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Abstract

Originating from work in operations research the cutting plane refuta-
tion system C'P is an extension of resolution, where unsatisfiable proposi-
tional logic formulas in conjunctive normal form are recognized by showing
the non-existence of boolean solutions to associated families of linear in-
equalities. Polynomial size CP proofs are given for the undirected s-t
connectivity principle. The subsystems C'P, of C'P, for ¢ > 2, are shown
to be polynomially equivalent to C'P, thus answering problem 19 from
the list of open problems of [8]. We present a normal form theorem for
C P;-proofs and thereby for arbitrary C'P-proofs. As a corollary, we show
that the coefficients and constant terms in arbitrary cutting plane proofs
may be exponentially bounded by the number of steps in the proof, at
the cost of an at most polynomial increase in the number of steps in the
proof. The extension CPLE™, introduced in [9] and there shown to p-
simulate Frege systems, is proved to be polynomially equivalent to Frege
systems. Lastly, since linear inequalities are related to threshold gates,
we introduce a new threshold logic and prove a completeness theorem.
MATHEMATICS SUBJECT CLASSIFICATION: 03B05, 03F07, 03F20, 90C10.

1 Introduction

The cutting plane system C'P [12, 13] is a refutation system for propositional
logic formulas in conjunctive normal form CNF. In CP, the truth values TRUE
and FALSE are interpreted by 1 and 0 and propositional formulas are expressed
by systems of linear inequalities. An unsatisfiable C N F' formula such as
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is represented by the family

(1) r+y>1
(2) l—z+y>1
(3) r+1-y>1
(4) l—z+1-—y>1

of linear inequalities, one for each conjunct.

The inference rules of C'P include addition of linear inequalities and division
of an inequality by a positive integer (a formal definition of C'P is given later).
Adding equations (1) and (2) we have

1+2y>2

hence
20 >1

and dividing by 2 and rounding up we have
y=[1/2] =1
Now adding equations (3) and (4) we have
3—2y>2
hence
1>2y

and dividing by 2 and rounding down we have
0=1[1/2] > v.

But then 0 > y and y > 1 which is a contradiction.

It is perhaps not surprising that C'P is more “efficient” than resolution,
since cutting plane expressions have considerably more expressive power that
the clauses of resolution. To give a representative example of the efficiency
of C'P over resolution, consider a combinatorial principle called the pigeonhole
principle.

The pigeonhole principle, PH P, is

AN Voo VA

0<i<n 0<j<n 0<i<i’<n 0<j<n

and states that there is no injection from {0,...,n} into {0,...,n — 1}. Its
negation can be formulated by a propositional CNF' formula denoted -PH P,
of size O(n3). Work of Haken [14] and W. Cook et al. [12] established an
exponential size gap between C' P and resolution.



Specifically, if the size of a proof is the total number of symbols appearing
in the proof, then while every resolution refutation of =P H P, must be of size
29Un) [14] there exists a C'P refutation of ~PHP,, of size O(n*) [12, 9]. In fact,

every depth d Frege proof! of ~PH P,, must be of size at least 29(”1/6d) [3].

In this paper, we further investigate the cutting plane refutation system; the
outline of the paper is as follows. Section 2 gives the basic definitions for cutting
plane proofs. In sections 3, 4 and 5, we give polynomial size cutting plane proofs
of the unique endnode principle and the s-t connectivity principle for graphs of
valence 2. In section 6, we consider the subsystems C'P, of C'P in which the
division rule is restricted to be division by k, for k¥ > 2. Somewhat surprisingly,
we show that the subsystem C Py of C'P is equivalent within a polynomial factor
to CP, thus answering question 19 on the list of open problems from [8]. In
section 7, we present a normal form for C'P, proofs, which in conjunction with
the results of section 6 is a normal form for all cutting plane proofs. In section 8
we extend the construction of the normal form for C'P; to arbitrary C'P proofs;
as a consequence we prove that the coefficients and constant terms in a cutting
plane proof may be exponentially bounded by the number of steps in a cutting
plane proof at the cost of increasing the number of steps by at most a polynomial
amount. Sections 6, 7 and 8 may be read independently of sections 3-5. Next,
in section 9, the extension CPLE™ is proved to be polynomially equivalent
to Frege systems. Lastly, in section 10, since linear inequalities are related to
threshold gates, we introduce a new threshold logic and prove a completeness
theorem.

2 Preliminaries
We begin by defining the class £ of C'P expressions.

Definition 1 If a € Z and i € N, then a € £ and (a-x;) € £&. f E,F € £
and a € Z, then a - E and E + F belong to £. A positive integer ¢ divides an
expression £ =Y a;- E; of £, denoted ¢|E, if c|a; all i. The quotient of E by c is
that expression E' =Y b; - E; of £, where b; = a;/c. Formulas of C'P are of the
form F > F, where E, F € £. The cutting plane system C'P has five rules of
inference — transitivity, simplification, addition, multiplication, division, given
as follows.

e transitivity
E>F F>G
E>G

i.e. usual Hilbert-style proof using axioms and modus ponens, where all formulas involve

at most d alternations of A, V.



e simplification: addition is commutative and associative; multiplication is
commutative, associative and distributive over addition; common expres-
sions may be combined [i.e. a-E+b-E may be replaced by (a+b)-E]; integer
sums and products may be evaluated; an expression may be moved to the
opposite side of the inequality sign, provided the sign of the coefficient is
changed; 0 - £ may be replaced by 0.

e addition
E>F G>H
E+G>F+H
e multiplication — for ¢ € N,
E>F
c-E>c- F

e division: for ¢ € N, ¢ > 0, b € Z, if ¢|F with quotient E’, then

E>b
“E" > Tb/c].

In order to prove a formula A in disjunctive normal form, one expresses the
negation B = —A in conjunctive normal form as A,c; ;¢ ;ci; where the ¢;
are literals; i.e. propositional variables x or negations T of propositional vari-
ables. To express clauses in B as cutting plane formulas, we let propositional
variables x be represented by integer variables x, let negated propositional vari-
ables, T, be represented by 1—x, and let disjunctions be represented by summa-
tions. Formally, the cutting plane representation of a clause is defined by letting
R(z) =z and R(T) = 1 —x, and the representation R(V ;¢ ; ¢;) of literals ¢; de-
fined to equal the linear inequality Zje, R(c;) > 1. Finally the representation
of the formula B in conjunctive normal form A, Ve ;¢ ; is the set

{R(\/ C@j) NS I}

jeJ
of linear inequalities.

The intent of cutting plane proofs is to restrict attention to boolean solutions
x € {0,1} of families of linear inequalities with integer coefficients. We define a
cutting plane axiom to be an inequality of the form 1 > 0,1 > 1, and =z > z,
x >0, 1 > z where z is a propositional variable. A formula B in conjunctive
normal form has a cutting plane refutation, if there is a sequence sq, ..., s, of
linear inequalities, such that

e 5,is0>1,



e for all i < m, either s; is a cutting plane axiom 1 >0,1> 1,2 >0,z > z,
1 > x for propositional variable z in B, or of the form R(\/jeJ ¢i;) for
one of the conjuncts of B, or there exist j, k < @ such that s; is obtained
from s;, s, by the transitivity, simplification, addition, multiplication or
division rule.

A formula A is said to have a cutting plane proof if its negation —A has a cutting
plane refutation.

For an arbitrary proof system (semantic tableaux, resolution, cutting planes,
constant depth Frege, Frege, extended Frege, etc.), the size of a proof is the
total number of symbols in the proof (integers, including those in subscripts of
variables, are represented in binary).

The following definitions are due to Cook and Reckhow in [11]. Let TAUT
denote the collection of propositional tautologies.

Definition 2 Let ¥ be a finite alphabet and TAUT C ¥*. A proof system is a
polynomial time computable function f : ¥* — TAUT which is onto.

Definition 3 If f : ¥7 — TAUT and ¢ : ¥5 — TAUT are proof systems, then g
p-simulates f if there is a polynomial time computable function h : ¥ — X3
such that g(h(z)) = f(x) for all x € ¥7.

If the associated function A is polynomially bounded but not necessarily
polynomial time computable, then we have the weaker notion of simulation.
More formally,

Definition 4 Let P;, P, be arbitrary proof systems for propositional logic.
The system Py simulates system Paq, iff there is a polynomial p(x) such that for
any proof @ of formula A in Py, there is a proof P of (the formula corresponding
to) A in P; and the size(P) < p(size(Q)).

3 Nonunique endnode principle

A graph G is stipulated by a non-empty vertex set V and an edgeset E C V x V.
A graph is simple if it contains no loops (i.e. for any z € V, (x,2) ¢ E), and
is undirected if for any (x,y) € E, it is the case that (y,z) € E. An endnode
x € V of an undirected graph G is a vertex for which there is a unique vertex
y € V such that (z,y), (y,z) € E.

The valence (or degree) of anode x of a simple undirected graph is the number
of edges to which z is incident. The walence of a finite simple undirected graph
G is the maximum valence of its nodes. Note that a graph of valence k& may
possess certain nodes of valence smaller than k. A graph is k-regular if all its
nodes have valence k. The nonunique endnode principle informally states that



no finite simple undirected graph of valence 2 can have a unique endnode. Its
negation, the unique endnode principle, states that there exists a finite simple
undirected graph of valence 2 having a unique endnode. An easy inductive proof
establishes the nonunique endnode principle. The unique endnode principle for
graphs whose vertex set is {0,...,n — 1} can be formulated in propositional
logic by the conjunction of (5) through (10) below.?

(5) - forall0 <i<n
(6) i VT, for all 0 < 1,7 <n
(7) \VARCY
0<j<n
(8) —ro,; V T4, foral0<j<j <mn
9) \/ (rij Arij),forall 0 <i<n
0<j<j’'<n

(10) =y V=0 Voo forall0 <i<nand 0<j < j <j”" <n

Note that, because of (9), the conjunction of (5) through (10) is not in con-
junctive normal form. Nevertheless, we can present an equivalent formulation
of this principle within the cutting plane system by the following equalities (11)
through (14).

(11) ri; =0,forall0<i<n
(12) Tij = rj,i,for all0<i,5<n
(13) Z To,5 = 1
0<j<n
(14) Z ri; = 2,for all 0 <@ <mn.
0<j<n

Since the symbol ‘=’ is not part of the syntax of the C'P system, each of the
above equations (11) through (14) really abbreviates two inequalities; e.g., (13)
abbreviates

Z 7"0’]'21 and ].Z Z T0,5-

0<j<n 0<j<n

The family of linear inequalities represented by (11) through (14) will be denoted
as UEP,. We will prove that UEP, has a cutting plane refutation of size n@(1).

2The unique endnode principle is very closely related to the search problems in the class
PPA introduced by Papadimitriou [18]. In a nutshell, the class PPA contains search problems
where, given one node of degree one, it is required to find another node which does not have
degree two. In [4], it is shown that the unique endnode principle is equivalent to the mod 2
counting principle in the setting of constant depth Frege proofs.



For 0 <k <n, let

(15) Bk = Z Ti,j

1<j<k<n
(16) Se= Y. 7
i<k<j<n

Thus By is the number of edges r; ; for ¢ < j both of whose endpoints are
bounded by £, while Sy, is the number of edges r; ; for i < j whose endpoints
straddle k.

Claim For 0 < k <mn, 2- By + S =2k + 1.

Proof. By induction on k. The base case, k = 0, holds since by (11), By = 0,
and by (13), So = 1, so that 2- By+ .Sy = 1. Assume by the induction hypothesis
that 2- By + Sy = 2¢ 4+ 1 holds for ¢ < n — 1. By definition, 2 - Bpy1 + Se41 is

given by
2 ) Tt Y. Tig
i<i<t+1 i<b+1<j
which is
20 rigF Y raer)+ D gt Y Ty
1<j<L i<l 1<l l+1<j 1<y
hence is
2D g Y rier)F D T = Y Tierit Y Teri
i<j<e i<t i<t<j i<t 041<j

By rearranging, this yields
2 Z Tij + ZTMH + Z rij+ Z Te41,j
i<j<t i<t i<e<j +1<j
and since by (12) r¢41,; = 75641 and by (11) reqq1 41 = 0, we obtain
2 Z T+ Z T+ Z Te41,i-
i<j<e i<0<j 0<i<n
By (14) and the induction hypothesis, this yields
2W+1+2=200+1)+1
Setting k = n — 1 we have
2B, 14+ S,-1=2n-—1.

But by its definition, S,,_1 = 0, so that 2B, _1 = 2n—1. The left side is odd and
the right side is even, yielding the desired contradiction. This, when properly
formalized (as in the related CPLE proof of s-t undirected connectivity given
in detail below), furnishes a cutting plane refutation of the system (11) through
(14) of size polynomial in n. Hence we have the following theorem.



Theorem 5 There are polynomial size CP proofs of the unique endnode prin-
ciple UEP,,.

4 s-t connectivity

The s-t connectivity principle, as formalized below by P. Pudlak, is the following
statement. Let G be a finite simple undirected graph all of whose nodes have
degree 2, except for two specially designated nodes s,t, each of which has degree
1. Then there is a path in G from s to t.

Let =STC,, be the conjunction of the following propositional formulas.

(17) .

(18) P, forall0 <i<n

(19) \/ Poj
0<j<n

& V
0<j<n

(21) Dij V pji, forall 0 <4, <n

(22) \/  (pij Apig), forall0<i<n

0<j<j’'<n

(23) Do; VPoy7, forall0<j<j ' <n
(24) Pnj V Dy, forall j <j" <n
(25)  (pi; VDij7) VPijr, forall0<i<nmnand 0<j<j <j’<n
(26) (@ VDPi;) Vg, forall0<i,j<n
(27) Tn

The above formalization can be explained as follows. The propositional atom
¢; means that vertex i is connected to vertex 0, while p;; means that there is
a directed edge from vertex ¢ to j. Thus equation (25) states that if there is
a directed edge from 7 to j then there is a directed edge from j to ¢; i.e. the
graph is undirected. Thus any truth value assignment to the atoms for which
conditions (17) through (25) hold gives rise to an undirected finite simple graph.
Condition (26) states that if ¢ is connected to 0 and there is an edge from i to j,
then j is connected to 0. Condition (27) states that vertex n is not connected
to vertex 0.

As in the propositional formalization of the unique endnode principle, =STC,,
is not in conjunctive normal form. However, by introducing new atoms 7;; to
abbreviate g; A p;j, we can provide polynomial size refutations of ~ST'C,, in
CPLE, the cutting plane system with limited extension, which will be defined
momentarily. Informally, the idea of the proof is to reduce =STC,, to UEP,.



Namely, as before, one proves that for 0 < k < n,
2B + S =2Qk + 1

where Qi = Y (<;<j ¢ is the number of vertices ¢ for which 0 < i < k and ¢;
holds.

We now introduce the refutation system CPLFE of cutting planes with lim-
ited extension. The idea of CPLE is to allow the introduction of new propo-
sitional variables only for subformulas of the initial formula to be refuted. By
contrast, cutting planes with a general extension rule is equivalent to extended
resolution (see [12]).

Definition 6 By induction on formula A, we define the set LE[A] of linear
inequalities associated with A.

e If A is the propositional variable x;, then
LE[A] ={pa 20,1 >pa,pa=pa,1>112>0}
e If Ais B, then
LE[A] = {pa > 0,pa+pp >1,12>pa,1>pa+pp,
pa > pa}ULE[B].
e If Ais BAC, then
LE[A] ={pa > 0,pa > pp +pc —1,1 > pa,pp > pa,
pc > pa,pa > payULE[B]ULE[C].
e If Ais BV C, then

LE[A] ={pa > 0,pg +pc > pa,1 >pa,pa > pp,pa > pc,
pa > pa}tULE[B]ULE[C].

The acronym LE stands for limited extension, a concept related to Tseitin’s
notion of the extension rule for resolution. The system C'PLFE has, as before,
the rules for transitivity, simplification, addition, multiplication and division. A
CPLE refutation of the formula B (not necessarily in conjunctive normal form)
is a sequence s, ..., Sy of linear inequalities, such that

® 5,is0>1,

e foralli < m, either s; € LE[B]U{pp > 1}, or there exist j, k < i such that
s; is obtained from s;, s, by the simplification, addition, multiplication or
division rule.

We sometimes speak of C' € LE[B] as an aziom and of pg > 1 as the hypothesis
in a refutation of B. The formula A is said to have a C PLFE proof, if its negation
—A has a CPLFE refutation.

Theorem 7 There are polynomial size CPLE proofs of STC,,.

This proof of Theorem 7 is in the appendix.



5 Undirected and directed s-t connectivity

It is well-known that there is sometimes a difference in the computational com-
plexity (or definability) of undirected versus directed graph properties. In par-
ticular, Ajtai and Fagin [2] proved that connectivity for undirected graphs is
not definable in monadic second order logic, whereas connectivity for directed
graphs is so definable. In this section, we investigate the proof theoretic strength
of the undirected and directed forms of s-t connectivity. We observe that undi-
rected s-t connectivity trivially implies directed s-t connectivity, and the latter
is equivalent (by constant depth polynomial size Frege proofs) to the pigeonhole
principle. Moreover, the nonunique endnode principle of the previous section is
easily seen to be equivalent (by constant depth polynomial size Frege proofs) to
the undirected s-t connectivity principle. In [4], the nonunique endnode princi-
ple is shown to be equivalent (by constant depth polynomial size Frege proofs)
to Ajtai’s parity principle. By [1, 3] the parity principle is strictly stronger than
the pigeonhole principle. Thus it follows from this section that the undirected
s-t connectivity principle is strictly stronger than the directed s-t connectivity
principle, with respect to constant depth polynomial size Frege proofs.

STC(P,Q) or s-t connectivity for undirected graphs of valence 2 is the
bounded first order statement in predicates P, Q given as follows.

1. Q(s), meaning s is red.

2. =Q(t), meaning ¢t is not red.

35 <n(j # s A P(s,j)), meaning at least one edge incident to s.
35 <n(j #t A P(t,j)), meaning at least one edge incident to ¢.

Vi, 7 < n(P(i,j) < P(j,1)), meaning G undirected.

AR

Vi <n3jj <nli#sNi#t—j#3 NP(i,j) A P(i,j')), meaning at
least 2 edges incident to every vertex different from s, t.

7. V5,5 <n(j #j — —P(s,j) V-P(s,j')), meaning s incident to at most
one edge.

8. V5,4 <n(j #j — —P(t,j) V-P(t,j')), meaning ¢ incident to at most
one edge.

9. Vi, j, k,l <n(j,k,l distinct Ai # sAi £t — —P(i,7)V-P(i,k)V-P(i, 1)),
meaning vertices different than s, ¢ incident to at most 2 edges.

10. Vi(—P(i,7)), meaning no loops at vertices.

11. Vi, j < n(Q(i) A P(i,j) — Q(j)), meaning any vertex connected by an
edge to a red vertex is red.

10



12. s=0
13. t=n

Let 6(P,Q,n) [resp. ¢ (P,Q,n,s,t)] be the conjunction of the above for-
mulas [resp. with the exception of s = 0, t = n]. Then STC(P,Q) [resp.
STC'(P,Q)] is the formula Vn—0(P,Q,n) [resp. VnVs,t < n(—0'(P,Q,n,s,t)].
Let a(P,Q,n, s, t) denote the conjunction of (1) through (10). STC(P, Q) states
that any undirected graph on nodes {0, ...,n} for which 0, n have valence 1 and
all other nodes valence 2 must have a path from 0 to n. Thus STC(P,Q) ex-
presses s-t connectivity where s = 0, ¢ = n, while STC'(P, Q) expresses s-t
connectivity without postulating the values of s,¢. Note that for given P, Q,n,
the values s and t in a(P, Q,n, s,t) must be unique — it is not possible for two
distinct pairs (s,t) and (s',t') to satisfy the above conditions.

Recall that IAq is the first order theory of arithmetic in the language
0,1,4, -, < with the usual axioms describing a discretely ordered semi-ring to-

gether with the scheme of induction
O(0) A (Va)(P(x) = P(x + 1)) — (V) (P(x))

for all formulas ® which are Ag (where all quantifiers are bounded, i.e. of the
form (3x < t), (Va < t) for some term ¢). In [20], J. Paris and A. Wilkie observed
that if IAp F ®(x), then there are constant depth polynomial size Frege proofs
of the tautologies ®,,. See as well [17] for details about the translation D,,.

Proposition 8 TA(P,Q, P',Q") F STC(P,Q) «— STC'(P',Q").

Proof. (<) clear.

(=) Suppose that -STC'(P’,Q’), so that Js,t < n(s £t AO'(P',Q',n,s,t)).
Given P’, Q' define P(i,j) to be

i#jAIs, t <n(a(P,Q' ,n,s,t) N i=sNj=t— P (0,n)A
i=tANj=s— P'(n,0)A
i=sANj#t— P'(0,j)A
i=tNj#s— P(n,j)A
i tA =5 P'(i,0) A
i#£sNj=t— P'(i,n) A

[

Similarly define Q(%) to be

ds,t <n (a(P,Q',n,s,t) A
i=052 Q) — Q'(s) A
i=n—Q(i) ~ Q) A
i=s5— Qi) < Q(0)A
i=t— Qi) = Q'(n)).



P,Q are Ag definable in P’,Q’" and simply correspond to the interchange of
0, s and n,t. By hypothesis, 8’(P’,Q’,n, s,t) so by construction 6'(P, Q,n,0,n).
Thus 6(P,Q,n) and so -STC(P,Q). O

DSTC(P,Q, R), directed s-t connectivity for directed graphs of valence 2,
is given as follows.

14. Vi, j < n(P(i,) A R(i,j) — —R(j,7))

7)
(4,5) N—R(i,5) — R(j,7))

16. Vi,j < n(P(i,5) AN R(i,j) AN P(j, k) — R(j,k))

17. Vi, j < n(P(i,5) A ~R(i,§) A P(j, k) — =R(j, k))

Let [P, Q, R](n) be the conjunction of (1) through (17). DSTC(P,Q,R) is
the formula Yn—¢(P,Q, R,n). The idea is that (14)-(17) describe an orien-
tation or direction for the edges: P(i,j) A R(4,j) describes the edge i — j,
while P(i,7) A =R(i,j) describes the edge i «— j. One can show, as be-
fore that DSTC(P, @, R) and an analogous statement DSTC'(P’',Q',R') =4
VYn—¢' (P, Q', R',n) (without specifying s to be 0 and ¢ to be n) are equivalent
over IAG(P,Q,R,P',Q',R').

Proposition 9 IAy(P,Q,P',Q',R') + STC(P,Q) — DSTC(P',Q", R).

15. Vi, j < n(P

Proof. Trivial.

Definition 10 PH P°"°(F,n) is the statement
Vi<n3j<nF(i,jAVji<nIi<nF(,5j)

AVi <nVj, 5 <n(j# 5" — =F(,) V-F(i, )]

—3j<nIi,i' <n(i £ AF@,5)AF@G, 7))
where F is a binary predicate symbol. PHP°"°(F') is Vn PHP°"°(F,n).
Proposition 11 IAy(P,Q, R, F) = PHP°"°(F) « DSTC(P,Q,R).

Proof. (=) Suppose DSTC(P,Q,R) does not hold. Let n be such that
»(P,Q,n). Define f:{0,...,n} - {0,...,n—1} by

L i i Q)
f(l)—{ j if Q@) A P(i,5) A R(i, 5).

Assuming ¢(P,Q,n), then for any ¢ such that Q(%), there is a unique j such
that Q(¢) A P(i,7) A R(i,j). Thus f is well-defined. Let F'(3,j) <aqr f(3) =
Then as f is a 1-1 mapping from n + 1 into n, =P H P°"*°(F) holds.

(<) Suppose —PHP°"°(F,n) holds for some n. Define the relation G on
{n+1,....2n4+1} = {n,....2n — 1} by G(n+ 1 +i,n+ j) =4 F(i,)).

12



R(i,j) =ar P(i, ) N (F(i,5) V G(i, )
Q(Z) =df ) S n.

Then ¢'(P, Q, R, 2n+1) holds, so DSTC'(P, Q, R) fails and hence DSTC(P,Q, R)
fails. O

Corollary 12 STC,, requires exponential size constant depth Frege proofs.

Proof. A subexponential size constant depth Frege proof of ST'C,, would yield
a subexponential size constant depth Frege proof of PH P°™°, contradicting [3].
O

From the previous section there are polynomial size C' PLE proofs of STC,,
hence by [13] polynomial size Frege proofs of STC,,.

6 The Systems CF,;

For an integer ¢ > 2, the proof system C'P, is obtained from C'P by restricting
the division rule to division by ¢. The systems C'P, are quite strong, and will be
shown to be p-equivalent to C'P. To illustrate the idea of the proof, we present
the following example of how C'P» can simulate division by three.

Example 13 To simulate division by 3 applied to
(28) 6z + 15y > 7

within C'Ps, first write the coefficient of each variable with 3 as explicit factor.
This gives

(29) 3(2z) +3(5y) > 7.

The least power of 2 greater than 3 is 22 or 4. Using = > 0, y > 0 obtain 2z > 0,
5y > 0 which when added to (29) gives

(30) 22(2x) + 2%(5y) > 7.

Two applications of division by 2 yields

(31) 2z + 5y > 2.

Adding (29) and (31) gives

(32) 22(2x) + 2%(5y) > 9

and two applications of division by 2 yields the desired inequality
(33) 22+ 5y > 3

which one would obtain from (28) by division by 3.
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Theorem 14 Let g > 1. Then CP, p-simulates CP.

Since C'P trivially p-simulates C'P,, we have that CP and CP, are p-
equivalent systems, for any fixed ¢ > 1.

Proof. Fix ¢ > 1. We must prove that an arbitrary instance of the division
rule in a C'P-proof can be simulated by a polynomial size CP, proof. For the
purposes of this proof, we modify slightly the syntax of cutting plane proofs as
follows. Firstly, we allow only inequalities of the form

171 + asxe + -+ + apwy > b,

where aq,...,a, and b are integers. With this restricted syntax for inequalities
appearing in cutting plane proofs, the transitivity and simplification rules are
unneeded. The addition, multiplication and division rules still apply in the
obvious way and these are the only rules of inference. The axioms for this
restricted cutting plane syntax are —x; > —1 and z; > 0. A cutting plane
refutation now is defined to be a sequence of inequalities obtained via these
axioms and rules of inference and ending with a formula 0 > 1. It is easy
to verify (and we leave the verification to the reader) that any cutting plane
refutation of the type we defined in section 2 above can be converted into a
cutting plane refutation in this restricted syntax system. For the rest of this
section, we work with the restricted cutting plane system, which we also denote
CP.
Suppose a cutting plane proof contains a division inference

cao > M
34 o=
(34 a >[4
where, of course, ¢ > 1. We must prove that this can be efficiently simulated
using division by ¢; so we shall describe a short C'P, proof of ac > f%] from the
hypothesis
(35) c-a>M

Choose p so that ¢P~! < ¢ < ¢P. Without loss of generality, we may assume
that ¢P /2 < ¢; if this does not hold, then find a suitable multiple m - ¢ of ¢ such
that ¢?/2 < m - ¢ < ¢” and multiply the hypothesis inequality (35) by m and
use division by m - ¢ in place of c.

The expression « is a linear combination Y ;- | a;x; with integer coefficients.
Let sg equal the sum of the negative coefficients of . From the axioms z; > 0
and —z; > —1, we can derive
(36) a > s

without any use of the division rule. Inductively define s; by

{(qz’ —0)si +M-‘
Sig1 = | ————— | -
qp

14



Assuming that o > s; has already been derived, we show that C'P, can derive
a > s;+1 with a short proof. First, by combining the inequality (35) with o > s,
CP, can derive

P a>(—c)si+ M

with no use of division. Then, with p uses of division by ¢, CFP, can derive
Q> Siyq.
Since we have

and ¢ > ¢P /2, it is immediate that %—Si_l,_l < % (% — si). Since s; is an integer,
it follows that if M/c—s; < 1/¢, then s; = [M/c]. Therefore, s; = [M/c] after
i = log(M —c-sg) iterations. This completes the simulation of the inference (34)
in C'P;; namely, the C'Pg-proof derives a > s; for ¢ = 0,1,...,log(M —c- so).
The fact that this C'P,-proof has length polynomially bounded by the number
of symbols in inequality (35) is easily checked. O

7 A normal form for cutting plane proofs

In this section, we present a normal form for C Py-proofs. In view of Theorem 14
which implies that C' P, p-simulates C P, this also gives a normal form for arbi-
trary cutting plane proofs. Our original motivation for discovering the normal
form for C'P,-proofs was an attempt to show that the coefficients of inequalities
in cutting plane proofs can be bounded by a polynomial of the number of infer-
ences in the proof (provided that the set of inequalities being refuted contains
only small coefficients). Unfortunately, we have not achieved this goal; instead,
we only obtain exponential bounds on the values of coefficients in the cutting
plane proofs (the proof for general C'P-proofs is in section 8). In fact it remains
an open problem whether cutting plane proofs with coefficients represented in
unary notation can p-simulate cutting plane proofs with coefficients represented
in the usual binary notation. However, the normal form for C P,-proofs that we
present below does give a partial result in this direction.

For this section and the next section, we shall again slightly modify the
syntax of cutting plane proofs: we now assume that all inequalities in the proof
are of the form

171 + aT2 + ATy + Apy1 >0

where the a;’s are integers. We’ll use letters E and F', often with subscripts and
superscripts to denote expressions of the form shown in the lefthand side of the
inequality; thus, all inequalities in the proof are of the form £ > 0. The rules of
inference are still the addition rule, the multiplication rule and the division rule.
For the division rule, each of the coefficients a1, ..., a, in the inequality in the
hypothesis must be multiples of the divisor ¢, and the constant coefficient, a,1,
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is rounded down, not up, since it is on the lefthand side of the inequality. The
initial inequalities include x; > 0 and —x; +1 > 0 in addition to the inequalities
which are being refuted. The last line of a cutting plane proof is now —1 > 0.

We are now ready to describe the normal form for C'Py-proofs. Assume we
are given a CPy-proof P. Firstly, we can, w.l.o.g., view P as consisting of the
lines

Ey>0, Ey>0, ... E,>0,
Fpp120, Ep1 20, F,220, Epe >0,
s Fn>0, Ep>0, Fpi >0,

where the following conditions hold. Firstly, £y > 0 through E, > 0 are the
initial inequalities (axioms and hypotheses). Secondly, F},, 1 is just —1. Thirdly,
each F;11 is a nonnegative linear combination of Ey, ..., E;; ie.,

(37) Fip1 = b1 By + 03By + - - + b B,

with each b; a nonnegative integer. Finally, for i > p, F; > 0 is obtained from
F; > 0 by division by two.

Given the proof P containing the lines E; > 0 and F; > 0 as above, we now
describe how to form a C'Ps-proof P’ in the normal form. P’ will contain lines
E! > 0 and F] > 0 which correspond to the lines in P. For 1 < i < p, E! is
equal to F;. For i > p, the lines E} > 0 will be obtained from F] > 0 by division
by two. It remains to describe the lines F} > 0. Recall that F; was computed
according to (37) above. We compute ), ; as

p

v =Y (b mod 2)E;.
i=1

Note the coefficients of variables which appear in F}Q 11 are even, since they were

even in Fpy;. Therefore, it is valid to use the division by two rule to obtain
b1 > 0 from ), > 0.

Now we claim that E, 1 is a nonnegative linear combination of £, ..., E}, ;.

Indeed,

P
Epy1 = E;/:H + ZLbf/QJ E;.
i=1
We continue this process inductively to define F] and E! for p+1 < i < m.
We always maintain the inductive condition that F; is a nonnegative linear
combination of Ef,..., El; therefore, F;;; is equal to a nonlinear combination
of these, say,
Fip1=bE] +byEy + -+ + bEL

16



Then F},, is defined to equal

i

L= (b mod 2)E].
j=1

Once F! and E! have been obtained, for all ¢ = 1,...,m; we have that
—1 is a nonnegative linear combination of Ef,..., E/ . Of course, this nonneg-
ative linear combination may involve large coefficients. However, these large
coefficients can be avoided as follows. Suppose Y-, ¢;E! = —1 with the ¢;’s
nonnegative integers. Since the ¢;’s are obtainable as solutions to a linear pro-
gramming problem with the constraints ¢; > 0, we may assume the sizes of the
¢;'s are polynomially bounded by m and the sizes of the coefficients and con-
stant terms in the E/’s. This is an elementary fact about linear programming;
in fact, letting C' equal the maximum of the absolute values of the coefficients
and constant terms in the E/’s, we have that |¢;| < m!-C™, for all i. (For
a proof of this see, e.g., [19, Lemma 2.1]). Let J be such that each |¢;| < 27;
thus, J = O(m(logm +logC)). Instead of deriving —1 > 0 as a single non-
negative linear combination of the inequalities E; > 0; we use J steps, with
j=J,J—1,...,2,1,0, to successively derive G; > 0 where

m

Gj=> lei/?|E].

i=1

However, the G;’s are not derived according to the formula defining them; in-
stead, the G;_1 > 0 is derived from G; > 0 and from the inequalities F; using
the fact that G;_; equals twice G; plus a 0/1 linear combination of the E!’s;
namely,

Gjio1=2-Gj+ Y (lci/2"" mod 2) E].
=1

Since Gy is just —1, we obtain a C' P, derivation P’ of —1 > 0.

To analyze the size of the coefficients appearing in P’; first note the absolute
values of the coefficients in the G;’s must be < m - C; since otherwise, it would
be impossible to end up with the final summation Gy equal to —1. To bound the
size of the coefficients in E., we let B be the maximum of the absolute values of
the coefficients and constant terms in the hypotheses £y > 0,...,E, > 0, and
let A= B -p.

Lemma 15 Let i > p. The constant term and every coefficient of E has
absolute value < LA - (1.5)7P73. Thus C < A-15mP =p-B-1.5m7P,

The lemma is proved by induction on i. In the base case i = p+1, since F;_H isa
0/1-linear combination of the p expressions Ei, ..., E, and since Ep 41 is Fp1/2,
we have that each coefficient of £}, ., is < A/2 in absolute value. By similar
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reasoning, each coefficient in E,,, has absolute value < (A + A/2)/2 < 3A/4;
and likewise each coefficient in F,, ; has absolute value < (A+A/2+3A/4)/2 =
18—114. For the induction step, with i > p 43, E; , is a 0/1-linear combination of
El, ..., E]. Therefore, each coefficient in Ej , has absolute value bounded by

127" 1 /2\""?) 1 2\""?
A-—( (2 [z ——.A4.(Z O
G507 )56
To count the number of lines in P’, note that each F] can be obtained by
< i+ 2 additions and thus with O(m) lines. The complete derivation of the
inequalities £ > 0,..., E/ > 0 therefore takes O(m?) lines. The final portion

of P’ derives each of the J inequalities G; > 0 with O(m) steps. By the above
estimate on J and by Lemma 15,

J = O(m(logm + (m — p)(log B +logp))) = O(m?log B).

Therefore, the final portion of P’ has O(m?log B) lines, so P’ has O(m?log B)
lines in total.

8 Bounds on coefficients in general C'P proofs

Let ¥ be a set of linear inequalities: following the convention of the previous
section, we assume all inequalities are of the form E > 0, where FE is a linear
polynomial of variables zi,...,z,. We let ||E|| denote the maximum of the
absolute values of the constant term and the coefficients appearing in E. For the
rest of this section, we let B denote the maximum value of ||E|| for inequalities
E>0in X.

The construction in section 7 and the size analysis of Lemma 15 proved
that if a CPy-proof P refuting % has M lines, then there is another CP;-
proof P’, also refuting X, in which each coefficient and constant term has abso-
lute value bounded by O(M? - B - (1.5)™) such that the number of steps in P’
is O(M?3log B). Also, by the construction of section 6, every general C P-proof
can be converted into a polynomial size C'P,-proof. Therefore it is reasonable
to expect that whenever P is a general C'P-proof refuting 3, then there is a
C P-proof P’, also refuting ¥, such that the both the number of lines of P’ and
the sizes of constant terms and coefficients in P’ are polynomially bounded by
M and log B.

Unfortunately, the construction in section 6, which converted a general C P-
proof into a C'Py-proof, can cause a superpolynomial increase in the number of
lines in the proof when the coefficients and divisors are very big. So we must
give a new proof to establish the following lemma.

Lemma 16 Let ¥ and B > 0 be as above. Let P be an M line C'P-proof
refuting . Then there is a CP-proof P’, also refuting ¥, such that P’ has
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O(M?31log B) lines and such that each coefficient and each constant term ap-
pearing in P’ has absolute value equal to O(M? - B - 2M).

Note, that as a corollary to Lemmas 15 and 16, we can also take P’ to be a
C Ps-proof with slightly worse upper bounds.

Proof. The proof is very similar to the construction of the C' P>-proof in normal
form in the previous section; so we shall sketch only the principal ideas of the
proof. As before, we can view the C P-proof P as a sequence of inequalities

E,>0, E2>0, ... ,E,>0,
Fp+1 > 07 Ep+l > 07 Fp+2 > 07 Ep+2 > 07
., Fp>0, E,>0 F,1>0.
where each F; is a nonnegative linear combination of F1, ..., F;_1, but now each
E;, with ¢ > p, is obtained from F; by division by some integer ¢; > 2. Similarly
to the earlier construction, form P’ with inequalities E > 0 and F} > 0. We

still have F; is equal to E; for ¢ < p, and also, for i > p, E! > 0 is obtained
from F! be division by ¢;. Now, however, each

Fz'l+1 = ij E;
j=1

for some integers b;, which depend on %, such that 0 < b; < ¢;. The proof that
P’ can be constructed this way is essentially the same as before. And the final
part of P’ that derives G; > 0 is constructed exactly as before.
Redoing the analysis of Lemma 15, we find that ||Ey4;+1]| can be bounded
by
e (p B+ IEwl

Cs
7 i=1

and then ||Ep141|| < pB+ Z;Zl ||[Ep+tjl]. Therefore, ||Eptit1|] < pB2'. Then
P’ has all constant terms and coefficients < MpB2™~P < M?B2M in absolute
value and has

O(m(logm + mlog(pB2™?))) = O(m®log B) = O(M*log B)

many lines. O

9 Frege systems and extended cutting planes

We define the extensions CP* and CPLE™ of CP, CPLE obtained by remov-
ing a requirement in the division rule. We first define the collection £ of all
CP™ expressions.

19



Definition 17 Ifa € Zandi € N, thena € £ and (a-7;) e ET. f E,F € £
and a € Z, then a- F and E + F belong to £T. f E€ £t and c € N, ¢ > 0,
then [FE/c] belongs to £T.

Though not formally part of the syntax, the floor operator |E/c| could be
defined by —[—F/c]. A positive integer ¢ divides an expression F = > a; - E;
of €T, denoted c|E, if c|a; all i. The quotient of E by c is that expression
E' =3"b;- E; of £, where b; = a;/c.

We define the modified rule of simplification to admit, in addition to the
other cases of simplification, the following replacements and inferences. For
E,F,G expressions in £, and ¢ > 0 in N, if ¢|F with quotient E’ then [E—i'Fl
may be replaced by E’ + f%], and f%l may be replaced by E’. As well we
admit the following simplification inference.

1>F
[E/c] > E
Modified division is given by the following:
Forc>0in Nand E,F € £T,

E>F
[E1>T1%1

C

VIV

The systems CPT and CPLE™ are respectively defined from CP and CPLE
by modifying the substitution and division rules as indicated above.

Theorem 18 Frege systems p-simulate CPLE™.

Proof. We give only a proof sketch, basing the essential ideas on Goerdt’s [13]
p-simulation of CP by Frege systems. We begin by an overview of Goerdt’s
simulation. Let C' = A, C; be a formula in conjunctive formal form where
each C; is \/T=1 D;;. Let Iy,..., Iy be a CP refutation of C; i.e. axioms
>t R(Dyj) > 1 are allowed for 1 <i < n.

Goerdt constructs a Frege formula Rep(I}) for each inequality Ij, and proves
within a Frege system F that

Fx C D Rep(Iy)
Fr C D Rep(Is)

FrCD Rep(IM)
Fr C D FALSE

where FALSE represents the false formula xg A —zy. Standard techniques then
show Fz —C. What has just been sketched is an effective translation process,
which given a C'P refutation of C' yields a Frege proof of —C.
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Goerdt’s techniques are easily adapted to provide a p-simulation of CPLE.
Before indicating how to extend these techniques to CPLE™, we review some
of the machinery introduced in [13].

An integer m = ZiT:_Ol m; - 28, 0 < m; < 1, has propositional representation
m = (F° ...,FT=1) where F! = TRUE = z¢ V =z if m; = 1 and F* = FALSE =
xo A\ ~xo otherwise. Integers can be given a positive or negative sign by

+F = (F°,...,FT~! TRUE)
—F = (F° ..., FT~1 FALSE).

Inequality F > G is then defined in F , along with
Add(F,G) = (Add°(F,G),..., Add"~(F,G))

where Addi(ﬁ , é) is TRUE iff the i'" bit of the sum of the integers designated
by formula vectors F , Gis 1. Using carry-save addition, as in [5], the formula
ItAdd(}*:O, fl, e F’Z’—l) is defined, which represents the sum fo+ f1+-- -+ fr—1
where f; is the integer denoted by the formula vector F, of length T', and n is a
power of 2, n < T.

Taking into account iterated addition for all positive terms and separately for
all negative terms, the representing formula Rep(I) for cutting plane inequality
dta;-xi— > b;-x; > m for a;,b; € N is given by

AddSi(+ItAdd(a@ - T), —ItAdd(b- F)) > m

where AddSi is an extension of Add which allows addition of two signed integers.
The formula

Mult(F,G) = (Mult®(F,G),. .., Mult*1(F,G))

is defined where Multi(ﬁ, é) is TRUE iff the #*? bit of f-gis 1 where f [resp. g]
is the integer denoted by the formula vector F= (Fo, F1,...,Fr_q) [resp. G=
(Go,G1,...,Gr-1)].

Goerdt proves that all the above formulas are of size polynomial in T" and
that, provably in the Frege system F, the usual properties of addition, multipli-
cation, distribution of addition over multiplication, etc. all hold. For conjunctive
normal form formula C, Goerdt now shows by induction on the number of infer-
ences I1,I5,..., I in a cutting plane refutation that Fx C D Rep(I1),... Fx
C D Rep(Ip), b7 C D FALSE.

To extend Goerdt’s technique, we must construct a propositional formula
to express {%W This is done as follows. Theorem 136 on p.112 of [15]
yields the following. Suppose ¢ € N, ¢ > 2 is of the form 2* @), where @ is not
divisible by 2 and let p satisfy 0 < p/q < 1, ged(p, ¢) = 1. Let v be the order of
2, mod Q; i.e. v is the least positive integer satisfying 2¥ = 1 (mod Q). Then
the binary expansion of g has p non-recurring bits and v recurring bits.
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Now for ¢ = 2* Q and v the order of 2 modulo @, the binary representation
of % is 0.71...7,51...5, where the bar indicates infinitely many repetitions
of the indicated block s1,...,s,. Given a € N where |a] = n, let k be the
least positive integer satisfying p+ k- v > n + u + v. Let inv(g, k) have binary
representation 0.7y ...7,51 -5, k where the bar with superscript k indicates
k repetitions of the block s1,...,s,. It follows that 0 < % —inv(q, k) < grpes
so that

0 < 2 a inv(g.k)
q

1
< a- (- —inv(g, k))
q
a
<
— 2n+u+u
A 1
< = e

on+ptv outv :

Thus the first p + v bits (to the right of the decimal) of a - inv(q, k) agree
with those of %. By the previously mentioned theorem of [15], for all p satisfying
0 < % < 1, ged(p,q) = 1, it is the case that 5 has at most p non-recurring
bits and v recurring bits to the right of the decimal. As well, if % > 1or

ged(p, q) # 1 then % =K+ ’qi: when 0 < z—: < 1 and ged(p’,q') = 1. Letting

¢=2"Q,q¢ = 2" Q" and v be the order of 2 modulo @, and ¢’ be the order of 2
modulo @', it is easy to show that p/ < p and v/ < v. For instance, to see that
V' < v note that 2 = 1 (mod Q) so that @ | 2" — 1; since Q' | Q it follows that
Q'|12Y —1s0 2 =1 (mod Q). The order of 2 modulo @’ is the least positive
V' satisfying 2 = 1 (mod Q). Hence v/ < v. It is similarly easy to see that
p < p

From this discussion, it follows that if the binary expansion of a - inv(q, k)
is bm_1-~-b1bo.clcg_---cu+,, and if ¢ =1 or ¢g = 1_ Or ...0r Cytyp = 1 then
(4] = (Y icim bi - 27) + 1 otherwise (9] =2 icmbi- 2"

We now sketch polynomial size formulas to express [%1, where F is a formula
vector (Fy, ..., Fr_1) representing an integer of length T'.

Temporarily we abbreviate the expression Mult'(Z,inv(q, i, v, k)) by Mult®
for any i < T + p + k-v. Define Quot; , , (%o, ...,z7-1) by

(Njcpirw ~Multh A Multitrtkv) v
(Vj<;¢+k-u Mult? A [(\/i’<i ﬁMultil-HH_kw A Multi-i—u—i—k»u) V.

(Air<i Mult? trHFv A = Mylttrtkvy))

The previous informal discussion provides the intuition behind the definition

of the formula Quotfl’u,%k(;vo, ...,xp—1). Namely one forms the product P of

the integer x, represented by formula vector Z, with the integer inv(q, u, v, k) =
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inv(q, k) - 2#F7 represented by the formula vector inv(q,/_;,l/, k). Then we
divide by 2#T** and check to see if any bits to the right of the decimal point

are 1. If not, then the i*" bit of [ﬂ is the i + p + k - v — th bit of P. If
so, then the i*" bit of E—‘ is equal to the i" bit of |55 | + 1. Clearly the

formula Quot, ,
of a given CPLE™ refutation Iy, ..., Iy is S, then to propositionally represent

(zo,...,x7r—1) is of size polynomial in T, u, v, k. If the size

all expressions of the form E—‘ occurring in the refutation sequence, it suffices

to take k = S in Quot, , . (z0,...,x71), and as T < S, it follows that all
propositional formulas representing C' O Rep(I;) are of size polynomial in S.

We can simulate in a Frege system the general division rule

E,>E;

EEE

by extending Goerdt’s [13] Frege system simulation of the multiplication rule

|8

E1>E>
C-E,>C B,

for fixed positive integer C. [Goerdt’s proof was for the case of C'P expressions,
whereas F, E; are CPLE expressions.| Since Quot,, vk 1S defined in terms of
Mult? (%, inv(q,ﬁu, vk)) the propositional representation

CDORep(E1>E>) )
CoRep([ ]2 2]

- q

has polynomial size Frege proofs. The same type of argument can be used
to provide polynomial size Frege proofs of proportional representations of the
simplification rules of CPLE™

LE+F2G
[E1+[F]>G
E>0
B>[£&]

&

=

Qlty
\Y
=

for C € Nt.
This concludes the sketch of proof of theorem 18. O

In [9], the second author showed that CPLE™ p-simulates constant depth
Frege systems. As observed by first author, this proof can be extended to
prove that CPLE™ p-simulates Frege systems (details will appear in the journal
version of [9]). Tt thus follows that CPLE™ and Frege systems are polynomially
equivalent.
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10 Threshold logic

In this section, we introduce propositional threshold logic and prove a complete-
ness theorem. It is hoped that certain lower bound results for threshold circuits
may be extended to yield lower bounds for proof size of propositional threshold
logic and a fortiori for cutting planes.

Krajicek has introduced a different system F'C of propositional threshold
logic [17].

Definition 19 Propositional threshold logic is given as follows. Formula depth
and size are defined inductively by:

i. a propositional variable z;, i € N, is a formula of depth 0 and size 1.3

ii. if F is a formula then —F is a formula of depth 1 + dp(F) and size 1 +

size(F).

iii. if Fy,...,F, are formulas and 1 < k < n then T} (F1,...,F,) is a for-
mula of depth 1+ max{depth(F;) : 1 < i < n} and size (n + k) + 1 +
Zlgign size(Fy).

Propositional threshold logic can be viewed as an extension of propositional
logic in the connectives =, A, V, the latter two connectives being defined by

\/ F, = TMF,...,F,)
1<i<n
N\ F = THFR,... F)
1<i<n
A cedent is any sequence Fy, ..., F,, of formulas separated by commas. Ce-

dents are sometimes designated by I', A, ... (capital Greek letters). A sequent is
given by I' A, where ', A are arbitrary cedents. The size [resp. depth] of a ce-
dent F,..., F,is Y01 i, Size(F;) [resp. maxi<i<n(depth(F;))]. The size [resp.
depth] of a sequent I' F A is size(T') + size(A) [resp. max(depth(T), depth(A))].
The intended interpretation of the sequent I' - A is AT' — VA.

An initial sequent is of the form F' + F where F is any formula of proposi-
tional threshold logic. The rules of inference of PTK, the sequent calculus of
propositional threshold logic, are as follows.* By convention, T (A1, ..., A,) is
only defined if 1 <m < n.

30ne could as well allow propositional constants 1 (TRUE) and O (FALSE) of depth 0 and
size 1.

4Gentzen’s original sequent calculus for first order logic was called LK (Logischer Kalksil).
The propositional sequent calculus with connectives =, V, A has sometimes been called PK
(propositional Kalkiil), so our propositional threshold Kalkil is denoted PTK.
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structural rules

Kleft, AT weak right: L LWA
weak lett TR AT S TS W
tract left: M contract right: LRI A4 A
contract left: TAAFT gnt: THT, A A
ermute loft: B AR ermute right. L LA B A
rmu N rmu Il .
P [.BAAFT P & TFT, B, AN
cut rule
IAFA I A A
I, F A, A
logical rules
of ATHFA oht: 'FAA
—-left: TF—AA -right: “ATEA
Aloft Ay, . A, THA : -
-left: or n
T4, A TFA =
Aright 'kAA 'kA, A ¢ -
-T1 .
& TF T (AL, A, A orn =
A, THA A, TFA
V-left: forn>1
Tr(Ay, ... Ay),TF A
I'FA,...,A
V-tight: UM Al L f >1
HEN e AL A, A T

TP YAz, ..., An),T A

Ay, TP N Ag, .. AL, TEA

T} -left:

Tr(Ay,...,A,),TFA

for2<k<n



DEALT! N Ag, .. Ay), A D ETP 1 (Agy. ., Ay), A
THTPAL. .., Ay, A

T -right: for2<k<n

Theorem 20 PTK is sound.

Proof. A truth evaluation is a mapping v : {x; : i € N} — {0,1}. By induction
on formula depth, it is clear how to extend the truth evaluation v to assign a
truth value for each formula of propositional threshold logic. A formula is valid
if it is true in every truth evaluation. Now by induction on the number of
inferences in an PTK proof, it is straightforward to show that every theorem
of PTK is valid. Thus PTK is sound. O

Theorem 21 PTK is complete.

Proof. Suppose that AI' — VA is valid. We construct a finite tree T, each
node of which is labeled by sequents, the root of T" being labeled by I' = A. The
tree T' is constructed so that

i. if I F A" is a child of IV = A’ then size(I'" = A”) < size(I" F A),

ii. if I = A” is a child of IV = A’ and v is a truth evaluation such that
v(I'" B A”) =0, then v(I" - A") = 0,

iii. if Iy = Aq,..., T, = A, are all the children of IV = A’, each of which has
a proof in PTK, then there is a proof of IV + A’ in PTK,.

iv. each leaf of T is of the form IV = A’ where IV, A’ contain only propositional
variables, and moreover some propositional variable x appears both in I
and in A’

Given an already defined node IV = A’ of T, let F be the first formula of
that sequent which is not a propositional variable. If F' appears in I, then for
notational simplicity we write IV as F,II rather than II, F,II’ when F is not
necessarily the first formula of cedent I''. Similarly for A’

Case 1 F is —A, occurring in IV,
- A A
-ATIFA

Case 2 F is - A, occurring in A’.
ATIEA
Im-—-AA
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Case 3 Fis T (A, ..., Ay,), occurring in TV,
TP YAz, .oy AR), TTEA AT (As,.. o, Ay), TTE A
T/ (Aq, ..., Ay),IIFA

Case 4 Fis T (A4, ..., Ay), occurring in A/,
IMEALT (A, Ay) A TP (Asy. .., Ay), A
IIETP(Ar, ..., A A

Conditions (i),(ii) are straightforward to check and left to the reader. Con-
dition (iii) for cases 1-4 follows immediately from the relevant logical rules. If
condition (iv) does not hold, then there is a leaf of tree T labeled by a sequent
I + A’ whose cedents consist only of propositional variables, but which have
no variable in common. Define the truth assignment v by

v(z) = 1 if z does not occur in A’
~ 1 0 otherwise

Then v(I" F A’) = 0, and by iterating condition (ii) along the branch
consisting of all nodes of tree T between leaf IV = A’ and root T' - A, it follows
that v(I' - A) = 0. But this contradicts the assumption that I' - A is valid. O

Remark 22 Since the above proof does not use the cut rule, it follows that cuts
may be eliminated from proofs in PTK. Also note that cut-free PT'K proofs
satisfy the subformula property; namely, every formula in a cut-free PT K proof
is a subformula of a formula in the endsequent.

The structural rules, cut rule, — rules, A rules and V rules are the same as
for PTK. However, in place of the T} rules of PT'K, PTK' has the following

rules.

Tr(As,..., Ay, THA
Ty (AL, A,),TFA

T -leftl: forl<k<k+{4<n

Tr(Ar,... Ay, TFA

Ty (A, Ap By, ... By),TEA

T -left2: forl1<k<n<n+m

Tp-left3: Ay A T By B TR A < mtn
—Ap, .2 An, T (AL, o, Apy Br, oo, By), T H A -
TFTHAL. .., Ay, A
T]-right1: el An) forl<k<n<n+m

TFT/ ™ (Ay,...,Ap, By,..., Bp), A
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T}-right2:

THTM(Ar, .. Ay, A THTM(By,...,Bn),A

U177 (Ao Any Bry .o, B), A

Theorem 23 PTK' is sound.

Proof. As in the proof of soundness of PT'K. O

Theorem 24 PTK' is complete.

fori1<k<m<m+n

Proof. As in the proof of completeness of PTK, suppose that AI' — VA
is valid. As before, construct a finite tree 7', each node of which is labeled by
sequents, the root of T" being labeled by I' = A, such that T" satisfies the previous
conditions (i) through (iv).

Given an already defined node IV = A’ of T, let F' be the first formula of
that sequent which is not a propositional variable. If F' appears in I, then for
notational simplicity we write IV as F,II rather than II, F,II' when F is not

necessarily the first formula of cedent I''. Similarly for A’

Case 1

Case 2

Case 3

Case 4

Case 5

Case 6

F is —A, occurring in IV,
I A A
A TIFA

Fis = A, occurring in A’.
ATIF A
TF—A4,A

Fis T (Ay,...,A,), occurring in T7.
A TTEA Ay ITEA

Tr(Ay, ..., Ay ITF A

Fis T"(A4,...,Ay), occurring in A’.
I Ay,... Ay A
ImETr (A, ..., An), A

Fis T"(Ay,...,A,), occurring in T7.
Ag, oo AR TTEA
T (Ay,.. . Ay, ITEA

Fis T"(Ay,...,Ay), occurring in A’.
M- AL A - TIFA,LA

IF T (A, .., An), A
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Case 7 Fis T](Aq,...,Ay), occurring in IV, where 1 < k < n.
TP YAz, .. A),TTEA AL TR (Agy .. Ay), TTE A
T (Aq, ... A, ITEA

Case 8 FisT](Ay,...,Ay), occurring in A, where 1 < k < n.
IME AL TP (Asy . An) A 10 (Asy. .., Ay), A
IIETP(Ar, .. Ay, A

Conditions (i),(ii) are straightforward to check and left to the reader. Con-
dition (iii) for cases 1-6 follows immediately from the relevant logical rules. The
following is a proof for case 7.

T YAz, .., Ap), T A
AL T Ay, Ay TTE A AT (Ag, . A) TTE A
—AL TP (A, AL ITEA AT (A, Ay TTE A
T2(=A1, A1), TP (A1, .., Ap), TTE A

Now one can prove A; F A
TP (Aq, .. Ay) ITE = Ay, Ay A
TP (A, .. Ay I E TZ(=A1, A1), A

Applying the cut rule to the endsequents of these two proofs yields the desired
TP (Ay, ... Ay, ITF A

The following is a proof of case 8.

M AL T (A, Ay), A TP (Agy. ., Ay), A

I THAD, TP (Asy .ot Ay) A TP (Agy e Ay), TR H(Agy . Ay), A

MFTP(An ... A T (Ao, Ay) A
IIETH(AL .. AL, TP (As, . AR A
T (Ay, ..., Ay), A

This completes the verification of condition (iii). If condition (iv) does not
hold, then as before, define a truth evaluation v so that v(I' - A) = 0, contra-
dicting the assumption. O

Remark 25 Unlike the proof of completeness of PTK, the cut rule was used

in the previous proof. It is unclear whether PT K’ enjoys cut elimination or the
subformula property.
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The systems FC ([17]), PTK and PTK' all p-simulate each other within
a polynomial size factor and constant depth factor. For lack of space, we only
state the results below (detailed proofs can be found in [6]).

Definition 26 Translate the F'C formula A by the PTK’ formula A as follows:

FC formula PTK' formula
z x
/\?:1 A; Tr?(_h : ,A_n)
Vie1 A 7 (A, ... An)
ADB T%(-A, B)
A=DB T3(AD B,BD A)
Chi(Ar,...,A,),0<k<n TH(TR(Ar, ..., An), T (Ar, .. Ay))
CrnlAr, ..., Ay) Tr(Ay,. .., Ay)
Cro(Ar,..., Ay) T (A, .., Ay)

Definition 27 Translate the PTK formula A by the FC formula A as follows:

PTK formula FC formula
T T
-A -A
T (Ay, ..., A) Vi, Cni(Ar, ..., Ay)

A PTK sequent I' H A, which is equivalent to the formula

is translated by the F'C' formula

/\ ANl D) \/ Bj.

i=1 j=1
Proposition 28 Suppose that (P, : n > 1) is a family of PTK proofs, where
P, is a depth d(n), size s(n) proof of ¢,. Then there exists a constant c for
which there exists a family (P;, : n > 1) of FC proofs, where P, is a depth

c+d(n), size s(n)¢ proof of ¢n,.
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Proposition 29 Suppose that (P, : n > 1) is a family of PTK' proofs, where
P, is a depth d(n), size s(n) proof of ¢n. Then there exists a constant ¢ for
which there exists a family (P}, : n > 1) of PTK proofs, where P}, is a depth
c+d(n), size s(n)¢ proof of ¢,.

Proposition 30 Suppose that (P, : n > 1) is a family of FC proofs, where P,
is a depth d(n), size s(n) proof of ¢,,. Then there exists a constant ¢ for which
there exists a family (P) :n > 1) of PTK' proofs, where P!, is a depth c+d(n),
size ¢ - s(n) proof of ¢p,.

11 Appendix.

Here we present the proof of Theorem 7.
Proof. Using limited extension, for 0 < 4,j < n introduce new atoms r;; to
abbreviate g; A p;;.
Let
B, = 20§i<j§s Tij

Ss = 20§i§s<j Tig
Qs = Zogigs qi
Then By =0, Sy = 1, and by induction on s it will be shown that

Ss+2B, =2Q, — 1.
Since S,, = 0 it follows that
2B, =2Q, — 1.

But the left side is even and the right side is odd, a contradiction. We shall
formalize this argument in C'PLFE}; for space reasons we omit some of the details.

Claim. Tij = Tji
Proof. By hypothesis we have
Pij Vpji for 0 <id,5 <n

hence
1—pij+pji>1
and so
Dji 2 Dij-
Similarly p;; > p;;. From @; V p;; V q; we have
l—q¢gi+1-pij+q =1
1+4q; > g +pij

Now
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1Lory =21
2.1>1
3. rij + (1 —ry) > 1, addition of (1), (2) and simplification
4. qi > rij
d. pij 2 Tij
6. ¢; + (1 —r;;) > 1, addition of (3), (4) and simplification
7. pij + (1 —r45) > 1, addition of (3), (5) and simplification
8. ¢ +pij +2(1 —ry;) > 2, addition of (6) (7)
9. ¢; +pij —1+2(1 —r;;) > 1, simplification of (8)
10. ¢ 2 ¢i +pij — 1
11. ¢; +2(1 —r;5) > 1, addition of (9), (10) and simplification
12. pji > pij
13. pji + (1 —r;;) > 1, addition of (12), (7) and simplification
14. g; + pji + 3(1 — r5;) > 2, addition of (11), (13)
15. rj; 2 qj +pji — 1
16. 7j; +3(1 —ry;) > 1, addition of (15), (14) and simplification
17. 75, >0
18. 2r;; > 0, multiplication of (17) by 2
19. 3r;; +3(1 — ;) > 1, addition of (16) (18)
20. 7j; + (1 — ;) > 1, division of (19) by 3

21. rj; > r;j, simplification of (20). O

Following our earlier proof outline, we intend to show that S; + 2B, = 2Q, — 1
for 0 < s < n. To this end, it first must be shown that

n
E Toj = 1
j=1

n—1
E Tnj = 0
=0
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and for fixed 0 < i <n

Z Tij = qu.

0<j<n,j#i
The CPLE proofs of these three equalities actually consist of proving six

inequalities; namely, the following six claims:

Claim. 7 ro; > 1

Claim. 1> 377, o,

Claim. '~} rp; >0

Claim. 0> Y ry;

Claim. Zj# rij > 2¢;, for 0 <7 < n.

Claim. 2g; > > ., 7ij, for 0 <i <n

The proof of rj; > r;; was already given in complete detail; the C PLE proofs
of the above six claims are of similar length and detail. We therefore omit their
proofs for space reasons and leave it to the reader to supply the details of these
CPLE proofs.

Claim. For 0 <s<mn, S;+2B; =2Q, — 1.

Proof. By induction on s. If s = 0, then it follows from earlier claim
(Zj;ﬁo ro; =1, 0 > rop) that

S():l, BOZO; QOZ]_

hence
So+ 2By =2Qy — 1.

Suppose the claim holds for s. Now by regrouping, Ss+1 + 2Bs41 is the sum
2 Z rij + Z rij + (2 Z Tis+1 — Zﬁ',sﬂ + Z Ts+1,5)
i<j<s 1<s5<j 1<s+1 i<s j>s+1

Using an earlier claim that ryy1 ; = r; s+1, the expression in parentheses is equal

to
E Tl + E Tstl,j = E Ts41,j-
j<s j>s+1 s+l
By an earlier claim,
> Tat1y = 2041
J#s+1

Thus
Ss+1 + 2Berl = Ss + QBS + 2q5+1 = 2Qs + QQS+1 = 2Qs+1
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This inductive step establishes the claim. O
Now taking s = n, we have

S, + 2B, =2Q, — 1.

But as S,, = 0, we have

2B, =2Q, — 1.
Dividing the inequality
by 2, we have
By, = Qn.

Similarly, dividing the inequality
2Q, > 2B, +1

by 2 yields
Qn > B, + 1.

From the above inequalities it follows that
B, > B, +1

hence 0 > 1, the desired contradiction. That completes the construction of the
polynomial size C PLE proofs of STC,,. O
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