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Deviance probabilities: Determination of
judgmental bias within Kendall’s
coefficient of concordance data

L. W. BUCKALEW and W. H. PEARSON
Air Force Aerospace Medical Research Laboratory, Wright-Patterson Air Force Base, Ohio 45433

Kendall’s coefficient of concordance is reviewed, with particular concern for nonsignificance.
A statistic is presented that allows determination of whether one judge’s rankings come from
the same population as the other judges’ rankings. This is /D/, the sum of absolute dif-
ferences in ranks that N objects receive from any two judges. Frequency distributions of
3/D/, computed for N = 3-10 objects, were used to obtain the probability of a given /D/’s
being greater than a certain constant under the null hypothesis. This cumulative probability
density function for incremental 2/D/s is tabled. Obtained probabilities that one judge’s rank-
ing came from the same population as all other judges’ rankings may be calculated from
Bayes’ theorem. The statistic Z/D/, associated probabilities, and comparison of one judge's
rankings with collective rankings are based on the raw data of Kendall’s W and operationally

allow identification of judgmental bias.

Psychological research efforts often employ compara-
tive rating or appraisal techniques, particularly in psycho-
physics, industrial, applied, and social psychology, and
human engineering. Such techniques typically involve
ordinal measurements that rely on nonparametric
analyses. Acknowledging the power, necessity, and
appropriateness of these analyses, it is not uncommon to
experience frustration with the comparatively restric-
tive interpretation potentials afforded. For nominal
data analysis involving chi square, Buckalew and Pearson
(1981, 1982) offered extensions of traditional tech-
niques allowing exploratory but more specific interpre-
tation. The purpose of this note is to offer a technique
whereby the data of a popular and utilitarian ordinal
statistic may be used to facilitate more specific inter-
pretation and increase the information available.

Kendall’s coefficient of concordance (W) measures
the relation among several (k > 2) rankings of N objects,
events, or individuals (Ferguson, 1980; Siegel, 1956).
It expresses the degree of association among rankings
such that a high value of W may be interpreted as mean-
ing that the observers or judges applied essentially
similar standards in ranking the N objects. A low value
of W suggests dissimilarity in rankings, also interpreted
in terms of the substrate of standards. In essence, W con-
stitutes a measure of interjudge or intertest reliability.

W may only assume positive values, with perfect
agreement among judges expressed as 1 and maximum
disagreement as 0. As noted by Ferguson (1980), W does
not take negative values because with more than two
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judges, complete disagreement cannot occur. Concep-
tually, W is related to the mean of rank-order correlation
coefficients computed between all possible pairs of
ranks. Critical values of W depend on the number of
sets of ranks (judges) and the number of ranks in each
set (objects). For situations in which N > 7, W may be
converted to a chi-square value to test its significance,
and such texts as Siegel (1956) offer tabled values of
W required for significance when N< 7.

Traditional interpretation of W is restricted to a
collective consideration of rankings (judges). While this
may be desirable in many analytic situations and is
sufficient for interpretation of a significant W, the utili-
tarian and informational value of a nonsignificant W
is minimal. Given that lack of sufficient agreement
among judges exists, consideration of causation may be
desirable. There is the possibility that, with identifica-
tion of a biased judge or observer and removal thereof,
the remaining rankings would be more concordant.
Biased judgment of a single observer, relative to the
collective judgments of all other observers, is the inter-
pretive substrate of consideration.

What is offered is an analytic technique, using data of
the traditional computation of W, to identify a source
of nonsignificance (i.e., potential bias). The initial
conceptual question is do the ratings of two or more
judges come from the same population of ratings of N
objects and, if not, how different are they? If judges
are responding similarly to the same characteristics, the
sum of absolute differences (£/D/) between the ratings
of any two judges should be minimal, preferably O.
As ratings’ similarity decreases, £/D/ becomes larger. In
effect, Z/D/ is assumed to be a metric for interjudge
differences.

Given this framework, it becomes meaningful to
know the likelihood of a £/D/. Assuming that one set
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of ratings is as likely as another, one can obtain a prob-
ability density function of Z/D/ for a given N. From this
distribution, the probability of obtaining a £/D/ equal
to or greater than a certain number can be ascertained.
Operationally, the probability that ratings of one judge
came from the same population as those of all other
judges may now be calculated. Using Bayes’ theorem
(Uspensky, 1937), one may calculate the cumulative
probability, incremented by all judges’ ratings in turn,
that one set of ratings is from the same population as
the collective other sets.

For any given N, or number of things to be rated, the
total number of permutations, or arrangements in order,
is N factorial (N!). If each possible permutation, without
replacement, duplication, or omission, or a ratings
arrangement is printed out, each rank in the sequence
could be subtracted from its positional counterpart in
a standard arrangement (1,2,3, . . . N) of ranks. The
absolute differences may be summed to provide Z/D/.
The values of Z/D/s for all possible sequences of ranks
may be plotted in a frequency distribution reflecting the
number of Z/D/s of each value. The cumulative propor-
tion of the Z/D/s less than or equal to each increasing
value of Z/D/ (a probability distribution function) was
computed and is presented as Table 1.!

The probability of evidencing a particular =/D/
or greater between any two judges’ rankings, given N
objects ranked, may be obtained by subtracting the
tabled value for that ¥/D/ —2 for a given N from the

Table 1

Cumulative Probability Density Function for =/D/s
Number of Objects Ranked
z/D/ 3 4 5 6 7 8 9 10

0 .167 .042 .008 .001 .000 .000 .000 .000

2 .500 .167 .042 .008 .001 .000 .000 .000

4 1.000 .458 .142 .033 .006 .001 .000 .000

6 .833 342 097 .021 .004 .000 .000

8 1.000 .633 .226 .059 .012 .002 .000
10 .833 417 .131 .031 .006 .000
12 1.000 .622 .248 .069 .015 .003
14 811 396 .132 .033 .006
16 955 571 224 064 014
18 1.000 .737 .344 112 .028
20 879 486 .183 .051
22 950 .632 .274 .086
24 1.000 .767 .386 .136
26 .871 508 .203
28 942 633 .286
30 986 .745 .383
32 1.000 .843 .488
34 914 596
36 963 .699
38 .986 .790
40 1.000 .866
42 923
44 961
46 983
48 .996
50 1.000

Table 2
Hypothetical Rankings by Three Judges
Objects
Judge 1 2 3 4 5 =/D/ pH,
A 3 1 2 5 4 12 167
B 3 2 1 5 4 10 367
C 2 4 5 1 3

quantity 1.000. For example, using values of Table 1,
it may be seen that the probability of obtaining a
Z/D/> 10 between two judges, when N =5, would
be 1.000 — .633=.367, and that of obtaining a
2/D/>12, when N=5, is 1.000 —.833=.167. In
this fashion, the probability of evidencing any particu-
lar Z/D/ resulting from a comparison of any two judges’
rankings for situations in which N < 10 may be readily
obtained from the values provided in Table 1. These
probabilities may then be interpreted in terms of
whether any given pair of judges, considering their rank-
ings, came from the same population.

Table 1 provides probability values only for compari-
son of the rankings of one judge with those of another
judge, through consideration of the statistic X/D/.
This procedure may be extended to allow comparison
of a single judge’s rankings with those of all other judges
collectively. Given three judges (A, B, and C), Bayes’
theorem may be applied to ascertain the probability
that Judge C’s rankings belong to the same population as
Judge A’s and Judge B’s. The null hypothesis (Hg)
is that Judge C comes from the same population as
Judges A and B. The alternate hypothesis (H, ) is that he
does not. Table 2 gives the three judges’ rankings for
N =35 objects. £/D/ is computed for a comparison of
Judge C with Judge A and Judge C with Judge B. For
each Z/D/, probability values are obtained using Table 1.
These constitute probabilities of £/D/ expected under
H,, with 1.000 minus each of these reflecting the
probability of these data (£/D/) under Hy.

To this scenario may be applied a variation of Fisher’s
method of randomization, as described by Bradley
(1960). Assume that several samples (A, B, and C)
equally likely under Hy have been drawn from a popu-
lation. Values of a statistic (£/D/) sensitive to H; have
been caiculated for all possible random samples. The
rejection region for Hy is the most extreme of these
values, which becomes more probable when H, is true.
The probabilities for H, and H, are then computed.
For the Judge C vs. A comparison, the probability of
the Z/D/ (12) under H, is .833 (tabled), and that under
H, is .167 (1.000 — .833). For the Judge C vs. B com-
parison, the probability of the Z/D/ (10) under H,
is .633 (tabled), and that under Hy, is .367 (1.000 — .633).
These probabilities may be used to obtain the prob-
ability that Judge C came from the same population
as did Judges A and B, using the data of Judge A as
a priori probabilities: [(oHpA,C) (0HB,C)]/[(pHoA,C)



(pHoB,C) + (oH, A,C) (oH, B,C)] = pHy A B,C. Applying
the obtained Hy and H; probabilities for the Judges A
and C and Judges B and C comparisons yields: [(.167)
(:36M]/1(-.167) (.367) +(.833) (.633)] =.061/(.061 +
.527)=.061/.588 = .104. Hence, the probability that
Judge C came from the same population as Judges A
and B is .10.

To add the data of a fourth judge (D) to the pres-
ent data, the probabilities for Judges A and B together
are used as the apriori probabilities: [(poHgA,B,C)
(pHO D’C)] /[(pHOAaBaC) (pHOD,C) + (leAaB:C) (le
D,C)] = pHyA,B,C,D. Additional judges’ data may be
incremented in like manner.

This method, through consideration of X/D/s and
associated probabilities as tabled, will identify judges
who are rating on a different basis from their fellow
judges, both on a paired comparison and on a collective
basis. As an ordinal technique, the influence of data
extremes has been avoided by using ranks, and samples
have been made more nearly comparable. Given the
simple calculations of X/D/s between two judges’
rankings and the conversion of these data to prob-
abilities provided in Table 1, the determination of
judgmental bias is readily made. However, as may be
noted in Table 1, the rejection region is truncated, and
not too sensitive to H;. This would suggest that sensi-
tivity would increase with the amount of data (i.e.,
number of judges). The virtue of this technique is its
simplicity in calculation and transformation, as other
statistics could be used for the same purpose. For
example, all the intercorrelations among judges’ rankings
could be computed and relationships so described. These
correlations could then be tested for significance.
Comparatively, this would be laborious, and the pro-
posed technique is simple, direct, and yields a probability.
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This technique provides probabilistic values for a
single judge’s deviance from any other judge or from the
collective rankings. Its primary intended use is for
situations in which the initial value of W was not appre-
ciably less than that required for significance. No cri-
terion is offered for designating a judge as biased, based
on the deviance probabilities provided, nor is a criterion
offered for the decision to remove a judge and recom-
pute W. The significance level needed for rejecting
H, (i.e., that the judges’ rankings all came from the same
population) is left to the discretion of the researcher.
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NOTE
1. The computer program that generated these permutations

and associated probabilities was written by and is available from
W. H. Pearson.
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