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)5='8+$.&,'+$5('#$+/&-5+$:'+"8&'&86,<,$8$(9&'(8;",&+5&+1$8&B6"8+$5(C
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$8&5>:$568C4 !6+&+1$8&$8&(5+&+1"&.'8"&%5,&":",/&'..56(+&5%&8"-'(+$.&<',')5=C J5,&+1"&+/<"&5%

'..56(+&+1'+&*E##&>"&$(+","8+")&$(&1","A +1"&'(8;",&+5&56,&B6"8+$5(&$8&%',&%,5-&5>:$568C

D1$8&'..56(+&+,'."8&>'.K&+5 L,$<K" G4MNOHCP Q..5,)$(9&+5&+1"&'..56(+A φ '() T!φ" ',"&$(F

+",86>8+$+6+'>#"&G'+&#"'8+&;$+1$(&"=+"(8$5('#&.5(+"=+8HC *(&5,)",&+5&'.1$":"&+1$8&)"8$,'>#"&95'#A

15;":",A .",+'$(&"#"-"(+8&5%&.#'88$.'#&#59$.&-68+&>"&'>'()5(")C Q..5,)$(9&+5&+1$8&+1"5,/A

+1"&#59$.&95:",($(9&+1"&R!55#"'(S&.5((".+$:"8&'()&B6'(+$T",8&$8 K3A +1"&#59$.&$()6.")&>/&+1"

I+,5(9&L#""("&:'#6'+$5(&8.1"-"CU V5+'>#/A $(&+1$8&#59$.&"=.#6)")F-$))#"&%'$#8&+5&>"&6(,"8+,$.+F
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;1$.1A #$K"&L,$<K"E8A '##5;8&%5,&+1"&$(+",86>8+$+6+'>$#$+/&5% φ '() T!φ" >/&'##5;$(9&%5,&+1"&%'$#F

6,"&5%&"=.#6)")F-$))#"C^ D1"&-5)"#8&)":"#5<")&>/&J$"#)A 15;":",A ',"&)"T(")&%5,&'&#'(96'9"

.5(+'$($(9&'&,"'85('>#"&.5()$+$5('#A Y→EA %5,&;1$.1&+1"&DF8.1"-'&15#)8A '()&'(&$()"+",-$('./

5<",'+5,A YIEC _8$(9&+1"&#'++",&;"&.'(&.1','.+",$`"&+1"&8+'+68&5%&+158"&<',')5=$.'#&8"(+"(."8

+1'+&#"')&+5&%'$#6,"8&5%&"=.#6)")F-$))#"C 71$#"&;"&.'((5+A ;$+156+&.5--$++$(9&56,8"#:"8&+5&'

.5(+,')$.+$5(A 8'/&"$+1",&+1'+&+1"&?$',&8"(+"(." λ 5,&$+8&("9'+$5(&',"&(5+&+,6"A ;"&.'(&8'/&+1'+

("$+1", λ (5,&$+8&("9'+$5(&'," ,()(#&.+")('/ +,6"A $C"CA ;"&.'(&8'/&+1'+&$+&$8 .+,()(#&.+")(;1"+1",

λ $8&+,6"C

D1"&',96-"(+8&+1'+&%5##5;&',"&)$,".+")&'+&'(/5("&;15&'):5.'+"8&'&<','.5-<#"+"&+,"'+-"(+

5%&+1"&8"-'(+$.&<',')5="8C *(&;1'+&%5##5;8A * ;$##A 15;":",A 1"#<&-/8"#%&+5&+1"&"=<,"88$:"&,"F

856,."8&+1'+&J$"#)E8&+1"5,/&5%%",8C !".'68"&J$"#)E8&+1"5,/&.5(+'$(8&'(&5>X".+&#'(96'9"&5<",'+5,

YIEA ;1$.1&.'(&>"&68")&+5&"=<,"88&+1"&<',')5=$.'#&8+'+68&5%&+1"&?$',&8"(+"(."A ;5,K$(9&;$+1

+1$8&+1"5,/&;$##&'##5;&68&+5&,"'85(&-5,"&"'8$#/&'>56+&+1$8&8+'+68&'()&56,&'++$+6)"8&+5;',)8

8"(+"(."8&1':$(9&+1$8&8+'+68C *(&<,$(.$<#"A 15;":",A +1"&-'$(&',96-"(+8&+1'+&%5##5;&.56#)&>"

,"%,'-")&$(&+",-8&'.."<+'>#"&+5&'):5.'+"8&5%&'#+",('+$:"&<','.5-<#"+"&'..56(+8C

?"++$(9 φ >"&85-"&<,5<58$+$5(&+1'+&5("&5691+&+5&>"#$":"&$8&$()"+",-$('+"A +1"&B6"8+$5(&+1"(

',$8"8&%5,&5("&;15&$8&'++,'.+")&+5&+1$8&85,+&5%&'..56(+&5%&8"-'(+$.&<',')5=a 71'+&'++$+6)"&8156#)

5("&1':"&+5;',)8 φ@ 2'##&+1$8 01(23%#&").4(25-(6).%+C

D1"&5,+15)5=&'(8;",&+5&+1$8&B6"8+$5(&$8a

!"#"$%&'( J5,&'(/&<,5<58$+$5( φA $+&$8&'&.5(8"B6"(."&5%&+1"&.#'$-&+1'+&5("&5691+&+5&>"#$":"&+1'+
φ $8&$()"+",-$('+"A +1'+&5("&5691+&+5&,"X".+A $C"CA )$8>"#$":"A >5+1 φ '()&$+8&("9'+$5(CO

D5&8'/&+1'+&+1$8&'(8;",&$8&5,+15)5=&$8&$(&85-"&;'/8&+5&6()",8"##&15;&;$)"&$8&+1"&'9,""-"(+

5(&+1$8&<5$(+C D5&-/&K(5;#")9"A "'' <,5-$("(+&)"%"()",8&5%&'&<','.5-<#"+"&+1"5,/&1':"&"$+1",

"=<#$.$+#/&5,&$-<#$.$+#/&"()5,8")&+1"&:$";&+1'+&,"X".+$5(&$8&+1"&.5,,".+&'++$+6)"&+5&+'K"&+5;',)8
^I"" J$"#) GPZZ[HA J$"#) GPZZNH&%5,&'&)":"#5<-"(+&5%&+1$8&<58$+$5(C
O\"')a OBIφ |b ORφ ∧ OR¬φC \"X".+$5(&5%&'&<,5<58$+$5( φ .'(&>"&+15691+&5%&'8&1':$(9&'(&'<<,5<,$'+"#/&#5;

.,")"(."&$( φC VC!CA %5,&+1"&<,5<5("(+&5% !"#"$%&'(A&,"X".+$5(&5% φ )5"8&(5+&,"B6$,"&+1'+&5("&1':"&'&1$91&.,")"(."
$( ¬φC

P



*+)#%,-$).%+

+1"&<,5<58$+$5(&"=<,"88")&>/&+1"&?$',&8"(+"(."Cc

*(&;1'+&%5##5;8A *E##&',96"A $(8+"')A +1'+&+1"&.5,,".+&'(8;",&+5&D1"&V5,-'+$:"&d6"8+$5(&$8a

&()"%"!*&(+$, J5,&'(/&<,5<58$+$5( φA $+&$8&'&.5(8"B6"(."&5%&+1"&.#'$-&+1'+&5("&5691+&+5&>"#$":"
+1'+ φ $8&$()"+",-$('+"A +1'+&5("&5691+&+5&>"&86.1&+1'+&$+&$8&$()"+",-$('+"&;1"+1",&5("
>"#$":"8 φCN

J5,&,'+$5('#&'9"(+8A $()"+",-$('./&$(&+1"&5>X".+8&5%&)5='8+$.&8+'+"8&;$##&T#+",&6<&+5&+1"&)5='8F

+$.&8+'+"8&+1"-8"#:"8C D1$8&$8&$(&-'(/&;'/8&'&8+,'(9"&'()&.56(+",$(+6$+$:"&.#'$-C V5("+1"#"88A

*E##&+,/&+5&815;&+1'+&+1","&',"&955)&,"'85(8&+5&+1$(K&$+&+,6"C

D1"&',96-"(+&%5,&+1$8&;$##&<,5."")&'8&%5##5;8C

*(&3PC4A * )":"#5<&'&(5,-'+$:"&<',')5=C * 815;&+1'+&+1,""&<#'68$>#"&<,$(.$<#"8&.5(.",($(9

)5='8+$.&,'+$5('#$+/&',"&.#'88$.'##/&$(.5(8$8+"(+C

*(&3PCPA * 815;&15;&+1" !#.&"27"$.( $(.5(8$8+"(+&+,$')&.'(&>"&;1$++#")&)5;(&+5&' !#.&"27"$.(

$(.5(8$8+"(+&<'$,C

*(&3UA * 815;&+1'+&+1"&8+,6.+6,"&5%&+1"&<',')5=&)":"#5<")&$(&3PC4&$8&%5,-'##/&$)"(+$.'#&+5&'

-5)'#&?$',&<',')5=C Q <','.5-<#"+"&85#6+$5(&+5&+1"&?$',&<',')5=&.'(&>"&8+,'$91+%5,;',)#/

"=+"()")&+5&)"'#&;$+1&+1"&-5)'#&?$',&8"(+"(."C e$:"(&+1"&8+,6.+6,'#&$)"(+$+/&5%&+1"8"&+;5

<',')5="8A +1"&(5,-'+$:"&<',')5=&.'(&'#85&>"&,"85#:")&>/&'<<"'#&+5&$()"+",-$('./C D1"&8'-"

85#6+$5(&'<<#$"8&+5&+1"&<',')5=&)":"#5<")&$(&3PCPC

D1"&<588$>$#$+/&5%&)5='8+$.&$()"+",-$('./&$8&)"%"()")&$(&3^C

*(&3OA * 815;&+1'+&,"85#:$(9&+1"&(5,-'+$:"&<',')5="8&$(&+1$8&;'/&,"B6$,"8&,"X".+$(9!"#"$%&'(C

Q.."<+'(."&5%&+1$8&(5,-&#"')8&68&>'.K&$(+5&(5,-'+$:"&<',')5=C !/&'<<"'#$(9&+5&$()"+",-$('./

;"&.'(A $+&8""-8A 15#)&5(&+5&85-"&:",/&<#'68$>#"&<,$(.$<#"8&.5(.",($(9&)5='8+$.&,'+$5('#$+/C !6+
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.5,,"8<5()$(9#/&#"88&.5(T)"(+&$( !"#"$%&'(C&I$(."&+1"8"&<,$(.$<#"8&',"&-6.1&-5,"&$(+6$+$:"#/

.5-<"##$(9&+1'( !"#"$%&'(A&+1$8&<,5:$)"8&'&8+,5(9&',96-"(+&'9'$(8+ !"#"$%&'(C
cI"" J$"#) GPZZ[H&'() J$"#) GPZZU'H&%5,&+1$8&85,+&5%&:$";C f',85(8 G4M[^H&$8&+1"&T,8+&"=<#$.$+&"()5,8"-"(+&+1'+&*

K(5;&5%&+1"&,"X".+$5($8+&#$("C D1"&:$";&.'(A 15;":",A >"&8""(&'8&>"$(9&$-<#$.$+&$(&<',+8&5% L,$<K" G4MNOHC I""&'#85
I5'-"8 G4MMMH&'() \$.1',) GPZZ[HC

N\"')a OBIφ |b OIBφC
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*(&3cA * ',96"&+1'+ &()"%"!*&(+$, $8&$()"<"()"(+#/&-5+$:'+")&'()&+1'+A 6(#$K" !"#"$%&'(A&$+&$8

.5-<'+$>#"&;$+1&+1"&<,5<58")&,"85#6+$5(&5%&+1"&(5,-'+$:"&<',')5=C

*(&3NA * '88"88&+1"&8+'+"&5%&+1"&)$'#".+$.&>"+;""(&+1"&<,5<5("(+&5% !"#"$%&'( '()&+1"&<,5<5("(+

5% &()"%"!*&(+$,A&9$:"(&+1"&<,".")$(9&',96-"(+8C

J$('##/A $(&3[A * .5(8$)",&+1,"" !#.&"27"$.( .5-<"##$(9&',96-"(+8&$(&%':5,&5% !"#"$%&'( '()

815;&15;&+1"/&.'(&>"&,"8$8+")C[

3P V5,-'+$:"&f',')5="8

3PC4

25(8$)",&+1"&%5##5;$(9&8"(+"(."a

! "#$%#&$'()*(+($&,-&$&,*.$.(%&(%/($*.$&01(M

71'+&8156#)&/56,&'++$+6)"&>"&+5;',)8&+1$8&8"(+"(."@ ]56E,"&#$K"#/&+5&>"&<6``#")C ]56

K(5;&+1"&%5##5;$(9&%'.+8a

g *%&/56&>"#$":"&+1'+&$+E8&+,6"A +1"(&$+E8&%'#8"C

g *%&/56&)5(E+&>"#$":"&+1'+&$+E8&+,6"A +1"(&$+E8&+,6"C

Q886-$(9&+1'+&/56E##&K(5;&;1"+1",&5,&(5+&/56&>"#$":"&+1'+&$+E8&+,6"A /56E##&+1"(&"$+1",&>"

$(&+1"&<58$+$5(&5%&K(5;$(9&+1'+&/56&>"#$":"&+1'+&+1"&8"(+"(."&$8&+,6"A '()&K(5;$(9&+1'+&/56,

85&>"#$":$(9&-'K"8&$+&%'#8"A 5,&K(5;$(9&+1'+&/56&%'$#&+5&>"#$":"&+1'+&+1"&8"(+"(."&$8&+,6"A '()

K(5;$(9&+1'+&/56,&85&%'$#$(9&+5&>"#$":"&-'K"8&$+&+,6"C V"$+1",&5%&+1"8"&8""-8&#$K"&'&,'+$5('#

8+'+"&%5,&'(&'9"(+&+5&>"&$(C
[*(.#6)")&$8&'#85&'(&'<<"()$=&+1'+&56+#$("8&+1"&6()",#/$(9&+".1($.'#&-'.1$(",/&'()&<,5:"8&:',$568&,"86#+8

+1'+&* '<<"'#&+5&$(&+1"&-'$(&>5)/&5%&+1"&<'<",C \"')",8&;15&;$81&+5&8K$<&+1$8&;$##&(5+A 15;":",A -$88&'(/+1$(9
"88"(+$'#&+5&6()",8+'()$(9&+1"&-'$(&',96-"(+8&5%&+1"&<'<",C

MD1$8&+/<"&5%&8"(+"(."&'()&85-"&5%&$+8&5))&%"'+6,"8&',"&)$8.688")&$( !6,9" G4MN[HA !6,9" G4M[^HA 25("" G4M[NH
'() I5,"(8"( G4M[[HC D1"&<',')5=&* )":"#5<A 15;":",A )$%%",8&%,5-&+158"&)$8.688")&>/&+1"8"&'6+15,8&$(&85-"
$-<5,+'(+&)"+'$#8C

^



3%#&").4(28"#",%9(6

h6,&<6``#"-"(+&'+&+1$8&.'8"&.'(&>"&81',<"(")&$(+5&'&<',')5=C *(&'&-5-"(+A *E##&815;&15;

+1$8&;5,K8&$(&<,".$8"&)"+'$#A >6+&#"+&-"&T,8+&9$:"&/56&'&8"(8"&5%&+1"&%5,-&+1'+&+1"&<',')5=&+'K"8C

_8$(9&+1"&+/<"&5%&8"(+"(."&'>5:"A ;"&.'(&',96"&+1'+&+1","&$8&'&<588$>#"&'9"(+&;15A ;$+156+

>"$(9&96$#+/&5%&'(/&'(+".")"(+&,'+$5('#&%'$#$(9A $8&6('>#"&+5&8'+$8%/&+1"&%5##5;$(9&+;5&<#'68$>#"

(5,-'+$:"&<,$(.$<#"8a

$'(-&-%"($, J5,&'(/&<,5<58$+$5( φA $+&$8&'&,'+$5('#&,"B6$,"-"(+&+1'+&$%&5("&>"#$":"8 φ +1"(&5("
(5+&>"#$":"&$+8&("9'+$5( ¬φC4Z

".&)"($" J5,&'(/&<,5<58$+$5( φA $%&'(&'9"(+E8&":$)"(."&-'K"8 φ .",+'$(&+1"(&+1"&'9"(+&$8&,'+$5F
('##/&,"B6$,")&+5&>"#$":" φC44

*%&56,&'9"(+&>"#$":"8&+1'+&+1"&'>5:"&8"(+"(."&$8&+,6"A +1"(&$+&;$##&"$+1",&%'$#&+5&8'+$8%/ $'(/

-&-%"($, 5, ".&)"($"C&Q()A $%&56,&'9"(+&)5"8(E+&>"#$":"&+1'+&+1"&'>5:"&8"(+"(."&$8&+,6"A +1"(&$+

;$##&%'$#&+5&8'+$8%/ ".&)"($"C&*(&"$+1",&.'8"A 56,&'9"(+&;$##&>"&96$#+/&5%&'&,'+$5('#&%'$#6,"C 71'+

+1$8&;56#)&8""-&+5&815;&$8&+1'+ $'(-&-%"($, '() ".&)"($" ',"&$(.5-<'+$>#"&;$+1&+1"&%5##5;$(9

9"(",'#&.5(8+,'$(+&5(&<,$(.$<#"8&5%&,'+$5('#$+/a

0'--&1&2&%, e$:"(&'&8"+&5%&-6+6'##/&"=.#68$:"&'()&X5$(+#/&"=1'68+$:"&)5='8+$.&5<+$5(8&+1","&$8
'#;'/8&85-"&5<+$5(&86.1&+1'+&$+&$8&<588$>#"&%5,&'(&'9"(+A ;15&$8&(5+&'#,"')/&96$#+/&5%&'
,'+$5('#&%'$#$(9A +5&,"'#$`"&+1'+&5<+$5(&'()&(5+&$(.6,&,'+$5('#&.,$+$.$8-&$(&85&)5$(9C

?'+",&$(&+1$8&<'<",A * ;$##&815;&15;&+1$8&<',')5=&.'(&>"&,"85#:")A '()&;1'+&#"885(8&;"&.'(

"=+,'.+&%,5-&$+8&,"85#6+$5(C !6+&T,8+&#"+&68&8""&15;&+1$8&<',')5=&;5,K8&$(&)"+'$#C

?"+&YBαE&>"&'(&5<",'+5,&-"'($(9 :'!1"2;('.(4(62)1")C ?"+&YβE&('-"&+1"&%5##5;$(9&8"(+"(."a

Y¬BαT (β)EC4P D1"(A '8&'(&$(8+'(."&5%&+1"&DF8.1"-'A ;"&1':"a
4Z\"')a O(Bφ→ ¬B¬φ)C
44D;5&<5$(+8C G$H&VC!C ".&)"($" $8&' 6/+$1#%+.$ (5,-C *%A '+&'&<',+$.6#',&+$-" t '(&'9"(+&1'8&":$)"(."&+1'+&-'K"8

φ .",+'$(&'()&%'$#8&+5&>"#$":"&$+A +1"(&+1"&'9"(+&$8&+1",">/&86>X".+&+5&,'+$5('#&.,$+$.$8-C G$$H&* +'K"&$+&+1'+&+1","&',"
;"'K",&#":"#8&5%&":$)"(+$'#&86<<5,+&+1'+&'#85&,'+$5('##/&-'()'+"&>"#$"%C *+&$8A 15;":",A ("'+",&+5&;5,K&;$+1&+1$8
G#59$.'##/H&;"'K",&,'+$5('#&.5(8+,'$(+C !6+&(5+"&+1'+&$%&5("&$8&6(.5-%5,+'>#"&;$+1&+1"&$)"'&+1'+&5("E8&":$)"(."&":",
-'K"8&'(/+1$(9&.",+'$(A +1"&%5##5;$(9&<6``#"&.56#)&>"&,".,"'+")&>/&'<<"'#&+5&'&<#'68$>#"&(5,-'+$:"&.5(8+,'$(+&+5
+1"&"%%".+&+1'+&+1","&$8&85-"&#"88&+1'(&.5(.#68$:"&":$)"(+$'#&+1,"815#)&>"/5()&;1$.1&>"#$"%&$8&,'+$5('##/&-'()'+")C

4PW","A %5##5;$(9 L,$<K" G4MNOHA 8"(+"(+$'#&8"#%F,"%","(."&$8&'.1$":")&>/&8+$<6#'+$5(C D1$8&.56#)&'#85A 5%&.56,8"A
>"&'.1$":")&>/&'&+".1($B6"&86.1&'8&ei)"#&(6->",$(9C

O
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G4H T (β)↔ ¬BαT (β)4U

Q.+6'#&'9"(+8&',"&955)&'+&)"+".+$(9&+1"$,&5;(&)5='8+$.&8+'+"8C D1$8&;5,K8&$(&+;5&)$,".+$5(8C

J$,8+A ;1"(&5("&>"#$":"8&85-"+1$(9A 5("&5%+"(&>"#$":"8&+1'+&5("&>"#$":"8&$+j 8$-$#',#/&;1"(&5("

)5"8&(5+&>"#$":"&85-"+1$(9A 5("&5%+"(&>"#$":"8&+1'+&5("&)5"8&(5+&>"#$":"&$+C I".5()A ;1"(

5("&>"#$":"8&+1'+&5("&>"#$":"8&85-"+1$(9A %5,&+1"&-58+&<',+&5("&$8&,$91+j 8$-$#',#/&;1"(&5("

>"#$":"8&+1'+&5("&)5"8&(5+&>"#$":"&85-"+1$(9C I+$##A '.+6'#&'9"(+8&',"&%'##$>#"&$(&>5+1&)$,".+$5(8C

D1","&',"&<#"(+/&5%&>"#$"%8&5%&-$("&5%&;1$.1&* '-&6(';',"A '()&;1$.1&;56#)&,"-'$(&1$))"(&+5

-"&":"(&'%+",&'&+15,5691&$(+,58<".+$:"&8"',.1A '()&+1"&8'-"&$8A * +'K"&$+A +,6"&5%&/56C D1","&',"

'#85&>"#$"%8&+1'+&* 1':"&'>56+&-/&5;(&>"#$"%&8+'+"&+1'+&',"&%'#8"C 71$#"&$+&-'/&1':"&5(."&>""(

.5--5(&+5&86<<58"&+1'+&"'.1&'9"(+E8&-$()&$8&+,'(8<',"(+&+5&1",8"#%A +1$8&+15691+&(5;&8""-8

$()"%"(8$>#"C

0'(/&5%&56,&#$-$+'+$5(8&$(&+1$8&,"8<".+&;56#)A 15;":",A 8""-&+5&>"&-")$.'#&$(&('+6,"A (5+

-"+'<1/8$.'#C 25(8$)",&'(&$)"'#&'9"(+C 2'##&$+&YQ9"(+&Q#<1'EC D1"&%5##5;$(9&8""-8A '+&+1"

:",/&#"'8+A -"+'<1/8$.'##/&<588$>#"C 71"(":",&Q#<1'&>"#$":"8 φA +1"(&$+&'#85&>"#$":"8&+1'+&$+

>"#$":"8 φC Q()A ;1"(":",&Q#<1'&)5"8&(5+&>"#$":" φA +1"(&$+&>"#$":"8&+1'+&$+&)5"8&(5+&>"#$":"

φC 05,"5:",A Q#<1'&$8A 5:",'##A !(#7($)'/ ,"#$'>#"&$(&+1"&1$91",F5,)",&>"#$"%8&+1'+&$+&1'8C Q#<1'

>"#$":"8&+1'+&$+&>"#$":"8 φ 5(#/&$%&$+&)5"8&>"#$":" φA '()&$+&>"#$":"8&+1'+&$+&)5"8&(5+&>"#$":" φ 5(#/

$%&$+&)5"8&(5+&>"#$":" φC

7"&1':"A +1"(A +1"&%5##5;$(9a

GPH BαT (β)↔ BαBαT (β)

GUH ¬BαT (β)↔ Bα¬BαT (β)4^

7"&-'/&%6,+1",&86<<58"&+1'+&56,&'9"(+&>"#$":"8&+1"&+,6+1&"=<,"88")&$(&G4HC 7"&1':"&+1"(a

G^H Bα(BαT (β)→ ¬T (β))

4UVC!C&Y↔E&$8&+1"&J$"#)&>$.5()$+$5('#C Q##&5%&+1"&$(%","(."8&$(:5#:$(9&+1"&.5()$+$5('#&+1'+&*E##&>"&'<<"'#$(9&+5&',"
:'#$)&$(&+1"&.#'88&5%&J$"#)&-5)"#8C I""&+1"&D".1($.'#&Q<<"()$=&%5,&'(&56+#$("&5%&+1$8&-5)"#&+1"5,/&'() J$"#) GPZZ[H
%5,&'&-5,"&$(&)"<+1&+,"'+-"(+C

4^7"&8156#)&+1$(K&5%&YBαE&'8&$(:5#:$(9&'&T,8+F<",85('#&-5)"&5%&<,"8"(+'+$5(&%5,&Q#<1'C

c
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GOH Bα(¬BαT (β)→ T (β))

D1"&<588$>$#$+/&5%&'(&'9"(+A 86.1&'8&Q#<1'A ;15&8'+$8T"8&GPHFGOHA ,'$8"8&<,5>#"-8&%5,&+1"

.5(X6(.+$5(&5% $'(-&-%"($,A ".&)"($" '() 0'--&1&2&%,C&D5&8""&+1$8A T,8+&.5(8$)",&+1"&%5##5;$(9&+;5

.'8"8C

2-.($34 h(&+1"&'886-<+$5(&+1'+&Q#<1'&)5"8&(5+&>"#$":"&+1'+ β $8&+,6"A $+&%5##5;8&+1'+&$+
5691+&+5&>"#$":"&+1'+ β $8&+,6"C

Q886-"&+1'+&Q#<1'&)5"8&(5+&>"#$":"&+1'+ β $8&+,6"C !/&GUHA $+&%5##5;8&+1'+&$+&>"#$":"8

+1'+&$+&)5"8&(5+&>"#$":"&+1$8C Q#<1'&'#85&>"#$":"8&+1'+&$%&$+&)5"8&(5+&>"#$":"&+1$8&+1"(

β $8&+,6"C D1$8&$8&GOHC D1"&8"+F6<&5%&+1"&.'8"&$8&86.1&+1'+&+1"&8+'+68&5%&>5+1&5%&+1"8"

>"#$"%8&$8&86<",#'+$:"C D1"&T,8+&>"#$"%&$8A <-" 1$91",F5,)",&>"#$"%A !(#7($)'/ ,"#$'>#"C

D1"&8".5()&<,5<58$+$5(&+1'+&$+&>"#$":"8&$8&'&+1"5,"-A '()&;"&.'(&'886-"&+1'+&$+8

9,56()8&%5,&>"#$":$(9&+1$8&',"&+1"&8'-"&'8&56,8C e$:"(&+1"$, ;%+"2=,(6A +1"8"&>"#$"%8A

* .#'$-A %5,-&<',+&5%&+1"&'9"(+E8&+5+'#&>5)/&5%&":$)"(."C4O 7"&.'(&'886-"A %6,+1",A

+1'+&Q#<1'&1'8&(5&5+1",&":$)"(."&+1'+&>"',8&5("&;'/&5,&+1"&5+1",&5(&+1"&B6"8+$5(

5%&;1"+1", β $8&+,6"C Q#<1'A +1"(A ;56#)&8""-&+5&>"&$(&+1"&<58$+$5(&$(&;1$.1&$+8

":$)"(."&-'K"8&$+&.",+'$(&+1'+ β $8&+,6"C !/ ".&)"($"A&$+&%5##5;8&+1'+&Q#<1'&5691+&+5

>"#$":"&+1'+ β $8&+,6"C

4Ok='.+#/&;1'+&85,+&5%&,"#'+$5(&5("&-68+&>"',&+5&'&<,5<58$+$5(&$(&5,)",&%5,&+1"&#'++",&+5&>"&<',+&5%&5("E8&":$)"(."
$8&'&+5<$.&5%&85-"&.5(+,5:",8/C D1"&.'8"A 15;":",A $8&8"+F6<&85&+1'+&Q#<1'&8156#)&-""+&'(/&,"'85('>#"&8+'()',)8C
Q#<1'A %5,&"='-<#"A K(5;8&+1'+&$+&)5"8&(5+&>"#$":"&+1'+ β $8&+,6"A '()&+1'+&$%&$+&)5"8&(5+&>"#$":"&+1'+ β $8&+,6"&+1"(
β $8&+,6"C h6,&'886-<+$5(A +1"(A $8&X68+$T")&$%&5("&15#)8&+1'+&'&<,5<58$+$5( φ .56(+8&'8&<',+&5%&'(&'9"(+E8&":$)"(."
X68+&$(&.'8"&+1"&'9"(+&K(5;8&+1'+ φC I""&"C9CA 7$##$'-85( GPZZZHC *(&'))$+$5(A +1"&'9"(+E8&K(5;#")9"&$(&>5+1&.'8"8
("")&(5+&>"&$(%","(+$'#C h6,&'886-<+$5(A +1"(A $8&X68+$T")&$%&5("&+1$(K8&+1'+&+1'+&'&<,5<58$+$5( φ .56(+8&'8&<',+&5%
'(&'9"(+E8&":$)"(."&X68+&$(&.'8"&+1"&'9"(+&K(5;8&+1'+ φ '() φ $8&(5+&$(%",,")&%,5-&5+1",&K(5;(&<,"-$88"8C Q()A 5%
.56,8"A 56,&'886-<+$5(&$8&X68+$T") "27%#).%#. $%&5("&+1$(K8&+1'+&'&<,5<58$+$5( φ +1'+&5("&>"#$":"8&.56(+8&'8&":$)"(."
X68+&$(&.'8"&5("&8'+$8T"8&85-"&#"88&)"-'()$(9&.,$+",$'A "C9CA 1':$(9&'&X68+$T")&>"#$"%&$( φC I""&"C9CA J"#)-'( GPZZ^HC

N
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2-.($54 h(&+1"&'886-<+$5(&+1'+&Q#<1'&)5"8&>"#$":"&+1'+ β $8&+,6"A $+&%5##5;8&+1'+&$+
5691+&(5+&>"#$":"&+1'+ β $8&+,6"C

Q886-"&+1'+&Q#<1'&)5"8&>"#$":"&+1'+ β $8&+,6"C !/&GPHA $+&%5##5;8&+1'+&$+&>"#$":"8&+1'+

$+&>"#$":"8&+1'+ β $8&+,6"C Q#<1'&'#85&>"#$":"8&+1'+&$%&$+&>"#$":"8&+1'+ β $8&+,6"&+1"( β $8

(5+&+,6"C D1$8&$8&G^HC Q9'$(&+1"&":$)"(+$'#&8+'+68&5%&+1"8"&>"#$"%8&$8A >/&+1"&8"+F6<&5%

+1"&.'8"A 86<",#'+$:"C 7"&.'(&'9'$(&'886-"&+1'+&Q#<1'&1'8&(5&5+1",&":$)"(."&+1'+

>"',8&5(&;1"+1",&5,&(5+ β $8&+,6"C Q#<1'A +1"(A $8&86.1&+1'+&$+8&":$)"(."&-'K"8&$+

.",+'$(&+1'+ β $8&(5+&+,6"C !/ ".&)"($" $+&%5##5;8&+1'+&Q#<1'&5691+&+5&>"#$":"&+1'+ β $8

(5+&+,6"C D1'+&$8A ;"&1':"OBα¬T (β)C $'(-&-%"($, +"##8&68O(BαT (β)→ ¬Bα¬T (β))C

BαT (β) → ¬Bα¬T (β) $8&#59$.'##/&"B6$:'#"(+&+5 Bα¬T (β) → ¬BαT (β)C * '886-"

+1'+&,'+$5('#&5>#$9'+$5(8&',"&86.1&+1'+&$%&'&<,5<58$+$5( γ $8&'&.5(8"B6"(."&5%&'&8"+

5%&<,5<58$+$5(8 Γ '()&+1"&-"->",8&5% Γ ',"&'##&,'+$5('##/&5>#$9'+5,/&+1"(&85&$8

γC4c e$:"(&+1$8&$+&%5##5;8&%,5- $'(-&-%"($, +1'+ O(Bα¬T (β) → ¬BαT (β))C J,5-

+1$8A OBα¬T (β)A '()&+1"&%5##5;$(9&$(8+'(."&5%&+1"&.#586,"&<,$(.$<#"AO(Bα¬T (β)→

¬BαT (β)),OBα¬T (β) |b O¬BαT (β)A ;"&+1"(&1':" O¬BαT (β)C

2'8"8&4&'()&P&815;&+1'+ $'(-&-%"($, '() ".&)"($" ',"&X5$(+#/&$(.5(8$8+"(+&;$+1 0'--&1&2&%,C&*%

Q#<1'&)5"8&(5+&>"#$":"8&+1'+ β $8&+,6"A +1"(A '..5,)$(9&+5&2'8"&4A $+&5691+&+5&>"#$":"&$+C 71$#"&$%

Q#<1'&)5"8&>"#$":"&+1'+ β $8&+,6"A +1"(A '..5,)$(9&+5&2'8"&PA $+&5691+&+5&(5+&>"#$":"&$+C *+&%5##5;8

+1'+A 9$:"( $'(-&-%"($, '() ".&)"($"A&+1","&$8&'&8"+&5%&-6+6'##/&"=.#68$:"A X5$(+#/&"=1'68+$:"A

)5='8+$.&5<+$5(8&(5&-"->",&5%&;1$.1&.'(&>"&,"'#$`")&;$+156+&$(.6,,$(9&,'+$5('#&.,$+$.$8-C4N

4cD1$8&85,+&5%&-6#+$F<,"-$8"&.#586,"&<,$(.$<#"&$8&(5+&.5-<#"+"#/&6(.5(+,5:",8$'#C *(&<',+$.6#',&+158"&;15&+1$(K
+1'+&+1","&',"&,'+$5('#&)$#"--'8A $C"CA .'8"8&$(&;1$.1Oφ '()O¬φ;$##&>"&$(.#$(")&+5&)"(/&+1$8A 8$(."&+/<$.'##/&+1"/
;$##&)"(/&+1'+&$+&$8&":",&+,6"&+1'+ O(φ ∧ ¬φ)C kC9CA 8"" l'( J,''88"( G4MNUHC ?"+&-"&(5+"A +1"(A +1'+&+1"&.'8"8&$(
;1$.1&* ;$##&>"&'<<"'#$(9&+5&-6#+$F<,"-$88&.#586,"&%5,&,'+$5('#&5>#$9'+$5(8&',"&'##&.'8"8&$(&;1$.1&+1"&.5(8"B6"(+
$8&#59$.'##/&<588$>#"C I5&$%&5("&$8&$(.#$(")&+5&>"&868<".+&5%&86.1&'&.#586,"&<,$(.$<#"&)6"&+5&,'+$5('#&)$#"--'8&+1","
',"&,"8+,$.+")&.#586,"&<,$(.$<#"8&;1$.1&;56#)&':5$)&86.1&;5,,$"8&'()&86%T."&%5,&-/&<6,<58"8C

4NV5+"&+1'+&* '-&'886-$(9&+1'+&5(&+1"&$(+"()")&,"')$(9&5% 0'--&1&2&%, +1"&-5)'#$+/&$8&,"8+,$.+")&+5&8$+6'+$5(8
$(&;1$.1&;"&15#)&T=")&+1"&%'.+8&'>56+&+1"&'9"(+E8&'.+6'#&8$+6'+$5(&+1'+&',"&,"#":'(+&+5&+1"&,'+$5('#$+/&5%&<',+$.6#',
5<+$5(8&;","&+1"/&+5&>"&,"'#$`")&>/&+1"&'9"(+C *(&+1"&.'8"&;"&',"&.5(.",(")&;$+1A +1"(A $(&'<<#/$(9 0'--&1&2&%,
;"&-68+&15#)&T=")&+1"&%'.+8&'>56+&Q#<1'&+1'+&',"&,"#":'(+&+5&$+8&":$)"(+$'#&8$+6'+$5(C !6+&+1"8"&$(.#6)"&'##&+1"
%'.+8&+1'+&;","&'<<"'#")&+5&$(&"8+'>#$81$(9&2'8"8&4&'()&PA :$`CA +1'+&GPHA GUHA G^H&'()&GOH&'##&15#)&'()&+1'+&+1"&,"#":'(+
>"#$"%8&;","&',,$:")&'+&$(&'&<',+$.6#',&-'((",C 7"&.'(&+168&+'K"&2'8"8&4&'()&P&%5,&9,'(+")&$(&'<<#/$(90'--&1&2&%,C

[
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V5+1$(9A -5,"5:",A '>56+&+1"&8"+F6<&5%&+1"&.'8"&;56#)&8""-&+5&,"B6$,"&+1'+&Q#<1'&>"&$($+$'##/

96$#+/&5%&'(/&,'+$5('#&%'$#$(9C Q##&+1'+&;"&,"B6$,"&$8&+1'+&Q#<1'&1':"&K(5;#")9"&5%&'&+1"5,"-

'()&+1'+&$+&>"&8"(8$+$:"&+5&$+8&5;(&)5='8+$.&8+'+"8C D1"&.'8"&5%&Q#<1'&+168&#"')8&+5&'&:$5#'+$5(

5% 0'--&1&2&%,C

71$#" $'(-&-%"($,A ".&)"($" '() 0'--&1&2&%, '<<"',&+5&>"&X5$(+#/&$(.5(8$8+"(+A $()$:$)6'##/

"'.1&$8&"=+,"-"#/&<#'68$>#"C $'(-&-%"($, 8""-8&+5&-"&+5&>"&'8&.#58"&+5&'&(5(F("95+$'>#"&<,$(.$<#"

5%&,'+$5('#$+/&'8&'(/&;"&1':"A ;1$#" ".&)"($" %5##5;8&%,5-&+1"&('+6,'#&$)"'&+1'+&'&,'+$5('#&'9"(+

;$##&>"&,"8<5(8$:"&+5&$+8&":$)"(."C *+&;56#)&>"&B6$+"&'&.58+A * +1$(KA $%&;"&;","&%5,.")&+5&9$:"&6<

5("&5%&+1"8"&<,$(.$<#"8C f",1'<8A +1"(A 5("&-$91+&+1$(K&+1'+&+1"&#"885(&+5&),';&$8&+1'+&;"&8156#)

,"X".+ 0'--&1&2&%,C&7"&8156#)&(5+A 15;":",A 6()","8+$-'+"&+1"&$(+6$+$:"&.58+8&5%&+1$8&,"8<5(8"C

8#.&"27"$.( $+&$8A * +1$(KA B6$+"&$-<#'68$>#"&+1'+&'(&'9"(+&.56#)&)5&":",/+1$(9&+1'+&,'+$5('#$+/

,"B6$,"8&'()&/"+&(5("+1"#"88&;$()&6<&$(&'&8$+6'+$5(&$(&;1$.1&$+&.'((5+&.5(+$(6"&+5&-""+&+1"

,"B6$,"-"(+8&5%&,'+$5('#$+/C4[

D1$8&$(+6$+$5(&.'(&>"&>5#8+",")&>/&.5(8$)",$(9&+1"&85,+8&5%&.5()$+$5(8&6()",&;1$.1&,'+$5('#

.,$+$.$8-&8""-8&+5&>"&'<<,5<,$'+"C Q(&'9"(+&-'/&>"&86>X".+&+5&,'+$5('#&.,$+$.$8-&9$:"(&+1"&8"+

5%&)5='8+$.&5<+$5(8&+1'+&$+&1'8&,"'#$`")C ?"+ Γ >"&+1$8&8"+C D1"&%5##5;$(9&8""-8&+5&-"&+5&>"&'

<#'68$>#"&.5(8+,'$(+&5(&+1"&.5()$+$5(8&6()",&;1$.1&86.1&.,$+$.$8-&$8&'<<,5<,$'+"a

+00!'0!&+%"("-- *%&'(&'9"(+&$8&+5&>"&86>X".+&+5&,'+$5('#&.,$+$.$8-&%5,&,"'#$`$(9 Γ +1"(&+1","&$8
85-"&8"+&5%&8"+8&5%&5<+$5(8∆-""+$(9&+1"&%5##5;$(9&.5()$+$5(8a

G$H k'.1&-"->",&5%∆ $8&$(.5-<'+$>#"&;$+1 ΓC
4[* 8156#)&(5+"&+1'+&(5+&":",/5("&$8&$(.#$(")&+5&'.."<+&+1$8C D1","&',"&+158"&;15&+1$(K&+1'+&-5,'#&'()&,'+$5('#

)$#"--'8m.'8"8&$(&;1$.1&/56&',"&)'-(")&$%&)5&'()&)'-(")&$%&/56&)5(E+m-'/&',$8"&":"(&$%&'(&'9"(+&$8&(5+
'#,"')/&86>X".+&+5&86.1&.,$+$.$8-C I""&"C9CA ?"--5( G4McPH&'()0',.68 G4M[ZH&%5,&+1"&"=$8+"(."&5%&-5,'#&)$#"--'8C
J5,&+1"&"=$8+"(."&5%&,'+$5('#&)$#"--'8&8""&"C9CA +1"&.'8"&5%&n"'+1&$(&n'-'8.68&$( e$>>',)&'()&W',<", G4MN[HA '()
f,$"8+ GPZZPHC J5,&,"8$8+'(."&+5&+1"&$)"'&5%&,'+$5('#&'()&-5,'#&)$#"--'8&8""&"C9CA 25("" G4M[PH&'() Q,(+`"($68
GPZZ[HC * )5&(5+&1","&1':"&+1"&8<'."&+5&)"'#&;$+1&+1$8&86>8+'(+$'#&#$+",'+6,"A >6+&$+&86%T."8&+5&8'/&-/&8/-<'+1$"8
',"&;$+1&+158"&;15&;'(+&+5&,"X".+&+1"&<588$>$#$+/&5%&86.1&.'8"8C Q8&'&-$($-'#&<5$(+A #"+&-"&(5+"&+1'+&'##&<',+$"8
+5&+1"&)$8<6+"&8156#)A * +1$(KA '9,""&+1'+&$+&;56#)&>"&$)"'#&$%&;"&.56#)&T()&'&;'/&%5,&+1"&<6+'+$:"&(5,-'+$:"
<,$(.$<#"8&+5&.5"=$8+&;$+156+&.5(o$.+C *(&9'-"F+1"5,/A '&8+'()',)&-5:"&+5&)"'#&;$+1&<6+'+$:"&.'8"8&5%&,'+$5('#
)$#"--'8&$8&+5&"=<'()&+1"&8<'."&5%&<588$>#"&5<+$5(8&'()&'##5;&%5,&85F.'##")&-$=")F&)".$8$5(8C I""&"C9CA h8>5,("
'()&\6>"(8+"$( G4MM^HC D5&%5,"81')5;&85-";1'+A -/&<#'(&$8&+5&5%%",&'&8$-$#',&8+,'+"9/&%5,&+1"&)5='8+$.&.'8"C *+
$8A * 15<"A "(5691&+5&-5+$:'+"&+1$8&,"8<5(8"&+1'+&5("&8""8&+1"&<6##&5% 0'--&1&2&%,C

M
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G$$H D1"&'9"(+&8156#)&1':"&,"'#$`")&85-"&-"->",&5% ∆ G'#+15691&+1","&("")&(5+&>"&'(/
<',+$.6#',&-"->",&+1'+&$+&8156#)&1':"&,"'#$`")HC

G$$$H k'.1&-"->",&5%∆ $8&86.1&+1'+&1')&+1"&'9"(+&,"'#$`")&+1$8&8"+&5%&)5='8+$.&5<+$5(8&,'+$5('#
.,$+$.$8-&;56#)&1':"&>""(&$('<<,5<,$'+"C

*%&'(&'9"(+&$8&86>X".+&+5&,'+$5('#&.,$+$.$8-&9$:"(&+1"&+5+'#&8"+&5%&)5='8+$.&5<+$5(8A ΓA +1'+&$+

1'8&,"'#$`")A +1"(&$+&8156#)&(5+&1':"&,"'#$`") ΓC *(&86.1&'&.'8"&+1"&'9"(+&5691+&+5&1':"&,"'#$`")

85-"&5+1",&8"+&5%&)5='8+$.&5<+$5(8&G'#+15691&+1","&("")&(5+&>"&'&8<".$T.&8"+&5%&5<+$5(8&+1'+&+1"

'9"(+&5691+&+5&1':"&,"'#$`")HC D1'+&$8A +1","&;$##&>"&'&8"+ ∆ 5%&8"+8&5%&5<+$5(8&$(.5-<'+$>#"

;$+1 Γ 86.1&+1'+&+1"&'9"(+&5691+&+5&1':"&,"'#$`")&5("&5%&+1"&-"->",8&5% ∆C G*()"")A +1","

;$##&+/<$.'##/&>"&-'(/&86.1&8"+8CH D1'+&+1"&'9"(+&5691+&+5&1':"&,"'#$`")&5("&5%&+1"&-"->",8

5% ∆ .'(&8",:"&'8&+1"&9,56()8&%5,&,'+$5('#&.,$+$.$8-&%5,&+1"&'9"(+E8&1':$(9&$(8+"')&,"'#$`") ΓC

*%A 15;":",A %'$#6,"&+5&,"'#$`"&85-"&-"->",&5%∆ $8&+5&8",:"&'8&'(&')"B6'+"&9,56()&%5,&,'+$5('#

.,$+$.$8-A $+&-68+A * +1$(KA >"&+1"&.'8"&+1'+&+1"&'9"(+E8&,"'#$`$(9&85-"&-"->",&5%∆;56#)&1':"

-')"&,'+$5('#&.,$+$.$8-&$('<<,5<,$'+"C \'+$5('#&.,$+$.$8-&%5,&'(&'9"(+E8&)5='8+$.&8$+6'+$5(&$8

9,56()")&$(&+1"&$)"'&+1'+&+1"&'9"(+&8156#)&>"&85-"&5+1",&;'/&+1'+&;56#)&1':"&-')"&86.1

.,$+$.$8-&$('<<,5<,$'+"C *+&$8&+1$8&<#'68$>#"&$(+6$+$5(&+1'+ +00!'0!&+%"("-- .'<+6,"8C

*+&.'(&>"&815;(&+1'+&$% 0'--&1&2&%, %'$#8&+1"(&85&-68+ +00!'0!&+%"("--C&*%&5("&;'(+8&+5&-'$(+'$(

;1'+&$8A * +1$(KA '&('+6,'#&<,$(.$<#"&'>56+&+1"&.5()$+$5(8&%5,&'<<,5<,$'+"&,'+$5('#&.,$+$.$8-&+1"(

5("&8156#)&"()5,8" 0'--&1&2&%,C4M
4MW","E8&+1"&',96-"(+&%5,&+1$8&.#'$-a ?"+ Γ <$.K&56+&+1"&8"+&5%&)5='8+$.&5<+$5(8&+1'+&'&,'+$5('##/&>#'-"#"88&'9"(+

1'8&,"'#$`")C ?"+ Σ >"&'&8"+&5%&-6+6'##/&"=.#68$:"&'()&X5$(+#/&"=1'68+$:"&5<+$5(8&86.1&+1'+&%5,&":",/ σ′ ∈ Σ +1"
'9"(+&$8&,'+$5('##/&.6#<'>#"&$%&$+&,"'#$`"8 Γ ∪ σ′C 7"&<$.K&85-"&',>$+,',/&-"->", σ 5% ΣC ?"+ ∆ >"&'(&',>$+,',/
8"+&5%&8"+8&5%&5<+$5(8&$(.5-<'+$>#"&;$+1 Γ ∪ σA 86.1&+1'+&+1"&'9"(+&8156#)&,"'#$`"&5("&5%&+1"8"&8"+8C *E##&',96"&+1'+
+1","&',"&-"->",8&5%∆ 86.1&+1'+&;","&'(&'9"(+&+5&,"'#$`"&+1'+&5<+$5(&+1"(&$+&;56#)&>"&,'+$5('##/&.6#<'>#"C D1$8
815;8&+1'+&'&:$5#'+$5(&5% 0'--&1&2&%, #"')8&+5&'&:$5#'+$5(&5% +00!'0!&+%"("--C
Q-5(98+&+1"&-"->",8&5% ∆ -68+&>"&85-"&8"+&.5(+'$($(9 ΓA 8$(."&$%&5("&5691+&+5&,"'#$`"&85-"&8"+&'-5(98+

'&.5##".+$5(&5%&8"+8&'##&5%&;1$.1&',"&$(.5-<'+$>#"&;$+1 ΓA +1"(&5("&;56#)A .5(+,',/&+5&1/<5+1"8$8A >"&,'+$5('##/
>#'-";5,+1/&$(&,"'#$`$(9 ΓC W5;":",A 8$(." Γ $8&(5+&$+8"#%&$(.5-<'+$>#"&;$+1 Γ∪σA +1"(&'(/&8"+&$(∆ .5(+'$($(9
Γ-68+&'#85&.5(+'$(&85-"&5+1",&)5='8+$.&5<+$5(G8H Γ′A $(&'))$+$5(&+5&+158"&5<+$5(8&$( ΓC !/&1/<5+1"8$8A Γ ∪ Γ′ $8
$(.5-<'+$>#"&;$+1 Γ ∪ σA $C"CA Γ ∪ Γ′ ∪ σ |b ⊥C *+&%5##5;8&+1'+ Γ ∪ Γ′ |b ¬σC GVC!C {σ,¬σ} ',"A >/&+1"&8"+F6<&5%
+1"&.'8"A "=1'68+$:"A '()&85&+1$8&<',+$.6#',&68"&5% #(,-$).% $8&T("&>/&>5+1&.#'88$.'#&'()&<','.5-<#"+"&#$91+8CH !6+
9$:"(&+1$8A 56,&'9"(+&;$##&>"&,'+$5('##/&.6#<'>#"&$(&,"'#$`$(9 Γ ∪ Γ′A 8$(."&+1$8&;$##&$(:5#:"&,"'#$`$(9 Γ ∪ ¬σA '()
85&,"'#$`$(9 Γ +59"+1",&;$+1&85-"&-"->",&5% Σ − σC

4Z



3%#&").4(28"#",%9(6

\"X".+$(9 $'(-&-%"($,A ".&)"($" 5, 0'--&1&2&%,A&+1"(A "'.1&>,$(98&;$+1&$+&8$9($T.'(+&$(+6$+$:"

.58+8C Q()&/"+&+1"&.'8"&5%&Q9"(+&Q#<1'&;56#)&8""-&+5&815;&+1'+&;"&.'((5+&'.."<+&"'.1&5%

+1"8"&<#'68$>#"&(5,-'+$:"&<,$(.$<#"8C 7"&',"&%'.")&;$+1&'&(5,-'+$:"&<',')5=C

3PCP

*(&+1$8&8".+$5(A * <,5:$)"&'&)$%%","(+&.'8"&;1$.1&;1$++#"8&+1"&'<<',"(+&$(.5(8$8+"(./&)5;(&+5

+1"&<'$, $'(-&-%"($, '() 0'--&1&2&%,C&Q#+15691&*E-&(5+&$(.#$(")&+5&,"X".+ ".&)"($"A&* .'(&$-'9$("

+1'+&$%&5("&%"#+&%5,.")&+5&.1558"&>"+;""( $'(-&-%"($, '() ".&)"($" 5("&-$91+&+1$(K&+1'+&+1"&>"8+

5<+$5(&$8&+5&9$:"&6< ".&)"($"C&71'+&+1"&%5##5;$(9&.'8"&815;8&$8&+1'+&+1$8&;$##&(5+&9"+&68&56+&5%

+,56>#"C

!"#$"%A $+&$8&.5--5(&+5&'886-"A $8&'&,"#'+$5(&+1'+&15#)8&>"+;""(&'(&'9"(+&'()&'(&'>8+,'.+

5>X".+A :$`CA '&<,5<58$+$5(C Q886-$(9&+1$8&<$.+6,"&5%&>"#$"%&;"&.'(&815;&+1'+ $'(-&-%"($, '()

0'--&1&2&%, ',"&$(.5(8$8+"(+C 25(8$)",&+1"&%5##5;$(9&<,5<58$+$5('#&'('#596"&5% βa

(∗) 6)7,-$"#(.%8&$'()*(+($&,($70#7#.*&*#%$(970(..("$': (∗)PZ

?"+E8&'>>,":$'+"&Y+1"&<,5<58$+$5(&"=<,"88")&>/E&'8&YρEC D1"&'>5:"&.'(A +1"(A >"&,"<,"8"(+")

'8a

(∗) ¬Bαρ(∗)

V5+"&+1'+&8$(."&>5+1&Y(∗)E&'()&Y&Y¬Bαρ(∗)E&E&('-"&+1"&8'-"&8"(+"(."&+1"&%5##5;$(9&15#)8a

G,4H ρ(∗) = ρ(Y¬Bαρ(∗)EH

h6,&+,'(8<',"(./&'886-<+$5(8&.'(&>"&.'<+6,")&>/&+1"&%5##5;$(9&'('#596"8&5%&GPH&'()&GUHa

GcH Bαρ(∗)→ BαρY(Bαρ(∗))E

GNH ¬Bαρ(∗)→ BαρY(¬Bαρ(∗))E
PZQ9'$(&;"&8156#)&+1$(K&5%&YQ#<1'E&'8&1':$(9&'&T,8+F<",85('#&-5)"&5%&<,"8"(+'+$5(&%5,&Q#<1'C

44



3%#&").4(28"#",%9(6

*+&.'(&(5;&"'8$#/&>"&815;(&+1'+&+1"&'886-<+$5(&+1'+&Q#<1'&)5"8&(5+&>"#$":"&+1"&<,5<58$+$5(

"=<,"88")&>/ (∗) #"')8&+5&'&.5(+,')$.+$5(C

G4%H ¬Bαρ(∗) Q886-<+$5(

GP%H BαρY¬Bαρ(∗)E G4%H&'() (BII)

GU%H Bαρ(∗) GP%HA G,4HA 86>8+$+6+$5(&5%&"B6$:'#"(+8

⊥

*+&%5##5;8&+1'+&Q#<1'&.'((5+&%'$#&+5&>"#$":"&+1"&<,5<58$+$5(&"=<,"88")&>/ (∗)C W5;":",A

;1"(&Q#<1'&>"#$":"8&+1$8&<,5<58$+$5(A 9$:"(&GcHA $+&$8&)55-")&+5&$(.5(8$8+"(./C D168a

G49H Bαρ(∗) Q886-<+$5(

GP9H BαρYBαρ(∗)E G49H&'() (BI)

GU9H BαρY¬Bαρ(∗)′ G49HA G,4HA 86>8+$+6+$5(&5%&"B6$:'#"(+8

e$:"( $'(-&-%"($,A&;"&;$##&5(."&'9'$(&1':"&'&:$5#'+$5(&5% 0'--&1&2&%,C&W5#)$(9&T=")&GcH&'()

GNHA $+&%5##5;8&+1'+&Q#<1'E8&5(#/&5<+$5(&$8&+5&>"#$":"&+1"&<,5<58$+$5(&"=<,"88")&>/ (∗)C !6+&$(

)5$(9&85&Q#<1'&;$##&>"&$(&:$5#'+$5(&5% $'(-&-%"($,C&*+&%5##5;8&+1'+&9$:"(&+1"&8"+&5%&-6+6'##/

"=.#68$:"&'()&X5$(+#/&"=1'68+$:"&)5='8+$.&5<+$5(8&.5(8$8+$(9&5%&>"#$":$(9&+1"&<,5<58$+$5(&"=F

<,"88")&>/ (∗) '()&(5+&>"#$":$(9&+1$8&<,5<58$+$5(A +1","&$8&(5&5<+$5(&;1$.1&$+&$8&<588$>#"&%5,

Q#<1'&+5&,"'#$`"&'()&$(&85&)5$(9&':5$)&$(.6,,$(9&,'+$5('#&.,$+$.$8-C I$(."&Q#<1'&("")&(5+&>"

96$#+/&5%&'(/&'(+".")"(+&,'+$5('#&%'$#$(9A +1$8&$8&'&:$5#'+$5(&5% 0'--&1&2&%,C

?"+&-"&8'/&'&#$++#"&'>56+&15;&+1$8&.'8"&$8&,"#'+")&+5&56+&"',#$",&.'8"C D1"&K"/&)$%%","(."&$8

+1"&,"<#'."-"(+&5%&YT (β) ↔ ¬BαT (β)E&>/&Yρ(∗) = ρ(Y¬Bαρ(∗)EHEC 21'(9$(9&'&.5()$+$5('#&#$(KF

$(9&+1"&+,6+1F:'#6"8&5%&<,5<58$+$5(8&+5&'(&$)"(+$+/&>"+;""(&<,5<58$+$5(8&1'8&+1"&8'-"&"%%".+

'8&'886-$(9&.5(%5,-$+/&+5 ".&)"($"C&*%&;"&'886-"&+1'+&Q#<1'&-""+8 ".&)"($" ;"&.'(&<,5:$)"

<','##"#&)",$:'+$5(8&+5&G4%HFGU%H&'()&G49HFGU9H&$(:5#:$(9&+1"&8"(+"(." βC

25,,"8<5()$(9&+5&G4%HFGU%H&;"&1':"a

4P



01(2>%'-).%+

G41H ¬BαT (β) Q886-<+$5(

GP1H Bα¬BαT (β) G41H&'()&GUH

GU1H BαT (β) GP1HA GOHA ".&)"($"

⊥

25,,"8<5()$(9&+5&G49HFGU9H&;"&1':"a

G4$H BαT (β) Q886-<+$5(

GP$H BαBαT (β) G4$H&'()&GPH

GU$H Bα¬T (β) GP$HA G^HA ".&)"($"

71","&$(&G4%HFGU%H&'<<"'#&$8&-')"&+5&+1"&<,5<58$+$5('#&$)"(+$+/ ρ(∗) =

ρ(Y¬Bαρ(∗)EHA $(&G41HFGU1H&;"&-68+&'<<"'#&+5&Q#<1'E8&X68+$T")&>"#$"%&$( T (β) ↔ ¬BαT (β)A +5F

9"+1",&;$+1&+1"&'886-<+$5(&+1'+&Q#<1'&-""+8&+1"&":$)"(+$'#&(5,- ".&)"($"C&D1"&8'-"&$8&+,6"&5%

G49HFGU9H&'()&G4$HFGU$HC Q<<"'#&+5&<,5<58$+$5(8&86.1&'8&+1'+&"=<,"88")&>/ (∗) 5>:$'+"8&+1"&("")

%5,&'(&'<<"'#&+5 ".&)"($"C&D1"&.5(o$.+&>"+;""( $'(-&-%"($,A ".&)"($" '() 0'--&1&2&%, .'(&+1",">/

>"&,")6.")&+5&'&.5(o$.+&>"+;""( $'(-&-%"($, '() 0'--&1&2&%,C

3U D1"&I5#6+$5(

*E##&(5;&815;&15;&.",+'$(&,"856,."8&+1'+&1':"&>""(&)"<#5/")&+5&)"'#&;$+1&+1"&?$',&<',')5=

.'(&>"&68")&+5&,"85#:"&+1"&'>5:"&+;5&(5,-'+$:"&<',')5="8C *(&<',+$.6#',A *E##&815;&+1'+&Q#<1'

.'(&8'+$8%/&>5+1 $'(-&-%"($, '() ".&)"($"A&$%&;"&'##5;&+1'+&$+&-'/&>"&$()"+",-$('+"&;1"+1",

Q#<1'&>"#$":"8&+1'+ β $8&+,6"C *E##&%5.68&<,$-',$#/&5(&+1"&T,8+&<',')5=A (5+$(9&#'+",&15;&+1"

8'-"&+,"'+-"(+&.'(&>"&'<<#$")&+5&+1"&8".5()C

*+&;$##&1"#<&+5&T,8+&+'K"&'&>,$"%&#55K&'+&'&,"#'+")&8"-'(+$.&<',')5=C ?"+&YηE&('-"&+1"&%5##5;$(9

8"(+"(."a Y¬#T (η)EC h(&+1"&'886-<+$5(&+1'+&+1"&#59$.&95:",($(9&Y#E&$8&IO&;"&.'(&)",$:"&'

.5(+,')$.+$5(&%,5-&+1$8&8"(+"(."&'8&%5##5;8a

4U



01(2>%'-).%+

(1η) T (η)↔ ¬#T (η) DF8.1"-'
(2η) #(#T (η)→ ¬T (η)) (1η)A V".C
(3η) #(¬#T (η)→ T (η)) (1η)A V".C
(4η) ##T (η)→ #¬T (η) (2η)A L
(5η) #¬#T (η)→ #T (η) (3η)A L
(6η) #T (η)→ ##T (η) ^
(7η) ¬#T (η)→ #¬#T (η) O
(8η) #¬T (η)→ ¬#T (η) IO&+1"5,"-
(9η) #T (η) ∨ ¬#T (η) 2#'88$.'#&D1"5,"-

I6><,55%&4

(10η) #T (η) Q886-<+$5(
(11η) ##T (η) (6η)A (10η)
(12η) #¬T (η) (4η)A (11η)
(13η) ¬#T (η) (8η)A (12η)
(14η) ⊥ (10η)A (13η)

I6><,55%&P

(15η) ¬#T (η) Q886-<+$5(
(16η) #¬#T (η) (7η)A (15η)
(17η) #T (η) (5η)A (16η)
(18η) ⊥ (15η)A (17η)

(19η) ⊥ (9η)A (10η)F(14η)A (15η)F(18η)

(1η) $8&'(&$(8+'(."&5%&+1"&DF8.1"-'C (2η) '() (3η) %5##5;&%,5- (1η) 5(&+1"&'886-<+$5(&+1'+

+1"&#59$.&95:",($(9&Y#E&$8&'&(5,-'#&-5)'#&#59$.A '()&85&5>"/8&+1"&,6#"&5%&("."88$+'+$5(C (4η)

%5##5;8&%,5- (2η)A '() (5η) %,5- (3η)A 5(&+1"&'886-<+$5(&+1'+&+1"&#59$.&%5,&Y#E&$8&'&(5,-'#&-5)'#

#59$.&'()&85&5>"/8&'=$5-&La #(φ → ψ) → (#φ → #ψ)C (6η) 15#)8&$%&+1"&#59$.&95:",($(9&Y#E

5>"/8&'=$5-&^a #φ→ ##φC (7η) 15#)8&$%&+1"&#59$.&95:",($(9&Y#E&5>"/8&'=$5-&Oa ¬#φ→ #¬#φC

(8η) 15#)8&9$:"(&+1'+&'=$5-&Da #φ→ φ 15#)8C (9η) $8&'&+1"5,"-&5%&.#'88$.'#&#59$.C

*%&;"&+'K"&Y#E&+5&"=<,"88&-"+'<1/8$.'#&("."88$+/&+1"(&$+&$8&:",/&<#'68$>#"&+1'+&IO&$8&+1"&.5,,".+

#59$.&%5,&+1"&5<",'+5,A '()&85&'##&5%&+1"&'>5:"&-5)'#&'=$5-8&15#)C e$:"(&+1"8"&<,$(.$<#"8&;"

.'(&)",$:"&'&.5(+,')$.+$5(&5(&+1"&'886-<+$5( #T (η) '()&5(&+1"&'886-<+$5( ¬#T (η) 68$(9

8$-<#/ &%,-62!%+(+6C Q .5(+,')$.+$5(&.'(&+1"(&>"&)",$:")&56+,$91+&%,5- (9η) >/&<,55%F>/F

4^



01(2>%'-).%+

.'8"8&,"'85($(9C

D1"&'<<,5'.1&+5&+1"&?$',&<',')5=&+1'+&*E-&$(+","8+")&$(&15#)8&+1'+&"=.#6)")F-$))#"&$8&(5+

:'#$)&%5,&<',')5=&$()6.$(9&8"(+"(."8C D1"&'>5:"&)",$:'+$5(&$8&>#5.K")&'+ (9η)C *+&$8&'&%'$,#/

8+,'$91+%5,;',)&"=",.$8"&+5&"=+"()&+1"&.#'88&5%&-5)"#8&68")&+5&+,"'+&8+'()',)&<',')5=&$()6.$(9

8"(+"(."8&86.1&'8&+1"&?$',&8"(+"(."&+5&-5)"#8&%5,&#'(96'9"8&.5(+'$($(9&Y#ECP4 *(&'(/&86.1

<','.5-<#"+"&<588$>#"F;5,#)8&-5)"#&$(&;1$.1&'.."88$>$#$+/&>"+;""(&;5,#)8&$8&'(&"B6$:'#"(."

,"#'+$5(A (1η)F(8η) '##&15#)A >6+&"=.#6)")F-$))#"&%'$#8&%5,&Y#T (η)EC Q#+15691&;"&.'((5+&8'/&+1'+

η $8 +%) ("."88',$#/&+,6"A ;"&.'(&8'/&+1'+&$+&$8&("$+1",&)"+",-$('+"&+1'+&$+&$8&("."88',$#/&+,6"A (5,

)"+",-$('+"&+1'+&$+&$8&(5+&("."88',$#/&+,6"A $C"CA $+&$8&$()"+",-$('+"&;1"+1", η $8&("."88',$#/&+,6"C

YI¬#T (η)E&$8&:'#$)&$(&+1"&.#'88&5%&-5)"#8C

D1"&<',')5=&)":"#5<")&$(&3P&.'(&>"&,"<,"8"(+")&$(&+1"&%5,-&5%&'&)",$:'+$5(&+1'+&<','##"#8

+1"&-5)'#&?$',&<',')5=a

(1β) T (β)↔ ¬BαT (β) DF8.1"-'
(2β) Bα(BαT (β)→ ¬T (β)) Q886-<+$5(
(3β) Bα(¬BαT (β)→ T (β)) Q886-<+$5(
(4β) BαBαT (β)→ Bα¬T (β) (2β)A ".&)"($"
(5β) Bα¬BαT (β)→ BαT (β) (3β)A ".&)"($"
(6β) BαT (β)→ BαBαT (β) Q886-<+$5(
(7β) ¬BαT (β)→ Bα¬BαT (β) Q886-<+$5(
(8β) Bα¬T (β)→ ¬BαT (β) $'(-&-%"($,
(9β) BαT (β) ∨ ¬BαT (β) 2#'88$.'#&D1"5,"-

I6><,55%&4

(10β) BαT (β) Q886-<+$5(
(11β) BαBαT (β) (6β)A (10β)
(12β) Bα¬T (β) (4β)A (11β)
(13β) ¬BαT (β) (8β)A (12β)
(14β) ⊥ (10β)A (13β)

P4I""&+1"&D".1($.'#&Q<<"()$=&%5,&+1"&%5,-'#&)"+'$#8C

4O



01(2>%'-).%+

I6><,55%&P

(15β) ¬BαT (β) Q886-<+$5(
(16β) Bα¬BαT (β) (7β)A (15β)
(17β) BαT (β) (5β)A (16β)
(18β) ⊥ (15β)A (17β)

(19β) ⊥ (9β)A (10β)F(14β)A (15β)F(18β)

J5,-'##/&+1$8&)",$:'+$5(&$8&'#-58+&$)"(+$.'#&+5&+1"&T,8+j ;1","&+1"/&)$%%",&',"&$(&+1"&X68+$TF

.'+$5(8&5%&.",+'$(&8+"<8C

Q8&'>5:"A (1β) $8&'(&$(8+'(."&5%&+1"&DF8.1"-'C (2β) '() (3β) .5,,"8<5()&+5&56,&'886-<+$5(

+1'+&+1"&'9"(+&>"#$":"8&+1"&+1"5,"-&"=<,"88")&'+ (1β)C e$:"(&+1"&8"+F6<&5%&+1"&.'8"A (4β) $8&'

.5(8"B6"(."&5%&+1"&'886-<+$5(&+1'+&Q#<1'&-""+8&+1"&,"B6$,"-"(+8&$-<58")&>/ ".&)"($"C&71/@

!".'68"&'8&;"&8"+F6<&+1"&.'8"A $+&%5##5;8&%,5-&+1"&":$)"(+$'#&8+'+68&5%&+1"&>"#$"%&.5)$T")&$( (2β)

+1'+&$%&Q#<1'&>"#$":"8&+1'+&$+&>"#$":"8&+1'+ β $8&+,6"&+1"(&Q#<1'&;$##&1':"&":$)"(."&+1'+&-'K"8&$+

.",+'$(&+1'+ β $8&(5+&+,6"C I5A '886-$(9&+1'+&Q#<1'&-""+8&+1"&,"B6$,"-"(+8&$-<58")&>/ ".&)"($"A

$+&%5##5;8&+1'+&$%&Q#<1'&>"#$":"8&+1'+&$+&>"#$":"8&+1'+ β $8&+,6"&+1"(&$+&;$##&>"#$":"&+1'+ β $8&(5+

+,6"CPP D1$8&$8 (4β)C Q 8$-$#',&8+5,/&"=<#'$(8&15; (5β) %5##5;8&%,5-&+1"&'886-<+$5(&+1'+&Q#<1'

-""+8&+1"&,"B6$,"-"(+8&$-<58")&>/ ".&)"($"C (6β) '() (7β) ',"&'886-<+$5(8&+1'+&;"&-')"

'>56+&Q#<1'C (8β) .5,,"8<5()8&+5&56,&'886-<+$5(&+1'+&+1"&'9"(+&-""+8&+1"&(5,-'+$:"&.5()$+$5(

8<".$T")&$( $'(-&-%"($,C&J,5-&+1"8"&;"&.'(&)",$:"&'&.5(+,')$.+$5(A 68$(9 &%,-62!%+(+6A 5(&+1"

'886-<+$5( BαT (β) '()&5(&+1"&'886-<+$5( ¬BαT (β)C e$:"(&+1"&'886-<+$5(&+1'+&+1"&.#'88$.'#

:'#$)$+/&YBαT (β)∨¬BαT (β)E&5>+'$(8A '&.5(+,')$.+$5(&.'(&>"&)",$:")&56+,$91+&>/&<,55%F>/F.'8"8

,"'85($(9C

I$(."&+1"&+;5&)",$:'+$5(8&<,5."")&$(&<','##"#A +1"&8+,'+"9/&%5,&>#5.K$(9&+1"&.5(+,')$.+$5(

$(&+1"&%5,-",&.'8"&;$##&;5,K&"B6'##/&;"##&$(&+1"&#'++",C p68+&'8&;"&.'(&15#)&5(&+5 (1η)F(8η) >/

9$:$(9&6<&"=.#6)")F-$))#"&%5, ηA 85&+55&.'(&;"&15#)&5(&+5 (1β)F(8β) >/&9$:$(9&6<&"=.#6)")F
PPD1$8&,"'85($(9&'886-"8&+1'+&+1"&)")6.+$5(&+1"5,"-&15#)8C *(&%'.+A +1$8&$8&(5+&85&$(&+1"&#59$.&+1'+&*E##&>"&')5<+F

$(9C I6.1&,"'85($(9&$8A 15;":",A R<,"F+1"5,"+$.'##/&:'#$)S&'()&85&.'(&>"&68")&$(&8"++$(9&6<&' !#.&"27"$.( <',')5=C
Q()A '8&;"E##&8""&+1"&.5()$+$5('#8&)5&$(&%'.+&15#)&$(&+1"&.#'88&5%&-5)"#8&$(&;1$.1&*E-&$(+","8+")C
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-$))#"&%5, βC *%&;"&'##5;&+1'+&$+&-'/&>"&$()"+",-$('+"&;1"+1",&Q#<1'&>"#$":"8&+1'+ β $8&+,6"

+1"(&;"&.'(&>#5.K&+1"&)",$:'+$5(&5%&'&.5(+,')$.+$5(&%,5-&+1"&'886-<+$5(&+1'+&Q#<1'&-""+8

$'(-&-%"($, '() ".&)"($"C

f58+6#'+$(9&$()"+",-$('./&$(&Q#<1'E8&)5='8+$.&8+'+"&'##5;8&68&+5&)"%68"&+1"&',96-"(+&9$:"(

$(&3PC4&+1'+ $'(-&-%"($,A ".&)"($" '() 0'--&1&2&%, ',"&$(.5-<'+$>#"C *+&$8&+,6"&+1'+&9$:"(&+1'+&Q#F

<1'&-""+8&>5+1 $'(-&-%"($, '() ".&)"($";"&.'(&)",$:"&'&.5(+,')$.+$5(&5(&+1"&'886-<+$5(&+1'+

Q#<1'&>"#$":"8&+1'+ β $8&+,6"A '()&5(&+1"&'886-<+$5(&+1'+&Q#<1'&)5"8(E+&>"#$":"&+1'+ β $8&+,6"C

D1$8&;'8&+'K"(&+5&815;&+1'+ $'(-&-%"($, '() ".&)"($";","&$(&.5(o$.+&;$+1 0'--&1&2&%,C&2,6.$'##/A

15;":",A +1$8&,"B6$,"8&+1'+&+1"&<'$,&5%&)5='8+$.&5<+$5(8&.5(8$8+$(9&5%&>"#$":$(9&+1'+ β $8&+,6"&'()

(5+&>"#$":$(9&+1'+ β $8&+,6"&',"&X5$(+#/&"=1'68+$:"C !6+&+1$8&$8&X68+&+1"&'886-<+$5(&+1'+&"=.#6)")F

-$))#"&15#)8&%5,&+1"&<,5<58$+$5(&+1'+&Q#<1'&>"#$":"8&+1'+ β $8&+,6"C *%A +1"(A "=.#6)")F-$))#"

%'$#8&%5,&+1$8&<,5<58$+$5(A $+&;$##&(5+&%5##5;&%,5-&+1"&%'.+&+1'+&;"&.'(&)",$:"&'&.5(+,')$.+$5(&%,5-

"'.1&5<+$5(A +1'+&+1","&$8&'&8"+&5%&-6+6'##/&"=.#68$:"&'()&X5$(+#/&"=1'68+$:"&)5='8+$.&5<+$5(8

(5&-"->",&5%&;1$.1&.'(&>"&,"'#$`")&;$+156+&$(.6,,$(9&,'+$5('#&.,$+$.$8-C 7"&("")&(5+&$(%",

%,5-&+1"&<588$>$#$+/&5%&'(&'9"(+&86.1&'8&Q#<1'&+1'+ $'(-&-%"($, '() ".&)"($" "(+'$#&'&:$5#'+$5(

5% 0'--&1&2&%,C

D1"&<',')5=&)":"#5<")&$(&3PC4&<6,<5,+")&+5&815;&+1'+&+1","&',"&<588$>#"&.'8"8&$(&;1$.1

$'(-&-%"($, '() ".&)"($" .'((5+&>5+1&>"&-"+C h("&;'/&+5&+1$(K&5%&+1"&<,5>#"-&$8&'8&%5##5;8C

e$:"(&+1'+&Q#<1'&K(5;8&+1'+ T (β)↔ ¬BαT (β)A $+&%5##5;8&%,5-&+1"&+,'(8<',"(./&'886-<+$5(8A

GPH&'()&GUHA +1'+A ;1"+1",&5,&(5+&Q#<1'&>"#$":"8&+1'+ β $8&+,6"A ".&)"($";$##&$-<58"&'&,"B6$,"-"(+

+1'+&85-"&5%&Q#<1'E8&>"#$"%8&>"&.#58")&6()",&#59$.'#&.5(8"B6"(."C !6+&-""+$(9&+1$8&#5.'#&.#586,"

,"B6$,"-"(+&$8&"$+1",&$-<588$>#"&G$(&+1"&.'8"&$(&;1$.1&Q#<1'&)5"8&(5+&>"#$":"&+1'+ β $8&+,6"H&5,

#"')8&+5&'&:$5#'+$5(&5%&+1"&,"B6$,"-"(+&+1'+&+1"&'9"(+&8'+$8%/ $'(-&-%"($, G$(&+1"&.'8"&$(&;1$.1

Q#<1'&)5"8&>"#$":"&+1'+ β $8&+,6"HC

l$";$(9&+1"&<,5>#"-&$(&+",-8&5%&'&#5.'#&.#586,"&,"B6$,"-"(+&#"+8&68&8""&-5,"&.#"',#/&15;&'(

'<<"'#&+5&$()"+",-$('./&.'(&1"#<&,"85#:"&+1"&<,5>#"-C J5,A 68$(9&+1"&-5)"#&+1"5,/&)":"#5<")

+5&)"'#&;$+1&+1"&-5)'#&?$',&8"(+"(."&+5&$(+",<,"+&Q#<1'E8&>"#$"%&5<",'+5,A ;"&.'(&<,5:$)"&'

4N



01(2>%'-).%+

-5)"#&$(&;1$.1&$+&$8&$()"+",-$('+"&;1"+1",&Q#<1'&>"#$":"8&+1'+ β $8&+,6"&'()&$(&;1$.1&+1"

%5##5;$(9&'##&15#)PUa

G[H BαT (β)↔ BαBαT (β)

GMH ¬BαT (β)↔ Bα¬BαT (β)

G4ZH Bα(T (β)↔ ¬BαT (β))

G44H BαT (β)→ ¬Bα¬T (β)

G4PH Q#<1'E8&>"#$"%8&',"&.#58")&6()",&#59$.'#&.5(8"B6"(."

7"&.'(&815;A +1"(A +1'+&$%&$+&$8&$()"+",-$('+"&;1"+1",&5,&(5+&Q#<1'&>"#$":"8&+1'+ β $8&+,6"A

Q#<1'&.'(&8'+$8%/&+1"&+,'(8<',"(./&'886-<+$5(8A K(5;&+1'+ T (β) ↔ ¬BαT (β)A '()&/"+&(5+

>"&%5,.")&$(+5&:$5#'+$(9 $'(-&-%"($, $(&5,)",&+5&-""+ ".&)"($"C&D1$8&,"86#+&)5"8&(5+&)"<"()&5(

Q#<1'&#'.K$(9&+,'(8<',"(./&.5(.",($(9&$+8&(";#/&<58+6#'+")&$()"+",-$('+"&)5='8+$.&8+'+"8C *(

+1"&-5)"#&$(&B6"8+$5(&+1"&%5##5;$(9&'#85&15#)8a

G4UH IBαT (β)↔ BαIBαT (β)

*%A +1"(A ;"&'##5;&+1'+&$+&$8&$()"+",-$('+"&;1"+1",&Q#<1'&>"#$":"8&+1'+ β $8&+,6"&;"&.'(&15#)

5(&+5&;1'+&',"&8""-$(9#/&B6$+"&<#'68$>#"&(5,-'+$:"&<,$(.$<#"8C Q()&$-<5,+'(+#/&%5,&;1'+

;$##&%5##5;A $+&$8&'#85&.#"',&+1'+&%5,&'&<,5<5("(+&5%&'&<','.5-<#"+"&+,"'+-"(+&5%&+1"&8"-'(+$.

<',')5="8A +1$8&$8 )1(2%+'/2?"/ +1'+&5("&.'(&15#)&5(&+5 $'(-&-%"($,A ".&)"($" '() 0'--&1&2&%,C

J5,A 5(&+1"&'886-<+$5(&+1'+&Q#<1'&-""+8 $'(-&-%"($, '() ".&)"($"A&'&<','.5-<#"+"&+1"5,$8+

;$##&'.."<+ (1β)F(8βHC *(&'))$+$5(A +1$8&+1"5,$8+&;$##&'.."<+&,"'85($(9&>/&-5)68&<5("(8&'()

)$8X6(.+$5(&"#$-$('+$5(C !6+A '8&+1"&)",$:'+$5(&-'K"8&.#"',A 9$:"(&+1"8"&.5--$+-"(+8A +1"

5(#/&;'/&+5&':5$)&'&.5(+,')$.+$5(&$8&+5&'##5;&+1'+&"=.#6)")F-$))#"&%'$#8&%5, βC

Q<<"'#&+5&$()"+",-$('./A +1"(A '##5;8&68&+5&15#)&5(&+5 $'(-&-%"($, '() ".&)"($" $(&+1"&%'."&5%

+1"&<',')5=&)":"#5<")&$(&3PC4C Q<<"'#&+5&$()"+",-$('./&$8&'#85&8$-$#',#/&"%%".+$:"&$(&)"'#$(9
PUI""&+1"&D".1($.'#&Q<<"()$=&%5,&<,55%8C
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;$+1&+1"&<',')5=&)":"#5<")&$(&3PCPC D1","&;"&)",$:")&'&.5(+,')$.+$5(&5(&+1"&'886-<+$5(

+1'+&Q#<1'&%'$#")&+5&>"#$":"&+1"&<,5<58$+$5(&"=<,"88")&>/ (∗)C 7"&+1"(&$(%",,")&+1'+&Q#<1'

-68+&>"#$":"&+1"&<,5<58$+$5(&"=<,"88")&>/ (∗)C *%A 15;":",A Q#<1'&>"#$":"8&+1"&<,5<58$+$5(

"=<,"88")&>/ (∗)A +1"(&Q#<1'&;$##&'#85&>"#$":"&$+8&("9'+$5(&'()&85&>"&$(&:$5#'+$5(&5% $'(-&-%"($,C

Q#<1'&8""-")&)55-")&+5&$,,'+$5('#$+/A ;1$.1&>/ 0'--&1&2&%, 8156#)&(5+&>"&<588$>#"C

D1"&<,5>#"-&;$+1&+1$8&',96-"(+&$8&+5&>"&#5.'+")&$(&+1"&'<<"'#&+5 #(,-$).%C *(&+1"&#59$.8&;"

',"&)"'#$(9&;$+1A #(,-$).% %'$#8&'8&'&:'#$)&-"+'F,6#"C 71","&"=.#6)")F-$))#"&%'$#8&%5, φA 5("

.'((5+&:'#$)#/&$(%", ¬φ 9$:"(&+1"&)",$:'+$5(&5%&'&.5(+,')$.+$5(&%,5- φC *%A +1"(A ;"&'##5;&+1'+

)5='8+$.&8+'+"8&-'/&>"&86>X".+&+5&+1"&8'-"&%5,-&5%&$()"+",-$('./&'8&.'8"8&5%&8"-'(+$.&<',')5=A

$+&%5##5;8&+1'+&;1$#"&;"&.'(&)",$:"&'&.5(+,')$.+$5(&%,5-&+1"&'886-<+$5(&+1'+&Q#<1'&%'$#8&+5

>"#$":"&+1"&<,5<58$+$5(&"=<,"88")&>/ (∗) ;"&.'((5+&$(%",&%,5-&+1$8&+1'+&Q#<1'&)5"8&>"#$":"

+1"&<,5<58$+$5(&"=<,"88")&>/ (∗)C D1$8&86%T."8&+5&>#5.K&+1"&.5(.#68$5(&+1'+&Q#<1'&-68+&>"&$(

:$5#'+$5(&5% $'(-&-%"($,C

3^ !"#$"%&'()&*()"+",-$('./

*E:"&',96")&+1'+&+1"&(5,-'+$:"&<',')5="8&)":"#5<")&$(&3P&.'(&>"&,"85#:")&$%&;"&'##5;&+1'+

)5='8+$.&8+'+"8&-'/&>"&$()"+",-$('+"C !6+&5("&-'/&;5,,/a *8&$+&,"'##/&<588$>#"&%5,&)5='8+$.

8+'+"8&+5&>"&$()"+",-$('+"@ D1"&',96-"(+&$(&+1$8&<'<",&$8&')),"88")&+5&5("&;15&'.."<+8&+1"

<588$>$#$+/&5%&$()"+",-$('./&'+&#"'8+&;$+1&,"8<".+&+5&.'8"8&5%&8"-'(+$.&<'+15#59/C I5&+1"&;5,,/

$8&(5+&9",-'("&$%&$+&8+"-8&%,5-&'&9"(",'#&8K"<+$.$8-&'>56+&+1"&<588$>$#$+/&5%&$()"+",-$('./C D1"

B6"8+$5(A +1"(A $8&;1"+1",&5("&;15&'.."<+8&+1'+&8"-'(+$.&<',')5="8&9$:"&,$8"&+5&$()"+",-$('./

8156#)&'#85&'##5;&+1'+&)5='8+$.&8+'+"8&-'/&>"&$()"+",-$('+"C *(&,"8<5(8"&+5&+1$8&B6"8+$5(&#"+

-"&8'/&+;5&+1$(98C

G$H&*%&5("&+1$(K8&+1'+&+1","&$8&'&6($:5.'#&(5+$5(&5%&$()"+",-$('./&+1'+&'<<#$"8&+5&.'8"8&5%

8"-'(+$.&<'+15#59/&'()&+5&.'8"8&5%&:'96"("88A +1"(&+1","&8156#)&>"&(5&;5,,/&'+&'##&'>56+&+1"

<588$>$#$+/&5%&)5='8+$.&$()"+",-$('./C J5,&:'96"("88&$8&6>$B6$+568&'()&+1","&',"&.",+'$(#/&.'8"8

$(&;1$.1&$+&$8&:'96"&;1"+1",&'(&'9"(+&1'8&.",+'$(&>"#$"%8&5,&(5+C

4M
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D1"&B6"8+$5(&5%&;1"+1",&+1","&$8&'&6($:5.'#&(5+$5(&5%&$()"+",-$('./&'<<#$.'>#"&+5&+1"&8"F

-'(+$.&<',')5="8&'()&+5&.'8"8&5%&:'96"("88&$8&86>+#"&'()&$+&;56#)&+'K"&68&+55&%',&'T"#)&'+&+1$8

<5$(+&+5&-'K"&8",$568&$(,5')8&5(&+1'+&B6"8+$5(C !6+&+1$8&6($T")&:$";&)5"8&8""-&+5&-"&+5&>"&'(

'++,'.+$:"&5<+$5(&%5,&5("&;15&86<<5,+8&'(&$()"+",-$($8+&+,"'+-"(+&5%&+1"&8"-'(+$.&<',')5="8CP^

G$$H&Q#+15691&+1"&('+6,"&5%&)5='8+$.&8+'+"8&$8&'(&',"'&5%&.5(+,5:",8/A +1","&',"&'&(6->",&5%

'++,'.+$:"&'..56(+8&5%&)5='8+$.&8+'+"8&+1'+&;56#)&-'K"&$+&$(+"##$9$>#"A 9$:"(&;1'+&*E:"&8'$)&85

%',A +1'+&86.1&8+'+"8&.56#)&>"&86>X".+&+5&$()"+",-$('./C Q %6##&)":"#5<-"(+&5%&'(/&5("&5%&+1"8"

'..56(+8&'()&15;&$+&$8&'>#"&+5&-'K"&8"(8"&5%&)5='8+$.&$()"+",-$('./&;56#)&,"B6$,"&-6.1

-5,"&8<'."&+1'(&* 1':"&1","C * .'(A 15;":",A >,$"o/&8'/&85-"+1$(9&'>56+&+1"&%"'+6,"&.5--5(

+5&+1"8"&:$";8&+1'+&#"+E8&68&6()",8+'()&15;&)5='8+$.&8+'+"8&.56#)&>"&86>X".+&+5&$()"+",-$('./C

D1"&K"/&%"'+6,"&5%&+1"&'..56(+8&* 1':"&$(&-$()&$8&+1'+&+1"/&15#)&+1'+&<,$(.$<#"8&5%&,'+$5F

('#$+/&',"&.5(8+$+6+$:"&5%&$(+"(+$5('#&-"(+'#&8+'+"8&86.1&'8&>"#$"%&'()&)"8$,"CPO e$:"(&86.1&'(

'..56(+A 5("&8156#)&+'K"&)5='8+$.&8+'+"8&+5&>"&.'<'>#"&5%&1':$(9&;1'+":",&<,5<",+$"8&',"&,"F

B6$,")&>/&,'+$5('#$+/C $'(-&-%"($, '() ".&)"($" <,5:$)"&,'+$5('#&.5(8+,'$(+8&5(&>"#$"%8A '()A '8

;"E:"&8""(A $(&.",+'$(&.'8"8&$(&5,)",&%5,&'(&'9"(+&+5&.5(%5,-&+5 $'(-&-%"($, '() ".&)"($" $+&-68+

>"&$()"+",-$('+"&;1"+1",&+1"&'9"(+&>"#$":"8&'&.",+'$(&<,5<58$+$5(C \'+$5('#$+/A +168A ,"B6$,"8

+1'+&'(&'9"(+E8&)5='8+$.&8+'+"8&>"&$(&.",+'$(&.'8"8&$()"+",-$('+"C *%&5("&15#)8&+1'+&<,$(.$<#"8&5%

,'+$5('#$+/&',"&.5(8+$+6+$:"&5%&)5='8+$.&8+'+"8A +1"(&5("&8156#)&+'K"&86.1&8+'+"8&+5&>"A $(&<,$(.$F

<#"A .'<'>#"&5%&"=1$>$+$(9&$()"+",-$('./C e$:"(&86.1&'(&'..56(+A $+&$8&' ,.6$%4(#/ '%%5,)")&>/

+1"&<,".")$(9&',96-"(+8&+1'+&)5='8+$.&8+'+"8&-'/&"=1$>$+&+1"&8'-"&%5,-&5%&$()"+",-$('./&+1'+

$8&<,"8"(+&$(&.'8"8&5%&8"-'(+$.&<'+15#59/CPc

V5+"&+1'+&+1"&+1"8$8&+1'+&)5='8+$.&8+'+"8&-'/&>"&$()"+",-$('+"&<58"8&(5&+1,"'+&+5&<1/8$.'#F
P^D1$8&$8&+1"&<58$+$5(&+'K"(&>/&J$"#)C I""A "C9CA J$"#) GPZZU>HC _($T")&'<<,5'.1"8&+5&:'96"("88&'()&8"-'(+$.

<',')5="8&',"&'#85&)":"#5<")&$( 0.e"" G4MM4H&'() I5'-"8 G4MMMHC
POh("&'++,'.+$:"&:$";&5%&+1$8&+/<"&1'8&>""(&)":"#5<")&>/&n':$)&?";$8C I"" ?";$8 G4MN^HA ?";$8 G4MMMHC Q..5,)F

$(9&+5&?";$8&>"#$"%&'()&)"8$,"&8+'+"8&',"&)"T(")&>/&'&+'.$+&+1"5,/&5%&%5#KF<8/.15#59/A '()&+1$8&+'.$+&+1"5,/&+'K"8
86.1&8+'+"8&+5&.5(%5,-&+5&:',$568&,'+$5('#&<,$(.$<#"8C I""&'#85 I+'#('K", G4M[^H&%5,&'&8#$91+#/&)$%%","(+&'..56(+
;1$.1&+'K"&.5()$+$5(8&5%&,'+$5('#$+/&+5&>"&)"T($+$5('#&5%&>"#$"%&8+'+"8C J5,&'(5+1",&86.1&'..56(+&8"" n':$)85(
G4M[Z'A>HC

PcV5+"&+1'+&* )5(E+&.#'$-&+1'+&+1"5,$"8&5%&+1$8&+/<"&',"&+1" %+'/ +1"5,$"8&+1'+&.'(&')-$+&)5='8+$.&$()"+",-$('./C
D1"&.#'$-&$8&X68+&+1'+ A.4(+2)1(2!#($(,.+A2"#A-&(+)6 )5='8+$.&$()"+",-$('./&$8&$(+"##$9$>#"&%5,&86.1&+1"5,$"8C

PZ



B(C($).%+

$8-C D1"&'..56(+&$8&<",%".+#/&.5-<'+$>#"&;$+1&+1"&+1"8$8&+1'+&'(&'9"(+E8&+5+'#&)5='8+$.&8+'+"&$8

$)"(+$.'#&+5A 8'/A '&<',+$.6#',&("6,'#&8+'+"&5%&+1"&'9"(+C D1"&<5$(+&$8&X68+&+1'+&%5,&.",+'$(&<,5<58$F

+$5(8A 86.1&'8&+1'+&"=<,"88")&>/ βA +1'+&("6,'#&8+'+"&;$##&>"&86.1&+1'+&$+&$8&$()"+",-$('+"&;1"+1",

$+&$8&'&8+'+"&5%&>"#$":$(9&+1"&<,5<58$+$5(&$(&B6"8+$5(C

D1","&$8&-6.1&-5,"&+5&>"&8'$)&'>56+&+1"&,"#'+$5(81$<&>"+;""(&+1"&('+6,"&5%&)5='8+$.&8+'+"8

'()&+1"&<58+6#'+$5(&5%&)5='8+$.&$()"+",-$('./C h6,&%5.68&(5;A 15;":",A ;$##&>"&5(&+1"&;'/8

$(&;1$.1&+1"&<58+6#'+$5(&5%&)5='8+$.&$()"+",-$('./&$(&,"8<5(8"&+5&+1"&(5,-'+$:"&<',')5=&.'(

<,5:$)"&$(8$91+&$(+5&+1"&.5,,".+&'(8;",&+5&D1"&V5,-'+$:"&d6"8+$5(C * +'K"&$+&+1'+&+1$8&)$8.688$5(

$8&86%T.$"(+#/&-5+$:'+")&>/&+1"&"=$8+"(."&5%&'+&#"'8+&+;5&'++,'.+$:"&G(5(F"=.#68$:"H&:$";8&+1'+

.56(+"('(."&+1"&"=$8+"(."&5%&)5='8+$.&$()"+",-$('./C

3O \"X".+$5(

7"E:"&8""(&+1'+&$%&;"&'##5;&+1'+&)5='8+$.&8+'+"8&-'/&>"&$()"+",-$('+"&;"&.'(&>#5.K&+1"&',F

96-"(+8&9$:"(&$(&3P&+1'+&<6,<5,+")&+5&815;&+1"&$(.5-<'+$>$#$+/&5% $'(-&-%"($,A ".&)"($" '()

0'--&1&2&%,C&*E##&(5;&815;&15;&+1$8&'<<,5'.1&+5&+1"&(5,-'+$:"&<',')5="8&<,5:$)"8&'&.5(8+,'$(+

5(&+1"&.5,,".+&'(8;",&+5&D1"&V5,-'+$:"&d6"8+$5(C *%&;"&',"&+5&'<<"'#&+5&$()"+",-$('./&$(

5,)",&+5&,"85#:"&+1"&(5,-'+$:"&<',')5="8&;"&-68+&,"X".+a

!"#"$%&'( J5,&'(/&<,5<58$+$5( φA $+&$8&'&.5(8"B6"(."&5%&+1"&.#'$-&+1'+&5("&5691+&+5&>"#$":"&+1'+
φ $8&$()"+",-$('+"A +1'+&5("&5691+&+5&,"X".+&>5+1 φ '()&$+8&("9'+$5(C

?"+&68&'))&+5&56,&8+5,/&'>56+&Q9"(+&Q#<1'C 7"&',"&(5;&'##5;$(9&Q#<1'E8&)5='8+$.&8+'+"8&+5

>"&$()"+",-$('+"C 7"&8156#)A +1","%5,"A "=+"()&56,&+,'(8<',"(./&'886-<+$5(8&+5&+'K"&'..56(+

5%&+1$8&<588$>$#$+/a

G4^H I¬BαT (β)↔ BαI¬BαT (β)

G4^H&15#)8&$(&+1"&.#'88&5%&-5)"#8&$(&;1$.1&;"&1':"&,"<,"8"(+")&Q#<1'E8&)5='8+$.&8+'+"C D1"

'886-<+$5(A +1"(A +1'+&'(&'9"(+&;$+1&$()"+",-$('+"&)5='8+$.&8+'+"8&-'/&'+&#"'8+&$(&<,$(.$<#"

8'+$8%/&+1$8&.5()$+$5(&$8A +1","%5,"A ,"'85('>#"CPN

PNI""&+1"&D".1($.'#&Q<<"()$=&%5,&+1"&<,55%&5%&+1$8&.#'$-C

P4



B(C($).%+

7"&1':"&'886-")&+1'+&$+&$8&$()"+",-$('+"&;1"+1",&Q#<1'&)5"8&(5+&>"#$":"&+1'+ β $8&+,6"A $C"CA

I¬BαT (β)C !/&G4^H&$+&%5##5;8&+1'+&Q#<1'&>"#$":"8&+1$8A $C"CA BαI¬BαT (β)C Q8&$(&+1"&"',#$",&.'8"8A

;"&'886-"&+1'+&Q#<1'&$8&<",%".+#/&,"#$'>#"&$(&$+8&>"#$"%8&'>56+&+1"&$()"+",-$('./&5%&$+8&5;(

)5='8+$.&8+'+"8C D1"&%5##5;$(9&$8&'&+1"5,"-a I¬BαT (β) → IT (β)CP[ Q8&$(&+1"&"',#$",&.'8"8A ;"

.'(&'886-"&+1'+&Q#<1'&>"#$":"8&+1$8&5(&+1"&>'8$8&5%&+1"&8'-"&86<",#'+$:"&9,56()8&'8&68C e$:"(

+1"8"&'886-<+$5(8&$+&%5##5;8&+1'+&Q#<1'E8&":$)"(."&-'K"8&$+&.",+'$(&+1'+ IT (β)C !/ ".&)"($" $+

%5##5;8&+1'+OBαIT (β)C !/ !"#"$%&'(A&+1"(A $+&%5##5;8&+1'+ORαT (β)C *%&5("&,"X".+8φ $+&%5##5;8&+1'+

5("&)5"8&(5+&>"#$":" φC Q886-$(9A +1"(A +1'+&Q#<1'&-""+8&+1"&,'+$5('#&,"B6$,"-"(+&$-<58")

5(&$+&>/ !"#"$%&'(A&;"&1':" ¬BαT (β)C

D1$8A 15;":",A #'()8&68&>'.K&$(+5&(5,-'+$:"&<',')5=C 7"&("")&8$-<#/&,"1"',8"&2'8"&4C

!/&GUH&;"&1':" Bα¬BαT (β)C 7"&'#85&1':"&+1'+ ¬BαT (β) → T (β) $8&'&+1"5,"-A '()&+1'+&$+&$8

>"#$":")&>/&Q#<1'&5(&"=."##"(+&9,56()8C *+&%5##5;8&+1'+&Q#<1'E8&":$)"(."&-'K"8&$+&.",+'$(

+1'+ T (β)C Q886-$(9&.5-<#$'(."&;$+1&+1"&(5,-'+$:"&)"-'()8&$-<58")&>/ ".&)"($" ;"&1':"

BαT (β)C !6+&+1$8A 5%&.56,8"A $8&$-<588$>#"&8$(."&;"&'#,"')/&1':" ¬BαT (β)C

7"&1':"&)",$:")&'&.5(+,')$.+$5(&5(&+1"&'886-<+$5(&+1'+&Q#<1'&-""+8&>5+1 ".&)"($"A $'(/

-&-%"($, '() !"#"$%&'(C&V5+"&+1'+&(5&'<<"'#&;'8&-')"&+5&"=.#6)")F-$))#"CPM D1"&8'-"&-5:"8

+1'+&;","&':'$#'>#"&+5&68&+5&,".5(.$#"&+1"&8""-$(9&$(.5-<'+$>$#$+/&5% $'(-&-%"($, '() ".&)"($"

',"&(5+&':'$#'>#"&$(&+1$8&.'8"C *%&;"&',"&+5&15#)&5(&+5 $'(-&-%"($,A ".&)"($" '() 0'--&1&2&%, >/

'##5;$(9&%5,&)5='8+$.&8+'+"8&+5&>"&$()"+",-$('+"&;"&-68+&,"X".+ !"#"$%&'(C

$'(-&-%"($,A ".&)"($" '() 0'--&1&2&%, 8""-&+5&-"&$()$:$)6'##/&'()&X5$(+#/&-6.1&-5,"&<#'68$F

>#"&(5,-'+$:"&.5()$+$5(8&+1'( !"#"$%&'(C&J'.")&;$+1&+1"&.15$."&>"+;""(&15#)$(9&5(&+5 $'(-&-/

%"($,A ".&)"($" '() 0'--&1&2&%, '()&15#)$(9&5(&+5 !"#"$%&'(A&$+&8""-8&.#"',&+5&-"&+1'+&+1"&%5,-",

.56,8"&$8&<,"%",'>#"C

*+&$8&%',&%,5-&5>:$568&;1'+&'(8;",&5("&8156#)&9$:"&+5&D1"&V5,-'+$:"&d6"8+$5(C *+&$8&)$%F

T.6#+&+5&9"+&'(&$()"<"()"(+&9,$<&5(&+1$8&$886"C e$:"(&+1$8A ;"&8156#)A * +1$(KA +'K"&8",$568#/
P[*(&9"(",'#&;1"," φ↔ ψ $8&'&+1"5,"-&85&$8 Iφ↔ IψC
PMV5,&;'8&'(/&68"&-')"&5% #(,-$).% 5,&5+1",&%5,-8&5%&<,55%&;1$.1&%'$#&9$:"(&+1"&'<<,5'.1&+5&+1"&?$',&6()",

.5(8$)",'+$5(C

PP



*+,()(#&.+"$/

'(&',96-"(+&+1'+&815;8&15;&+1"&'(8;",&+5&+1$8&B6"8+$5(&$8&.5(8+,'$(")&>/&56,&'.."<+'(."&5%

5+1",&.#"',",&(5,-'+$:"&.5()$+$5(8C D1"&$(.5-<'+$>$#$+/&>"+;""( $'(-&-%"($,A ".&)"($"A 0'--&/

1&2&%, '() !"#"$%&'( <,5:$)"8&'&955)&,"'85(&+5&9$:"&6< !"#"$%&'(C

3c *()"+",-$('./

*%&;"&,"X".+ !"#"$%&'(A&;1'+&+1"(&$8&+1"&.5,,".+&'(8;",&+5&D1"&V5,-'+$:"&d6"8+$5(@ h("&5<+$5(

;56#)&>"&+5&',96"&+1'+&+1","&$8&(5&9"(",'#&(5,-'+$:"&.5()$+$5(&.5((".+$(9&+1"&$()"+",-$('./

5%&<,5<58$+$5(8&'()&56,&)5='8+$.&8+'+"8&.5(.",($(9&+158"&<,5<58$+$5(8C Q..5,)$(9&+5&+1$8&#$("A

$(&8+'()',)&.'8"8&5%&$()"+",-$('./A 86.1&'8&+1"&?$',&8"(+"(."A !"#"$%&'( )5"8&9$:"&68&+1"&,$91+

8+5,/A >6+&$(&5+1",&.'8"8A 86.1&'8 βA '(5+1",&8+5,/&$8&'<<,5<,$'+"C *()"+",-$('./&;56#)&$(&+1$8

;'/&>"&#$K"&.5(+$(9"(./CUZ D1","&$8&(5&8$(9#"&'++$+6)"&5("&8156#)&1':"&+5;',)8&<,5<58$+$5(8

+1'+&5("&+'K"8&+5&>"&.5(+$(9"(+C I5-"&;"&8156#)&>"#$":"A 85-"&;"&8156#)&,"X".+A '()&5+1",8

;"&8156#)&8$-<#/&>"&'9(58$+$.&'>56+j $+&)"<"()8&5(&;1'+&56,&":$)"(."&+"##8&68C

D1$8&$8&'&.5(8$8+"(+&<58$+$5(A >6+&* )5(E+&8""&+1'+&$+&1'8&-6.1&+5&,".5--"()&$+C W5;&"='.+#/

8156#)&;"&,"8+,$.+ !"#"$%&'(@&D5&8'/&+1'+&;"&8$-<#/&,"8+,$.+&$+&%5,&+158"&.'8"8&$(&;1$.1&$+&#"')8

+5&(5,-'+$:"&<',')5=&8""-8&15<"#"88#/ ",21%$C !6+&;1'+&5+1",&<,$(.$<#")&)$8+$(.+$5(&.'(&;"

),';&>"+;""(&8'/&+1"&.'8"&$(&;1$.1&'(&'9"(+&>"#$":"8&+1'+&+1"&<,5<58$+$5(8&"=<,"88")&>/&+1"

?$',&8"(+"(."&$8&$()"+",-$('+"A '()&+1"&.'8"&$(&;1$.1&$+&>"#$":"8&+1'+&+1"&<,5<58$+$5(&"=<,"88")

>/ β $8&$()"+",-$('+"@ *(&+1"&.'8"&5%&.5(+$(9"(./&;"&.'(&8'/&85-"+1$(9&'>56+&;1/&'(&'9"(+

-'/&>"#$":"&>5+1&+1'+ φ $8&.5(+$(9"(+&'()&+1'+ ψ $8&.5(+$(9"(+&'()&/"+&,'+$5('##/&+'K"&)$%%","(+

'++$+6)"8&+5;',)8&+1"&+;5&<,5<58$+$5(8j +1"&'9"(+&-'/A %5,&"='-<#"A 1':"&.5(.#68$:"&":$)"(."

+1'+&5("&$8&+,6"&'()&+1"&5+1",&%'#8"C *(&+1"&.'8"&5%&$()"+",-$('./A 15;":",A * 1':"&(5&$)"'&;1'+

85,+&5%&'('#59568&8+5,/&5("&.56#)&+"##&+1'+&;56#)&-'K" !"#"$%&'( )"#$:",&+1"&.5,,".+&:",)$.+&$(

'##&>6+&+1"&<,5>#"-'+$.&.'8"8C

71'+&*E##&',96"&$(&+1$8&8".+$5(&$8&+1'+&;"&8156#)&$(8+"')&'.."<+a
UZ25(+$(9"(./&$8&6()",8+55)&'8&%5##5;8a Cφ↔d f !φ ∧ !¬φC

PU



*+,()(#&.+"$/

&()"%"!*&(+$, J5,&'(/&<,5<58$+$5( φA $+&$8&'&.5(8"B6"(."&5%&+1"&.#'$-&+1'+&5("&5691+&+5&>"#$":"
+1'+ φ $8&$()"+",-$('+"A +1'+&5("&5691+&+5&>"&86.1&+1'+&$+&$8&$()"+",-$('+"&;1"+1",&5("
>"#$":"8 φC

D1"&',96-"(+&1'8&+;5&<',+8C *E##&T,8+&',96"&+1'+ &()"%"!*&(+$, $8&$()"<"()"(+#/&-5+$:'+")C

*E##&+1"(&815;&+1'+A 6(#$K" !"#"$%&'(A&Q#<1'&$8&'>#"&+5&8'+$8%/ &()"%"!*&(+$, $(&'))$+$5(&+5 $'(-&-/

%"($, '() ".&)"($"C

3cC4

J$,8+A +1"&',96-"(+&%5,&$()"<"()"(+&-5+$:'+$5(C

*+&$8&:",/&"'8/&+5&>"&<6``#")&'>56+&;1'+&'(8;",&+5&9$:"&+5&D1"&V5,-'+$:"&d6"8+$5(C J5,A

#"++$(9 φ >"&85-"&<,5<58$+$5(&+1'+&5("&5691+&+5&>"#$":"&$8&$()"+",-$('+"A !#.&"27"$.( +1"&%5##5;F

$(9&+1,""&.#'$-8&',"&'##&<#'68$>#"&.5(8"B6"(."8a

G4OH h("&5691+&(5+&>"#$":" φC

G4cH h("&5691+&(5+&>"&'9(58+$.&'>56+ φC

G4NH h("&5691+&(5+&,"X".+A $C"CA )$8>"#$":"A φC

G4OH&;$##A * 868<".+A 8+,$K"&/56&'8&$--")$'+"#/&<#'68$>#"C 25(8$)",A %5,&"='-<#"A '&<',')$9F

-'+$.&$()"+",-$('+"&<,5<58$+$5(&86.1&'8&+1'+&"=<,"88")&>/&+1"&?$',&8"(+"(."C *(&+1$8&.'8"A >"#$"%

;56#)&.",+'$(#/&8""-&+5&>"&'(&$('<<,5<,$'+"&'++$+6)"C

*+&;56#)&'#85&8""-A '8&G4cH&-'$(+'$(8A +5&>"&$('<<,5<,$'+"&+5&>"&'9(58+$.&+5;',)8&+1$8&<,5<5F

8$+$5(C Q%+",'##A '9(58+$.$8-&$8&+1"&.5,,".+&'++$+6)"&+5&+'K"&+5;',)8&'&<,5<58$+$5(&'>56+&;1$.1

5("&+'K"8&5("8"#%&+5&>"&$9(5,'(+C h("&;15&+1$(K8&+1'+&+1"&<,5<58$+$5(&"=<,"88")&>/&+1"&?$',

8"(+"(."&$8&$()"+",-$('+"&;56#)&(5+A 15;":",A 8""-&+5&+1$(K&+1'+&+1","&$8&85-"&%'.+&5%&+1"

-'++",&.5(.",($(9&+1$8&<,5<58$+$5(&'>56+&;1$.1&+1"/&',"&$9(5,'(+C

G4NH&-'/&>"&#"88&$--")$'+"#/&.5-<"##$(9A >6+&5("&.'(&',96"&%5,&$+&>/&'<<"'#&+5&+1"&%5##5;$(9

<,$(.$<#"a

P^



*+,()(#&.+"$/

("3+%&'( h("&5691+&+5&>"&86.1&+1'+&5("&,"X".+8&'&<,5<58$+$5( φ X68+&$(&.'8"&5("&>"#$":"8&$+8
("9'+$5( ¬φCU4

7"&',"&'886-$(9&+1'+ φ $8&$()"+",-$('+"C *% φ $8&$()"+",-$('+"&+1"(&85&$8 ¬φC !/&G4OHA +1"(A

5("&5691+&(5+&>"#$":" ¬φC !/ ("3+%&'(A&5("&5691+&+5&>"&86.1&+1'+&$%&5("&)5"8&(5+&>"#$":" ¬φ

+1"(&5("&)5"8&(5+&,"X".+ φC e$:"(&+1'+&)5='8+$.&5>#$9'+$5(8&',"&.#58")&6()",&.5(8"B6"(."&$+

%5##5;8&+1'+&5("&5691+&(5+&,"X".+ φC D1$8&$8&G4NHC

G4OHFG4NH&;56#)&8""-&+5&"=1'68+&+1"&<588$>#"&5<+$5(8C h>:$568#/&8;$+.1$(9&+5&'&-5,"&T("F

9,'$(")&.5(."<+$5(&5%&)5='8+$.&8+'+"8&$(:5#:$(9&)"9,""8&5%&>"#$"%&;$##&(5+&1"#<A 8$(."&86.1&)"F

9,""8&;$##&<,"86-'>#/&>"&<',+$+$5(")&>/&+1"&+1,""&8+'+"8a >"#$"%A )$8>"#$"%&'()&'9(58+$.$8-C

8#.&"27"$.(A +1"(A $+&.'(&8""-&+1'+&+1","&$8&(5&,'+$5('#&'++$+6)"&+1'+&5("&.'(&+'K"&+5;',)8&<,5<5F

8$+$5(8&+1'+&5("&8156#)&>"#$":"&',"&$()"+",-$('+"C 2'##&+1$8 01(23%#&").4(28#%;'(&C

Q(&')"B6'+"&,"8<5(8"&+5&+1"&D1"&V5,-'+$:"&f,5>#"-&8156#)&$)"(+$%/&;1$.1&5%&G4OHFG4NH

;"&8156#)&9$:"&6<A '() .+2",,.).%+ $+&8156#)&<,5:$)"&'&<#'68$>#"&",,5,F+1"5,/&+1'+&.'(&'..56(+

%5,&+1" !#.&"27"$.( <#'68$>$#$+/&5%&G4OHFG4NHC 71'+&* ;$##&(5;&)5&$8&56+#$("&86.1&'&,"8<5(8"&'()

815;&+1'+ &()"%"!*&(+$, $8&'&.5(8"B6"(."&5%&+1$8&,"8<5(8"C D1'+ &()"%"!*&(+$, %5##5;8&%,5-&'(

"#"9'(+&",,5,F+1"5,"+$.&,"8<5(8"&+5&D1"&V5,-'+$:"&f,5>#"-&9$:"8&68&'&,"'85(&+5&+'K" &()"%"!*&/

(+$, 8",$568#/&'8&+1"&'(8;",&+5&D1"&V5,-'+$:"&d6"8+$5(CUP

D1"&,"8<5(8"&+1'+&* '):5.'+"&$(:5#:"8&,"X".+$(9&"'.1&5%&G4OHFG4NHC *(&+1"$,&8+"')A ;"&8156#)

'.."<+&+1"&%5##5;$(9&.#58"#/&,"#'+")&<,$(.$<#"8C ?"++$(9 φ >"&'&<,5<58$+$5(&+1'+&5("&5691+&+5

>"#$":"&$8&$()"+",-$('+"A * .#'$-&+1'+&+1"&%5##5;$(9&'##&15#)a

G4OdH h("&5691+&(5+ ,()(#&.+")('/ >"#$":" φC

G4cdH h("&5691+&(5+&>" ,()(#&.+")('/ '9(58+$.&'>56+ φC
U4\"')a O(Rφ↔ B¬φ)C D1$8&$8&'&<,$(.$<#"&+1'+&'&<,5<5("(+&5% !"#"$%&'(;$##&,"X".+C !6+&$+&8156#)&>"&.5(.")")

+1'+&+1$8&$8 !#.&"27"$.( B6$+"&<#'68$>#"C
UP* 8156#)&(5+"&+1'+&+1$8&%'.+&)5"8&(5+&)$8+$(96$81 !"#"$%&'( '() &()"%"!*&(+$,C&J5,&+1"&<,5<5("(+&5% !"#"$/

%&'(;$##&,"X".+ ("3+%&'( '()&.'(&<,5:$)"&'&<#'68$>#"&",,5,F+1"5,/&>/&G'H&(5+$(9&+1'+ ("3+%&'( )5"8&15#)&$(&+158"
.'8"8&$(&;1$.1&$()"+",-$('./&$8&(5+&<,"8"(+A '()&G>H&'<<"'#$(9&+5&+1"&<#'68$>#"&%'.+&+1'+&;"&',"&<,5("&+5&5:",9"(F
",'#$`"&%,5-&+158"&.'8"8&$(&;1$.1&$()"+",-$('./&$8(E+&<,"8"(+C D1"&<5$(+A +1"(A $8&8$-<#/&+1'+&+1"&<,5<5("(+&5%
&()"%"!*&(+$, .'(&'#85&<,5:$)"&'&;"##F-5+$:'+")&,"8<5(8"&+5&D1"&V5,-'+$:"&f,5>#"-C

PO



*+,()(#&.+"$/

G4NdH h("&5691+&(5+ ,()(#&.+")('/ ,"X".+ φC

_(#$K"&;$+1&G4OHFG4NHA '(&'9"(+&.'(&-""+&"'.1&5%&+1"&,"B6$,"-"(+8&$-<58")&>/&G4OdHFG4NdHC

Q()&'&<,5<5("(+&5%&G4OdHFG4NdH&.'(&<,5:$)"&+1"&%5##5;$(9&8$-<#"&",,5,F+1"5,/&+5&'..56(+&%5,

+1" !#.&"27"$.( <#'68$>$#$+/&5%&G4OHFG4NHC 7"&',"&(5+&+",,$>#/&955)&'+&)$8+$(96$81$(9&>"+;""(

85-"+1$(9&>"$(9&+1"&.'8"&'()&$+8 ,()(#&.+")('/ >"$(9&+1"&.'8"C *()"")A $(85%',&'8&;"&',"&'>#"

+5&-'K"&+1$8&)$8+$(.+$5(A $+&$8&5(#/&'8&+1"&,"86#+&5%&8$9($T.'(+&+1"5,"+$.'#&;5,Kj +1'+&+1","&$8

'&)$8+$(.+$5(&5(#/&>".5-"8&.#"',&;1"(&;"&8""&15;&$+&$8&("."88',/&$(&5,)",&+5&,"85#:"&.",+'$(

<',')5="8A 86.1&'8&+1'+&,'$8")&>/&+1"&?$',&8"(+"(."C 7"&8156#)&(5+&"=<".+A +1"(A +1'+&$(&')F

:'(."&5%&+1$8&;5,K&56,&$(+6$+$5(8&8156#)&>"&T("#/&'++6(")&+5&+1$8&)$8+$(.+$5(C *%A +1"(A +1","&',"

+,6"&<,$(.$<#"8A 86.1&'8&G4OdHFG4NdHA +1'+&.5(.",(&.",+'$(&.5()$+$5(8&5>+'$($(9&)"+",-$('+"#/A $+

8156#)&(5+&>"&6("=<".+")&+1'+&;"&;56#)&.5(%68"&86.1&<,$(.$<#"8&%5,&5+1",&<,$(.$<#"8A 86.1

'8&G4OHFG4NHA +1'+&.5(.",(&+158"&.5()$+$5(8&8$-<#/&5>+'$($(9&;1"+1",&)"+",-$('+"#/&5,&(5+C !/

'.."<+$(9&G4OdHFG4NdHA +1"(A ;"&.'(&'..56(+&%5,&+1"&<#'68$>$#$+/&5%&G4OHFG4NHA ;1$#"&':5$)$(9&$+8

6()"8$,'>#"&.5(8"B6"(."8C

V"=+&*E##&815;&+1'+ &()"%"!*&(+$, $8&'&.5(8"B6"(."&5%&G4OdHFG4NdHA $C"CA +1'+&%,5-&G4OdHFG4NdHA

$+&%5##5;8&+1'+ OBIφ |b OIBφC D5&815;&+1'+&+1$8&$8&85A $+&;$##&86%T."&+5&815;&+1'+&>5+1&G$H

OBIφ |b O¬DBφ '()&G$$H OBIφ |b O¬D¬BφA %5##5;&%,5-&G4OdHFG4NdHC

GD5&8""&+1'+&+1$8&;$##&86%T."A (5+"&+1'+A 8$(." IBφ $8&"B6$:'#"(+&+5 ¬DBφ∧¬D¬BφA $+&%5##5;8

+1'+OBIφ |b OIBφ $8&"B6$:'#"(+&+5OBIφ |b O(¬DBφ∧¬D¬Bφ)C Q()&'8&'(&$(8+'(."&5%&'&9"(",'#

.#586,"&<,$(.$<#"&;"&1':"a O¬DBφAO¬D¬Bφ |b O(¬DBφ∧¬D¬Bφ)C D168&$%&;"&.'(&815;&+1'+

G$H&'()&G$$H&15#)&+1"(&;"&.'(&815;&+1'+ OBIφ |b O(¬DBφ ∧ ¬D¬Bφ) '()&85 OBIφ |b OIBφCH

V5;A G$H&X68+&$8&G4OdHA '()&85&$+&+,$:$'##/&%5##5;8&%,5-&G4OdHFG4NdHC

D5&815;&+1'+&G$$H&%5##5;8&%,5-&G4OdHFG4NdHA ;"E##&("")&+1"&'88$8+'(."&5%&+1"&%5##5;$(9&<,$(.$F

<#"a

-,**"%!, *%&5("&5691+&+5&>"#$":"&+1'+ φ $8&$()"+",-$('+"A +1"(&+1","&8156#)&>"&(5&'8/--"F
+,/&>"+;""(&+1"&)"+",-$('+"&)5='8+$.&8+'+"&5("&1'8&.5(.",($(9 φ '()&+1"&)"+",-$('+"
)5='8+$.&8+'+"&5("&1'8&.5(.",($(9 ¬φC

Pc
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-,**"%!, $8A * +1$(KA B6$+"&'&>'8$.&<,$(.$<#"&.5(.",($(9&15;&,'+$5('#&'9"(+8&8156#)&,"8<5()

+5&$()"+",-$('./C J5,&+1$8&,"'85(&* )5(E+&+1$(K&+1'+&5("&.'(&"'8$#/&<,5:$)"&'&X68+$T.'+$5(&%5,

-,**"%!, >/&'<<"'#&+5&5+1",&.#"',",&9"(",'#&<,$(.$<#"8C *+&$8&;5,+1&(5+$(9A 15;":",A +1'+ -,*/

*"%!, $8&$(&%'.+&'&;"'K"($(9&5%&'(5+1", !#.&"27"$.( <#'68$>#"&<,$(.$<#"A 5("&+1'+&$8&"()5,8")&>/

'&<,5<5("(+&5% !"#"$%&'(C&Q..5,)$(9&+5&+1$8&8+,5(9",&<,$(.$<#"&$%&5("&5691+&+5&>"#$":"&+1'+ φ

$8&$()"+",-$('+"&+1"(&+1","&8156#)&>"&(5&'8/--"+,/&>"+;""(&+1"&)5='8+$.&8+'+"&5("&1'8&.5(F

.",($(9 φ '()&+1"&)5='8+$.&8+'+"&+1'+&5("&1'8&.5(.",($(9 ¬φC Q(/5("&;15&"()5,8"8&+1$8&#'++",

<,$(.$<#"&8156#)&"()5,8" -,**"%!,A&'#+15691&+1"&.5(:",8"&)5"8&(5+&15#)C

e$:"( -,**"%!,A&;"&.'(&815;&+1'+&G$$H&%5##5;8&%,5-&G4OdHFG4NdHC J$,8+A (5+"&+1'+&$+&%5##5;8

%,5-&G4OdHFG4NdH&+1'+a OBIφ |b O(¬D¬Bφ ∨ ¬D¬B¬φ)CUU V5;A '886-" OBIφC *+&%5##5;8&+1'+

O(¬D¬Bφ ∨ ¬D¬B¬φ)C h>:$568#/A +1","&',"&+1,""&;'/8&5%&8'+$8%/$(9&+1$8&#'++",&5>#$9'+$5(j

5("&.56#)&8'+$8%/&5("&5%&+1"&)$8X6(.+8&>6+&(5+&+1"&5+1",A 5,&5("&.56#)&8'+$8%/&>5+1&)$8X6(.+8C

W5;":",A 9$:"(&+1'+&;"&1':" OBIφA $+&%5##5;8&%,5- -,**"%!, +1'+&+1"&5(#/&'<<,5<,$'+"&;'/

%5,&56,&'9"(+&+5&8'+$8%/&+1$8&5>#$9'+$5(&$8&+5&8'+$8%/&>5+1&)$8X6(.+8C *+&%5##5;8&+1'+&;"&1':"

O(¬D¬Bφ ∧ ¬D¬B¬φ)C e$:"(&G4OdHFG4NdHA OBIφ |b O(¬D¬Bφ ∧ ¬D¬B¬φ)C I$(." O(¬D¬Bφ ∧

¬D¬B¬φ) |b O¬D¬BφA ;"&1':" OBIφ |b O¬D¬BφC D1$8&86%T."8&+5&"8+'>#$81&G$$HC

I$(."&G$H&'()&G$$H&%5##5;&%,5-&G4OdHFG4NdHA $+&%5##5;8&+1'+ OBIφ |b OIBφ $8&'&.5(8"B6"(."&5%

G4OdHFG4NdHC 7"E:"&815;(&+1'+ &()"%"!*&(+$, %5##5;8&%,5-&G4OdHFG4NdHC D1"&#'++",A *E:"&',96")A

<,5:$)"&'(&'++,'.+$:"&,"8<5(8"&+5&D1"&V5,-'+$:"&f,5>#"-C D1$8&$8&'&,"'85(&+5&+1$(K&+1'+ &()"/

%"!*&(+$, 9$:"8&+1"&.5,,".+&'(8;",&+5&D1"&V5,-'+$:"&d6"8+$5(C
UUW","E8&+1"&',96-"(+C G4cdH&+"##8&68&+1'+ OBIφ |b O¬DAφC D5&>"&'9(58+$.&'>56+&'&<,5<58$+$5(&$8&+5&("$+1",

>"#$":"&$+&(5,&,"X".+&$+C 7"&1':"A +1"(A OBIφ |b O¬D(¬Bφ ∧ ¬Rφ)C *E##&+'K"&%5,&9,'(+") ("3+%&'( ;1$.1&+"##8&68
O(B¬φ ↔ Rφ)C e$:"(&+1'+&5691+&$8&.#58")&6()",&#59$.'#&.5(8"B6"(."&;"&1':"&+1"&%5##5;$(9&9"(",'#&<,$(.$<#"a
O(ψ↔ θ),Oγ |b Oγψ/θA ;1"," γψ/θ $8 γ;$+1&5("&5,&-5,"&5..6,,"(."8&5%ψ ,"<#'.")&>/ θC *+&%5##5;8&%,5-&+1$8&+1'+&$%
;"&1':" |b O(ψ↔ θ) +1"(&;"&'#85&1':"Oγ |b Oγψ/θC 7"&1':"A * '-&'886-$(9A |b O(B¬φ↔ Rφ)C e$:"(&+1$8A +1"(A
$+&%5##5;8&+1'+ O¬D(¬Bφ ∧ ¬Rφ) |b O¬D(¬Bφ ∧ ¬B¬φ)C J,5-&+1$8&'()&+1"&%'.+&+1'+ OBIφ |b O¬D(¬Bφ ∧ ¬Rφ)A
$+&%5##5;8&+1'+ OBIφ |b O¬D(¬Bφ ∧ ¬B¬φ)C *(&9"(",'#A D(φ ∧ ψ) $8&"B6$:'#"(+&+5 Dφ ∧ DψC *(&<',+$.6#',A +1"(A
¬D(¬Bφ ∧ ¬B¬φ) $8&"B6$:'#"(+&+5 ¬(D¬Bφ ∧ D¬B¬φ) '()&85&+5 ¬D¬Bφ ∨ ¬D¬B¬φC I$(."&;"&.'(&86>8+$+6+"
#59$.'##/&"B6$:'#"(+&8"(+"(."8&;$+1$(&+1"&8.5<"&5%&YOEA ;"&1':"A +1"(A OBIφ |b O(¬D¬Bφ ∨ ¬D¬B¬φ)C

PN
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3cCP

W':$(9&',96")&+1'+ &()"%"!*&(+$, $8&$()"<"()"(+#/&-5+$:'+")A +1"&("=+&<5$(+&+5&-'K"&$8&+1'+A

6(#$K" !"#"$%&'(A&Q#<1'&.'(&8'+$8%/&+1"&)"-'()8&$-<58")&>/ &()"%"!*&(+$,;1$#"&8'+$8%/$(9 $'(/

-&-%"($, '() ".&)"($"C

Q#<1'&$8&'(&'9"(+&;15&>"#$":"8&+1"&+1"5,"- T (β) ↔ ¬BαT (β) '()&$8A $(&'))$+$5(A )5='8+$F

.'##/&8"#%F+,'(8<',"(+C * (5+")&+1'+&;"&.56#)&,"<,"8"(+&+1"&)5='8+$.&8+'+"&5%&'(&'9"(+&8'+$8%/$(9

+1"8"&8+$<6#'+$5(8&>/&'&<','.5-<#"+"&<588$>#"F;5,#)8&-5)"#&$(&;1$.1&+1"&'.."88$>$#$+/&,"#'+$5(

$8&'(&"B6$:'#"(."&,"#'+$5(C *(&86.1&'&-5)"#A +1"&'9"(+E8&>"#$"%8&;$##&>"&.5(8$8+"(+&'()&.#58")&6(F

)",&#59$.'#&.5(8"B6"(."C D1$8&'886,")&68&+1'+&'(&'9"(+&86.1&'8&Q#<1'&.56#)&$(&<,$(.$<#"&-""+

+1"&)"-'()8&$-<58")&>/ $'(-&-%"($, '() ".&)"($"A&9$:"(&+1'+&$+&>"#$":"8 T (β)↔ ¬BαT (β) '()

$8&)5='8+$.'##/&8"#%F+,'(8<',"(+C *(&86.1&'&-5)"#A 15;":",A $+&;$##&>"&$()"+",-$('+"&;1"+1",

Q#<1'&>"#$":"8&+1'+ β $8&+,6"C

D1$8&-5)"#&$8&'#85&86%T.$"(+&+5&'886,"&68&+1'+&Q#<1'&$8&'>#"&+5&-""+&;1'+":",&'))$+$5('#

)"-'()8&-$91+&>"&$-<58")&>/ &()"%"!*&(+$,C&J$,8+&(5+"&+1'+A $(&9"(",'#A %5,&'(/&.#'88&5%&<','F

.5-<#"+"&<588$>#"F;5,#)8&-5)"#8M +1"&%5##5;$(9&15#)8U^a

G4[H BαIφ |bM IBαφC

e$:"(&G4[HA $+&%5##5;8&+1'+&$(&'(/&5%&+1"&-5)"#8&$(&;1$.1&Q#<1'&-""+8&+1"&)"-'()8&$-<58")

>/ $'(-&-%"($, '() ".&)"($"A&Q#<1'&;$##&'#85&-""+&+1"&)"-'()8&$-<58")&>/&+1"&.5->$('+$5(

5% $'(-&-%"($,A ".&)"($" '() &()"%"!*&(+$,C

W","E8&'(&',96-"(+&%5,&+1$8&.#'$-C

J$,8+A (5+"&+1'+ &()"%"!*&(+$,A&;1$.1&8+'+"8 OBαIφ |b OIBαφA 5(#/&$886"8&$(&'(&5>#$9'+$5(

9$:"(&'(&$(<6+&5%&+1"&%5,- OBαIφC 7"&.'(&+1$(K&'>56+&+1"&5>#$9'+$5(8&+1'+&,"86#+&%,5- $'(/

-&-%"($,A ".&)"($" '() &()"%"!*&(+$, '8&+1"&,"86#+&5%&+1"&%5##5;$(9&$+",'+")&<,5."88C 7"&8+',+

;$+1&+1"&5>#$9'+$5(8&+1'+&,"86#+&%,5- $'(-&-%"($, '() ".&)"($"C&D1"8"&',"&+1"&5>#$9'+$5(8&+1'+

,"86#+&%,5- $'(-&-%"($,A&+59"+1",&;$+1&+1"&5>#$9'+$5(8&+1'+&,"86#+&%,5- ".&)"($"A&+59"+1",&;$+1
U^D1$8&'886-"8&+1'+ Bα $8&+,"'+")&$(&+1"&-5)"#8&'8&'&6($:",8'#&B6'(+$T",&5:",&<588$>#"F;5,#)8C I""&+1"&D".1($.'#

Q<<"()$=&%5,&+1"&<,55%&5%&+1$8&.#'$-
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;1'+":",&5>#$9'+$5(8&%5##5;&%,5-&+1"8"&9$:"(&9"(",'#&<,$(.$<#"8&5%&)"5(+$.&#59$.C G*(&;1'+&1'8

<,".")")A '()&$(&;1'+&%5##5;8A +1"&5(#/&9"(",'#&<,$(.$<#"&5%&)"5(+$.&#59$.&*E-&'886-$(9&$8&+1'+

+1"&#59$.'#&.5(8"B6"(."8&5%&'&8"+&5%&,'+$5('#&5>#$9'+$5(8&',"&+1"-8"#:"8&,'+$5('##/&5>#$9'+5,/CH

?'>"#&+1$8&8"+ Ω0C D1$8&)"#$:",8&<588$>#"&$(<6+8&+5 &()"%"!*&(+$,C&D1$8&)"#$:",8&%6,+1",&5>#$9'F

+$5(8A ;1$.1A +59"+1",&;$+1&9"(",'#&<,$(.$<#"8&5%&)"5(+$.&#59$.A 9$:"8&68&'&8"+&5%&5>#$9'+$5(8

Ω1C Q()&85&5(C D1"&"()&,"86#+&5%&+1$8&<,5."88&$8&+1"&8"+&5%&5>#$9'+$5(8&"(+'$#")&>/ $'(-&-%"($,A

".&)"($" '() &()"%"!*&(+$,C

e$:"(&'&-5)"# M $(&;1$.1&56,&'9"(+&-""+8 $'(-&-%"($, '() ".&)"($"A&G4[H&'886,"8&68&+1'+&'+

"'.1&8+'9"&5%&+1$8&<,5."88&+1"&'9"(+&;$##A $( MA 8'+$8%/&+1"&5>#$9'+$5(8&+1'+&,"86#+&'+&+1'+&8+'9"C

!/&1/<5+1"8$8&+1"&'9"(+&$( M -""+8Ω0C !/&G4[HA $( M +1"&'9"(+&;$##&-""+&;1'+":",&5>#$9'+$5(8

,"86#+&%,5-Ω0 +59"+1",&;$+1 &()"%"!*&(+$,C&*(&86.1&'&-5)"#A -5,"5:",A $%&'&8"+&5%&5>#$9'+$5(8&',"

-"+A +1"(&85&$8&'(/&#59$.'#&.5(8"B6"(."&5%&+1$8&8"+C I5&+1"&'9"(+&;$##&-""+Ω1C Q()&$+&$8&.#"',&+1'+

+1"&,"'85($(9&1","&9"(",'#$`"8C J5,&"'.1&8+'9" γA Q#<1'&;$##&;$##&-""+&+1"&5>#$9'+$5(8&$-<58")

>/ ΩγC

7"&.'(&>"&'886,")A +1"(A 9$:"(&+1'+&Q#<1'&$8&'>#"&+5&-""+&+1"&5>#$9'+$5(8&+1'+&%5##5;&%,5-

$'(-&-%"($, '() ".&)"($"A&+1'+&$+&.'(&-""+&'(/&'))$+$5('#&5>#$9'+$5(8&+1'+&,"86#+&%,5-&+1"&"(F

)5,8"-"(+&5% &()"%"!*&(+$,C &()"%"!*&(+$,A&6(#$K" !"#"$%&'(A&)5"8&(5+&#'()&68&>'.K&$(+5&(5,-'F

+$:"&<',')5=C

3N D1"&!6,)"(&5%&f,55%

* 1':"&',96")A 85&%',A +1'+&Q9"(+&Q#<1'&.'(&8'+$8%/ $'(-&-%"($, '() ".&)"($"A&9$:"(&+1'+&$+8&)5=F

'8+$.&8+'+"8&',"&86>X".+&+5&$()"+",-$('./C Q#<1'&.'((5+A 15;":",A 8'+$8%/ $'(-&-%"($,A ".&)"($"A

'() !"#"$%&'(C&D1$8A *E:"&.#'$-")A 9$:"8&68&955)&,"'85(&+5&,"X".+ !"#"$%&'(C&J6,+1",A *E:"&',96")

+1'+&$%&;"&'##5;&+1'+&Q#<1'E8&)5='8+$.&8+'+"8&-'/&>"&86>X".+&+5&$()"+",-$('./A +1"(&$+&.'(&8'+$8%/

$'(-&-%"($,A ".&)"($" '() &()"%"!*&(+$,C&D1"&8'-"&<,5>#"-&+1'+&>"8"+8 !"#"$%&'( )5"8&(5+&>"8"+

&()"%"!*&(+$,C&e$:"(&+1'+ &()"%"!*&(+$, $8&$()"<"()"(+#/&-5+$:'+")A ;"&1':"&955)&,"'85(&+5

15#)&+1'+&$+&<,5:$)"8&+1"&.5,,".+&'(8;",&+5&D1"&V5,-'+$:"&d6"8+$5(C

PM
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*+&1'8&(5+&>""(&815;(A 15;":",A +1'+&$( "+/ <588$>#"&.'8"&$(&;1$.1&'(&'9"(+&$8&(5+&'#,"')/

96$#+/&5%&'&,'+$5('#&%'$#6,"&+1"&'9"(+&-'/&$(&<,$(.$<#"&8'+$8%/ $'(-&-%"($,A ".&)"($" '() &()"%"!*&/

(+$, C&*()"")A +1$8&$8A * +1$(KA 85-"+1$(9&+1'+&$8&(5+&G'+&#"'8+&$(&56,&<,"8"(+&8+'+"&5%&K(5;#")9"H

'-"('>#"&+5&<,55%C J5,&>5+1&+1"&.5()$+$5(8&6()",&;1$.1&'&<,5<58$+$5(&.56(+8&'8&<',+&5%&'(

'9"(+E8&":$)"(."&'()&+1"&.5()$+$5(8&6()",&;1$.1&'(&'9"(+&-$91+&.56(+&'8&>"$(9&'(+".")"(+#/

,'+$5('#&',"&$(&:',$568&;'/8&6(.#"',m+1"&#'++",&$(&<',+$.6#',&)"<"()$(9&5(&;1'+&5+1",&.5,F

,".+&<,$(.$<#"8&+1","&',"&95:",($(9&)5='8+$.&,'+$5('#$+/C D,/$(9A +1"(A +5&<,5:"&$(&9"(",'#&+1'+

+1","&',"&(5&.'8"8&$(&;1$.1&'(&'(+".")"(+#/&,'+$5('#&'9"(+&.'((5+&-""+ $'(-&-%"($,A ".&)"($"

'() &()"%"!*&(+$, 8""-8&+5&-"&15<"#"88C

e$:"(&+1$8&#$-$+'+$5(A $+&-68+&>"&'##5;")&+1'+&+1"&',96-"(+8&1","&',"&(5+&6('88'$#'>#"C f",F

1'<8&+1","&',"&.'8"8&$(&;1$.1&'(&'9"(+A (5+&96$#+/&5%&'(/&'(+".")"(+&,'+$5('#&%'$#$(9A .'((5+

8'+$8%/ $'(-&-%"($, '() ".&)"($" )"8<$+"&+1"&,"856,."8&'%%5,)")&>/&56,&<','.5-<#"+"&+1"5,/C

h,&<",1'<8&+1"&'))$+$5(&5% &()"%"!*&(+$, -'/&#"')&+5&.'8"8&$(&;1$.1&'(&'(+".")"(+#/&,'+$5('#

'9"(+&$8&.5()"-(")&+5&$,,'+$5('#$+/C *%&+1"&%5,-",&;","&+,6"A +1$8&;56#)&6()",-$("&56,&.#'$-

+1'+&;"&8156#)&,"X".+ !"#"$%&'( 9$:"(&+1"&$(.5-<'+$>$#$+/&5%&+1$8&<,$(.$<#"&;$+1 $'(-&-%"($,A "./

&)"($" '() 0'--&1&2&%,C&*%&+1"&#'++",&;","&+,6"A +1$8&;56#)&6()",-$("&+1"&.#'$-&+1'+&+1","&$8&'(

$-<5,+'(+&'8/--"+,/&>"+;""( !"#"$%&'( '() &()"%"!*&(+$,C

I5&%',&'8&* .'(&8""A 15;":",A ;"&1':"&(5&955)&,"'85(&+5&+1$(K&+1'+&.'8"8&5%&"$+1",&85,+&"=$8+C

Q()&1","&$+&$8&;5,+1&"-<1'8$`$(9&+1'+&)"8<$+"&+1"&%'.+&+1'+&;"&.'((5+&<,5:" .+2A(+(#"' +1'+&+1","

',"&(5&86.1&<,5>#"-'+$.&.'8"8A +1"&',96-"(+8&9$:"(&'>5:"&)5&9"(",'#$`"&$(&$-<5,+'(+&;'/8C

*(&<',+$.6#',A +1"&<','.5-<#"+"&-5)"#&+1"5,/&+5&;1$.1&* 1':"&'<<"'#")&$8&86%T.$"(+&+5&'886,"

68&+1'+&+1","&.'(&>"&(5&.'8"&$(&;1$.1&'(&'9"(+&$8&%5,.")&+5&:$5#'+" $'(-&-%"($,A ".&)"($" '()

&()"%"!*&(+$, 8$-<#/&9$:"(&K(5;#")9"&5%&+1"5,"-8&'()&)5='8+$.&+,'(8<',"(./C J5,A 5%&.56,8"A

$(&+1"&-5)"#8&$(&;1$.1&;"&1':"&,"<,"8"(+")&Q#<1'E8&)5='8+$.&8+'+"A 86.1&+1"5,"-8&;$##&15#)

'+&":",/&<5$(+C Q()&+1$8A ;"&1':"&8""(A $8&.5-<'+$>#"&;$+1&+1"&'9"(+&8'+$8%/$(9 $'(-&-%"($,A

".&)"($" '() &()"%"!*&(+$,C&7"&.'(&>"&'886,")&+1"(A (5+&5(#/&+1'+&+1"&.'8"&5%&Q#<1'&<,5:$)"8

(5&<,5>#"-&%5,&+1"&.5->$('+$5(&5% $'(-&-%"($,A ".&)"($" '() &()"%"!*&(+$,A&>6+&+1'+A $(&9"(",'#A
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+1","&$8&(5&8$-$#',A >6+&#"88&5>:$568&.'8"A $(&;1$.1&'(&'9"(+&$8&)55-")&+5&$,,'+$5('#$+/A >/&+1"

#$91+8&5%&+1"8"&<,$(.$<#"8A 8$-<#/&)6"&+5&$+8&K(5;#")9"&5%&+1"5,"-8&'()&$+8&5;(&8"(8$+$:$+/&+5

$+8&)5='8+$.&8+'+"8C D1$8&+'K"8&.',"&5%&'&#',9"&.#'88&5%&<5+"(+$'##/&<,5>#"-'+$.&.'8"8C

D1"&>6,)"(&5%&<,55%A '+&+1$8&<5$(+A 8""-8&+5&-"&+5&>"&8B6',"#/&5(&+1"&5<<5("(+&5% &()"%"!/

*&(+$,C&f",1'<8&+1","&',"&<,5>#"-'+$.&.'8"8&5%&+1"&85,+&)"8.,$>")C W5;":",A 6(+$#&86.1&'&.'8"

$8&<,5)6.")A ;"&8156#)A * +1$(KA $(:"8+&'&955)&'-56(+&5%&.,")"(."&$( &()"%"!*&(+$,C

3[ \"X".+$5(&Q9'$(

*E:"&',96")&+1'+&;"&1':"&955)&,"'85(&+5&<,"%", &()"%"!*&(+$, +5 !"#"$%&'(C !"#"$%&'(A&15;":",A $8

(5+&;$+156+&$+8&5;(&<58$+$:"&-5+$:'+$5(8C *(&+1"8"&T('#&8".+$5(8A *E##&+'K"&6<&;1'+&',"A * +1$(KA

+1"&+1,""&.#"',"8+&',96-"(+8&$(&%':5,&5% !"#"$%&'( '()&815;&15;&+1"/&.'(&>"&,"8$8+")C

3[C4

W","&$8&'(&',96-"(+&;1$.1&$+&-$91+&>"&+15691+&8+,5(9#/&86<<5,+8 !"#"$%&'(CUO

Gf4H h("&8156#)&,"X".+&'(/&.5(+,')$.+$5(C

GfPH D1"&?$',&8"(+"(."&"(+'$#8&'&.5(+,')$.+$5(C

GfUH D1"&("9'+$5(&5%&+1"&?$',&8"(+"(."&"(+'$#8&'&.5(+,')$.+$5(C

Gf^H *% φ "(+'$#8 ψ +1"(&5("&8156#)&1':"&'+&#"'8+&'8&-6.1&.5(T)"(."&$( ψ '8&$( φC

G2H D1","%5,"A 5("&8156#)&,"X".+&>5+1&+1"&?$',&8"(+"(."&'()&$+8&("9'+$5(C

D1$8&',96-"(+A 5%&.56,8"A "=+"()8&+5&'(/&8"(+"(."&;1$.1A #$K"&+1"&?$',&8"(+"(."A $8&86.1&+1'+

>5+1&$+&'()&$+8&("9'+$5(&"(+'$#&'&.5(+,')$.+$5(C h%&.56,8"A ;"&-'/&;'(+&+5&"=+"()&+1"&(5+$5(&5%

$()"+",-$('./&+5&8"(+"(."8&+1'+&)5(E+&1':"&+1$8&<,5<",+/A >6+&$(&86.1&.'8"8&.5(8$)",'+$5(8&5%

6($%5,-$+/&.56#)&<,"86-'>#/&>"&$(:5K")C

D1"&<,"-$88&+1'+&* ,"X".+&$8&Gf4HC 2",+'$(&.5(+,')$.+$5(8&',"A '..5,)$(9&+5&'&<','.5-<#"+"

+1"5,$8+A $()"+",-$('+"A "C9CA λ ∧ ¬λC *(&+1"8"&.'8"8A * 15#)&+1'+&$+&8156#)&>"&$()"+",-$('+"

;1"+1",&5("&,"X".+8&+1"&.5(+,')$.+$5(&$(&B6"8+$5(C
UOI"" J$"#) GPZZU'H&<C^cN&%5,&+1$8&',96-"(+C
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D1"&B6"8+$5(A +1"(A $8&;1"+1",&,"X".+$(9&Gf4H&$(:5#:"8&'(&6('.."<+'>#"&$(+6$+$:"&.58+C 2",F

+'$(#/&Gf4H&$8&$(+6$+$:"C *+&;56#)A * +1$(KA >"&'&8$9($T.'(+&),';>'.K&+5&+1"&'..56(+&*E-&5%%",$(9

$%&+1","&;'8&(5+1$(9&+1'+&* .56#)&8'/&+1'+&.56#)&)5&X68+$."&+5&+1"&$(+6$+$:"&<6##&5%&Gf4HC *)"'##/

;1'+&;"&;'(+&$8&G'H&'(&'#+",('+$:"&<,$(.$<#"&+1'+&.'(&.'<+6,"&'+&#"'8+&85-"&5%&+1"&$(+6$+$:"&%5,."

5%&Gf4H&'()&G>H&'(&",,5,&+1"5,/&+1'+&.'(&'..56(+&%5,&56,&-$8+'K"(#/&+'K$(9&Gf4H&+5&>"&.5,,".+C *

+1$(K&+1'+&>5+1&5%&+1"8"&)"8$)",'+'&.'(&>"&-"+C

71$#"&;"&.'((5+&15#)&+1'+&5("&8156#)&'#;'/8&,"X".+&'&.5(+,')$.+$5(A ;"&.'(&15#)&+1'+&5("

8156#)&(":",&)"+",-$('+"#/&%'$#&+5&,"X".+&'&.5(+,')$.+$5(C _8$(9&+1$8&#'++",&%'.+&;"&.'(&<,5:$)"

'&<#'68$>#"&",,5,&+1"5,/&+5&'..56(+&%5,&56,&T()$(9&+1"&%5,-",&.#'$-&<#'68$>#"C J5,A '8&(5+")

"',#$",A +1"&)$8+$(.+$5(&>"+;""(&85-"+1$(9&>"$(9&+1"&.'8"&'()&$+ ,()(#&.+")('/ >"$(9&+1"&.'8"&$8

(5+&5("&+5&;1$.1&56,&$(+6$+$5(8&',"&8"(8$+$:"A '+&#"'8+&$(&'):'(."&5%&8$9($T.'(+&+1"5,"+$.'#&;5,KC

!6+&$%&5("&$9(5,"8&+1"&)$8+$(.+$5(&>"+;""(&85-"+1$(9&>"$(9&+1"&.'8"&'()&$+&)"+",-$('+"#/&>"$(9

+1"&.'8"A +1"(&+1"&.#'$-&+1'+&5("&8156#)&(":",&)"+",-$('+"#/&%'$#&+5&,"X".+&'&.5(+,')$.+$5(&;$##

.5##'<8"&+5&+1"&.#'$-&+1'+&5("&8156#)&'#;'/8&,"X".+&'&.5(+,')$.+$5(CUc Q()&85&5("&;15&+1$(K8

+1'+&5("&8156#)&(":",&)"+",-$('+"#/&%'$#&+5&,"X".+&'&.5(+,')$.+$5(&8156#)&(5+&>"&86,<,$8")&$%&+1$8

.5,,".+&<,$(.$<#"&;'8&.5--5(#/&.5(%68")&%5,&+1"&$(.5,,".+&<,$(.$<#"&+1'+&5("&8156#)&'#;'/8

,"X".+&'&.5(+,')$.+$5(C

* )5(E+&)"(/&+1'+&-'(/&;$##&T()&+1"&'>5:"&',96-"(+&$(&%':5,&5% !"#"$%&'( .5(:$(.$(9A '+

#"'8+&'+&T,8+&8$91+C !6+&* )5(E+&+1$(K&+1'+&+1"&.58+8&5%&,"X".+$(9&<,"-$88&Gf4H&',"&'##&+1'+&8$9($T.'(+C

7"&.'(&.'<+6,"&-6.1&5%&+1"&$(+6$+$:"&%5,."&5%&+1$8&<,"-$88C Q()&;"&.'(&"=<#'$(&;1/&5("&;15

;'8&(5+&'++6(")&+5&+1"&<588$>$#$+/&5%&)5='8+$.&$()"+",-$('./&;56#)A 5(&+1$8&>'8$8A T()&Gf4H

<#'68$>#"C D1$8&8""-8&+5&-"&+5&+'K"&-6.1&5%&+1"&8+$(9&56+&5%&,"X".+$(9&Gf4HC
UcD5&8""&+1'+&+1$8&$8&+1"&.'8"&(5+"&+1'+&$%&5("&$9(5,"8&+1"&)$8+$(.+$5(&>"+;""(&+1"&.5()$+$5(8&%5,&85-"+1$(9&+5&>"

+1"&.'8"&'()&+1"&.5()$+$5(8&%5,&$+&+5 ,()(#&.+")('/ >"&+1"&.'8"A +1"( φ '() Dφ;$##&>"&"B6$:'#"(+C e$:"(&+1$8 ¬D¬Rφ
;$##&>"&"B6$:'#"(+&+5 ¬¬Rφ '()&85&+5 RφC
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3[CP

W","E8&'(5+1",&',96-"(+&$(&%':5,&5% !"#"$%&'(C&D1$8&',96-"(+&'<<"'#8&+5&)"9,""8&5%&>"#$"%C I5

%',&*E:"&.5(T(")&-/8"#%&+5&+'#K$(9&'>56+&>$(',/&>"#$"%C D1$8&1'8&-","#/&>""(&%5,&+1"&8'K"&5%

8$-<#$.$+/C _#+$-'+"#/&* +1$(K&+1'+&>$(',/&>"#$"%&8156#)&>"&6()",8+55)&$(&+",-8&5%&)"9,""8&5%

>"#$"%C J5,&+1"&<6,<58"8&5%&+1$8&',96-"(+&#"+E8&-'K"&+1"&%5##5;$(9&'886-<+$5(8C D5&>"#$":"&'

<,5<58$+$5( φ $8&+5&1':"&'&)"9,""&5%&>"#$"%&'>5:"&'&.",+'$(&+1,"815#) τC D5&,"X".+&'&<,5<58$+$5(

$8&+5&1':"&'&)"9,""&5%&>"#$"%&>"#5;&+1"&.5F+1,"815#)&4&F τC V5;&;"&.'(&',96"&'8&%5##5;8a

Gf4H φ "(+'$#8 D(φ)C

GfPH D(φ) "(+'$#8 φC

GfUH *% φ "(+'$#8 ψ +1"(&5("&8156#)&1':"&'+&#"'8+&'8&-6.1&.5(T)"(."&$( ψ '8&$( φC

Gf^H h("E8&)"9,""&5%&>"#$"%&$( ψ 8156#)&>"&#"88&+1'(&5,&"B6'#&+5&4&F&5("E8&)"9,""&5%&>"#$"%&$(¬ψC

J,5-&Gf4HFGfUH&$+&%5##5;8&+1'+a

G24H h("&8156#)&1':"&+1"&8'-"&)"9,""&5%&>"#$"%&$( φ '8&$( D(φ)C

e$:"(&Gf^H&$+&%5##5;8&+1'+a

G2PH *%&5("&1'8&)"9,""&5%&>"#$"%&5:",&+1"&+1,"815#)&%5, IφA $C"CA %5,¬Dφ∧¬D¬φA +1"(&5("&8156#)
1':"&'&)"9,""&5%&>"#$"%&>"#5;&+1"&.5F+1,"815#)&%5, Dφ '()&%5, D¬φC

'()&85&9$:"(&G24Ha

G2UH *%&5("&1'8&)"9,""&5%&>"#$"%&5:",&+1"&+1,"815#)&%5, IφA +1"(&5("&8156#)&1':"&'&)"9,""&5%
>"#$"%&>"#5;&+1"&.5F+1,"815#)&%5, φ '()&%5, ¬φC

D5&')"B6'+"#/&'88"88&+1$8&',96-"(+&;"&("")&+5&8'/&'&>$+&'>56+&+1"&%5,-&5%&+1"&-5)"#8

;1$.1&J$"#)&"-<#5/8&'()&15;&"(+'$#-"(+&$8&)"T(")&$(&+1"8"&-5)"#8C D1"&-5)"#8&$(:5#:"&'(
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86.1&'&8"+&5%&-5)"#8&;"&.'(&)"T("&'+&#"'8+&+;5&(5+$5(8&5%&"(+'$#-"(+C 2'##&+1"8"&,"8<".+$:"#/

Y;"'K&"(+'$#-"(+E&'()&Y8+,5(9&"(+'$#-"(+ECU[ 7"&8'/&+1'+ φ ;"'K#/&"(+'$#8 ψ X68+&$(&.'8"&$(

":",/&-5)"#&$(&;1$.1 φ 9"+8&8"-'(+$.&:'#6"&4 ψ 9"+8&8"-'(+$.&:'#6"&4C 7"&8'/&+1'+ φ 8+,5(9#/

"(+'$#8 ψ X68+&$(&.'8"&$(&":",/&-5)"# ψ 1'8&'&8"-'(+$.&:'#6"&'+&#"'8+&'8&9,"'+&'8&+1"&8"-'(+$.

:'#6"&5% φCUM Q8&$+&+6,(8&56+&+1"&.#'$-&+1'+ φ 8+,5(9#/&"(+'$#8 ψ $8&"B6$:'#"(+&+5&+1"&.#'$-&+1'+

+1"&.5()$+$5('# φ→ ψ $8&;"'K#/&:'#$)A $C"CA +1'+&$+&1'8&8"-'(+$.&:'#6"&4&$(&":",/&-5)"#C

e$:"(&+1"&)$8+$(.+$5(&>"+;""(&8+,5(9&'()&;"'K&"(+'$#-"(+&+1","&',"&+;5&;'/8&5%&6()",F

8+'()$(9&+1"&'>5:"&',96-"(+C 7"&.56#)&"$+1",&6()",8+'()&Gf4HFGfUH&'8&$(:5#:$(9&;"'K&"(+'$#F

-"(+a

Gf4wH φ ?("D'/ "(+'$#8 D(φ)C

GfPwH D(φ) ?("D'/ "(+'$#8 φC

GfUwH *% φ ?("D'/ "(+'$#8 ψ +1"(&5("&8156#)&1':"&'+&#"'8+&'8&-6.1&.5(T)"(."&$( ψ '8&$( φC

h,&;"&.56#)&6()",8+'()&+1"8"&<,"-$88"8&'8&$(:5#:$(9&8+,5(9&"(+'$#-"(+a

Gf4sH φ 6)#%+A'/ "(+'$#8 D(φ)C

GfPsH D(φ) 6)#%+A'/ "(+'$#8 φC

GfUsH *% φ 6)#%+A'/ "(+'$#8 ψ +1"(&5("&8156#)&1':"&'+&#"'8+&'8&-6.1&.5(T)"(."&$( ψ '8&$( φC

k$+1",&;'/&+1"&',96-"(+&.'(&>"&,"8$8+")C *%&+1"&',96-"(+&$8&6()",8+55)&$(&+",-8&5%&;"'K

"(+'$#-"(+&+1"(&Gf4wH&'()&GfPwH&>5+1&15#)C * .#'$-A 15;":",A +1'+&;"&8156#)&,"X".+&GfUwHC *(F

8+"')&;"&8156#)&5(#/&'.."<+&GfUsHC *+&$8&8+,5(9&"(+'$#-"(+A (5+&;"'K&"(+'$#-"(+A +1'+&8156#)&>"

+15691+&5%&'8&<,5:$)$(9&'&(5,-'+$:"&.5(8+,'$(+&5(&56,&)"9,""8&5%&>"#$"%C W5;":",A '.."<+$(9

GfUsH&)5"8&(5+&<,5:$)"&')"B6'+"&-'+",$'#8&%5,&+1"&',96-"(+&$(&%':5,&5% !"#"$%&'(C&J5,&;1$#"

Gf4wH&15#)8&Gf4sH&)5"8&(5+C φ )5"8&(5+&$(&9"(",'#&8+,5(9#/&"(+'$# DφC *(&%'.+A +1"&5(#/&.'8"8&$(

;1$.1&$+&)5"8&',"&5("8&$(&;1$.1 φ $8&:'#$)A $C"CA 1'8&8"-'(+$.&:'#6"&4&$(&":",/&-5)"#C I5A +1"&5(#/
U[I"" J$"#) GPZZ[H&<C4cM&%5,&'&)$8.688$5(&5%&+1"8"&+;5&(5+$5(8&5%&"(+'$#-"(+C
UM05,"&9"(",'##/&;"&.'(&8'/&+1'+&'&8"+&5%&8"(+"(."8 Γ 8+,5(9#/&"(+'$#8 ψ $%%&$(&":",/&-5)"#&+1"&8"-'(+$.&:'#6"

5% ψ $8&'+&#"'8+&'8&9,"'+&'8&+1"&9,"'+"8+&#5;",&>56()&5%&+1"&8"-'(+$.&:'#6"8&5%&-"->",8&5% ΓC
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.'8"&$(&;1$.1&5("&$8&,"B6$,")&>/&#59$.&+5&1':"&+1"&8'-"&)"9,""&5%&>"#$"%&$( φ '() Dφ $8&;1"(

φ $8&'&#59$.'#&:'#$)$+/C I6.1&.'8"8&)5(E+&<,5:$)"&'(/&+,56>#"&8$(."&<,"86-'>#/&5("&8156#)(E+

>"#$":"&+1'+&86.1&8"(+"(."8&',"&$()"+",-$('+"C

*+&$8&.",+'$(#/&+,6"&+1'+&;"&;'(+&'&(5+$5(&5%&"(+'$#-"(+&;1$.1&.5(8+,'$(8&56,&)"9,""8&5%

>"#$"%&$(&+1"&-'((",&8<".$T")&$(&GfUHC W5;":",A ')5<+$(9&+1"&-5)"#&+1"5,/&)":"#5<")&>/

J$"#)&%5,&+1"&+,"'+-"(+&5%&$()"+",-$('./&)5"8&(5+&%5,."&68&+5&'.."<+ !"#"$%&'( $(&5,)",&+5&-""+

+1$8&)"8$)",'+6-C 7"&.'(&15#)&+1'+&+1"&,"#":'(+&(5+$5(&$8&8+,5(9&"(+'$#-"(+C Q -$($-'#&<5$(+A

+1"(A $8&+1'+&'&)"%"()",&5% &()"%"!*&(+$,)5"8&1':"&+1"&,"856,."8&':'$#'>#"&+5&,"8$8+&+1$8&',96-"(+

$(&%':5,&5% !"#"$%&'(

!6+&86.1&'&)"%"()",&.'(&8'/&85-"+1$(9&8+,5(9",C J5,&* +1$(K&+1'+&+1","&$8&955)&$()"<"()"(+

,"'85(&+5&+1$(K&+1'+&$+&$8&8+,5(9&"(+'$#-"(+&+1'+&8156#)&>"&+15691+&5%&'8&1':$(9&'&(5,-'+$:"&,5#"

+5&<#'/&$(&.5(8+,'$($(9&+1"&)"9,""8&5%&>"#$"%&5%&,'+$5('#&'9"(+8C

*+&$8&5%+"(&8'$)&+1'+&>"#$"%&'$-8&'+&+,6+1&5,&1'8&'8&$+8&95'#&+,6+1C Q ('+6,'#&.5,5##',/&+5&+1$8

+15691+&$8&+1"&%5##5;$(9C D1"&,"'85(&;1/&56,&>"#$"%8&8156#)&>"&.5(8+,'$(")&$(&+1"&-'((",

)"8.,$>")&>/&GfUH&$8&+1'+&+,6+1&$8&<,"8",:")&6()",&"(+'$#-"(+C J5,A $%&56,&95'#&'8&>"#$":",8&$8&+5

>"#$":"&+1"&+,6+1&+1"(&9$:"(&+1'+&;1"(":", φ $8&+,6" ψ $8&+,6"&;1'+":",&.5(T)"(."&;"&1':"&$(

φ 8156#)&'#85&>"&$(:"8+")&$( ψC

D1"&$-<5,+'(+&<5$(+&$8&+1'+&$%&+1$8&$8&+1"&X68+$T.'+$5(&%5,&GfUH&+1"(&$+&$8&8+,5(9&"(+'$#-"(+&'()

(5+&;"'K&"(+'$#-"(+&+1'+&$8&+1"&,"#":'(+&(5+$5(C J5,&;1$#"&;"&.'(&8'/&+1'+&$% φ 8+,5(9#/&"(+'$#8

ψA +1"(&$% φ $8&+,6"&+1"(ψ $8&+,6"&G'()&5%&#59$.'#&("."88$+/HA ;"&.'((5+&8'/&+1"&8'-"&+1$(9&5%&;"'K

"(+'$#-"(+C ?"+&-"&"=<#'$(C Q8&(5+")&'>5:" φ 8+,5(9#/&"(+'$#8 ψ $8&"B6$:'#"(+&+5&+1"&.#'$-&+1'+

φ → ψ $8&:'#$)A $C"CA 1'8&8"-'(+$.&:'#6"&4&$(&":",/&-5)"#C D1"&#'++",&$8&"B6$:'#"(+&+5&+1"&.#'$-

+1'+ T!φ" → T!ψ" $8&:'#$)C I5&9$:"(&+1'+ φ 8+,5(9#/&"(+'$#8 ψ $+&%5##5;8&5%&#59$.'#&("."88$+/

+1'+&$% φ $8&+,6"&+1"( ψ $8&+,6"C 7"&.'((5+A 15;":",A 8'/&+1"&8'-"&%5,&;"'K&:'#$)$+/C *+&)5"8&(5+

%5##5;&%,5-&+1"&%'.+&+1'+&'(&$(%","(."&<,"8",:"8&8"-'(+$.&:'#6"&4&+1'+&$+&<,"8",:"8&+,6+1A $C"CA

;"&.'((5+&$(%",&%,5- φ |b ψ +5 |b T!φ" → T!ψ"C I$(." φ '() T!φ" ',"&$(+",86>8+$+6+'>#"&+1"

"=<#'('+$5(&%5,&+1$8&$8&+1'+&+1"&)")6.+$5(&+1"5,"-&%'$#8&%5,&;"'KF:'#$)$+/C Q()&+1"&)")6.+$5(

UO



B(C($).%+2:A".+

+1"5,"-&-68+&%'$#A %5,&5+1",;$8"&+1"&26,,/&<',')5=&.56#)&(5+&>"&9$:"(&'(&')"B6'+"&85#6+$5(C^Z

*+&8""-8&+5&-"&+1"(&+1'+&+1"&-58+&('+6,'#&X68+$T.'+$5(&%5,&GfUH&-5+$:'+"8&6()",8+'()$(9

+1$8&<,$(.$<#"&$(&+",-8&5%&8+,5(9&:'#$)$+/C V5+&5(#/&.'(&+1"&',96-"(+&6()",&.5(8$)",'+$5(&>"

,"8$8+")A >6+&86.1&,"8$8+'(."&$8&$()"<"()"(+#/&-5+$:'+")C

3[CU

W","E8&'&T('#&',96-"(+&$(&%':5,&5% !"#"$%&'(C

D1"&15<"&5%&<,5:$)$(9&'(&$(%5,-'+$:"&'('#/8$8&5%&$()"+",-$('./A '+&#"'8+&'8&$+&'<<#$"8&+5&+1"

?$',&<',')5=A $8&8#$-C 2",+'$(#/&8+'()',)&'('#/8"8&;1$.1&1':"&>""(&+15691+&<,5-$8$(9&$(&+1"

.'8"&5%&:'96"("88&',"&15<"#"88&;1"(&;"&',"&)"'#$(9&;$+1&8"-'(+$.&<',')5="8C W5;A +1"(A 5("

-$91+&'8KA ',"&;"&+5&6()",8+'()&;1'+&$+&$8&%5,&'&<,5<58$+$5(&+5&>"&$()"+",-$('+"@

Q <,5<5("(+&5% !"#"$%&'( .'(&8'/&+1"&%5##5;$(9C 71$#"&;"&.'((5+&<,5:$)"&'(&'('#/8$8&5%

$()"+",-$('./A ;"&.'(&.5-"&+5&6()",8+'()&+1"&.5(."<+&>/&8""$(9&+1"&,5#"&+1'+&$+&<#'/8&$(&56,

.59($+$:"&#$:"8C *()"+",-$('./&;56#)&$(&+1$8&;'/&>"&#$K"&5>X".+$:"&.1'(."C^4

*A&15;":",A .'(&8'/&(5&86.1&+1$(9C J5,&* +1$(K&+1'+&;"&("")&+5 -6( +1"&.5(."<+&5%&$()"+",F

-$('./&$(&5,)",&+5&.1','.+",$`"&+1"&)$8+$(.+$:"&.59($+$:"&,5#"&5%&$()"+",-$('./C

!"#"$%&'(A&+1"(A 9$:"8&68&'(&$()"<"()"(+&9,$<&5(&$()"+",-$('./&+1'+ &()"%"!*&(+$, )5"8&(5+C

Q()&+1$8A 85&+1"&',96-"(+&95"8A $8&'&8$9($T.'(+&'):'(+'9"&5% !"#"$%&'( 5:", &()"%"!*&(+$,C

*+&-68+&>"&')-$++")&+1'+&$+&$8&'&.58+&5%&-/&:$";&+1'+&$+&)"<,$:"8&68&5%&+1$8&$()"<"()"(+

9,$<&5(&+1"&.5(."<+&5%&$()"+",-$('./C V5("+1"#"88A * 8699"8+&+1'+&5(&.',"%6#&$(8<".+$5(&+1"

'8/--"+,/&>"+;""(&-/8"#%&'()&+1"&<,5<5("(+&5% !"#"$%&'( $8&(5+&+1'+&9,"'+C

D5&8""&+1$8&<5$(+&(5+"&T,8+&+1'+&'(&')"B6'+"&+,"'+-"(+&5%&+1"&8"-'(+$.&<',')5="8&;1$.1&'<F

<"'#8&+5&$()"+",-$('./&,"B6$,"8&+1'+&+1"&$()"+",-$('./&5<",'+5,&$+",'+"&$(&'&(5(F+,$:$'#&-'(F
^ZI"" J$"#) GPZZ[H&.1C 4M&%5,&'(&"=<#'('+$5(&5%&+1"&,"#'+$5(81$<&>"+;""(&+1"&)")6.+$5(&+1"5,"-&%5,&;"'K&:'#$)$+/

'()&+1"&26,,/&<',')5=C
^4*+&$8&<#'68$>#"&+5&+1$(K&T,8+&+1'+&5>X".+$:"&.1'(."&.'((5+&>"&'('#/`")&$(&-5,"&>'8$.&+",-8&'()&8".5()&+1'+&'+

#"'8+&'&#',9"&<',+&5%&56,&6()",8+'()$(9&5%&5>X".+$:"&.1'(."&.5(8$8+8&$(&56,&K(5;$(9&+1'+&;1'+":",&5>X".+$:"&.1'(."
$8&$+&8156#)&<#'/&85-"+1$(9&#$K"&+1"&%5##5;$(9&,5#"&$(&56,&.59($+$:"&#$:"8a *%&5("&$8&,'+$5('#&'()&5("&>"#$":"8&+1'+
+1"&.1'(."&5% φ 5..6,,$(9&$8 x '()&5("&1'8&(5&'))$+$5('#&$(%5,-'+$5(&'>56+ φ +1"(&5("&;$##&1':"&.,")"(." x $( φC
I"" ?";$8 G4M[cH&%5,&'(&',96-"(+&+1'+&+1$8 (91"-6)6 56,&6()",8+'()$(9&5%&5>X".+$:"&.1'(."C I"" J$"#) GPZZU'H&<C
^NM&%5,&'&.5-<',$85(&>"+;""(&$()"+",-$('./&'()&.1'(."&$(&+1$8&,"8<".+C
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B(C($).%+2:A".+

(",j ;"&-68+&(5+A "C9CA 1':" IIφ |b IφC *(&<',+$.6#',A +1$8&$8&,"B6$,")&$(&5,)",&+5&')"B6'+"#/&+,"'+

1$91",F5,)",&<',')5=$.'#&8"(+"(."8&;1$.1&"-<#5/&+1"&)"+",-$('./&5<",'+5,C

25(8$)",A %5,&"='-<#"A +1"&8"(+"(." λ∗ ;1$.1&$8&<,5:'>#/&"B6$:'#"(+&+5 ¬DT!λ∗"C e$:"(

"=.#6)")F-$))#"&;"&.'(&)",$:"&'&.5(+,')$.+$5(&68$(9 λ∗C J$,8+A '886-" λ∗C *(&9"(",'# φ |b DφA

'()&85&$(&<',+$.6#', λ∗ |b Dλ∗C 7"&1':"A +1"(A Dλ∗C e$:"(&+1"&$(+",86>8+$+6+$:$+/&5% φ '() T!φ"

;"&'#85&1':" DT!λ∗"C !6+&$+&'#85&%5##5;8&%,5- λ∗ +1'+ ¬DT!λ∗"C I5&'&.5(+,')$.+$5(&.'(&>"

)",$:")&%,5- λ∗C V5;&'886-" ¬λ∗C D1$8&"(+'$#8 DT!λ∗"A ;1$.1&"(+'$#8 T!λ∗"A ;1$.1&$(&+6,(

"(+'$#8 λ∗C Q9'$(&;"&1':"&'&.5(+,')$.+$5(C Q886-$(9&+1'+&;"&1':" λ∗ ∨ ¬λ∗ ;"&.'(&)",$:"&'

.5(+,')$.+$5(&56+,$91+C

*%&5("&;'(+8&+5&+,"'+&+1"&#$',&8"(+"(."&>/&,"X".+$(9&"=.#6)")F-$))#"&5("&8156#)&"=+"()&+1"

8'-"&+,"'+-"(+&+5&+1$8&.'8"&'8&;"##C !6+&(5+"&+1'+&$(&+1$8&.'8"&;"&.'((5+&.1','.+",$`" λ∗ '8

>"$(9&$()"+",-$('+"C J5,&+1$8&"(+'$#8 ¬Dλ∗ ;1$.1&$8&<,5:'>#/&"B6$:'#"(+&+5A '()&85&"(+'$#8A

λ∗A ;1$.1&5%&.56,8"&#'()8&68&,$91+&>'.K&$(&<',')5=C *%&;"&;'(+&'&;'/&5%&.1','.+",$`$(9&+1$8

8"(+"(."E8&<',')5=$.'#&8+'+68&+1"&$()"+",-$('./&5<",'+5,&-68+&$+",'+"&$(&'&(5(F+,$:$'#&-'((",C

7"&.'(&.1','.+",$`" λ∗ '8&>"$(9&$()"+",-$('+"#/&$()"+",-$('+"j >6+&5(#/&$%&$+E8&(5+&+1"&.'8"&+1'+

IIφ |b IφC

*(&9"(",'#A %5,&'(/&:'#6" nA ;"&.'(&.5(8+,6.+&'&1$91",F5,)",&<',')5=$.'#&8"(+"(."&;1$.1

.'((5+&>"&.1','.+",$`")&'8&>"$(9&$()"+",-$('+"nC^P *(&5,)",&+5&.1','.+",$`"&+1"&)$8+$(.+$:"&<','F

)5=$.'#&8+'+68&5%&86.1&8"(+"(."8&;"&,"B6$,"&+1'+&$+&(5+&>"&+1"&.'8"&+1'+ In+1 |b InC

Q(&')"B6'+"&+,"'+-"(+&5%&+1"&#$',&<',')5=&;1$.1&':'$#8&$+8"#%&5%&+1"&(5+$5(&5%&$()"+",-$F

('./&,"B6$,"8&+1'+&+1","&>"&'&1$",',.1/&5%&(5(F"B6$:'#"(+&$()"+",-$('./&5<",'+5,8C D1"&B6"8F

+$5(&',$8"8A +1"(A ;1'+&'++$+6)"&8156#)&5("&1':"&+5;',)8&'&<,5<58$+$5( φ +1'+&5("&+'K"8&+5&>"

$()"+",-$('+"n %5, n > 1@ Q <,5<5("(+&5% !"#"$%&'( 8156#)A * 8699"8+A '.."<+&+1"&%5##5;$(9a
^P*(&;1'+&%5##5;8&* ;$##&,"8+,$.+&-/8"#%&+5&.5(8$)",'+$5(&5%&.'8"8&$(&;1$.1 n $8&'&T($+"&5,)$('#C h%&.56,8"&$(

.",+'$(&.'8"8&;"&;$##&("")&+,'(8T($+"&$+",'+$5(8&5%&$()"+",-$('./&$(&5,)",&+5&.1','.+",$`"&+1"&8+'+68&5%&.",+'$(
<',')5=$.'#&8"(+"(."8C !6+&+1"&,"8+,$.+$5(&;$##&1"#<&8$-<#$%/&+1"&',96-"(+&'()&$+&$8&86%T.$"(+&%5,&+1"&<5$(+&* ;'(+
+5&-'K"C

UN



B(C($).%+2:A".+

!"#"$%&'(n J5,&":",/&<,5<58$+$5( φ '()&":",/ n ≥ 1 $+&$8&'&.5(8"B6"(."&5%&+1"&.#'$-&+1'+&5("
5691+&+5&>"#$":"&+1'+ φ $8&$()"+",-$('+"n +1'+&5("&5691+&+5&,"X".+ φ '()&$+8&("9'+$5(C^U

W","E8&'(&',96-"(+&%5,&+1$8&.#'$-C Q <,5<5("(+&5% !"#"$%&'( 15#)8&+1'+&$+&$8&'&.5(8"B6"(."&5%

+1"&.#'$-&+1'+&5("&5691+&+5&>"#$":" ¬Dφ '() ¬D¬φ +1'+&5("&5691+&+5&,"X".+ φ '()&$+8&("9'+$5(C

D1","&$8A 15;":",A '&-5,"&9"(",'#&.#'$-&+1'+&$+&8""-8&'&<,5<5("(+&5% !"#"$%&'( 8156#)&'.."<+A

:$`Ca

!"#"$%&'(′ J5,&'(/&<,5<58$+$5( φ $+&$8&'&.5(8"B6"(."&5%&+1"&.#'$-&+1'+&5("&5691+&+5&,"X".+ Dφ
'() D¬φ +1'+&5("&5691+&+5&,"X".+ φ '()&$+8&("9'+$5(C^^

e$:"(&+1$8&-5,"&9"(",'#&,"X".+$5($8+&.#'$- !"#"$%&'(n .'(&>"&815;(&+5&15#)C D5&815;&+1'+

!"#"$%&'(n 15#)8&$+&86%T."8&+5&"8+'>#$81a

G4MH OBIn+1φ |b OR¬Inφ

GPZH OR¬In |b ORφ ∧ OR¬φ

G4MH&$8&'(&5>:$568&.5(8"B6"(."&5% !"#"$%&'(C&D1"&#'++",&+"##8&68&+1'+ OBIn+1φ |b ORInφ ∧

OR¬InφC I$(." ORInφ ∧ OR¬Inφ |b OR¬InφA >/&+,'(8$+$:$+/&5%&"(+'$#-"(+&;"&1':"&G4MHC

GPZH&.'(&>"&"8+'>#$81")&>/&'&8$-<#"&$()6.+$:"&',96-"(+&68$(9&+1"&%5##5;$(9&%'.+8C

GP4H OR¬Iφ |b ORφ ∧ OR¬φ^O

GPPH OR¬In+1φ |b OR¬Inφ^c

^U\"')a OBInφ |b ORφ ∧ OR¬φC
^^\"')a ORDφ ∧ ORD¬φ |b ORφ ∧ OR¬φC J$"#)A "C9CA ;56#)&'.."<+&+1$8&-5,"&9"(",'#&8+'+"-"(+C J5,A '8&(5+")A

1"&+1$(K8&+1'+&$+&$8&'&,'+$5('#&,"B6$,"-"(+&+1'+&5("&1':"&+1"&8'-"&)"9,""&5%&>"#$"%&$( φ '()&$+8&("9'+$5(C
^OD5&8""&+1'+&GP4H&15#)8&T,8+&(5+"&+1'+ ¬Iφ $8&"B6$:'#"(+&+5 Dφ ∨ D¬φC 7"&1':"&+1"( OR¬Iφ |b OR(Dφ ∨ D¬φ)C

D1"&%5##5;$(9&8+,$K"8&-"&'8&(5(F("95+$'>#"&(5,-&95:",($(9&,"X".+$5(a OR(γ∨ψ) |b ORγ∧ORψC *(&<',+$.6#',&+1"(
;"&1':" OR(Dφ∨D¬φ) |b ORDφ∧ORD¬φC I5&>/&+,'(8$+$:$+/&5%&"(+'$#-"(+&;"&1':"OR¬Iφ |b ORDφ∧ORD¬φC
!/ !"#"$%&'(′ ;"&1':" ORDφ∧ORD¬φ |b ORφ∧OR¬φC Q()&85A T('##/A ;"&1':" OR¬Iφ |b ORφ∧OR¬φA ;1$.1
$8&GP4HC

^cD5&8""&+1'+&GPPH&15#)8&(5+"&+1'+&%,5-&+1"&"B6$:'#"(."&5% ¬Iφ '() Dφ ∨ D¬φ $+&%5##5;8&+1'+ OR¬In+1 |b
OR(DInφ ∨ D¬Inφ)C e$:"( OR(γ ∨ ψ) |b ORγ ∧ ORψA ;"&1':" OR(DInφ ∨ D¬Inφ) |b ORDInφ ∧ ORD¬InφC Q()
85&;"&1':" OR¬In+1 |b ORDInφ ∧ ORD¬InφC !/ !"#"$%&'(′ ;"&1':" ORDInφ ∧ ORD¬Inφ |b ORInφ ∧ OR¬InφC
Q()&85&;"&1':" OR¬In+1 |b ORInφ ∧ OR¬Inφ '()&+168 OR¬In+1φ |b OR¬InφA ;1$.1&$8&GPPHC

U[



B(C($).%+2:A".+

*% n = 1 +1"(&GPZH&%5##5;8&%,5-&GP4HC V"=+&'886-"A '8&'(&$()6.+$5(&1/<5+1"8$8A +1'+&GPZH

15#)8&%5, nC !/&GPPH&$+&%5##5;8&+1'+&GPZH&15#)8&%5, n + 1C I5&GPZH&15#)8&$(&9"(",'#C

7"&.'(&(5;&',96"&%5, !"#"$%&'(n '8&%5##5;8C h>:$568#/&$% n = 1 +1"(&+1"(&;"&1':"OBInφ |b

ORφ∧OR¬φ >/ !"#"$%&'(C&I5&#"+ n = m+1 %5,&85-"&<58$+$:"mC *(&+1$8&.'8"OBInφ |b ORφ∧OR¬φ

%5##5;8&%,5-&G4MH&'()&GPZHC I5OBInφ |b ORφ∧OR¬φ 15#)8&$(&9"(",'#&%5,&',>$+,',/ φ '() n ≥ 1A

;1$.1&86%T."8&+5&"8+'>#$81 !"#"$%&'(nC

7"&',"&(5;&$(&'&<58$+$5(&+5&8""&;1/&+1"&"=<#'('+5,/&'8/--"+,/&>"+;""(&+1"&<,5<5("(+

5% !"#"$%&'( '() &()"%"!*&(+$, $8&(5+&'8&9,"'+&'8&$+&-$91+&T,8+&'<<"',C *+&$8&+,6"&+1'+ !"#"$%&'(

9$:"8&68&'&9,$<&5(&$()"+",-$('./&$(&+",-8&;1$.1&)5&(5+&<,"86<<58"&'(&6()",8+'()$(9&5%&$(F

)"+",-$('./C V5("+1"#"88 !"#"$%&'( )5"8&(5+&)$8+$(96$81&>"+;""(&$()"+",-$('./&'()&$()"+",F

-$('+"&$()"+",-$('./&5,&>"+;""(&$()"+",-$('./&'()&$()"+",-$('+"&$()"+",-$('+"&$()"+",-$F

('./&"+.CA %5,&+1","&',"&"B6$:'#"(+&<,$(.$<#"8&95:",($(9&+1"8"&5<",'+5,8C 71$#"&>"$(9&$()"+",F

-$('+"&'()&>"$(9&$()"+",-$('+"#/&$()"+",-$('+"&',"&(5+&+1"&8'-"&;"&.'((5+&6()",8+'()&+1"

)$%%","(."&>"+;""(&+1"-&85#"#/&>/&'<<"'#&+5&+1"&'++$+6)"8&5%&,'+$5('#&'9"(+8&+5;',)8&<,5<58$F

+$5(8&(5+&$(:5#:$(9&$()"+",-$('./C

W5;&+1"(&)5&;"&6()",8+'()&+1"&)$%%","(."@ D1$8&$8A * +1$(KA '&:",/&)$%T.6#+&B6"8+$5(C !6+

;1'+&* +1$(K&'&<,5<5("(+&5% !"#"$%&'( 8156#)&8'/A '+&#"'8+&$(&56+#$("A $8&+1'+&;"&',"&'>#"&+5&9,'8<

+1"&)$%%","(."&>"+;""(&+1"8"&>/&6()",8+'()$(9&G'H&+1"&)$%%","(+&<',')$9-&.'8"8&$(&;1$.1&+1"/

'<<#/&'()&G>H&+1"&)$%%","(."&$(&+1"&#59$.'#&>"1':$5,&5%&+1"&+;5&5<",'+5,8C I5&;1$#"&'&<,5<5("(+

5% !"#"$%&'( .'(&8'/&+1'+&;"&9"+&85-"&9,$<&5(&+1"&.5(."<+&5%&$()"+",-$('./&$(&:$,+6"&5%&$+8

.59($+$:"&,5#"&+1$8&$8&5(#/&'&<',+$'#&9,$<C 71'+&.5-<#"+"8&56,&6()",8+'()$(9&$8&56,&9,'8<&5%&+1"

<',')$9-&.'8"8&$(&;1$.1&$()"+",-$('./&'<<#$"8&+59"+1",&;$+1&56,&6()",8+'()$(9&5%&+1"&>'8$.

#59$.'#&<,$(.$<#"8&95:",($(9&+1$8&5<",'+5,C

D1"&)$%%","(."A +1"(A >"+;""(&+1"&<,5<5("(+&5% !"#"$%&'( '()&-/8"#%&$8&+1'+&* -68+&15#)&+1'+

56,&6()",8+'()$(9&5%&$()"+",-$('./&.5-"8&85#"#/&%,5-&+1"&#'++",&+;5&856,."8C *+&$8&.",+'$(#/

<,"%",'>#" $()(#.62!"#.;-6 +5&1':"&':'$#'>#"&-5,"&,"856,."8&$(&5,)",&+5&"=<#'$(&+1"&<,$-$+$:"8&5%

5("E8&+1"5,/C !6+&9$:$(9&6<&5("E8&,$91+&+5&'<<"'#&+5&%'.+8&'>56+&'++$+6)"8&$(&5("E8&"=<#'('+$5(

UM



E%+$'-6.%+

5%&$()"+",-$('./&)5"8&(5+&8+,$K"&-"&'8&$(+5#",'>#"&9$:"(&+1'+&5("&-68+A $(&'(/&.'8"A ':'$#

5("8"#%&5%&5+1",&,"856,."8&$(&5,)",&+5&%6##/&'..56(+&%5,&56,&6()",8+'()$(9&5%&+1"&.5(."<+C *+&$8

'&.58+&5%&'.."<+$(9 &()"%"!*&(+$, +1'+&5("&.'(&(5&#5(9",&'<<"'#&+5&'++$+6)"8&$(&5,)",&+5&"=<#'$(

$()"+",-$('./C !6+&$%A '8&*E:"&',96")A +1","&',"&',96-"(+8&;1$.1&<5$(+&8+,5(9#/&$(&%':5,&5%

&()"%"!*&(+$, +1"(&+1$8&$8&'&.58+A * +1$(KA ;5,+1&$(.6,,$(9C

3M 25(.#68$5(

7"&8+',+")&;$+1&D1"&V5,-'+$:"&d6"8+$5(a 71'+&'++$+6)"&8156#)&'&,'+$5('#&'9"(+&+'K"&+5;',)8

'&<,5<58$+$5(&+1'+&$+&+'K"8&+5&>"&$()"+",-$('+"@ D1"&'(8;",&+5&+1$8&B6"8+$5(&$8A * .#'$-")A (5+&'+

'##&5>:$568C V5("+1"#"88A +1","&1'8&>""(&'&8+,5(9&.5(8"(868&+1'+&+1"&.5,,".+&'(8;",&$8&<,5:$)")

>/ !"#"$%&'(C&*E:"&',96")A 15;":",A +1'+&'++"(+$5(&+5&+1"&(5,-'+$:"&<',')5=&,'$8")&>/&Q9"(+

Q#<1'&-5+$:'+"8A $(8+"')A &()"%"!*&(+$, '8&+1"&'(8;",&+5&+1$8&B6"8+$5(C

D1"&.'8"&5%&Q9"(+&Q#<1'&815;")&+1'+&+1,""&<#'68$>#"&<,$(.$<#"8&5%&,'+$5('#$+/A $'(-&-%"($,A

".&)"($" '() 0'--&1&2&%,A&;","&'+&#"'8+ !#.&"27"$.( $(.5(8$8+"(+C D1$8&<',+$.6#',&<',')5=A 15;":",A

.'(&>"&,"85#:")&$%&;"&'##5;&+1'+&)5='8+$.&8+'+"8&',"&86>X".+&+5&$()"+",-$('./C *%&$+&$8&$()"+",-$F

('+"&;1"+1",&Q#<1'&>"#$":"8&+1'+ β $8&+,6"A +1"(&Q#<1'&;$##&>"&'>#"&+5&8'+$8%/&>5+1 $'(-&-%"($,

'() ".&)"($"C&D1$8&85#6+$5(A 15;":",A $8&6()",-$(")&$%&5("&'.."<+8 !"#"$%&'(C&I$(." $'(-&-%"($,A

".&)"($" '() 0'--&1&2&%, ',"&'##&-6.1&-5,"&$(+6$+$:"#/&<#'68$>#"&+1'( !"#"$%&'(A&+1$8&<,5:$)"8&'

8+,5(9 !#.&"27"$.( ,"'85(&+5&,"X".+ !"#"$%&'(C&D1"&8'-"&<,5>#"-A 15;":",A )5"8&(5+&>"8"+ &()"/

%"!*&(+$,C&05,"5:",A &()"%"!*&(+$, .'(&>"&9$:"(&$()"<"()"(+&-5+$:'+$5(A 8$(."&$+&<,5:$)"8&'(

'++,'.+$:"&",,5,F+1"5,"+$.&,"8<5(8"&+5&D1"&V5,-'+$:"&f,5>#"-C Q##&5%&+1$8&<,5:$)"8A * .#'$-A '

.5-<"##$(9&.6-6#'+$:"&.'8"&+5&+1$(K&+1'+&+1"&5,+15)5=&'(8;",&+5&D1"&V5,-'+$:"&d6"8+$5(&$8

-$8+'K"(C 7"&8156#)&$(8+"')&15#)&+1'+&+1"&.5,,".+&'(8;",&$8&9$:"(&>/ &()"%"!*&(+$,C

Q..5,)$(9&+5&+1"&<$.+6,"&+1'+&"-",9"8A $()"+",-$('./&$(&+1"&5>X".+8&5%&'&,'+$5('#&'9"(+E8

)5='8+$.&8+'+"8&;$##&T#+",&6<&+5&+1"&'++$+6)"8&+1"-8"#:"8C I6.1&'(&'9"(+E8&)5='8+$.&8+'+"8&;$##

"=1$>$+&+1"&8'-"&<',')5=$.'#&%"'+6,"8&'8&+1"&5>X".+8&5%&$+8&'++$+6)"8C *%&+1$8&$8&,$91+A +1"(&+1"

8+6)/&5%&+1"&8"-'(+$.&<',')5="8&1'8&-6.1&>,5')",&$-<#$.'+$5(8&+1"(&1'8&+,')$+$5('##/&>""(
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+15691+C Q++"(+$5(&+5&+1"&8"-'(+$.&<',')5="8&.'(&<,5:$)"&86,<,$8$(9&$(8$91+8&$(+5&+1"&('+6,"

5%&,'+$5('#$+/&'()&5%&+1"&-"(+'#&8+'+"8&5%&,'+$5('#&'9"(+8C

3Q D".1($.'#&Q<<"()$=

*(&+1$8&'<<"()$=A * 56+#$("&+1"&6()",#/$(9&+".1($.'#&-'.1$(",/&'<<"'#")&+5&$(&+1"&>5)/&5%&+1"

<'<",&'()&<,5:"&.",+'$(&,"86#+8&+1'+&',"&$-<5,+'(+&%5,&+1"&',96-"(+8&+1","$(C

3QC4 e"(",'#&J,'-";5,K

D1"&-5)"#&+1"5,/&+1'+&*E##&8K"+.1&68"8&+55#8&)":"#5<")&>/&W',+,/&J$"#)&'()&"=+"()8&+1"-&+5

+,"'+&#'(96'9"8&$(:5#:$(9&-5)'#&5<",'+5,8C J5,&'&%6##&)":"#5<-"(+&5%&J$"#)E8&-5)"#&+1"5,/&8""

.1'<+",8&4OF4N&$( J$"#) GPZZ[HC

D1"&J$"#)F8+/#"&-5)"#8&+1'+&;"E##&>"&.5(8+,6.+$(9&-'K"&"88"(+$'#&68"&5%&+1"&T=")F<5$(+&.5(F

8+,6.+$5(&)":"#5<")&$( L,$<K" G4MNOHC ?"+&-"&T,8+&9$:"&'&>,$"%&8K"+.1&5%&15;&+1$8&.5(8+,6.+$5(

;5,K8&%5,&'&#'(96'9"&$(:5#:$(9&-5)'#&5<",'+5,8C J5,&'&)"+'$#")&"=<58$+$5(&5%&15;&86.1&.5(F

8+,6.+$5(8&<,5."")&G%5,&#'(96'9"8&(5+&$(:5#:$(9&-5)'#&5<",'+5,8H&8"" L,$<K" G4MNOHC^N

;0*7<($=#"().4 ?"+&68&8+',+&;$+1&'&8+'()',)&.#'88$.'#&-5)"# M %5,&'&#'(96'9" L .5(F

+'$($(9&'&-5)'#&5<",'+5,&Y#EA >6+&(5+&.5(+'$($(9&'&+,6+1&<,")$.'+"C M ;$##&>"&'&B6'),6<#"

< Dm,∆m,Rm, Im >C Dm $8&+1"&)5-'$(&5%&$()$:$)6'#8C ∆m $8&'&8"+&5%&<5$(+8&,"#'+$:"&+5&;1$.1

8"(+"(."8&',"&'88$9(")&+,6+1F:'#6"8C Rm $8&'&,"#'+$5(&5%&R'.."88$>$#$+/S&15#)$(9&>"+;""(&-"-F

>",8&5% ∆C Im $8&'(&$(+",<,"+'+$5(&%6(.+$5(&+1'+&'88$9(8&.#'88$.'#&:'#6"8&+5&+1"&"#"-"(+8&5% M

,"#'+$:"&+5&-"->",8&5% ∆C D,6+1&,"#'+$:"&+5&'&<5$(+&'()&'&8"B6"(."&$8&)"T(")&$(&+1"&8+'()',)

;'/C

?"+ L+ >"&+1"&#'(96'9"&+1'+&,"86#+8&>/&'))$(9&'&+,6+1&<,")$.'+"&YT E&+5 LC *E##&(5;&815;&15;

;"&.'(&"=+"() M +5&'&-5)"# M+ %5,&+1"&#'(96'9" L+C M+ ;$##&>"&'&(5(F.#'88$.'#&-5)"#C M+

;$##&>"&$)"(+$.'#&+5 M "=."<+&+1'+ I+
m ;$##&'88$9(&'&8"-'(+$.&:'#6"&+5&YT E&,"#'+$:"&+5&-"->",8

^ND1","&',"&$(&'))$+$5(&'&(6->",&5%&8".5()',/&856,."&"=<58$+$5(8C D;5&68"%6#&856,."8&',"&.1'<+",&U&$( J$"#)
GPZZ[HA 5,&.1'<+",&c&$( I5'-"8 G4MMMHC
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5% ∆C _(#$K"&$(&'&.#'88$.'#&-5)"#A 15;":",A YT E&$8&(5+&'88$9(")&'&8$(9#"&"=+"(8$5(&,"#'+$:"&+5&'

<5$(+ δC *(8+"')&$+&$8&'88$9(")&'(&"=+"(8$5( T δ+ '()&'(&'(+$F"=+"(8$5( T δ−C T δ+ ;$##&>"&'&8"+&5%

8"(+"(."8C T δ− ;$##&>"&'&8"+&.5(8$8+$(9&5%&'##&(5(F8"(+"(."8&+59"+1",&;$+1&'(/&8"(+"(."&;158"

("9'+$5(&$8&$( T δ+C V5+&":",/&8"(+"(."&;$##&>"&$( T δ+∪T δ−C *(&+1$8&-5)"#A 8"(+"(."8&.'(&,"."$:"

5("&5%&+1,""&8"-'(+$.&:'#6"8&,"#'+$:"&+5&'&<5$(+&5%&":'#6'+$5(a 1A 1/2A 5, 0C I"(+"(."8&$(&+1"&>'8"

#'(96'9" L;$##&,"."$:"&5(#/&:'#6"8 1 '() 0A >6+&8"(+"(."8&$(:5#:$(9&+1"&(";&<,")$.'+" T -'/

,"."$:"&:'#6" 1/2C

M+ $8&.5(8+,6.+")&>/&.5(8$)",$(9&'&8",$"8&5%&-5)"#8 M+
α C k'.1 M+

α $8A #$K" M+A $)"(+$.'#&+5

M "=."<+&+1'+ I+
α '88$9(8&'(&"=+"(8$5(&'()&'(+$F"=+"(8$5(&+5&YT E&,"#'+$:"&+5&"'.1&-"->",&5%∆C

7"&#"+ T δ+α )"(5+"&+1"&"=+"(8$5(&5%&YT E&6()", M+
α C T δ−α ;$##&)"(5+"&+1"&'(+$F"=+"(8$5(&'8&)"T(")

'>5:"C

7"&T,8+&<,5:$)"&'(&$()6.+$:"&)"T($+$5(&5%&;1'+&$+&$8&%5,&'&%5,-6#'γ 5% L+ +5&1':"&'&8"-'(+$.

:'#6" 1A 1/2A 5, 0 ,"#'+$:"&+5&'&8"B6"(." s '()&<5$(+ δ 6()", M+
α C

g *% γ $8&'&%5,-6#'&5%&+1"&%5,- P(t1, t2.....tn)A ;1"," P $8&'&<,")$.'+"&5% LA +1"(a

"P(t1, t2.....tn)#s,δ,M+
α = 1 $%% < "t1#s,δ,M+

α , ...., "tn#s,δ,M+
α > ∈ "P#s,δ,M+

α

h+1",;$8" "P(t1, t2.....tn)#s,δ,M+
α = 0

g *% γ $8&'&%5,-6#'&5%&+1"&%5,- T (t) +1"(a

"T (t)#s,δ,M+
α = 1 $%% "t#s,δ,M+

α ∈ T δ+α

"T (t)#s,δ,M+
α = 0 $%% "t#s,δ,M+

α ∈ T δ−α

h+1",;$8" "T (t)#s,δ,M+
α = 1/2

g *% γ $8&'&%5,-6#'&5%&+1"&%,5- ¬φ +1"(a

"¬φ#s,δ,M+
α $8&"B6'#&+5 1 − "φ#s,δ,M+

α

g *% γ $8&'&%5,-6#'&5%&+1"&%,5- φ ∧ ψ +1"(a

"φ ∧ ψ#s,δ,M+
α $8&"B6'#&+5&-$({"φ#s,δ,M+

α , "ψ#s,δ,M+
α }

^P
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g *% γ $8&'&%5,-6#'&5%&+1"&%,5- φ ∨ ψ +1"(a

"φ ∨ ψ#s,δ,M+
α $8&"B6'#&+5&-'={"φ#s,δ,M+

α , "ψ#s,δ,M+
α }

g *% γ $8&'&%5,-6#'&5%&+1"&%,5- ∀xφ +1"(a

"∀xφ#s,δ,M+
α $8&"B6'#&+5&-$({"φ#s′,δ,M+

α : s′ ∈ Σs/x}A ;1"," Σs/x $8&+1"&8"+&5%&8"B6"(."8

)$%%",$(9&%,5- s '+&-58+&;$+1&,"8<".+&+5 xC

g *% γ $8&'&%5,-6#'&5%&+1"&%5,- #φ +1"(a

"#φ#s,δ,M+
α $8&"B6'#&+5&-$({"φ#s,δ′,M+

α : δ′ ∈ ∆δ}A ;1"," ∆δ $8&+1"&8"+&5%&<5$(+8 δ′ 86.1&+1'+

δRmδ′C

7"&8'/&+1'+&'&8"(+"(." φ 1'8&'&8"-'(+$.&:'#6" x ,"#'+$:"&+5&'&-5)"# M+
α '()&'&<5$(+ δA

"φ#δ,M
+
α = xA $%%&%5,&'## s "φ#s,δ,M+

α = xC V5+"&+1'+&$% φ $8&'&8"(+"(."&+1"( "φ#s,δ,M+
α = "φ#s′,δ,M+

α

%5,&'##&8"B6"(."8 s '() s′C

7"&(5;&.5(8+,6.+&'&8",$"8&5%&-5)"#8 M+
α C 7"&8+',+&>/&8"++$(9 T δ+0 = ∅ %5,&'## δC Q+&8+'9"

α+ 1 ;"&#"+ T δ+α+1 >"&+1"&8"+&5%&8"(+"(."8 φ 86.1&+1'+ "φ#δ,M
+
α = 1C Q+&'&#$-$+&8+'9" λ ;"&#"+ T δ+λ

>"&+1"&8"+&5%&8"(+"(."8 φ 86.1&+1'+&%5,&85-" β < λ "φ#δ,M
+
β = 1C

4&5") 0'&(% %6"'!"* D1","&"=$8+8&'&#"'8+&5,)$('# σ 86.1&+1'+&%5,&":",/ δ +1"&8"+&5%&8"(+"(."8 φ

86.1&+1'+ "φ#δ,M+
σ = 1 $8&$)"(+$.'#&+5 T δ+σ C

7"&#"+ M+ >" M+
σ C

>0##?$@<(&/,$?#0$&,( !"#$% &'"() )*$'+$,4 D'K"&85-"&',>$+,',/&;"##F5,)",$(9&5%&+1"&8"+ ∆mC

D1$8&;$##&'885.$'+"&;$+1&"'.1 δ ∈ ∆m '&.5,,"8<5()$(9&5,)$('#&6<&+5&85-"&5,)$('# ξC^[ _8$(9

+1$8&;"##F5,)",$(9&;"&.'(&'885.$'+"&;$+1&'(/&-5)"#M+
α '&8"B6"(." < Aβ : β ∈ ξ >M+

α A ;1"," Aβ

$8&+1"&8"+&5%&8"(+"(."8&;1$.1 M+
α '88$9(8&'8&'(&"=+"(8$5(&%5,&YT E&,"#'+$:"&+5&+1"&<5$(+&'885.$'+")

;$+1&5,)$('# βC
^[!/&q",-"#5E8&D1"5,"-&'(/&8"+&.'(&>"&;"##F5,)",")C ∆m ;$##&>"&8"+F8$`")C *+&%5##5;8&+1'+&+1","&;$##&>"&85-"

;"##F5,)",$(9&5%&+1$8&8"+C

^U
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?"+ ≤ >"&+1"&%5##5;$(9&<',+$'#F5,)",&5(&86.1&8"B6"(."8a < Aβ : β ∈ ξ > ≤ < Bβ : β ∈ ξ > $%%

%5,&":",/ β ∈ ξ Aβ ⊆ BβC

Q 8$-<#"&$()6.+$:"&',96-"(+&;$##&815;&+1'+&+1"&%5##5;$(9&<,5<",+/&15#)8&%5,&":",/&%5,F

-6#' φa

GrrH&J5,&":",/&<5$(+ δ '()&8"B6"(." sA $% < Aβ : β ∈ ξ >M+
α ≤ < Bβ : β ∈ ξ >M+

β +1"(&G'H&$%

"φ#s,δ,M+
α = 1 +1"( "φ#s,δ,M+

β = 1 '()&G>H&$% "φ#s,δ,M+
α = 0 +1"( "φ#s,δ,M+

β = 0C^M

*+&$8&'&.5(8"B6"(."&5%&GrrH&+1'+&$(&+1"&'>5:"&.5(8+,6.+$5(&$% α ≤ β +1"( < Aβ : β ∈ ξ >M+
α

≤ < Bβ : β ∈ ξ >M+
β C Q8&56,&.5(8+,6.+$5(&<,5."")8&+1"&"=+"(8$5(8&'88$9(")&+5&YT E&,"#'+$:"&+5&'

<5$(+&;$##&"$+1",&8+'/&+1"&8'-"&5,&;$##&9,5;C e,5;+1A 15;":",A .'((5+&.5(+$(6"&$()"T($+"#/C

W","E8&'&;'/&5%&8""$(9&;1/&+1$8&$8&+1"&.'8"C *-'9$("&'&.5(8+,6.+$5(&$(&;1$.1&;"&'))")&'+&"'.1

8+'9"&'&8$(9#"&8"(+"(."&+5&+1"&"=+"(8$5(&5%&YT E&'+&'&8$(9#"&<5$(+m+1"&-$($-'#&'-56(+&5%&9,5;+1

<588$>#"C e$:"(&86.1&'&.5(8+,6.+$5(&+1","&;$##&>"&85-"&5,)$('#&>/&;1$.1&;"&;$##&1':"&,6(&56+

8"(+"(."8&+5&'))C ?"+ CS >"&+1"&.',)$('#$+/&5%&+1"&8"+&5%&8"(+"(."8C 7"&.'(&+1$(K&5%&56,8"#:"8

'8&1':$(9&'&(6->",&5%&86.1&8"+8A :$`CA 5("&%5,&":",/&<5$(+&$(∆mC ?"+ C∆m >"&+1"&.',)$('#$+/&5%

∆mC *(&+5+'#&;"&1':"&'&8"+&5%&8"(+"(."8&5%&.',)$('#$+/ CS × C∆m C D1","&',"A 15;":",A 5,)$('#8

5%&9,"'+",&.',)$('#$+/&+1'(&+1$8C h(."&;"&1':"&,"'.1")&'(&5,)$('#&5%&8$`"&9,"'+",&+1'(CS ×C∆m

;"&;$##&1':"&,6(&56+&5%&8"(+"(."8&+5&'))&+5&<5$(+8C D1","&;$##&>"&85-"&5,)$('# σA +1"(A 86.1

+1'+ < Aβ : β ∈ ξ >M+
σ = < Bβ : β ∈ ξ >M+

σ+1 C Q()&8$(."&+1"&5,)$('#8&',"&;"##F5,)",")&+1","&;$##

>"&'&#"'8+&86.1&5,)$('#C

V5+"&+1'+&6()", M+ '&8"(+"(." φ '() T!φ" ;$##&1':"&+1"&8'-"&8"-'(+$.&:'#6"&,"#'+$:"&+5

'&<5$(+ δ '()&'&8"B6"(." sA ;1"," !φ" $8&'(/&+",-&+1'+&)"(5+"8 φ 6()", M+ ,"#'+$:"&+5 δ '()

sC *(&9"(",'#&+1"(&86>8+$+6+$(9&'(&5..6,,"(."&5% φ %5, T!φ" $(&'&8"(+"(." ψ;$##&(5+&.1'(9"&+1"
^MJ5,&+1"&8'K"&5%&.5(.$8$5(&* 5-$+&+1"&<,55%&5%&+1$8&1","C D1"&<,55%A 15;":",A $8&'&%'$,#/&8+,'$91+%5,;',)&9"(",'#F

$`'+$5(&5%&<,55%A 9$:"(&$( L,$<K" G4MNOHA 5%&+1"&-5(5+5($.$+/&5%&+1"&%6(.+$5(&-'<<$(9&"=+"(8$5(8&5%&YDE +5&%5,-6#'8
1':$(9&8"-'(+$.&:'#6"&4&9$:"(&+1'+&'88$9(-"(+C

^^
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8"-'(+$.&:'#6"&5% ψ 6()", M+ ,"#'+$:"&+5 δ '() sC

A*()"$=#"().4 7"&;$##&(5;&815;&15;&+5&.5(8+,6.+&'&-5)"#&%5,&'&#'(96'9" L++A ;1$.1A #$K"

L+A .5(+'$(8&'&+,6+1&<,")$.'+"A >6+&$(&'))$+$5(&.5(+'$(8&'&.5()$+$5('#&Y→EC G_8$(9&+1"&,"856,."8

5%&+1$8&#'(96'9"A '&)"+",-$('./&5<",'+5,&YDE&.'(&>"&)"T(")&'8 Dφ ↔d f φ ∧ ¬(φ → ¬φ)CH

D1"&.5(8+,6.+$5(&)":"#5<")&>/&J$"#)&$(:5#:"8&'&+,'(8T($+"&8"B6"(."&5%&L,$<K"&.5(8+,6.+$5(8

%5,&'&#'(96'9"&(5+&$(:5#:$(9&'&-5)'#&5<",'+5,C *+&$8&8+,'$91+%5,;',)&+5&'<<#/&+1"&8'-"&85,+

5%&.5(8+,6.+$5(&68$(9&$(8+"')&'&+,'(8T($+"&8"B6"(."&5%&L,$<K"&.5(8+,6.+$5(8&%5,&'&#'(96'9"

$(:5#:$(9&'&-5)'#&5<",'+5,C

D1"&.5(8+,6.+$5(&;5,K8&'8&%5##5;8C Q+&"'.1&8+'9"&$(&+1"&8"B6"(."&;"&>"9$(&;$+1&'&-5)"#

MαC Mα '88$9(8&+5&+1"&"#"-"(+8&5%&#'(96'9" L +1"&'88$9(-"(+8&<,5:$)")&>/ MA $+&'88$9(8&+5

YT E&+1"&(6##8"+&'8&"=+"(8$5(&'+&"'.1&<5$(+ δ '()A $(&'))$+$5(A $+&'88$9(8A ,"#'+$:"&+5&'&8"B6"(."8 s

'()&<5$(+ δA 8"-'(+$.&:'#6"8&+5&%5,-6#'8&;1$.1&1':"&Y→E&'8&+1"$,&-'$(&.5((".+$:"C e$:"(&86.1

'&8+',+$(9&-5)"#&;"&+1"(&.5(8+,6.+&'&L,$<K"&-5)"# Mα+ 68$(9&+1"&-"+15)&)"8.,$>")&'>5:"COZ

25(8$)",&'(&',>$+,',/&%5,-6#'&;$+1&Y→E&'8&$+8&-'$(&.5((".+$:"a φ → ψC D1"&'88$9(-"(+

"φ→ ψ#s,δ,Mα $8&)"+",-$('+"&'8&%5##5;8a

g J5,&'## s '() δ "φ→ ψ#s,δ,M0
= 1/2C

g J5,&'## s '() δ "φ→ ψ#s,δ,Mα+1
= 1 $%% "φ#s,δ,Mα+ ≤ "ψ#s,δ,Mα+ j 5+1",;$8"A "φ→ ψ#s,δ,Mα+1

=

0C

g J5,&#$-$+&5,)$('# λA %5,&'## s '() δ "φ → ψ#s,δ,Mλ = 1 $%%&+1","&"=$8+8&85-"&8+'9" β < λ

86.1&+1'+&%5,&'## σA β ≤ σ < λA "φ#s,δ,Mσ+ ≤ "ψ#s,δ,Mσ+ C

g J5,&#$-$+&5,)$('# λA %5,&'## s '() δ "φ → ψ#s,δ,Mλ = 0 $%%&+1","&"=$8+8&85-"&8+'9" β < λ

86.1&+1'+&%5,&'## σA β ≤ σ < λA "φ#s,δ,Mσ+ > "ψ#s,δ,Mσ+ j 5+1",;$8"A "φ→ ψ#s,δ,Mλ = 1/2C
OZD/<59,'<1/&(5+"C n5&(5+&.5(%68" Mα+ ;$+1 M+

α C D1"&#'++",&$8&+1"&-5)"#&'+&+1" α 8+'9"&5%&+1"&L,$<K"&.5(8+,6.F
+$5(C D1"&%5,-",A ;1$.1&;"&',"&(5;&.5(8$)",$(9A $8&+1"&L,$<K"&-5)"#&'+&+1" α 8+'9"&5%&J$"#)E8&.5(8+,6.+$5(C

^O



0($1+.$"'2:!!(+,.9

Q+&"'.1&8+'9" αA +1"(A '&%5,-6#' φ;$##&,"."$:"&'&8"-'(+$.&:'#6"&,"#'+$:"&+5&'&8"B6"(." s '()

<5$(+ δA 9$:"(&+1"&,"86#+$(9&L,$<K"&-5)"#&'+&+1'+&8+'9"Mα+C 2",+'$(&%5,-6#'8&;$##&'+&85-"&<5$(+

$(&+1$8&8",$"8&8+'>$#$`"&'+&:'#6"&4&G,"#'+$:"&+5 s '() δHC 7"&8'/&+1'+&86.1&%5,-6#'8&1':"&6#+$-'+"

:'#6"&4&G,"#'+$:"&+5 s '() δHC h+1",&%5,-6#'8&;$##&":"(+6'##/&8+'>$#$`"&'+&:'#6"&Z&G,"#'+$:"&+5 s

'() δHC *(&+1$8&.'8"&;"&8'/&+1'+&86.1&%5,-6#'8&1':"&6#+$-'+"&:'#6"&Z&G,"#'+$:"&+5 s '() δHC h+1",

%5,-6#'8&;$##&"$+1",&":"(+6'##/&8+'>$#$`"&'+&:'#6" 1/2 G,"#'+$:"&+5 s '() δH&5,&;$##&(":",&8+'>$#$`"

'+&'(/&:'#6"C D1"8"&%5,-6#'8&;"&8'/&1':"&6#+$-'+"&:'#6" 1/2 G,"#'+$:"&+5 s '() δHC J5##5;$(9

J$"#)&;"&)"(5+"&+1"&6#+$-'+"&:'#6"&5%&'&%5,-6#'&,"#'+$:"&+5&'&8"B6"(." s '()&<5$(+ δ |||φ|||s,δC

D1$8&,"86#+$(9&'88$9(-"(+&5%&:'#6"8&9$:"8&68&56,&-5)"#C _#+$-'+"&:'#6"&4&$8&+1"&)"8$9('+")

:'#6"C 7"&.'(&+1"(&)"T("&:'#$)$+/&;$+1$(&'&.#'88&5%&-5)'#&J$"#)F-5)"#8M '8&%5##5;8C 7"&8'/

+1'+&%5,&8"(+"(."8 φ '() ψA φ |bM ψ $%%&%5,&":",/ M ∈MA '()&":",/ δ ∈ ∆mA $% |||φ|||δ,M = 1 +1"(

|||ψ|||δ,M = 1C

* (5+"&+1'+&+1"&%5##5;$(9&,"86#+&15#)8a

47()+*"(%+2 %6"'!"* J5,&'(/&5,)$('# ρ +1","&"=$8+8&'(&5,)$('# ξ > ρ 86.1&+1'+&%5,&":",/&%5,-6#'

φA 8"B6"(." s '()&<5$(+ δA $% |||φ|||s,δ = x +1"( "φ#s,δ,Mξ+ = xCO4

h,)$('#8&86.1&'8 ξ ',"&.'##")&Y'.."<+'>#"EC D1"&"=$8+"(."&5%&86.1&5,)$('#8&"(86,"8&+1'+A #$K"

+1"&L,$<K"&-5)"#8A +1"&#59$.&$()6.")&>/&+1$8&.#'88&5%&-5)"#8&%5,&+1"&%,'9-"(+ L+ $8 K3C

3QCP I5-"&D1"5,"-8

W':$(9&56+#$(")&+1"&-'((",&$(&;1$.1&56,&-5)"#8&',"&.5(8+,6.+")A * ;$##&(5;&X68+$%/&.",+'$(

.#'$-8&-')"&$(&+1"&<'<",&'>56+&+1"8"&-5)"#8C

J$,8+&*E##&X68+$%/&.#'$-8&G[HFG4^HC

?"+ M >"&'&.#'88$.'#&<588$>#"&;5,#)8&-5)"#&%5,&;1$.1 Rm $8&'(&"B6$:'#"(."&,"#'+$5(A $C"CA '

+,'(8$+$:"A ,"o"=$:"&'()&8/--"+,$.&,"#'+$5(C ?"+ Bα >"&+,"'+")&'8#C J5,&'## s '() δ +1"&%5##5;$(9

15#)&$(&+1"&-5)"#&9"(",'+")&>/&+1"&J$"#)&.5(8+,6.+$5(C
O4Q9'$(&%5,&+1"&8'K"&5%&.5(.$8$5(&+1$8&<,55%&$8&5-$++")&1","C D1"&<,55%&$8&'&%'$,#/&8+,'$91+%5,;',)&9"(",'#$`'+$5(

5%&+1"&<,55%&5%&+1"&J6()'-"(+'#&D1"5,"-&9$:"(&$( J$"#) GPZZ[HC

^c



0($1+.$"'2:!!(+,.9

G[H |||BαT (β)↔ BαBαT (β)|||s,δ = 1C

J5,&"'.1&8+'9" α $(&+1"&.5(8+,6.+$5( "BαT (β)#s,δ,Mα+ = "BαBαT (β)#s,δ,Mα+ C I5&'+&"'.1&8+'9"

α > 0 "BαT (β)↔ BαBαT (β)#s,δ,Mα+ = 1C

GMH |||¬BαT (β)↔ Bα¬BαT (β)|||s,δ = 1C

Q8&'>5:"A %5,&"'.1&8+'9" α $(&+1"&.5(8+,6.+$5( "¬BαT (β)#s,δ,Mα+ =

"Bα¬BαT (β)#s,δ,Mα+ C I5&'+&"'.1&8+'9" α > 0 "¬BαT (β)↔ Bα¬BαT (β)#s,δ,Mα+

= 1C

G4ZH |||Bα(T (β)↔ ¬BαT (β))|||s,δ = 1C

J5,&"'.1&8+'9" α > 0 $(&+1"&.5(8+,6.+$5(&'()&"'.1&<5$(+ δ′A "T (β)↔ ¬BαT (β)#s,δ′,Mα+ = 1C

*+&%5##5;8&+1'+&%5,&":",/&8+'9" α > 0 "Bα(T (β)↔ ¬BαT (β))#s,δ,Mα+ = 1C

G44H |||BαT (β)→ ¬Bα¬T (β)|||s,δ = 1C

Q886-" "BαT (β)#s,δ,Mα+ = 1C *+&%5##5;8&+1'+&%5,&":",/&<5$(+ δ′ "T (β)#s,δ′,Mα+

= 1A '()&85 "¬T (β)#s,δ′,Mα+ = 0C *+&%5##5;8&+1'+ "Bα¬T (β)#s,δ,Mα+ = 0 '()&85 "¬Bα¬T (β)#s,δ,Mα+ =

1C

Q886-" "BαT (β)#s,δ,Mα+ = 1/2C *+&%5##5;8&+1'+&%5,&(5&<5$(+ δ′ $8&$+&+1"&.'8"&+1'+ "T (β)#s,δ′,Mα+ =

0 '()&%5,&85-"&<5$(+ δ′ $+&$8&+1"&.'8"&+1'+ "T (β)#s,δ′,Mα+ = 1/2C J,5-&+1$8&$+&%5##5;8&+1'+

":",/&<5$(+ δ′ $8&86.1&+1'+&"$+1", "¬T (β)#s,δ′,Mα+

= 0 5, "¬T (β)#s,δ′,Mα+ = 1/2C D168A "Bα¬T (β)#s,δ,Mα+ ≤ 1/2A '()&85 "¬Bα¬T (β)#s,δ,Mα+ ≥

1/2C

J5,&":",/&8+'9" αA +1"(A "BαT (β)#s,δ,Mα+ ≤ "¬Bα¬T (β)#s,δ,Mα+ C Q()&85&%5,&":",/&8+'9"

α > 0 "BαT (β)→ ¬Bα¬T (β)#s,δ,Mα+ = 1C

G4PH J5,&'(/MA φ |bM ψ⇒ Bαφ |bM BαψC

Q886-"&+1'+ φ |bM ψC D'K"&'(&',>$,',/ M ∈M '()&'886-"&+1'+&$(&+1$8&-5)"# |||Bαφ|||δ =

1C 7"E##&',96"&+1'+ |||Bαψ|||δ = 1C Q+&":",/&<5$(+ δ′ 86.1&+1'+ δRδ′A |||φ|||δ = 1C e$:"(

^N



0($1+.$"'2:!!(+,.9

+1'+ φ |bM ψ $+&%5##5;8&+1'+&'+&":",/&86.1 δ′ |||ψ|||δ′ = 1C Q()&85 |||Bαψ|||δ = 1C D168

Bαφ |bM BαψC

G4UH |||IBαT (β)↔ BαIBαT (β)|||s,δ = 1C

?"+ α >"&'(&',>$+,',/&5,)$('#C

* .#'$-&+1'+ "IBαT (β)#s,δ,Mα+ = "BαIBαT (β)#s,δ,Mα+ C D5&8""&+1$8&(5+"&+1'+ IBαT (β) 1'8&+1"

8'-"&8"-'(+$.&:'#6"&,"#'+$:"&+5&"'.1&<5$(+&$(∆mA 9$:"( Mα+ C J5,&;"&1':" IBαT (β)↔d f

¬DBαT (β) ∧ ¬D¬BαT (β) ↔d f ¬(BαT (β) ∧ ¬(BαT (β) → ¬BαT (β))) ∧ ¬(¬BαT (β) ∧

¬(¬BαT (β) → BαT (β)))C e$:"(&+1'+ Rm $8&'(&"B6$:'#"(."&,"#'+$5(&$+&%5##5;8&+1'+&"'.1

5% BαT (β)A BαT (β) → ¬BαT (β)A '() ¬BαT (β) → BαT (β) 1':"&+1"&8'-"&8"-'(+$.&:'#6"

,"#'+$:"&+5&"'.1&<5$(+&5%&":'#6'+$5(A 9$:"(Mα+C D1$8&$8&86%T.$"(+&+5&96','(+""&+1'+ IBαT (β)

1'8&+1"&8'-"&8"-'(+$.&:'#6" x ,"#'+$:"&+5&"'.1&<5$(+&5%&":'#6'+$5(C Q()&;1'+":",&:'#6"

x $8&+1'+&;$##&>"&+1"&8'-"&:'#6"&+1'+ BαIBαT (β) 1'8&'+&":",/&<5$(+&5%&":'#6'+$5(C *(&<',F

+$.6#',A +1"(A "IBαT (β)#s,δ,Mα+ = "BαIBαT (β)#s,δ,Mα+ C *+&%5##5;8&+1'+&%5,&":",/ α > 0

"IBαT (β)↔ BαIBαT (β)#s,δ,Mα+ = 1C

G4^H |||I¬BαT (β)↔ BαI¬BαT (β)|||s,δ = 1

D1"&<,55%&5%&+1$8&$8&"88"(+$'##/&+1"&8'-"&'8&+1"&<,55%&5%&G4UHC *+&86%T."8&+5&(5+"&+1'+&%5,

'(/&-5)"# Mα+ '()&'(/&<5$(+ δA "IBαT (β)#s,δ,Mα+ =

"I¬BαT (β)#s,δ,Mα+ C

J$('##/A * <,5:$)"&'&X68+$T.'+$5(&%5,&.#'$-&G4[HC

G4[H J5,&'(/&.#'88&5%&-5)'#&J$"#)F-5)"#8MA BαIφ |bM IBαφC

?"+&0 >"&85-"&-5)"#&$(MC Q886-"&+1'+&$(&+1$8&-5)"# |||BαIφ|||δ = 1C 7"E##&(5;&815;

+1'+&9$:"(&+1$8&'886-<+$5( |||IBαφ|||δ = 1

!/&+1" 47()+*"(%+2 %6"'!"* ;"&K(5;&+1'+&+1","&$8&'&.#'88&5%&'.."<+'>#"&5,)$('#8C ?"+E8

)"(5+"&+1"&#"'8+&86.1&5,)$('#&YσEC D5&815;&+1'+ |||IBαφ|||δ = 1 %5##5;8&5(&+1"&'886-<+$5(

+1'+ |||BαIφ|||δ = 1 $+&;$##&86%T."&+5&"8+'>#$81a

^[



0($1+.$"'2:!!(+,.9

Gn4H *% |||BαIφ|||δ = 1 +1"(&%5,&'## δ′ 86.1&+1'+ δRmδ′A %5,&'## ξ > σA "φ#δ
′,Mξ+ = 1/2C

J5,&$%&%5,&'## δ′ 86.1&+1'+ δRmδ′A %5,&'## ξ > σA "φ#δ
′,Mξ+ = 1/2A +1"(&$+&%5##5;8&+1'+&%5,&'##

ξ > σA "Bαφ#δ,M
ξ
+ = 1/2C Q()&%,5-&+1$8&$+&%5##5;8&+1'+&%5,&'## ξ > σ+2A "IBαφ#δ,M

ξ
+ = 1C

D1$8&.'(&>"&:",$T")&>/&(5+$(9&+1'+&%5,&'(/&-5)"# Mξ+ '()&<5$(+ δ′A Iφ ;$##&,"."$:"&+1"

8'-"&8"-'(+$.&:'#6"&'8 (¬φ ∨ φ→ ¬φ) ∧ (φ ∨ ¬φ→ φ)C

D5&815;&+1'+&Gn4H&15#)8&;"&;$##&"8+'>#$81a

GnPH *% |||BαIφ|||δ = 1 +1"(&%5,&'## δ′ 86.1&+1'+ δRmδ′ |||Iφ|||δ′ = 1C

GnUH *% |||Iφ|||δ′ = 1A +1"(&%5,&'## ξ > σA "φ#δ′,M
ξ
+ = 1/2C

B1.&*C/-&*#%$?#0$DE5F4 GnPH&$8&'&8+,'$91+%5,;',)&.5(8"B6"(."&5%&56,&+,"'+$(9 Bα '8&'&6($F

:",8'#&B6'(+$T",&5:",&+1"&8"+&5% δ′ 86.1&+1'+ δRmδ′C

B1.&*C/-&*#%$?#0$DEGF4 Q886-" |||Iφ|||δ′ = 1C 7"E##&815;&+1'+&5(&+1$8&'886-<+$5(&$+&%5##5;8

+1'+&%5,&'## ξ > σA "φ#δ′,M
ξ
+ = 1/2C 7"&)5&85&>/&,")6.+$5C 7"E##&'886-"&+1'+&+1","&$8&85-"

ξ > σ "φ#δ
′,Mξ+ $ 1/2 '()&815;&+1'+&%,5-&+1$8A +59"+1",&;$+1&56,&5+1",&'886-<+$5(A '

.5(+,')$.+$5(&.'(&>"&)",$:")C D1$8&$8&86%T.$"(+&+5&"8+'>#$81&GnUHC

D5&',96"&%5,&+1$8&;"&T,8+&"8+'>#$81&+1"&%5##5;$(9a

Gn^H *% |||Iφ|||δ′ = 1A +1"(&%5,&'## ξ > σA $% ∃σ′∀σ′′ σ′ ≤ σ′′ < ξ "φ#δ′,Mσ
′′

+ $ 1/2A +1"(

"φ#δ
′,Mξ+ $ 1/2C

B1.&*C/-&*#%$?#0$DEHF4 Q886-"&+1'+ |||Iφ|||δ′ = 1 '()&+1'+ ∃σ′∀σ′′σ′ ≤ σ′′ < ξ "φ#δ′,Mσ
′′

+ $

1/2C *% |||Iφ|||δ′ = 1A +1"(&%5,&'## ξ > σ "Iφ#δ′,M
ξ
+ = 1COP h6,&T,8+&'886-<+$5(A +1"(A

96','(+""8&+1'+ "Iφ#δ′,M
ξ
+ = 1 e$:"(&+1$8&'()&56,&8".5()&'886-<+$5(&$+&%5##5;8&+1'+

"φ#δ
′,Mξ+ $ 1/2C D5&8""&+1$8&(5+"&+1'+&%5,&'(/&-5)"# Mξ+ '()&<5$(+ δ′A Iφ ;$##&,"."$:"

+1"&8'-"&8"-'(+$.&:'#6"&'8 (¬φ ∨ φ → ¬φ) ∧ (φ ∨ ¬φ → φ)C I5&;"&1':" "(¬φ ∨ φ →
OPD5&8""&+1$8&(5+"&+1'+&+1"&8"B6"(."&5%&L,$<K"&.5(8+,6.+$5(8&;$##&":"(+6'##/&%'##&$(+5&'&./.#$.'#&<'++",(C D1$8&$8

'&.5(8"B6"(."&5%&+1"&%'.+&+1'+&+1","&',"&5,)$('#8&5%&9,"'+",&.',)$('#$+/&+1'(&+1"&.',)$('#$+/&5%&+1"&8"+&5%&<588$>#"
%6(.+$5(8&%,5-&%5,-6#'A 8"B6"(."A <5$(+&+,$<#"8&+5&:'#6"8 1A 0A 1/2C Q+&85-"&<5$(+&+1"(&'&:'#6'+$5(&;$##&,"5..6,&'()
+1$8&;$##&$(8+$+6+"&'&./.#$.'#&<'++",(C Q()&86.1&'&<'++",(&;$##&1':"&>""(&$(8+$+6+")&>/&+1"&+$-"&+1"&T,8+&'.."<+'>#"
5,)$('#&5..6,8A 8$(."&+1$8&$8&5("&5%&+1"&,"5..6,,$(9&:'#6'+$5(8C

^M



B(7(#(+$(6

¬φ) ∧ (φ ∨ ¬φ → φ)#δ′,Mξ+ = 1C !6+&$+&$8&.#"',&+1'+&9$:"(&+1'+ ∃σ′∀σ′′ σ′ ≤ σ′′ < ξ

"φ#δ
′,Mσ

′′
+ $ 1/2A +1"(&$(&5,)",&%5,&+1"&'>5:"&%5,-6#'&+5&1':"&:'#6" 1A "$+1", "φ#δ′,M

ξ
+ = 1

5, "φ#δ′,M
ξ
+ = 0C J5,&9$:"(&+1'+ ∃σ′∀σ′′ σ′ ≤ σ′′ < ξ "φ#δ′,Mσ

′′
+ $ 1A ;"&.'((5+&1':"&>5+1

"φ → ¬φ#δ′,Mξ+ = 1 '() "¬φ → φ#δ′,Mξ+ = 1C *(&5,)",A +1"(A %5,&>5+1&)$8X6(.+8&+5&1':"

:'#6" 1A φ-68+&"$+1",&1':"&:'#6"&4&5,&:'#6"&ZC D1$8&86%T."8&+5&"8+'>#$81&Gn^HC

J,5-&Gn^HA +59"+1",&;$+1&56,&'886-<+$5(&+1'+ |||Iφ|||δ′ = 1A '()&56,&'886-<+$5(&+1'+

+1","&$8&85-" ξ > σ "φ#δ′,M
ξ
+ $ 1/2A $+&%5##5;8&+1'+&%5,&'## ξ′ ≥ ξ "φ#δ′,Mξ

′
+ $ 1/2C !/

+1" 47()+*"(%+2 %6"'!"* +1","&"=$8+8&'(&'.."<+'>#"&5,)$('# σ′ 86.1&+1'+ σ′ > σC 7"&1':"

+1'+&"$+1", "φ#δ′,Mσ
′

+ = 1 5, "φ#δ′,Mσ
′

+ = 0C !5+1&5%&+1"8"A 15;":",A .5(o$.+&;$+1&56,

'886-<+$5(&+1'+ |||Iφ|||δ′ = 1C e$:"(&+1'+ |||Iφ|||δ′ = 1 $+&%5##5;8&+1'+ "Iφ#δ′,Mσ
′

+ = 1A

'()&85 "(¬φ ∨ φ → ¬φ) ∧ (φ ∨ ¬φ → φ)#δ′,Mσ
′

+ = 1C !6+&+1$8&.'((5+&>"&+1"&.'8"&$%&"$+1",

"φ#δ
′,Mσ

′
+ = 1 5, "φ#δ′,Mσ

′
+ = 0C Q886-" "φ#δ′,Mσ

′
+ = 1C D1"(&$(&5,)",&%5, "Iφ#δ′,Mσ

′
+ = 1

$+&-68+&>"&+1'+ "φ → ¬φ#δ′,Mσ
′

+ = 1C W5;":",A 8$(." σ′ $8&'(&'.."<+'>#"&5,)$('#&$+

%5##5;8&+1'+ |||φ|||δ′ = 1C Q()&85 ∃σ′′∀σ′′′ σ′′ ≤ σ′′′ < σ "φ#δ′,Mσ
′′′

+ = 1C *+&%5##5;8&+1'+

"φ → ¬φ#δ′,Mσ
′

+ = 0A '()&85 "Iφ#δ′,Mσ
′

+ $ 1C Q 8$-$#',&',96-"(+&;$##&815;&+1'+&5(&+1"

'886-<+$5( "φ#δ′,Mσ
′

+ = 0A "Iφ#δ′,Mσ
′

+ $ 1C

I5&5(&+1"&'886-<+$5(&+1'+ |||Iφ|||δ′ = 1 '()&+1'+&+1","&$8&85-" ξ > σ "φ#δ′,M
ξ
+ $ 1/2A $+

%5##5;8&+1'+ "Iφ#δ′,Mσ
′

+ = 1 '() "Iφ#δ′,Mσ
′

+ $ 1C !/&,")6.+$5&$+&%5##5;8A 5(&+1"&'886-<+$5(

+1'+ |||Iφ|||δ′ = 1A +1'+&%5,&'## ξ > σ "φ#δ′,M
ξ
+ = 1/2C D1$8&9$:"8&68&GnUHC

\"%","(."8

Q,(+`"($68A JC & GPZZ[HC V5&,"9,"+8A 5,a k)$+1 &f$'% & ,":'-<8&)".$8$5(& +1"5,/C F#D(++)+.6A

c[aPNNsPMNC 4[

!6,9"A DC&G4MN[HC !6,$)'(&'()&"<$8+"-$.&<',')5=C 81.'%6%!1.$"'2>)-,.(6A U^aP4sUOC M

!6,9"A DC&G4M[^HC k<$8+"-$.&<',')5=C G%-#+"'2%7281.'%6%!1/A [4G4HaOsPMC M

25(""A kC&G4M[PHC Q9'$(8+&-5,'#&)$#"--'8C 01(281.'%6%!1.$"'2B(4.(?A M4G4Ha[NsMNC 4[

OZ



B(7(#(+$(6

25(""A kC&G4M[NHC k:$)"(+A >6+&,'+$5('##/&6('.."<+'>#"C :-6)#"'"6."+2G%-#+"'2%7281.'%6%!1/A

cOaU4csUPcC M

n':$)85(A nC&G4M[Z'HC Q.+$5(8A ,"'85(8&'()&.'68"8C *( F66"/62%+2:$).%+62"+,2F4(+)6C&h=%5,)

_($:",8$+/&f,"88C PO

n':$)85(A nC&G4M[Z>HC 0"(+'#&":"(+8C *( F66"/62%+2:$).%+62"+,2F4(+)6C&h=%5,)&_($:",8$+/&f,"88C

PO

J"#)-'(A \C&GPZZ^HC W':$(9&":$)"(."C *( F4.,(+)."'.6&A .1'<+", MC&h=%5,)&_($:",8$+/&f,"88C 4O

J$"#)A WC&GPZZU'HC V5&%'.+&5%&+1"&-'++",C :-6)#"'"6."+2G%-#+"'2%7281.'%6%!1/A [4G^Ha^ONs^[ZC cA UOA

^4

J$"#)A WC&GPZZU>HC D1"&8"-'(+$.&<',')5="8&'()&+1"&<',')5="8&5%&:'96"("88C *(&!"'##A pC 2CA

")$+5,A H."#62"+,2I("!6C&h=%5,)&_($:",8$+/&f,"88C P^

J$"#)A WC&GPZZNHC I5#:$(9&+1"&<',')5="8A "8.'<$(9&,":"(9"C *(&!"'##A pC 2CA ")$+5,A B(4(+A(2%72)1(

H."#C&h=%5,)&_($:",8$+/&f,"88C ^

J$"#)A WC&GPZZ[HC >"4.+A20#-)127#%&28"#",%9C h=%5,)&_($:",8$+/&f,"88C PA ^A cA 4UA U[A ^ZA QC4A ^NA

O4
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