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object in propositional logic. After clarifying how this concept is used in classical logic,
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Dedicated to Newton da Costa for his 80th birthday
Si les mathématiques n’étaient qu’un jeu
je me serais contenté de jouer a la poupée

BARON DE CHAMBOURCY

0. Introduction

A fundamental feature of modern logic by opposition to traditional logic (e.g. Aris-
totelian logic) is the use of mathematics as a tool, like in many other sciences. In the
XIXth century people such as Boole and Schrdoder have contributed to use arithmetic
and algebra to deal with reasoning.

How can we consider truth as a mathematical object? Many people when they
hear about truth in the context of modern logic immediately think of Tarski’s theory
of truth. But beside and before this theory, truth was considered as a mathematical
object in propositional logic, through the notion of truth-value.

It seems that Heinrich Windelband was the first to use the expression “truth-
value” in 1884 (see Gabriel 1986). According to Windelband, truth-value means
that in some sense truth is valuable and this is certainly true. But it is also true
that it may be valuable to consider truth as a value in a mathematical sense, in
a functional sense: truth as the value of a function.! In this mathematical sense,
not only truth is valuable, but also falsity is: truth and falsity are both values, both
are considered as “truth-values”. But is falsity the only other truth-value? Can we
consider for example with Lukasiewicz that possibility is a truth-value?

From a mathematical point of view it is easy to multiply the truth-values, but
does this make sense? Two people have reacted against this: Quine saying that
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many-valued logic is just algebra (Quine 1970) and Suszko in a subtler way making
the distinction between logical values and algebraic values (Suszko 1977).

We are facing here a key problem of the connection between mathematics and
philosophy. Mathematics can be a useful tool to go further in the analysis of some
philosophical ideas. Mathematics is a powerful tool, but we must be cautious with
such kind of power, avoiding to develop some abstract mental constructions which
have nothing to do with the initial philosophical problems we wanted to deal with —
see the famous paper by Gian-Carlo Rota: “The pernicious influence of mathematics
upon philosophy” (Rota 1991).

In this paper we will describe the main mathematical tools used to deal with truth
in propositional logic and discuss the philosophical perspectives related to them.

1. Truth in classical propositional logic

1.1. Truth-tables

A central feature of the semantics of classical propositional logic is the notion of
truth-table. Truth-tables can be presented in different ways. One of the most com-
mon presentations of a truth-table is derived from the Tractatus of Wittgenstein
(4.31), it is like this:

Wittgensteinian truth-table

P|q|PAg
F|F| F
F|T| F
T|F| F
T|T| T

In a Wittgensteinian truth-table F and T are abbreviations for Falsity and Truth.
A Wittgensteinian truth-table can be described in natural language saying

the conjunction of two propositions is true if and only if both are true.

Why using a truth-table rather than a sentence of natural language? By using a truth-
table are we doing a kind of mathematics of truth-values? Tables have connections
with mathematics; for example children learn addition and multiplication through
some tables. But it is important to note that tables are used also outside mathemat-
ics, to organize thought in a clearer way, as done with all kinds of diagrams. This
is what we can call pictorial thinking (the second Wittgenstein was keen of pictorial
thinking). To put truth in a table can mean two different (non-excluding) things:
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e to mathematize truth in a computational sense

e to picture truth.

The formulation in the table is more precise because we see that a proposition
cannot be both true and false and that it has to be either true or false (principle of
bivalence).? In the natural language formulation this has to be added: the above
formulation in natural language holds for some semantics which do not obey the
principle of bivalence.

Instead of using F and T in a truth-table, it is possible to use 0 and 1:

0-1 truth-table

Plq|pAg
0o|o| o
0|1] o
1[0 o
11 1

What is the difference and what is the importance of doing that? Are we getting
more mathematical? It is possible to represent falsity and truth by any kind of signs.
0 and 1 have the power of abbreviation, but so have F and T. Are 0 and 1 more
symbolic than F and T? Maybe: falsity is connected with the emptiness of the zero
and truth with the strength of the firstness of the one. But there is more than this;
we can use the mathematical properties of 0 and 1. For example we can define
conjunction taking in account the order relation between 0 and 1, using the notion
of inf.

What is the connection between a truth-table and a table for addition or multi-
plication? If we want to represent a truth-table like a multiplication table it will look
like this:

Proper truth-table

A0 |1
0(0]0
110]1

Note then that p, g, p A ¢ have disappeared. This is because conjunction is a
function whose domain is {0, 1} and whose co-domain is also {0, 1}. This table can
be replaced by the following equations

0OAO0=0
0OA1=0
1A0=0
1Anl1=1
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In this case we have a kind of arithmetization of truth, we could use the symbol X or
the symbol - instead of A. It has been done and also the following kind of equation
has been written:

p-p=p
This has been done in the Boolean tradition. But is conjunction an operation on
propositions or numbers? This is not clear. In the Boolean tradition one can find
equations where there is a mix of numbers and propositions such as

p-—p=0
And when we have an equation expressing the commutativity of the conjunction
PAg=qAPp
we may wonder if p and g are variables ranging over a domain like when we write
XXy=yXx,

where variables are ranging over numbers. In the case of propositional logic p and
g can be viewed as variables ranging over 0 and 1. But they can also be viewed as
variables ranging over propositions: atomic formulas in propositional logic are called
propositional variables. But the above equation holds for any formulas, so one could
say that p and q are formula variables.

1.2. Truth-functions

Something that does not appear in most of logic books is that the semantics of clas-
sical propositional logic (hereafter CPL) is the set of homomorphisms between the
absolutely free algebra of the set of formulas and the Boolean algebra on {0,1}.
Homomorphism means that we have two structures of the same type, i.e. with the
same kind of operators. On the one hand we have the connectives, on the other
hand something we can call truth-functions, functions which have as domain and
co-domain the set {0, 1} and that can be defined via proper truth-tables, as the one
we have presented in the previous section for conjunction.
This picture is not clear for many people for various reasons:

(a) The set of formulas is not generally presented as an algebra, it is presented
in a rather linguistic way with words like: “alphabet”, “language”, etc. To
consider the set of formulas as an absolutely free algebra is meaningless for
most people, except for those working in algebraic logic (see Beziau 1999c).

(b) People use the same notation for the connectives and the corresponding truth-
functions — in the case of conjunction for example the symbol A.
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(c) When talking about Boolean algebra in the context of CPL, many people are
thinking of a Boolean algebra not as a logical matrix but as the factor structure
we get using the notion of logical equivalence — a fact that has nothing to do
with truth-value: all logics in which logical equivalence is a congruency can
be factorized in this way even if they don’t have a semantics of truth-values
in the sense of a finite characteristic matrix, this is the case for example of
intuitionistic logic or the modal logic S5.

(d) There is often a confusion between bivaluations and truth-functions: bivalua-
tions are sometimes called truth-functions.

E. Post (1921) has shown that CPL is truth-functionally complete. One may
think that this property is a good reason to defend CPL. But other logics are truth-
functionally complete and this is only one aspect of the strength of a logic: Post has
also shown that CPL is maximal (but other logics also are maximal).

What is truth-functional completeness? It means that from the truth-functions
of CPL it is possible to define all truth-functions of finite arity: all finitary functions
on {0,1}. As it is known we don’t need all the basic truth-functions of conjunction,
implication, negation, etc. One may be enough, like Sheffer stroke.

Making the distinction between truth-functions and connectives is important to
understand the limitation of Post maximal theorem. This theorem says that the
connectives of classical logic cannot be strengthened. But it does not mean that all
possible connectives can be defined using connectives of CPL. For example the modal
operator ¢ cannot be defined in CPL.

We have to remember also that it is possible to have a logic weaker than classical
logic defined by truth-functions — for example positive classical logic defined by the
truth-functions of conjunction, disjunction and implication — but that some logics
weaker than classical logic, e.g. intuitionistic logic, cannot be defined by truth-
functions.

1.3. Bivaluations

The bivaluations of the semantics for CPL have to be clearly distinguished from the
truth-functions. They are the homomorphisms between the structure of the formulas
and the structure of truth-values.

Bivaluations can reduce to something which is sometimes called distributions of
truth-values. These are functions whose domain is the set of atomic formulas and
whose co-domain is {0,1}. One can prove that for each distribution of truth-values
there is a unique extension of it whose domain is the set of all formulas and whose
co-domain is {0,1} and that any bivaluation can be generated by a distribution of
truth-values. The concept of distribution of truth-values is related to the concept of
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atomic formula, which makes sense through the notion of absolutely free algebra.
And in fact the above theorem touches a fundamental property of an absolutely free
algebra, see (Beziau 1999¢).

How is truth distributed? Why such and such atomic proposition should be true
in a given distribution? In the Tractarian perspective this has no value. One consid-
ers only all possible distributions and then focus on what holds for all bivaluations
(extensions of distributions): the tautologies, as Wittgenstein used to say, which are
also called logical truths. Unlike truth, logical truth is not considered as a number:
0,1o0ro.

What we have here is a theory of logical truth rather than a theory of truth. Why
an atomic proposition like “Snow is black” is true or not, this is never discussed. The
logician will be happy enough to say that “Snow is black or snow is not black” is
logically true. As pointed out by Wittgenstein, then we are saying nothing about the
world (see e.g. Tractatus 4.461).

To deal with truth we can go in two different directions: first-order logic where
atomic propositions are atomized — at this level Tarski has developed his theory of
truth which led to model theory — or a theory of truth related to the way the brain
works (see Suppes & Beziau 2004).

There is another way to present this same set of bivaluations, i.e the semantics
of CPL. We can see bivaluations as characteristic functions of maximal consistent sets
of formulas. But what is a maximal consistent set of formulas? This notion is beyond
the distinction between semantics and proof-systems® and also is abstract in a sense
that it does not depend on a specific language or some specific connectives. Given a
relation of consequence, we say that a set is maximally consistent iff:

(a) not everything is a consequence of it,

(b) any strict extension of it is inconsistent (everything is a consequence of it) .

We can define the notion of maximal consistent set on the basis of a consequence
relation proof-theoretically defined or semantically defined.

In CPL it is possible to prove that bivaluations are exactly characteristic func-
tions of maximal consistent sets of formulas semantically defined and also proof-
theoretically defined. The concept of maximal consistent set of formulas is a key
notion for the completeness theorem.

The fact that in CPL bivaluations are at the same time homomorphims and max-
imal consistent sets is a striking feature of CPL semantics. The two different ways to
consider bivaluations lead to two generalizations of the semantics of CPL in which
this coincidence does not necessarily hold.
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2. Truth in many-valued logic

2.1. Logical matrix

A straightforward generalization of classical propositional bivalent semantics is
many-valued matrix semantics, generally just called many-valued semantics.

The idea is to consider homomorphisms between a structure of formulas and a
structure of similar type, called a logical matrix, with a domain of a given cardinality
divided in two sets: the set of designated values and the set of non-designated values.
This division is used to define the set of tautologies and the consequence relation.
The cardinality of the domain of the matrix is supposed to be strictly superior to 1.
It can be finite or not.

Lindenbaum has shown that any logic can be characterized by a matrix; this
is due to the structural character of a logic, i.e. the fact that the set of tautology
and the consequence operator are invariant under substitutions. For this purpose
Lindenbaum used substitutions as truth-functions.*

Despite this fact, generally people will not say that a logic is many-valued be-
cause it can be characterized by a logical matrix, they will use this expression only
to qualify logics that can be characterized by a finite matrix (whose domain cardinal-
ity is superior to 2). For example the modal logic S5 which cannot be characterized
by a finite matrix due to a famous result of Dugundji (1940) is generally not known
as a many-valued logic, the same with intuitionistis logic (see Beziau 1997). And
CPL is not considered as many-valued — 2 is not so many:.

2.2. Lukasiewicz three valued logic and the meaning of the third value

A simple example of logical matrix different from the bivalent one of CPL is the one
for Lukasiewicz three-valued logic L3. In this logic the truth-table for negation is the
following:

Ltukasiewicz truth-table for negation

F|T
I|1
T|F

= is a function whose domain and co-domain is the three-valued set {F,I, T}. I is
an abbreviation for indeterminate. It is common to say nowadays that indeterminate
is a third value. But is it really a truth-value? And can we say that — here is a
truth-function?
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The motivation of L.ukasiewicz to consider a third value was related to determin-
ism. According to Lukasiewicz, if we say that the proposition “It will rain tomorrow”
is either true or false, then we are committed to determinism. To avoid determinism
we can say that the truth-value of this proposition is indeterminate. But in a truth-
table this indetermination turns into an object which stands at the same level as
truth and falsity. Maybe formalization leads here to ambiguity. Lukasiewicz alterna-
tively considered the third value as possible. It is perhaps less ambiguous to consider
that possibility is a truth-value than to consider indetermination of truth-value as a
truth-value.

In both cases the third value is considered as non-designated. One may wonder
if it would not be better to call truth any designated value and falsity any non-
designated values, to therefore avoid using these names for the values within the
tables, i.e. as names for the objects of the domain of the matrix. This was the idea
of Suszko who suggested to call these objects, algebraic values and not truth-values,
to avoid the madness of the multiplication of truth-values (“any multiplication of
logical values is a mad idea”, Suszko 1977).

If we use truth and falsity for values of the matrix we are led to some incoheren-
cies: for example — of L3 is a contradictory forming functor since p is true if and
only if —p is false, but at the same time it has not the property of classical negation,
for example =(p A —p) is not a tautology. Contrarily it seems good to use truth for
designated values and falsity for non-designated values, because then we can say
that logical consequence is truth preserving: it leads from truths to truths.

But one may also have another conception of logical consequence according to
which it is a path from some hypotheses to a conclusion and argue that it is also
possible to coherently speak about truth and falsity within truth-tables of many-
valued logics, as we will see.

Using the same truth-table as the one for = in 13, it is possible to change the
set of designated and non-designated values considering that F is non-designated
and that I and T are designated. This is the idea of paraconsistent logicians: Asenjo
(1966), D’Ottaviano and da Costa (1970) and Priest (1979). In this case from p and
—p it is not possible to deduce anything. Priest has tried in this context to give an
intuitive justification of the third truth-value, saying that a proposition can be true-
false or true and false (Priest 1979). The second way of speaking can be emphasized
through the following truth-table:

Priest truth-table for negation

{F} | {T}
{T,F} | {T,F}
{ty | {F}
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Formally speaking it is quite the same mathematical structure. The three objects
have just three different names. But such an approach would be mathematically
nicer if we had all the elements of the power set of {F, T} — here we don’t have the
empty set.

Anyway Priest’s interpretation makes sense considering a proposition like “It is
raining now in Brazil”. If it is raining in Rio de Janeiro but not in Brasilia, this
proposition can be considered as true and false, its negation can also be considered
as true and false and from this proposition and its negation, we don’t have good
reason to deduce everything.

We can also consider the three values as numbers:

Ll M N e
oOpIH = ]

Using numbers gives the possibility to use the linear order between them to define
conjunction and disjunction as inf and sup, whether we are considering % as desig-
nated or not. It is also possible to consider non-linear orders. This is typically the
case of Dunn-Belnap four-valued semantics we will study next.

2.3. Dunn-Belnap four valued logic: four truth-values making sense

The idea of Dunn-Belnap semantics (see e.g. Belnap 1977) is to use a structure on
truth-values which is a very simple de Morgan lattice. A good example of such a
lattice is given by the power set of a two elements sets whose elements are ordered
by the inclusion relation. For truth-values we can of course take as a two elements
set, the set with truth and falsity. In this case it does not matter if we use O and
1 rather than F and T to represent these objects, since we will not use properties
of these names for the definition of truth-tables. Here is a way to represent the
truth-table for negation in Dunn-Belnap semantics:

Dunn-Belnap truth-table for negation

{F} | {T}
0 0
{T,F} | {T,F}
{ry | {F}

If we consider {F} and 0 as non-designated and {T} and {T,F} as designated we
have something that is called a de Morgan logic. {T,F} can be interpreted as true-
false and @ as nonsense or indetermination. It means that the proposition has no
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truth-value, it is neither false, nor true. We can think this is the case of propositions
like “It will rain tomorrow” or “Four is red”.

The Dunn-Belnap semantics looks very nice and it seems not condemnable by
Suszko. There is no multiplication of truth-values but what we have is the mathe-
matical strength of truth and falsity via the power set operation and the non-linear
order naturally given by the inclusion relation.

Shramko and Wansing (2005) have argued that there is also a very coherent
interpretation of 16 truth-values based on a four elements set, using in the same
way the power set operation and the order relation generated via inclusion. They
call generalized truth-values these structures of truth-values generated by the power
set operation and the relation of inclusion.

Now what about pure multiplication of truth-values, e.g. according to an idea of
degrees of truth and falsity? One may consider the set of real numbers (this is not
so clever because this is a linear order) and define conjunction as inf, disjunction as
sup, and negation by taking the inverse. Then one says that the positive real numbers
are designated values and the negative ones, non-designated ones. It happens that
doing this, one is defining exactly classical logic. This is where the multiplication
of truth-values seems absurd because the distinction between designated and non-
designated value to define the set of tautologies and the consequence relation leads
us back to bivalence and produces the collapse.

If one really wants to consider degrees of truth, one should perhaps also consider
degrees of tautology and degrees of consequence using some functions reflecting the
degrees of truth of truth-functions on tautologies and consequences. Then one would
be able to say that there are tautologies which are for example 7 logically true.

3. Truth in non-truth-functional bivalent semantics

3.1. Suszko bivalent semantics for 1.3

Suszko was against more truth-values than truth and falsity and showed how to
construct a bivalent semantics for Lukasiewicz logic 1.3. At first this seems absurd
because the reason why L3 is considered strictly speaking a three-valued logic is
because it cannot be characterized by a two-valued matrix semantics. CPL can be
characterized by a three-valued semantics or by a matrix of any cardinality superior
to two. When we say that a logic is n-valued, it means that n is the smallest cardinal
of the set of values of a matrix that characterizes the logic.

The bivalent semantics of Suszko for 1.3 is not a truth-functional bivalent se-
mantics, it is not the set of homomorphisms between an algebra of formulas and an
algebra of similar type on {0, 1}. It is the set of characteristic functions of maximal
consistent sets of formulas.
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It is possible to understand the fact that any many-valued logic can have a bi-
valent semantics through the fact that, as Suszko pointed out, bivalency in many-
valued semantics is still there through the distinction between designated and non-
designated value, which is used to define the notion of tautology and the notion of
consequence relation.

It is possible to prove some general results showing that most logics can be char-
acterized by bivalent semantics (da Costa et al. 1996). But many-valued logic is
not necessarily useless, the reduction to bivalency has its advantages and its dis-
advantages. It is like many examples of reduction. For example we know that all
connectives of classical logic can be reduced to Sheffer stroke, it does not mean that
it makes no sense to explicitly use disjunction, conjunction, implication and nega-
tion. Also we know that all signs of a language can be reduced to two signs, that can
be expressed as 0-1. But it is not necessarily bad to use an alphabet of 26 letters.

What is interesting is to use the reduction when it is useful and to keep the variety
when it is better. It is worth also to study the interplay between the two sides. Joédo
Marcos has developed a work in this direction, see e.g. Caleiro et al. 2007. Beziau
(1999b), using a general theorem connecting bivaluations and sequent rules (Beziau
2001), was able to provide a sequent system for £.3.

3.2. Da Costa’s theory of valuation

Da Costa has developed a theory whose aim is to show that any logic can be con-
sidered as bivalent, the theory of valuation - which would be better named “theory
of bivaluation”, see (da Costa & Béziau 1994; Beziau 2011). His work on the sub-
ject started with the study of a particular system of logic: his paraconsistent system
C1. He developed a bivalent semantics for this system that can be described using
truth-tables (da Costa & Alves 1977). For example the truth-table for negation is the
following:

da Costa truth-table for negation

p|™p

0
1
1

—| ol

What is important here is that this is in no sense a truth-table for — as a truth-
function, it is a truth-table for — as a connective. For this logic there are no truth-
functions corresponding to the connective —. Another point is that according to this
semantics, as this truth-table clearly shows, when p is true, =p can be true or —p can
be false. How to qualify this behavior? We can say that this is a non-deterministic
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semantics. But we have to be careful because non-deterministic does not mean
undecidable. This terminology has been used by Walter Carnielli and Arnon Avron
to name semantics which are generalizations of da Costa’s one, see (Carnielli 2000;
Avron 2007).

Instead of saying that p is true-false or that p is both true and false, we say that p
is true and —p is true. There is here an interplay between negation, truth and falsity
without multiplication of truth-values.

To be true means to be part of a maximal consistent set of formulas. The notion
of truth behind this notion is much connected with a vision of truth as coherence
and/or completeness. This concept is also fundamentally structuralist, it means that
truth of a proposition depends on the relation with other propositions. “It is raining
now in Brazil” can be true at the same time that “it is not raining now in Brazil”
in the sense that from these two propositions we cannot deduce everything. The
quality of this kind of truth is related with what kind of other propositions can also
be true with these two, and what we can deduce or not from them.

Bivalent non-truth-functional semantics gives more freedom to develop new the-
ories about connectives and also permits to deal with languages which are not based
on the atomic conception of the language. In a bivalent non-truth-functional seman-
tics like the one for C1, bivaluations are defined directly on the set of all formulas
and cannot be defined starting with distributions of truth-values on atomic formulas.
Truth is global.

4. Truth in Kripke possible world semantics

An alternative to many-valued semantics and non-truth-functional bivalent seman-
tics is Kripke possible world semantics. Kripke semantics is a different way to speak
about truth, where truth in a world depends on truth in other worlds. This can be
used to deal with all kinds of modal operators and also with negation.

For example we can deal with paraconsistent negation in the following way: If p
is true in the world w and in all worlds accessible to this world w, then —p is false in
this world w. But if p is true in the world w and there is a world accessible from the
world w in which p is false, then —p is true in this world w.

This can be seen as collective thinking, taking in account the opinions of others.
If John Smith is a member of a group of people, he may himself think that “it is
now raining in Brazil” is true but if there is someone else in this group who thinks
that “it is now raining in Brazil” is false, he will think that “It is not now raining
in Brazil” is also true. This is connected with Ja?kowski’s idea of discussive logic
(Beziau 2006a) and it has also been shown that the negation so defined corresponds
to “not necessary” (see Beziau 2002, 2005).
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Like in non-truth-functional bivalent semantics true-false is not used, the third
value is simulated by an interplay between negation, truth and falsity, an interplay
which is more subtle, since we use the accessibility relation and double recurrence
to define truth. These are the main characteristics of possible world semantics and
not the notion of possible world itself that can be considered as something similar to
maximal consistent sets of formulas (see Beziau 2006b).

Possible world semantics maybe is more interesting to deal with negation or
implication than with modal operators, because in standard modal logics like S5,
we learn quite nothing: a proposition is necessarily true iff it is true in all worlds,
so necessity in this case is just the internalization of a meta-property and we have
something quite tautological: OJF is a tautology iff F is a tautology. We can under-
stand why Wittgenstein was saying that modalities could not be considered as logical
operators, but were metalogical notions (see e.g. Tractatus 5.525).°

It is clearly possible to mix many-valued semantics with Kripke semantics consid-
ering for example worlds where a proposition can be true, false or true-false. Such
constructions may be used for example to combine a paraconsistent logic with a
modal logic but the relevance of this kind of construction has still to be inquired (see
Beziau 2006b). This is a construction naturally provided by mathematics but whose
philosophical counterpart is perhaps dubious or can be expressed in a better way by
other mathematical tools.®
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Resumo. Neste artigo, discutimos em que sentido a verdade é considerada como um ob-
jeto matematico na légica proposicional. Depois de esclarecer como este conceito é usado
na légica classica, através das nocoes de tabela de verdade, de funcdo de verdade, de bi-
valoracdo, examinamos algumas generalizacoes desse conceito nas ldgicas ndo classicas:
semanticas matriciais multi-valoradas com trés ou quatro valores, semantica bivalente nio
veritativa, seménticas dos mundos possiveis de Kripke.

Palavras-chave: Verdade, tabela de verdade, fungdo de verdade, bivaloragéo, l6gica poliva-
lente, 16gica paraconsistente, mundos possiveis.

Notes

! Who was the first to consider truth-value as a value of a function, we don’t know exactly
— the aim of this paper is not historical. To say, like Frege, that truth-value is the reference
(Bedeutung) of a proposition does not necessarily imply that it is considered as a value of a
function, unless a proposition is considered as a function (like in Wittgenstein’s Tractatus,
5: “A proposition is a truth-function of elementary propositions”). About Frege, see (Gabriel
1984).

2 About the exact formulation of the principle of bivalence, its relation with truth, falsity and
negation, see (Beziau 2003).

3 We are avoiding here to use the word “syntax” because it can lead to a confusion between
proof-theory and the construction of the set of formulas; these are two different things.
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* Lindenbaum theorem was first published by (Lo$ 1949), it was for logics conceived as
sets of formulas, it was then generalized to structural consequence operators by Los, Suszko
and Woajcicki (see Wojcicki 1969). In view of Lindenbaum theorem we can understand the
point 5.01 of Wittgenstein’s Tractatus: “Elementary propositions are the truth-arguments of
propositions.”

> Wittgenstein was not using the terminology “metalogical”, but this is how we can interpret
nowadays what he was saying.
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