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Introduction

We consider recursion equations (x) FX = t(F, X) where X ranges over streams (i.e., elements of S := N —
N), F'is of type stream — stream, and the term ¢ is build up from F', X and previously introduced function
symbols. The question is whether such an equation has a (total) solution. It is wellknown and explicated at
many places in the literature (e.g. [2], [4], [6], [7]) that under certain conditions a (unique) solution for (x)
is provided by Banach’s Fixed Point Theorem. There is a canonical way to endow the space S — S with a
complete (ultra)metric d. So, if the operator @ : (S — S) — (S — S) is contracting w.r.t. d then according
to Banach’s FPT, ® has a unique fixed point F, i.e. (x) has a unique solution F. In the present paper we
establish certain syntactic criteria for ¢(F, X)) which guarantee that ® is contracting, but on the other side

are sufficiently liberal to cover a rather large variaty of equations.

In §1 we present some prerequisites on ultrametric spaces. As shown in [7], the notion of an ultrametric space
is in a strong sense equivalent to that of a set X endowed with a separating family (=);en of equivalence

relations (cf. also [2] and [4]). The latter will be called a U-space here.

In §2 we introduce sets T7 of typed terms. A type 7 is either a ground type or a function type aﬁp where
© is a modulus (i.e. a weakly increasing function from N into N). To each basic type ¢ we assign a complete
U-space U*, and then extend this to all types by setting u=r = yrbur = {f elU=UP : Va,a’ €
U%(a =y o' = fa = fa')} and f =~ f' & Ya € U(fa ~; f'a). Terms are generated from typed
variables and constants by application, (suitably restricted) A-abstraction, and fixed point formation: t €
T & FV(t)=0 = Yt € T". For each term ¢t € T" and variable assignment § an interpretation [t] € U™
is defined in the canonical way, especially, [Y¢t] is taken to be the unique fixed point of [¢]. This makes
sense, since U7 is a complete metric space and UTE’T is the set of contracting mappings f : U™ — U". The
only critical point in the definition of [t]¢ is the case ¢t = Ay?.r € T“". There one defines [t]e to be the
mapping a — [r]es from U7 into U™ (as expected), and has to prove that this mapping actually is in U=,
The formation of terms A\y.r € TooT

this holds.

is restricted just in such a way (by a side condition “my(r) < ¢”) that

In the second part of §2 we define for each term t a sequence of approzimating terms ¢(") (n € N) which
are Y-free (i.e., contain no occurrences of Y). Roughly speaking, (") is obtained from ¢ by replacing every
subterm Ys by s(...(s(s07))...). By recursion on the build up of ¢ one can find a modulus ¢, (primitive

recursive in the moduli “occurring” in t) such that Vivn > ¢, (1)([t]e ~ [t ]¢).

In §3 we concentrate on a special system TREE = (T7), where the only ground types are nat, tree (with

Ut .= N, Yt := N<¢ — N), and the only constants are 0™ : nat, 0" : tree, tl : tree >nat-Stree,



hd : tree-Snat, cons : nati(natitree)gtree, and symbols for primitive recursive functions. Using the
approximating sequences (t(™),cy we show that for every term t(z'®) € T"®® the functional (a,v) —

[t(a)](v) is primitive recursive.

In §4 we introduce an especially nice subsystem m = ('T'T)T simple Of TREE which has the advantage that
one can rather easily decide whether a given term belongs to it or not. On the other side the system is

comprehensive enough to cover most of the examples occurring in “practice”.

In §5 we use the results of §2 and §4 to define (a version of) Mint’s continuous cut-elimination operator R;
for w-arithmetic (cf. [5]). Actually our approach is slightly more general insofar as instead of w-arithmetic

we treat infinitary propositional logic where formulas may have transfinite (even non-wellfounded) rank.

§1 Prerequisites

In a slightly different form the material of this section can be found (e.g.) in Chapter 8 of [7]. But for the

readers convenience we prefer to develop all things we need from scratch here.

Definition.
By a U-space we mean a set X together with a family (/2;);en of equivalence relations & on X such that
for all z,2’ € X the following holds

(i) o2, () zmga = zx o, ()View o) = =2

Definition.

A modulus is a weakly increasing function ¢ : N — N with ¢(0) := 0. Moduli are denoted by ¢, 1.
Abbreviation. ¢ < ¢ = VI(y(l) < o(1)).

Some special moduli:
L (0 ifl=0 40 ifl=0
0(1) =0, 1d(l) =1, &) = {l+1 otherwise’ o) =1=1:= {Zfl otherwise’

max{ep, Y }(1) := max{e(l), (1)}

Definitions. Let (X, (&;)ien) be a U-space, x € X, and (2, )nen a sequence in X.
lim, z, = ¢ & VIINVn > N(z, = x).
(Zn)nen is a Cauchy-sequence < VIANYm,n > N(x,, =) x,,).

(X, (=])ien) is complete iff for every Cauchy sequence in X there exists an € X with lim,, z,, = .

Lemma 1.1. In each U-space the following holds:

(a) limy, ©,, = z & lim, 2, =2/ = z =1

(b) lim, x, = = & Vn > no(x, = a) = x =~ a.

Proof :

(a) VIANVn > N(zy, ~; x) & VIANYR > N(x, =y 2') = ViGN (z~jay = 2') = Vi(z~2') = o=2a'.

(b) ANV > N(z, = x) & Vn > no(z, ~pa) = In(z = 2, ~pa) = =~ a.



Definition.
Let (X, (= )ien), (Y, (=] )ien) be U-spaces and f: X — Y.
f is p-continuous : < ViVx,2' € X(z %;((z) = f(z) =) f(2))).

f: X — X is contracting : < [ is ©-continuous.

Definition.

If X,Y are sets then X—Y := set of all functions f: X — Y.

If X = (X,~%), Y = (Y,~)) are U-spaces then X2Y :={f € X—Y : f is ¢-continuous };

in addition, X %Y denotes the space (X %Y, ~X~Y) with f~*"Y f 1= Vo€ X(f(z)~) f'(2)).

Remark. fe X5Y & fle X—Y &x,2' € X & f ~; [f&amyg o = f(x)~ f'(a).

Theorem 1.2. If X,Y are U-spaces (and Y is complete) then X-5Y is a (complete) U-space.

Proof of completeness:

Let (fn)nen be a Cauchy sequence in X->Y. Then (f,(z))nen is a Cauchy sequence in Y for each = € X
Let f(z) := lim, fn(x). Since (f,) is Cauchy, we have VIANVzVYm,n > N(fn(x) =; fm(z)). By Lemma
1.1b from this we get VIANVzVn > N(f(x) =~ fn(x)), i.e., VIANYR > N(f = f,). So we have lim,, f,, = f,
and it remains to prove f € X>Y. But this follows immediately from VIANYn > NVz(f(z) ~; fn(z)) and
ViVa, o' € X(x~,0) o' = fu(x) = fu(2')).

Theorem 1.3 (Banach’s Fixed-Point Theorem).
If X is a complete U-space then every f € X=X has a unique fixed point fp(f) € X, namely fp(f) = lim,, z,
where xy € X is arbitrary and zp,41 := f(zp).

Moreover we have VIVn > [(fp(f) =~ zp).

Proof :

Uniqueness: f(zx) =z & f(y)=y=>Vi(zx~y = x= f(z) =41 fy) =v)

Existence: By induction on I we get (x) Vn,m > l(xy, & ©p):

Indugtion Vi(x =y y) = z=uy.

IH = Vm,n > +1(2m-1 =) 2n—1) = Ym,n > 1+1(zm = f(@m-1) =41 [(@n-1) = 2n).

By (%), z := lim,, z,, exists, and (by Lemma 1.1b) we have ViVn > I(x ~; z,,).

From this we conclude VIVn > I(f(z) =41 f(2n) = Tpy1) and so f(z) = lim, z,, = .

Theorem 1.4.

If X is a complete U-space then the mapping

fp: (XgX) — X, f— fp(f) is id-continuous, i.e. fp € (XQX)gX.

Proof :

To prove: VIVf, [/ € XSX(f = f' = fo(f) = fp([")).

So, assume f, f' € XSX & Vz € X(f(z) = f(x)):

We have fp(f) ~ x; & fp(f') ~ 27, where Vn(2nq1 = f(2n) & 27, = f'(2],)). Further

Vn < Uy =n @), = Ty = [(@n) Rng1 f(2]) Rpg f(2),) = x,4,), and so p(f) =~ 2~ 2] ~; fp(f').



§2 A-Terms

We introduce a system of typed A-terms together with a canonic interpretation in complete U-spaces. A
special feature of our system is that every function type is decorated with some modulus ¢. This corresponds

to the formation of the function spaces X->Y in §1.

Types

1. There are certain (ground types) o, t1, ...;

2. If o, 7 are types, and ¢ is a modulus then c5Tis a type.

Abbreviations. o—T := 0-5T, 0" —>T i =0g—...—0 — T.
——

n

Atomic terms (or atoms for short) are typed variables x,y, z, ...., and typed constants c, .....
We write a : 7 to express that atom a has type 7.
Further we use z7,y", 27, (¢, resp.) to denote variables (constants, resp.) of type 7.

As usual, FV(¢) denotes the set of free variables of ¢.

Inductive Definition of term sets T’

Simultaneously we define a modulus m,(¢) for each t € T™ and each variable z.
1.2™,c"eT’;

2.1 eT T &seT” — (rs) e TT

JreTT&my(r)<ep&ky:0 = /\‘Py.TETai’T;

L teT " LFV(EH) =0 = (YT .

Definition of the moduli m,(t)

1. my(x) :=id, and my(t) =0 for x € FV(¢);

2. my(rs) := max{m(r), my(s)op} where r € T”ﬁT;

3. me(APy.r) :=mg(r) (x #vy).

Abbreviation. Ax.r := Ndz.r.

As usual we identify a-equivalent terms, and save parenthesis by writing rsj...s, for (...((rs1)s2)...sn)

(provided r, s; have types L S < R respectively).

Interpretation

We assume that to each ground type ¢ there is assigned a complete U-space U* # 0. For function types
we define (inductively) U = UL UT. Then from Theorem 1.2 it follows that every U" is a complete
U-space. We also assume that for each constant ¢” an interpretation [c”] € U7 is fixed.
An assignment is a mapping & which assigns to each variable 2™ an object £(z7) € UT.

We use £,n to denote assignments.

Definition of [t]e e U™ for t € T".
L [z]e := &), [cle := [l ;
2. [rs]e = [rlels]e s



3. [M\y?.rP]¢ := the mapping U7 > a — [[T]]g; cur.
4. [Yt]e :=fp([t]¢) (cf. Theorem 1.3).

Simultaneously with this definition one proves that indeed [t"]¢ € U7. This is obvious in all cases except in

“3. t = A\?y?.r” 7 which will be taken care of in the following theorem.

Theorem 2.1.

For t € T" the following holds:

(i) [tleeum;

(ii) Vo € FV()(&(2) Rm. @) 1(@)) = [tle =i [t]y-

Proof by induction on ¢ (simultaneously for (i) and (ii)):

(i) We only consider the case t = A?y.r; in all other cases the claim is trivial or follows immediately from
the LH. So, let t = A?y.r with r € T” & my(r) < ¢ & y : 0. Then 7 = o0%p, and by the LH. we have (i)
Va € U7 ([r]e. € UP) and (i) VIVa,b € U7 (a ~m, (@) b = [rles ~ [[r]]fi)' Hence [t]e € U7 5UP =UT.

(ii) Assume Vo € FV(2)(&(z) Rm, @) n(x)) (*).

1.1. t = 2: Then m,(t) = id and thus [t]¢ = £(x) =~ n(x) = [t],.

1.2. FV(t) = 0: trivial.

2. t=rswithre T and s € T By definition of my(rs) from (x) we get

Vo € FV(r)(&(x) ®m, (@) 1(2)) & Vo € FV(5)(£(x) Bm, (s)(p0) 1)) (4%).

From this by LH. we conclude [r]e ~; [r], & [s]e =4q) [s]y-

By LH. we also have [r]¢ € T" which together with (xx) yields [rs]e ~; [rs], .

3.t =Xy with r € T” & my(r) < ¢: Since Vz € FV(¢)(m,(r) = mg(t)), from () we get

Vz € FV(r) (&5 (%) ®m, () 1y (). Now the LH. yields Va € U7 ([r]ea =i [r]ye), 1e. [t]e =i [t]5-

In the next step for each t € T™ we define a modulus ¢, and a sequence of approximating terms ¢(™) € T™

(n € N) such that VIVn > @, (1)( [t]e = [t™]e ).

We assume that for each ground type ¢ there is a special constant 0* € T*.

For 7 = 0% p we set 07 := \¢z7.0".

Definition of t*

Lati=z,cti=c¢; 2. (rs)" :==rtst; 3. W\x.r)t = Near®; 4. (YO)T =T (Y1),
Definition of t(™)

L1 200 =2, @ :=¢; 1.2. (rs)@ := 750 1.3, (A\2.r)0 = \ez.r©; 1.4, (YH)© :=0",
2.t HD) = () (),

Lemma 2.2. (rs)® =75 and (A\¢z.r)™) = ez,

Definition of ¢,

1. @, =, :=0;
®
2. ¢, :=max{yp,, g0} wherer € T,



3. Prvy.r ‘= Prs
4. If t =Ys then ¢,(0) := 0, ¢, (I4+1) := max{p,(1)+1, ¢, ((+1)}.

Remark. Ift=Ys with ¢, <id then ¢, = id.

Theorem 2.3. t€T™ = Vivn > ¢,(1)([t]e = [t"]¢).
Proof by induction on t:

1. t atomic: trivial.

2. t=rswithre T”ﬂT:

n> @) = n>e () &n>e40) =

3.t = Ay

n> o) = n>e,0) % vallrley ~ [rlg) = [ = eyrle m eyt = (0]

[rle ~i [[7"(”)]]f & [se =y [[S(n)]]5 = [tle ~ [[t(”)]]f.

4.t =Ys with s € T™7: First note that t"+1) — ()W) = (sT1)(M) = (s1) () = 5 +1)¢(n) (),

We prove Vn > ¢, (1)([t]e =~ [t™]¢) by a subsidiary induction on I:

The case [ = 0 is trivial. Assume now that n > ¢,(I+1). Then n > 0, n—1 > ¢, (1), and n > ¢s(I+1).
Hence [t]e ~ [t V]e (by S.IH.) and [s]¢ a1 [s™]e (by LH.).

Together with [s] € U this implies [t]e = [s]e[tle ~ie1 [s1elt™ Ve g1 [s™]e[t™V]e © [t™]e.

63 The system TREE

In this section we introduce a special instance TREE of our generic system (T7), and prove that every
TREE-definable functional F : (N<* — N) — N<“ — N is primitive recursive in the modulus of its defining

term (cf. Theorem 3.4).

TREE has the ground types nat, tree and the constants 0"f, 0'®¢ hd : tree—nat, tl : tree@matﬂtree,
cons : nat%(nat%tree)gtree, I’ : nat™ — nat.

Semantics of TREE.

We assume a bijective coding N<“ — N, (ag, ..., an—1) — {ag, ..., an—1) of finite sequences of natural numbers.

We use v,V to denote natural numbers considered as codes for finite sequences. As usual we define
1h(<a0, ceny an,1>) =n, <a0, ceny an,1> * <b0, veey bm,1> = <(lo7 ceey Ay —1, bo, veey bn,1>, and (<a0, ceny an,1>)i =
if i < n then a; else 0 . We assume () = 0 and that the funcions a — lh(a), (a,b) — axb, (a,i) — (a);, and

(for each fixed n) (ag, ..., an) — (ag, ..., a,) are primitive recursive.
In consideraton of this coding, the elements of S:=N — N are called trees.

If v is a tree then «(0) is the content of its root, and a[n| := Av.a((n)*v) is its n-th immediate subtree.
The ground types and constants of TREE are interpreted as follows
Ut = (N,&P) with a ="' d & a,d eN& (1 <l=a=4d).

Utree = (S,~j"*¢) with a~l* o & a,o/ € S&V(lh(v) <l = a(v) =d'(v)).



We assume that to each constant f]' there is assigned some fixed primitive recursive function [f;'] : N — N,
so that the (universal) mapping ('f;' 1, k) — [f'](k)o...(k)n—1 is also primitive recursive.

Especially [f)] = 0 and [f3](a) = a+1.

Abbreviations. S :=f5, 0:=0"%:=f) n+l:=Sn.

The interpretation of the other constants is given by

0" :=0, [0*¢¢] := Av.0;

hd] : S — N, [hd]a := «(0) ;

t: S = N =S, ([tan) := a[n] = Av.a((n)*v) ;

cons] : N— (N—S) =S, (Jeons]af)(v) := {?fn)(z/) i Zi 81>*1/'

One easily shows that [c"] € U™ holds for each of these constants c7.

—_ = == =

What follows are preparations for the proof of the above-mentioned Theorem 3.4.

Abbreviation.

t ifn=0
Fort € T" and ry,...,7, € T" let tl,., . t:= {

tl(tly, .r,_, t)7 otherwise’

For v = (ky, ..., k,) let tl, t := they ok, T

Lemma 3.1. For each t € T"* the following holds:
(a) @y, (1) = @, (Ih(v)+1).
(b) [tle (v) = [th, t7™]e(0) for all m > ¢, (1h(v)+1).

Proof :

IH
(a) Ptot = Ptr Ptluiny (l) = P, t)g(l) = P, t) (l) = ‘Ptlyt(H'l) = Lpt(l—l—l—i—lh(l/)).

(b) For m > ¢, (Ih(v)+1) we have [t]¢ ~um)41 [(™] and thus [tl, t]e ~y [th, ™).
Hence [t]¢(v) = [tl, t]¢(0) = [tl, t™]¢(0).

Definition of ¢ >t/

t>t' if, and only if, £,# € T” and one of the following cases holds
(>1) t = (Azr)s and t =1y (s)

(>2) t=hd(consrt) and t' =7, (>3) t=tl(consrt) and t' =1,
(>4) t=hd0™® and ¢ =0""  (b5) t=1tl0"r and ¢’ = Q.

Inductive Definition of ¢ —>}3 t for t,t' € T".

Lotot = t—pt);
2. THéT/ = rs%ér’s; s%és’ = TSH};TS/;
3. r—>}5 r = \Pzx.r —% NPz,

As usual, =4 denotes the reflexive, symmetric and transitive closure of —!, and t* is called a 3-normalform

of t if t* = ¢ and t* is in B-normalform (i.e. —3¢'(¢* —>}3 ).



Theorem.
(a) Every reduction sequence tg —>}3 t —% ... terminates.

(b) Every t € T™ has a unique S-normalform nf(t) € T".

Proof: Easy extension of the corresponding proofs for the simply typed A-calculus.
Definition. nf(¢) := the S-normalform of ¢.

Definitions.

type, := {tree} U {nat”—nat : n € N},

Varg := {z7 : 0 € type,}

t is Y-free iff the constant Y does not occur in .

T3 :={teT :FV(t) CVary}, T3 :={t €T3 :t Y-free and S-normal}.

Syntactic variables:
x,y: variables of type nat;

n

x™: variables and constants of type nat™—nat;

X: variables of type tree.

Lemma 3.2.

(a) If r € TS then r has one of the following shapes:
X"r1..7, hd(tl., . X) with 71, ...,r, € TH";

(b) If t € TY®** then ¢ has one of the following shapes:

Otree natx

,consrt, thy, . X with r,r1,...,r, € T5

Proof by induction on r, ¢, resp., simultaneously for (a) and (b):
(a) Obviously 7 = x"ry...r, or 7 = hdt with rq,...,7, € TH" ¢ € TY***. In addition, ¢ # 0" and ¢ cannot

have the form cons..... Therefore, by IHb, t = tl,, ., X with 71, ...,7, € T3,

(b) Obviously t = X or t = tltgr or t = consrt with r € T3>, tg € T5***. In addition, ¢y cannot have the

form cons... . Therefore, by IHb, tg = tl., . .. X with rq,...,r, € T3,

.....

Definition.

A Varg-assignment is a mapping ( : VargxN — N.

With each Varp-assignment ¢ we associate an assignment ¢ in the original sense:
B Ay Ak C(27, (k1, ..., kp)) if 0 = nat™ — nat
C(x7) =< Aw.l(z,v) if o = tree

[0°] otherwise

Then we set [t]¢ := [tz for t € T3.

% ,__ natx treex
Ty =Ty UTy .



Definition of h: (VaraxN —N) x T; — N

n C(x", (he(r)..he(ry)))  if x™ is a variable
he(x"ry..rn) = { [x"[he(r1). .. he(rm)  otherwise ’

he(hd(tly, ., X)) := he(thy, ., X) = (X, (he(r1), -, D (rn)));
h.(0%¢) := 0;
h¢(consrt) := he(r).

Theorem 3.3.

Itle if t = nat ~
(b) The functional h is primitive recursive.

(a) If t* € T4 then he(t') = { [t]¢c(0) if v = tree

Theorem 3.4.

If t € T5* and ¢, < 1, then the functional

F, : (VargxN — N) x N — N, F(¢,v) := [t]¢(v) is primitive recursive in .

Proof :

[t]c () M2 [th, 6] (0) = [nf(tl, t)]¢(0) T2 he(nf(tl, t™)) where m := p(Ih(v)+1).

§4 The subsystem TREE ; Examples
Definition. A type 7 is called simple if all its arrows are decorated by the modulus id.

In this section we introduce an especially nice subsystem T/‘Rﬁ = ('T'T)T simple Of TREE which has the
advantage that one can rather easily decide whether a given term belongs to it or not. On the other side the
system is comprehensive enough to cover most of the examples occurring in “practice”, as indicated by the

examples below.

Definition of Cr(t)

Cr(tlt) :=FV(t); Cr(consrt) := Cr(r);

Cr(rs) := Cr(r) U Cr(s) if r # tl and r # consro;
Cr(A\y.r) = Cr(r) \{y}; Cr(y) := Cr(c) :=Cr(Yt) :=0 .

Inductive Definition of T” for simple 7

1.1. If a7 is a variable or a constant # cons, tl then a” € 'T'T;

1.2, r e TM & § g Trav—tree — consri € T
1.3. t e T & Cr(t) = 0 N
2. reT T &seT s T

3. reTlydC)ky:o = dyreT™

4. teT &z:7&FV(t) C {2z} &t = AZ.consri with z € FV(r) UCr(f) = YA®z.teT.

We prove now that TTCT (for simple 7), so that for any assignment &, each t € T7 has a well defined
value [t]e € UT.



Theorem 4.1. t€T™ = te T and m,(t) < [z, t] = {% gtiefwisrét).

Proof :

1.1. t a variable or constant: trivial.

1.2. t = consrt: m,(t) = max{m,(r),m,(f) o ©} Ig max{y[z, 7], ¥[r,t] 0 ©} < max{y[z,t],id} = Y[z, 1].

1.3. t = tls with Cr(s) = @: Then m,(t) = m,(s) o &, and since Cr(s) = 0, by TH we have m,(s) < id, and
somy(t) < @. If z & Cr(t) then z € FV(s) and so m,(t) =m,(s) o =00® =0.

2. t =rs with r € T~7: Then m,(t) = max{m,(r), m,(s)} Ig max{y[z, r], Y[z, s|} = Yz, .

3. t=\yr withr € T” and y & Cr(r): By IH we have r € T? and m,(r) < id which yields t € T". By IH
we also have m,(r) < ¢[x,r], hence (for z € FV(t)) m,(t) = m,(r) < Y[z, r] = [z, 1].

4.t =YA®z.to with FV(t) =0, to = AZ.consri € T and z ¢ FV(r) U Cr(D):

Then m,(tg) = m_(consrt) = max{m,(r), m.(t) o ©}. Since z ¢ FV(r) U Cr(#), we have m_(r) = 0 and (by
LH.) m.(#) < id, hence m,(ty) < ©. By L.H. we also have tq € T™. Together with m_(to) < © this yields
Az.tg € TTgT, hence t = YA®z.tg € T7. Further m,(¢) = 0, since FV(t) = ().

Theorem 4.2. For each t € T the functional F; : (VaraxN — N) x N — N, F(£,v) = [tle(v) is

primitive recursive.

Proof :
By induction on t € T7 we prove ¢, < id. Then the claim follows by Theorem 3.4.
The only nontrivial case is t = YA®z.ty with g € T7. Then by a subsidiary induction on I we obtain

@ (1) =12 0,(0) =0, @,(14+1) = max{e,(1)+1, ¢, (1+1)} *F max{l+1, ¢, (I+1)} = I+1.

Examples

In these examples instead of tree we have the ground type str (streams).

The types of the constants hd, tl, cons are now: hd : str—nat, tl: strgstr, cons : nat—str-Sstr.

~

In (1)-(7) one almost immediately sees that the respective term belongs to the subsystem (T7),. (1)-(6) are

choosen in view of [8] where the same examples are treated, but with much more effort than here.

To increase readability we write FZ :=r::t,(F) for F:=YA®2A\Z.consrt.
Let X, X1, ... be variables of type str.

(1) mapfX := f(hd X):: map f(tl X).

(2) le fX1X2 = f (hd Xl)(hd XQ) H lef (tl Xl)(tl X2)

(3) cases; 2X1...X; := fiz(hd X1)...(hd X)) =t cases; 2(t] X1 )...(t X}), where [fi]kay...a; := {gkﬂ gtﬁ;vlise.
merge(tl X1)Xo

(4) merge X1 X5 := g(hd X7)(hd X3) :: cases3(f (hd X1)(hd X2)) ¢ merge(tl X1)(tl X5)
merge X1 (tl X2)

0 ifa; <as
with [g]aias := min{a1,az2} and [flatae ;=91 ifa; = as-
2 otherwise
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(5) ham := 1:: merge(map(x2)ham)(map(x3)ham) with [x]a :=k - a.
(6) fib:=0::1:: zip add fib (tlfib) with [add]aias := a1 + as.
(7) FoX := 14+hd X :: Fo(Fo(Fo(tl X))).
(8) FiX L 1+hd X :F(GX), ie
Fi1:=YA92" A\ Xt with t :== 1+hd X ::27(GX), G¢ TStr£5tr and 7 := strSstr.
m.(t) =m,(z2(GX))oco=idoo =6,
mx (t) = max{mx (1+hd X ), mx (2(GX))oc} = max{id, porpoS}.
Let us assume that id < . Then for (1) := ) (0) we have mx (t) < 1 and therefore F; € T".
(9) FoX 1214 hd X i Fo(Fa(ti(tl X)), ie.,
Fo:=YA®2"A\Y X .t with t := 14+hd X :: 27 (27 (tl(tl X))) and 7 := str-Lstr.
By computing the moduli m,(t), mx (t) we show that the term Fy does not belong to T”, independently

of how we choose 9. In addition one can easily see that there is actually no function F' : S — S satisfying

the equation for Fa.
m(t) = m,(2(z(tl(tl X))))o© = max{id, m, (z(tl(tl X)))oyp }o =

= max{id, max{id, 0 o ¢ }otp }o& = max{id, ¢ }oO,

mx (t) = max{id, mx (z(z(tl(tl X))))}o© = max{id, Do & oryor) }oO.

Let us assume that m_(t) < © and mx(t) < 4.

Then we have ¢(2) <m.(t)(3) <2 & 1 <mx(t)(1) <¢(1) & & (B(Y(¥(1)))) < mx(2) < ¥(2).
From 1 <1)(1) it follows that @& (B (¢ (10(1)))) = 2+ ¥(¥(1)) > 3, thence 3 < )(2) < 2. Contradiction.

So there is no modulus % such that m.(t) < © and mx(¢) < ¢. Therefore Fy is not a term of the

system T.

§5 Cut-elimination for infinitary propositional logic

In this section we apply Theorem 4.2 to define (a version of) Mint’s continuous cut-elimination operator R
for w-arithmetic introduced in [5]. Actually our approach is slightly more general insofar as instead of w-
arithmetic we treat infinitary propositional logic where formulas may have transfinite (even non-wellfounded)
rank. We will work with a one sided sequent calculus & la Tait. Derivations will be formalized as trees of
inferences (strictly speaking, inference symbols), and the relation “d is a derivation of " with deg(d) < p” will
be introduced by a co-inductive definition. In order to save some cases in the definition of the cut-elimination

operator, we will not eliminate atomic cuts.

We assume the following entities to be given
(1) asetV;
(2) a set F; the elements of F are called formulas;

(2) a linear ordering (O, <);
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(3) for each C € F

— asymbol &(C) € {At, A\, V}, weset A=V, :=A, At := At,

— an element rk(C) € O,

— asubset |C] CV and formulas C[¢] (¢ € |C|) such that

(©(C) =At = |C|=0) and Vi € |C|(tk(C[]) < tk(C));

(4) an operation - : F — F such that

O(=C) = 0(0), |-C| = |C], tk(=C) =1k(C), V¢ € |C|((=C)[t] = ~(C[1])) and ==C = C.
Definitions.
Fx:={C e F:0(C)=x}, for x € {At, \, V};
IS := Faa UFAU{(k,B) : Be Fy &k € |B|}U{Cutc : C € F} U{Rep} (inference symbols);
D:=V<¥ 1S (derivations).

SEQ := set of all sequents, i.e., (finite) sets of formulas.

We will use the following syntactic variables:

LEEV P e Fa
vev<w A€ Fp
p,o,7 €O BeFy
J €IS CeF

d,e,ceD I' € SEQ.

Informally every inference symbol J € IS represents a family of inferences as follows

DAL (b |A]) I, BJx] I,C T,~C

(P) (4) T, A T.B T

T,-P,P

(r, B)

(Cute) (Rep)

R

Formally this is rendered by assigning to each inference symbol 7 its arity | 7| C V and seqents A(J) (main

part), A (T) (v € |T|) (minor part(s)) in such a way that the above inferences get the shape
L DLA(T) . (e |T))
I A(T) '

The definition of | T, A(J), A,(J) is shown in the following table

(J)

J r A (k, B) Cutc Rep
T 0 A {0} {0,1} {0}
A(T) {AL} (B}  {C} {=C} 0
AWT) {-rpP} {A} (B} 0 0
Abbreviation.

For d € D we set d(y :=d(()) € IS, and d[:] := Av.d({1)*v) € D.
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Definition of functions Z7: 5, -V —-D—D, R:Fy—=D—-D—-D, £:0—-D—-D

N Rep if d() =A _ IAHd[H] if d<> =A
(IA“d)O - {dO otherwise (ZArd)[e] = TAkd[t] otherwise

. CUtB[H] if d<> = (H,B) . I-Bre if d() = (H,B) and ¢t =1
(RBde), = {d<> otherwise (RBde)[] = RBd[i]e otherwise

Sod)n — Rep if djy = Cutg with 0 <1k(C) and C' € Fp U Fy
(Eo ><> - | dy otherwise

Eo(RB(Evd|0])(Evd[l]))  if dy = Cutp with o J1k(B) =: v
(Ead)[t] = ¢ Ea(R-A(Evd[1])(Evd]0])) if d(y = Cuty with o = rk(4) =:v

Ead]i] otherwise
Remark. It follows from Theorem 4.1 (together with Theorem 2.1) that the above equations actually
define the desired functions Z, R, £. To see this we assume (w.l.0.g.) that FAa UF, UOUIS C V
and that Z,R,& actually are restrictions of corresponding functions Z : V. -V - D - D, R : V —

?nat2 —tree—tree

D—-D-—-D, :V — D — D which are obtained as the interpretations of terms t7 €

)

tr € Trat—tree—tree—tree 4. o Tnat—tree—tree T thig context the ground types nat, tree are interpreted by

Ut =V, i~k e (I>21=0=kr)and U™ =D, d~je & Yve V<¥ (lh(v) <= d(v) =e(v)). The

constants f; are interpreted by suitable functions [f;'] : V™" — V as needeed in the above definitions.

Definition.

We assume that —1 ¢ O, and set —1 < p for all p € O.

_ Jk(C) if J = Cute with C € FA U Fy
deg(J) := {1 otherwise ’

Inductive definition of d -, I (d is wellfounded derivation of I' with cut-degree < p)
deg(d<>) <p& A(d()) Cr&vee |d<>|(d[b] Fo T, Ab(do)) = dF,T

Coinductive Definition of d l—;o T (d is a derivation of T' with cut-degree < p)

d F:O I' = deg(d<>) =<p & A(d()) cr &V e |d<>|(d[L] F:O F, AL(do))

In other words:

drF,T = (d,T) € ud,, and dF;OF = (d,T) € v,

where pu®, = {X C DxSEQ: ®,(X) C X} is the least,

and v®, = [J{X CDxSEQ: X C ®,(X)} is the greatest fixed point

of the monotone operator @, : P(DxSEQ) — P(DxSEQ),

Q,(X) :={(d,T) : deg(dyy) < p & A(d(y) CT & Ve € |dy[((d[e]; T, A(dy)) € X )}
Theorem 5.1. If d F;O I"and 0 X p then Eod FS_O I.

Proof:
We have to find a set X, C DxSEQ such that {(£od,T) : Ip(d I—;O I'&  0<Xp)} C A&, C D, (X,).
Then we obtain {(£0d,T") : Ip(d F;o & o=<p)} C X C FZO , i.e. the claim.

Such a set is X, := {(d,T) : d F% T'} where % is defined below. Lemma 5.2 yields X, C ®,(X,).
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Inductive definition of d - I’

(F0) d-'T = dF; T}

(k1) dby T & o2 p = EodF, T

(F*2) k(B )%a&dl—*l"B&el—* ,mB = RBdet; T
(F*3) dFiT,A = TARdFLT, Akl

Lemma 5.2.

chk5 T = deg(cy) <o & Aley) ST & Ve € fepl(eft] Fi T, Alcy))-

Proof by induction over F:

0. c FZO I': Then deg(c(y) < 0 & A(cy) €T & Ve € [egy[(c[t] F;O LA (eqy)).

By (F* 0) we obtain Vi € |cy|(c[t] 5 T, A(cqy))-

1. c:EadWithdl—;Fandajp:

By IH deg(dy) < p & A(dgy) CT & Ve € [dy|(de] F5 T, A(dyy)).

From the definition of &,d it follows that deg(c(y) < o and A(cyy) € A(dy) C T
1.1. dy = Cutp with ¢ < rk(B) =: v

Then ¢y = Rep, ¢[0] = E0(RB(Evd[0])(Evd[l])) and v =rk(B) = deg(d(y) < p.
dl0] F5 T, B & d[1] F5 T, ~B 25

Evd0] F: T, B & Evd[1] F3 T, -B | D EAP=

RB(Evd(0))(Evd[1]) T ™

c[0] 5 T, ie. ¢[0] 5 T, Ag(cyy), since Ag(cyy) = Ag(Rep) = 0.

1.2. dy = Cut_p: similar to 1.1.

1.3. otherwise: Then c[i] = Eod[i] and from d[¢] -5 T', A, (d(y) we get c[¢] =5 T', A (dyy).
2. ¢ =RBde with tk(B) R c & d+F:T,B&et: T, -B:

2.1. dy = (K, B): From the definition of RBde it follows that

CutB[,i], A(cy) = 0, c[0] = RBd|0]e, and c[1] = Z(—B)re.
d H; T, B 2 4]+ 1, B, Bl 'S RBd[0]e F; T, Bls, e c0] F5 T, Ag(c).

er:T,-B S T(-B)we 15 T, B[], te. c[1] F5 T, Ar(cy).

2.2. otherwise: Then ¢y = dy, c[t] = RBd[]e and B ¢ A(d).

Hence deg(c(y) = deg(d) % o and Aley) = A(dy) \ {B} g T.

dr:T,B B du e 0B, A(dy) 'SP RBde b5 T, A, (dy), ie. ] FE T, A, (c).
3. ¢ =TAkd and T' =Ty, A[r] with d % T, A:

3.1. dy = A: Then ¢, = Rep and ¢[0] = ZAkd[x]. Hence deg(c(y) = —1 and A(c(y) = 0.
IH = d[s] F5 Do, A, Alx] "= TAwkd[s] 2 Do, Als], ie. [0] F5 T, Ag(cy).

3.2. otherwise: Then c(y = dyy, c[t] = TArd[] and A & A(dy).

Hence deg(c(y) = deg(d) % o and Aley) = A(dy) \ {A} g Tp.

As in 2.2. we obtain c[s] F; T', A, (c(y).
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Remark.

Let W (the set of wellfounded derivations) be inductively defined by: Vi € |dyy|(d[t] € W) = d e W.

Then the following holds: dr, T <= deW&dE'T.

Proof left to the reader.
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