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In this paper we present a family of ordinal functions ¥, (v < w), which seems
to provide the so far simplest method for denoting large constructive ordinals.
These functions are a simplified version of the 6-functions, but nevertheless have
the same strength as those. This will be shown at the end of the paper (Theorem
3.7) by using proof-theoretic results from [1], [2], [S]. — In Section 1 we define
the functions 1, and prove their main properties. In Section 2 we define a
primitive recursive notation system (OT, <) based on the functions ,. This
system has the great advantage that its ordering relation < is very simple and can
be defined without reference to sets of coefficients or any similar concept. OT is
introduced as a subset of a larger set T of terms, which plays an important role in
Section 3. There we show that the statement PRWO(y,€2,), which says that
there exist no primitive recursive infinite descending sequences in ({x € OT:
x <yoQ,}, <), is not provable in IT}-CA,. This result is essentially used in
Simpson [6] to establish the unprovability of a certain theorem of finite
combinatorics. The proof of IT}-CA, ¥ PRWO(y,,,) is based on the following
results from [1]:

ID, ¥Vn 3k ci(k) =0 (v<ow)

where cj(k)e T, for all n, k eN; and every sequence (c}(k))ien is primitive
recursive.

In Section 3 we will prove c¢(k)e OT and (cy(k)# 0> ci(k + 1) <cy(k)).
Since for all v < @ we have c}(k) < 9,9, it follows that PRWO(y,£2,) implies
Vv <w Vn 3k c(k) =0. Since this can be proved in Peano Arithmetic and since
II}-CA, is conservative over |, ID, with respect to arithmetic sentences, we
obtain now IT{-CA, ¥ PRWO(yo2,,).

For readers unfamiliar with ordinal notations we give a short description of the
basic ideas in the construction of Feferman’s 6-functions and then indicate how
our y-functions are related to this construction. The functions 6,:On— On
(a € On) constitute a hierarchy of normal functions extending the usual Veblen
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196 W. Buchholz

hierarchy (@4 )ae<r;- Usually one writes 6« instead of 8,(8) and considers 6 as a
binary function. The ordinals 6af are defined by transfinite recursion on « in
such a way that— intuitively spoken—as many ordinals as possible become
denotable in terms of the constants 0, X;, ..., R, and the function symbols +
and 6. Suppose that 6&n has been defined for all £ <a, 7 € On. Then for each
B € On we consider the set C(a, B) of all ordinals y which can be generated from
ordinals <f and the constants 0, X;, ..., X, by successive application of the
functions + and 6 | {§:§<a} XOn. An ordinal B is called a-critical iff
B ¢ C(a, B), and 8,:0n— On is introduced as the ordering function of the class
of all a-critical ordinals. After O«f has been defined for all «, 8 €On let
6(w + 1) denote the set of all ordinals representable in terms of 0, Xy, ..., X,,
+, 6. Surprisingly it turned out that the following subset 8*(w + 1) of 6(w + 1)
has essentially the same ordertype as 6(w + 1):

Inductive definition of 6*(w + 1)
(i) Oe 6*(w +1).
(ii) §, neb*(w+1)>E+n€eb*(w+1).
(iii) e e 0*(w+1) &v<w>0aR, € 6*(w +1).

So by using only the functions a+— 0aR, (v=0,1,..., o) instead of (o, B)—
6af one obtains a system of ordinal notations which has almost the same strength
as the full system 6(w + 1). This suggests to define directly a family of ordinal
functions y, (v < w) corresponding to o faR, (v < w) such that the system of
all ordinals representable in terms of 0, +, v, ..., ¥, will be isomorphic to
6*(w + 1). So we are led to the following definition of ¥, «:

Y,a:=min{y:y ¢ G,(a)},

where C,(«) denotes the set of all ordinals which can be generated from ordinals
<R, by the functions + (addition) and ¢, | {§:§ < &} (v < w).

1. The functions y}, (v < o)

Preliminaries. We are working in ZFC. The letters a, B, v, 6, &, n, £ always
denote ordinals. ‘On’ denotes the class of all ordinals and ‘Lim’ the class of all
limit ordinals. Each ordinal « is identified with the set of its predecessors so that
a={xeOn:x<a}and a<f & aepP. As usual «— R, enumerates the class of
all infinite cardinals. We define

1 ifE=0,
9'3"{&,;, if £>0.

We denote by P the class of all additive principal numbers, i.e.,

P={aeOn:0<a AV n<a(E+nea))={w*:EeOn}.
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Definition of P(a). (1) P(0):=9.

(2) For a >0 there are uniquely determined ay, . ..., &, € P with a =a, +
-+ a,and o, <---<ap; we set P(a):={ap, ..., @,}.
Definition. For ay,...,a, € P we set ao# - #a,:=ay0t + Uz
where 7 is a permutation of (0, . .., n) with a,¢) ="+ = @y ().

1.1. Proposition. (a) a ¢ PSS P(a) c .
(b) yeP>(Pecyoa<y).
(c) P(B) < P(a+B) < P(a) U P(B).
(d) ;€ P, forall &£ €On.

Definition of sets of ordinals C,(«) and ordinals y,a (v < w)
The definition proceeds by transfinite recursion on « simultaneously for all

v < w. Suppose that C,(§) and ¢, & are defined for all §< o, v < w.
Then we set

G@:=U Cie),  poai=min(y:y ¢ C(a)),

where Cj(a) is defined by induction on n as follows
Cia):=9Q,,
Co (@) :=C(a) U {y:P(y) = Ci@)}
U{v.E:EeanCia)AEeClE) Ausw).

Remark. The condition “£ € C,(£)” in the definition of C?*'(«) is included since
it makes the important properties of the functions y, easier to prove. But it can
be shown that by omitting this condition one does not change the sets C,(«).
Hence C,(«) can be characterized as the least set X with:

(C1) &, <X,

(C2) VE, ne X (§+neX),

(C3) VEeXNaVusow (y.§eX).

In the following the letters u, v, w shall always denote ordinals <w.

1.2. Lemma. (a) y,0=Q,.
(b) y,aeP.
(C) stu'va<9u+1-
(d) a<B=>GC(a)c G(B) and ypa<y,p.
() ye G(@) = P(y) c G(a).
) &EneCG(a)>E+neCG(a).
(8 E+neC(a)>neC(a)
(h) ap<aand Vi (ap<é<a>§¢C(x))=> G (ag) =C(a).
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Proof. (a) By induction on n we get C;(0) = Q,.

(b) Assume y,a ¢ P. Then P(y,a)cy,acC,(«) and thus y,a € C, ().
Contradiction.

(c) From &, = G, («) it follows that €, <y,a. Obviously the cardinality of
C,(a@) is less than Q,,,. Hence there exists y<£,,, with y¢ C,(«) and
therefore y,a < Q, ;.

(d) Trivial.

(e) Using the fact that y,5 € P one proves Vye Ci(a) (P(y) < Ci(a)) by
induction on n. On the other side, if P(y) c G, («), then P(y) < Cj(«) for some
n € N (since P(y) is finite and Ci(a) c Ci*'(«)) and thus y € C?*!(a) < C, ().

(f) From &, n e G,(a) we obtain P(§+n)c P(§)UP(n)<c G (a) and then
E+neCa)

(g) From §+neC,(«) we obtain P(n)c P(§+7n)cC,(a) and then ne
G (a).

(h) Suppose ay<a and V& (ap<&<a— £ ¢ C,(ap)). Then we get C,(ao) =
C,(a) by 1.2(d), and Vy (y € Cy(a)— y € G,(ay)) by induction on n.

1.3. Lemma. a<Band a € C,(a@)> Y, a <y,p.

Proof. From the premise we conclude y,o <vy,f and y,a e C,(8). Hence

Y, <y, B, since ¥,B ¢ G, (B).

1.4. Lemma. (a) y=v,§ and E;€ C, (&) fori=0, 1> uo=u,, §,=§;.
(b) yeG(a)and Q,<yeP>3u §(y=y.§and § e a NG, (@) N C,(E)).
(© L=<y beC(a)and §eC(5)>EeaNCla).

Proof. (a) follows immediately from 1.2(c) and 1.3.

(b) We have P(y)={y} and ye C:*'(a)\Ci(a) for some neN. Hence
y =y, with § e a N Cy(a) and & € C,(&).

(c) Let y:=,5. By (b) we obtain y =y, with { € a N C, (@) N C,(§). Now
by (a) it follows that w=u and £ = { € a N C,(«)

1.5. Lemma. C,(¢)N Q, ., =y, .

Proof. y,a = C,(a) N £, ., holds by definition and 1.2(c).

Now let v € G, (@) N £, ,,. We have to show that y < y,a.

1. y<$,: Then y < y,a holds by 1.2(c).

2. yeP: Then y = y,§ with £ < and § € C, (&) (1.4(b)).
By 1.2(c) we have u<v. If u<wv, then y<Q,,, <, <y,a If u=v, then
Y=¢,§<y,abyl3.

3. Q,<y¢P: Then yy:=maxP(y)eC,(a)NLQ,,,, and by 2. we obtain
Yo < ¥, a. Hence y < y,a, since y,a € P.



A new system of proof-theoretic ordinal functions 199

1.6. Lemma

_[min{yeP:yp,a<y}, ifae(C/(a),
@ yuo(a+1)= {wvaf, otherwise.

(b) eLim = y,a =sup{y,§:E<aand E € C,(§)}.

Proof. (a) 1. aeG(@): by 1.2(b) and 1.3 we have y,a<y,(a+1)eP.
Suppose Y, <y<y,(a+1) and y € P. Then by 1.4(b) we have y =y, E with
E§<a and £ e C,(&). From y,a<y,E<y,(a+1) we get u=v. From yp,a <
¥, & and § € G,(§) it follows by 1.3 that a <&. Hence a =& and y = y,a.

2. If ¢ G,(a), then G, (a) = C,(a + 1) by 1.2(h).

(b) By 1.3 we have y,& < y,a for all £ <« with £ € G,(§). Suppose now that
Y,0sy<y,a, and let y,:=max P(y). Then Q,<y,eC,(«) and therefore
Yo= ¥, & with §<a and & € G,(). Since 1 =190 and 0€ C(0) = C,(§ + 1), we
obtain § + 1€ G,(§ +1). By 1.3 we also have yo,= y,& <y, (& + 1) and therefore
Y<v,(§+1).

1.7. Lemma. (a) a < &> a € Gy(a) and Yoo = 0
(b) a<ég 4, V0D ae G (a) and p,a = 0>,

Proof. By transfinite induction on a: We set

€0, for v=0, a, forv=0,
e(v):= a*y:=
€g,+1, forv>0, Q +a, forv>0.

1. We have 0 € G,(0) and y,0= Q, = 0™,

2. Suppose o€ C,(a) and yY,a=w*"’. Then also a+1eC,(a+1) and
Y (@ +1)= 0** = 0@+ by 1.6(a).

3. Suppose @ee(v)NLim and VE<a (§EeC (&) A yY,E=w*"). Then by
1.6(b) we obtain y,a =sup{w*V:E<a}=w*"’. It remains to prove that
@ € C,(a). For a < Q, this is trivial. For o = Q, we have o = 9,0>0 and thus
@€ C,(a), since 0e C,(0)c G, (a). For Q, <a<e(v) we have P(a)c o« and
therefore by I.H. (induction hypothesis) & € C,(§) = G, () for all § € P(«). This
yields « € G, ().

1.8. Lemma. (a) G, (@) c eg, +1- (b) eg +1<a>C(eg,+1) = G ().

Proof. (a) Using 1.7(b) and 1.2(c) one proves Cy(a) < €g,+1 by induction on n.
(b) follows from (a) and 1.2(h).

Definition of G,y. For every y € Cy(eq,+1) we define a finite set G,y = On in
such a way that, for each o, y € C,(a)& G,y c a. These sets will be used in
Section 2 to define the set OT of ordinal notations. The definition of G,y
proceeds by induction on min{n e N:y € C5(€q, +1)}: ’

1) yeP: Gy:=U{G.E:EeP(y)}.
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{§}UG.E, ifusw,
0, ifv<u,

(2) y=v.& with £ e G,(&): Gu§:={

1.9. Lemma. If y € C(eq, +1), then y € C,(a) holds if, and only if, G,y c a.

Proof. By induction on min{n e N:y € Cj(eq,+1)}:
1. y¢ P: By LLH. we have § e C,(a)© G,E c «, for every § € P(y). Hence
P(y)c C.(a)© G,y c a. By 1.2(e) we have y € C,(«) & P(y) = C,(«).
2. y=1y,§ with §e G,(8):
2.1. u<v: Then by I.LH. we have §eC,(a)&G,Eca, and by 1.4(c),
ye C(a)o & e an C,a). From this we obtain y € C, (o) {§} UG£ < . But
2.2. v <u: In this case we have y e Q, c C,(«) and G,y = 0.

2. The notation system (OT, <)
In this section we introduce a primitive recursive set OT of formal terms
together with a primitive recursive ordering on OT such that (OT, <) is

isomorphic to (Co(eg, +1), <).
Let Dy, D, ..., D, be a sequence of formal symbols.

Inductive definition of a set T of terms

(T1) OeT.
(T2) If ae T and v < w, then D,a € T; we call D,a a principal term.
(T3) If ay, . . ., a; € T are principal terms and k =1, then (a, ..., a:) € T.

In the following the letters a, b, c, d will always denote elements of 7.
For principal terms a we set: (a) :=a.

Inductive definition of a<b fora,beT
(<1) b#0=>>0<0b.
(<2) u<vor(u=vand a<b)=>D,a<D,b.
(<3) Leta=(aq,...,a,), b=(by, ..., bn,), 1<m+n. Then a<b iff one of
the following two cases holds:
(i) n<mand a;=b;fori<n.
(ii) 3k < min{n, m}(a, < b, and a; = b, for i <k).

2.1. Lemma. < is a linear ordering on T.

Proof. Straightforward.
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Abbreviations. LetaeTand M, M'cT:
M<M & VxeM3IyeM' (xxy),
M<a & VxeM(x<a),
as<M & 3IxeM(axx)

Inductive definition of G,ac T foraeT
(G1) G,0:=4.
(G2) G.(ag, - -.,a):=G,ayVU---UG,ay.

({b}UG,b, ifu<u,
(G3) G.D,b:= {ﬂ, if v<u.

Inductive definition of the subset OT of T

(OT1) 0eOT.

(OT2) If ay, . .., a, € OT (k=1) are principal terms with a, <- - - <a,, then
(ao, ..., a,)eOT.

(OT3) If b € OT with G,b <b, then D,b € OT.

The elements of OT are called ordinal terms.
Proposition. a € OT = G,a < OT.

Inductive definition of an ordinal o(a) foraeT
(0.1) 0(0):=0.
(0.2) o((ag, - - ., a)):=0(ag) # - - - # o(ay) (k=1).
(0.3) o(D,b):=y,0(b).

2.2. Lemma. For a, c € OT we have:
(a) o(a) € Go(egq,+1),
(b) G,o(a)={o(x):x € G,a},
(c) a<c>o(a)<o(c).

Proof. By induction on the length of a, simultaneously for (a), (b), (c): Let
E:=€Eq +1.
1. a =0: trivial.
2. a=D,b: Then G,b <b and b € OT.
(a) By I.LH. we have o(b) € Gy(¢) and G,o0(b) = {o(x):x € G,b} c o(b). From
this we obtain o(b) € e N C,(0(b)) by 1.8, 1.9 and then o(a) = y,0(b) € Gy(¢).
(b) Since o(b) € C,(0o(b)), we have
{o(b)} UG,0(b), ifu<uv,
9, if v<u.

G,o(a)= {

by I.H. we have G,o(b) ={o(x):x € G,b}. Hence G,0(a) = {o(x):x € G,a}.
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(c) We make a subsidiary induction on the length of c:
(i) c=D, dwithv<u: 0(a)<Q,,;< 2, <y,0(d)=o0(c).
(ii)) c=D,d with b<d: By the I.LH. we get o(b)<o(d) and, as shown
above, o(b) € C,(o(b)). This yields y,0(b) < y,0(d).
(iii) c=(co, ..., Cn) With m =1 and a <c¢y: By the subsidiary I.H. we get
o(a) < o(co) and thus o(a) <o(ce) # o(c;) < o(c).
3.a=(ay,...,a,)withn=1anda,<---=<ag
(a) By I.LH. we have P(o(a))={o(ap), -, 0(a,)} = C(e) and therefore
o(a) € Cy(e).
(b) By L.H. we have G,0(a;) = {o(x):x € G,(a;)} fori=0, ..., n. Hence

Cuo(a) = L:JO G,0(a) = {o(x) X € .Qo G“a,-} ={o(x):x € G,a}.

(c) Letc=(cg, ..., Cm) Withm=0.
(1) n<m and a;=c; fori<n: o(a) =o(co)# - - - #0(c,) <o(c).
(ii) k <min{n, m} with a, <c, and a,=c; for i<k: By I.LH. we have
o(a,)<---<o(a)<o(ck) and thus o(a,) #---#o(a,) <o(c)<o(c)#
-+ #o(c,). Hence

o(@)=o(co)) #---#o(ck-1)#ola) # - #o(a,) <o(c).

2.3. Lemma. (a) Cy(eg, +1) = {0o(x):x e OT}

(b) For every ae OT with a<D,\0 holds: o(a)=the ordertype of ({x€
OT:x <a}, <).

() Yoeq,+1 = the ordertype of ({x € OT :x < D,0}, <).

Proof. Let e:=¢€g ;.

(a) By induction on n we prove: « € Cj(¢) > 3a € OT (a = o(a)). (Together
with 2.2(a) this yields Gy(¢) = {o(x):x € OT}.) for n =0 the assertion is trivial.
Let a € C3*'(e)\ C§(¢).

1. a=ap+---+a,withay, ..., o, € Ci(e) and o, < - - < ay: By I.H. there
are ag, ..., a, € OT with o(a;))=a; (i=0, ..., k). By 2.1 and 2.2(c) we obtain
a,<---<agand thusa:=(ag, ..., a,) € OT. Now o(a)=o(ap) #--- # o(a;) =
a

2. a=y,E with & € C§(e) N C,(&): By I.H. there exists b € OT with o(b) = &.
By 2.2(b) and 1.9 we obtain {o(x):x € G,b} = G,E = £ = o(b). Hence G,b <b by
2.1 and 2.2(c). It follows that D,b € OT and o(D,b) = a.

(b), (c) By (a) and 2.2(c) the system ({x € OT:x <a}, <) is isomorphic to
(Co(e) No(a), <), for each ae OT. By 1.5 we have Cy(e) No(D,0) = Cy(e) N
Q, = yoe. This yields part (c). For a < D;0 we have o(a) € Cy(€) N 2, = yye and
thus Gy(¢) No(a) = o(a).
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3. Unprovability of PRWO(y,£2,) in IT}-CA,

Let a<vyoeq, 1. By PRWO(a) we denote the statement that there are no
primitive recursive infinite descending sequences in ({x € OT:o(x) < a}, <).
Using a result from [1] we will prove the following theorem.

3.1. Theorem. ID, ¥ PRWO(yo€q +1) (0<v<w).

Since YoEg,+1< Yo, for all v<w, and since IT}-CA, proves the same
arithmetic sentences as (U, -, ID,, we get from 3.1:

Corollary. IT}-CAy ¥ PRWO(y,Q,,).

Remark. In Pohlers [S] it was shown that TI(v), i.e. the principle of transfinite
induction up to 6eg .40, is not provable in ID,, Theorem 3.1 improves this result
(for v < w) in so far as PRWO(y€g, 4;) is a IT3-sentence while the complexity of
TI(v) is IT{. Moreover PRWO(y,£q, ;) is a consequence of TI(v).

We repeat now some definitions from [1]. As before the letters a, b, c, d shall
always denote elements of T.

Definition of a+band a -n
a+0:=0+a:=aq,
(ao, I ,a,,)+(b0, P ,bm):=(a0, ..., a,, bo, e ,bm),
a-0:=0, a-(n+1l):=a-n+a.
Proposition. (a +b)+c=a+ (b +c¢).
Definition of T, forv=w
T,:={0} U {(D,a9,...,D,a,):n=0,0a9,...,8,€T, u,,...,u,<v}.
Remark. TyvgTh g - €T,=T,and I, = {x e T:x <D, ,,0} for u < w.

Abbreviation. 1:= D.
We idenitfy N with the subset {0,1,1+1,1+1+1,...} of OTNT,.

Definition of dom(a) and a{z] for a € T, z € dom(a)
([ ].0) dom(0):=@.
([ ]-1) dom(1):={0}; 1{0]:=0.
([ ]2) dom(Du+10) = T;:; (Du+10)[Z] =2,
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([ ].3) dom(D,,0):=N; (D,0)[n]:=D,,0.
([ 1-4) Leta=D,b with b #0:
(i) dom(d) = {0}: dom(a):=N: a[n]:=(D,b[0] - (n + 1).
(i) dom(b) =T, with v<u <w: dom(a):=N; a[n]:=D,b[D,b[1]].
(iii) dom(b) € {N} U {T,,:u <v}: dom(a):=dom(b); a[z]:=D,b[z].
([ 1.5) a=(ao, . .., a)(k=1): dom(a):=dom(ay);
alz]:=(aq, - - ., ar_1) + ax[z].

Definition. 0[n]:=0,
a[n]:=al0], if dom(a) = {0}.

3.2. Lemma. (a) z € dom(a) > afz]<a.

(b) z,z' edom(a) =T, and z <z' > a[z] <a[z'].

(c) 0#aeT,>dom(a) e {{0}, N}U{T,:u<v}, and a[z]eT, for all z €
dom(a).

Proof. Straightforward by induction on the length of a.

3.3. Lemma. a, z € OT and z € dom(a) > a[z] € OT.
Before we are going to prove this lemma we want to give the

Proof of Theorem 3.1. Let 0<v=<w,

n
¢y:=DyD, - - - D,0, cwk):=cy[1][2] - - - [k].
In [1, Corollary 4.0] we have shown:
(1) ID,¥Vn3kcy(k)=0.

One easily proves that ¢, € OT N Ty; this can be done in PA (Peano Arithmetic).
Since the proofs of 3.2 and 3.3 can also be formalized in PA, we obtain:

(2)  PAFVnVk (c'(k) € OT  (c(k) # 0—> c"(k + 1) < c"(k))).

Obviously the sequences (c7(k))ren are primitive recursive, and by 1.3, 1.7 we
have o(c}) < Yo€g,+1. Together with (2) this yields:

(3) PAFPRWO(yoeq, +1)— Vn Ik ciy(k) =0.
From (1) and (3) we obtain Theorem 3.1.

For the proof of 3.3 we need the following definitions and lemmata.



A new system of proof-theoretic ordinal functions 205

Definition.

G :=G,a U {0}

b<,a:b<a and VuVc(b<c<a=>G,b=<G,cUG%).
34. Lemma. b <,a, G,a<a, G,z<b=>G,b<b.

Proof. We have G,b <G,aUG% <a.

Assumption: b < G,b. Then there exists a subterm d of b with minimal length
such that b < G,d <a. By the minimality of d we have d = D,c with G,c <b <
¢ <a. Using b <, a and G,z <b we obtain G,b < G,c U G2z <b. Contradiction.

3.5. Lemma. by<,b>a+by<,a+band D,by<, D,b.

Proof. 1. Suppose a + by<c=<a+b. Then ¢ =a + ¢, with by <co<b. Hence
G.(a+by)=G,aUG,by<G,aUG,coUG% =G,cUG%.

2. Suppose D,b, <c=<D,b. Then ¢ =(D,co) + ¢, with by<co=<b. Using the
premise by <, b we obtain G,bo=< G,coU G%z. Now, for v =u, we have

G“(Dvbo) = {bo} U Gubo < {Co} U GuCO U ng [ Guc U ng
If v <u, then G,(D,b,) =0.

3.6. Lemma. a € T and z € dom(a)>a[z] <, a

Proof. By induction on the length of a:

By 3.2 we have a[z] < a. — Suppose a[z] <c <a. We have to prove G,a[z] <
G,cUGY%.

1. a=1o0ra=D,.0: trivial.

2. a=D,0:G,a[z] = G,D,,,0 c {0}.

3. a=D,b with dom(b)={0}: Then a[z]=(D,b[0]) - (z+1) and G,a[z]=
G.D,b[0]. By I.H. and 3.5 we get D,b[0] <o, D,b =a. We also have D,b[0] <
¢ <a and therefore G,D,b[0] <G,c U {0}.

4. a=D,b and dom(b)=T, and v<w<w: Then a[z]=D,b[x] with x:=
D, b[1]. Suppose u <wv, since otherwise G,a[z] =9. From a[z] <c <a it follows
that ¢ = (D,co) +¢; with b[x]<co=<b. By I.LH. we have b[x] <, b, b[1] <, b.
Since b[1] < b[x] <co<b, we obtain

G.a[z] = {bx]} U G,b[x] < {co} U G.co U Gix
= {co} U G,coU {b[1]} U GW[1] < {co} U G,co UG c G,c UGY.

5. a=D,b and dom(b) e {N}U{T,:w<wv}: By LLH. we get b[z] <,b and
then a[z] = D,b[z] <, D,b =a by 3.5.

6. a=(ag,...,a) (k=1): By LLH. we get a;[z] <,a, and then a[z]=
@o, - - -, ar—y) +ar[2] <, (ag, . .., ax_1) +ar=a by 3.5.
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Proof of Lemma 3.3. By induction on the length of a:

1. a=(ap,...,a,)€OT: Then ay, ..., a, € OT and a;[z] <a, <---<a,. By
I.LH. we have a,[z] € OT. Hence a[z] = (ay, - . . , ax-1) + a,[z] € OT.

2. a=D,beOT: Then b € OT and G,b <b.

2.1 dom(b) = {0}: By I.H. and 3.6 we obtain b[0] € OT and b[0] <, b. From
b[0] <o b and G,b < b we get G,b[0] < b[0] by 3.4. Hence a[z] = (D,b[0]) - (z +
1) e OT.

2.2. dom(b) =T, with v<u <w: We have to show D,b[x]e OT, where
x:=D,b[1). — By I.H. we have b[1] € OT and (x €e OT > b[x] € OT). By 3.6 we
have b[1] <, b. From this together with G,b<b and G,1<b[1] we obtain
G,b[1] <b[1] by 3.4. Since v <u, G,b[1] < G,b[1]. Hence x = D,b[1] € OT, and
therefore also b[x] € OT. It remains to show that G,b[x] < b[x]. But this follows
immediately from b[x] <, b (3.6), G,b <b, G,x = {b[1]} UG,b[1] <b[1] < b[x]
by 3.4.

2.3. dom(b) e {N} U {T,:u<v}: By I.LH. and 3.6 we have b[z] € OT and
b[z] <. b. Since zedom(b) e (N} U{T,:u<v}, we have G,z <b[z]. By 3.4
from b[z]<,b, G,b<b, G,z<b[z] we get G,b[z]<b[z]. Hence a[z]=
D,b[z] € OT.

Finally we want to show that the y-functions have essentially the same strength
as the O-functions.

3.7. Theorem. feg 0= Yoeq +1 (0<Vv=<w)

Proof. By [2] and [5] we have 8¢q ,,0=|ID,|. The proof of feg ,,0=<|ID,|
given in [2] can easily be adapted to the y-functions; so we get Y€, +; <|ID, |,
and its remains to prove |ID,|< Yoegq 41

In the appendix of [1] we have proved: .

—
|ID, | = sup{rk(c¥):k e N}, where cX=D,D, --- D,0, 6))

and rk(a) = sup{rk(a[n]) + 1:n € dom(a)}, for all a € T.
By 3.2 and 3.3 we have:

0#aeO0OTNTy, > a[n]<aanda[n]eOTNT,. )
From (2) and 2.2(c) we obtain by transfinite induction on a:

rk(a) <o(a), forallae OTNT,. 3)
From 1.2(d), 1.6(b), 1.7(b) we obtain:

YoEq,+1 =sup{o(cy):k e N}. 4
As already mentioned in the proof of 3.1 we have:

ke OTNT,. %)

Now from (1), (3), (4), (5) it follows that |ID,| < yoeq +1.
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Remark. The functions ¢, (v <) were first defined in an unpublished manu-

script (1981) by the author. Later on this approach was extended by Jéger [4] and
Schiitte [3].
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