the entire chapter.
2A. Finite Hume’s Principle and the Pigeon Hole Principle.

Prop2.1. YVPNn (Mn,P & ~n=0=3dx Px)
Pf:
Assume Mn,P. Suppose = Ix Px. Then MO,P by (F2). So by (F1),n=0. O

Prop2.2. YVPNQ (MO,P = (P~ Q < M0,0))

Pf:
Assume MO,P. By (F2),—3x Px. Suppose P ~ Q. Then evidently — 3x Ox. By (F2),

MO,Q. On the other hand, suppose M0O,Q. Then by (F2) = 3x Qx. So P~ Q. O

Prop 2.3. (Finite Hume’s Principle) YnVPYQ (Nn & Mn,P = (P ~ Q < Mn,Q) ).
Pf:
By induction, (F4*), with ¢ as

VPYQ (Mn,P= (P~ Q < Mn,0)).

Prop 2.2 proves the case forn =0. Assume Nn & Nm & onjm& ~m=0&
VPYQ (Mn,P= (P~Q < Mn,Q)). And suppose Mm,P. By Prop 2.1, Pa for some a.
Consider P'= P\ {a}. By (F3),Mn,P"

Suppose P ~ Q. Let R be a one-to-one function from P onto Q. Then Ra,b for some b

such that Qb. Set Q'equal to Q\ {b}. Evidently, R\ {(a,b)} is a one-to-one function from P'
onto Q',s0 P'~ Q'. By the induction hypothesis, Mn,Q'. By (F3), Mm,Q.

Now suppose Mm,Q. Since =~ m =0, Qb for some b, by Prop 2.1. Consider
Q'=0\{b}. By (F3),Mn,Q'. By the induction hypothesis, P' ~ Q'. Let R'be a one-to-one

function from P'onto Q'. Then R' U {(a,b)} is a one-to-one function from P onto Q. So

P~Q. O

Corollary 24 NnVNPYQ (Nn & Mn,P & P=Q = Mn,Q) O



Note that Corollary 2.4 could have been proved by logic alone if there had been an
equality relationship between second-order things and extensionality

VPNQ(P=Q=P=0Q0)
had been assumed.

It will be useful later to have a slightly stronger version of Finite Hume’s Principle.

Corollary 2.5. YxNPYQ (T'x & Mx,P = (P~ Q < Mx,0))
Pf:
If x = 0 then the result follows by Prop 2.2. So it suffices to prove
VxVPYVQ (Tx &~ x=0& Mx,P = (P~ Q < Mx,0)),

ie.
VxVKVPYQ (Nk & ckx & “x=0 & Mx,P = (P~ Q < Mx,0) ).

So let Nk & okx & ~x=0 & Mx,P. By Prop 2.1, Pa, for some a.
Suppose P ~ Q. Then Qb, for some b. So P\ {a} ~Q\ {b}. By (F3), Mk(P\ {a}).

By Prop 2.4, Mk,(Q\ {b}). By (F3) again Mx,Q.
Suppose Mx,Q. By Prop 2.1 again, Qb, for some b. By (F3) Mk,(P\ {a}) and

Mk,(Q \ {b}). By Prop 2.4 P\ {a} ~ Q\ {b},and thus P ~ Q. 0

Prop 2.6. (Pigeon Hole Principle) YVnNPYQ (Nn & Mn,P & Mn,Q & PCQ=P=Q)
Pf:
By induction (F4*), with ¢ as

VPNQ (Nn&Mn,P &EMn,Q& PCQ=P=Q).

Obvious for n = 0, using (F2).
Assume then that Nn & Nm & onyn & ~m =0 & ¢, and suppose Mm,P & Mm,Q &
PC Q. By Prop 2.1, Px for some x. Set P'to P\ {x} and Q'to O\ {x}. By (F3),Mn,P' &

Mn,Q'. Clearly P'C Q', so by the induction hypothesis, P'= Q'. Hence P = Q. O

Corollary 2.7. Suppose Nn & Mn,P & Mn,Q. If - P=W then-Q =1,
Pf:

Suppose = P = 1T but Q = TJ. P = Q follows immediately from Prop 2.6, but this is a
contradiction. O

2B. F + POTINF proves FPA.

Def 2.8. POTINFY, abbreviates



dP3a Mn,P & — Pa).
POTINF abbreviates

Vn (Nn = POTINFy,). O

POTINF asserts that there are n things and one more thing, for every natural number 7.
It is therefore asserting a kind of potential infinity. It plays an important intermediate role in the
objective of this chapter. It will be shown below that POTINF (along with the axioms of F,
which remember are being assumed) implies the axioms of FPA. Later, in Section 2D, it will
be shown that F proves POTINF'.

Prop 2.9. POTINF = (PA4) & (PAS).
Pf:
4 Assume POTINF.
Let Nn & Nn' & onn & on'n'.
Suppose n =n'. By POTINF and (F3), Mn,P & = Pa & Mm (P U {a}) &
Mm' (P U {a}) for some P,a. Now apply (F1).
Suppose m =m'. By POTINF and (F3), Mn,P & = Pa & Mm (P U {a}) & Mn',P' &
- Pa' & Mm,(P'U {a'}) for some P,P',a,a'. I'm, so by Corollary 2.5,

(P U {a}) ~(P'U {a'}). Hence evidently P ~ P'. By Prop 2.3, Mn,P'. By (F1),n=n'. 0

Prop 2.10. POTINF = (PAG).

Pf:

Assume POTINF .

Let Nn & on,0. Then by POTINF Mn,P & — Pa. Applying (F3), MO,(P U {a}),
contradicting (F2). a

Since (PA7) is just (F4), F + POTINF proves the axioms of FPA.
2C. FF + POTINEF proves PA2 and PA3.

Prop 2.11. POTINF + (F6) = (PA2).

Pf;

Assume POTINF and (F6).

Let Nn & on,n. By POTINF, Mn,P & — Pa for some P,a. By (F3), Mm,(P U {a}).
By (F6), Nm'& Mm'(P U {a}) for some m'. By (F1),m=m'. O



Lemma 2.12. YnNNmVPVYa (Nn & Nm & Mn,P & Mm (P U {a}) & = Pa = on,n).

Pf:
Assume Nn & Nm & Mn,P & Mm (P U {a}) & = Pa. By (F2),~m =0, so by Prop
1.2, Nk & ok,m for some k. By (F3), Mk,P. By (F1),n=k. O

Prop 2.13. POTINF + (F6) = (PA3).

Pf:

Assume POTINF and (F6).

Let Nn. By POTINF,Mn,P & — Pa for some P,a. By (F6), Nm & Mm (P U {a}) for
some m. By Lemma 2.12, onmn. O

Since (PA1) is just (F5), FF + POTINF proves the axioms of PA2.

2D. F proves POTINF.

In the previous two sections, it has been shown that F + POTINF implies the axioms of
FPA, and FF + POTINF implies the axioms of PA2. In order to show that F = FPA and
FF = PA2, it therefore suffices to show that F proves POTINF.

POTINF asserts that, for every natural number #, there exists a P of size n such that
something a is not P. In the proof below, the set of numbers less than n will be used as P, and a
will be the number 7 itself, which, since it is not less than itself, does not belong to P.

Recall that “x < y” abbreviates:

Nx & Ny & P30 (P € Q & Mx,P & My,Q)

As usual, use x < y to abbreviate (" x=y & x < y).

The next proposition groups some elementary assertions about < and <:

Prop 2.14.

a.If Nn & Mn,P,then 0 < n and n < n.

b.If 3x Nx, then both0 <0 and Vz (0 =z & z<0) < z=0).

c. Letn<m. Then Nn & Nm & 3P3Q (P C Q & Mn,P & Mm,Q).
d. Assume Nn & ongn. If k< m,then k < n.

Note: Once POTINF is proved, then a. can be restated as: if Nn,then 0 <n and n < n.
Pf:



a. Suppose Nn & Mn,P. By (F2),M0,6. By Prop 1.1, NO. ThusNO & Nn & ¢ C P &
MO, & Mn,P. So0 <n,by Def1.7. Also,Nn & Nn & PC P & Mn,P & Mn,P. Son <n,
again by Def 1.7.

b. Assume 3x Nx. By Prop 1.1,NO. Of course MO,p by (F2). So by (a),0 <0. Now
suppose 0 = z & z < 0. By the second inequality and Def 1.7, Nz & NO &
AP3Q (P C Q & Mz,P & M0,Q). By (F2), O = ¢. Hence P = ¢,so by Prop 2.1,z =0.

c. n<=m,soNn& Nm & PC Q & Mn,P & Mm,Q, for some P and Q, by Def 1.7.
Suppose P = Q. By Corollary 2.4, Mm,P. By (F1), n = m, contradicting the definition of
n<m.

d. Letk<m. By (c), Nk & Nm & P C Q & Mk,P & Mm,Q, for some P and Q. Then
3a (Qa & - Pa). By (F3), Mn(Q\{a}). Evidently,PC Q\{a}.Sok=n,byDef1.7. [

Prop 2.15. Assume Nn & Nm & onn & - m =0 & POTINFy, . Then POTINFy, .

Pf:
Mm,P for some P, since POTINFy, . By Prop 2.1, Pa for some a. Then by (F3),

Mn(P\{a}). Evidently, = (P\ {a})a. Hence POTINFy, . O

Prop 2.16. Assume Nm & on,mn & POTINFy, .

a. If k< n,then k <m.
b. “m=sn.
Pf:

a. Let k <n. Then Nk & Nn & P C Q & Mk,P & Mn,Q, for some P and Q, by Def 1.7.
By POTINFy, , there are Q' and a' such that = Q'a' & Mn,Q'. So Q ~ Q'by Prop 2.3.

Evidently = Q' = W, and thus by Corollary 2.7,- Q = U. Hence = Qa for some a. By (F3),
Mm,(Q U {a}). Of course P C (Q U {a}),so k<=m. If k=m,then P =(Q U {a}) by Prop
2.6, which contradicts P C Q & = Qa.

b. If m < n, then by (a) m < m, a contradiction. O

Prop 2.17. Assume Nn & Nm & on,m & POTINFy, . Then:
a. Vz(O=sz&z=m)< (0=<sz&z=<n)vz=m).

b. " (0sm&m=n).

Pf:

a. Suppose 0 <z & z<m. By Prop 2.14d, either z=m or z < n.



Now suppose 0 <z & z=<n. By Prop 2.16a,z<m so z < m.
Finally, suppose z = m. By POTINFy, and (F3), Mm,Q for some Q. By Prop 2.14a,

ms=m.

b. A direct consequence of Prop 2.16b.

Prop 2.18.Nn & POTINFy, = 3APVz(0<z& z<n< P7)

Pf:
Proceed by induction, (F4*), with ¢ as

(POTINFy,, = 3APVz(0<z & z=sn< P2)).
Suppose NO & POTINF() . By Prop2.14b, for any z,
O<sz&z=nez=0<z7&{x:x=0}.

Now assume Nn & Nm & onyn & ~m =0 & ¢. And suppose POTINFy, . By Prop
2.15, POTINFy, , so by the induction hypothesis, for some P,

Vz(0=sz&z=sn< Pz2)).
By Prop2.17a, for all z,

O=z&z=m <= ((0O=sz&z=n)vz=m)< zE{x:Pxvx=m}. O

Def 2.19. Suppose Nn & POTINFy,. {0 _n} will represent a predicate P (clearly unique up to
equivalence) promised by Prop 2.18. O

Prop 2.17 can now be restated to say:

Corollary 2.20. Assume Nn & Nm & on,m & POTINF;, & POTINFy, . Then
{0 _m} ={0 _n} U {m}, where in fact ~m € {0 _ n}. 0

Prop 2.21. Let Nn. If POTINFy, , then:
Vke{0_n} VP ({0 _n} CP=-Mk/P).
Pf.
By induction, (F4*) with ¢ as



POTINFy, = VYk€{0_n} VP ({0_n} CEP=-Mk/P).

Suppose NO & POTINF( , and let k €{0 _0}. Then by Prop 2.14b, k=0. If
{0 _0} € P, then PO, and so by (F2), =~ MO,P.
Now assume Nn & Nm & onyn & ~m =0 & ¢ . Suppose POTINFy, , and let

p €{0 _m} and {0 _m} C P. It suffices to show that - Mp,P.
By Prop 2.15, POTINFy, , and so by the induction hypothesis,

VkeE{0 _n} VP ({0 _n}CP=-MkP). (¥)

By Corollary 2.20,{0 _m} ={0 _n} U {m},but = m € {0 _n}. Then either
pE{0_n}orp=m.

Suppose p = m. By Prop 2.14a, m €{0 _m} C P, so Pm. By (F3), Mn,(P\ {m}).
Evidently, {0 _n} € P\ {m}. By Prop 2.14a again, n €{0 _n}. But then by (¥),
- Mn,(P\ {m}), a contradiction.

Hence p €{0 _n}. Clearly {0 _n} C{0_m} C P. So by (*) - Mp,P. O

Corollary 2.22. NYn (Nn & POTINF;, = Yk €{0 _n} ~Mk,{0 _n}).

Prop 2.23. YnVp (Nn & on,p & POTINFy,; = Mp,{0 _n}).
Pf:
Proceed by induction, (F4*), with ¢ as
Vp (onp & POTINFy, = Mp {0 _n}).

Suppose NO & 60.p & POTINF(). By Prop 2.14b,{0 _0} = {0}. By (F2) and (F3),

Mp {0}.
Now assume Nn & Nm & onjm & ~m =0 & ¢ . And suppose om.p & POTINFYy, .

By Prop 2.15, POTINFy, . By the induction hypothesis, Mm {0 _ n}. By Corollary 2.20,
{0 _m}={0_n} U {m},but-me& {0 _n}.So by (F3), Mp,{0 _ m}. 0

Theorem 2.24. (POTINF). Yn ( Nn = POTINFy,).

Pf:

Proceed by induction, (F4), with ¢ as POTINFy, .

POTINF , since MO, and = 0 € ¢.

Suppose Nn & on,m & POTINFy, . By Prop 2.23, Mm {0 _n}. By Corollary 2.22,
VkeE{0 _n} ~Mk{0 _n}. So~m&{0 _n}. Thus POTINFy, . O
Corollary 2.25. (PA4) & (PAS) & (PA6) O



3. Equivalence of the Systems 11

It was shown in the last chapter that F and FF prove the axioms of FPA and PA2,
respectively. In this chapter the effective converse will be shown. Of course, F contains a
predicate (M) which is not even part of FPA’s language, and so strictly FPA is not able to
prove any assertions containing this symbol. However, a natural definition of “M” in the

language of FPA will be provided so that the axioms of F and FF can be proven, respectively, in
FPA and PA2.

For the rest of the chapter assume the axioms of FPA. To emphasize this point,
propositions will be preceded with “(FPA)”. Indeed, the reader can verify that until the
definition of “<<”, no appeal is made to (PA6), and the only axioms used are (PA4), (PAS),
and (PA7).

(FPA) Prop 3.1. Vn(Nn & - n=0=-o0nn)
Pf:

By induction (F4*), with ¢as (-n=0=-on,n).

Vacuously, (=-0=0= -000).

Now assume Nn & Nm & ~m=0 & onyn & (-n=0= - on,n) . Suppose to the
contrary om,mn. Then by (PAS),m =n. So-n=0,so - on,u, so -~ om,m,a contradiction.

Hence = omm. I

(FPA) Corollary 3.2. Yk (Nk & okk=Vn (Nn=n=0)).

Pf:

Suppose Nk & ok k. By Prop 3.1 k=0, s0 00,0. Proceed by induction, with ¢ as
n=0.

Obviously 0 =0.

Now assume Nn & onyn & n=0. By Prop 1.1 NO. Then by (PA4) m =0. O

Following John Burgess (Fixing Frege) following Dedekind, define:

Def 3.3. ++(ab,c) if and only if Na & Nb & Nc &

dR (Ra0.a & Rabc &
Yv(RaQy=a=v)&
YuVu'Vw Nu & ouu' & Rau'w = Iv (Nv & Rauy)) &

YuVu'VvVw (Nu & ouu' & Rau,y & Rau'\w = ov,w)) I

‘++’ is used instead of ‘+’ in order to reserve the latter for a later use, when addition
will be defined in the context of the F axioms and language.



(FPA) Prop 34. Suppose Nn & on,n & ++(a,n,b). Then there exists v s.t. ov,b & ++(a,n,v).
Pf:

++(a,m.b), so

Na & Nm & Nb & Ra0,a & Ramb &
YvRaly=a=v)&

VuVu'Vw (Nu & ouu' & Rau'w = Av (Nv & Ra,u,v)) &
YuVu'VvWw (Nu & cuu' & Rau,y & Rau'w = ov.w) ,

for some R. Then Nn & on,n & Ran,b and so Nv & Ran,v, for some v. Hence ++(a,n,v).
Also,Nn & onn & Ra,n,y & Ram,b, so ov.b. O

(FPA) Prop 3.5. YaVc¢ (++(a0,c)=a=c¢)
Pf:

Suppose ++(a,0,c). Then Ra0,a & Ra0,c & Yv (Ra 0,y = a =v)), for some R. But
thena =c. 0

(FPA) Prop 3.6. YnVc (++(O,nc) =n=c)
Pf:
By induction, with ¢ as

Ve (++(0n,c) =n=c).

Then ¢ holds when n =0, by Prop 3.5.
Now assume Nn & onm & ¢,i.e. Ve (++(0,n,c) = n=c). And suppose ++(0,m.,c).
By Prop 3.4 there exists v s.t. ov,c & ++(0,n,v). By the induction hypothesis, n =v. By (PA4)

m=c. D

(FPA) Prop 3.7. Ya (Na = ++(0,a,a))
Pf:
Let Na. Note that NO by Prop 1.1.
SetR={xy,z:Ny&x=0& y=2z}. Then R0,00 & RO,a,a & Vv (RO,0,y =v=0).
Suppose Nu & ouu' & Rau'w. Thena=0& u'=w. So Ra,u,u.
Suppose Nu & ouu' & Ra.u,y & Rau'w. Then u=vand u'=w, so ov,w.

Thus ++(0,a.,a). 0

(FPA) Prop 3.8. Ya (Na = ++(a0,a))
Pf:
Proceed by induction (F4*), with ¢ as ++(n,0,n).
The case where n = 0 follows from Prop 3.7.
Now assume Nn & Nm & ~m =0 & on,m & ¢. Hence ++(n,0,n), so

NO& RnOn& RnOn &
Vv (RaPy=a=v)&



VYuVu'Vw (Nu & ouu' & Rau'w = Iv (Nv & Ra.uy)) &
YuVu'VvyVw (Nu & ouu' & Rau,y & Rau'w = ov,w),

for some R. Define
S={xyz:Nz&x=m& Ic (Nc & oc,z & Rn,y,c)}.

Now Nn & ongn & Rn0,n, so Sm,0,m.

Suppose Sa,0,v. Then a =m and Nc & oc,v & Rn0,c, for some c. But then n =c, so
ony. By (PA4)m=v,soa=v.

Suppose Nu & ou,u' & Sau'.\w. Then a =m and Nc & oc,w & Rn,u'c, for some c. So
Nv & Rn,u,v, for some v. Thus ov,c. So Nv & ov,c & Rn,u,v. Thus Sm.u,c, so Sa,u.c.

Suppose Nu & ou,u' & Sau,v & Sau'w. Then Nc & oc,v & Rnu,c and Nd & odw &
Rnu'd, for some c,d. Thus oc,d. By (PA4) v=d. And thus ov,w.

Therefore ++(m,0,m). a

(FPA) Prop 3.9. Let ++(an,b) & ++(a,n,c). Then b =c.
Pf:
By induction, with ¢ as
YaVbVc (++(anb) & ++(anc) = b =c).

Suppose ++(a,0,b) & ++(a0,c). Then by Prop 3.5,a=banda=c. Sob=c.
Now assume Nn & on,m & ¢. And suppose ++(a,m,b) & ++(an,c). Then there
exists v,u s.t. ov,b & ++(a,n,v) and ou,c & ++(a,n,u). By the induction hypothesis u =v. By

(PA4) b =c. 0

(FPA) Prop 3.10. Let ++(a,n,c) & ++(b,nc). Thena = b.
Pf:
By induction, with ¢ as
YaVbVe (++(anec) & ++(bnc) = a=Db).

Suppose ++(a,0,c) & ++(b,0,c). Then by Prop 3.5,a=candb=c. Soa=0>.
Now assume Nn & on,m & ¢. And suppose ++(a,mc) & ++(b,m,c). Then there
exists v,u s.t. ov,c & ++(a,n,v) and ou,c & ++(b,nu). By (PAS) v =u. By the induction

hypothesis a = b. O

(FPA) Prop 3.11. Let++(a,b'c") & Nb & Nc & obb' & & oc,c'. Then ++(ab.c).
Pf:
By Prop 3.4 there exists v s.t. ov,c' & ++(a,b,v). By (PAS)v=c. O

(FPA) Prop 3.12. Let ++(a,b,c) & Nb' & Nc' & ob,b' & & oc,c'. Then ++(ab'c").
Pf:

Because ++(a.b,c)



Na & Nb & Nc & Ra0.a & Rabc &
Yv(RaQy=a=v)&

YuVu'Vw (Nu & ouu' & Rau'w = Iv (Nv & Rauy)) &
YuVu'vWw (Nu & cuu' & Rau,y & Rau'w = ovw),

for some R. Define
S=R U{(ab'c"}

Note first that Na & Nb' & Nc'.

Also that Sa 0,a (because true for R) and Sa,b'c'.

Suppose Sa,0,v. If Ra,0,v,then a =v. Otherwise,0=5b'& v =c'. Now by Prop 3.8,
++(c'0,c"). Soby Prop 3.4,0uc' & ++(c',bu), for some u. By (PAS) ¢ = u, so ++(a,b,u). By
Prop3.10a=c',soa=v.

Suppose Nu & ouu' & Sau'w. If Rau'w,then Nv & Ra.u.v, for some v, so Sa,u,v.
Otherwise u' = b' & w=c'. By (PAS) u=5b. Hence Ra,u,c,so Sa,uc.

Finally suppose Nu & ou,u' & Sau,v & Sa.u',w. There are four cases to consider.

If Rau,y & Rau'w, then ov,w by the final condition on R.

Otherwise suppose u = b' & v=c'& Rau'w. Then Rau,x & ox,w, for some x. Then
Ra b,y & oyx,for somey. So ++(a,b,y). By Prop 3.9,c=y. By (PA4) x=c'. Butthenx=v,
SO OV, W.

Otherwise suppose Rau,y & u'= b'& w=c". So ++(a.u,v). By (PAS5),u=>b. By
Prop 3.9, c=v. Thus ov.w.

Otherwise suppose u= b'&v=c'&u'= b'&w=c'. By (PAS)u=b,so0b=>"
Hence ob.,b. By Corollary 3.2,¥n (Nn = n=0). So 60,0 and v =0 = w, hence ov.w. O

(FPA) Prop 3.13. Let Na' & Nc' & ca,a' & oc,c' & ++(a,b,c). Then ++(a'b,c").
Pf:
By induction, with ¢ as

VYaVa'VceVe' (Na' & Ne' & caa' & occ' & ++(an,c) = ++a'ne'))

Assume Na' & Nc¢' & oaa' & oc,c' & ++(a0,c). Then a = c,by Prop 3.5. By (PA4)
a'=c'. By Prop 3.8 +(a'0").

Now assume Nn & ongn & ¢. Suppose Na' & Nc¢' & caa' & oc,c' & ++(a,mc).
Note by the definition of ++, Nc & Nm. By Prop 3.4, 0v.c & ++(a,n,v), for some v. By the

induction hypothesis ++(a',n,c). By Prop 3.12, ++(a';nc"). I

(FPA) Prop 3.14. (Commutative Law of Addition) Yn¥aVb (++(an.b) = ++(n.a,b)).
Pf:
By induction, with ¢ as

YaVb (++(an,b) = ++(n.ab)).

Suppose ++(a,0,b). Then a = b by Prop 3.5, so ++(0,a,b) by Prop 3.7.
Now assume Nn & on,m & ¢. And suppose ++(a,m,b). Then by Prop 3.4 ++(anc)

& oc,b, for some c. By the induction hypothesis, ++(n,a,c). By Prop 3.13 ++(m.a,b). I



(FPA) Prop 3.15. NaVb (++(ab.a) = b = 0)
Pf:

By induction, with ¢ as
Vb (++(nbn)=b=0)
Suppose ++(0,0,0). Then by Prop 3.6,b =0.

Now assume Nn & onn & ¢. Suppose ++(m,b,m). Then by Prop 3.14, ++(b,m,m).
By Prop 34, ++(b,n,n). By Prop 3.14 again, ++(n,b,n). By the induction hypothesis b = 0.

0
Def 3.16. n << m if and only if Ik (- k =0 & ++(n km)). 0
Remark that, if n << m, then Nn & Nm.
(F'PA) Prop3.17. Vn(Nn & - n=0=0<<n)
& Assume Nn & ~n=0. Then ++(0,1,n) by Prop 3.7. So 0 << n. O

(FPA) Prop 3.18. Yn—n<<n
Pf:

Suppose n << n. Then ++(n k,n) for some k where = k=0. But Prop 3.15 implies that
k =0, a contradiction. a

The first appeal to (PA6) appears in the proof of the next proposition.

(FPA) Prop 3.19. Vn-n<<0

Pf:
Suppose n << 0. Then = k=0 & ++(n.,k,0), for some k. By Prop 1.2, Nu & ou .k, for
some u. By Prop 3.4, ++(nu,v) & ov,0. But this contradicts (PA6). O

(FPA) Prop 3.20. YaVb (Na & Nb & ca.b = a << b)

Pf:
Assume Na & Nb & oa,b. Then by Prop 1.6, Nu & o0,u, for some u. By Prop 3.8,
++(a0,a). Soby Prop 3.12,++(a,ub). By (PA6) - u=0. Hence a << b. O



(FPA) Lemma 3.21. Ya¥VbVc¢ (++(ab,c) & "a=0= Ab'(Nb' & ob,b"))
Pf:

By induction, with ¢ as
VbVce (++(nbc) & " n=0= IAb'(Nb' & b b"))

The assertion is trivially true when n =0.

Now assume Nn & ongn & ¢. Suppose ++(m,b,c) & =m=0. By Prop 3.14,
++(byn,c). By Prop 34, ov,c & ++(b,n,v) for some v. By Prop 3.14 again, ++(n,b,v). If
n =0, then b =v by Prop 3.6; hence set b' = c. Otherwise, 7 n =0, so by the induction
hypothesis Ab'(Nb' & ob.b"). O

(FPA) Prop 3.22. YnVm (Nn & Nm & onyn = Vz((z<<n v z=n) < z7<<m))
Pf:
4 Assume Nn & Nm & on,m.

Suppose z << n v z=n. If z=n, then oz,m, so by Prop 3.20,z <<m. If =0, then
z=0<<mby Prop 3.17 since " m =0 by (PA6). .Otherwise, suppose z <<n & = z=0. Then
++(z,k,n) for some k. By the lemma, Nk' & ok k' for some k'. But then ++(z,k';m) by Prop
3.12. By (PA6) = k'=0, s0 z << m.

Now assume z << m. Then = k=0 & ++(z,k,m), for some k. By Prop 1.2,Nj & oj.k
for some j. By Prop 3.4, ++(z,j,n). 1If j=0,then z=n by Prop 3.5. And if = j=0, then z << n.

0

(FPA) Corollary 3.23. Yn(Nn = APV z(Pz < 7 << n)).
Pf:
By induction (F4*), with ¢ as
dAPVz(Pz < z<<n).

Forn=0,let Pbe ¢. Then, by Prop 3.19,Vz(Pz < 7 <<0).
Now assume Nn & Nm & onyn & APV z(Pz < z<<n). Set P'to {z: Pz v z=n}.

Then by Prop 3.22,Vz(P'z < z << m). O

(FPA) Def 3.24. Let Nn. Let [0 _ n) be that P (unique up to equivalence) guaranteed by
Corollary 3.23,50 V([0 _n)z < z << n)). 0

Remark:

(FPA) Prop 325. Yn (Nn= ([0 _n)=¢ < n=0))
Pf:
By Props 3.17 and 3.19. 0



(FPA) Prop 3.26. YVuVm (Nn & Nm & onyn=> ([0 _n) U {n} =[0_m) & = [0 _n)n))

Pf:
Assume Nn & Nm & onyn. Then [0 _n) U {n} = [0 _m) by Prop 3.22.

Suppose [0 _ n)n. Then n << n, contrary to Prop 3.18. O

(FPA) Prop. YnVk(Nn & Nk & [0 _n)~[0 _k)=n=k).
Pf:
By induction, with ¢ as
VE(Nn &Nk & [0_n)~[0_k)y=n=k)

Suppose NO & Nk & [0 _0) ~[0 _k). By Prop 3.25,[0 _0) = ¢. But this forces
[0_k)=¢. By Prop 3.25,k=0.

Now assume Nn & on,m & ¢. Suppose Nm & Nk & [0 _m) ~ [0 _ k). If k=0, then it
has already been shown that m = 0 as well. So suppose =k =0. Then by Prop 1.2,Nj & oj k
for some j. By Prop 3.26,

[0_n)U{n}~[0_j) U},

where [0 _ n) and {n} are pairwise disjoint, as are [0 _ j) and {j}. By logic,
[0 _n)~ [0 _j). By the induction hypothesis n =j. By (PA4) m = k. O

Def 3.27. Mn,P if and only if

(n=0& P =¢) v IkAa(Nk & ok,n & Pa & (P\{a}) ~[0 _k)). 0

Remark: It would perhaps seem more natural to define Mn,P as
P~[0_n).

However, [0 _ n) = ¢ whenever = Nn. It would then be possible to have both MO,P and Mn,P
for 0 and some n = 0, contrary to (F1).

It remains to prove (F1), (F2), (F3), and that (PA2) & (PA3) = (F6).

(FPA) Prop 3.28. (F1) VunmVP (Mn,P & Mm,P =n=m)

Pf:

4 Assume Mn,P & Mm,P. If n=0,then P=¢. If ~m =0, then Nk & ok,n & Pa &
(P\{a}) ~ [0 _k), for some k,a, contradicting P = ¢. Som =0. A similar argument shows that
ifm=0,thenn=0.

Hence it may be assumed that both =7 =0 & = m =0. Thus Nk & ok.,n & Pa &
(P\{a})~[0_k))and Nj & oj,m & Pb & (P\ {b}) ~ [0 _j)) for some j k,a,b. But



(P\{a}) ~ (P\{b}),s0 [0 _k)~[0_j). By Prop 3.27, this forces k = j. By (PA4) n=m.0

(FPA) Prop 3.29. (F2) VP (MO,P < - dx Px)

Pf:
If P = ¢, then by definition MO,P.
On the other hand, suppose MO,P. By (PA6) not:
dkJda(Nk & ok0 & Pa & (P\{a})~ [0 _k)).
This forces P = ¢. 0

(FPA) Prop 3.30. (F3) VaVmVPYQVa (Nn& onjn & - Pa & Q= (P U {a})
= (Mn,P < Mm,Q) )
Ff.

Assume Nn & ongn & “Pa & Q = (P U {a}). Obviously, Qa.

Suppose Mn,P. If n=0,then P = ¢,s0o Q ={a},and [0 _0) ~(Q\{a})),so Mm,Q.
Thus suppose = n=0. Then Nk & ok,n & Pb & (P\{b})~[0 _k), for some k,b. But by
Prop 3.26 [0 _k) U {k} =[0 _n), where [0 _ k) and {n} are pairwise disjoint. Thus by logic
P~10_n). So:

Nn & onm & Qa & (Q\{a})~[0_n).

Hence Mm,Q.

On the other hand, suppose Mm,Q. Then =~ m =0 by Prop 3.29. Hence Nk & ckn &
Ob & (Q\{b})~ [0 _k),for some k,b. By (PAS)n=k. If n=0, then (Q\ {b}) = ¢ by Prop
3.25s0 Q = {b} and P = ¢; but then Mn,P by Prop 3.29. Otherwise ~n=0,1.e.7k=0. So
0j .k & Nj for some j, by Prop 1.2. Now by logic, P~ (Q\ {b}). So P~ [0 _k). By Prop
3.26,[0 _k) ~[0_j) U {j}, where = [0 _j)j. But then by logic, (P\{c}) ~ [0 _ ), for some ¢
where Pc. By definition Mk,P and so Mn,P. a

(FPA) Prop 3.31. (PA2) & (PA3) = (F6)

Pf:

Assume (PA2) & (PA3).

Suppose Nn & Mn,P & = Pa. By (PA3) on,n for some m. By (PA2) Nn. By Prop
3.30 Mm(P U {a}). O

Thus it has been shown, given Def 3.28 of “M,” that FPA proves the axioms of F, and
PAZ2 proves the axioms of FF.



4. Addition

From this point on, the axioms of F will be assumed. It will be shown, over the course
of several chapters, that much of arithmetic can be derived from F. Given the equivalences
demonstrated in the previous two chapters, this is the same thing as saying that the axioms of
FPA can be used to derive much of arithmetic.

In the last chapter addition was defined (Def 3.3) in the context of the Peano Axioms
FPA, and that course could be continued, most notably by making the analogous, recursive
definition of multiplication. No direct recourse to “M” or the F axioms would be allowed or
needed. However, the development chosen here will be to appeal to the axioms of F exclusively,
with very occasional uses only of the Peano Axioms (PA4) and (PA6). In particular, the results
of Chapter 3 will be ignored and not used henceforth..

4A. Prolegomenon to Addition

This section groups a somewhat hodgepodge collection of propositions, which will be
used later.

Prop4.1. YVnNP (Mn,P & P=¢p=n=0)
Pf:
By Prop 2.1. I

Prop 4.2.YnVYPYQVRVS (Nt & MnR& P~Q & R~S&RCP&SCQ
= (P\R)~(Q\YS))
Pf:

By induction (F4*), with ¢ as

VPVOVRVSMnR&P~Q&R~S&RCP&SC QO = (P\R)~(Q\Y))
0

Prop4.3. VuVP (Nn=30 Mn,Q & (PC Qv QCP))
Pf:
By induction (F4*), with ¢ as

VPAQO Mn,Q & (PC Qv QC P)).

Obviously, by (F2), VP (M0,p & ¢ C P).
Now assume Nn & Nm & - m =0 & on,m & ¢. Consider any P. By the induction
hypothesis, Mn,Q & (P C Q v Q C P), for some Q. By POTINF (Theorem 2.24),3q - Qq.

By (F3), Mm,(Q U {g}).
If PC Q,then PC QU {g}. Otherwise, Q C P,so Q U {q'} C P for some ¢g'. By

(F3), Mm,(Q U {g'}). 0



The following proposition ensures the “downwards” character of F and is thus
important:

Prop44. YNnVPYQ (Nn & Mn,P & Q C P = 3k (Nk & Mk,Q) )

Pf.
By induction (F4*) on n, with ¢ as

VPYQ (MnP & Q C P = 3k (Nk & Mk,Q) ).

Suppose NO & MO,P & Q € P. Then P = ¢ by (F2). So Q = ¢. By (F2) again, MO,Q.
Now assume Nn & Nm & onm & ~m =0 & ¢ , and suppose Mm,P & Q C P. If
Q =P, thensetkton. O.w.Q C P\ {a} for some a with Pa. By (F3) Mn,P\ {a}. Done by

the induction hypothesis. O

Prop4.5.
a. Transitivity. Ifa<band b <c,thena <c.

b. Dichotomy. Ya¥Vb (Na & Nb=a=<bv b<a)

Pf

a. Assumea<bandb=c. Then Na & Nb & Nc & AC B & Ma A& Mb.B& B'C C
& Mb.B' & Mc,C,by Def 1.7. By Prop 2.3 B ~ B', so there exists one-to-one function R from
BontoB'. SetA'to Im(R[ A). Evidently A~A'and A'C C. So Ma,A' by Finite Hume’s
Principle (Prop 2.3), and thus a < c.

b. Assume Na & Nb. By POTINF (Theorem 2.24), Ma,P for some P. By Prop 4.3,
Mb,Q & (PC Q v Q C P) for some Q.

If PC Q,thena<b.

Andifnot PC Q,then QCP. Sob=<a. If b=a,then P=Q by Prop 2.6,a

contradiction. So - b =a, hence b < a. i

Recall, by Def 1.5, that one(u) abbreviates (Nu & o0,u). Of course, it cannot be shown
that there exists u such that one(u). But if such a u exists, then it has all the “downward”
properties of one.

In order to render assertions more perspicacious, introduce a new variable 1 (adding it to
the usual alphabetic variables x,y.z,...). In the future, this special variable will be used exclusively
as the argument of the predicate one.

Prop 4.6. Let one(1). Then~0=1 and indeed 0 < 1.

FPf:

By definition of one, N1 & 00,1. Since MO, by (F2), M1,{0} by (F3). By (F2) again,
-1=0.

Evidently ¢ € {0}. Hence O < 1. 0



Prop 4.7. Let one(1). Then M1,P if and only if 3a P = {a}.

Ff.

Suppose M1,P. By Prop 4.6, 1=0. By Prop 2.1 Pa for some a. By (F3)
MO,(P\ {a}). By (F2) (P\{a}) = ¢. Hence P = {a}.

On the other hand suppose P = {a} for some a. Since MO,¢ by (F2), M1,P by (F3).

0

Prop 4.8. Let P = {a} for some a, and assume Nu. Then one(u) if and only if Mu,P.
Pf.
Half follows from Prop 4.7. Now suppose M1,P. Apply Lemma 2.12. O

Prop 4.9. Let Nn & = n=0. Then 31 one(1), and moreover 1 <n.

Pf.
By POTINF (Theorem 2.24), Mn,P for some P. By Prop 2.1 Pa for some a. But
{a} € P,so by Prop 44,N1 & M1 {a} for some 1. By Prop 4.8, one(1). Evidently, 1 < n.

0

Prop 4.10. Letn <1, where one(1). Thenn=0vn=1.

Note: The proof would be more straight-foward if it could appeal to Anti-Symmetry (Prop
4.18), but the nature of the proposition places it here.

Pf:
By Def 1.7, Nx & Ny & PC Q & Mn,P & M1,Q, for some P,Q. By Prop 4.7,
Q = {a}, for some a. By logic, P = ¢ or P = {a}. The former case and Prop 4.1 imply n =0.

The latter case and Prop 4.8 implies one(n). O
4B. Definition of Addition and Elementary Propositions.

Def4.11. Use +(x,y,z) to abbreviate:

Nx & Ny & Nz & IPAQ ((P N Q) = ¢ & Mx,P & My,Q & Mz,(P U Q) ) 0

Prop 4.12. (Uniqueness) YxVyVaVb ( +(x,y,a) & +(x,y,b) =a=b)
Pf:
Assume +(x,y,a) & +(x,y,b). Then by Def4.11, for some P,Q,P',Q",

Nx & Ny & Na and (P N Q) = ¢ & Mx.,P & My,0 & Ma,(P U Q)



and
Nx & Ny & Naand (P'N Q") = ¢ & Mx,P' & My, Q' & Mb,(P'U Q).

By logic, (P U Q) ~ (P'U Q"). By Finite Hume’s Principle (Prop 2.3), Ma,(P'U Q"). By
(F1),a=b. O

If +(x,y,2), then (x + y) will be used to refer to z, which is legitimate given the previous
proposition. Note that the appearance of (x + y) in an atomic formula ¢ is to be read as
Az (+(x,y.2) & ¢* ) where ¢* is ¢ with z (assumed not to be appearing in ¢ ) replacing (x + y).
Soe.g. (x +y) < a means

Az (+(xy2) & z = a),
and (x + y) = z' means

Az (+(x,y,2) & z=7z"), which is just +(x,y.,z").
Hence (x + y) = z' and +(x,y,z") are interchangeable.

Terms with additive sub-terms are permitted, and any reasonable unwinding is permitted,

e.g. ((x +y) + u) < a may be read either as

Az (+(xy2) & (z+ u) < a)
and from there

dz (+(xyz) & IZ'(+(zuz) & ' a)),
or as

' (H(x+y)uz) &z'=a)
and from there

Jz' (Fz(+(xy2) & Hzuz)) &z'<a).
The two unwindings are, of course, logically equivalent.

Notice that by Def 4.11, if (x + y) exists, then N(x + y).

Expressing addition as a term rather than as a predicate is more convenient, because
terms involving multiple additions are easily built up, for instance as used in the Associative
Laws. On the negative side, its use asserts uniqueness of the sum, which appeals to Prop 4.12
and thus Finite Hume’s Principle, which is not necessarily needed in the equivalent assertion
involving addition as a 3-arity predicate. For instance, the proof of the Commutative Law of
Addition in the predicate form

VxVyVz (+(x,y,2) = +(y,x,2) )
requires only logic and one appeal to Corollary 2.4. Because of the comments after that

Corollary, this means that Commutativity in the predicate form can be proved with logic only, in
an environment where extensionality is assumed.



Prop 4.13. (Commutative Law). YxVyVz ((x+y)=z= @y +x)=2)
Note: Henceforth commutative permutations will be assumed, so e.g. even though Prop 4.15

only asserts (0 + x) = x, it will be supposed that the proposition (x + 0) = x follows without
explicit assertion.

Pf:
Assume (x +y) =z. By Def4.11, Nx & Ny & Nz, and there are X,Y such that:

XNY)=¢&MxX&My,Y & Mz, (XU Y).
Bylogic(YNX)=¢ & (YN X)=(XUY).By Corollary 2.4, Mz,(Y U X). Thus (y +x) =z.
O

Prop 4.14. (Zero).

a. Vx(Nx=0+x)=x)

b. VxVy ((x+y)=x=y=0)

c. VaVy ((x+y)=0=>x=0&y=0)
Pf:

a. Suppose Nx. By Prop 1.1, NO. By POTINF (Theorem 2.24), Mx,P for some P. By
(F2), M0,¢$. By Corollary 2.4 Mx,(¢p U P). Thus

NO&Nx&NO& (PN P)=¢ & MO,p & Mx,P & Mx,(p U P).
b. Suppose (x + y) =x. Then by Def4.11, Nx & Ny, and there are X,Y such that:
XNY)=¢ &Mx X & My,Y & Mx,(X U Y).

Obviously, X € (X U Y), so by the Pigeon Hole Principle (Prop 2.6),(X U Y) = X. By logic
Y=¢. By Prop4.1,y=0.

c. Assume (x + y) =0. Then by Def4.11, Nx & Ny, and there are X,Y such that:
XNY)=¢ &MxX&MyY&MOXUY).

By (F2),(XUY)=¢. Evidently,X=Y=¢. By Prop4.1,x =y =0. i

Prop 4.15 (Associative Laws).
a. VxVyVzVa ((x+y)+2)=a=x+( +2)=a)

b. VaxVyVzVa((x+(y+2)=a=(x+y)+z2)=a)



Pf:
a. Assume ((x +y) + z) =a. Then by Def4.11, Nz & Na, and there are ¢,C,Z such that:
CN2DH=p&Mc,C&MzZ&Ma,(CUZ)& (x+y)=c.

The latter conjunct implies that Nx & Ny & Nc and there are X,Y s.t.

(XNY)=¢ & MrX&My,Y & Mc,(X U Y).

By Finite Hume’s Principle (Prop 2.3),(X U Y) ~ C, so by logic there exist X',Y" such that
X~X&Y'~Y&X'NY)=0& X' UY)=C.

By Finite Hume’s Principle in the other direction and Corollary 2.4, Mx X' & My,Y' &
Mc,(X'U Y").

By logic, (YYNZ)=¢ and (Y'U Z) C (C U Z). By Prop 44, Md (Y' U Z) for some d
s.t. Nd. Note thatd = (y + 2).

Also by logic, X' N (Y'U Z))=dand (X'U (Y'U Z2)) =(C U Z). Thus by Def4.11,
(x+d)=a,and so (x + (y + 7)) = a.

b. Assume (x + (v + 2)) = a. By two applications of the Commutative Law (Prop 4.13),
((z+y)+x)=a. By (a), (z+ (y + x)) = a. By two more applications of the Commutative
Law,((x+y)+27) =a. a0

Prop 4.16 (Cancellation) YNxVyVz ((x+y)=(x+z2)=y=2z)
Pf:

Assume (x +y) = (x + z). Then by Def4.11, Nx & Ny & Nz, and there are X,Y X' and
Z' such that:

XNY)=¢&MxX&My,Y &M(x+y),XUY)
and
X'NZY=d & Mx X' & Mz,Z' & M(x + 2),(X'U Z).

By Finite Hume’s Principle (Prop 2.3),X ~ X'and, since (x +y)=(x+2), XU Y) ~ (X' U Z").
Prop 4.2 implies that Y ~ Z'. So by Finite Hume’s Principle in the other direction, My,Z'. By

(F1),y=z. O

Prop4.17. ¥VxVy (x<sy<e z(x+2)=y)

Ff.

Suppose x <y. Then by Def 1.7, Nx & Ny and P C Q & Mx,P & My,Q for some P,Q.
Consider P and (Q \ P). Their union is equivalent to Q and their intersection is empty. By
Prop 44, Mz,(Q\ P) for some z s.t. Nz. By Def4.11,(x+2z) =Y.

Now suppose (x +z) =y. Then by Def4.11,Nx & Ny & Nz and (P N Q) = ¢ & Mx,P
& Mz,0 & My (P U Q) for some P,Q. Evidently, P C (P U Q). But then, by Def 1.7, x < y. [I



Prop 4.17 is very useful. For one thing, it facilitates the proof of Anti-Symmetry of
inequality.
Prop 4.18. (Anti-Symmetry) VxVy(xsy& ysx=x=y)

Pf.
Assume x <y & y<x. ByF.Prop4.17,(x + z) =y and (y + z') = x for some z,z'. Then
((x + z2) + ') = x. By Associativity (Prop 4.15a), (x + (z+ ")) =x. So (z+z') =0 by Prop

4.14b. By Prop 4.14c,z=0. By Prop 4.14a,x =y. O

Prop 4.19.

a. VaVbVxVyVz (asx&b<sy& (x+y)=z=(a+b)=<z)

b. VaV¥VxVyVz (x<sy& (Y +2)=a=x+2)=(+2))

c. VxVyWVz((x+2)=s(y+2)=>x<y)

Pf:

a. Assumea<sx&b=<sy& (x+y)=z. ByProp4.17,(a+a")=xand (b+b') =y for
some a'ph'. Soz=((a+a")+ (b+b")). By various applications of the Commutative and
Associative Laws, z = ((a + b) + (a' + b")). Reapplying Prop 4.17 in the other direction,
(a+b) =z

b. Assumex<sy & (y+z)=a. By Prop4.17 (x+x")=y. So((x+x')+2)=a.
Applying the Commutative and Associative Laws, ((x + z) + x') = a. Thus by Prop 4.17 in the

other direction, (x + z) <= a,and so (x + 7) < (y + 2).

c. Assume (x +2) < (y +2). By Prop 4.17 ((x + ) + ¢) = (y + z) for some c. By
Associativity and Commutativity, ((x + ¢) + z) = (y + z). By Cancellation (Prop 4.16),

(x+c)=y. By Prop 4.17 in the other direction, x < y. O

Remark that Prop 4.19a could not be written as:
VaVbVxVyVz (asx&bsy=(a+b)<(x+Y)).
This is because, given x and y, it cannot be inferred that (x + y) exists. Its existence must be
assumed, as is done in Prop 4.19a as actually stated.
Also notice that it is not necessary to assume the existence of (a + b) as well. Its

existence can be inferred from the existence of (x + y), since it is a smaller number. (The proof
of Prop 4.19a appeals to Prop 4.17, which in turn appeals to the crucial Prop 4.4.)

Prop 4.20.
a. VxVy (Nx & Ny & ox,y < 31 (one(1) & (x+ 1) =y))



b. VxVyV1 (Nx & Ny & one(1) & ox,y=(x+1)=y)
c. VaVyV1 (one() & (x+y)=1&-~x=0 =x=1&y=0)

Pf:

a. Suppose Nx & Ny & ox,y. By POTINF (Theorem 2.24), Mx,P & = Pa for some P.a.
By (F3), My, (P U {a}). By (F2),-~y=0. By Prop 44,M1 {a} for some 1 s.t. N1. By Prop
4.8,0ne(1). By Def4.11,(x+1)=y.

Now suppose one(1) & (x + 1) =y, forsome 1. Then Nx & Ny & Nl and (PN Q)=¢
& Mx,P & M1,0 & My, (P U Q) ), for some P,Q. By Prop 4.7, Q = {q} for some q.
Evidently, (P U Q) = (P U {q}), so by Corollary 2.4, My (P U {q}). So by Lemma 2.12, ox,y.

b. Assume Nx & Ny & one(1) & ox,y. By Def 1.5,N1 & 00,1. By (a) Nu & o0,u &
(x + u) =y for some u. Butu =1 by (PA4).

c. Assume one(1) & (x+y)=1& ~x=0. By Def4.11, Nx & Ny, and there are X,Y such
that:

(XNY) =& MxX&My,Y &MI,(XUY).

By Prop 4.7,(X U Y) = {a} for some a. But = X = ¢ by Prop 2.1, so evidently X = {a} and
Y = ¢. By Prop 2.1 again, y =0. By Prop 4.7 and (F1),x=1. O

Prop 4.21.

a. VxnVm (Nn & Nm & onm=(x=sn<x<m))

b. VxXNnVm (Nn & Nm & onjm= (xsm<xsnvx=m))
c. VxVyV1 (y<x &one(l)=(y+1)=<x)

Ff.

a. Assume Nn & Nm & onn.

Suppose x = n. Then (x + z) = n for some z, by Prop 4.17. Also, by Prop 4.20a,
one(l) & (n+ 1) =m for some 1. So ((x + z) + 1) = m. By Associativity (Prop 4.15a),
(x + (z + 1)) = m. By the other direction of Prop 4.17,x < m. If x = m, then by Props 4.14b
and 4.14c, 1 = 0; but this contradicts Prop 4.6.

On the other hand, suppose x < m. So = x =m. Further suppose that - x <n. By
Dichotomy (Prop 4.5b),n <x. So—~x=n. By Prop4.17,(n +z) =x and (x + ') = m, for
some z,z'. Remark that, by Prop 4.14a, neither z nor z' equals 0. Also, using Associativity
(Prop 4.15a), (n + (z+ z')) = m. But by Prop 4.20a, (n + 1) = m where one(1). Hence by
Cancellation (Prop 4.16), (z + ') = 1. But Prop 4.20c then implies that either zor z'is 0, a
contradiction.

b. Follows directly from (a).

c. Assume y < x & one(1). Then Nx & Ny by Def 1.7. By Prop 1.2, Nk & ok x, for some
k. By (a),y < k. By Prop 4.20a, (k+ 1) =x. By Prop 4.19b,(y + 1) = (k + 1). I



4C. Well-Ordering Principle and Maximality

Recall that ¢[y\x] is the formula resulting from replacing all free instances of x in ¢ with
y.

Prop 4.22. Well-Ordering Principle. Let Nn and let ¢ be any formula with no appearance of
mory. Then:

a. Either:
Vx(xsn=-¢)
or
x(x=n& & Vy(Ny&ohyuw]=x=<y)
b. Either:
Vx(xsn=-¢)
or
I (Nx & & Vy(Ny& o[yl =x=<y)
c. Either:
“dx(Nx & @)
or
A (Nx& & Vy(y<x=-¢[y«])
Pf:

a. Proceed by induction (F4*), with ¢ as

(Vx(x=sn=-9)
vix (x=sn& & Vy(Ny& o[y =x=<y))).

Trivial when n = 0, since either (¢ [0\z])[0\x] or = (@ [O\W])[O\x]. If the former, then the first
disjunct is true. If the latter, then the second disjunct is true by letting x = 0.

Now assume Nn & Nm & onym & ~m =0 & ¢ . By Prop 4.21b, one of these three
cases obtains:

Vx(xsm=-¢)
Vix(xsn=-¢) & @[m\x]
or
Ax(x=n& @)
In the first case the conclusion follows immediately. In the second it is easy to show that
m=m& @[mx] &Vy(Ny& o[y\x] =>m=<y),
which implies

x(x=m& & Vy(Ny& ¢o[yY\x] =x=<y)).

And the third case contradicts the first disjunct of the Induction Hypothesis ¢, so it is the second
disjunct



x(x=n& & Vy(Ny&ohyw]=x<y))
which must obtain. But then obviously
I (x=m& & Vy(Ny& p[yx]=x=<y)).

b. Follows from (a) since x < n implies Nx, for all x,n.

c. Follows from (b) and Dichotomy (Prop 4.5b). 0

The Well-Ordering Principle establishes the existence of the least number, the following
proposition the existence of the greatest number.

Prop 4.23. Let Nn and let ¢ be any formula with no appearance of n, m or y. If
Vx(p=x=n) & 3Ix ¢.

then
A (p&x=n&Vy(pyx]=y=x)).

Pf:
Proceed by induction (F4*), with ¢ as

(Vx(p=x=n&Ixp =Ix (& Vy(p[y]=y=x)).
Remark that ¢ [O\z] and @ [m\n] are just g, since n does not appear in .

Case n = 0. Suppose Vx (p = x <0) & Ix ¢. By the first conjunct,
Vy (¢ [yY\x] = y <0). By the second conjunct, ¢ [a\x] for some a. Thus a <0. By Prop
2.14b,a =0. Hence @ [0\x], and thus

@ [0W] & Vy (@ [y\] = y < 0),
from which follows immediately
I (@& Vy (@l =y=x))
Induction Step. Now assume Nn & Nm & onyn & ~m =0 & ¢. And suppose
Vx (o= x<m) & Ix ¢.

If = @ [m\x], then Vx (p = x < n), by Prop 4.21b, and the result follows from the
Induction Hypothesis.

On the other hand, suppose ¢ [m\x]. But Vx (¢ = x < m), so evidently if ¢ [y\x], then
y<m. Thus
@ [m\x] & Vy (¢ [Y\w] = y = m),

from which follows immediately



Ix (@& Vy(ph\x]=y=x)).



5. Multiplication

Def 5.1. Use *(x,y,7) to abbreviate:

Nx & Ny & Nz &
AP3AR (Is1-1(R) & Mx,P & Yu(Pu=> My,{v : Ru,v})

& Mz {v: Ju (Pu & Ruy)}) I

Prop 5.2. (Zero, Left) Yx (Nx = *(0,x,0))

Ff.

Assume Nx. M0, by (F2). Vacuously, Vu(dpu = Mx {v : ¢pu,v}). (Remark: the first
instance of ¢ is one-place and the second is two-place.) Also vacuously, Is/-1(¢). Finally,
{v: Ju(pu & puy)} =, so by (F2),MO{v: Ju (¢pu & ¢pu,v)}. Hence by Def 5.1, *(0,x,0).

0

Prop 5.3. YnN'yNmVaVb (*(n,y,a) & (a+y) =b & Nm & onn = *(m,y,b) )
Pf:

Assume *(n,y,a) & (a+y)=b & Nm & on,m. Then by Defs 5.1 and 4.11, Nn & Ny
& Na & Nb and for some P,R.A,B

Is1-1(R) & Mn,P & Yu(Pu = My,{v: Ruy}) &
Ma{v: Ju (Pu & Ru,)}

and
(ANB)=¢ & Ma A& My,B& Mb,(AU B).

By POTINF (Theorem 2.24), there exists p s.t. = Pp. Using predicative comprehension, set P'
to (P U {p}). By (F3) Mm,P'. Now both {v: Ju (Pu & Ru,v)} and A number a, so by Finite

Hume'’s Principle (Prop 2.3),{v: 3u (Pu & Ru,v)} ~ A. Hence for some S, S is a one-to-one
function onto A with domain {v: Ju (Pu & Ru,v)}. Evidently, {v: Ju (Pu & (R ° S)u,v)} = A.

Using predicative comprehension, set R' to
{u,y: (Pu& (R°Su,y) v(u=p & Bv)}.

Because R and S are one-to-one, so is (R ° S). But A and B are disjoint, and = Pp, so R'

is also one-to-one.

Assume P'u. So either Pu or u = p. Suppose Pu. Then My {v: Ru,v}. But § correlates
{v:Ruy} with {v:(R°Su,y},so My{v: (Re° Su,v} by Finite Hume’s Principle. “p=u
since Pu. So

V:iReSuyr={v:(Pu& (ReSu,y)v (u=p & Bv)},
and thus {v: (R° Su,v} = {v:R'uy}. So My,{v:R'uy}. Similar reasoning shows that

My, {v: R'u,v} when u =p.
Finally, it is easy to see that {v : Ju (Pu & R'u,v)} = (A U B), so by Corollary 2.4,



Mb.{v: Ju (Pu& R'v)}.
Putting all this together, it can be concluded that *(m,y,b). O

Prop 54. NnNYyNzNm (*(m,yz) & Nn & ongn = 3Ab (*(n,y,b) & (b +y)=2z)
Pf:
Assume *(m,y,z) & Nn & on,n. Then by Def 5.1, Nm & Ny & Nz and for some P,R

Isl-1(R) & Mm,P & Yu(Pu=>My{v: Ruy}) & Mz,{v: Ju (Pu & Ruy)}.

By (PAOG) (Corollary 2.25),~m =0. By Prop 2.1, Pp for some p. Set P'to (P\{p}) and R'to
(R[ P'). By (F3) Mn,P'. Evidently, Is/-1(R") and Vu(P'u = My {v : R'u,v}). Also,

{v:uPu&Ruy)} C{v:Iu(Pu& Ruy)},

so by Prop 4.4, Mb.{v : 3u (P'u & R'u,v)} for some b s.t. Nb. Hence, *(n,y.b).
But also

v: uPu&Ruy)} ={v:u(Pu& Ruy)} U{v:Rpy}
and, because R is one-to-one,

v:uPu&Ruy)} N{v: Rp,vy} =¢.

Since My, {v : Rp,v}, one can conclude that (b +y) = z. O

Prop 5.5. (Zero, Right). Vx (Nx= *x,0,0))

Pf:

Proceed by induction (F4*), with ¢ as *(n,0,0).

If NO, then *(0,0,0) by Prop 5.2.

Now assume Nn & Nm & onyn & ~m =0 & ¢ . Then NO by Prop 1.1,s0(0+0)=0

by Prop 4.14a. Hence *(n,0,0) & (0 +0) =0 & Nm & on,m. By Prop 5.3, *(m,0,0). a

Prop 5.6. (Uniqueness) YxNyVaVb ( *(x,ya) & *(x,y,b)=a=0>b)

FPf:
Proceed by induction (F4*), with ¢ as

VyVaVb (*(ny.a) & *(nyb)=a=>b).
Suppose *(0,y,a) & *(0,y,b). The first conjunct implies, by Def 5.1, that for some PR,
Is1-1(R) & MO,P & Yu(Pu = My{v: Ruy}) & Ma{v: Ju (Pu & Ru,)}.
But then P = ¢ by (F2), so evidently {v : u (Pu & Ru,v)} = ¢. By Prop 2.1, a =0. Similar
reasoning shows that » =0. Thus a = b.
Now assume Nn & Nm & onyn & ~m =0 & ¢ . And suppose *(m,y.a) & *(m.y,b).

By Prop 54,*(n,y,c) & (c +y) =a and *(n,y.d) & (d + y) = b, for some c,d. By the inductive
hypothesis, ¢ = d. By Uniqueness for Addition (Prop 4.12),a = b. O



From now on, as happened with addition, use (x * y) to refer to that z (if it exists) such
that *(x,y,7), guaranteed to be unique by the previous proposition. Versions of Props 5.2 t0 5.5,
where a multiplication term rather than predicate is used, will be assumed.

Notice that if (x * y) exists, then N(x * y).

Prop5.7. Vx((x*y)=0=x=0vy=0)
Pf:
Assume (x * y) =0. Then by Def 5.1, Ny & Nz, and for some P,R
Is1-1(R) & Mm,P & Yu(Pu=> My, {v: Ruy}) & MO {v: Ju (Pu & Ru,v)}.

By (F2) {v: Ju (Pu & Ru,v)} = ¢. Suppose neither x nor y is zero. Then—- P = ¢ and - R = ¢,
by Prop 2.1. But then =~ {v : Ju (Pu & Ru,v)} = ¢, a contradiction. O

Prop 5.8.

a. VnV1 (Nn & one(1) = (1 *n)=n)

b. VxVyV1 (one(1) & (x*y)=1=x=1&y=1)

Pf:

a. Assume Nn & one(1). By POTINF (Theorem 2.24), there exists P,Q s.t. M1,P and
Mn,Q. By Prop 4.7, P = {a}. Using predicative comprehension, set R to {x,y : x =a & Qy}.
Clearly IsI-1(R) and Yu(Pu = {v: Ruy} = Q). Also, {v:3u (Pu & Ru,v)} = Q. Soby
Corollary 24,Vu(Pu=> Mn4{v : Ru,v}) and Mn,{v : Ju (Pu & Ru,v)}. Hence (1 * n) = n.

b. Assume one(1) & (x * y)=1. By Prop 4.6,~ (x *y)=0. By Props 5.2 and 5.5,
—x=0and = y=0. By Def 5.1, Nx & Ny and for some P,R

Is1-1(R) & Mx,P & Yu(Pu = My,{v: Ru,v}) & M1,{v : u (Pu & Ru,v)}.
By Prop 4.7,
(*){v: 3u (Pu & Ru,v)} = {b} for some b.

Then, Pa & Ra.pb for some a. Suppose Pc for some ¢ where = ¢ = a. Then My {v: Rc,v}, so
= {v:Rc,v}=¢by Prop 2.1. But then Rc.d for some d, and ~d = b since IsI-1(R). This
contradicts (*). So P = {a}, and by Prop 4.7 and (F1),x=1.

If =y=1,then {v: Ra,v} contains at least one other thing other than b, by Prop 4.7 and

(F1), say e. But this again contradicts (*). Soy =1 as well.

Prop 5.9. (Distributive Laws)



a. VnVx¥yVa ((x+y)*n)=a=((x*n)+(y*n)=a)
b. YVnVxVyWVWa((n*(x+y)=a=((n*x)+(n*y))=a)
c. VnVaxVyVa((n*x)+(n*y)=a&-n=0=mn*x+y)=a)

Note: In (c) “=n=0"is needed, since one may have ((0 * x) + (0 * y)) = 0 without (x + y)
existing.

Pf:
a. Assume ((x +y) * n) = a. Then by Def 5.1, N(x + y) & Nn & Na and for some C,R

IsI-1(R) & M(x + y),P & Yu(Pu = Mn{v : Ru,y})
& Ma,{v: Ju (Pu & Ru,v)}.

So by Def4.11, Nx & Ny and for some X,Y

(XN Y)=¢ & Mx.X & My,Y & M(x +y),(X U V).

By Finite Hume’s Principle (Prop 2.3), P ~ (X U Y). By logic, there are X'and Y's.t. X' ~ X,
Y~Y,X'NY)=¢,and (X' U Y') = P. By Finite Hume’s Principle again, Mx X".
Vu(X'u = Mn{v : Ru,v}) since X' C P. Evidently,

v:3uXu&Ruy)} C{v:Iu(Pu& Ruy)},

so by Prop 44,Mb{v: Ju (X'u & Ru,v)} for some b where Nb. By Def 5.1, (x * n) = b.
Similarly, (y * n) = ¢ for some ¢ s.t. Nc & Mc,{v: u (Y'u & Ru,v)}. Evidently,

v: uXu&Ruy)} N{v:3uYu&Ruy)})=0d
and
v:wXu&Ruy)} U{v:3uY'u& Ruy)})={v:3u(Pu& Ruy)}.

By Def4.11,(b+c)=a. Thus(x*n)+ (Y *n)=b+c)=a=((x+Yy) * n).
b. Proceed by induction (F4*), with ¢ as
VxVyVa((n*(x+y)=a=((n*x)+(n*y)=a).

Case n = 0. Assume (0 * (x +y)) =a. By Prop 5.2,a=0 and
O*x)=0*y)=0. By Def 5.1, NO. By Prop 4.14a, (0 +0) =0. Hence
(O*x)+ (0 *y)=a.

Induction step. Assume Nn & Nm & onyn & - m =0 & ¢ . And suppose
m*(x+y)=a. ByProp54,(n* (x+y))=b& (b+ (x+Yy))=a for some b. So

a=b+x+y))
=((n* (x+y)+(x+y)
=(n*x)+(n*y)+(x+y) by the induction hypothesis
=((n*x)+x)+((n*y)+y)) by Additive Commutativity
and Associativity
= ((m*x) + (m*y)) by Prop 5.3.



c. Proceed by induction (F4*), with ¢ as
VaVyWa((n*x)+(n*y)=a&-n=0=mn*x+y)=a)
Case n = 0. Trivial.

Induction step. Assume Nn & Nm & on,m & - m =0 & ¢. And suppose
(m*x)+(m*y)=a&-m=0. By Prop 54, (m*x)=((n * x) +x) and (m * y) =
((n*y) +y).

Suppose n =0. Then one(m) by Def 1.5. By Prop 5.8a,(m * x) =x and (m * y) =y.
So(x+y)=a,and (m * (x +y)) = (m * a) = a, again by Prop 5.8a.

Otherwise, 7 n =0. Then

((m * x) + (m * y))
=((n*x)+x0)+((n*y)+y))
=(((n*x)+(n*y)+((x+y)) byAdditive Associativity
and Commutativity
=(n*x+y))+(x+y)) by the induction hypothesis

=(m* (x+y)) by Prop 5.3. 0

Prop 5.10. VxYyVzVa ((y*x)+y)=a& oxz= (y*z)=a)

Pf:
Proceed by induction (F4*), with ¢ as

VxVzVa((n*x)+n)=a&oxz=m*z)=a).

Assume ((0 * x) + 0) =a. By Prop 5.2 and Prop 4.14a,a =0. But (0 * z7) =0 by
Prop 5.2 again.

Now assume Nn & Nm & onm & ~m =0 & ¢. And suppose ((m * x) + m)=a &
ox,z. By Prop 54,(m * x) = ((n * x) + x), hence (((n * x) + x) + m) =a. By Prop 4.9, one(1)
for some 1. By Prop 4.20b,(x + 1)=zand (n+ 1) =m. So ((n * x) + x) + (n + u)) =a. By
Additive Associativity and Commutativity, (((n * x) + n) + (x + u)) = a, hence
(((n * x) + n) + 2) = a. By the induction hypothesis, ((n * x) + n) = (n * 7), so
(n*z)+z)=a. By Prop53,(m*z)=a. 0

Prop 5.11. (Commutative Law). VxVyVz ((x*y)=z= (@ *x)=2)

Note: From now on, as with addition, propositions will only state one form of commutative
permutations, and assume the rest as granted.

Pf:
Proceed by induction (F4*), with ¢ as

Wz ((n*y)=z=0*n=2).
Assume (0 * y) =z. Then (y * 0) =0 =z by Props 5.2 and 5.5.
Now assume Nn & Nm & onjm & ~m =0 & ¢ . And suppose (m * y) = z. Then by

Prop 54,((n * y) + y) = z. By the induction hypothesis, (n * y) = (y * n),so z=((y * n) +y).
By Prop 5.10,(y * m) = z. O



Prop 5.12 (Associative Laws).

a.Vx¥yVzV¥a ((x*y) *z)=a & x=0=(x* (y*z))=a )
b.VxVyVz¥Va ((0*y)*)=a & (y*2)=x=0*(y*2)=a)
c.VxVyYWVWVa ((x* (y*2)=a & ~z=0= ((x*y) ¥ 2)=a)
d.VxVyVzV¥a ((x* (y ¥ 0) =a & (x ¥ y) = z=> ((x*y)*0 = a)

Note: 1t would obviously have been preferable to combine the first two assertions (a and b) into
one, as

VxVyVzVa ((x*y)*z)=a=x*(y *2)=a)

Unfortunately, this assertion does not hold since the assumption that ((0 * y) * z) = a does not
ensure that (y * z) exists, because (y * z) is usually a bigger number than any number appearing
in ((0 * y) * z) = a. So the assertion must be broken up into two parts, a, where x is non-zero
so that the existence of (y * z) in fact follows from the assumption of the existence of

((x *y) * 2), and b, where x is 0 and the assumption of the existence of (y * z) is made
explicitly.

Pf:
a. Proceed by induction (F4*), with ¢ as
VyWVa ((n*y)*z)=a&-n=0=n*(y*z2)=a).
Case n = 0. Trivial.
Induction step. Assume Nn & Nm & on,m & “m =0 & ¢. And suppose
(m*y)*z)=a&-m=0.
Suppose n = 0. Then one(m) by Def 1.5 and so by Prop 5.8a,(m *y)=y. So
a=((m*y)*z)=(y*z). Butthen by Prop 5.8a again,(m * (y * z)) = (y * z) = a.
Now suppose = n=0. By Prop 54,(m*y)=((n*y)+y). By Prop 5.9a,
((n* ) +y)*2)=((n*y)*2)+(y*2).
By the induction hypothesis,
(n*y)*2)=@m**2).

So

(m*(y*2)=(n*y*2)+*2)
=(m* (y*2z) by Prop 5.3.

b. Assume ((0 *y) * z) =a & (y * z) = x. By two applications of Prop 5.2,a=0. By
another, (0 * (y * z)) = 0.

c. Assume (x * (y *z)) =a & 7 z=0. Then



a=((y*z)*x) by the Commutative Law (Prop 5.11)
=((z*y) *x) by the Commutative Law
=(z* (y *x)) by (a)
=((y*x)*2) by the Commutative Law
=((x*y) *2) by the Commutative Law
d. Analogous to the proof of (c). O

Prop 5.13. (Cancellation). VxVyVz ((y*x)=(z*x) & x=0=y=2)

Pf:

Proceed by induction (F4*), with ¢
ViVz((n*x)=*x) & x=0=>n=2z).

Case n = 0. Assume (0 * x) =(z * x) & " x=0. Then (0 * x) =0 by Prop 5.2. So by
Prop 5.7,7=0.

Induction step. Assume Nn & Nm & onyn & ~m =0 & ¢ . And suppose
m*x)=(2*x)&-x=0. ByProp54,(m*x)=((n*x)+x). If z=0,then (z *x)=0
and so (m * x) = 0 using Prop 5.2, contradicting Prop 5.7. Hence = z=0. By Prop 1.2,0z7'z
for some z's.t. Nz'. By Prop 54, (z* x) =((z' * x) + x). Thus

((n* x) +x) = (" *x) +x).
By Cancellation for Addition (Prop 4.16)

(n*x)=("*x).

By the induction hypothesis, n = z'. By (PA4), m = z. 0

Corollary 5.14. YxVu ((x *u)=x & 7 x =0 => one(u) )

Pf:

Suppose (x * u) =x & = x =0. Then Nx, by Def 5.1. So by Prop 4.9, one(1) for some
1. By Prop 5.8a, (x*1)=x. By Prop 5.13,z=1. O
Prop 5.15.

a. VxVyWVWVa (xsy& y*z)=a=x*7)<(y *2)).

b. VxVyVzVa (Nz & z=0& x<sy& (y*2)=a=x=(y *2)).
c. VaxVx'VyVVa (x=sy&x'sz& y*2)=a=x*x)=s(y*2)).
Pf:

a. Assume x =y & (y *z) =a. So

O*2)=((x+x")*2) for some x' by Prop 4.17



=((x*z)+(x"*2)) by Prop 5.9a
Hence by Prop 4.17 again, (y * z) = (x * 7).

b. Assume Nz & 7 z=0&x<sy& (y*z)=a. 1l =z,by Prop4.9. (x*1)=<(y*z) by
(a). x=(y *z),by Prop 5.8a.

c. Apply (a), Commutativity of Multiplication and Transitivity of < (Prop 4.5a). O

Prop 5.16.
a. VxVyVz((x*z2)=s(y*2) &z=0=x=<y)
b. VxVyVzV1 (nx=0& one(1) & 1<y & (x*y)=z =x<(x*y))
Pf:
a. Assume (x * z) = (y * z) & 7 z=0. Then by Def 5.1, Nx & Ny, so by Dichotomy
(Prop4.5b),x<yvy<ux.
Suppose y < x. By Prop 5.15a,(y * z) = (x * z). By Anti-Symmetry of < (Prop 4.18),
(x*z)=(y * z). By Cancellation (Prop 5.13),x =y, a contradiction.

b. Assume 7" x =0 & one(l1) & 1 <y & (x * y) =z. Suppose = x < (x * y). Then by
Dichotomy (Prop 4.5b), (x * y) <x. By Prop 58a,(x *y)<(x* 1). By (a),y=<1,

contradicting Anti-Symmetry (Prop 4.18). 0

Prop 5.17. (Division Algorithm)
a. (Existence). VaVb (Na & Nb & - b=0=3gIr (a= (g *b) +r) & r<b))

b. (Uniqueness). YaVb¥qV¥VrNgVr' (a=((g* D)+ &r<b&a=((q'*b)+r)&r'<b
=q=q'&r=r)

Pf:
a. Assume Na & Nb & = b =0. Let ¢ be the formula
dg a=((g * b) + x).

Note first that Ix ( Nx & @), since a = (( 0 * b) + a) by Props 5.2 and 4.14a. By the
Well-Ordering Principle (Prop 4.22c¢),

Nx& @& Vy(y<x=-¢[y\x])
for some x. Hence
a=((q*b)+x)

for some q.
Suppose = x < b. By Dichotomy (Prop 4.5b),b < x. By Prop 4.17,



(b + ¢) = x for some c. By Prop 4.17 again, ¢ < x. Because = b =0, then ¢ < x, by Prop 4.14b.
Note that one(1) for some 1 by Prop 4.9.

So
a=((g*b)+®+0)
=(((g*D)+b)+c) by Associativity of Addition
=(((g *b) + (1*b)) +c) by Prop 5.8a
=(((g+1)*b)+c) by Prop 5.9c.

But this contradicts Vy ( y <x=> - @ [y\x] ). Therefore x < b.

b. Assume - b=0& a=((q*b)+r)&r<b&y=((q'*b)+r") & r'<b.
Suppose = g = g'. WLOG by Dichotomy, suppose g < q'. Then (g + x) = q' by Prop
4.17, for some x where = x =0 by Prop 4.14a. Then

a=(((qg+x)*b)+r')
=(((g *b) + (x * b)) + r") by the Distributive Law
=((g * b) + (x * b) + r")) by Associativity of Addition

By Cancellation (Prop 4.16),r = ((x * b) + r'). But one(1) for some 1 by Prop 4.9. Also, note
0 =<r',by Props 4.14a and 4.17. So

b=(x*b) by Prop 5.15b
s((x*b)+r") by Props 4.14a,4.19, and
Transitivity of <
<r.

But recall r < b, so this contradicts Anti-Symmetry of < (Prop 4.18). Thus g =¢q'. By
Cancellation (Prop 4.16),r =r'. O



6. Division and Prime Numbers

6A. Definition of Division and Elementary Propositions

Def6.1. x|y abbreviates 3z (x * z) = y. O

Prop 6.2.

a. YVx(Nx=x10)

b. Vx(Nx=xlx)

c. VxV1 (Nx & one(1)=11x)

d. Vx(0lx=x=0)

Fyf.

a. Let Nx. (x *0)=0,by Prop 5.5.

b. Let Nx. If x =0, then use (a). Otherwise, suppose = x =0. By Prop 4.9, there exists 1
such that one(1). By Prop 5.8, (x * 1) = x.

c. Nx & one(1). By Prop 5.8, (1 * x) = x.

d. Suppose O | x. By Def 6.1, (0 * z) = x, for some z. By Prop 5.2,x=0. O

Prop 6.3. YVaxVy (xly&-~y=0=x=<y)

Pf:
Letxly&-y=0. By Def6.1 (x * z) =y, for some z. = z=0,by Prop 5.5. By Prop
5.15b,x < (x * 7). 0

Prop 6 4.

a. (Anti-Symmetry) VxVy (xly & ylx=x=y)

b. (Transitivity) VxVyVz (xly&ylz=xlz)

Pf:

a. Letx|y& ylx. Thenby Def6.1,(x * z) =yand (y * ') = x, for some z, z'. Then
x=((x*z) *z). Ifx=0,theny=0,by Prop 5.2,s0 x =y. Otherwise, suppose = x =0. Then

by the Associative Law for Multiplication (Prop 5.12a),x = (x * (z * 2')). By Cancellation,
one(z*z'). By Prop 5.8b,z=1. By Prop 58a,x =Y.



b. Letx|y & ylz. Then by Def6.1,(x * a) =y and (y * b) = z, for some a, b. Then
z=((x*a)*b). Ifx=0,then y=0,s0 z=0 by Prop 5.2; in which case x | z by Prop 6.2.
Otherwise, suppose = x = 0. Then by the Associative Law for Multiplication (Prop 5.12a),

z=(x*(a*b)). Thus x|z. 0

Prop6.5.
a. VxVyVVaVbVe (xly&xlz& ((a*y)+(b*z)=c=xlc)
b. VxVyVzVaV¥VbVce (xly&xlz& (b*z)+c)=(@a*y)=xlc)
Pf:
a. Assume xly & xlz& ((a*y)+ (b * 7)) =c.
If x=0,then y=0and z =0, by Prop 6.2d; by Props 5.5 and 4.14a, c = 0; and so by

Prop 6.2a,x| c.
Otherwise, 7" x =0. By Def 6.1, (x * u) =y and (x * v) = z, for some u,v. So

c=((@*(x*u)+b*(x*v)
=(((x*u)*a)+ ((x*v)*b)) by Commutativity of *
=((x*W*a)+(x*(v*b))) by Associativity of * (since =~ x =0)
=((x*((u*a)+(v*b))) by Distributive Law

Hence x | c.
b. Assume xly & xlz& (b *z)+c)=(a*y).
If x=0,then y=0 and z =0, by Prop 6.2d; c =0 by Prop 4.14c; and so x | ¢ by Prop
6.2a.
Otherwise, 7 x =0. Now (x * u) =y and (x * v) = z for some u,v, by Def 6.1.
Substituting,
(@O* x*v)+c)=(a*(x*u).
Applying Commutativity and (since — x = 0) Associativity of Multiplication,
((x* (b *v)+c)=(x*(a*u)).

By Prop 4.17,(x * (b *v)) = (x * (a * u)). Since ~x =0, by Prop 5.16a, (b * v) < (a * u), so
by Prop 4.17 in the other direction, ((b * v) + w) = (a * u). Substitute, distribute, cancel, to get

c=(x*w).

Thus x | c. I

6B. The Greatest Common Divisor.

Prop 6.6. (Existence and Uniqueness of a Greatest Common Divisor). Let Na & Nb &
(ma=0v —=b=0). Then, there exists some z such that,



zla&zIb& Ve(cla&clb=c=<z).
Ifz'la&z'lb&Ve(cla&clb=c=<7'),thenz' =z.
Pf:
Suppose a =0. Then—b=0. Then b | a by Prop 6.2a,and b | b by Prop 6.2b. If cl a
& c | b,then ¢ = b by Prop 6.3. So set z to b. By symmetry, similar reasoning succeeds in the
case b =0.
Now suppose ~a=0& b =0. Set ¢to
(xla&x|b),
and set n to a. Then by Prop 6.3, Vx (p=>x <n). By Prop 4.9, one(1) for some 1. By Prop
6.2c,11a& 11b. So3dx ¢. By Prop 4.23 (and a change of variables), there exists z s.t. z | a

&zlb&Ve(cla&celb=c=<z).
Finally, suppose z' la & 7' | b & Ve (cla & ¢ b= ¢ <z'). Then both z < 7' and

7' = z. By Anti-Symmetry of < (Prop 6.4a),z' = z. 0

Def 6.7. Suppose Na & Nb & (ma=0v =~ b=0). Use (a A b) to refer to that unique z
guaranteed to exist by the previous proposition. O

Prop 6.8.
a. (Commutativity) VxVy Nx & Ny & (-x=0v-y=0)= (xAy)=(yAx))

Note: As usual, from now on, only one form of commutative permutations will be asserted, and
the rest will be assumed.

b. Yx¥y-(xAy)=0

c. Va¥y (Nx & Ny & (-x=0v ~y=0)= (xAy)|x)

d. YaV¥y (Nx & Ny & (=x=0v=y=0)= (xAy) = x)

e. VaVy (nx=0&xly=(xAy)=x)

£, YVYVZVaVh ((nx=0v-y=0)& ((@*x) + (b *y)=z= (xAy) | z)
g. VVyWoVaV¥h ((nx=0v-y=0)& (@*x) +2)=(b *y) = (xAy) 1 z)
h. Yg¥rYaVbh (~b=0& a=((q*b)+r) = (aAb)=(bAT))

i. VX(Nx=xA0)=x)

j. VxV1 (Nx & one(1) = (xA1)=1)

k. VxVyVz (zIx&zly& (mx=0v-y=0)=zI(xAy))

[. VXVYyVaVbV1((a* (xAy)=x& b *(xAy)=y&one(l)=(aAb)=1)



Pf:

b. Suppose (x Ay)=0. By Def6.7,~x=0v ~y=0. By Prop 4.9, one(1) for some 1.
By Prop 6.2c,11xand 1 |y. By Def6.7,1 < (x Ay),hence 1 < 0, contradicting Prop 4.6 and
Anti-Symmetry of < (Prop 4.18).

f. Assume (nx=0v-oy=0)& ((a*x)+ (b *y))=z. Then(xAy)lxand (x Ay)lyby
(c). The result follows from Prop 6.5a.

h. Assume = b =0 & a=((q * b) +r). Then by Prop 4.9, one(1) for some 1. So
a=(g*b)+ (1 *r) by Prop 5.8a.. Then (b Ar)laby (f). By (c),(bAr)|b. Now
suppose y la & y | b. Again, (1 *a)=((q * b) +r). By Prop 6.5b,y | r. Thus,y<(bAr).
Hence (b Ar)=(a Ab).

k. Suppose not, that is suppose for some x,z

AVx(zlx&zly& (nx=0v-ay=0)=zI(xAy))
By Prop 4.22¢ suppose x is the smallest number s.t.

Zlx&zly& (mx=0v-y=0)&~zI(xAy).

Ifx=0,then—-y=0,and (x Ay) =y by (c); hence from z | y, conclude z | (x A y),a
contradiction.

So suppose = x=0. Then y = ((¢ * x) + r) & r < x for some g,r, by the Division
Algorithm (Prop 5.17a). By Prop 4.9, one(1) for some 1, and (1 * y) =y by Prop 5.8a. By
Prop 6.5b,z1r. If r=0,theny= (g * x) by Prop 4.14a. Then by Def 6.1, x|y, and so by (e),
(x Ay) =x, contradicting = z | (x A y) Hence = r=0. By assumption of the leastness of x,
zI(xAr). By (h),zI (xAYy).

l. Assume (a * (x Ay))=x & (b * (x Ay)) =y. Then (x A y) exists, so one of x or y is
non-zero. Hence one of a or b is non-zero, so (a A b) exists. The result follows now in the
standard way. O
6C. A Few Other Numbers

As with the introduction of a special variable / to serve as argument of the predicate one,
other special variables, 2, 3, and 4, will be introduced to be arguments of the predicates two,
three, and four, defined below.

Defs 6.9.
a. two(u) abbreviates: A1 (one(1) & Nu & ol ,u).

b. three(u) abbreviates: 32 (two(2) & Nu & 02,u).



c. four(u) abbreviates: 33 (three(3) & Nu & 03 ,u). 0

It is not possible to prove (in F) that there are things 2, 3, and 4 s.t. two(2), three(3), or
four(4). On the other hand, if there exists 2 s.t. two(2), then it has all the “downward”
properties of two, including that it is preceded by a unique number one, which is the successor
of 0. Similar remarks hold for three and four.

Prop 6.10. Suppose two(2). Then M2.P if and only if

Jadb (—a=b & P={ab}). O

Prop 6.11. Suppose P = {a,b} for some a,b with = a = b, and suppose Nu. Then two(u) if and
only if Mu,P. O

Prop 6.12. Let one(1) & two(2). Then—=2=0& =2 =1. Indeed, 1 <2. O

Remark that, since the existence of some 1 where one(1) follows from the existence of
there being a 2 such that two(2), the previous proposition could have been asserted in the
following way:

“Let two(2). Then there exists 1 such that one(1) and such
that-2=0&-2=1&1<2.

Prop 6.13. Suppose two(2) & x <2. Then x =0 v one(x). O

Prop 6.14. Suppose Nn & = n =0 & = one(n). Then 32 two(2) and indeed 2 < n. 0

Prop 6.15. Suppose one(1) & two(2). Then (1 + 1) =2.

Pf.
By Prop4.6,-0=1. By Prop 6.11,M2.,{0,1}. By Prop 4.7, M1,{0} and M1,{1}.
By Def4.11,(1 +1)=2. O

Similar propositions can be stated for three and four and indeed predicates for larger
numbers. For instance (a proposition which actually will never be used):



Prop 6.16.
a. Supppose two(2) & four(4). Then (2 +2) =4.

b. Supppose four(4). Then there exists 2 s.t. two(2) and (2 + 2) = 4. 0

6D. Prime Numbers

Def 6.17. n(x) abbreviates:
Nx & -x=0& ~one(x) & Vy (ylx=one(y) vy=x).

x is said to be prime. O

Note that in the previous definition, “- x =0 is added among the conditions for
primeness, which is not habitual. This is done because otherwise 0 would be prime in the
special cases where only zero or only zero and one existed.

Prop 6.18. YxVn (n(x) & nlx = one(n) vn=x)

Pf:

Assume 7t(x) & n | x. Then Nx & = one(x) & = x=0. Then by Prop 4.9, one(1) for
some 1. By Def6.17,n=1v n=x. I
Prop 6.19.

a. V2 (two(2) = n(2))
b. YxV2 (m(x) & two(2) =2 <x)

Ff.

a. Assume two(2). By Prop 6.12,-2 =0 and — one(2). Suppose y | 2. Then by Prop
6.3,y<2. By Prop 6.13,y=0 v one(y) v y=2. Buty=0 contradicts Prop 6.2d.

b. Assume nt(x) & two(2). By Def 6.17,— x =0 & = one(x). By Prop 6.14,2 < x. a

Prop 6.20.
a. Yx(Nx&-x=0& - one(x)=3p (n(p) & plx))



b. VxVy (m(x) & Ny =one(x Ay)v(xAy)=x)
c. VaVy (n(x) & xl1(xAy)=xly)
d. VxVy (Nx& Ny & (nx=0v-y=0)& Vpr(p) &plx=-ply)=one(xAy))

Ff.

a. WLOG by Prop 4.22¢, suppose x is the least number s.t. Nx & = x =0 & — one(x) but
=3y (m(y) & ylx). x1xby Prop 6.2b, so = 7(x). Then there exists z s.t. z | x & but = one(z)
and ~z=x. By Prop 6.2d, - z=0. By Prop 6.3,z < x,s0 z <x. By assumption of the
leastness of x, m(p) & p | z, for some p. But by Transitivity of | (Prop 6.4b),p 1 x,a
contradiction.

b. Assume 7t(x) & Ny & one(1). By Def6.17,~x=0. So by Prop 6.8c,(x Ay) | x.
Hence one(x A y) or (x Ay) = x.

c. Assume mt(x) & x| (x Ay). By Def6.17,-x =0, and so by Prop 6.3,x < (x Ay). By
(b), one(x Ay) v (x A y) =x. The former produces a contradiction to m(x), since it forces x =0
or one(x),by Prop 4.10. The latter implies that x = (x A y) | y.

d. Assume Nx & Ny & (nx=0v-y=0) & Vp((p) &plx=-ply). By Prop 6.6

and Def 6.7, (x A y) exists. = (x Ay) =0, by Prop 6.8b. Assume —one(x Ay). Then,by Def

6.7,z1x& z1y & 7z=0 & = one(z), for some z. By (a), there exists p such that n(p) & p | z.
O

By Transitivity of | (Prop 6.4b),p | x & p | y, contrary to assumption.



7. The Euclidean Algorithm and Unique Prime Factorization

Proofs will now become shorter or eliminated when possible, with appeals to previous
propositions less minutely detailed

7A. Sequences

Second-order logic, with its second-order entities, provides a ready-made manner of
representing sequences of first-order things, which first-order logic does not have.

Recall from Def 2.19 that {0 _ n} represents a predicate satisfied by those numbers
between O and » (inclusive), where 7 is a natural number.

Defs 7.1. Let Nn. R is a sequence to n, written Seq(R ,jn), if and only if IsFunction(R) &
Dom(R) = {0 _n}. If nis not important, Seq(R) may be written.

In the trivial case when O is not a natural number, R will also be said to be a sequence to
0 if and only IsFunction(R) & Dom(R) = {0}.

When Seq(R n) and Rx,y, then R’x or Ry will be used to denote y. I

Prop 7.2. YxAR ( Seq(R0) & (R°0) = x & VT(Seq(T0) & (T’0)=x=>T=R)).

Ff.

By Predicative Comprehension, for any x, {(0,x)} exists. Clearly {(0,x)} is unique up
to equivalence. O

Prop 7.3. Let Seq(R.,n) & Seq(Sm) & k= ((n+ m) + 1). Then there exists 7, unique up to
equivalence, such that:

1) Seq(T k)
2) Vi(isn=Ti=Ri)
D Vi(ism=Tm+i+1)=5i)

Ff.

SetTtoRU {(x,y) : S(n+x+1),y}.

Suppose i < k. Now i < n or n <i,by Dichotomy (Prop 4.5b), and these possibilities are
disjoint, by Anti-Symmetry (Prop 4.18). In the first case Ti(R’y). In the second case, 77,(S’x),

where i = (n + x + 1)). The result follows. a

Def74. Let Seq(R.n) & Seq(S.m) & k= ((n+ m) + 1). Then let RAS refer to that 7', unique up
to equivalence, guaranteed by the previous proposition.



Prop 7.5 (Associativity of ") Let Seq(R,n) & Seq(S,m) & Seq(T k). And suppose two(2) and
that (((n + m) + k) + 2) exists. Then (RAS)AT = RMNSAT).
Pf:

Standard proof. O

Given Props 7.2 and 7 4, sequences to natural numbers n may be constructed given
some list of things. For instance, if three(3), and given some a.,bc d, then there exists a
sequence Rto 3 suchthat R'O=a,R’1 =b,R’2=c,and R’3 =d.

7B. The Euclidean Algorithm.

Lemma 7.6. Suppose 0 <b & b <a & a < n, and suppose one(1) & two(2). Then there exist
O.R c such that:

(c+2)=a & Seq(Q,) & Seq(R,(c +2))
&Ro=a& R =b & R(c+1)=(aAb) & R(c+2)=0
& Vi(i=c= Ri=Qi*R(i+1) + R(i+2) & R(i+2) < R(i+1) ).

Pf

Proceed by induction (F4*) on n. Trivial for the base step, when n = 0, since this leads
to a contradiction.

Suppose true for n, and assume Nn & Nm & onyn & - m =0. Suppose 0<b & b=a
&a=sm.

If a < n, then use the Induction Hypothesis to conclude the result. Otherwise, a = m.
By the Division Algorithm (Prop 5.17),a = ((q * b) + r) & r < b for some g,r.

Ifr=0,thensetc=0,R°'0=a,R’1 =b,R’(c+1)=(R’1)=b = (a A b) (the last
equality by Prop 6.8e), and (R’2) =0.

Otherwise, suppose = r = 0.

If b = m, then by the uniqueness of the Division Algorithm (Prop 5.17b),q =1 and
r =0, a contradiction. So b < m, and thus b < n.

Hence 0 <r & r = b & b < n. So by the Induction Hypothesis, there exist Q,R,c such
that

(c+2)=<b & Seq(Q,c) & Seq(R,(c +2))
&RO=bD& R =r & R(c+1)=(bAr) & R(c+2)=0
& Vi(i=c= Ri=0Qi* R(i+1) + R(i+2) & R(i+2) < R(i+1) ).

By Prop 7.2, there exists A and B such that Seq(A,0) & Seq(B,0) & A)=a & Bo = b.
Since (¢ +2) < band b<m, ((c +2) + 1) exists. Hence by Prop 7.3 (A" R) and (B " Q)
exist. It is straightfoward to verify the result using (B A Q), (A" R), and (¢ + 1). a

Prop 7.7. The Euclidean Algorithm (Existence). Suppose 0 < a,0 < b, and one(1) & two(2).
Then there exist Q,R.c such that:

Seq(Q.,c) & Seq(R,(c + 2))



&Ro=a& R =b& R(c+1)=(aAD) & R(c+2)=0
& Vi(isc= Rj=0;i*R(i+1) + R(i+2) & R(i+2) < R(i+1) )-

Pf:

Suppose b >a. Thena=(0 *b) +a. Then0<a & a <b & a <a. The result follows
from Lemma 7.6, since (a A b) = (b A a).

Otherwise, by Dichotomy (Prop 4.5b),b<a. Then0<b & b=a & b=<b. Apply

Lemma 7.6.
7C. Exponentiation

Prop 7.8. Let Nx & Nn & one(1). If

Ny & dR (Seq(Rn) & Rp=y& Rop=1& Vi(i<n=R(j+1)=R;*x) )
and

Nz & IR (Seq(Rn) & Rp=z& Ro=1& Vi(i<n=R(j+1)=R;*x) ),
then y =z.

Pf

An easy induction on n. O

Def7.9. Let Nx & Nn & one(1). Use (x ” n) to refer to that unique (by Prop 7.8) y (if it exists)
such that:

Ny & dR (Seq(Rn) & Rp=y & Ro)=1& Vi(i<n=R(j+1)=R; *x) ).
O

Notice that A means concatenation when it operates on upper-case letters and
exponentiation when it operates on lower-case. This should not create any confusion, since the
meaning should be clear by context.

Prop 7.10.

a. YxV1 (Nx & one(1) = (x"0)=1)

b. VxV1 (Nx & one(l)= (x"1)=x)

c. ViV1 (Nn& " n=0& one(l1)=(0"n)=0)
Pf:

a. Assume Nx & one(1). Consider {(0,1)}, which is a sequence on {0 _ 0}.



b. Assume Nx & = x =0 & one(1). Set Rto {(0,1)} A {(0O,x)}. Then R is a sequence on
{0 _1} by Prop7.3. Also by the same proposition, R) = 1 and R1 =x. Hence (x A 1) =x.

c. By induction on n, with ¢ as
VI(Nn&-n=0&one(l)=0"n)=0).
This is trivially true when n = 0.
Now assume Nn & Nm & onyn & ~m=0& ¢ . If n =0, then one(m), so by (b),
(0 Am)=1. Otherwise, assume = n =0. By the induction hypothesis, (0 A n) =0. By Def
7.9,
Seq(Rn) & Rp=0& Rop=1& Vi(i<n=>R(j+1)=R; * x),

for some R. Set Sto {(0,0)}. Evidently, Seq(S,0). Then since (n + 1) = m by Prop 4.20a,
apply Prop 7.3 to infer the existence of 7 such that

Seq(Tm) & T, =0&To=1&Vi(i<n=T(j+1)=T; * x),

Hence (0 A m) = 0. 1

Prop 7.11. YxVYV1Vn (one(1) & (xA(n+ 1) =y=((x"n)*x)=y)
Pf:

Letone(1) & (xA(n+1))=y. Setmto (n+ 1) Then by Def 7.9, Ny and

Seq(Rym) & Ry =y & Ro=1& Vi (i<m=> R(j+1)=R; * x),

for some R. Then on,m by Prop 4.20a, and so n <mby Prop 4.21a. Thus R(p+1) = Rpn * x.
By Corollary 2.20,{0 _m} = {0 _n} U {m}, where ~m € {0 _n}. So, setting S to
(R[{0_n}),

Seq(Sn) & S0 =1& Vi(i<n= S(+1)=S; * x)

Buty=R(n+1)=Rn *x=8p * x=((x " n) * x). O

Lemma 7.12.

a. Vx¥n (Nx & Nn& ~x=0=-(x"n)=0)

b. VxVyVnV1 (one() & xA(n+ 1) =y&x>1=xrA(n+1)>(x"n))
c. VxVyVnV1 (one(l) & (xAn)=y&x>1=x"*n)= (n+1))

Pf:

a. By induction on n, with ¢ as



Vx(Nx&Nn& - x=0=-(x"n)=0)

Casen = 0. Assume Nx & NO & - x=0. By Prop 4.9, one(1) for some 1. By (a),
(x70)=1. By Prop4.6,-(x"0)=0.

Induction Step. Now assume Nn & onjn & ¢. Let Nx & Nm & - x =0. And suppose
(xAm)=0. By Prop 7.11,(x A m) = ((x A n) * x). By the induction hypothesis, = (x A n) = 0.
By Prop 5.7, x =0, a contradiction.

b. Assume one(1) & (x A (n+1))=y & x>1. Then (x (n + 1)) = ((x A n) * x), by Prop
711. = (x"n)=0,by (a). So(x*(n+1))>(x”"n)by Prop 5.16b.

c. By induction on n, with ¢ as
VxVyVnV1 (one(l) & xAn)=y&x>1=x"n)= (n+1)).

Casen = 0. Assume one(1) & (x*0)=y & x>1. Then(x*0)=1=(0+1).

Induction Step. Now assume Nn & onn & ¢. Letone(1) & (xAm)=y & x> 1. By
(b), (x A m)> (x A n). By the induction hypothesis, (x A n) = (n + 1). So (x A m) >m. By Prop
42lc,(x"m)=(m+1). d

Prop 7.13. NxVyVzVnV1 (one(l) & (x*n) *x)=y& (x>1v(n+1)=2)
= @A+ 1) =(x"n)*x))

Note: As usual it is not possible to assert, without conditions, that (x A (n + 1)) = ((x A n) * x),
since (x A (n + 1)) is almost always a bigger number than either x or n. Prop 7.11 assumed that
the left-hand side exists, the present proposition the right-hand side. However, simply assuming
the existence of the right-hand side is not sufficient, because it might be the case that x =0 or

x =1, nexists, but (n + 1) does not exist. In this case, ((x A n) * x) exists (and in fact equals O
or 1), but (x A (n + 1)) does not exist. So one needs to add in the condition that (n + 1) exists,
either explicitly or, since it can be seen that x > 1 implies the existence of (n + 1), implicitly.

Pf:

4 Assume one(1) & (x*n) *x)=y& (~nx=1v (n+1)=7).
Suppose x > 1. By Lemma 7.12c,(x " n) = (n+1).
So(x>1v (n+1)=z) implies that (n + 1) exists.

Since (x A n) exists, there exists R such that

Seq(Rn) & Rp=(x"n) & Ro=1&Vi(i<n= R(j+1)=R; * x),

Set S to {(0,y)} and k to (n + 1). Then using Prop 7.3, there exists a sequence T, equivalent to
R A S, such that

Seq(Tk) & Tk=y&To=1&Vi(i<k=T(j+1)=T; * x).

So (x A m) = ((x * n) * x). I

Prop 7.14. NxN¥yVnV1 (one(l) & xAn)=y& z=sx=(z"n)< (x n))
Pf:
By induction on n, with ¢ as



VxVyV1 (one(l) & (xAn)=y&z=<sx=(z"n)< (x*n)).

Casen = 0. Assume one(1) & (x*0)=y & z=x. Theny=1and (z*n)=1,by
Prop 7.10a. Hence (z " n) <= (x " n).

Induction Step. Now assume Nn & onm & ¢. Letone(1) & (x*m)=y & z=<x. By
Prop 7.11,((x A n) * x) =y. By the induction hypothesis, (z * n) = (x A n). By Prop 5.15c,
((zAn)*7)=((x”An)*x). By Prop 7.13,((z"n) * 2) = (2 N m).

Prop 7.15.

a. NxVWVVZVn (z=(x*WAn& (x=0=27'=yrAn)&(y=0=z7'=x"n)
= xMn)*(yrn)=2z)

b. VxVyVNZVn ((xAn)*(yrn)=z& (—-n=0vx*y=z)=z=x*y)An)

Note: The point of this proposition is to assert (x A n) * (y A n) = (x * y) A n. Again, certain
conditions are required. In (@) one assumes that the right-hand side exists and, if x is 0, that
y A nexists (and similarly if y is 0). In (b) one assumes that the left-hand side exists and the
existence of x * y, either explicitly or implicitly with the assumption that = n =0.

Pf:

a. First consider the case x =0. Assumez=x*y) " n& x=0=z7'=yrn) &
(y=0=7z'=x"n). By Def7.9,0ne(l) for some 1. By Prop 5.2,x * y=0. If n=0, then
(x*y)An=xAn=yAn=1byProp 7.10a ,so (x"n)* (yn)=1=z,by Prop 58a.
Otherwise, suppose “n=0. By Lemma 7.12b,x"n=(x*y)An=0. But
(x=0=z'=y~An),soy’nexists. Hence (x A n) * (y A n) =0 by Prop 5.2.

The same type of argument applies when y = 0.

Finally, consider the case " x =0 & = y=0. Proceed by induction, with ¢ as

Ve(z=*y)rn=x"n)*(yrn)=z).

Casen=0. Letz=(x*y)70. By Def7.9,0ne(1) forsome 1. z=xA0=yr0=1,
by Prop 7.10a. The result follows by Prop 5.8a.

Induction Step. Now assume Nn & onjn & ¢. Letz=(x*y)m. By Prop 7.11,
((x *y)An)* (x * y) = z. By the induction hypothesis, ((x A n) * (y A n)) * (x * y) =z. By
Associativity and Commutativity of Multiplication (Props 5.11 and 5.12),
(xAn)*x)*((yAn)*y)=z. By Prop 713, (x n) *x)=x"mand (y A n) *y) =y m.
b. First,let (x A n) * (yAn)=z& - n=0. By Def 7.9, one(1) for some 1. Then
x=x"1=x"n,by Props 7.10a,4.9,and 7.14. Similarly,y <y ” n. By Prop 5.15¢,x*y < (x
An)* (y A n),sox*yexists. Hence it is sufficient to prove:

VaVyWVzVn ((xAn)* (yAn)=z&x*y=z7'=z=(x*y) n)

Proceed by induction, as in (a). 0

Prop 7.16. YxNyYVWn((nx=0v-y=0)&x<a&y<sb& (@ b)y=c=x"y)=<c)

Note: The first condition is necessary since0=0& 0=<1& (0*1)=0,butsince (0*0)=1,



not (0A0)=(0A"1).

Pf:

Assume (nx=0v-y=0)&x=<a&y=b & (a’b)=c. Aninduction and Prop
5.15¢ shows that (x A b) < c. Another induction and Lemma 7.12b and Prop 7.10c shows that
(xNa)=(x"D). 0

Prop 7.17. NxNaVbV I nVmVk ((xAn)=a & x "m)=b& (a*b)y=c& (n+m) =k
=(xMNk)=c)
Pf:

By an induction on n. O
7D. Prime Factorization.

Theorem 7.18. (Prime Factorization, Existence) Let one(1). If n> 1, then vARASAT s.t.

v<n

& Seq(R,v) & Seq(S,v) & Seq(T,v)
& To=Ro ™ SO

& Tv =n

&Vi(isv=n{R) &S;>0)
&Vi(i<v=Rj+1>Rj & Ti+1 = T; * (Ri+1 " Si+1))-

Note: For example, if n =700 = 22 % 52 % 7, then

v=2,

R is the sequence with R0 =2 & R1=5& R2 =7,

S is the sequence with S =2 & S1=2& $2 =1, and

T is the sequence with 70 =4 & 71 = 100 & T2 = 700.

Pf:

Suppose natural number 7 is a counter-example. By the Well-Ordering Principle (Prop
4.22b), we may suppose that 7 is the least counter-example. Since O and 1 satisfy the assertion
trivially, n> 1.

By Prop 6.20a there exists a prime p s.t. p | n. WLOG by the Well-Ordering Principle
again we may suppose p is the least such prime. By Def6.17,-p=0and ~p=1. Soif
(pAMNi)ln,theni=<(p”i)by Prop 7.12c and so i < n by Prop 6.3 and Transitivity of < (Prop
4.5a). By Prop 4.23 there is a greatest number j s.t. (p A j) | n. Obviously j<n. j=1, since
pln. Now ((p A j) * n') = n for some n', where ~n'=0by Prop 5.5. If n'=1,thensetv=0
and let R be {(0,p)}, S be {(0,))},and T be {(0,n)}. Otherwise, suppose = n'=1. It can be seen
that n' < n, so by the assumption of the leastness of 7, it can be inferred that ' has a prime
factorization. That is, JuIAIBAC s.t.

u<n'
& Seq(Ay) & Seq(B,v) & Seq(C.,v)
& Co=A0"Bo



&Cv=n
&Vi(i=sv=n(A) &B;>0)
&Vi(i<v=Aj+1>A; & Ci+1 = Ci * (Aj+1 " Bi+1)).

Let g be AQ. g < p would contradict the leastness of p, since g is prime and g | n' and n' | n so

q | n by Transitivity of | (Prop 6.4b). If g = p, then since (j + 1) exists by Lemma 7.12 and
sincep=p " 1=pby Prop 7.10b,then (p A (j + 1)) | n by Prop 7.17, contradicting the
maximality of j. Hence ¢ > p. Hence, set

vto(u+1)

Rto{(Op)}"rA

Sto {(0,)} » B,and

Tto{O.p "M} Gy :y=Ci * (")}

Remark that every C; * (p A j) exists since all are less than or equal to n. It is straight-foward
to check that these v,R,S,T satisfy the desired conditions. O

Lemma 7.19 is stated here but proven later:

Lemma 7.19. If n(p) & p| (x * y),thenp | xorp | y. 0

Theorem 7.20. (Prime Factorization, Uniqueness) Let one(1),n> 1. Suppose IvARIASAT
and JudA3BAC s t.

v<n

& Seq(Ryv) & Seq(S,v) & Seq(T,v)

& To=Ro ™SO

& Tv =n

&Vi(isv=nR) & S;>0)

&Vi(i<v=Ri+1>R; & Ti+1= T; * (Ri+1 " Si+1))
and

u<n

& Seq(Au) & Seq(B.u) & Seq(C.u)

& Co=A0" Bo

& Cu =n

&Vi(isu=n(A) &B;j>0)
&Vi(i<u= Aj+1>A; & Ci+1 = Ci* (Aji+1 " Bi+1)).

Thenu=vand R=A& S=B&T=C.

Pf:
Apply the standard proof using Lemma 7.19. O



It remains to prove Lemma 7.19. The proof of the Lemma, at least the one given here, is
anything but standard, because the standard one does not work and cannot apparently be
converted into one that does.

The usual proof of the Lemma proceeds as follows. First, it is shown that, given any
two non-zero natural numbers x and y, there exist natural numbers a and b such that
a*x=b*y+(xAy). Now letp be a prime dividing u * v. And suppose p does not divide
u. Then (p Au)=1. So there exist a and b such thata * p=b * u + 1. Multiplying each term
by v,

a*p*v=b*u*v+v
p divides the term on the left-hand side and the first term on the right, so p divides v.

This reasoning cannot be carried out in F because the product a * x and b * y cannot be
proven to exist, given the existence of x and y, because they are usually larger numbers. There
does not appear to be an easy way to correct the argument, so another method must be found.

In this section a proof using brute force will be presented. It is not pretty, but the degree
of its ugliness is perhaps itself of interest. Subsequently, a more traditional proof appealing to
congruences will be presented as well.

Lemma 7.21. Let k| (x *y),one(k Ay),and suppose (k * x) exists. Then k| x.
Note: It will be shown later that the condition that (k * x) exists, can be eliminated.

Pt
Suppose (x * y) =0. If x=0, then k | x by Prop 6.2a. Otherwise, assume = x=0. So
y=0,by Prop 5.7. By Def6.7,- k=0, and by Prop 6.2a,k|y. By Prop 6.8e, one(k) since
one(k A'y). Soby Prop 6.2c,k| x.
Otherwise, = (x * y) =0. And suppose one(x * y). Hence (x * y) | x, by Prop 6.2c. By
Transitivity of | (Prop 6.4b), k| x.
So one may suppose that ~ one(x * y). By Prop 6.14, two(2) for some 2. Let one(1).
If k=0, then (x * y) =0 by Prop 6.2d, a contradiction. So =k =0, hence 0 < k. By
Prop 5.5,~y=0,hence 0 <y. So, by the Euclidean Algorithm, there exist Q,R,c such that:

Seq(Q.,c) & Seq(R,(c + 2))
&RoO=k&R1 =y & R(c+1)=(kAy) & R(c+2) =0
& Vi(isc=Rj=0;i*R(i+1) + R(i+2) & R(i+2) < R(i+1) )-

In particular, R) = Q0 * R1 + R, that is

k=(q*y) +r,

where g = Q0 and r = R2. By assumption, (x * k) exists, so by the Distributive Law (Prop
5.9a),

(x* k)= (x*(g*y)+@x*r).

" If this assertion looks anything but standard, it is because the result is usually stated working
in the integers (while the exposition here works in the natural numbers): given two non-zero
integers x and y, then there are integers @ and b suchthata *x+b *y=(x A y).




Now k| (x * k) by Def 6.1,and k | (x * (g * y)) by Def 6.1 and Transitivity of | (Prop 6.4b). So
kl(x*r),

by Prop 6.5b. An easy induction shows that k | (x * Rj) for all i < (¢ + 1). So in particular,
k1(x* R(c+1)). But R(c+1)=(kAy)=1,s0k|x,by Prop 5.8a. a

Prop 7.22. Assume ni(p) & p | (x * y). And suppose that either (p * x) or (p * y) exists. Then
plxorply.
Pf.

WLOG by symmetry, suppose (p * x) exists. By Prop 6.20b,(p Ay)=1v (pAy)=p,
where one(1). If (p A y) =p, then by Prop 6.20c, p | y. Otherwise, suppose one(p A y). By

Lemma 7.21,p | x. O

The previous proposition can be improved to Lemma 7.19, where the condition that
either (p * x) or (p * y) exists, is dropped.

Proof of Lemma 7.19:

Letw(p) & p | (x * ).

If x =0, then p | x by Prop 6.2a.

Otherwise, assume = x =0. So one(1), for some 1, by Prop 4.9.

If p<x,then (p *y) < (x * y) by Prop 5.15a, so (p * y) exists. Then by Prop 7.22, the
result follows.

So assume p > x. By the Division Algorithm (Prop 5.17a),

p=@*x)+r&r<x

for some g,». By Prop 6.8h,(p Ax)=(xAr). If - (p Ax) =1, then (p A x) =p by Prop 6.20b.
Soplx,by Def6.7.

So assume (p Ax)=1. Hence (xAr)=1. Nowp | (x *y),s0 (p * a) = (x * y) for
some a. In particular (p * a) and so (((g * x) + r) * a) exists. Thus

p*a)==g*x)*a)+(r*a),
by the Distributive Law (Prop 5.9a). Of course x| (x * y) =(p * a) and x| (¢ * x). By Prop

6.5b,x1(r* a). Now (p * a) exists and x < p, so (x * a) exists, by Prop 5.15a. By Lemma
7.21,x1a.So (x * v) =a for some v. So

P*x*v)=p*a)=x*y).

Ifv=0,thena=0,and (x * y)=0;s0x=0o0ry=0,soplxorply. Otherwise,~v=0 and
Associativity of Multiplication applies. By Associativity and Cancellation, (p * v) = y.

Therefore, p | y. I



7E. Consequences of Unique Prime Factorization, including Least Common Multiples

Our development will now be speeded up in a couple of ways. First, proofs may be less
detailed. Secondly, subtraction will be assumed. That is, when x = y, the term (x - y) will be
used to refer to that number k (which exists, by Prop 4.17 and which is unique by Prop 4.16)
such that (y + k) = x. So when (x - y) exists, it may be inferred that x = y. All relevant
fundamental propositions concerning subtraction will be assumed.

The next corollary can be considered a generalization of Lemma 7.19 and indeed its
standard proof simply follows the same reasoning as the standard proof of the Lemma. It is
thus normally an antecedent to Theorem 7.22. Here it is presented as a consequence:

Corollary 7.23 (to Theorems 7.18 and 7.20)
Pf:

Let k| (x * y) and one(k Ay). Then k| x.
Ff.

(k* a)=(x*y), for some a.

The cases (x * y) = 0 and one(x * y) are easy to handle.

Otherwise, 7 (x * y)=0and ~one(x *y). So~x=0&-y=0& - k=0. If one(x),
then k | y, which implies (k A y) = k, so one(k). And if one(k) or one(y), then k| x. So it may be
supposed that = one(k) & — one(y) & — one(x). Hence x, y, and k have unique prime
factorizations (Theorems 7.18 and 7.20). No prime can appear in both the factorization of y
and of k, since one(k A y). Thus whatever primes appear in k’s factorization must also appear in
x’s, and the exponent of any prime in k’s factorization must be less than the exponent of the

same prime in x’s prime factorization. Hence & | x. 0

Corollary 7.24 (to Theorems 7.18 and 7.20). Let~z=0,x1z,y1z,and one(x A y). Then
(x*y)lz.
Pf.
If one(z), then one(x) and one(y) by Prop 5.8b. So one(x * y)and (x * y) | z.
Otherwise, z > 1, where one(1). Consider the unique prime factorization of z, by
Theorems 7.18 and 7.20. Part of the factorization must be equal to x, and since one(x A y), a

different part must be equal to y. But then (x * y) | z. O

Corollary 7.25. Suppose one(1) & (x Az) =1 & (y A z) = 1 and that (x * y) exists. Then
(x*y)Az)=1.
Pf:

Ifz=0,thenx=1&y=1,s0((x *y)Az)=1.

Otherwise, let = z=0. Then ((x * y) A z) exists. Setd = ((x * y) A z). By Prop 6.8b,
d=1.

Suppose d > 1. By Prop 6.20a, p | d for some prime p. Now d | (x * y) & d | z, so by
Transitivity of | (Prop 6.4b),p| (x *y) & plz. By Lemma 7.19,p | x or p | y. But this

contradicts (xAz)=1or(yAz)=1. I

Corollary 7.26. Suppose one(x A y), and suppose d > 0. Then there exist e fs.t. one(e A x) &



one(fAy) & one(e Af)y & e* f=d.
Pf:

one(1) for some 1, since d > 0.

Ifd=1,thensete=1andf=1.

Otherwise, letd>1, Consider the unique prime factorization of d, by Theorems 7.18
and 7.20. Let e be equal to the product of all the terms whose primes do not divide x. Hence
one(e A x). And let f'be equal to the product of the remaining terms. Hence one(e A f). Since
one(x Ay), x and y have no common prime factors. So all the prime terms with primes dividing
y are prime terms with primes not dividing x, and so do not appear in the factorization of f.

Hence one(f A y). Obviusly, e * f=d. 0

The next lemma and subsequent usage reverts to traditional notation, where sequences of
numbers are smaller case letters. It should of course be remembered that such sequences are in
fact second-order entities.

Lemma 7.27. Suppose one(1) & two(2) and

Seq(g.c) & Seq(r,(c + 2))
&ro=a&ri=b&r(c+1)=(@Ab)&r(c+2)=0

&Vi(isc=ri=q;*r(+l) +r(i+2) & r(i+2) < r(i+1) ),

i.e. the conditions of the Euclidean Algorithm apply. Let 1 <i < c and suppose r(j-1) * r;
exists. Then Ju,v s.t. u < r(j-1) & v < rj and either

(@Ab)=u*ri-v*r@)
or
(@Ab)y=v*r@-1)-u*r.

Ff.

Proceed by induction, downward on i, i.e. the base step is i = ¢, and in the induction step,
we decrease i by 1.

Now

r(c-1) =4q(c-1) * re + r(c+1)-

r(c+1)<re,80 1 <rc. Also g(c-1) =r(c-1)- But

(@Ab)=r(c+1)=1*r(c-1)-9q(c-1) * re.

So the assertion is true fori = c.

Now assume the assertion is true for i = k with ¢ = k> 1. It will be shown that it is true
for (k-1).

So suppose r(k-2) * r(k-1) exists. Because r is a monotonically decreasing sequence,
r(k-1) * rk exists. By the inductive assumption,

(@Ab)y=u*ri-v*rk-1)

or
(@AD)=v*rk-1)-u*rk



for some u,v, where u < r(k-1) and v < rg. Assume the first (the proof of the second case is
similar). Use

r(k-2) = q(k-2) * r(k-1) + rk
to get
(@Ab)=u* (r(k-2) - 9(k-2) * r(k-1)) - v * r(k-1)-

u=<r(k-1),80 u* r(k-2) =< r(k-1) * r(k-2), the latter existing by assumption. All other relevant

products are evidently less as well, so distributivity applies, and the equation can be manipulated
into

(@AD)=u*rk-2)-(u™*qk-2) +v) * r(k-1)

Finally, note that

u* q(k-2) + v = rk-1* qk-2)k +rk = r(k-2)- 0

Prop 7.28. Suppose a * b exists, with either a or b non-zero. Then Ju,v s.t.

(aAby=u*a-v*b
or
(aAb)=v*b-u*a.

Remark: the assumption that a * b exists will be improved on in a subsequent proposition.

Pf.
Since either a or b is non-zero, one(1) for some 1.
The assertion is trivial if a,b < 1.
Otherwise, it may be supposed that either a or b > 1, and so that two(2) for some 2.
The Euclidean Algorithm (Prop 7.7) therefore holds. Hence, by the previous lemma
7.27,taking i = 1 and noting that r(;-1) * r; = a * b exists by assumption,

(aAb)y=u*a-v*b
or
(aAb)=v*b-u*a,

for some u,v. O

Def7.29. Letx>0 & y>0. zis called the least common multiple of x and y if:

i)mz=0
i)xlzandylz
iii)ifxlkand y | k,then z < k

If such a z exists, then it is evidently unique, so write it as (x {) y). O



Unlike the greatest common divisor, it is not assured, given two numbers, that their least
common multiple exists, since this would usually be a bigger number. However, since (x * y)
is evidently a common multiple of x and y and is non-zero since x and y are, if (x * y) exists,
then the least common multiple does as well, by the Well Ordering Principle.

Prop 7.30.
a. YxVyVz ((x*y)=z&x>0& y>0=3Am (xQy)=m)
b. VxVyVz ((xQy)=z= (01 =2)

. VxVyVz ((xQy)=z=xlz)

d. VxVyVz ((xQy)=z=x=2z)

e. VaVyWz ((x)y)=z&xly=z=y)

f. VaV1 (Nx & one(1)= (x)1)=x) O

Prop 7.31.

a. Suppose (x () y) exists. Then (x ) y) = (x Ay) * x' * y', for some x';y's.t. x = (x A y) * x'
and y=(xAy) * y'and one(x' A y').

b. Suppose (x * y) exists, and neither x nor y is zero. Then (x A y) * (x ) y) =x * y.

Pf.
a. Let d = (x A y), which exists since neither x nor y is zero. one(1) for some 1, since x is
non-zero.

Setc=(x{y). xlc&ylcby Prop 7.30c,so c=x*aand c=y * b, for some a,b. By
Prop 6.8c,x=d * x'and y = d * y' for some natural numbers x',y', neither of which are zero
since neither of x,y are zero. By Prop 6.8l, one(x' Ay'). By Corollary 7.26 there exist e f s.t.
one(e Ax") & one(fAy') & one(e Af)y & e*f=d. ~d=0,s0-e=0& - f=0. By
Corollary 7.25, one((x' * f) A y'") and one((x' * f) A e), so one((x' * /) A (y' * e)).

cC=X

*
((e*f)*x)*a
(e * (f*x") *a by Associativity of Multiplication since = e =0
= (e *a)* (f*x") by Associativity of Multiplication since = (f * x') =0

=x*a
= ((e *

Hence (x' * f) | ¢ and similarly (y' * e) | ¢. By Corollary 7.24,((x'* ) * (y' * e)) | c.
Rearranging by Associativity (again, no factor is 0), (x * y') | ¢. Since c is non-zero, x * y' < c.
On the other hand, x * y' is a common multiple of x and y,soc<x *y'. Thusc=x*y'=
(d*x")*y'. Since all terms are non-zero, one can apply Associativity to group the product as
one desires, so one can forget the order of the grouping and write c =d * x' * y'.

b. (x { y) exists since (x * y) does and neither x nor y is zero. Now apply (a). I



Lemma 7.32. Assume (a () b) exists. Then Js.t such that (a {) b) = s * a =t * b and either

D)du<sdv=<tsuchthat (@Ab)=u*a-v*b
or
2)Jdu<sdv<tsuchthat (@ Ab)=v*b-u*a.

Proof:

Since (a {) b) exists, both a and b are non-zero. So (a A b) exists. Letd = (a A b). By
Prop 7.31,(a{)b)=d*a'* b',for some a'h'st.a=d*a'and b=d * b' and one(a' A b").
Evidently both @' and b' are non-zero and (a' * b') exists, so by Prop 7.28,Juyst.u<b'&
v=a'and

l=(@Ab)Y=u*a'-v*b'
or
l=@Ab)Y=v*b' -u*a,

where one(1).
Consider the first case (the proof of the second is similar). Then:

d=d*wu*a'-v*Db".

Sincce u < b'and d * a' * b' evidently exists, so does d * u * a'. Similarly, d * v * b' exists, so
distribution applies, and

d=d*u*a'-d*v*b'

Rearranging
d=u*(d*a")-v*(d*Db'),ie.
d=u*a-v*b.
Sets=b"andt=a'. O

Prop 7.33. Assume (a {) b) exists. Then Js.t such that (a { b) = s * a =t * b and both

IDIus<ssy<tsuchthat (@Ab)=u*a-v*b
and
2)du<sy<tsuchthat (@Ab)=v*b-u*a.
Proof:
By Lemma 7.32 either 1) or 2) holds. WLOG it suffices to show that if 1) holds, then
2) does as well. So suppose

(aAby=u*a-v*b
for some u < sand v < t, where s *a=1t* b= (a{) b). Then

(@Ab)y=(u*a-v*¥b)+(@*b-s*a)
=(-v)*b-(s-u)*a.



Evidently f-v<tands-u <s.



8. Congruences and Fermat’s Little Theorem

In this chapter and the next, a theory of congruences will be developed, culminating in a
proof of quadratic reciprocity. The development here, while broadly following the normal path,
has still some notable differences. Typically the theory begins with the definition of a
congruence relationship, and then investigates how normal addition, multiplication, and
exponentiation behave under the relationship. This does not optimize the theory in the context
studied here, because while normal addition, multiplication, and exponentiation of course are not
necessarily total functions in F, in the theory of congruences they should be. So the normal
operations need to be replaced with new ones, which ensure totality.

That is, consider addition, and let n > O be the modulus, and let a and b be two numbers
less than n. Then the existence of the sum (a + b) cannot be assured in F, because it may be a
larger number than both @ and . Nonetheless, in some sense, the sum modulo 7 should exist,
because there does exist a number ¢ < n which is congruent to whatever the sum equals, if only
it did exist. For instance, set n = 10, a =7, and b = 8. Given these numbers, it can be inferred
in F that only those numbers less than or equal to 10, exist. In particular, it cannot be inferred
that 7 + 8 exists, because of course 15 is larger than 10. Nonetheless the sum of 7 and 8
modulo 10 does in some sense exist, because it equals 5, and 5, being less than 10, can be
inferred to exist. The answer exists, only the manner of arriving at it must change. So a
definition of addition modulo 10, or in general addition modulo 7, needs to be provided which
does not depend on the existence of the normal sum, but which points to the congruence sum
directly. Similarly, definitions of multiplication modulo 7 and exponentiation modulo # need to
be given, which point to the result without referencing the normal operations.

Since operations are now modulo a number, it is possible to combine, in the same
equation, operations for different moduli. For instance, Prop 9.22 sets conditions on when this
equation is true:

(a®pb)+ (k®pn)=b.

It is also possible to talk about congruence operations and normal operations. For
instance, Prop 8.6f asserts thatif a + b =c & ¢ < n, then a ®;, b = c. So in the premise one

finds normal addition and in the conclusion congruence addition.

In this chapter and the next, David Burton’s Elementary Number Theory and Hardy &
Wright’s An Introduction to the Theory of Numbers has been followed, when possible closely.

8A. Definition.

Def 8.1. Let n>0, Na. Use rm(a,n) to denote the unique number which is the remainder term
guaranteed by the Divison Algorithm (Prop 5.17) ,i.e. rm(a,n) =r where

a=n*qg+rand0 =<r<n for some g. O

Def8.2. Letn>0. Write



aEnb
or
a=b (mod n)

when rm(a.n) = rm(b,n). a is said to be congruent to b mod n. When n (called the modulus)
can be understood, it may be omitted, leaving a = b or the like. O

Remark that the symbol “=" has already been used to express predicate equivalence.
Since both sides are big letters in that case, and small letters here, there should be no confusion.

Also remark that, by the usual convention, if a = b (mod n), then it can be inferred that
Na,Nb,Nn, and n> 0.

Prop 8.3. =1is an equivalence relation. I.e.let n> 0. Then:
a. Ya Na = a = a (mod n))

b. YaVb (a = b (mod n) = b = a (mod n))

c. YaV¥b (a=b (mod n) & b = ¢ (mod n) = a = ¢ (mod n)) a

Prop 84. Letn>0.
a. If (k * n) exists, then (k * n) = 0 (mod n)
b. If a =0 (mod n), then a = (k * n) for some k.

c. a=0(modn)ifandonlyifnla
d. Ifa=b(modn)anda<nand b<n,thena=>b

e. Ifa=b (modn),thennl(b-a)ornl(a->b). (Indeed which disjunct holds depends on
whether b < a or a < b, respectively.) O

8B. Congruence Addition

Suppose a', b', and n are natural numbers, with n >0 and a' < n and b' < n. Then
(n - a') is defined, since a' < n. And so b'- (n - a') is defined if and only if (n - a') < b'. And
this holds if and only if = (a' + ') < n.

Forif (a'+b') <n,then (a'+ b'+k)=n,forsome k>0. So(n-a")=((b"'+k)>b".
On the other hand, if (n - a") > b', then (a' + b") < n.

Remark that it is possible that (a' + b') does not exist, because it is too big. In this case



both(n-a')=<b'and — (a'+b') < n.

Def8.5. Letn>0,Na, Nb, and set a' = rm(a,n), b' = rm(b,n). Then use (a @y b) to denote:

{a‘ + b’ ifa+b'<n

b-(n-a) otherwise

The subscripted n (called the modulus ) may be omitted if capable of being understood. O

In this and subsequent examples, the normal meaning of number constants will be assumed, in
order to expedite matters.

Example. Leta=7,b=28,and n=10. Then rm(a,n) =7 and rm(b,n) = 8. Since
= (7 + 8) < 10, the second choice of the definition is used, and

(T®p8)=@8-(10-7))=(8-3)=5.
Remark that there are two ways that it could happen that = (7 + 8) < 10. First, (7 + 8) could

exist, in which case it would equal 15, and of course = 15 < 10. Or (7 + 8) might not exist, in
which case an atomic wff containing it cannot be true, hence the negation is true, so

- (7+8) < 10. O

It is important to note that (a @y, b) always exists, provided n>0 & Na & Nb. This is
of course unlike the behaviour of normal addition in F.

Prop 8.6. Let n> 0 be the modulus.

a. VaVb (Na & Nb=0<sa®b<n)
b.VaVb(a<n&b<n=(a®b=0<=(a=0&b=0)v(@a+b=n))
c.VaVbVVNd (a®@b=c@®d=a®b=c®d)
d.-Va¥VbVcVd(a=c&b=d=a®b=c®d)

e. VaVbVc(a+b=c=a®b=c)
f.VaVb(a+b=c&c<n=a®b=c)

g. VaVb(Na & Nb=a®b=b® a)

h. VaVbVec (Na & Nb & Nc=a® (b ®Dc)=(a®b) ® ¢)

i. VaiNa=a®0=a)



j. VaVbVc (a®b=a®c=b=c)
k. VaVb(a<n& Nb& -~ (a+b)<n=a@®b<b)

Pf:
e. Assumea+b=c. Leta=qq*n+rqg,b=qp* n+rp, for some qgq,9h.,ra.,rb, where
O=srgrp<n.

If(rg+rp)<n,thena®b=rg+rp=rm(rqg+rpn) =rm(cn).
On the other hand, if (rg + rp) =2 n,then rm(c,n) = (rg+rp)-n=rp-(n-rg) =a®b.
So in both cases, rm(c,n) =a @ b =rm(a ® b,n).

f Follows from (a), (e) and Prop 8.4d.
By cases.
Jj- By cases.

k. Suppose a <n & Nb & = (a + b) <n. Then a =rm(a,n). Setb'=rm(b,n). Then
a®b=b"-(n-a)<b'<b. 0

Prop 8.7. Suppose d | n, and that

a =0 (mod d) and
b =0 (mod d).

Then

a®; b =0 (modd).
Pf:
that

By Prop 84c,d | aand d | b. By the Division Algorithm, there exist gq.qp.a'.b' such

a=n%*qqg+a withO=<a'<nand
b=n*qp+b'with0 <b'<n.

By Prop 6.5b,d | a'and d|b'. Sodl|(a'+b")if (a'+ b') exists,and d | (b'- (n - a")) if
(b'-(n-a")exists. Butthend | (a ®y b). 0

Prop 8.8. Let n> 0 be the modulus.
a. If Na, then dc (a ® ¢) =0. Moreover, there is only one such ¢ < n.
b. If Na and b < n, then dc (a ® ¢) = b. Moreover, there is only one such ¢ < n.

c. fa®c=0and0<c=n,thenc=n-rm(an).



Pf:

a. Let Na. If a =0, then set ¢ =0. Otherwise, set ¢ = n - rm(a,n). O

Prop 8.9. Letn>0, h<k=<m,Seq(rym),and Im(r) € N. Then there exists a unique y s.t.

Js (Seq(s(k - h)) & 50 = rh & S(k-h) =y
& Vj(j<(k-h) = s(j+1)=$j On r(h+j+1)) )-

Pf:
Since a @y, b always exists and is unique should a and b be natural numbers, a simple
induction proves the result. O
k
Def 8.10. Letn>0, h <k <m,Seq(rym),and Im(r) & N. Use ( nz rl.) to refer to the y
h
guaranteed by the previous proposition. O

The notation will be abused as needed. In particular, when the modulus n can be
understood, it will be dropped.
The following proposition follows immmediately from the definition:

Prop 8.11. Letn>0, h<k=m,Seq(rym),and Im(r) & N.

h
a. nzrl =rp
h

k+1 k
b. If one(1) and (k+ 1) = m, then n % rl=n§rl ®@n r(k+1)-

k k

c. fk=m'& Seq(syn') & Vi(h=i<k=> ri=sj),then nzrl.=n S; 0
h h

8C. Congruence Multiplication.



Def 8.12. Letn>0,a <m,Nb. Set (a ®y b) to
a

Y

where Seq(rmn) & r0=0 & Vi(0<i<a = rij=b). By Prop 8.11c, the symbol is well-
defined.

Note: As usual, n is called the modulus. It may be omitted if it can be understood. O

Prop 8.13. Letn=1,Na, Nb. Then (a ®y, b) exists. Also, if (a+1) exists, then

(Cl+1) ®n b= (Cl ®n b) @n b

and indeed
a®, b)+b if(a®, by+b<n
(a+1)®, b= (@®y b) . (@®p b)
b-(n-(a®, b)) if-(a®,b)+b<n
Pf:
For the first equation, use Props 8.9 and 8.11. For the second use the first and Def 8.5.
0
Example. Letn=10,a="7,and b =8. Then
0®,8=0
1®,8=0®, 8=8,since 0 +8 <10
2®p8=8@,;,8=8-(10-8)=6,since~8+8<10
30 8=6@®;,8=6-(10-8)=4,since-6+8< 10
4®,8=4@®,8=4-(10-8)=2,since~"4+8< 10
50 8=2®,8=2-(10-8)=0,since—=2+8<10
6®,8=0@®,8=8
T®p8=8@,8=6
In other words, on successive terms, either add 8 if this doesn’t put the result 10 or over, or
otherwise subtract 2. O

Prop 8.14. Let n = 1 be the modulus.
a. YVaVb (Na & Nb=0=a® b <n)
b. VaVbV¥VcVd (a®@b=c®d=a®b=c®d)



c. Ya(Na=0®a=0)

d. YaVb(Nb & a=0=b®a=0)

e. YaV¥1 (Na & one(1) = 1 ® a = a)

f- VaVbVb'Na & b=b'=a®b=a®b")

g. YVaVbV1 Na & Nb & one(1) =a®@ (b® 1) = (a®b) D a)
h. VaVb (Nb & a=0=a® b=0)

i. VaVb (Na & Nb=a® b=b ® a)

J- VaVbVe (Na & Nb & Nc=a®@ (b®Dc)=(@®b) D (a®c¢)
k.VaVb¥cVd (Na& d=b+c)=a®d=@®b)®@®c))
l. VaVbVe Na & Nb & Nc=a® (b ® c) =(a® b) ® c)

m. YaVbVc(a*b=c=a®b=c)
nVa¥y(xsn&ysn=mn-x)®n-y)=x®y)

0. VaVy (x®y>0=n-x)®@y=n-x®y))

p. VxVy (x®y)=0=>n-x)®y=0)

Pf:

c. Let Na. Set r to {(0,0)}. Then Seq(r,0). NO by Prop 1.1,s0 Im(r) EN. So (0 ® a) =
0

nzrl =rp=0.

0
d. By induction on b.
If a = 0, then Na by Defs 8.1 and 8.2, so (0 ® a) =0 by (¢).
Now suppose a =0 and (b ® a) = 0 and that (b + 1) exists, where one(1). By Prop
8.13,

b+1)®a=b®a)®a=0Da=a=0.
By (a) and Prop 84d, (b + 1) ® a=0.
e. Assume Na & one(1).
I1®a=0®a)®a byProp8.13,s0E.2
=0®a by (c)
=a by Prop 8.6i

f. By induction on a. If b = b', then Nb & Nb' by Defs 8.1 and 8.2, so



0®b=0=0®b'by (c),

so the assertion is true when a = 0.
Now suppose Na & b=b'& a ® b=a ® b', and assume that (a + 1) exists, where
one(l). By Prop 8.13,

@+1)®b=@®b)®b and
@+1)®b' =@Rb)Db'.

The result follows from the induction hypothesis and Prop 8.6d.
g. Assume one(1). Proceed by induction on a.
0®BL®N=0=000=0®>b) DO,

so the assertion is true when a = 0.
Now suppose Na & Nb & a ® (b D 1) = (a ® b) ® a, and assume that (a + 1) exists.
Then

a+1H)®bdH)=a®bd1)DBD1) byProp8.13
=(a®b)@a)dbdI1) by the induction hypothesis
=(a®b)@b)®(@®DI1) by Commutativity and
Associativity
=((a+1)®b)D(ad1) by Prop 8.13
=((a+1)®b)® (a+1) by Props 8.6d and 8.6e

h. By inductionon b. Na & b=0=a ® b =0 by (c). For the induction step, suppose
a=0and a ® b =0 and (b + 1) exists, where one(1). Then

a®b+1) =a@®bBDI) by Prop 8.6e and (f)
=@®b)®a by (g)
=0®0 by the induction hypothesis and
Prop 8.6d
=0 by Prop 8.6b.

i By inductionon a. Nb =0® b =0= b ® 0 by (¢) and (d).
For the induction step, suppose Na & Nb & a ® b = b ® a, and that (a + 1) exists.
Then

(a+1)®b =@®@®b)®Db by Prop 8.13
=b®a)®b by the induction hypothesis
=b®@@®d1) by ()
=b®(@a+1) by Props 8.6e and 8.6d
J- By induction on a.

k. Assume Na & d= (b +c). Thend = (b ® c), by Prop 8.6e. So

a®d=a® (b ®c) by ()
—@®b®@®c) by ()

Equality follows by (a) and Prop 8.4d.
. By induction on a.



m. By induction on a, using Prop 8.6e.

n. Letxsn&y=n. By (), x®y)®(x®(n-y)and (n-0)®n-y)®x&(n-y))

both equal 0. By Prop 8.6j, x®y)=((n-x)® (n-y)). By (a), x®y) <nand
(n-x)®(n-y)<n. By Prop 84d,(x ®y) =((n-x) ® (n-y)).

Prop 8.15. Let Na & Nx & n>0. Then (a A n) | (a ®, x).
Pf:

By induction on x. If x =0, then a ®y x =0, and the result follows. Now set
d = (a A n) and suppose d | (a ®y x) and that (x + 1) exists. By Prop 8.14g,

a®u(x+1)=(a®ux) ®ya.

By the induction hypothesis d | (a ®; x). Obviously d | a and d | n. By Prop 8.7,
d|(a®ux)®Dya.

Prop 8.16. Ya¥cVn (one(c An) & ¢c ®ya=0= a=0 (mod n)).
Pf.

Let one(1), and suppose c is the smallest number such that

(cAn)=1&c®pa=0& -a=0 (modn).

If c=0,thenn=1since (c An)=1. Buta =0 (mod 1) for all a, contradicting the last
conjunct.
So ¢ > 0. Hence there are ¢, r such that
n=qg*c+r,where0=<sr<c.
By Props 8.6e and 8.14m,
n=(q®c)®dr,

where these and all subsequent congruences and operations are modulo n. So

0=(@®c)®r

0®a=(g®)®r®a by Prop 8.14f
0=((@®)®r®a by Prop 8.14c¢
0=¢g®c®a)®(r®a) by Prop 8.14j
0=(¢®0)D(r®a) by assumption
0=0®(r®a) by Prop 8.14d
0=(r®a) by Prop 8.6i

But
(rAn)=(cAn)=1

by Prop 6.8h. Since r < c, this is a contradiction.

0



Note that the previous proposition is simply the congruence version of Corollary 7.23,
from which one could then deduce Lemma 7.19.

Corollary 8.17. Suppose one(c An) & ¢ ®; a=c ®y b. Then a = b (mod n). 0

Prop 8.18. Suppose one(1) and (c An)=1. Then
O@nC,1®nC,... ,(n— 1)®nc

are the numbers 0,1,...,(n - 1), perhaps in a different order.
Pf:

It suffices to establish that the list has no repetitions. For, if they are distinct, then there
are n entries. By Prop 8.14a they are all between O and (n -1), and there are of course n of
these. By Prop 2.6, the two lists would then contain the same numbers.

So, suppose i ®; ¢ =j ®y c. By Corollary 8.17,j=1i. By Prop 84d, j=i since both

are less than n. I

Corollary 8.19. Suppose one(1) and (c An)=1. Then

1®pc,..,(n-1)®yc

are the numbers 1,...,(n - 1), perhaps in a different order. O

Corollary 8.20. Suppose one(c A n) and b < n. Then

C@nx=b

has a solution for x with x < n. Any other solution is congruent to this solution. O

Prop 8.21. ¢ ®; x = b has a solution if and only if b <n and (c An) | b.

Pt
(=) Suppose (c ®, x)=b. By Prop 8.15,(c An) | (c ®; x) =b.

(<) Suppose b<nand (c An)lb. Setd=(c An). Then there exist b',c' such that
b=('*d)and c =(c'* d). So one(c' A n) by Prop 6.8 and hence by Corollary 8.20,
(c' ®p x) = b' for some x. Thus d ®;, ¢' ®y, x=d ®, b' = b, hence by Props 8.14m and 8.14f,

(c ®p x) =b. i



Prop 8.22. Let n>0,Na, Nb. Suppose = one(b A n). Then = one((a ®y b) A n). Indeed,
(bAn)l((a®ub)An).
Pf:

By Prop 8.15,(b An) | (a ®, b). Since (b A n) | n as well, by Prop 6.8k,

(b An)l((a®yb)An). O

Prop 8.22. Letn >0, one(1). Suppose (a An)=(bAn)=1. Then ((a ®;, b) An)=1.
Pf.
4 If n=1,then (a ®; b)=0,s0 ((a ®, b) An)=1.
Otherwise, assume 1 < n. Since (a A n) | b, by Prop 8.21 there exists ¢ such that
(c®pa)=1.
Suppose = ((a ®p b) An)=1.. By Prop 8.21,~ ((c ®p (a®p b)) An)=1. Now
cOpna@ub)=(c®ua)@®ub=1®,yb=rmbn),so-(rmbn)An)=1. But

(rm(b,n) A n) = (b A n) by Prop 6.8h, a contradiction. 0

Prop 8.23. Letn>0, h=<k=<m,Seq(rym),and Im(r) € N. Then there exists a unique y s.t.

s (Seq(s (k- h)) & s0 =rh & S(k-h) =
& Vj(j<(k-h)=s(j+1)=5jOn r(h+j+1)) )-

Pf:
Since a ®y b always exists and is unique should a and b be natural numbers, a simple
induction proves the result. O
k
Def824. Letn>0, h<k=<m,Seq(rym),and Im(r) € N. Use ( nl_[rl- ) to refer to the y
h
guaranteed by the previous proposition. O

Again, the notation will be abused as needed and the modulus » will be dropped when
possible. The following proposition follows immmediately from the definition:

Prop 8.25. Letn>0,h <k <m, Seq(r,m), and Im(r) C N.

0



k+1 k
b. If one(1) and (k+ 1) s m,then n [ [ r, = n] [r; ®n r(k+1)

h h
k k
c. fk=m'& Seq(syn') & Vi(h=i<k=> ri=sj),then nl_[rl = nnsi O
h h

8D. Congruence Exponentiation.

Def8.26. Letn>0,a<m,Nb. Set (b Oy a)to

a

n] [n,

0

where Seq(r,n) & one(rg) & Vi(0<i & i<a = rj=b). By Prop 8.25¢, the symbol is well-
defined.

As usual the n subscript may be dropped if it can be understood. O

Prop 8.27. Let one(1),n> 0, Na, Nb. Then:

a. b Oy a exists.

b. Ifn>1,thenb ®,0=1.
Note: this includes »=0,s00 0,0 =1.

c. Ifn>b,thenb ©y 1 =>.

d. If (a + 1) exists, then b Oy, (a + 1) = (b Oy a) @ b. 0

Prop 8.28. Letone(1),n>1,(b An)=1,Nr. Then - (b Oy r)=0.

Pf.

If »=0,then (b An)=n> 1, acontradiction. So -5 =0.

Then proceed by induction, using the fact that (b ©5 r) ®; b =0 implies b ©; r =0 by
Prop 8.16. 0
Prop 8.29. Let one(1),i=j, and suppose x O i =x Oy j. Thenx Oy (i -j) =1. O



S8E. Euler’s Phi Function

Recall that Mk, P says that P has size k.

Lemma 8.30. Let n>0. Then Nk & Mk {x:0<x & x < n & one(x A n)}, for some (unique)
k.

Ff.
x:0<x&x=sn&one(xAn)} C{z:0<z&z=n}. ButMn{z:0<z & z=<n},so

the result follows by Prop 4 4. 0

Def8.31. For n>0,let ¢(n) refer to the k assured by the previous proposition. ¢ is called
Euler’s Phi Function. O

So, M¢(n) {x:0<x & x <n & one(x An)} for all n with n> 0.
Evidently, if 1 exists, then ¢(1) = 1.

For the next propositions, recall that m(p) is used to abbreviate that “p is prime”.

Prop 8.32. n(p) < op,p(p). That is, let one(1). Then n(p) < ¢(p)=p - 1.

Prop 8.33. (Euler) Letone(1),n>0,a>0, and (@aAn)=1. Thena Oy ¢(n) =, 1. Soif

n>1,thena ©; ¢(n)=1.
Pf.

If n=1, x =5 1 for all natural numbers x, so the result follows trivially.

Otherwise let n > 1. Then x < n & one(x A n) if and only if x < n & one(x A n). Set A to
{x:0<x&x<n&one(xAn)},and Bto {(x®p a):0<x & x<n&one(x An)}. Remark

that M¢(n),A.
By an induction, it can be shown that there exists a one-to-one function r from
{x:0<x&x=¢(n)} onto A. Extend it by defining r9 = O so that r is now a sequence, where

indeed Seq(r,¢(n)). Define a sequence s where Seq(r,¢(n)) by setting s; = (r; ®y a) for i < ¢(n).
It will be shown that the values of s are simply the values of r, perhaps in a different order. In
order to show this, it suffices to prove that A = B.

Suppose (x ®, a) =, (y ®p a) & x <n & y <n. Then by Corollary 8.17,x =5, y, and by
Prop 84d,x=y. So M¢(n),B.

Suppose 0 < x & x < n & one(x A n). Then (x ®; a) >0 by Prop 8.16. (x ®;, a) < n, by
Prop 8.14a. And one((x ®, a) A n) by Prop 8.22. Thus B C A, so by the Pigeon Hole
Principle (Prop 2.6),A = B.

So the values of r and s are the same. Indeed, since r; = 0 = sj, the values of r and s are
the same from 1 through ¢(n), inclusive. So their products are equal:



¢(n) ¢(n) ¢(n)
W TLnen 5= 1] Gone
1 1

By an induction again, it can be seen that

o) P
n[[r=t]]r) ®ni@6ngn).
1 1

¢(n)
By Prop 8.22 and an induction, (n 1_[ r.An)=1. By Corollary 8.17,a ©y ¢(n) =, 1. O
1

Corollary 8.34. (Fermat) Let u(p), one(l),and (@ Ap)=1. Thena ©p (p- 1) =1. 0

Corollary 8.35. Letn(p), Na. Thena ®pp=pa. Soifa<p,thena ®pp =a. O



9. QUADRATIC RECIPROCITY

9A. Quadratic Residues
Def 9.1. n*(p) if and only if (p) & = two(p). 0

le. n*(p) if and only if p is an odd prime. Remark that the supposition that p is an odd
prime implies that 3 exists, where three(3).

Def 9.2. Res(ap) if and only if n*(p) & one(a A p) & Ix (x ®p x) = a. Res(a,p) may be read,

“a is a quadratic residue of p.” O

Note: Res(a,p) implies that a is non-zero. So any x such that (x ®p x) = a must be
non-zero as well. Note that if such an x exists, then one exists which is less than p.

Prop 9.3. Let Res(a,p). Then there are precisely two x, with 0 <x < p, such that (x ®p x) = a.
Indeed, if x is one, then (p - x) is the other, and

x®p(p-x)=p-a.

Pf:
Z® z = a for some z, with 0 < z < p, since Res(a,p). By Prop 8.14n, (p - 7) is another
solution. Since a >0, by Prop 8.140,z®p (p-2)=p-a.

Now suppose y ® y =a, with0 <y <p. WLOG y < z. By standard manipuation,
@®P-y)®z®y) =0.

Since p is prime and both (z @ (p - y)) and (z @ y) are less then p, one((z @ (p - y)) A p) and
one((z®y) A p). By Prop 8.16, either z® (p-y))=0o0r (z®y)=0,ie.z=yorz=p-y. [

k
Def 9.4. Suppose Nk, n> 0. Define (k ), = nl_[rl , where Seq(r k) & one(r) &
0
ViO<i&isk = ri=1). I

Letn>0. Then (0 )y = (1 )y = 1, where one(1).



Example. (3 )10 = 6, while (3 )4 =2. 0

Prop 9.5. Let ™ (p), one(1), and (a A p) = 1. Set p' such that (p' + p') = p - 1. Then:
a. If Res(ap),then (p - 1) Hp=p - (a Op p')
b. If = Res(a,p), then ((p- 1) Np=a Op p'

Pf.
Since :rc*(p), there exists 2 and 3 such that rwo(2) and three(3).
By Corollary 8.19,for each i with 1 =i < (p - 1), there exists i',alsowith 1 =i's (p - 1),
such that
I®pi'=a.

a. By Prop 9.3, there are precisely two x, with 1 <x < (p - 1), such that x ®p x = a. Call
these y and z. By Prop 9.3 again, y®pz=p -a.

Thus the numbers between 1 and (p -1) are either: y, or z, or one of (p'- 1) pairs (i,i")
such that (i ®p i') = a. But then,

((@-DYp=@-a)®p@Bp(p'-1)
=p-(a®p(a ®p (p'-1))) by Prop8.14o

=p-@Bpp") by Prop 8.27d
b. Then the numbers between 1 and (p -1) are just one of p' pairs (Z,i') such that
i ®p i'=a. Butthen,
(p-1)hp=aBpp' 1

Corollary 9.6 (Wilson’s Theorem). Let n(p), one(1). Then ((p-1) Dp=p- 1.
Pf:

If n*(p), set a = 1 in the previous proposition. O

Prop 9.7. Let " (p), one(1), (aAp)=1,(p'+p') = (p -1).
a. If Res(ap),thena Op p'=1.

b. If = Res(a,p),thena ©p p'=p - 1.

Pf.
Apply Corollary 9.6 to Prop 9.5. O

Lemma 9.8. Let n*(p), one(l),(aAp)=1,(p'+p')=(p-1). Consider



X={x:3i(0<isp'&x=(®pa) &x>p},
Y={y:3i(0<isp'&y=(i®pa)&y=<p}
Z={z:IxXx&z=p-x)}
Then (YU Z)={x:1=<x=p'}.
Pf:
(YUZ)C{x:1=x=<p'},using Prop 8.16.
Let Zz,say z=p - (k ®p a), where 0 <k < p'. It is claimed that, for all i with 0 <i <p',
—1i ®p a =z. For suppose to the contrary that i ®p a =z, with 0 <i<p'. Then

(i®pa)®p (k®pa)=0
(i®pk)®pa=0 by Prop 8.14m
i®pk=0 by Prop 8.16

But this is impossible since 0 < i,k < p'. Thus Y and Z are disjoint.

Clearly X and Y are disjoint. Also Z has the same size as X.
Moreover, by the usual argument, the (i ®p a) of X and Y are all distinct, i.e. (X U ¥) has

size p'. Putting all this together, (Y U Z) has size p', and by the Pigeon Hole Principle (Prop
26),YUZ)= {x:1=sx=p'}. O

Lemma 9.9. (Gauss) Let n*(p), one(l),two(2),(aAp)=1,(p'+p')=(p-1). Consider
X={x:3i0<isp' &x=(i®pa) &x>p"},
and suppose Mn,X. Then:

Res(a.p) if and only if 2| n.
Pf:

As in the previous lemma, consider

Y={y:3i(0<isp'&y=(iQ®pa)&y=p)}
Z={z:IxXx & z=p-x)}.

By Lemma 9.8,(YU Z) = {x: 1 =x < p'}. Evidently, Mn Z.

If 2l n, then it is possible to pair off the elements of Z, and so by Prop 8.14n, the
product (modulo p) of all the elements of Z equals the product (modulo p) of all the elements of

HZ=nx.

Z7 Xx

And if = 2| n, then all but one element of Z can be paired off, so by Prop 8.14n and 8.140,
[z=r-TTx
/7 Xx
Hence, if 2| n,



(p' ’)p ®p (a @p p') = (1 ®p a) ®p (2 ®p (1) ®p ®p (p' ®p (1)
=(@'Dp by Corollary 8.19

Thus a ©p p'= 1,50 by Prop 9.5, Res(a,p).
On the other hand, if = 2| n,
(p' ')p ®p ((l @p p') =p- (1 ®p (1) ®p (2 ®p Cl) ®p ®p (p' ®p a)
=p-@' Dp, again by Corollary 8.19.

Thus a ®p p'=p - 1,50 by Prop 9.5, Res(a,p). O

9B. The Product Quotient

Recall, by the Division Algorithm, that given any n > 0 and any number c, there exist g,»
such that

c=q*n+r,wherer<n.

Congruences modulo 7 refer to the remainder, and one consequence of the results
hitherto is that it is possible to determine what the remainder of (a + b), (a * b), and (a * b),
upon division by n, would be even if these numbers do not in fact exist.

Now it is time to turn to the quotient g. If either a or b is less than or equal to 7, then the
quotient of (a * b) divided by 7 is less than or equal to n and so exists. It is determined by a, b,
and n. Since it cannot be assured that (a * b) exists, another way of referring to this quotient
must be found, and is the motivation for the following definition.

Def 9.10. Letn>0 & one(1) & Na & b < n. Use [a,b/ n] to refer to the (evidently unique) y,
if it exists, such that

Ardk (Seq (rk) & ro=0& rg=y &
Vi(j<k &(j®nb)+b)<n=r(j+1)=rj) &
Vi(i<k &= ((G®nb)+b)<n=r(j+1)=rj+1)) a

Example. Leta=7,b=28,and n=10.

[0,8/10]=0

[1,8/10]=[0,8/10] =0, since(0®108)+8=8<10
[2,8/10]=[1,8/10]+1 =1, since (1 ®108)+ 8 < 10.
[3,8/10]=1[2,8/10]+ 1 =2, since 7 (2®108) + 8 < 10.
[4,8/10]=[3,8/10]+1 =3, since(3®]1038)+8<10.
[58/10]=1[4,8/10]+1 =4, since 7 (4 ®10 8) + 8 < 10.
[6,8/10] =[5.8/10] =4, since (5®108)+8 < 10.
[7,8/10]=[6,8/10] + 1 =5, since 7 (6 ®10 8) + 8 < 10.

So [a,b / n] counts the number of times that adding b to the previous sum puts the new sum to



or over n. This is the same as the quotient of (a * b) upon division by n, provided the product
exists. O

Prop 9.11. Letn>0 & Na & b <n. Then [a,b / n] exists.

Ff.

Since n > 0, there exists 1 such that one(1).

It suffices to check that rj+ 1 always exists should j < k. But an easy induction shows
that rj<j. Hencerj+1=<k. O

Prop 9.12. Letn>0 & one(1) & n= b & Na.
a. [0,b/n]=0.
b. [a,0/n] =0.

c. If a>0, then

{[(a—l),b/n] if ((a-1)®,; b)+b)<n
[a.b/n]= .
[(a-1),b/n]+1  otherwise
0 ifb<n
d. [1,b/n]={1 fhen

e. Ifa>0,then[(a-1Db/nl=slab/n]l=<[(a-1)b/n]+1.

f. Ifk>0,ais the least number x s.t. [x,b/ n] =k if and only if [a,b/ n] =[(a-1),b/n] + 1.
Pf:

a. By Def 9.10.

b. By an easy induction.

c. By Def 9.10.

d. Iftb<n,then (0 +b)<n,so[l,b/n]=[0b/n]=0,by (a).
And if b=n,then (0 +b)=n,so [1,b/n] =[0,b/n]+ 1 =1, again by (a).

e. Follows immediately from (c).

f. Follows immediately from (e). O

The conditions of Prop 9.12c¢ are the same for congruence multiplication in Prop 8.13.
So

[ab/n]l=[(a-1Db/nl<={(a-1)®yb)+b<n



@(d@nb)=((a—1)®nb)+b
and

[ab/nl=[a-Dpb/n]+1<-((a-1)®yb)+b<n
S @®pb)y=b-n-((a-1)®yb)).

Prop 9.13. Letn>0& n=b & Na.

a. Ifa'sa,thena'b/n]<|a,b/n]

b.If bsn'sn,thenlab/n]<lab/n'

Pf:

a. By Prop 9.12e.

b. Since n > 0, there exists 1 such that one(1).
A stronger assertion will be proven:

Ifb<sn'sn,thenlab/nl<lab/n'l&
(lab/nl=lab/n1=a®b=<a®y'b)

By induction on a. If a =0, then the claim holds by Prop 9.12a.

Now assume the claim holds for (a -1). If [(a- 1),b/n] <[(a-1),b/ n'] then the result
follows easily, since [a,b/n]<[(a-1)b/n]l+1=< [(a-1),b/n"l <[ab/n'],using Prop 9.12e¢.

So suppose [(a-1),b/n]=[(a-1),b/n']l. Then by the induction hypothesis,

(a-1)®pb=(a-1)®u'b. A consideration of the relevant cases yields the result. 0

Prop 9.14. Letn>0,n=a,b. Then [a,b/n]=[b,a/n].
Proof:

Since n > 0, there exists 1 s.t. one(1).

By a double induction, first on a, then on b. The assertion is true for a = 0, by Prop
9.12a. So assume a > 0 and the claim is true for (a -1). Now the assertion is true for b =0, by
Prop 9.12b. So assume b > 0 and the claim is true for (b -1).

Set

x=[a-1,b-1)/n]
y=(@-1) ®,b-1).

By the induction hypothesis
x=[b-Da-1)/n].
and by Prop 8.14i,
y=0b-1) ®pla-1).
Now



[a,(b—l)/n]={x ify+(b-1)<n

(x+1) otherwise
and

X ify+(a-1)<n

[b,(a=-1)/n] ={

(x+1) otherwise

By the induction hypothesis again,

[(b-1D,al/n]=[a(b-1)/n]and
[(@a-1D),b/n]l=[bla-1)/n].
Thus:
X if(b-1)®, a)+a<n&y+(b-1)<n

[ba/n]=y(x+2) if-(b-1)®,a)+a<n&-y+(b-1)<n

(x+1) otherwise

and

X if ((a-1)®,b)+b<n&y+(a-1)<n
[ab/n]=1(x+2) if=((a-D)®,b)+b<n&-y+(a-1)<n

(x+1) otherwise

where two(2), noting that in the cases exhibited there exists such 2.
Hence it suffices to show that the two first pairs of conditions are respectively
equivalent.

Note
b-1)®ua =a®ub-1)
=y®p(b-1).

Case 1. Suppose Y ®p (b-1)+a<n&y+((b-1)<n.
By the second conjunct, by Def 8.5,

y®@nb-D=y+(b-1).
So

y+(b-1)+a<n.
This implies:

y+@-1)+b<n&y+(a-1)<n.



Again
y®npla-=y+(a-1.
Thus
®pa-1)+b<n&y+(a-1)<n.

Case 2. Now suppose " (Y@ (b-1)+a<n&-~y+(b-1)<n.
By the second conjunct, by Def 8.5,

y@n-1)=(b-1)-(n-y).

Thus
“((b-1)-(n-y)+a<n
and
(b-1)-(n-y)exists.
So
n-y<sb-1
(n-y)+1 <b.
Suppose
y+(a-1)<n.
Then:

@-H<@m-y ,
a < (n-y)+ 1 (which exists by the above, being < b).

Since (a-1)<(n-y)<(®d-1),

b>a.
b-a)yzb-(n-+1)=bB-1)-(n-y)

Since n> b,

n>b-a)+a
>((b-1)-(n-y)+a,

a contradiction. Therefore
“y+(a-1)<n.
So by Def 8.5,
y®na-H=@-1)-(@-y).

Suppose



®n(a-1)+b<n
Then

((a-1)-(n-y)+b<n.
If(b-1)=z(m-y),then (b-1)-(n-y)exists, so

(b-D-n-y)+a=(a-1)-n-y)+b <n,
a contradiction. Thus

(b-1)<(n-y).
y+(b-1)<n,

another (and the final) contradiction. Hence = (y @5 (a- 1)) + b<n. a

Prop 9.15. Letn>0 & n=b & Na.
a. [bn/nl=>b
b. If (a + n) exists, then [(a + n),b/n]l=b + [ab/ n].
c. lfy=(g*n)+r,then[yb/n]l=(q*b)+[rb/n].
Pf:

Since n > 0, there exists 1 such that one(1).

a. By induction on b. Holds for b =0 by Prop 9.12a. For b > 0, assume true for
(b -1). Then

[bjn/n]l=[b-1)n/n]+1

by Prop 9.12¢, since there is no x s.t. (x + n) < n, so in particular = (((b - 1) ®; n) + n) <n. So,
using the induction hypothesis,

[bon/n]=>b.

b. By induction on a. Holds for a =0 by (a). For a >0, assume true for (a - 1), and
suppose ((a + n) +1) exists. Then

[(a+n),b/n] if ((a+n)®, b)+b<n

[(a+n)+1,b/n]= )
[(@a+n),b/n]+1  otherwise

and

la,b/n] if(a®,;b)+b<n

[a,b/n]+1 otherwise

[(a+1),b/n] ={



But (a + n) ®y b = (a ®y b) by Prop 8.14f. The result follows by a consideration of
the two pairs of equivalent cases.

c. By induction on g. Obviously holds for ¢ = 0. For the induction step use (b). O

Prop 9.16. Letn>0 & n=b & Na. Suppose (a * b) exists. Then
(a*b)=(lab/n]*n)+ (a®yb).

Moreover, suppose (a * b) = (q * n) + r, where Ng and r < b. Then g = [a,b / n] and
r = (a ®n b)

Pf:
By induction on a. Since n > 0, there exists 1 such that one(1). For the induction step,
note that

[a,b/n] if(a®,b)+b<n

[a,b/n]+1 otherwise

[(a+1),b/n] ={

Now if (a ®y b) + b < n, then (a + 1) ®y, b = (a ®y b) + b; and otherwise
(a+1)®pb=(a®ub)-(n-b). The first assertion follows by a consideration of cases.
The second assertion follows by the uniqueness condition of the Division Algorithm.

O
Corollary 9.17. Letn>0 & n = b & Na. Suppose (a ®, b) is non-zero. Then:
a. If (a * b) exists, then ([a,b / n] * n) < (a * b).
b. In particular, if n > (a * b), then [a,b / n] =0.
c. Inparticular,if n> (a * b),then [i,b/ n] =0 for all i < a. O

Corollary 9.18. Letb>0 & [a,b/ n]>0 & n=(q * b) +r,where Ngand r <b. Thena = g,
with equality only in the case r = 0.

Pf:
Suppose r =0,1i.e. (¢ * b)=n. If a< g, then (a * b) < (q * b) =n,so [a,b/ n] =0 by

Corollary 9.17b, a contradiction. Hence a = g.
Now suppose r > 0. Then (g * b) < n, so [¢g,b/ n] =0, again by Prop 9.17b. But then

a < g implies [a,b / n] =0, by Prop 9.13a, a contradiction, so a > q. O

Prop 9.19. Letn=(q * b) + r,where r < b < n. Also let one(1).
a. If (((a+1) ®y b) + b) <nforall i <u,then



[a,b/n]=[(a+u)b/n]

b. la,b/ n]=[(a+ u)b/n]if and only if, for all i < u,
(a@+)®ub=(@@®ub)+({*D).

c. Iflap/n]l=[(a+w)b/nl=[(a+u+1)b/n]-1,then
a@+u+1)®nb=0@@®yb)+ ((u*b)-(n-D>b))

d Ifa®ub<r,then[(a+q)b/n]=[ab/n].

e. fa®ub=r,then[(a+q),b/nl=lab/n]+1.

f. f Na,then [(a+qg+ 1),b/n]=[ab/n]+1.

Pf:

a. Follows by an easy induction from Prop 9.12c.

b. Assume [a,b / n] = [(a + u),b/ n]. An easy induction proves (((a + i) ®y b) + b) < n,
andso (a+ (@ +1)®ub)=(@®ub)+((i+1)*b),forall i < (u-1).

Now assume (a + i) ®p b = (a ®y b) + (i * b) for all i < u. By an easy induction,
(a+)®ub=(a+(i-1)®yb)+b,forall i, where 1 =i =<u. So for such i,
(a+(-1)®ub)+b<n,ie.[(a+Db/nl=[(a+G-1))b/n].

c. Assume [ab/n]=[(a+u)b/n]l=[(a+u+1)b/n]-1.
Then = (((a + u) ®y b) + b) < n, so
(((a+uw)+1)®pb =(a+u)®yb)®pb by Prop 8.13
=b-m-{a+u b)) by Def 8.5
=b-(n-((a®ub)+ (u*b))) by (b)

By appropriate manipulation the right-hand side becomes (a ®y b) + ((u * b) - (n - b)).

d. Assumea ®p b<r. Leti<g.
(a+i)®pb= (a®ub)+ (i ®y b) by Prop 8.14k
<r+({*b)

So((a+i))®ub)+b<r+(q*b)y=n. By (a),[(a+q),b/n]=[ab/n].

e. Assume a ®y b = r. Suppose [(a + q),b / n] =[a,b / n]. Then by (b),

(a+q) ®n b= (a®yb)+(q*b)=n,contradicting Prop 8.14a. Thus for some least u < g,
l[ab/n]l=[(a+w)b/nl=[(a+u+1)b/n]-1. So-(((a+u)®yb)+b)<n,by Prop
9.12¢c. Andso(a+u+1)®ub=(a+u)®,b) D, b<b,by Prop 8.6k. But then

(((a+u+1)@ub)+(@*b)<b+({i*b)=n,

forall i < gq. By (b),



[@+u+q)b/nl=[(a+u+1)b/n].
Buta+u+qg=z=a+qg=a+u+1. Soby Prop 9.13a,

[@+q)b/n] = [(a+u+1)b/n]
=lab/n]+1.

Prop 9.20. Let nyn>0,a < m,and Nk. Then:
k®n a= ([k,a / m] ®n m) @n (k ®m a)

Note: This is essentially the Division Algorithm taken modulo n. If (k * a) exists, then by
Prop 9.16

(k*a)=(lka/m]*m)+ (k®m a).
However in the present proposition, one is not given that (k * a) exists.
Example. Letn=10,a=7,k=5,m=4. Then

k ®n a=>5

lka/m]=8

lka/m] @ym=8®@104=2

k®m6123

Pf:
Since n > 0, there exists 1 such that one(1).
Proceed by induction on k. If k = 0, both sides reduce to 0.
Next, suppose k > 0 and that
(k-1)®pa=(k-1lalml®ym) ®dp((k-1)Oma).
Adding (modulo n) a to both sides, and using associativity of modulo addition,

(k®pa)=((k-1),a/m] ®,m) Dy ((k-1)Oma) ®pa

Casel. (k-1)®ma)+a<m.
Then [k,a/ m]=[(k-1),a/m],and

(k-D@®ma)®pa=sn(k-1)Qma)+a=k®y a,
from which the result follows.

Case2. 2 ((k-1)®ma) +a<m.
Then [ka/m]=[(k-1),a/m]+ 1,and

k@ma=((k-1)®ma)-(m-a),ie.
k-D)®ma=k®yua)+(m-a).



So
(k-1)®ma) Dy a= (k@ a) ®y m.

But
([k-Da/m@um)@ym =(k-1,a/ml®,1)QQ,m
=lka/ m] ®,m,

from which the result follows. i

Lemma 9.21. Supposer<b & 0<b & 0 <k & one(1). Then
r=([kr/b]-[(k-1),/b])*b+((k®pr)-((k-1)®pr))
Pf:

By Prop 9.12c¢ (see the remarks following the proposition), if [k,r / b] = [(k- 1),/ b],
then k ®p r=((k-1) ®p r) + r. Otherwise, [k, / b]=[(k-1),/b]+ 1, and then

k®pr=(k-1)®pr)-(b-r),which can then be manipulated into the result. 0

Prop 922. Letn=b = k>0, where 7 b|n. And let one(1). Suppose a is the least number s.t.
[a,b/n] =k. Then:

a. [nk/bl=(@-1)
b. (a®ub)+ (k®pn)=>b
Example. Letn=10,a=7,b=8,and k=5. Note that

[7,8/10] =5 and
[6,8/10] =4,

so the least number x such that [x,8 / 10] =5 is indeed x =7. Then
a. [105/8]=6=(7-1).
Since (7 ®10 8) =6 and (5 ®g 10) =2,
b. 6+2=8.
Pf:
Setn= (g * b) + r, for some g,r where r < b. In fact, 0 < r, since by assumption = b | n.

Proceed by induction on k. Consider k= 1. Then

[n,1/b]=qg+][r,1/b] by Prop 9.15¢
=q by Prop 9.12d

On the other hand, [¢.b / n] = 0 by Corollary 9.17b and so Prop9.19f forces
[(g+ 1),b/n]=1. Hence a = (g + 1), whence [n,1 / b] =(a - 1). So (a).



As for (b),
0=(g®nb)®ur.

This forces g ®; b = (n - r) by Prop 8.8a. Note r < b,so = (n-r)+ b <n, and hence
- (q®pub)+b=<n. Thus

(q+1)®nb=(q®nb)-(n-b)
=(n-r)-(n->b)

=b-r
So

@®ub)+(1®pn) =Wg+1)®pb)+r
=b-r+r
=b.

Now suppose k > 0 and (a) and (b) are true for (k - 1), and let a be the least number
such that [a,b / n] = k. Also let u be such that (a - u) is the least number x such that
[x,b/ n]=(k-1). Then [(a - u),b/ n] = (k- 1), and by the induction hypothesis

[nk-1)/bl=(a-u) -1 and
(a-u)y®ub)+(k-1)®pn)=hb.

Remark by Corollary 9.18,a = q.
Claim. Either:

() u=q&a-u)®ub=r or
u=@+DH&@a-u)y®yb<r

Pf of Claim:

Suppose u < g. Then [(a-q).b/n] <[(a-u)b/n]=k-1,using Prop 9.13a for the
inequality. Since (a - u) is least, this implies that [(a - ¢),b / n] < (k - 2), where two(2). But
Props 9.19d and 9.19e imply that [(a - ) + g.b/ n] equals [(a - g),b/n]or [(a-q).b/n]+1,
contradicting the fact that [a,b / n] =k. Thusu =gq.

Suppose u =(g+ 1). Thena>(a-u)+(g+1). So

k=lab/nl=z[(a-u)+(q+1),b/n] by Prop 9.13a
and
[@a-u)y+(@+1Db/nl=[(a-u)b/nl+1=k by Prop 9.19f.

So [(a - u) + (g + 1),b/ n] = k, contradicting the leastness of a unlessa =(a - u) + (g + 1),1i.e.
u=(q+1).

Henceu=qoru=(g+1).

Finally,

(a-u)y®ub<r
< [(a-ub/nl=[(a-u)+q)b/n] by Props 9.19d & 9.19e.

[(a-1),b/n]<[ab/n] by the definition of a, so u = g implies 7 (a - u) ®y b <r,ie.
(a-u)®ub=r. Andif (a - u) ®,; b =r, then



[((@a-u)+q)b/n] [(@a-w)b/n]+1

(k-1)+1
k,

and so by the assumption of leastness for a, ((a - u) + g) = a, which forces u = g.
End of Pf of Claim.

Now

[n(k-1)/b]l=q* (k-1)+[r(k-1)/Db]

and

[nk/bl=q*k+[rk/b] both by Prop 9.15c¢.
So,

[nk/bl=[(n(k-1)/bl+q+(rk/b]-[rk-1)/b])

=(a-u-1)+q+(ky/b]-[(k-1)r/b]) (*)

Recall

((@-u)y®pb)+((k-1)®pn)=>b
So

((@-u)y®nb)+((k-1)®pr)=>b
Thus

(a-u)y@pb<r<sk-1)®pr>@b-r).
< (k-1)®pr)+r<b
< kr/bl=[(k-1);r/b]l+1

Hence either:
u=q& ([ky/b]-[(k-1),r/b])=0

* u=(@+1) & (kyr/b]l-[(k-1)r/b])=1.

Plugging into the formula (*), both cases imply
[nk/b]l=(a-1).

Finally, it needs to be shown that

(a ®p b)+ (k®pn)=0b,

or equivalently, since n = r (mod b),

(a®nb)+(k®pr)=b,

Now [(@-u)b/nl=k-1=[ab/n]-1. Also,[ab/n]=[(a-1)b/n]+1,Dby the leastness of
a. Thus

[(a-u)b/nl=[(a-u)+w-1)b/nl=[(a-u)+@w-1)+1)b/n]-1.
Hence by Prop 9.19c,

((@-w)+@-D+1)®@pb=a-u)®nb)+(((u-1)*b)-(n-b))
which becomes



a®pb=((a-u)®ub)+((u-1)*b-(n-Db)).

By Lemma 9.21,
k®pr=F+{(k-1)®pr))-(lky/b]-[(k-1),r/b])*b.

Add the last two equations and use the induction hypothesis ((d - 1) ®p b) + ((k -1) ®p n) = b:
@®nb)+ k®pr)=r+w*b)-(n->b)-(lky/b]-[(k-1)y/b])*b.

If [k /D] -[(k-1),/b]=0,then u=gq; while if [k,yr/ b] - [(k- 1),y /b]=1,thenu=(g+1). A
consideration of both cases results in

(a®pub) + (k®pr)=b. O

The next proposition could be proven in greater generality, but the form given suffices
for our needs in the proof of Quadratic Reciprocity.

Prop 9.23. Letone(1) & two(2). Ifa>b & n=(2 *a)+ 1, then
[a,2*b)+1/n]=hb.

Pf:
In fact a stronger claim will be proven:

(a>b&n=2%a)+1)
= [a,2*D)+1/nl=b&((2*b)+1)®pa=(a-D>).

Proceed by induction on b. For the case b =0, note that [a,1 / n] =0 by Prop 9.12d,
and that 1 ®; a =a.

Suppose b > 0 and the claim true for (b - 1),and leta>b & n=(2 * a) + 1. Then
a> (b - 1), so by the induction hypothesis,

[a2*(b-1)/n]l=((b-1)
&(2*b)-1)®pa=a-(b-1).

Then
(2*D)-D®pa)+a=RL*a)-(b-1)<R2*a)+1=n.
Hence
2*b)®pa =2*a)-b-1) and
[2*b)al/n] =[2*b)-1,a/n]
=la,2*b)-1/n] by Prop 9.14
=b by the Induction Hypothesis.

Sincea>bandn=Q2 *a)+ 1,

~Q2*a)-(b-1)+a<n.



Hence

2*b)+1)®pa=2*a)-(b-1)-(n-a)
=Q*a)-(b-1)-(a+1)
=(a-b)
and
[2*b)+1a/n]=[2*b)al/n]+1
=b+1. 0

9C. Quadratic Reciprocity

Prop 9.24. Let one(1), two(2), n:*(p), (aAp)=1,-2la,2*r)=p-1. Then Res(ap) if and
only if

.
2 [k.a/p]=0.
k=1

(Recall the “2” before the summation sign means that the summation is done modulo 2. It will
be dropped for the proof, and any modulo not specified is assumed to be modulo 2.)

Pf:
By Prop 9.20, for all k where 1 <k <r,

k®2a=(kalp] ®p) @2 (k®pa).
aand p are odd,soa=1& p=1. Thus, for all k where | =k <r,
k=k®2a=l[kalpl @ (k®pa).
Summing (modulo 2),
r r r
Dk= Ylkalpl@ Y (k®pa),
k=1 k=1 k=1

equality because both the left- and right-hand sides are either O or 1.
By Lemma 9.8, {x : 1 <x <r} are just the numbers (i ®p a) and (p - (j ®p a)), where

O<i<sr& (i®a)s=r and
O<jsr& (j®a)>r.

So, summing up these numbers mod 2 (using / and J to indicate the restriction on the indices),

r r
Di®a)@ Y (p-(®pa)= Y lkalpl@ ¥ (k®pa).
1 J k=1 k=1

Because the sums are modulo 2,



Di®pa)@® Y (i®a)=0,
I 1

so adding E(i ®p a) @2 2( J®p a) to both sides,
1 J

r r
Y= Ylkalpl@ Y 2 & k®pa)).
J k=1 k=1

The last term equals 0, so

r

Epz E [k,a/p].
J

k=1

Since p = 1, the term on the left-hand-side is O if the number of elements in J is even, 1
otherwise. By Gauss’ Lemma 9.9, this means that the term on the left-hand-side is O if

Res(a,p), 1 otherwise. 0

Lemma 9.25. Let one(1), wo(2), t“(p), n(q), p>¢q, 2 *r)=(p - 1),(2 * 5) = (¢ - 1). Then:

.
r@s= Y lqilpl® Y Ipilql.

s
i=1 i=1

Note: all E summations are sums modulo 2.

Pf:
It will be shown by induction that, for all k, 1 <k < p,

k A
Mlgilpl @2 Y [pilql =k@fk),
i=1 i=1

where fik) = [k,q / p]. This suffices, since one may set k = r, as then f{(r) = s by Prop 9.23.
Letk=1. Setg=(u * p) + v, where Nu and v < p. Remark, since p and g are distinct
primes, that v> 0, so g > (u * p). Then
fi)y=[14/p]=0 by Prop 9.12d.
So,

f
[p.i/q] =0,
i=1

and thus



f@

1
Dlailpl @2 Y [pilql=2f(h=2 1@ A1)
i=1 i=1

Hence equality holds between the left-most and right-most terms, because both are results of
operations modulo 2, and so must be either O or 1.

Thus the claim holds when k = 1.

Now let k> 1, and suppose the claim holds for (k - 1). Then:

k=1 f(k=1)
[/ p1 @2 Y [pilgl=(k-1)@2fk-1).
i=1 i=1

Case 1. flk) =f(k -1).
Then the claim follows by adding, modulo 2, fik - 1) = f(k) = [g.,k / p] to both sides.
Case 2. flky=fk-1)+ 1.

That is, [k,g / p] = [(k- 1),q/ p] + 1, so k is the least number x such that [x,q / p] = f(k).
By Prop 9.22, [p fik) / q] = (k- 1). Adding f(k) ®2 [pf(k) / q] to both sides, the left-hand side

becomes

k f )
Dlailpl @ Y [pilq),
i=1 i=1

while the right-hand side, given that [p f(k) / q] = (k - 1), becomes

(k- 1)@ fik - 1)) @2 flk) @2 (k- 1)
=((k-1)®2 (ftk- 1) + 1)) @2 fik)
= ((k- 1) ®2 flk)) @2 flk)
=k ®2 flk) O

Theorem 9.26, Quadratic Reciprocity (Gauss). Let J'l?*(p), n*(q), - p =q,one(l), and four(4).
Then (Res(p,q) < Res(qgp)) <= (p=41v g=41).
Note: all E summations in the proof are sums modulo 2.
PE
WLOG suppose p > g. Let two(2).
By Prop 9.24 it suffices to show that

r S
E[k,q/l?] =2 E[k,p/q] < (p=41lvg=41),
k=1 k=1

where 2 *r)=(p-1)and 2 *s)=(q - 1).
Now
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r S r S
lkq/pl=2 D [kplql < Y lkq/pl@® Y [kp/ql=0
k=l k=l i1 k=l

< r®2s=0 by Lemma 9.25

<p=4lvg=41.
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10. VARIATIONS.
We will continue to regard consequences of F in the next chapter, where the subject will

be syntax and consistency proofs. In this chapter a small detour will be taken, and various
variations on F will be presented.

10A. Fa, F/Kk, and F.n/k.
Let the formula

dx13x2..3x, (Nx] & 00,x] & Nx2 & ox]1 .x2 & ... & Nxy; & Oxp-1.%n)

be abbreviated o, with 00 just NO. And let Fnbe F + {0”}. Then F.n assumes the existence
of all numbers up to and including n. For instance, F.3 supposes that 0,1,2, and 3 exist.

The reader may recall that F can prove that two(2) & four(4) = (2 + 2) =4. (This was
Prop 6.16.) F4 is able to prove (2 +2) =4.

The sequence FF.0,F.1,F2, F3, ... is a better and better approximation of FF, which,
as has been shown, is just PA2, full second-order Peano Arithmetic.

The formula o” may be unreasonably long, and it will be possible to assert the
existence of certain numbers »n with shorter formula than o”.

Restrict now a system X to relationships with arity & or less, and call the resulting
system X/k. It can be verified that the development of arithmetic in F has used only
relationships with arity 2 or less, so the system F/2 has been used de facto here, and is quite
powerful. If one takes addition and multiplication as primitive predicates and uses their
definitions to state axioms, then one would need to work in F/3.

The simplest model of system F.n/k has (n + 1) first-order entities and 2 A ((n + 1) A k)
second-order entities of arity k, and

2A((n+DAD+2A((n+ DA+ .. +27A(n+ 1) N (k-1))
second-order entities of arity less than k. But this number is <2 A ((n + 1) A k), provided n > 0.

So these systems have models with a strict upper bound on the number of entities, both first-
and second-order.

10B. G

F assumes the existence of only one first-order thing, 0, which, because of the lack of
(F5), may or may not be a natural number. G does one better and does not even assume the
existence of 0 and instead uses a predicate to represent a thing being zero.

Let zero(z) abbreviate

VP (Mz,P < -3z Pz7)

Consider the following axioms:
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(G1) VoVmVP (Mn,P & Mm,P=n=m)
(G2) VPVn (Mn,P & = zero(n) = dx Px)
(G3) VanVmVPYQVa (Nn & onyn & -Pa & Q= (P U {a})

= (Mn,P < Mm,Q))
(G4) Induction schema. Let ¢ be a well-formed formula. Suppose
Vn (zero(n) = ¢) and VnVm (Nn & onyn & ¢ = ¢ [m\n] ). Then
Vn(Nn=¢ ).

Remark that (G1) and (G3) are just (F1) and (F3), respectively.

Use G to refer to the system with these axioms. G has substantially the same power as
F because of this proposition:

(G) Prop 10.1. Let 3x Nx. Then 3z (Nz & zero(z)).
Pf:
Prove Vn ( Nn = 3z (Nz & zero(z)) by Induction (G4), with ¢ as

(Nn = 3z (Nz & zero(2)). O

Note that by (G1), there can only be one z such that zero(z).

Standard two-typed first-order logic assumes that there is at least one thing, so
Jx (x = x) is a theorem. This kind of logic limits the usefulness of G, since its whole raison
d’etre 1s to avoid the assumption of the existence of any first-order thing. With this in mind, it is
perhaps better to embed the axioms (G1) to (G4) in a non-standard two-typed first-order logic
which does not assume the existence of anything, and so where 3x (x = x) is not a theorem. In
this environment G can assert the existence of only one second-order thing, for any given arity,
namely the empty relationship. Still, G is able to develop the same substantial part of arithmetic
as F

10C. N (One)

Instead of starting with 0, it is possible to begin with 1. Consider the system N with
axioms:

(N1) VaVmVP (Mn,P & Mm,P =n=m)
(N2) VPVn (M1,P < Ax P={x})
(N3a) VnVmVPVQVa (Nn & onm & ~Pa& Q= (P U {a})
& Mn,P = Mm,Q )
(N3b) VrVmVQ (Nn & onn & Mm,Q = da (Qa & Mn,(Q\ {a})))
(N4) Induction schema. Let ¢ be a well-formed formula. Suppose ¢ [1\2] and
VnVm (Nn & onyn & ¢ = ¢ [m\n] ). Then Vn (Nn= ¢ ).

Notice that (F3) no longer appears and has been replaced by (N3a) and (N3b). This is
because (N1) + (N2) + (F3) + (N4) could have as model {1,2}, where:

N1 & N2
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ol2&Vx—02x
MI1,P < dx P = {x}
M2P < (mdxPxv Axdy (nx=y & P={x)})).

Clearly this model is undesirable.

(N3) makes sense in terrms of counting. If one has counted P as n and there is one new
thing a to count, and m follows n in the natural number series, then one counts a as m, hence
(N3a). And if one has counted Q as m, and n precedes m in the natural number series, then one

must have counted all but one thing of Q as n, hence (N3b).

This system like F has a model with only one first-order entity. Let us as also change
the Comprehension Axiom Schema to:

Let ¢ be any formula not containing any free “P”,and let n = 1. Then

Ax1,..xn¢p = AP Vx1..Vxu (Px1,..xn < ¢ ).

Call this system N. Then N has a model with only one second-order entity, as well as only one
first-order entity.

It remains to verify that N can build the whole arithmetical structure constructed in F.
Here are certain highlights, with the number in parenthesis indicating the corresponding
proposition proved by F.

(N) Prop 10.2. (2.1) YnVP (Nn & Mn,P = 3x Px).

Pf.

By induction, with ¢ as VP (Nn & Mn,P = dx Px).

VP (N1 & M1,P = dx Px) holds because of (N2).

Now assume Nn & on,jn & ¢ and also Nm & Mm,P. Then by (N3b) there exists a s.t.
Pa & Mn(P\{a}). [

(N) Prop 10.3. (Finite Hume’s Principle,2.3). YVnNPYQ (Nn & Mn,P = (P ~ Q < Mn,Q) ).
Pf:

By induction, with ¢ as VPYQ (Nn & Mn,P = (P ~ Q < Mn,Q)).

Assume first N1 & M1,P. Then by (N2) P = {p} for some p. If P ~ Q, then evidently

Q0 = {q} for some ¢, and so by (N2) M1,0. On the other hand, if M1,Q, then by (N2) QO = {q}
for some ¢, and thus P ~ Q.
Now assume Nn & onjn & ¢ and also Nm & Mm,P. Then by (N3b) there exists a s.t.

Pa & Mn(P\{a}). By Prop 10.2,3x -~ (P \ {a})x.

Suppose P ~ Q. Then Ra.b for some b, and R\ {(a,b)} is non-empty and so exists. By
logic, P\{a} ~ O\ {b}. By the induction hypothesis, Mn,(Q \ {b}). By (N3a) Mm,Q.

Now suppose Mm,Q. Then by (N3b) there exists b s.t. Ob & Mn,(Q\ {b}). By the
induction hypothesis, P\ {a} ~ Q\ {b}, whence P ~ Q. 0

It might seem that the system is to weak to recuperate (F3), but with Hume’s Principle
estabilished, it is now in fact possible to do so:
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(N) Corollary 104. (F3) YnVmVPVYQVa (Nn & ongn & “Pa & Q= (P U {a})
= (Mn,P < Mm,Q) )
Pf:

One direction is just (N3a). For the other direction, suppose Nn & on,m & —-Pa &
Q= (PU{a}) & Mm,Q. Then Qb & Mn,(Q\ {b}), for some b, by (N3b). Then
{xy):(x=y&-x=a&-x=>b)v (x=a & y=b)} exists since the predicate is non-empty.
Call it R. By logic and using R, it can be seen that P ~ (Q \ {b}). By Finite Hume’s Principle,
Mn,P. O

(N) Prop 10.5. (Pigeon Hole Principle,2.6) VnVPYQ (Nn & Mn,P & Mn,Q & PC Q
=P=0).
Pf:

By induction, with ¢ as VPVQ (Nn & Mn,P & Mn,Q & PC Q= P=Q).

When n =1, ¢ follows from (N2).

Now assume Nn & onn & ¢ and also Nm & Mm,P & Mm,Q & P C Q. By (N3b)
Pa & Mn(P\ {a}) & Qb & Mn,(Q \ {b}) for some a,b. Since evidently O\ {a} ~ Q\ {b}, by
Finite Hume’s Principle, Mn(Q \ {a}). Evidently P\ {a} C O\ {a}, so by the induction
hypothesis, P\ {a} = O\ {a}. Thus P = Q. O

Perhaps the most important proposition early on which N cannot prove, is POTINF,
namely Vn ( Nn = 3P3a (Mn,P & - Pa)). POTINF is not even true in the singleton model
{1}. Still, N can prove

(WEAKPOTINF) Vn (Nn = 3P Mn,P).

The proof of WEAKPOTINF 1is substantially the same as that in F of POTINF (see Section
2D).

It can be checked that most appeals to POTINF in F’s reconstruction of arithmetic can
in fact be replaced by appeals to WEAKPOTINF. Consider, however, the proofs of (PA4) and
(PAS),in Prop 2.9. (PA4) and (PAS) as stated really need POTINF, but they can be modified,
in a way which does not detract from their later usefulness, so they can be proven in the context
of N with only WEAKPOTINF. That is, let

(PA4") be VnVmVm' (Nn & Nm & Nm' & onn & ongn' = m=m'), and
(PAS") be ViVmVn' (Nn & Nn' & Nm & onyn & on'ym =n=n").

Then:

(N) Prop 10.6.(2.9) WEAKPOTINF = (PA4") & (PAS").
Pf:
4 Assume WEAKPOTINF.
Let Nn & Nn' & Nm & Nm' & on,m & on';n'. By WEAKPOTINF, Mm P for some
P. By (N3b) Pa & Mn (P \ {a}) for some a.
If n =n', then by (N3a), Mm',P, and so by (N1) m =m'.
Now suppose m =m'. By (N3b) Pb & Mn'(P\ {b}) for some b. By logic,
(P\{a})~ (P\{b}). By Finite Hume’s Principle (Prop 10.3), Mn,(P\ {b}). And so by (N1),
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Since (PA6) mentions 0, it must be replaced with the equivalent assertion with 1
replacing O:

(PA6") Vn(Nn=-on,l).

It can then be proved without even assuming WEAKPOTINF:

(N) Prop 10.7. (2.10) (PAG6).
Pf:

Let Nn & on,1. By (N2), M1,{1}. By (N3b), {1}a and Mn,({1} \ {a}). By the first
conjunct, a = 1. But this contradicts the second conjunct and Prop 10.2. O

*106 *



11. SYNTAX AND CONSISTENCY

In order for a logical system to be able to talk about its own consistencys, it is necessary
that it be able to represent proofs and syntactic objects which make up proofs, like terms and
well-formed formulas. Now terms, wffs, and proofs, are all sequences of symbols, and so the
system must, at the bare minimum, have have some manner of representing sequences. F has
two ways. The first is the way used originally by Godel, where numbers stand for syntactical
objects via some kind of coding. The second is to use second-order letters as sequences, as in
Def7.1. The two definitions give rise to two non-equivalent definitions of consistency. It will
be shown that F can show itself Godel consistent and that N can show itself consistent in both
ways..

The proof of consistency proceeds by contradiction. Suppose X (X being F or N) is
inconsistent. Then there exists a proof P in X of =0 = 0. This proof, either because it is
represented by a Godel code or by a sequence, implies that a large or largish natural number,
call it n, exists. It has already been noted that X has a model with only one first-order thing, 0.
It turns out that # is sufficiently big to be able to define a formula which essentially expresses
true-in-{0} for all wffs in the proof P. But the axioms or axiom instances used in P must be
true-in-{0}, and rules of inference can only go from wffs which are true-in{ 0} to other wffs

which are true-in-{0}. But = 0 =0 is not true-in-{0}. This is a contradiction, hence X is not
inconsistent. Since the proof is conducted in X, X has proven its own consistency.

11A. Sequences of Sequences

Sequences are second-order entities, and values of sequences must be first-order entities,
so one must use a work-around to talk about sequences of sequences.

Def 11.1. Let Nn. B is a sequence to n of sequences - written SeqOfSeq(B,n) - if and only if

ViVjVk(Bijk=i<n)
& Vi(i<n=> Seq({(jk):Bijk}))

SeqOfSeq(B) if and only if An SeqOfSeq(B.n). O
Def 11.2. Suppose SeqOfSeq(B). We say X is the ith sub-sequence of B if and only if

Seq (X) & Vj¥k ( Bijk < Xj=k).

Obviously X is unique up to equivalence. By an abuse of notation, B; will be used to refer to X.

0

Note that, if SeqOfSeq(B) and Bi j k, then (B;); = k.
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11B. Formal Description of the Language

It will be useful to provide a formal description of the language and syntax of F, so that
it can be seen exactly what needs to be represented in F.

The symbols in the language F are:

left parenthesis

right parenthesis

implication connective

negation connective

universal quantifier

, comma, used to separate arguments in a multi-arity predicate
semi-colon, used for breaks between different lines of a proof
XV Zgeee lower-case variables

RST,... upper-case variables

zero

sucessor predicate

numbering predicate

is-a-natural-number predicate

equality

- <_| U\.//‘\

Il zzao

The first-order terms (Terml) are O and the lower-case variables.
The second-order terms (Term?2) are the upper-case variables.
The atomic wffs (AtomicWff) must be one of these sorts:

<Terml>=<Terml> ex. x=y
N<TermlI> ex. NO
o<Terml><Terml> ex. ox)
M<TermliI><Term2> ex. Mn P
<Term2> <SeqTermI> ex. POx,y

where a sequence of first-order terms (SeqTerml) is one of these sorts:

<Terml>
<TermlI><SeqTermlI>.

The wffs (Wff) are one of these sorts:

AtomicWff
(Wif = Wi
- Wff

Y Terml (Wff)
VY Term2 (Wff)

Remark that according to this definition VxVy( x =y = y=x) is not a wff. In fact two pairs of
parentheses too many must be put in, in order to get a wff: Vx(Vy((x=y=y=x))). In
practice the extra pairs are not written.

Consider any standard axiomatization of two-typed first-order logic with equality, where
comprehension is arithmetic or predicative, and which has two rules of inference, Modus Ponens
- from ¢ and ¢, deduce (¢ = @) - and Generalization - from Wff, infer VTerml (Wff) and
Y Term2 (Wff).
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The axioms of F' (Axiom) are the logical axioms, the three axioms of F (F1, F2, and F3),
and all instance of the induction rule of inference (F4) written in one line as an axiom schema.

A proof (Proof) of a wif W is a sequence of wffs, where the last wff in the sequence is
just W and where each wff in the sequence:

1s an axiom, or

follows from previous wffs in the sequence by Modus Ponens, or
follows from previous wffs in the sequence by Generalization.

11C. Godel Coding and Proof of Godel Consistency

Def 11.3. Let R be a sequence to s, for some s. 7 is said to be the Godel code of R if
n=p1"R1D*..*" (ps " Rs),

where pj is the i-th prime number. This will be written GSegq(n,R). O

Clearly, if n is the Godel code of a sequence, then n = 2 A (Iength of the sequence).

Remark that there is no claim that every sequence can be represented by a Godel code,
which of course is unprovable in F. Rather, given a natural number n and a sequence R, one
has defined conditions when the former to represent the latter; no ontological assertion has been
made.

Informally, the symbols of F will be coded by the number on the same line:

( 0

) 1

= 2

- 3

v 4

, 5

= 6

XV Zee even numbers greater than or equal to 11
RST,... odd number greater than or equal to 11
0 7

o 8

M 9

N 10

Formally, define the wif Term(n) by

seven(n) v Aydz (y +y) = n & eleven(z) & n = z)
Define the wff Term2(n) by

Az (eleven(z) & nzz &~y (y +y) =n)

Define AtomicWff(n) by
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AR3A13233 ( GSeq(n,R) & one(1) & two(2) & three(3)
((Seq(R2) & TermlI(RQ) & six(R1) & TermI(R?))
v (Seq(R,1) & ten(R() & TermlI(R1))
v (Seq(R,3) & eight(RQ) & TermlI(R1) & five(R2) & Term1(R3))
v (Seq(R.3) & nine(RQ) & TermI(R1) & five(R2) & Term2(R3)) ) )
v ARk ( Seq(R k) & Term2(R() & Terml(Rf) &
Vi(O<i<sk&3Iy(y+y) =i=five(R)) &
Vi(O<isk&-3y y+y)=i= Terml(R}))).

The definition of Wffuses some preliminary definitions. First, recall that A in the
context of second-order letters means concatentation. Secondly, use <x> to refer to the
singleton sequence whose value is x, i.e. {(0,x)}.

Then define Impl(j k,n) by

ARASATIII2 ( GSeq(j,R) & GSeq(k,S) & GSeq(n,T) & one(1) & two(2)
&T=<0>ARAND2>ASAI>).

Define Negat(k,n) by
AR3S3A3 ( GSeq(k,R) & GSeq(n,S) & three(3) & S =<3>AR).
Define ForAlll(k.n) by

ARASFjA134 ( GSeq(k,R) & GSeq(n,S) & Terml(j) & one(1) & four(4)
&S=<4>N<>A<0>AR N<I>),

ForAll2Term2(k,n.j) by

ARASA134 ( GSeq(k,R) & GSeq(n,S) & Term2(j) & one(1) & four(4)
&S=<4>N<>NA<0>AR A<1>),

ForAll2(k,n) by
3j ( Term2(j) & ForAll2Term2(k,nj))
and ForAll(k,n) by
ForAlll(kn) v ForAll2(k,n).
Finally, define Wff(n) by

AW3Au ( Seq(Wu) & n =Wy & Vi (i = u = (AtomicW(Wj)
v 3k (j <i & k <i & (Impl(Wj,Wi,Wj) v Negat(W},Wj) v ForAll(Wj,W)))))))

It is important to note that n is the Godel number of a wff only if n = 2 A (length of the
wif).

Hopefully the reader accepts that one can produce a formula AxiomF(n), which says that

n is the Godel coding of an axiom of F. A subscript is employed so that discussion of a
different axiomatization, while still working in the same underlying logic, can be undertaken.
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Define ModusPonens(j kn) by Impl(j,n k).
Define Generalization(k,n) by ForAll(n k)

And finally define GProoff(p,n) - meaning p is the Godel code of a proof in F of the
wif whose Godel code is n - by

AP3u ( GSeq(p,P) & Seq(P.u) & n = Py & Yi (i = u = (AxiomF(P;)
v 33k (j < i & k <i & (ModusPonens(Pj,Pk.Pi) v Generalization(P},Py))))).

It is now possible to produce a formula which says that there is no Godel number
representing a proof which proves =0 =0. This is standardly taken to mean that a system is
consistent. However, below some doubt will be cast on this claim, so “consistent” will be
prefaced by “Godel” and reserved when unqualified for a later usage. That is, a system is
Godel Consistent if there is no Godel number representing a proof of =0 = 0. Formally,
GCon(F) if and only if

= ApaAR3An3A3 ( GProofF(p.n) & GSeq(n,R) & three(3)
& Seq(R,3) & three(R() & seven(R1) & six(R2) & seven(R3) ).

It is our claim that F can prove GCon(F). The proof proceeds by contradiction, so at the
beginning one supposes that = GCon(F). Thus, for some p,Rn.3,

(Assumption) GProoff(p,n) & GSeq(n,R) & three(3)
& Seq(R,3) & three(R() & seven(R1) & six(R2) & seven(R3).

(Assumption) will be assumed for the rest of the section. It says that a number, p, representing
the proof of a contradiction, exists. It will be shown that p is large enough - indeed, much larger
than needed - to construct a limited definition of truth, whereby all wffs used in the proof are
true, yet = 0 = 0 is not. This produces a contradiction, and shows that (Assumption) is false.

Remark that (Assumption) asserts that 3 exists, so it is permitted to assume that 1,2, and
3 exist. It is crucial for the subsequent to note also that, for any wff represented in the sequnce,
its Godel number must be greater than or equal to 2 * (Iength of the wff).

The proof relies crucially on the fact that F has the following singleton model:

0 satisfies N,
(0,0) does not satisfy o,
(0,P) satisfies M if and only if P = ¢.

This model has only one lower-case entity. So in this model, for any given arity, there are only
two sorts of upper-case entities, those which are empty, and those which are satisfied by the
unique element of that arity. For instance, for the arity four, there is the empty relationship and
the relationship {(0,0,0,0)}.

The limited notion of truth, mentioned a few paragraphs back, will be constructed based
on the singleton model. It will be defined in the classical way, by defining first satisfaction for
an interpretation of variables, and then talking about satisfaction under all such interpretations.
Notice that in the singleton model, lower-case variables can only be interpreted as one entity, 0,
so an interpretation is actually only concerned with mapping upper-case variables, and these can
be mapped to only two things, either the empty or non-empty relationship. O will be used to
represent the empty, and 1 the non-empty, relationship.
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Formally, call I an interpretation if
IsFunction(I) & Im(I) = {0,1} & Va (3b Ia,b < Term2(a) ).
Write this as Interpret(l).
Informally the following atomic wffs are satisfied under an interpretation I:

<Terml> = <TermlI>

N<TermlI>

M<TermI> <Term2> if I maps Term2 to 0 (empty)
<Term2> <SeqTermI> if I maps Term2 to 1 (non-empty)

No other atomic wff is satisfied-in-{0}. Notice how this definition makes sense in the context
of the singleton model {O}. The only way to interpret a lower-case letter in the singleton model
is as 0. So x =y and Nx must always be satisfied, under any interpretation. Since <Terml>
must be interpretted as 0, M<TermI>,<Term2> will be satisfied if and only if <Term2> is
interpretted as the empty relationship. Similarly, SegTerm will always be interpreted as a
sequence of 0’s, so <Term2> <SeqTermI> is satisfied precisely when Term2 is mapped to 1,
the non-empty relationship.

Formally, suppose Interpret(I). Define AtomSatIlnO(w.I) by

AR ( GSeq(w,R) &
((Seq(R,2) & Terml(RQ) & six(R1) & Terml(R?))
v (Seq(R,1) & ten(RQ) & TermlI(R1))
v (Seq(R,3) & nine(R() & TermlI(R1) & five(R2) & Term2(R3) &
1(R3),1)))
v AR3r ( Seq(Rr) & Term2(Ro) & I(RQ),1 & Terml(Ry) &
Vi(0<jsr&3Iy(y+y) =j=five(R)) &
Vi(0<jsr&-3y(y+y) =j= Terml(R))).

For an interpretation / and ¢ with Term2(¢), let the inverse of I on ¢ be that J (unique up
to equivalence) where

YaVb(—a=t= (lab < Jab)) & Vb (tb < Jt(l - b)).
Write J as Inv(lf). Then intuitively,

VR ¢ is satisfied-in-{0} under intepretation / if and only if ¢ is both
satisfied-in-{O} under / and under Inv(l,f), where R is coded by t.

So informally, to construct the definition of satisfaction-in-{O} under /, one constructs a tree,
where every node is labelled by a three-tuple. One node is distinguished by having only
descendents and no ancestors; this is (W,I,v), for some value v which is either true or false. A
node labelled by (A,/,u) where A is an atomic wff, has no descendents; u is true if A is satisfied-
in-{0} under I, and false otherwise. Otherwise, all nodes have descendents, with there being
four cases:
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(9= @), lu

N

¢Jdul olu2

where u = false if u1 = true and u) = false, otherwise u = true.

—|¢,[,u

¢Jul
where u = false if u] = true, otherwise u = true.

Vx (9)Lu

¢ u

And
VR (¢)1.u

¢dui GAnv(1.) u2

where u = true if u1 = true and u) = true, otherwise u = false, and where ¢ is the coding of R.

It should be clear that a tree of this type uniquely determines the value of the third tuple
v of the distinguished node. W is satisfied-in-{O} under 7 if v = true.

For instance, consider the wff
VP - ((MO,P = Vx (- Px)) = = (Vx (- Px) = MO,P)),
There are two possible interpretations, the one (0) which maps P to the empty property, and the

one (1) which maps P to the non-empty property. Here is the tree for the wif under the 0
interpretation:
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VP ((= (MO,P = VYx (- Px)) = = (Vx (= Px) = MO,P)))

0.true
(= (MO,P = Yx (= Px)) = (~ (MO,P = Vx (= Px)) =
= (Vx (= Px) = MO,P)) = (Vx (= Px) = MO,P))

1.true

0.true

-(MO,P = Vx (= Px)) —(Vx (- Px)=MO,P) —~(MO,P= Vx (- Px)) ~(Vx (- Px)= MO,P)
0false 0 false 1 false 1 false

(MO,P=>Vx (=Px) (Vx(=Px)=MO,P) (MO,P=>Vx(=Px)) (Vx(=Px)= MO,P)
0,true 0.true 1,true 1,true

SN N TN

MO,P  Vx (= Px) Vx(=Px) MOP MO,P  Vx(=Px) Vx(=Px) MOP
0.true 0.true 0.true 0.true 1 false 1 false 1 false 1 false

—:P_x’ _lPx, _'PX, _'Px,
0, 0, L, 1,
true true Jalse false
Px, Px, Px, Px,
0, 0, 1, 1,
false false true true

Note that the number of nodes required for a wff is less than 2 A [, where [ is the length
of the wff, which can be proved by an easy induction.” So the number n of nodes exists, since /
exists, and so sequences to n can be defined.

To improve perspicacity, use frue to abbreviate 1 and false to abbreviate 0. So
true - false = true, while true - true = false.

Let Interpret(P). Define SatInO(n,P) by

* Tt is here that an error in the original version of this treatise intervened, as it was wrongly claimed that the
number of nodes was less than n. The error was all the more inexplicable in that Consistency did not make the

€1ror.
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AWARAVAFIu ( Seq(Wu) & n=Wy & SeqOfSeq(lu) & P = I, & true = Vy
&Vx(xsu=
(AtomSatInO(Wy Iy) & true = Vy)
v (AtomicWff(Wy) & = AtomSatlnO(Wy Ix) & false = Vy)
vIFk(<x&k<x&

((Impl(Wj,Wi,Wyx) & Ij = Ix & I} = Ix & Vx = true - Vj * (true - Vi)

v (Negat(WjWy) & Ij = Ix & Vx = true - Vj)

Vv (ForAllLI(Wj,Wy) & [j = Ix & Vx =V))

v At (ForAll2(Wj,Wx) & ForAll2(Wi, Wy 1) & Ij = Ix & I = Inv(Ixt) &

Vx=Vj* Vi) )))).

And then define TruelnO(n) by
V(Interpret(I) = SatlnO(n,l) ).

It is now just a process of straight-foward checking by induction that every wff in the
proof of the contradiction must have a Godel number n which is TruelnO(n). But the Godel
number of “-= 0 = 0" cannot be Trueln0. This is a contradiction, so (Assumption) is false, i.e.
GCon(F), that is, F is Godel consistent. Since the reasoning has been formalized in F, F proves
its own Godel consistency.

Not only can F prove its own Godel consistency, F can prove stronger and even much
stronger systems to be consistent. The same reasoning allows F to prove that F + (F5) and F +
(F6) are Godel consistent, since both of these systems also have models with a singleton
domain {0}. Indeed F + (F5) has the same singleton model as F, while F + (F6) has the model
{0} where

0 does not satisfy N,
(0,0) does not satisfy o,
(0,P) satisfies M if and only if P = ¢

Even with the addition of full (impredicative) comprehension to F, F + (F5), and
F + (F6) both retain a model of one element. That is F (with only predicative comprehension)
can prove the Godel consistency of these extensions with full comprehension. Note that
F + (F6) with full comprehension is in fact a very strong theory, and in particular once a natural
number exists (from which (F5) follows, by Prop 1.1), it becomes PA2 (because F + (F5) +
(F6) + {full comprehension} is just PA2).

A slight adaption in our argument allows F to prove the Godel consistency of systems
which are stronger ontologically. Suppose = GCon(X), for some system X. Then
ProofX(p.n), where p represents a proof and n represents the wff =0 =0. It can be seen that p

must be greater than 2 A (2 A n)), where n is the length of the longest wff in the proof. In
particular, since = 0 = 0 is the last step in any such proof, p must be greater than 2 A (2 A 4)).

Consider X = F.1/3, that is a system whose language is limited to 3-arity relationships
or less, and which asserts the existence of the number 1. F proves the Godel consistency of
F.1/3. For F.1/3 has two first-order entities, and 2 A (2 A 3) second-order entities of arity 3, and
fewer than 2 A (2 A 3) of arity less than 3. It is then possible to follow the proof of consistency
given in the previous section, because one can have separate interpretations sequences for first-
order, second-order of arity 3, and second-order of less than arity 3, with the result that the
largest number needed is 2 A (2 A 3), which exists because it is less than p.

The same reasoning shows that F can prove the Godel consistency of F.2/3, because this
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system has three first-order entities and 2 A (3 A 3) second-order entities of arity 3. But clearly
any proof of inconsistency must have at least one wff with length greater than 5, so
p>2/NQ2A5)>2M3A3).

That is, F can prove that it is Godel consistent to assume the existence of 1 and 2 (when
arities are less than 3). Clearly this is not the best possible result, and more research should be
able to determine one. Remark that, given any n, F.n/k has a model where the number of
possible entities is less than some large bound. It would then appear possible to construct a
proof where one uses multiple variables to represent interpretations. In its extreme form, one
could use a second-order variable /; to represent the ith possible interpretation. That is, Ijnx

would mean that in the nth element of a sequence, the variable represented by x is mapped to the
ith interpretation. One would, of course, need many, many /;, and it would quickly become

questionable whether one could actually write such a proof down.
Ideally, one would like F to be able to prove, VnVk GCon(Fn/K).

One can make the problem of showing the Godel consistency of F.an/k much easier by
choosing a different coding. That is, once one has accepted the idea of using numbers to code
sequences and thus proofs, then it would seem one must also be willing to accept Godel codings
which use different rules and indeed rules involving much larger numbers. One could, for
instance, multiply each code by some fixed (huge) constant and still have a well-defined coding
scheme. Or one could use a coding based on the Ackermann function,which would create very
huge numbers very quickly. With such codings it would be straight-foward to bound the
number of second-order entities of F.n/k by the number used to code any possible proof of
=0 =0, and thus, by the usual reasoning, one could show F.a/k’s Godel consistency, modulo
the coding.

11E. Intensionally Correct?

Return now to the question of the intensional correctness of GCon(F). What GCon(F)
really says, is that there does not exist a number representing, under a Godel coding scheme, a
proof which ends in contradiction. But this would not be the same thing as consistency itself.
Indeed, it would seem conceivable that there is a proof of a contradiction, but that there are just
no numbers big enough to represent the proof. So the proof that there is no such number
cannot be taken to mean there is no proof of an inconsistency; maybe it’s that, but maybe it’s
Jjust because the number is too big.

That is, = GCon(F) asserts more than F’s inconsistency, since it also asserts the
existence of certain very big numbers. So GCon(F) asserts less than F’s consistency. Godel
consistency is a weaker assertion than consistency.

11F. Wffs and Proofs as Sequences

With intensional correctness in mind, let us remove as much coding as possible. Some
coding is necessary, because symbols need to be expressed in the system of F in a way that F
can reason about them. Since F has been built to reason about numbers, symbols need to be
coded as numbers. But other than that, there need be no coding. A proof is a sequence of wffs,
and wffs are themselves sequences of symbols. So a proof will be defined to be a sequence of
sequences of symbols. To emphasize this point: a sequence of sequences is not a code for the
proof; it is the proof. In this way, the formulation of consistency will be intenstionally correct,
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or at least, as intensionally correct as is possible given the initial conditions.

It is straight-foward to recast the argument in the previous section without Godel coding,
beyond that necessary to represent the symbols of the language in terms of numbers. First, one
maintains the codings

( 0
) 1
= 2
= 3
A 4
, 5
= 6
0 7
o 8
M 9
N 10

and the definitions Terml(n) as

seven(n) v AyAz (y +y) =n & eleven(z) & n = 7)
and Term2(n) as

Az (eleven(z) & n=z & - Ay (y +y) = n).

After that, one does not need to use codings at all; sequences suffice. So one says that R is an
atomic wff and writes AromicWf(R) if

313233 (one(1l) & two(2) & three(3)
((Seq(R,2) & Terml(R(Q) & six(R1) & TermlI(R?))
v (Seq(R,1) & ten(RQ) & TermI(R1))
v (Seq(R,3) & eight(R() & Terml(R1) & five(R2) & Term1(R3))
v (Seq(R,3) & nine(RQ) & TermI(R1) & five(R2) & Term2(R3)) ) )
v dk ( Seq(R k) & Term2(R() & Terml(Rk) &
Vi(O<i<sk&3Iy(y+y) =i= five(R)) &
Vi(O<i<sk&-3Ayy+y)=i= Terml(R}))).

And one defines Wff(R) as

AW3u ( SeqOfSeq(Wu) & R= Wy & Yi (i < u = (Atomic WIf(W;)
v 33k (< i & k< i & (Impl(Wj,Wi,W;) v Negat(Wj,Wi) v ForAl(W},W))))),

where the definitions of Impl, Negat, and ForAll have been changed appropriately. And finally
one defines Prooff(P,R) as

du ( SeqOfSeq(P.u) & R = Py & Vi (i = u = (AxiomF(P;)
v 33k (j < i & k < i & (ModusPonens(Pj,Pk.Pj) v Generalization(P},Py))))),

where again AxiomF, ModusPonens, and Generalization have been defined appropriately.
It is now possible to exhibit a formula which says there is no sequence which is a proof
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of =0 =0. Formally, Con(F) if and only if

= AP3R3A3 ( Prooff(P.,R) & three(3)
& Seq(R,3) & three(R() & seven(R1) & six(R2) & seven(R3) ).

Whereas the negation of Godel consistency asserts the existence of a huge number (the
Godel coding of a sequence of Godel codings, that is an exponential of an exponential), the
negation of Con(F) asserts the existence of numbers only as large as the length of the proof and
the lengths of the wffs in the proof. The proof of Con(F) cannot go through as the proof of
Godel consistency did, because of the need for numbers as large as 2 A (Iength of a wff) to
define satisfaction. Nonetheless, N does show Con(N) because it has a model with only one
second-order, as well as only one first-order, entity. This means there are no branchings needed
for big-letter quantified formula in the definition of satisfaction, and so the number of nodes in
the tree can be shown to be less than or equal to the length of the wff. The rest of the proof goes
through exactly in the same way as the proof of GCon(F). Thus N proves Con(N).

Con(X) is a stronger condition than GCon(X), because ProofX is a weaker condition
that GProofX. That is, let ReprProof(p ,P) define the relationship of a Godel code p of a proof
which is a sequence P. Then

GProofX(p,) = 3P3AR ( ReprProof(p,P) & GSeq(r,R) & ProofX(P,R)),

but not
ProofX(P,R) = Apar ( ReprProof(p,P) & GSeq(r,R) & GProofX(P,R)),

the latter not holding because the Godel codes of a proof and a wff are much bigger than the
length of the proof and the wff, so the existence of the Godel code cannot be inferred from the
existence of the sequences P or R. This adds support to our contention that Godel consistency
is actually a weaker condition than consistency itself. On the other hand, unless one wants to
take a very hard line on the possible synonymy of different expressions, it would seem that
ProofX(P,R) is a fair way of expressing something to be a proof of a wff in system X, and

accordingly Con(X) is a fair way of expressing the consistency of X.

It seems appropriate, then, to say that a system X is consistent if Con(X). So N proves
that N is consistent, really consistent. N is auto-consistent.

Note that, even though 3P ProofX(P,R) seems to express well that R is provable in
system X, it does not satisfy the Lob-Hilbert-Bernays conditions of provability:

(i) if FX A, then FX Provable(“A”);
(ii) FX Provable(“A = B”) = (Provable(“A”) = Provable(‘B”));
(iii) FX Provable(“A”) = Provable(“Provable(“A”)”).

For, given a proof of A, there is no assurance that there exists a Godel code of “A”, since this
would be a much larger number than anything implicit in the proof. And so (7) falls down.
Similarly for (iii). The Lob-Hilbert-Bernays conditions are too strong, and are suitable only for
systems where one is sure of being able to code any syntactical object and to construct proofs
of any length, which of course is not the case for F or N. That is, these conditions imply, given
a proof of A in a system X, that Provable(*“A”), Provable(“Provable(“A”)”),
Provable(*“Provable(*Provable(*“A”)”)”), etc. exist ad infinitum. But this is less a condition
on provability than a condition of expressibility in the system.
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N proves stronger systems consistent. Let (N5) be:
(N5) N1

Then N proves N + (N5) and N + (F6), both with full comprehension (modified to exclude the
empty predicates).
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12. FUTURE TOPICS

1) Show that F proves Fermat Last’s Theorem.
2) Show that F proves the Prime Number Theorem.

3) Can F prove its own consistency? (If not possible, prove not, or prove the claim equivalent
to another proposition.)

4) Can F prove Vn Con(F.n/2)? Yn Con(F.n/3)? ¥YnVk Con(F.n/Kk)? (If not possible, prove
not.)

5) Develop analysis using an agnostic philosophy.

6) The author expects that theories of physics which most closely fit with the actual world as
we observe it should be based on mathematics which is agnostic about the Successor Axiom and
which assumes of spacetime neither that it is discrete or that it is continuous. That is, the author
conjectures that it is possible to develop a meaningful physical theory in which spacetime is
neither assumed to be continuous or discrete.
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