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Abstract

The investigation of computational properties of discontinuous functions is an important
concern in computable analysis. One method to deal with this subject is to consider effective
variants of Borel measurable functions. We introduce such a notion of Borel computabil-
ity for single-valued as well as for multi-valued functions by a direct effectivization of the
classical definition. On Baire space the finite levels of the resulting hierarchy of functions
can be characterized using a notion of reducibility for functions and corresponding com-
plete functions. We use this classification and an effective version of a Selection Theorem
of Bhattacharya-Srivastava in order to prove a generalization of the Representation Theo-
rem of Kreitz-Weihrauch for Borel measurable functions on computable metric spaces: such
functions are Borel measurable on a certain finite level, if and only if they admit a realizer
on Baire space of the same quality. This Representation Theorem enables us to introduce
a realizer reducibility for functions on metric spaces and we can extend the completeness
result to this reducibility. Besides being very useful by itself, this reducibility leads to a
new and effective proof of the Banach-Hausdorff-Lebesgue Theorem which connects Borel
measurable functions with the Baire functions. Hence, for certain metric spaces the class of
Borel computable functions on a certain level is exactly the class of functions which can be
expressed as a limit of a pointwise convergent and computable sequence of functions of the
next lower level.

Keywords: Effectively Borel measurable functions, computable analysis, effective descriptive
set theory.

1 Introduction

Computable analysis is the theory of computability and complexity on real numbers, real number
functions, and subsets of real numbers [26, 12, 18]. Often it turns out that some operation of
interest is not computable and it is natural to ask for its degree of non-computability. While
recursion theory [17] offers such classifications for discrete objects, we are in the domain of
continuous objects and thus rather in the area of (effective) descriptive set theory [11, 15].
The purpose of this paper is to establish some links between computable analysis and effective
descriptive set theory which should simplify the classification of certain operations in practice.

In the representation based approach to computable analysis [26, 5] Turing machines are
used in order to introduce computability for functions on infinite sequences (of natural num-
bers or symbols) and representations are used to transfer this notion to other topological spaces
of interest. Since the resulting notion of computability sensitively relies on the corresponding
representations, the choice of representations is an important topic. So called admissible rep-
resentations turn out to offer a good correspondence between approximation on objects and



approximation on symbols. The Representation Theorem of Kreitz-Weihrauch [13, 26, 5] states
that with respect to admissible representations a function is continuous, if and only if it admits
a continuous realizer on infinite sequences (of natural numbers or symbols and with respect to
the product topology). Functions which admit a computable realizer, are consequently called
computable.

It is natural to ask whether this characterization can be extended to classes of Borel mea-
surable functions. A function is called ngmeasumble, if preimages of open sets are ngsets
(i.e. open sets for k = 1, F,—sets for k = 2, and so on). We call a function ngcomputable, if
these preimages can be effectively computed and it finally turns out that the Kreitz-Weihrauch
Representation Theorem can be extended to these classes of functions.

We briefly sketch the organization of this paper and further results. In the next section
we recall some basic notions from the representation based approach to computable analysis,
such as computability with respect to representations, computable metric spaces, multi-valued
operations etc. In Section 3 we recall the definitions of classes of Borel sets and classes of Borel
measurable functions and we introduce representations of these classes as well as effective ver-
sions of these notions. In Section 4 we prove an effective version of the Bhattacharya-Srivastava
Selection Theorem [1] which turns out to be extremely helpful in establishing our main re-
sults. For the effectivization of the classical proof multi-valued operations are employed in order
to avoid non-constructive choices of points. Additionally, we discuss an effective version of
the Kuratowski-Ryll-Nardzewski Selection Theorem [14] in this section which shows that Borel
measurable multi-valued functions with closed images admit single-valued selectors of the same
quality (from the second level on). Thus, single-valuedness is “for free” in case of computable
discontinuous operations. In Section 5 we show that the classes of Borel computable functions on
Baire space admit complete functions (with respect to a reducibility of functions). In Section 6
we use this completeness result together with the Bhattacharya-Srivastava Selection Theorem in
order to prove an effective version of the Kreitz-Weihrauch Representation Theorem for classes
of Borel measurable (and Borel computable) functions. In Section 7 we define a realizer re-
ducibility of functions on metric spaces which allows to transfer the Completeness Theorem to
functions on arbitrary computable metric spaces. In Section 8 we show that Borel measurable
functions operate on inputs of a certain arithmetical complexity according to their own level of
non-computability. Finally, in Section 9 we use the forementioned completeness result to prove
an effective version of the Banach-Hausdorff-Lebesgue Theorem which characterizes the Borel
computable functions on a certain level as pointwise limits of functions of the next lower level.

2 Preliminaries from computable analysis

In this section we briefly summarize some notions from computable analysis. For details the
reader is referred to [26, 5]. The basic idea of the representation based approach to computable
analysis is to represent infinite objects like real numbers, functions or sets, by infinite strings
of natural numbers N = {0, 1,2,...}. Thus, a representation of a set X is a surjective mapping
§ :C NN — X and in this situation we will call (X, 0) a represented space. Here NN denotes the set
of infinite sequences over N and the inclusion symbol is used to indicate that the mapping might
be partial. If we have two represented spaces, then we can define the notion of a computable
function.



Definition 2.1 (Computable function) Let (X,d) and (Y,d’) be represented spaces. A
function f :C X — Y is called (,")-computable, if there exists some computable function
F :C NN — NN such that 6 F(p) = f&(p) for all p € dom(f5).

The diagram in Figure 1 illustrates the situation.

NN NN

X

7 Y

Figure 1: Computability with respect to representations

Of course, we have to define computability of functions F' :C NN — NN to make this definition
complete, but this can be done via Turing machines: F' is computable if there exists some Turing
machine, which computes infinitely long and transforms each sequence p, written on the input
tape, into the corresponding sequence F'(p), written on the one-way output tape (here we assume
without loss of generality that a single position of the tape can store a natural number). We
do not require natural domains for computable functions f :C NN — NN (which would be
computable Ggs—sets). Thus, any restriction of such a computable function is computable as
well. Later on, we will also need (4, §")—computable multi-valued operations f :C X = Y, which
are defined analogously to computable functions by substituting §'F'(p) € fd(p) for the equation
in Definition 2.1 above. If the represented spaces are fixed or clear from the context, then we
will simply call a function or operation f computable.

Analogously to the notion of computability we can define the notion of (9, §")—continuity for
single- and multi-valued operations, by substituting a continuous function F :C NN — NN for the
computable function F in the definitions above. Again we will simply say that a corresponding
function f is continuous, if the representations are fixed or clear from the context. On NN we
use the Baire topology, which is simply the product topology of the discrete topology on N. If
not mentioned otherwise, we will always assume that a represented space is endowed with the
final topology induced by its representation.

For the comparison of representations it will be useful to have the notion of reducibility of
representations. If 4,4’ are both representations of a set X, then § is called reducible to &', 6<. ¢’
in symbols, if there exists a computable function F :C NN — NN such that d(p) = §'F(p) for all
p € dom(d). Obviously, §<. ¢’ holds, if and only if the identity id : X — X is (4, 0")—computable.
Moreover, § and ¢ are called equivalent, =.¢" in symbols, if §<.¢" and §’'<.5. We will use a
corresponding reducibility <; and equivalence =; in case that F' is at least continuous.

The notion of continuity with respect to representations and the ordinary notion of continuity
do coincide, as long as we are dealing with admissible representations. A representation ¢ of a
topological space X is called admissible, if § is maximal among all continuous representations
d" of X, i.e. if ¢ is continuous and §’'<;d holds for all continuous representations ¢’ of X. If
9,0’ are admissible representations of Tp—spaces with countable bases, X, Y, then a function
f:C X — Y is (4,d)-continuous, if and only if it is continuous in the ordinary topological sense.
This is the classical Kreitz-Weihrauch Representation Theorem [13].



Given a represented space (X, d), we will occasionally use the notions of a computable se-
quence and a computable point. A computable sequence is a computable function f : N — X
where we assume that N = {0,1,2,...} is represented by dn(p) := p(0) and a point x € X is
called computable, if there is a constant computable function with value z.

Given two represented spaces (X, d) and (Y, '), there is a canonical representation [, '] of
X x Y (defined by [6,8](p,q) := (5(p),d"(q)) where (p,q) € NN denotes some standard pairing
on NY) and a representation [§ — '] of certain functions f : X — Y. If 6,0’ are admissible
representations of Tp—spaces with countable bases, then [§ — §’] is actually a representation
of the set C(X,Y) of continuous functions f : X — Y. It can be defined via some standard
representation 7 of the continuous functions F' :C NN — NN (with Gs-domain, see [26, 5]). The
function space representation can be characterized by the fact that it admits evaluation and
type conversion.

Proposition 2.2 (Evaluation and type conversion) Let (X,0),(Y,d’) be admissibly repre-
sented Ty—spaces with countable bases and let (Z,8") be a represented space. Then:

(1) (Evaluation) ev:C(X,Y) x X =Y, (f,z) — f(x) is ([[§ — d'],0],0")—computable,

(2) (Type conversion) f:ZxX — Y, is ([6”,6],8")—computable, if and only if the function
[:Z—C(X,Y), defined by f(z)(x) := f(z,z) is (6”,][6 — &'])—computable.

The proof of this proposition is based on a version of the smn— and utm-—Theorem and
can be found in [26]. If (X,J), (Y,d’) are admissibly represented Tp—spaces with countable
bases, then in the following we will always assume that C(X,Y’) is represented by [§ — ¢'].
It is known that the computable points in (C(X,Y),[0 — §']) are just the (4,0’)-computable
functions f: X — Y [26]. If (X, 0) is a represented space, then we will always assume that the
set of sequences X! is represented by 6> := [§y — 6]. The computable points in (X, %) are
just the computable sequences in (X,0). Moreover, we assume that X" is always represented
by 0", which can be defined inductively by ! := § and 6"+ := [5", ).

Now we will briefly discuss computable metric spaces, see also [5] for further details. First,
we just mention that we will denote in the following the open balls of a metric space (X,d) by
B(z,e) :={y € X : d(z,y) < €} for all z € X, ¢ > 0 and correspondingly the closed balls
by B(z,¢e) == {y € X : d(z,y) < €}. Occasionally, we denote complements of sets A C X by
A= X\ A.

Definition 2.3 (Computable metric space) A tuple (X,d, a) is called a computable metric
space, if
(1) d: X x X — R is a metric on X,

(2) a:N — X is a sequence which is dense in X,

(3) do (a x a): N> = R is a computable (double) sequence in R.

Here, we tacitly assume that the reader is familiar with the notion of a computable sequence
of reals, but we will come back to that point below. Occasionally, we will say for short that X
is a computable metric space. Obviously, a computable metric space is especially separable. We
will sometimes say that (X, d, «) is a separable metric space, if (X, d, a) just fulfills (1) and (2)
in the definition above.



Definition 2.4 (Cauchy representation) Let (X, d, «) be a computable metric space. The
Cauchy representation §x :C NN — X of X is defined by

Ox(p) = Zlirgo ap(i)

for all p such that (ap(i))s;en converges and d(ap(i), ap(j)) < 27¢ for all j > i (and undefined
for all other input sequences).

It is known that the representation with < instead of < is computably equivalent to dx.
In our context the definition above has the advantage that dom(dx) is a computable metric
subspace of NN (see below). In the following we tacitly assume that computable metric spaces
are represented by their Cauchy representations. If X is a computable metric space, then it
is easy to see that d : X x X — R is computable (see Proposition 5.3 in [5]). All Cauchy
representations are admissible with respect to the corresponding metric topology. If X,Y are
separable metric spaces and F' :C NN — NV is a function with dom(F) = dom(dx) such that
0y F = fdx, then we will say that F' is a realizer of f and we will write F' - f.

An important computable metric space is (R, dr, ar) with the Euclidean metric dr(z,y) :=
|z — y| and some numbering of the rational numbers Q, such as agr(i, j, k) :== (i — j)/(k + 1).
Here, (i,j) == 1/2(i + j)(i + j + 1) + j denotes Cantor pairs and this definition is extended
inductively to finite tuples. For short we will occasionally write k := ag (k). In the following we
assume that R is endowed with the Cauchy representation dg induced by the computable metric
space given above. This representation of R can also be defined, if (R, dr, ag) just fulfills (1) and
(2) of the definition above and this leads to a definition of computable real number sequences
without circularity. The following example presents some typical computable metric spaces.

Example 2.5 (Computable metric spaces)

(1) (R™, dgn,arn) with the Fuclidean metric

dR” (:I:) y) =

and some standard enumeration ag» of all rational points Q" is a computable metric space.

(2) (C[0,1],dc, ac) with the set C[0, 1] of continuous real-valued functions f : [0,1] — R and
the supremum metric
de(f,g) = Ilf —gll == sup [f(z)—g(z)|
z€(0,1]
and some standard numbering a¢ of the rational polynomials Q[z] is a computable met-

ric space. The computable points in this space are exactly the computable functions
f:[0,1] = R.

(3) (K(X),dx,ax) with the set K(X) of non-empty compact subsets of a computable metric
space (X, d, ) and the Hausdorff metric

di(A, B) := max {sup inf d(a,b),sup inf d(a, b)}
acAbEB beB ac€A

and some standard numbering ax of the non-empty finite subsets of range(a) is a com-
putable metric space.



We proceed with a brief discussion of closure properties of computable metric spaces. All
the mentioned closure properties do of course hold for separable metric spaces as well.

Proposition 2.6 (Subspaces, product and sequence spaces) Let (X,d,a), (Y,d, o) be
computable metric spaces, let A C X and let f : N — X be a computable sequence which is
dense in A. Then the following holds:

(1) (Subspaces) The subspace (A, d|axa, f) is a computable metric space too and 6x | =. 0
holds for the corresponding Cauchy representations.

(2) (Product spaces) The product space (X X Y,dxxy,axxy), defined by

o dxxy((z,y), (¢, ¢)) := max{d(z, ), d'(y,y")} and
o axxy(i,j) = (a(i),d'(5)),

is a computable metric space too and dxxy=. [0x,dy] holds for the corresponding Cauchy
representations.

3) (Sequence spaces) The sequence space (XN, dyn, axn), defined by
XN, Oy

o (@), () = 3 2 A and
. o\ if 1 S k
) QXN<<n0, 7nk>7k>(z) = { QEO)) 6fl$€

is a computable metric space too and dyn=. 05 holds for the corresponding Cauchy repre-
sentations.

As we have mentioned above, dom(dx) is a computable metric subspace of NV for any
computable metric space X (since we can effectively enumerate all sequences ngnj...ngngng... €
dom(dx)). The proof is straightforward.

We close this section with a discussion of multi-valued functions. By f :C X =2 Y we will
denote partial multi-valued functions which we will call for short operations in the following.
Here the symbol “=” indicates that f might be multi-valued. More precisely, an operation
f: € X =Y is a correspondence f = (®,X,Y), that is ® C X x Y. We will use these
objects from an operational point of view, that is X is considered as a space of inputs and Y
as a space of outputs. We will use some notations for operations: graph(f) := ®, dom(f) :=
{r e X : (Fy €YY) (z,y) € &}, and range(f) = {y € Y : (Fr € X) (zv,y) € ¢} will
be called graph, domain, and range of f, respectively. The image of A C X under f will
be denoted by f(A) == {y € Y : (3x € A) (z,y) € ®}, and the preimage of B C Y by
f7Y(B)={reX:3ye€B) (z,y) € ®}. By f(z) := f{z} ={y €Y : (x,y) € P} we denote
the image of x under f for each € dom(f). If f(x) is single-valued, i.e. f(x) = {y} for some
y € Y, then we also write f(z) = y, as usual for functions. With each operation f = (®, X,Y") we
associate the inverse operation f~! = (®~1,Y, X), which is given by ®~! := {(y, 2) : (z,y) € ®}.
We will employ the following closure schemes of multi-valued operations (see [5] for a detailed
discussion of computability properties of these schemes).



Definition 2.7 (Closure schemes) Let X,Y, Z be sets.

(1) Juxtaposition: If f :C X = Y and g :C X = Z are operations, then the juztaposition
(f,9) :C X =Y x Z is defined by

(f;9)(x) = f(z) x g(x) = {(y,2) : y € f(2) and z € g(x)}
for all z € dom(f, g) := dom(f) Ndom(g).

(2) Product: If f :C X = Y and g :C U = V are operations, then the product
fxg:CX xU=Y xV is defined by

(f x g)(x,u) == f(x) x g(u) = {(y,v) : y € f(x) and v € g(u)}
for all (x,u) € dom(f x g) := dom(f) x dom(g).

(3) Composition: If f :C X = Y and g :C Y = Z are operations, then the composition
go f:C X = Z is defined by

(go f)(x) = g(f(x)) :=={z: Ty € f(x)) z € g(y)}
for all z € dom(go f) :={z: f(z) C dom(g)}.

(4) Evaluation: If f :C X = YV is an operation, then the evaluation f, :C X x N =Y is
defined by
fi(@,n) == {y : (3(yr)ren € f(@)) yn =y}
for all (z,n) € dom(f) := dom(f) x N.

(5) Transposition: If f :C X xN =2 Y is an operation, then the transposition [f] :C X = YN
is defined by
[f1(z) == {(Yn)nen : (Vn) yn € f(x,n)}
for all z € dom([f]) :={z : (¥n) (z,n) € dom(f)}.

(6) Exponentiation: If f :C X = Y is an operation, then exponentiation f~ :C XN = YN
is defined by
fN((wn)neN) = {(Un)nen : (V1) yn € f(zn)}

for all (z,,)nen € dom(fN) := {(z)nen : (¥n) 2, € dom(f)}.

3 Borel measurable functions

In this section we want to study Borel measurable functions of certain degrees. Therefore, we
have to introduce Borel sets and their representations. If X is a metric space, then we denote
by X¢(X) the set of open subsets and by ITI9(X) the set of closed subsets of X. As usual, we
continue inductively and we denote by X9 41(X) the set of subsets of X which can be represented
as countable union of sets from IT)(X) for any k > 1 and by II) ,(X) we denote the set of
subsets which can be represented as complements of sets from X9 4+1(X). Moreover, we use the
notation AY(X) := ¥9(X) N IY(X). Thus, XY(X) is the set of F,subsets of X and IT(X)
the set of Gs—subsets. If X is clear from the context, then we sometimes omit (X) or we say for
short A is a 39-set, instead of A € X9(X). Following the inductive definition of the Borel sets
we immediately obtain representations of the corresponding classes.



Definition 3.1 (Representations of Borel sets) Let (X, d,«) be a separable metric space.
We define representations dxo ) of 20(X), Ormo (x) of ITY(X) and oa0(x) of AY(X) for k > 1
as follows:

* dxo(x)(p) = U B(a(i), j),
(4,7) Erange(p)

° 51'[2()() (p) :== X'\ 522(){)(]7),
* 522+1(X)<P0,P1, ) 1= ,L_JO(SH(,;(X)(PD,

° 5A2(X) (p,q) = 52(,;()() (p) : = 52(,3()() (p) = 51'12(){)((1),
for all p,p;,q € NN,

The representation 51—1(1) is equivalent to the representation dynion of the closed subsets defined
in [7] and the representation sy of the Gs—subsets has already been considered in [23] (in case of

Baire space). The computable points in X9, TIY and A{ are just the r.e. open, the co-r.e. closed
and the decidable sets, respectively. The computable points in 39 and TI$ are the computable
F,— and Gs—subsets, respectively. In general, we will call the corresponding computable sets
computable Eg—sets and computable Hg —sets in the context of this topic (see also [8] for these
computable sets). Some closure properties of these sets are easy to establish. Here and in the
following computability and continuity on the Borel classes is always understood with respect
to the corresponding representations.

Proposition 3.2 (Closure properties) Let X,Y be computable metric spaces. The following
operations are computable (with respect to the corresponding representations) for any k > 1:

(1) =9 — %9

1 0TI, ,, M) — x0T — Hgﬂ, A A (injection)

k+17 k+17

(2) 9 -9, M) — X% A A°:= X \ A (complement)

(3) Y x =) - 39 T x IIY — IIY, (A, B) — AU B (union)

(4) Y x =9 - 39 TI) x I} — I1Y, (A, B) — AN B (intersection)

(5) (EON = 20 (Ap)nen — U2y An (countable union)

(6) (MOHN - T2, (Ap)nen — oy An (countable intersection)

(7) ZUX) x ZY) - EUX xY), (A, B) — A x B (product)

(8) (I(X)N — TIY(XY), (An)nen = Xo2An (countable product)

(9) VX x N) = X9(X), A pri(A) :={xz € X : (In)(z,n) € A} (countable projection)
(10) TUX xY)xY = EUX), (A,y) — Ay :={z € X : (z,y) € A} (section)

If not mentioned otherwise, all classes are understood with respect to X. If X,Y are separable
metric spaces, then the mentioned operations are still continuous.



Proof. We consider the computable metric spaces (X, d, «) and (Y, d', 3).

(1) We first treat the injections 39(X) < %9, (X) and II)(X) — II?,  (X) and we proceed
inductively. In case of k = 1 we obtain

B(a(m),j) = X\ | J{B(a(1),7) : I,i € N and d(a(l),a(m)) > i+ j} € I)(X)

for all m,j € N and this even shows that (B(a(m),J))m,jjen is a computable sequence in
I19(X). Hence, we can conclude

U{B ):m,j € Nand d(a(n),a(m))+j <i} € 25(X)

which implies computability of X¢(X) — 29(X). Together with (2) this directly implies com-
putability of the injection IT{(X) — IIJ(X).

Now, let us assume that we have proved computability of ¥0(X) — X9 ,(X) and of
Hg(X) — II}, ; (X) for some k > 1. We have to show that the same holds for k + 1. Since any
U € ), (X) can be written in the form U = [Ji2, A; with 4; € II{(X) and IT)(X) — I} | (X)
is computable, it directly follows U € X9 +2( ) effectively. In other words, 27, | (X) — X9 ,(X)
is computable and thus I | (X) — II)_,(X) as well.

Computability of X9 — II? 41 and I — x9 4 follows directly from the definitions.

(2) Computability of the complement operations X9 < II? and IT{ — X9 also follows directly
from the definitions.

(3), (4) Computability of the union X9 x 29 — %9 is obvious from the definition. Let us consider
the intersection 22 X 22 — 22. On the one hand, we obtain

B(a(n),i) N B(a = {B(« s d(a(n), a(l)) + h < 7 and d(a(m), a(l)) +h < j}

for all n,m,i,j € N and, on the other hand, ;2 Ui N U2, V; = U7 jy=0(Ui N V;) and thus we
obtain computability of the intersection 22 X 22 — 22 inductively. Using computability of the
intersection and the fact that AN B = (A°N B°) and AU B = (A°N B€)¢ it follows that union
and intersection of type 1'[2 X Hg — Hg are computable as well.

(5), (6) Computability of the union (E£2)N — %9 is a direct consequence of the definition and
computability of the intersection (II?)N — IIY follows since (152, 4; = (U2 A9 .

(7) Let o” be the dense sequence of the product space X x Y according to Proposition 2.6. On
the one hand, we obtain

B(a(n),i)x B(8(m),J) = [ J{B("(l1,12), k) : d(a(n), a(lr))+h < i and d'(B(m), B(l2))+h < j}

for all n,m,4,j € N and, on the other hand, (J;2, U; x U?io Vj = U?ﬁj):O(Ui x V;) and thus we
obtain computability of the product X%(X) x £9(Y) — X9(X x Y) inductively.
(8) For all A; € IIY(X) we obtain

noAn_XN\U X (X \ A4) x XNy e I (xM).
n=0

Thus, the countable product is computable.



(9) Here, we consider the computable metric space (N, d’, o) with the discrete metric d’ and the
product space (X x N, d”, ). On the one hand, we obtain pry(B(a” (n,m),i)) = B(a(n),i) and
on the other hand pry(U;2,Ui) = U;2,pri(U;). This implies computability of the projection
20X xN) - =9(X).

(10) Here, we consider the product space (X x Y,d”, o). If A =J;2, B(a/"(n;,m;),1;), then

Ay = U{B(a(”i)yli) ry € B(B(mi), li)},

which yields the proof of the case k = 1. In general, A = | J;°, U; implies A, = ;2 (U;)y which
proves the general case. |

The proof especially shows that the closed balls B(a(n),i) are II{-computable (in general
this does not hold true for closures of open balls).

Lemma 3.3 (Closed balls) If X is a computable metric space, then (B(a(n), i)y nen is a
computable sequence in TI9(X).

After having settled these basic properties of Borel sets, we continue with the study of Borel
measurability. A multi-valued operation f :C X == Y is called Eg—measumble, if and only if
preimages of open subsets are X0-sets relatively to dom(f), i.e. if for any set U € X9(Y) there
exists a set V € X9(X) such that f~1(U) = V Ndom(f). In case that f: X =Y is total this
corresponds to the fact that the map

ZR(7 B = Z(X),U = f7H(U)
is well-defined. Actually, it is easy to see that this map is even continuous, whenever well-defined.

Lemma 3.4 Let X and Y be separable metric spaces and let f: X =Y be ngmeasumble for
some k > 1. Then Z2(f71) : YY) — ZU(X),U — f~Y(U) is continuous with respect to the
corresponding representations.

This follows directly from f~1(J2, Ai) = Useg [ 1 (Ai). A map will be called effectively
22 -measurable if we can effectively find preimages of open subsets.

Definition 3.5 (Effective Borel measurability) Let X,Y be computable metric spaces. A
multi-valued map f :C X =2 Y is called effectively 22 -measurable, or 22 —computable for short,
if there is a computable map ® : £9(Y) = X%(X) such that f~}(U) = V N dom(f) for all
UeXVY)and V € ®(U).

Thus, a total multi-valued operation f : X = Y is effectively ngmeasurable, if the map
2007 - 3UY) — B9X),U — f7Y(U) is computable. We directly obtain the following
simple characterization of Ezfcomputabﬂity.

Lemma 3.6 Let X and (Y,d,«) be computable metric spaces and let k > 1. Then an operation
f: X =Y is 0-computable, if and only if (f~*(Vi))ien is a computable sequence in X9(X),
whenever (V;)ien is a computable sequence in X9(Y). In particular, this holds, if and only if
(f7HB((i), 7)) ij)en s a computable sequence in 29(X).
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Especially, this implies that the class of Echomputable functions f : X — Y is exactly the
class of ¥9-recursive functions in the sense of Moschovakis (see the Lemma of Dellacherie 3D.1
in [15]). Tt is also known that the X{—computable single-valued functions f : X — Y are exactly
the computable ones (see Theorem 6.2 in [4]). By X%(X = Y) we will denote the set of X9
measurable multi-valued functions f : X = Y and correspondingly we denote by X9(X — Y)
the subset of single-valued functions f : X — Y. We can directly derive a representation of the
set of total X9-measurable functions.

Definition 3.7 (Representation of measurable functions) Let X,Y be separable metric
spaces. We define representations dxox—y) of 29X =Y) by

I50(x=v) (D) = [ = [m0(v) = ds00)](0) = ZR(F )
forallpe NN f: X =Y and k > 1. Let 050 (xy) denote the restriction to (X —Y).

By the Lemma 3.4 this representation is well-defined. Sometimes it will be convenient
to have a variant of this representation for partial mappings with a certain domain. Let us
denote by X9(X = Y)|p the set of partial X)-measurable operations with domain D C X.
Then we can define 522(ij)|D(p) = fforall p e N¥and f:C X = Y with D = dom(Jf),
whenever there exists a function ® : (V) = £9(X) such that f~1(U) = V N dom(f) for all
UecxUY),VedU) and 522(Y)F(q) € Pdso(x)(q) for all ¢ € dom(dspo(x)) and F := 1. In
other words: p is a name of f :C X = Y with dom(f) = D, if p is the name of a function
F :C NN — NN which “realizes” a multi-valued operation ® : £9(Y) = £9(X) which in turn
describes the preimage behaviour of f. If D is a computable metric subspace of X, then it is
not too hard to see that 522(X:;Y)\D5c 522@33/) and in such a situation we use the latter and
try to avoid the former.

In the following we will establish some closure properties of (effectively) Borel measurable
operations (see Definition 2.7). Continuity and computability will always be understood with
respect to the above defined representations.

Proposition 3.8 (Closure properties) Let W, X,Y and Z be computable metric spaces. The
following operations are computable for all n,k > 1:

(1) ZJ(Y BZ)xEUX -Y)—=3 (X =3Z),(9,f) = gof (composition)

(2) TNX = Y)xEUX = 2) = ZUX =Y x2),(f,9) — (x— f(z)xg(z)) (jurtaposition)
(3) WX =Y)x )W =2) > EUXxW 2Y x2),(f,9) — f xg (product)

(4) =}

(5) =}
(6) =}
(7) TUXxN=Y) -0 X =2 Y)N, f (n (z— f(z,n))) (sequencing)

(8) X Y = ZUX xN=Y), (fu)nen = ((z,n) = fu(x)) (de-sequencing)

(
(
(X =YY) 529X xN=Y), f— f. (evaluation)
(XxN=Y) - EUX =YY, f [f] (transposition)
(X=3Y)->Z0XN =YY, f— N (exponentiation)
(

IfW, XY and Z are separable metric spaces, then the mentioned operations are still continuous.
In case of n =1 composition can also be extended to V(Y = Z)x V(X =Y) — ZU(X = 2).
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Proof. We tacitly apply the closure properties from Propositions 2.2 and 3.2.
(1) For all U € £9(Z) and 4; € II_,(Y) with g~ }(U) = U2, A; we obtain in case n > 1

n—1

() (g0 ) () = F g™\ (U),

(b) FHUZo A) = U2y fH(Ad),

(c) f7H(A) = X\ f7HY\ 4A)).

Since f~H(Y \ 4;) € E%+k_2(X) we obtain (go f)"1(U) = U2 fHA) € 22+k_1(X).

(2) For all U € 39(Y) and V € X9(Z) we obtain (f,g) (U x V) = f~HU)ng= (V).
(3) For all U € B9(Y) and V € 29(Z) we obtain (f x g)"Y(U x V) = f~1(U) x g7 (V).
(4) For all U € 29(Y) we obtain

o0

(f07' ) = JU " XU XY xY x..) x {n}).

n=0

(5) For all sets Uy, Uy, ...,U, € Z9(Y) and U := Uy x Uy X ... x U, x Y X Y x ... we obtain

A7 U) = pry (U(f_l(Uz') N (X x {i}))> :

i=0
(6) For all sets Uy, Uy, ...,Up, € ZY(Y) and U := Uy x Uy X ... x U, x Y X Y X ... we obtain
(NHU) = F7HU) x fF7HU) X oo x fFTHUR) x X x X X ...

(7) Let (fi)ien be the result of the sequencing operation applied to f. For all U € Z9(Y) we
obtain f;*(U) = (f~"(U)); where (); denotes the section.

(8) Let deseq : Z(X = V)N — X9(X x N=2Y) denote the operation defined in (8). For all
U € (V) we obtain deseq((fn)nen) HU) = U (£ H(U) x {n}).

n=0

|

The reader should observe that composition is in general only considered in those cases
where the inner function f is single-valued. The proof would not go trough for multi-valued f
since in this case property (1)(c) does not hold true in general. We could formulate non-uniform
versions of the above closure properties as corollaries and as an example we formulate this for
the composition. Strictly speaking, it is only a corollary in the case of total functions; however,
the partial case can be proved similarly as (1) in the previous proposition.

Corollary 3.9 Let X,Y and Z be computable metric spaces and n,k € N. If f :C X —Y s
E?l_i_lfcomputable and g :CY = 7 is Egﬂfcomputable, then go f is E?Hrkﬂfcomputable.

Again, in case n = 0 the same holds true for multi-valued functions f :C X = Y as well. In
the following proposition we will show that a uniformly and effectively converging sequence of
ngcomputable functions converges to a ngcomputable function.
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Proposition 3.10 (Uniform convergence) Let X,Y be computable metric spaces and k > 1.
The following operation is computable:

Lim :C B)(X = V)" = SY(X — V), (funere o (2 { I g2y € fal2)}).

defined for all sequences (fp)nen of EQfmeasumble multi-valued functions fr, + X =Y which
fulfill d(yi, y5) < 277 for allx € X and i > j where y, € fno(x) and any such sequence (Yn)nen
18 convergent.

Proof. Let Limy :C YN — Y be the limit operation which is defined for all convergent se-
quences (Y, )nen such that d(y;, y;) < 277 for all i > j and which is computable (see Proposition
5.3 in [5]) and let deseq denote the de-sequencing operation. Then we obtain Lim(f,)pen =
Limy o [deseq((fn)nen)], i-e. Lim can be obtained with the help of de-sequencing, transposition
and composition and hence Lim is computable by Proposition 3.8. O

We directly formulate a non-uniform corollary for the case of single-valued functions.

Corollary 3.11 Let X,Y be computable metric spaces and k > 1. If (fn)nen is a computable
and pointwise convergent sequence of ngcomputable functions f, : X — Y such that addi-
tionally d(fi(z), f;(x)) < 277 for allz € X and i > j, then the limit function f : X — Y is
22 —computable as well.

Using the previously discussed closure properties we can derive a useful characterization of
the Borel classes which we formulate in the following proposition.

Proposition 3.12 (Characterization of multiplicative sets) Let X be a computable met-
ric space. Then the function

Z:2UX —[0,1]) = IN(X), f — f {0}
1s computable and it admits a computable right inverse.

Proof. Since {0} € II9([0,1]), it follows directly that f~1{0} € II%(X) for every function
f€3XY(X —[0,1]) and Z is even computable. Now we prove that Z admits a computable right
inverse Z~ : II9(X) = E%(X — [0,1]). In case k = 1 this is well-known (see Theorem 3.10 in
[7]). Thus, let us consider the case k > 1. To this end, let A € II)(X). Then we can effectively
find a sequence (U;)iey in X9 | (X) such that A = 52, U;. Now consider the characteristic

functions
0 ifzel;

cfy, : X — [0,1],m|—>{ 1 else

It is easy to see that the sequence (cfy,);en is a computable sequence in X9(X — [0,1]). We
define f : X — [0,1] by f(z) := 352, cfp,(2)27"! for all # € X. Then we can effectively find
[ €3Y(X — [0,1]) by Proposition 3.10 and f(z) =0 <= (Vi)cfy,(z) =0 < =z € A. O

This enables us to prove a generalization of the (weak) Graph Theorem for computable
functions.
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Theorem 3.13 (Graph Theorem) Let X and Y be computable metric spaces and let k > 1.
The mapping
graph : (X - Y) - IIY(X x Y), f — graph(f)

1s computable.

Proof. We consider the computable metric spaces X and (Y,d,a). Sinced : Y xY — R is
computable, we obtain that U : X x Y — [0,1], (z,y) — max(d(f(z),y),1) is £}-measurable
for all ngmeasurable f: X —=Y and

U(r,y) =0 <= d(f(z),y) =0 <= f(z) =y <= (z,y) € graph(f).

Thus U~1{0} = graph(f) and by Proposition 3.12 and Proposition 3.8 it follows that graph(f) =
Z(maxo(do (f xidy), 1)) is computable (where 1 : X x Y — R denotes the constant function
with value 1). O

The partial inverse of the mapping graph is not computable in general. Even in case k = 1
this does only hold for certain X, Y (e.g. if Y is recursive compact, see [6] for a detailed discussion
of this problem).

4 Effective selection theorems

In this section we study some effective versions of selection theorems. This section contains the
technical core of this paper and the reader who would like to follow the main results might skip
this section during the first reading.

One message of this section could be reduced to the slogan that “single-valuedness is for
free in case of higher order Borel computability”. More precisely: in case of k > 2 any 227
computable multi-valued operation F : X = Y with closed images has a X{-computable single-
valued selector (provided that Y is complete). This is in harsh contrast to the situation of & =1
where it is known that many natural problems (like determination of zeros) admit computable
multi-valued solutions but no single-valued ones. We will establish this result by proving an
effective version of the Kuratowski-Ryll-Nardzewski Selection Theorem [14].

In a second step we will even prove an (essentially) stronger selection theorem which allows
to conclude that (under certain assumptions) the composition F o A of two X9-computable
mappings mappings A : X = W and F : W — Z has a single-valued X9-computable selector
s : X — Z. This is not obvious at all since in a general context at most ngcomputability
could be concluded. A first such section theorem has been established by Saint Raymond [19]
and it has been generalized to a selection theorem by Bhattacharya-Srivastava [1]. We will
prove an effective version of this Selection Theorem which is our main tool in order to obtain
transfer results in later sections. The classical version of the Bhattacharya-Srivastava Selection
Theorem not only generalizes the Section Theorem of Saint Raymond but it also implies the
Selection Theorem of Kuratowski and Ryll-Nardzewski. Although our proof follows very closely
the original proof given by Bhattacharya and Srivastava, the effectivization needs some care.
Especially, we have to restrict the theorem to metric spaces with recursive open balls, a property
which we will define below and which has not been required classically. As a consequence, the
effective version of the Bhattacharya-Srivastava Selection Theorem does (formally) not imply
the effective version of the Kuratowski-Ryll-Nardzewski Selection Theorem which we will present
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now. While some of the forementioned classical selection theorems are presented in the very
general context of set fields, we will formulate all our results in the context of additive Borel
classes. The proof of the following result is a direct translation of the constructive classical
proof. By A we denote the topological closure of the set A.

Theorem 4.1 (Effective Kuratowski-Ryll-Nardzewski Selection Theorem) Let X,Y be
computable metric spaces and let Y be complete and k > 2. There is a computable operation
S:E9(X =2Y)=2UX —Y) such that f(x) € F(x) for any f € S(F),F € (X =Y) and
reX.

Proof. We consider the computable metric spaces X and (Y, d, «). Without loss of generality
we can assume that the diameter of Y is less than 1 (otherwise we use the computationally
equivalent metric d'(z,y) := d(z,y)/(1 + 2d(z,y)), see [3]). Given a X{-measurable operation
F: X =2 Y we will define a sequence of ngmeasurable mappings f, : X — Y which fulfill

dF(z)(fn(x)) < 27"7 (1)

d(fn(2), fa-1(z)) <277 (2)

for any n € N and we will apply Proposition 3.10 to this sequence. (Here and in the following
dg Y — R,y — infy,cad(a,y) denotes the distance function of A C Y.) We will define the
sequence (fy)nen inductively. Let fo(z) := «(0) for all z € X. Then fy is obviously %9
computable and fulfills Equation (1) and (2) (if we set f_1 := fp). Now let us assume that for

some n > 0 the function f,_1 is ¥)-measurable and fulfills Equations (1) and (2). We define
foralli e N

o (;:= {a: e X: dF(x)(a(z)) < 2—n},
o D;:={z € X :da(), foi(z)) <27},
o A, :=C;ND,.

Then we obtain X = [J;°, A; since for any « € X there is by Equation (1) a point y € F(x) such
that d(y, fn—1(z)) < 27" and there is some i € N such that d(a(i),y) < 27" and additionally
d(a(i),y) + d(y, fa_1(x)) < 277" Hence o € A;. On the other hand, we obtain

e C;={r e X :F(x)NB(a(i),27") # 0} = F 1(B(a(i),27")),
o D; = f 1 (B(a(i),27")).

Thus, by assumption we can effectively compute C;, D; € Eg(X ) and hence A; € E%(X ),
effectively in 4 (since intersection is computable by Proposition 3.2). Since k > 2, we can find
a sequence of sets Ey; ;y € II)_, (X) such that 4; = UjZo B,y for all 4 and thus X = (JZ Es.
Let ks, ms € N be such that (ks, ms) = s for all s € N. Now we define f,, : X — Y for any s € N
by fn(x) = a(ks) for all x € Es \ (Ep U ...U Es_1). By definition we obtain

foH{ali)} = {E\ (BoU..UE, 1) : s € N and k, = i} € Z)(X)
and by Proposition 3.2 we can effectively determine these sets. Similarly, we can determine

£t (Blali)27™) = i Ha(@)} i € Nand d(a(i), a(j)) < 27"} € B(X)
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for all j,m € N and thus f,, is ngmeasurable. We still have to prove that f,, satisfies Equations
(1) and (2). Therefore, let x € X and let s € N be such that x € E; \ (EgU...U Es_1). With
i := ks we obtain f,,(z) = a(i) and z € E; C A, = C;ND;. Now z € C; implies Equation (1) and
x € D; implies Equation (2). By Equation (2) and since Y is complete it follows that (fy,)nen
converges pointwise to a function f : X — Y which is 227measurable and can be effectively
determined by Proposition 3.10. By Equation (1) it follows that f(x) € F(z) for any z € X. O

We immediately obtain the following non-uniform version of this result which in particular
states that any Echomputable operation with closed images admits an ngcomputable selector
(for any k > 2). This indicates that for applications multi-valued operations are less important
in higher Borel classes.

Corollary 4.2 Let X,Y are computable metric spaces and let'Y be complete and k > 2. Then
for any ngcomputable operation F' : X =2'Y there is a ngcomputable function f : X — Y
with f(x) € F(x) for allx € X.

Especially, this implies that any computable operation admits a ngcomputable selector.
This is due to the fact that computable operations admit computable set-valued selectors with
compact images (this can be deduced, for instance, from Lemma 6.3).

Corollary 4.3 Let X,Y be computable metric spaces and let Y be complete. Any computable
operation F :C X =Y admits a X9-computable selector f :C X — Y with f(x) € F(x) for all
e X.

It is known that in case of Y = NN or Y = {0,1}" the selector can even be computable
itself (see Theorem 3.2.11 in [3]). The previous corollaries have the following direct consequence
(where IC(X') denotes the computable metric space of non-empty compact subsets, endowed with
the Hausdorff metric; similar results can be obtained for closed subsets).

Corollary 4.4 (Choice) For any complete computable metric space X there is a 28 —computable
choice function choice : K(X) — X with choice(A) € A for any A € K(X).

This follows from the fact that the multi-valued choice map Choice : K(X) = X with
Choice(A) = A is computable.

Now we continue with an effective version of the Bhattacharya-Srivastava Selection Theo-
rem [1]. The forementioned authors have called a multi-valued operation F' : X =Y strongly
29 -measurable, if F71(A) € XY(X) for any closed set A C Y. Following this terminology we
introduce strong effective 227measurability.

Definition 4.5 (Strong Borel computability) Let X,Y be computable metric spaces. A
multi-valued operation F' :C X =2 Y is called strongly effectively 22 —-measurable or strongly 227
computable, if there exists a computable operation ® : II{(Y) = X9(X) such that F~(A) =
BNdom(F) for any A € IIY(Y) and B € ®(A).

Now we introduce computable metric spaces with recursive open balls, another property

which appears as a premise in the effective version of the Bhattacharya-Srivastava Selection
Theorem below.
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Definition 4.6 (Recursive open balls) A computable metric space (X, d, «) is said to have
recursive open balls, if (B(a(i),7))q jyen is a computable sequence of recursive open sets (or
equivalently, if (d)_(l\ Bla (i),j)(_oo77))<i7j7r>eN is a computable sequence in 39(X)).

Many computable metric spaces (such as R, NY etc.) have recursive open balls. However,
it is not too difficult to construct computable metric spaces which do not have recursive balls.
Now we are prepared to formulate and prove an effective version of the Selection Theorem of
Bhattacharya and Srivastava. We do not claim that the property of recursive open balls is
necessary for the following result (it might even be superfluous). However, it is sufficient to
effectivize the original proof. To make the statement more readable we formulate it informally.
By N* we denote the set of finite words over N, by ¢ € N* the empty word, by lg(w) the length
of the word w € N* and by pl[i] = p(0)...p(i — 1) € N* the prefiz of p € NV of length i € N.

Theorem 4.7 (Effective Bhattacharya-Srivastava Selection Theorem) Let X,W,Z be
computable metric spaces, let W be complete with recursive open balls and let k > 2. For
any closed valued strongly ngmeasumble A X = W and any given X-measurable func-
tion F :C W — Z with range(A) C dom(F) we can effectively find a X9 -measurable function
s: X — W such that s(z) € A(z) for any x € X and Fos: X — Z is ) -measurable.

Proof. We consider the computable metric spaces (W, d, ), (Z,d’,3) and (X,d",~) and k > 2.
Without loss of generality, we can assume that the diameters of W and Z are less than 1
(otherwise we use the computationally equivalent metric (x,y) — d(x,y)/(1 + 2d(z,y)) in case
of W and correspondingly in case of Z, see [3]). Given a strongly X?-measurable operation
A : X = W with closed values and a ¥J-measurable function F :C W — Z we will define
subsets X,, C X and W,, C W for all finite words w € N* such that

(1) X, € 29(X), X. = X,

(2) Xyn N Xym = 0 for all n # m,

(3) Xuw = UjZo Xujs

(4) W, € IIY(W) and diam(W,,) < 27,
(5) diam(F(W,)) <27,

(6) A(z) N Wy, # 0 for any = € X,

holds for all w € N! and [ € N. Inductively, we start with X, := X and W, := W. Now
let I € N and let us assume that X,, and W), have been defined according to (1)—(6) for all
w e Ui:o N’ Let us fix such a w an let A := B(a(mi),27™772) C W and V; =

) m17m2> 7'17i2>
B(B(i1),27%271=2) C Z. By assumption on F' we can effectively find sets By j € (W) such
that

F~'(V;) = dom(F) n | ) By )
j=0

for any ¢ € N. Now let for all n,m € N

Py mmy =1z € Xy : Al) N Wy NAp NE, #0} C X.
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Since Ay myy = WAU{B((i), ]) : d(a(i), a(my)) > 27m271=1 4 51 for any m = (m1,ma) € N,
we can determine A,, € II(W) and hence by Proposition 3.2 we can effectively determine
Wy N Ay N E, € I{(W) for any n,m € N. Since A is strongly ngmeasurable, it follows that
we can effectively determine Py, () = A7 (Wy N Ap N Ey,) € (X)) and since k > 2 we
can find Qu ((n,m),i) € IT_,(X) such that Pty = Uizo Qu,((n,m),iy- Consequently, we can
effectively determine

n—1

X0 = Quo € ZUX) and Xy := Qun \ (U Qw,z) e BV (X)

i=0
for all n > 1 by Proposition 3.2. We obtain |77 o Xuyn = Ur" g Puwn = Xy since range(A) C
dom(F') and by definition X, N Xy, = 0 whenever n # m. Finally, we can effectively determine

Woimmy iy = Waw 0 Ay N B, € TIY(W)

for any n,m,i € N. We still have to prove that Xy, and Wy my,q) fulfill (1)—(6) for any
n,m,i € N. We have already seen that (1)—(3) hold. Moreover, (4) holds since W, w(lnmyi) S Am
and diam(A4,,) < 27!, Similarly (5) holds, since Watinmyi) S Eny F(Epny) S Vi, and
diam(V;,,) < 27! for n = (ny,ns) € N (here we assume diam()) = 0). Finally, (6) holds since
S Xw((n,m),i) implies x € Qw,((n,m),i) - Pw,(n,m) and hence A( ) N Ww( (n,m) i) 7é 0.

Now we will use the sets with properties (1)-(6) in order to construct a selector s : X — W
of A. For any x € X there is a unique p € NY such that z € X pli for all i € N by (1)-(3). By
(4) and (6) and since W is complete and A has closed images it follows that (12 W € A(x)
is a singleton. Let s(z) be defined by {s(z)} = ;2 0 Wppi- Thus, it is clear that s is a selector
of A, i.e. s(z) € A(z). In order to prove that s is X0-measurable we define A;: X = W by

Al(ac) = A(l’) N me if z€ Xp[l]
for any z € X, p € NN and [ € N. For any A € IIY(W) we obtain
AT A) = [z eXp: A@)nW,nA£0} = | (XunAT (W, N A))
weN: weN!

and thus 4; is strongly ngmeasurable since A is. Since X has recursive open balls, we can
effectively determine

Api={y e W:B(y,27") € B(a(1), 2)} = W\ {y € W : dypr\ praginy o (v) < 27} € I} (W)
(4

1),
for all ji, j2,! € N. Now using (3) and (4) we obtain

s ' (B(a(j), j2)) = U{x € X : B(s(z),27") € B(a(j), j2)}
=0
— U U {z € Xu: Gy € A(x) " W) B(y,27") € Bla(j1), j2)}
=0 weN!

o0

= UfzeXx :Afa)n A #0}

=0
oo
_ —1
— U A,
=0
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and thus s is ngmeasurable. We still have to prove that Fos : X — Z is ngmeasurable.
To this end, we first prove that FoA;: X = Z is 227measurable. This follows, since for any
l,ieN

(FoA)' (Vi) = A7 U Euy
j=0

7=0

J=0weN!

o0
= J U EwnAa (WynE;j)) € ZHX).
J=0weN!
Altogether we have seen that we can effectively determine the sequence (F o A;);cn of operations
Fol: X = Zin X)X = Z). By (5), (6) it follows that this sequence fulfills the premises of
Proposition 3.10, thus F o s = Lim(F o Aj41)eny € Z9(X — Z) can be effectively determined.
O

A precise version of the formulation of this theorem would be the following: Let X, W, Z be
computable metric spaces, let W be complete with recursive open balls and let k¥ > 2. For any
closed valued strongly X?-measurable A : X = W with D := dom(A) there is a computable
operation S : YW — Z)|p = V(X — W) x BUX — Z) such that s(z) € A(x) for any
x € X and G = Fosforall (s,G) € S(F). However, this formulation is not uniform in A while
the proof is. Thus, we could formulate yet another uniform version using some representation §
of the set of strongly ngmeasurable functions A : X = W which could be defined analogously
to 522(X3W). We leave these extentions to the reader.

5 Reducibility of functions

In this section we will study reducibility of functions and we will show that on Baire space there
are complete functions in the classes of Borel measurable functions. Reducibility of functions
has been defined and studied by Weihrauch and others [26, 24, 25, 22, 16, 9].

Definition 5.1 (Reducibility) Let X,Y, U,V be computable metric spaces and consider func-
tions f:C X — Y and g :C U — V. We say that f is reducible to g, for short f<g, if there
are continuous functions A :C X x V — Y and B :C X — U such that

f(z) = A(z,g 0 B(x))
for all € dom(f). Correspondingly, f is called computably reducible to g, for short f<.g, if

there are corresponding A, B which are computable. The corresponding equivalences are denoted
by = and =..

The reader should notice that we have used slightly other symbols for the reducibilities and
equivalences in order to distinguish them from the corresponding relations for representations.
It is easy to see that the relations <; and <. are reflexive and transitive (this is due to the fact
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that computable and continuous operations are closed under composition). The formula of the
reducibility can also be written as f(z) = Ao (id,g o B)(x) and using it we can conclude the
following result which states that (computable) reducibility preserves (effective) measurability.

Proposition 5.2 Let X,Y,U and V' be computable metric spaces and let us consider two partial
functions f :C X =Y and g :C U — V. Then the following holds for all k > 1:

(1) f<ig and g is $9-measurable = [ is XY -measurable,
(2) f<cg and g is B -computable => f is X9 -computable.

The proof directly follows from the closure properties of ngmeasurable functions in Propo-
sition 3.8. Now we are prepared to define functions which will turn out to be complete with
respect to reducibility in certain classes of Borel measurable functions on Baire space. The
definition is motivated by the logical Tarski-Kuratowski characterization of Borel classes [15].
We use a standard tupling (p,ny,...,n;) € NN for p € NN and ny,...,np € N. It is known that
such a tupling function can be chosen such that it is computable, bijective and the inverse is
computable as well.

Definition 5.3 For any k € N we define C}, : N¥ — NN by

0 if (3Ing)(Vng—1)...p(n,n1,...,nK) # 0
1 otherwise

Culp)o) = {

for all p € N¥ and n € N.

Here (and similarly in the following) we assume that the quantifiers V and 3 are alternating
and the final quantification is (Vn1) in case that k is even and (3n;) in case that k is odd. It
should be noticed that Cj is a computable function and it is easy to see that the mapping C is
computationally equivalent to the map

0 if (Im)p(m)=n+1
1 otherwise

Cw)n) =

which translates enumerations of sets into their characteristic functions. We prove that Cj, is
complete in the class of all ngcomputable functions on Baire space. The proof is based on the
following normal form result.

Lemma 5.4 (Effective Tarski-Kuratowski normal form) For any k > 1 the map
Ly : AY(NY) — S)(NY), A {p € NV : (3ng)(Vng-1)... (p,n1,m2, ..., np) € A}
18 computable and it admits a computable multi-valued right inverse.

Proof. We consider the computable metric space (NV,d, ). Since the injections AY — X9
and A} — TI{ are computable by definition, it follows by applying the closure schemes from
Proposition 3.2 that Ly is computable. It remains to prove that Ly admits a computable right
inverse L : XO(NY) = AY(NN). We will prove this by induction on k. In case k = 1 we
can effectively find B(a(m;),7;) for any given U € X9(NV) such that U = J2, B(a(m;), 7).
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Let B = [JXo(B(a(m;),75) x {(mi,r;)}). In the special case of Baire space NV, all balls
B(a(m;),7;) are open as well as closed and by Lemma 3.3 we can even effectively determine
B(a(m;),77) € IY(NY). Thus, we can also determine

(B(a(mi), 77) x {(mi,ri)})* = (Bla(mi), 7)< {{ms, ri) }) U (B(a(mi), 75) x (N\ {{mi, ri)}))

in TI{ (NN x N) and consequently B € AY(NN x N). Since the tupling function ( ) : NN x N — NN
and its inverse are computable, we can effectively find

A:=(B) = {{p,n) € N": (p,n) € B} € AJN")

and we obtain Lj(A) = U. This finishes the proof in case of k = 1. Now let us assume
that we have proved the statement for some & > 1 and let us conclude that it holds for £ + 1
as well. If U € %), (NY), then there are V; € II)(NY) such that U = [J32,V;. For any
i we can find a set 4; € AY(NY) such that Lg(A;) = V€ by induction hypothesis. Similar
as in the case k = 1 we can effectively determine B = [J22,(4¢ x {i}) € AJ(NN x N) and
A= {{p,n1,....npp1) € NV ({p,na,...,np), iy 1) € B} € AJ(NY). Tt follows

L1 (A) = {peNV: @) (Vng)... ((p,n1,ng,...,n1), nkr1) € B}
= {pe NN . (Fi)(VYng)... (p,n1,n2,....,nk) € A}
= {peN":(3ipeVi}
= U.

Using this logical normal form we can now prove the following theorem.
Theorem 5.5 (Completeness) Let k € N. For any function F :C NN — NN we obtain:
(1) F<Cy <= F is X)), -measurable,
(2) F<:C), <= F is XY ~computable.

Proof. For the “only if” direction of the proofs it suffices by Proposition 5.2 to show that Cj
is 22 41-computable. Using Lemma 5.4 it follows that

Ry = {p e NV 3ng)(Vng_1)... p(n,ny, ..., ng) # 0}

defines a computable sequence (R;,)nen in £(NY). Since

i i
Ck_l(ao...aiNN) = U R, N U Ry,
atl::OO a:,::OI
it follows that C}, is 22 41-computable.
It remains to prove the “if” direction. We consider the computable case (2). To this end we

first prove that it suffices to consider functions F :C NN — NN with range(F) C {0, 1}, This is
due to the fact that the canonical injection ¢ : NN — NN p — 0P(O)+170r(M+110P(2) 1] and its
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partial inverse ;=1 are computable and if we can prove ¢ o F<, C}, then F<.tF<,C} follows.

Thus, let us assume without loss of generality that F' :C NN — NN ig 22 41-computable and
range(F) C {0,1}N. Using the effective Tarski-Kuratowski normal form from Lemma 5.4, we
can conclude that we can find computable sets P,Q € AY(NY) such that

B 0 if (an 1)(Vnk)...<p,n,n1,...,nk 1> epP
Fle)n) = { 1 (G ) (Vi) (o o) € Q

for all p € dom(F) and n € N. We first claim F<. Oy x Cg. We define 4 :C NN x N¥ — NN by
[ 0 if (Im)p(n,m) =1
Alp,a)(n) = { 1 if (3m)g(n,m) =1

with dom(A) = {(p, q): (Vn)(((ﬂm)(p(n,m) =1))®((Im)(g(n,m) = 1))) }, where “@” denotes
the exclusive or. Moreover, let Bp : NN — NN be defined by

0 (p,n,ny,..,nE,m) P

Bp(p){(n,m),n1, ..., ng) := { 1 otherwise

and define Bg : NN — NN analogously. Let B := (Bp, Bg) : NN — NN x NN, By definition A, B
are computable and we obtain for all p € dom(F) and n,m € N

CroBp(p)(n,m)=1 <= (Yng)(Tng_1)... Bp(p){{n,m),nq,...ng) =0
—

—~

Vng)(3ng—1)... (p,n,n1,...,nk, m) € P

and analogously with @ instead of P. In particular, we obtain (Cy x Cf) o B(p) € dom(A) for
all p € dom(F) and thus

Ao (Ck x Ck)oB(p)(n) =0 dm) Cx o Bp(p)(n,m) =1

<~ (Im)

<~ (Im)(Yng)(Ing—1)... (p,n,n1,...,nk, m) € P

<~ F(p)(n)=0

for all p € dom(F') and n € N. Hence, F'<. Cy x Ck. It remains to prove Cy x Ci<c C. To this
end we define D : NN — NN x NN by D(p,q) := (p,q) and E : NN x N¥ — NN by

nyn, .ng) if m=2n
E(p,q)(m,n1, ...ynp) : { p(n,na, )

qg{n,ni,...ng) ifm=2n+1
for all p,q € NN and n,m,ni,...,n; € N. Then D, E are computable and we obtain
Cr(p)(n) =0 <= Cro E(p,q)(2n) =0 and Ck(q)(n) =0 <= Cro E(p,q)(2n+1) =0

and thus Cy, xCk(p, q) = DoCyoE(p, q), i.e. Cp x Cp<. Ck. Here we assume that (p, ¢)(2n) = p(n)
and (p,q)(2n +1) = g(n).
The proof for the continuous case (1) is completely analogous. O

A careful inspection of the proof shows that we have not employed the full complexity of
the reducibility. More precisely, let us define I' :C NN — NN by I' := ;=1 AD with the notations
from the proof. Then I' is computable and does not depend on F' and we obtain the following
result.
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Corollary 5.6 Let k > 1 and let F :C NN — NN be o function. Then F<;C) holds, if and
only if there is a continuous function B :C NN — NN such that F(p) = T' o Cy o B(p) for all
p € dom(F'). An analogous statement holds with respect to <. with computable B.

This allows to define the following representation of X9 (NN — NN).

Definition 5.7 For any k € N and any computable metric subspace D C NN we define a
representation dc, of £9(D — NY) by

ocy(p) =T oCfo 52(1)(D—>NN)(Q)
for allp € NN and f € (D — NN,

Since the proof of the Completeness Theorem is fully effective, we can formulate the following
effective version (for the case D = NY).

Corollary 5.8 (Effective Completeness Theorem) d¢c, =. 522+1(NN_,NN) for any k € N.

As we have seen, the degrees of non-computability are additive with respect to composition.
We will close this section by proving that any ngcomputable function can be decomposed in a
composition of XY—computable functions.

Lemma 5.9 (Factorization) The function Fj, : NN — NN defined by

Fk(p)<n,m) :{ (1) Zé::;igfnk—l)p<nanlvank7m> #0

for all p e NN and n,m € N, is Engcomputable for any k € N and Cyyq = Cy o F},.

In particular, this results shows that a function F' :C NN — NN is C*-continuous (in the
sense studied in [22, 16]), if and only if F' is XY ,—measurable.

6 The Representation Theorem

In this section we will extend the Kreitz-Weihrauch Representation Theorem [13] (see also
[23, 26, 21, 5]) to Borel measurable mappings on computable metric spaces. The classical
theorem states that a total function f : X — Y (on separable metric spaces X,Y and even
on larger classes of spaces) is continuous, if and only if it admits a continuous realizer F', see
Figure 1. Moreover, computable functions are defined via computable realizers. We will prove
that this result extends to Borel measurable functions on all finite levels. It turns out that
the effective Bhattacharya-Srivastava Selection Theorem 4.7 can be employed for this purpose.
Before we start with the technical part of this section, we just formulate our main result.

Theorem 6.1 (Representation Theorem) Let X,Y be computable metric spaces, k > 1 and
let f: X =Y be a total function. Then f is (effectively) ngmeasumble, if and only if f admits
an (effectively) X9 -measurable realizer F:C NN — NN,

For the proof of this result we will apply the effective Bhattacharya-Srivastava Selection
Theorem combined with certain representations introduced by Schrdder [20], which we will
define next.
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Definition 6.2 Let (X,d,«) be a separable metric space. Define ox :C NN — X by

pli,j) = 0 = d(x,a(i)) <277

ox(p) =z : <= pe{0,1}" and (Vi,j € N) { pli,j) =1 == d(z,a(i)) > 277!

for all z € X and p € N. Similarly, we define 6x :C NN — X with “<” and “>” replaced by
<7 and “>7, respectively.

One important property of these representations is that they have compact fibers (and ox
is even proper, i.e. preimages of compact sets are compact). We will in particular employ those
properties of Schroder’s representation which are given in the following lemma. Some of these
properties have essentially been proved in [27] and [20]. We recall that the hyperspace IC(X)
of compact subsets of X can be endowed with different representations [7, 27]. Here we just
mention that we denote by K. (X) this space endowed with the “positive representation” (a
name of a set A is a list of all open rational balls which intersect A) and by K~ (X) we denote
the space endowed with the “negative representation” (a name of a set A is a list of all finite
covers of A by open rational balls).

Lemma 6.3 Let X be a computable metric space. Then the following holds:
(1) ox=c0x=cd0x (computably admissible).
(2) Bx : K= (X) — Ks(NV), K+ 6 (K) is computable (computably proper).
(3) @x : T(NY) — I'(X), A — Gx(A) is computable for T € {II{,X9}.
(4) Ax : X = NV, 2 — oy {x} is strongly £9-computable.
(5) kx : X = K<(NV), 2 o {2} is computable (computably fiber compact).
(6) Ax : X = NV 2 — o {z} is 9-computable.

Proof. (1) and (2) have been proved in [27] and [20]. It remains to prove (3)—(6). Now for any
A € TIY(X) we obtain

Py(A)={z e X : o {z}NA#0} =X \{ze X Rx({z}) C(NV\ A)} € IM)(X)

by (2). Thus @y is computable for T' = II}. Tt (iirectly follows that ®x is computable for

I = 39 since Dx (U2, 4i) = U2, @x(A;). Since ALH(A) = ®x(A) and TIY(X) — BY(X) is
computable, we obtain (4) from (3) case I' = IT§. Since

AY (Bly.r) = {o € X : rix(2) 0 By, ) # 0} € BY(X),

we obtain (6) from (5). It remains to prove (5). For the proof we consider the computable
metric space (X,d,a). One verifies that ox(p) € ox(wNY), if for all (i,5) < lg(w) — 1 there
exists (', j') such that p(i’, /) = 0 and

{ w((i,5)) = 0= d(a(i),a(i’)) <277 — 277"
w((i, 7)) =1 = d(a(i), a(i’)) > 2791 4273
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for all p € dom(ox) and w € N*. Since X is a computable metric space, it follows that
M = {(p,w) € NN x N*: ox(p) € ox(wNY)} is r.e. in dom(ox) x N*. This, implies that given
p € dom(ox), we can effectively enumerate the set {w € N* : wNY N oy lox(p) # 0} which
implies the claim since dom(ox) C {0, 1}N. O

Now we prove a section theorem which can be considered as an effective version of the
Section Theorem of Saint Raymond [19], generalized to arbitrary separable metric spaces, but
specialized to Cauchy representations.

Proposition 6.4 (Section) Let X be a computable metric space and let D := dom(dx). Then
there is a computable operation S : £Y(D — NY) = )X — NV) x 30X — NY) for any
k > 2 such that 6x o s(x) = x and g = F o s for all 22 ~measurable functions F : D — NN and

(s,g9) € S(F).

Proof. We will prove the claim by induction on & > 2. By Lemma 6.3 we have ox<.dx and
thus there is some computable function G :C NN — NN such that 7y (p) = dxG(p) for all p €
dom(cx). Given F € £9(D — NY) we can effectively determine FoG € (NN — NN)]dom(g,X).
By Lemma 6.3 we know that A x : X = NN is strongly »9-computable. Moreover, NN is
complete and has recursive open balls. Thus, the statement for k& = 2 is a direct consequence
of the effective Bhattacharya-Srivastava Selection Theorem 4.7, applied to A x and FG. It
states that we can effectively find a X9-measurable selector ¢ : X — NN of Ax and that
we can effectively determine g := FGot € Zg(X — NY). Thus we can also effectively find
s:=Got e XYX — NV) and we obtain

0xos(r)=0xoGot(x)=0cxot(x)==x

and g(x) = FoGot(x) = Fos(x) for all z € X. The lower part of the diagram in Figure 2
illustrates the situation.

NN Ok NN
B NN A
v )
D r NN
g/
6 X g

Figure 2: Diagram for the proof

Let us assume that we have already proved the theorem for some k > 2. We will show that
it holds for k+ 1. Given F € X9 (D — NY), we can effectively find some continuous functions
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A:CNY - NN and B: D — NN such that F(p) = Ao Cy o B(p) for all p € dom(F) = D
by the effective Completeness Theorem, Corollary 5.8. By Lemma 5.9 we can effectively find a
Echomputable function Fj_1 such that Cy = Cy o Fy_1. Thus, we can effectively determine
F' := Fy_10B € ¥Y(D — NY). We apply the induction hypothesis to F’ and we obtain
functions s € BY(X — NV) and ¢’ € B(X — NV) such that dx o s(z) = and ¢’ = F o0 s.
Hence

g:=Fs = ACyBs = AC1F},_1Bs = AC1F's = AC1g' € ) (X — NY).

The right part of the diagram in Figure 2 illustrates the situation. This finishes the induction. O
Now we can easily derive a proof of the Representation Theorem 6.1.

Proof. (Representation Theorem 6.1) The result for £ = 1 is well-known and thus we can
assume k > 2. Let dx and dy be the Cauchy representations of X and Y, respectively with
D :=dom(dx) and let Ay : Y = NN be defined as in Lemma 6.3.

Let f admit a realizer F' € 22(D — NN). Then by Proposition 6.4 we can effectively
determine a selector s : X — NN of §x such that Fos € X9(X — NY). Hence we can effectively
determine f =y o Fos € Z9(X —Y).

Now let on the other hand f € £9(X — Y). By Lemma 6.3 Ay : Y = N is £{-computable
and thus we can determine Ay o fodx € 22(D = NY). Moreover, Ay has closed images and
hence by the effective Kuratowski-Ryll-Nardzewski Selection Theorem 4.1 we can find a selec-
tor t € ZQ(D — NN) of Ay o fody. Since oy<.dy by Lemma 6.3, there is a computable
G :C NN — NN such that oy (p) = dyG(p) for all p € dom(oy) = range(Ay). Thus, we can
effectively determine F' = G ot € EQ(D — NY) and 6y F = 6y Gt = oyt = fix, i.e. Fis a
ngmeasurable realizer of f. O

Although the theorem has not been formulated uniformly, the proof is completely uniform.
Before we formulate this uniform version, we mention that the previous theorem allows to define
the following realizability representation of Borel measurable functions.

Definition 6.5 Let dx and dy be Cauchy representations of metric spaces X andY respectively,
let D := dom(dx) and let k > 1. Define a representation X0[6x — dy| of the X -measurable
functions f: X —Y by

h0x — dv](p) = f: <= (Vg € D) fodx(q) = by o (Oxopn)(p))(a)
forallpe NN and f € ZY(X —Y).

Using this representation, we can formulate the effective version of the Representation The-
orem.

Corollary 6.6 (Effective Representation Theorem) Let X and Y be computable metric
space with Cauchy representations 6x and dy , respectively. Then Z0[5x — dy|=. (522()(%3/) for

any k > 1.

The reader should notice that the presented material allows an elementary proof of the
Representation Theorem (i.e. a proof without application of any selection theorems) at least
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in case K < 2. On the one hand, one can use the Tarski-Kuratowski normal form of the
preimages (fdx) }(U) € NN in order to prove that any X{-computable function f admits a
>{-computable realizer (this even works for all £ > 1). On the other hand, Lemma 6.3 (3)
for T' = X9 implies that f = 5yF£ x is X9-computable whenever f admits a -computable
realizer F' (with respect to gx, dx). We close this section with the following Transfer Theorem
which allows to conclude computability properties of multiplicative sets from their name sets.

Theorem 6.7 (Transfer Theorem) Let X be a computable metric space with Cauchy rep-
resentation §x. Then the map T :C TIY(NY) — TI9(X),05'(A) — A is computable for any
k>1.

Proof. We first consider the case k > 2. Let A C X. If ' (A) € TIY(NV) is given, then by
Proposition 3.12 we can effectively find a function H € Z9(NN — [0,1]) such that H~'{0} =
65" (A). By the Representation Theorem 6.1 there is some realizer F € £9(NN — NY) of H, i.e.
djo,yoF' = H. By Proposition 6.4 there is a function s : X — NN with §x os(x) = 2 such that we
can effectively determine Fos € £9(X — NY) and we obtain f := )0 Fos € X (X — [0,1])
and f1{0} = (6jp1j0 Fos) {0} = s 'H {0} = s71(8% (A)) = A. Hence, by Proposition 3.12
we obtain 4 € II)(X).

In case k¥ = 1 we consider the representation ox. Since ox=.dx, there is a computable
function G :C NN — NN such that ox(p) = dxG(p) for all p € dom(ox). If 631 (A) € TIY(NY) is
given, then we can effectively determine a set B € TI9(NV) such that G=163!(A) = BNdom(ox).
Hence, by Proposition 3.12, we can effectively find a function F € (NN — [0,1]) such
that F~1{0} = B. Then by Lemma 6.3 Ay : X = NV is 3%-computable and hence FAy
is X{—computable. Since [0,1] is complete and Ax and hence FAx have compact images,
we can effectively find a selector s € £9(X — [0,1]) of FAx (see the remark after Corol-
lary 4.3). Now s(z) = 0 implies that there is some p € Ax(z) N B and this in turn implies
z = ox(p) = 6xG(p) € A. On the other hand, = € A implies G~'63'{z} C BN dom(ox) and
hence s(z) € F o Ax(z) = {0}, i.e. s(x) = 0. Altogether, s71{0} = A and thus A € II(X) by
Proposition 3.12. O

Since NY\ 61 (A) = D°US ! (X \A) and D := dom(dx) € TIH(NV) in case that X is complete,
we can conclude an analog statement for additive sets at least in case k > 1. Altogether, we
obtain the following corollary.

Corollary 6.8 Let X be a (complete) computable metric space with Cauchy representation dx .
Let AC X and let k > 1. If 6 (A) is a computable II—set (or a computable %0 -set), then
the same holds for A.

The statement of the corollary has to be read either including both brackets or without both
of them.

7 Realizer reducibility

In this section we will introduce another reducibility for total functions on metric spaces, called
realizer reducibility, which generalizes the previously discussed one. The Representation Theo-
rem 6.1 enables us to extend the Completeness Theorem 5.5 to this new reducibility.
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Definition 7.1 (Realizer reducibility) Let X,Y, U,V be computable metric spaces and con-
sider functions f: X — Y and g: U — V. We define

fZeg: = fox<igdu

and we say that f is realizer reducible to g, if this holds. Analogously, we define f=<. g with <,
instead of <. The corresponding equivalences ~; and =z, are defined straightforwardly.

Reflexivity and transitivity of <; and <. can be directly concluded from the corresponding
properties of <; and <.. The following definition which is due to [24, 25, 26] extends the
reducibility <; to sets of functions.

Definition 7.2 (Set reducibility) Let X,Y, U,V be computable metric spaces, let F be a set
of functions F': X — Y and let G be a set of functions G : U — V. We define

F<i G <= (3A, B computable)(VG € G)(IF € F)(Vz € dom(F))F(x) = A(x,GB(x)),

where A :C X xV — Y and B :C X — U. Analogously, one can define <, with computable
A, B.

Using this definition we can derive the following characterization of realizer reducibility which
explains the name.

Proposition 7.3 (Realizer reducibility) Let X,Y,U,V be computable metric spaces and let
f: X —=Y andg:U — V be functions. Then

f2cg <= {F:FF f}<.{G:GF g}.
An analogous statement holds with respect to <y and <t .

Proof. We will just consider the computable case. The topological case can be treated analo-
gously.

Let f=<.g. Then fox<.gdy and there are computable functions A’ :C N¥ x V — Y and
B :C NY — NN such that féx(p) = A'(p,géyB(p)) for all p € dom(dx). Thus, there is a
computable function A :C NN x NN — NN such that dy A(p,q) = A’'(p,dv(q)) for all (p,q) €
dom(A’ o (id x dy’)). Now, let G | g, i.e. dyG = gdy. Then we obtain

fox(p) = A'(p, 0y GB(p)) = oy A(p, GB(p)).

Thus, F :C NN — NN with dom(F) := dom(éx) and F(p) := A(p, GB(p)) is a realizer of f, i.e.
F I f. Altogether, this proves {F : F F f}<.{G: G| g}.

Now let {F : F - f}<.{G : G I~ g} and consider computable functions A :C N¥ x NN — NN
and B :C NN — NN such that (VG - ¢)(3F + f)(Vp € dom(F))F(p) = A(p,GB(p)). This
especially implies

(VG I g)(Vp € dom(dx)) fox (p) = dy A(p, GB(p)). (3)

Let R : V — NN be some right inverse of ¢y and let A’ :C N¥ x V' — Y be defined by
Al(p,v) = éy A(p, R(v)) for all p € dom(dx) =: D and v = v, := g o 0y o B(p) (and undefined
for all other (p,v)). Since (3) holds for all G I~ g, we obtain

A'(p,0v(q)) = 0y A(p, Ro dv(q)) = oy A(p, q)
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forallpe D and g € 5‘71{%}. Thus A’ is computable. Now let us choose some G I g and define
G’ := Rody oG. Then éyG = §yG = gdy and thus G’ F g and we obtain by (3)

fox(p) = 0y A(p, G'B(p)) = 0y A(p, R o by o GB(p)) = A'(p,ovG o B(p))
for all p € dom(dx) = D. Hence fox<.0yG = gdy and thus f=.g. O

On Baire space the realizer reducibility does not yield anything new as the following lemma
states.

Lemma 7.4 For functions F,G : NN — NN we obtain
(1) F=,G < F<G,
(2) FX.G < F<.G.

This follows directly since the Cauchy representation dyn is computable and it admits a
computable right inverse function d, : NN — NN with gy o o = idg. The next proposition
shows that =<; and =. preserve Xj-measurability and Echomputability, respectively. The
proof of this property is based on the Representation Theorem 6.1 and thus, indirectly, on the

effective Bhattacharya-Srivastava Selection Theorem 4.7.

Proposition 7.5 Let X,Y,U,V be computable metric spaces and consider functions f : X — Y
and g : U — V. Then the following holds for all k > 1:

(1) f=¢g and g is £} -measurable => f is X9 -measurable,
(2) f=2cg and g is B -computable => f is XV -computable.

Proof. We consider the computable case (2), the topological case can be proved analogously. If
f=cgand g is Eg—computable, then we obtain fdx <. g dy and since dy is computable it follows
by Proposition 3.8 that g o dy is ngcomputable. By Proposition 5.2 we obtain that f o dx
is Echomputable. Thus, by the Representation Theorem 6.1 we can conclude that there is a
Echomputable realizer F' of f odx. Thus, f admits a ngcomputable realizer since dyn has a
computable right inverse. It follows by applying the Representation Theorem 6.1 again that f
itself is Echomputable. O

By the following result we transfer the Completeness Theorem 5.5 to arbitrary computable
metric spaces and realizer reducibility.

Theorem 7.6 (Completeness) Let X,Y be computable metric spaces and let k € N. For any
function f: X —Y we obtain:

(1) f=:Cr <= fis ZgH—measumble,
(2) fRCrp < [ is XY, ~computable.

Proof. We consider the computable case (2), the topological case (1) can be proved anal-
ogously. Let f be 22 41-computable. Then by the Representation Theorem 6.1 f admits a
22 41-computable realizer F' and hence F'<. Cy by the Completeness Theorem 5.5. Since dy is
computable and dyn admits a computable right inverse, it follows féx = dy F'<. Cxoyn and thus
f=c Cg. Now let, on the other hand, f<.Cj. Since C} is Egﬂfcomputable by Theorem 5.5, it
follows that f is 22 41-computable by Proposition 7.5. O
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In the spirit of Corollary 5.8 and 6.6 we could formulate an effective version of the previous
Completeness Theorem. We leave this to the reader. The Completeness Theorem gives rise to
the following definition.

Definition 7.7 (Completeness) Let X,Y be computable metric spaces, let f: X — Y be a
function and k£ € N. Then f is called 22+1—00mplete, if fa.Cy.

In order to prove that a function f : X — Y is 22 41-complete, it suffices to show that it
is 22 41-computable and that Cy<. f. The 0—complete functions are exactly the computable
functions f : X — Y. Usually, it is harder to establish the lower bounds and therefore it is
helpful to have methods in order to obtain these lower bounds. In [2] we have investigated such
methods for the case K = 1. One result was that the assumptions of the First Main Theorem of
Pour-El and Richards [18] suffice to conclude that C <. f holds. For completeness, we formulate
this result here again.

Theorem 7.8 (Lower bounds for unbounded linear closed operators) Let X,Y be com-
putable Banach spaces and let f :C X — Y be a closed linear and unbounded operator. Let
(en)nen be a computable sequence in dom(f) whose linear span is dense in X and let f(epn)nen
be computable in' Y. Then C1<. f.

This theorem can often be applied to derive that certain operators are X9-complete.

8 Arithmetic complexity of points

It is obvious that any computable function maps computable inputs to computable outputs.
We would like to generalize this result to inputs of a certain level of the arithmetic hierarchy.
Moreover, we have already seen in [2] that any function f :C X — Y with C1<.f has a
computable input = € X which is mapped to a non-computable output f(z) € Y. We would like
to generalize this idea as well and consider points of ngcomplete functions. In the following
we use the light face classes Y0, TI9 and AY := ¥9 N1I19 to denote the arithmetical hierarchy [17]
(thus, 22 is the class of all computable sets in EQ(N) etc.; in particular E? is the set of all r.e.
subsets and A{ the set of all recursive subsets A C N). A point p € NV is called A% —computable,
if graph(p) = {(m, k) € N: p(m) = k} € AY. Thus, the AY-computable points p € NN are just
the ordinary computable points.

Definition 8.1 (Complexity of points) Let X be a computable metric space and let x € X.
Then z is called A% —computable, if there is a A-—computable p € NN such that = = x(p).

The arithmetical hierarchy of real numbers has been studied in [28]. See also [10] for related
results.

We mention that for all p,q € NN we have graph(q) <t graph(p), if and only if there exists
some computable F':C NN — NN such that F(p) = ¢ (here <t denotes Turing reducibility [17]).
Moreover, we note that whenever A <t B and B € AY, then A € AY follows for any n > 1
(this is because A € AY | if and only if A <t 0»~ D, where (™) denotes the n-th Turing jump,
see Post’s Theorem IV.1.14 in [17]). Now we can formulate the following characterization of
AY-computable points.
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Proposition 8.2 If (X,d,«) is a computable metric space such that the equivalence problem
for balls {{m, k,i,j) € N: B(a(m),i) = B(a(k),j)} is r.e., then we obtain for any point x € X
andn > 1:

z is A —computable <= {(m,i) € N:z € B(a(m),i)} € £°.

This follows immediately from Theorem 8.1.4.2 in [26] and from the fact that A € X9 holds
if and only if there exists some p € NY such that graph(p) € A% and range(p) = A, unless A is
empty. Now we want to study the behaviour of ngcomputable functions on computable points.
We will essentially use the Completeness Theorem 5.5 and the Representation Theorem 6.1 in
order to prove the result.

Theorem 8.3 (Invariance Theorem) Let X,Y be computable metric spaces. If f : X — Y
18 ngcomputable, then it maps AS-computable inputs x € X to A?Hk_lfcomputable outputs
f(x) €Y foralln,k > 1. If f is even ngcomplete and k > 2, then there is some AU —computable
input © € X for any n > 1 which is mapped to some A?l_s_k_lfcomputable output f(x) € Y which
is not A?Hrkdfcomputable.

Proof. Let f : X — Y be Eg—computable for some k > 1. Then by the Representation
Theorem 6.1 f admits a X9-computable realizer F : D — NN with D := dom(dx). In case
k = 1 it is clear that F maps A%-computable inputs p € D C NN to AY-computable outputs
F(p) and thus f has the desired property. Now let us assume that & > 2. Then F'<. Cj_1 by the
Completeness Theorem 5.5. Thus, there are computable functions A, B :C NN — NN such that
F(p) = Ao Ck_1 0 B(p) for all p € D. Since A, B preserve the complexity of points, it suffices
to prove the statement for C;_;. By the Factorization Lemma 5.9 we can proceed inductively
and it suffices to treat the case k = 2. In this case graph(p) € AY implies

graph(C1(p)) = {{,m): (m =0and (3k)p(l,k) #0) or (m =1 and (Vk)p(l,k) =0)}
€ {AUB:AexX} BeIll} CAY, .

Altogether this shows that any Echomputable f: X — Y maps AY-computable inputs x € X
to Agﬂcilfcomputable outputs f(z) € Y for all n, k > 1.

Now, let us assume that f is even Echomplete for some k > 2. Then, by the Representation
Theorem 6.1 f has some ngcomputable realizer F' and C;_1<. fd0x = dy F holds in this case.
Thus, there are computable maps A :C NN x Y — NN and B : NN — NN such that Cj_;(p) =
A(p,dy FB(p)) for all p € NN, Let us assume that we have already proved the statement for
Cj_1, i.e. there is some AY-computable p € N such that Cy_1(p) is not A?wkfz—computable.
Since A preserves the quality of inputs, it follows that dy F'B(p) has to be A% +_1—computable
but not A?L 4r_ocomputable. Since B preserves the quality of inputs as well, it follows z :=
dxB(p) € X is a AY-computable point with the property that f(z) = 6y FB(p) € Y is A) |~
computable but not A% 4r_o—computable. It remains to prove the statement for Cj_;. Since
pn+k=2) ¢ 30 +k_o> it follows by the Tarski-Kuratowski Normal Form Theorem IV.1.5 in [17]
that there is some A € A such that 0" t%=2) = {m : (3ng_1)(Vng_o)...(m,n1, ..., np_1) € A}

Let p be defined by
(m) = 1 ifmeA
p " | 0 otherwise °

Since A € A9, it follows that p is A-computable. Since (Ci_1(p))~ {0} = 0"++=2) it follows
that Cy_1(p) cannot be AY ,~,—computable. O
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This result allows to conclude some obvious elementary facts on the reducibility of functions.
In the following definition we define some “small” counterparts c; of the functions Cy.

Definition 8.4 For any k € N we define ¢, : NN — NN by

ck(p) == { 0 if (Ing)(Yng—1)...p(n1, ..., ng) # 0

1 otherwise
for all p € NN,

It is obvious that ¢ is 22 41-computable for any k € N. The functions ¢, are characteristic
functions of complete sets of the Wadge hierarchy [15, 11, 26]. It is known that one obtains
cfa<icfp <= A@ A° <\ B@ B¢ for all A, B C NY (see [26], here <y denotes the Wadge re-
ducibility). Since range(c) contains only computable points, we can easily deduce the following
facts from the Invariance Theorem 8.3. Here f<.g means that f<.g but g¥. f.

Proposition 8.5 We obtain for any k € N:
(1) Ci&e crr1<c Cita,
(2) Ck<c (Cka Ck+1)<c Ck—i—l-

The topological counterparts of these results require slightly different proofs (considering
preimages). Here, this is just understood as a demonstration how complexity properties of
points with respect to Zg—computable functions can be employed. It is worth noticing that the
functions ¢, correspond to LPO-principles in constructive mathematics [25]. We suggest to call
a function f: X — Y Zg—subcomplete, if f~¢ck41 holds.

9 Effective Baire classification

In this section we want to extend the classical Baire characterization of Borel measurable func-
tions (see [15, 11]) of certain levels to the effectively Borel measurable functions. As a preparation
we discuss the limit map.

Proposition 9.1 (Limits) Let X be a computable metric space. Then the space of convergent
sequences ¢ = {(p)nen € XN ¢ (2n)nen € XN converges} is a computable metric subspace of
XN, The ordinary limit map

lim:c— X, (zy)peny — lim z,
n—oo

is X9-computable and it is £-complete, if there is a computable embedding ¢ : {0, 1}N — X

Proof. On the one hand, 39-computability follows by Proposition 3.2 and Lemma 3.3 from

lim™ Y (B(z,7)) = (G X" x B(x,r — 2_”)N> Nee XY(c)

n=0
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and on the other hand, if there is a computable embedding ¢ : {0, 1} < X and lim {o,1yv denotes
the limit map of space {0,1}", then one shows C1<, limgg 13n <c limy. The first reduction

follows with the help of the function G : NN — ({0, 1}N)N which is defined by G(p) = (G (p))men

where
0 if (Fk <m)p(n,k) #0
1 else

Gu)n) = {

for any p € N¥ and m € N. Obviously, G is computable and C;(p) = lim {0,131 G(p). The second
reduction follows since ¢ is continuous and thus lim,, o t(pn) = t(lim,— o0 pn) whenever (py,)nen
is a convergent sequence in {0, 1}N and hence lim, o0 pp = ¢~ limy, oo t(pn)- O

In general one cannot expect that the limit map is Zg—complete; for instance for the one point
space it is even computable (for the two point space {0, 1} it is neither E?fcomputable nor ng
complete; the latter follows from the Invariance Theorem 8.3). Analogously to Proposition 3.10
we can now formulate a result on pointwise convergence. We omit the almost identical proof.

Proposition 9.2 (Pointwise convergence) Let X,Y be computable metric spaces and k > 1.
The following operation is computable:

lim :C ZR(X — V) = B (X = Y), (fa)new = lim fo,

defined for all sequences (fp)nen of EQfmeasumble functions f, : X — Y which are pointwise
convergent.

The reader should notice that we have not considered sequences of multi-valued opera-
tions as in Proposition 3.10 since the composition of a 39-computable function with a 227
computable multi-valued operation is not necessarily 22 41-computable. We directly formulate
a non-uniform corollary.

Corollary 9.3 Let X,Y be computable metric spaces and k > 1. If (fn)nen s a computable and
pointwise convergent sequence of Eg—computable functions f, : X —'Y, then the limit function
f: X —>Yis 22+1fcomputable.

We demonstrate that the presented methods can easily be employed to classify the complexity
of certain operators (the following result has essentially been proved directly by von Stein [22]).

Proposition 9.4 (Differentiation) Let C1)[0,1] be the computable metric subspace of C[0, 1]
which contains the continuously differentiable functions f : [0,1] — R. The operator of differen-
tiation

d:cW0,1] —C[0,1], f — f’

is 9-complete.
Proof. It is known that d is a linear closed an unbounded operator and it is easy to see that

d is computable on the dense sequence of rational polynomials. Hence, C1 <. d follows easily by
applying Theorem 7.8. On the other hand, we obtain

fo) — tim T Q=2 — o 227

n—0o0 2—n
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for all f € C1[0,1] and z € [0,1]. Thus, d can be obtained as a limit of a pointwise convergent
sequence of 3Y-computable functions and is therefore $9-computable. O

By the Invariance Theorem 8.3 the previous proposition implies the well-known result that
there exists a computable function which has a continuous but non-computable derivative. Under
certain assumptions we can even prove a certain inverse statement of Proposition 9.2.

Theorem 9.5 (Limit normal form) Let X andY be computable metric spaces and let k > 1.
There is a computable operation A : ) (X —Y) =3 Z)(X = YY) such that limoL = f for
all f e B0, (X =Y) and L € A(f).

Proof. Let f € Egﬂ(X — Y) be given. Then by the Representation Theorem 6.1 we can
effectively find some realizer F € X9 (D — NN) of f with D := dom(dy) and by the effective

Completeness Theorem, i.e. Corollary 5.8, we can effectively find some computable functions
A, B :C NN — NN with F(p) = Ao Cy, 0 B(p) for all p € D and

dom(A) = {(p,q) : (vn) (((Fm) (p(n,m) = 1)) or ((3m)(q(n,m) = 1))) }.

Note that the function A roughly corresponds to the function A from the proof of Theorem 5.5
but it here it has been computably extended to a slightly larger domain. Now we obtain
Cy = Cy o Fi,_; by the Factorization Lemma 5.9. Moreover, we can write C = limyy G with
the computable function G : N¥ — ({0, 1}M)N which is defined by G(p) = (G (p))men Where

0 ifn <m and (Ik < m)p(n,k) #0
1 else

Gn)) = {

for any p € NN and m € N (similarly as in Proposition 9.2). The definition of G' guarantees
that (gm)men € range(G) implies g, (n) = 1 for almost all n € N and thus ¢, € dom(A) for all
m € N. This implies

F(p) = AoCyoFj_10B(p) = AolimyoG o Fy_1 0 B(p) = limyw 0oAY 0 G o Fy_; o B(p)

for all p € D. Since Fj_1 is ngcomputable, it follows that we can effectively determine
H:= AVoGoF,_10B € x)(D = (NY)N). Now one can show that there is a computable
function R :C (NY)N — NN such that §y o limyw = limy 03° o R. Using this function we obtain

fox = 0y F = 0y limyn oH = limy 063° o Ro H.

In case k = 1 we can by Lemma 6.3 replace dx by ox without loss of generality and thus we
obtain a E[l)fmeasurable operation L := P c RoHoAx : X = YN such that f=limyoL. In
case k > 1 we apply Proposition 6.4 and we effectively obtain a ngcomputable s: X — NN
such that dx o s(z) =2 and L :=§° o Ro Hos € 9(X — Y) with f = limy oL. O

As the proof shows, we can even obtain a single-valued L in case of & > 1. This does not hold
true in case of k = 1 in general as the space Y = {0,1} shows (a X9—computable characteristic
function cannot be obtained as the limit of continuous functions with binary image in general).
In fact, the previous observation leads to a an effective version of the Banach-Hausdorff-Lebesgue
Theorem (which follows from Proposition 3.8 using evaluation and sequencing).
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Corollary 9.6 (Effective Banach-Hausdorff-Lebesgue Theorem) Let X and Y be com-
putable metric spaces and let k > 2. Then for any Egﬂ —computable function f: X — Y there
is a computable sequence (fn)nen of ngcomputable functions such that f = limy, oo frn. For
X = NN this holds true in case k =1 as well.

It is known that in case Y = IR at least the classical result can be extended to the case k =1
as well [11].

10 Conclusions

We have presented a number of results which allow to connect computable analysis to effective
descriptive set theory. Since we are primarily interested in the finite levels of the Borel hierarchy,
we have not studied any ordinal extensions of the presented results so far. However, in some
cases it should be possible to extend the results in this direction.
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