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Index sets are used to measure the complexity of properties associated with the differentiability of real functions
and the existence of solutions to certain classic differential equations. The new notion of a locally computable
real function is introduced and provides several examples of 33 complete sets.

© 2004 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

1 Introduction

Computable analysis studies the effective content of theorems and constructions in analysis. In this paper, we
study the complexity of the derivative of a real function of several variables and the complexity of the solutions

of differential equations of the form @ = F(z,y) and the wave equation from the point of view of index sets.

Index sets play an important role in the study of computable functions and computably enumerable sets (see,
for example, Soare [21]) . Index sets for computable combinatorics have been studied by Gasarch and others
[8, 9]; the latter paper provides a survey of such results. Index sets for II{ classes were developed by the
authors in [3] and applied to several areas of computable mathematics including computable algebra and logic,
computable orderings, computable combinatorics, and computable analysis.

In this paper, we use index sets to develop a complexity measure for the class of computably continuous
functions. This follows the path of four recent papers [3, 5, 6, 7] where we studied index sets for H(l) classes
and computably continuous functions. The results of those papers assign a precise level of complexity in the
arithmetic hierarchy to various properties of classes and functions. For example, the complexity of a set having
measure one is I1{ complete, the complexity of a set having cardinality > 2 is 39 complete and the complexity
of a function having a computable fixed point is 39 complete.

The key to the development of a successful theory of index sets for various properties associated with the
derivatives of computably continuous functions is to choose an appropriate definition of an index of a computably
continuous function. We define the notion of an index for a computable real function of n variables by defining a
I19 set I™ of indices a such that the computable function ¢, defines a computable real function F,, : R* — R,
where R denotes the reals. In fact, I™ is II3 complete. This means that the most meaningful index set results that

we obtain involve conditions whose complexity is greater than I19. Nevertheless, there are a number of results

0F, ‘
that we can obtain for less complex conditions. For example, we show that {(a,b) € I™ x I : =F,}isa

8.237;

relative H(l) set in 1™, that is, it is the intersection of H(l) set with 1.
We shall consider index sets of computably continuous functions whose derivatives have various properties
and index sets of computably continuous functions which are the solutions of differential equations of the form

d
d_y = F(z,y) and the wave equation.
x
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330 D. Cenzer and J. B. Remmel: Index sets for computable differential equations

The complexity of differentiation is one of the first problems studied in descriptive analysis and set the-
ory. In particular, Mazurkiewicz [12] showed in 1936 that the set of everywhere differentiable functions is
complete coanalytic (IT}) in the space of continuous functions on the interval. The differentiability of com-
putable functions was studied by Kushner in [11]. We show that {a € I™ : F,, has a computable derivative} is
%9 complete.  On the other hand, we show that both {a € I" : F, has a continuous derivative} and
{a € I" : F, has a continuous, but not computable, derivative} are II3 complete. These theorems improve the
result of Myhill [13] that a computable function can have a non-computable derivative. For a fixed computable

a

) dF, . . . -
point ¢, we show that {a € I" : s (c) exists} is ITJ complete. Our version of Mazurkiewicz’ theorem shows
x

that {a € I" : F, is everywhere differentiable} is IT} complete. While it may seem surprising that the complex-
ity of such fundamental sets have not been previously established, a good notion of an index for a computable
real function is not obvious, and hence all these results seem to be new.

We also consider the notion, due to Pour-El and Zhong [18] of a nowhere computably differentiable function
and a new notion of a locally computably differentiable function. Informally, a function F' is nowhere computable
if for any computable F, and any open set U, F'(x) # F.(x) for some x € U. F is locally computable if, for
every bounded open set U, there is a computable F, such that F' = F, on U. We show that

{a € I" : F} is nowhere computably differentiable}

is 113 complete and that {a € I™ : F is locally computable} is 39 complete. It should be noted that natural
examples of complete 7 sets are relatively rare.

Next we consider the complexity of Peano’s classical existence theorem for differential equations of the
form ¢y’ = F(x,y). Peano’s existence theorem states that if F'(x,y) is continuous on a closed rectangle, then
y' = F(z,y) has a continuously differentiable solution in some closed interval. Pour-El and Richards 16] first
studied the computable version of Peano’s existence theorem and constructed a computable F' on the unit square
such that ¢y’ = F'(x,y) has no computable solution on any interval. We shall show that

d
{acI?: d—zz = Fy(t,y), y(0) = 0 has a computable solution}

is 39 complete.
Finally we consider the wave equation in three dimensions,

(1) Ugg + Uyy + Uz = Uy,

with initial conditions u:(x,y,2,0) = 0 and u(z,y,2) = F(x,y,z). The wave equation can be solved by
Kirchoff’s formula. Pour-El and Richards [17] constructed a computable function F' such that the corresponding
wave equation has a unique solution which is not computable. We show that the set of indices a such that the
equation corresponding to F, has a computable solution is X3 complete.

2 Index sets for continuous functions

In this section, we present enumerations of the computably continuous functions on the space R™ and then define
and classify the basic index sets needed for the analysis of differential equations.

The space 3 has a computable basis of dyadic rational open intervals. For each n, the space t" has a com-
putable basis of finite products G; X G2 x --- x G,, of dyadic rational open intervals. Let Uy, U7",... be an
effective enumeration of these basic open intervals for the space R". This means that we can uniformly compute
from n and e the sequence (p1, q1, P2, G2, - - - , Pn, qn) sSuch that U = (p1,q1) X (p2,q2) X + -+ X (Pn, gn ). More-
over, it is easy to show that there exists such an enumeration which has the property that whenever U* C U}",
then b < a. This means that the larger intervals occur closer to the beginning of our enumeration. Furthermore,
it is not difficult to show that there exists such an enumeration such that we can uniformly compute from &, m
and n, a bound e = e(k, m, n) such that any basic set U, of diameter > 2~"™ which is contained in [k, k] sat-
isfies that a < e. We shall also study the compact subspace [0, 1]™. It is easy to see that there exist enumerations
of the basic open sets of [0, 1]™ that have similar properties.
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A continuous function F' : " — R™ may be represented by a map f : w — w, where we interpret
f(a) = b to mean that the image of the interval U, is included in the interval U,. For any element =, F'(x)
is then the unique y such that y € Uy, for every m such that x € U,,. For the real line, this is essentially
the representation described in Weihrauch [22]. To ensure the continuity of F', we must assume that U,,, C U,
implies that Uy (,,,) C Uy (p,). To ensure that the map f actually represents a function, we need a (local) modulus of
convergence function d such that whenever U,,, has diameter < d(k), Uy(,,,) has diameter < 2%, For a compact
subspace such as [0, 1]™, a global modulus of convergence function can then be obtained. For the real line, we
must have a family of modulus functions d,, on the interval [—n, n| for each n > 1.

We will say that F' is computably continuous (or just computable) if F' may be represented by a computable
function f with computable modulus function d when X = {0,1}* or if X = [0,1]. When X = R, we will
say that I is computably continuous if F' may be represented by a computable function f with a uniformly
computable family of modulus functions {d,, }»>1, where d,, is a modulus function on [—n, n].

Here is a formal definition.

De nition 2.1 Let the space X have computable basis {U;X };cn, let Y have basis {UY };cn and let F be a
continuous function from X into Y.

1. A function f : N — N represents F if, for all a and b, F[UX] C U}/(a).

2. F has index e, written ' = F,, if the (total) recursive function ¢, represents F'.
3. Fis computable if F' = F for some e.

We note that F' : # — R is computable if and only if, for every n, there exists m such that we can specify
F(x) within 27" given an approximation of = which is within 2. Of course, not every . will represent a
function. Let I(X,Y) be the set of indices e such that o, represents a computable function from X to Y and let
I™ = I(R"™,R). It follows from [5, Theorem 5.1] that, for each n, I" is Hg complete. We will sketch the proof
here.

Proposition 2.2 For each n, I" is T19.

Proof. The conditions on e that ensures that ¢, represents a computably continuous function F;, on R" are
the following. Let Tot = {e : . is total }.

(1) e is a total function (i. e. e € Tot).
2) (vVm,n) (Un CUp — Uy (m) C Ug, (n))-
(3) (Vk,m)(3r)(Vt) [U; C [k, k]" & diam(Uy) < 27" — diam(U, 1)) < 27™].

While condition (3) has a Hg form, it can be restated as a Hg condition. That is, by condition (2), it follows
that we can restrict ourselves to basic sets U; which are the products of rational intervals where the end points
have the form j/2". This condition implies that there is a uniformly computable family of modulus functions.
That is, fix k and m and suppose that r satisfies

U Cl=k—1,k+1]" &diam(Uy) < 27" — diam(Uy, 1)) <27

for all subintervals of [~k — 1,k + 1]™. Now suppose that diam(U;) < 27" tandletU; = G x -+ x G, C
[k, k]™ where each G; is a dyadic interval. Since each G; is a dyadic interval, it follows that there exist
H; =1[j:/2",(ji+1)/2"] such that G; C H;. LetUs; = Hy x - -+ x Hy,. Thenclearly Uy C [-k —1,k+1]" and
diam(Us) < 277 so that by assumption diam(U,_(5)) < 27" But then Uy C U so that diam(U,,, )) < 27™
as well. Thus we can compute the necessary modulus 7 from k and m by computing . (t) for all ¢ such that U;
is a product of rational intervals of the form [j; /2", (j; + 1)/2"] C [k, k] until we find a large enough r (which
must exist by condition (3)) such for all such diam(U,,_(5)) < 27" It follows that condition (3) can be replaced
by the following condition which is clearly ITJ since the quantifier on ¢ ranges over a finite set.
(%) (Vk,m)(3Fr)(V)[Ur = [71/2", (1 +1)/27] X -+ X [n/2", (n +1)/2"] S [k, K]"
— diam(Us,, ) < 27™]. O

For any property R of a function, let I (R) be the set of indices e such that F, has property R. The remainder
of this section is devoted to calculating the complexity of a few simple properties. For rational numbers, we have
the uniform result.

Proposition 2.3 {(e,7,p1,... ,pn,q) E N2 x Q" :ec ["& F.(p) — q < 27"} is I19. In fact, it is the
intersection of a 33y set with I x N x Q"1
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Proof. Clearly
Fo(p)—q<2" <= Fa)[p €cUa& Uy () Cg—2"",q+27")]
is a X2{ condition. (]

Next fix a pair of computable reals x and y in R. That is, fix a pair of total computable functions (., , ¥e, )
and (¢5, , ¢f,) such that

(i) forall i, ., (i) = z; and @y, (i) = y; are rational numbers, and lim,, ., x; = x and lim,,_. o y; = y and
(ii) forall m > 0,if i > ¢, (m), then |z; — | < 27™, and if j > @, (m), then |y; —y| < 27™.
Then it is easy to see that {s : € U} is a ¥.¢ set. That is,

1 1

z€Us &= (G2 ge(m+1)) (@i — o0 i+ 57) S Us)-

Now the predicate x € U, is I since z € U, if and only if (V¢) [U, N U; = ) — x ¢ Uy). It certainly follows
that {e € I' : F.(z) = y} is I19. That is,

F(x)=y < ecI'&Vs(xrc U, -y el o(5))-

In fact, the property that F, (z) = y is I1 relative to I' since we can substitute the I1Y condition y € U, (s for
the XY condition y € U,,, () in the above equation.
Thus we have proved the following

Proposition 2.4 For any computable reals x and y, the set {a € I' : F,(z) = y} is 1Y relative to 11, i. e., it
is the intersection of a 11 set with I', and hence it is a 119 set.

If @ € I"™, then we shall write F, = cif F,(z1,...,z,) = cforall (x1,... ,x,) € R™.
Proposition 2.5

1. For any xed computable real ¢, {a € I' : F, = c} is 1Y relative to I', i. e., it is the intersection of a 119
set with I', and hence it is a Hg set.

2. {a € I' : F, is a constant function} is I1{ relative to I"™ and hence it is a 13 set.

Proof. We have
Fo=c < acI'& (V) (ceU,, @),
and also F. is a constant function if and only if e € I" and (Vs)(Vt) (U, (s) N Uy, ) # 0). O

By the same type of arguments, we can show that if & is an n-tuple of computable reals in #" and y is a
computable real, then {e € I" : F.(Z) = y} is I1{ relative to I™ and hence is a I19 set. Similarly, if ¢ is a
computable real, then {a € I" : F, = c} and {a € I" : F, is a constant function} are I1{ relative to I".

It is easy to see that 1" is closed under scalar multiplication, sum, product, and composition. That is, we have
the following

Proposition 2.6

1. There is a computable function o : N x Q — N such that for all a, if U, = (p, q), then Uy (q,c) = (cp, cq).

2. There is a computable function 3 such that, for all a and b, if U, = (p1,p2) and Uy = (q1,q2), then
Ustap) = (1 + q1,02 + G2).

3. There is a computable function ~ such that, for all a and b, if U, = (p1,p2) and Uy = (q1,q2), then
Uy (ap) = (w,v), where u = min {p1¢1, p1g2, p2¢1, p2g2 } and v = max {p1q1, p1g2, p2q1, p2g2}.

It then easily follows from Proposition 2.6 that the following holds.

Proposition 2.7

L. There is a computable function A : N x Q — N such that Fyq,c) = cFj.

2. There is a computable function 1. : N2 — N such that Fl(ap) = Fo + Fp.
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3. There is a computable function v : N? — N such that Foap) = Fa- Fp.

4. There exist computable functions 6™ : N"1 — N such that
Fé"(b,al,... ,an)(f) = Fb(Fal (f)’ Faz (f)v cee 7Fa7n(1—:))'

As an application of parts 1 and 2 of Theorem 2.7 we have the following
Proposition 2.8 {(a,b) € I" x I" : F, = F,} is 1Y relative to I"™.

Proof. F,=F, <— F,— F, =0. O

3 Complexity of differentiation

In this section, we consider the complexity of various classes of computable functions that are characterized by
properties of the derivatives.

F,
Theorem 3.1 {{(a,b) € I' x I': dd -
T

with a 119 set, and hence is a 113 set.

= Fy}is 119 relative to I x I', i. e., it is the intersection of I' x I*

Proof. First consider the case n = 1. It is well known that (see [22, p. 184]) that integration is computable.
Then by the fundamental theorem, we can say that

dF,
dx

=F, <= (¥p <q) [} Fy(x)dz = Fy(q) — Fu(p)-
By continuity, we can restrict p, ¢ to rationals and for p and ¢ rational numbers, the equality
(Vp < Q) f;Fb(x)dx = Fa(Q) - Fa(p)

is I1{ by our arguments above. For higher dimension, we use the fundamental theorem for line integrals to say
that

dF,
dx

= <Fb1an2a--- 7an> — (vpaQ)f;<Fb17Fb27--- 7an>'d7ﬁ:Fa(Q)_Fa(p)'

Here again by continuity, we can restrict ourselves to the case where p and ¢ are rational vectors and the vector
function 7 is the straight line from p to q. O

J. R. Myhill [13] first constructed a computable function f with continuous derivative f’ such that f’ is not
computable. In fact, Myhill constructed f so that f’(1) is not computable. Note that if f” is computable, then f’
will in fact be computable by the computability of the antiderivative.

Theorem 3.2 {c : F, is computably differentiable} is X3 complete.

Proof. By Theorem 3.1, we have

dF,
dx

a € I"(computably differentiable) <= (Jb1,...,b, € I") ( =(Fy,,... . Fp,)).
Thus {e : F, is computably differentiable} is 9.

For the other direction, it suffices to consider the case where n = 1. We will define a reduction of the Eg
complete set Rec = {e : W, is computable} to the index set for differentiable functions. Here W, is the e-th
computably enumerable (c. e) set, that is, W, equals the domain of ..

Following Myhill’s example, we define the real number o, = >, -y oy 107", where W, @ N is defined as
{2n:n e W,} U {2n+1:n € N}. Itis easy to see that o, is computable if and only if W, is computable. Let
a, be a computable function that gives a computable enumeration of the set W, & N.
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We will use the canonical “pulse function” ®(x) as described in [17]. That is, ® is the C°° function with
support [—1/2,1/2] defined by

() = (1+2)e/0=42") for1/2 <z < 1/2,
o elsewhere.

Note that 2 > ®(z) > 0 for all z and 9'(0) = 1.

Now define the computable real function Fi, () by Fi(q) (@) = D5, 10~ (k+aa(k) & (10%(z)). Then Foa) is
computable since Y., 10~ k+2a(F)(10%(x)) is within 10" of F,(4)(x) for all z. This series is uniformly
convergent and we can differentiate to get

@ Fl (@) = 3232, 1072« M @/ (10 ().

!
Note that F' o(a)

then F; () (1) is not computable. and hence F,(,) is not computably differentiable. On the other hand, if W, is

(0) = o0, and is computable if and only if W, is computable. Thus if W, is not computable,

computable, then it easily follows from (2) that F; (a) is computable. O

This result can be extended to the notion of “nowhere computable” functions. In [18], Pour-El and Zhong
construct a function F which is computable and differentiable on the unit ball such that F’(z) is not computable
for any « in a dense set of rational points. Let us say that G is nowhere computable on D if, for any basic open
set U C D and any computable function F, there is a point z € U such that F'(z) # G(z). Then we say that F'
is nowhere computably differentiable on D if F' is nowhere computable on D. Clearly the function of Pour-El
and Zhong is nowhere differentially computable on the unit ball.

Theorem 3.3 {c € I" : F, is nowhere computably differentiable} is I1 complete.

Proof. A modification of Theorem 3.1 which restricts p, ¢ to a basic open set U, shows that

F,
{{a,b,c) : ddx =F,onU.}

is I19. Then F, is nowhere differentiably computable if and only if
dF,
(Vo)(Ve)[be I™ — T # Fp on U]
x

It follows that {e € I™ : F, is nowhere computably differentiable} is I1S.

For the completeness, we adapt the proof of Theorem 3.2 along the lines suggested by Pour-El and Zhong [18].
Let Go(z) = Y o, 10~ (F+aa(®)$(10*z). Hence G, is (uniformly) computable, |G, ()| < 2, G, has support
[—3,1] and G/, (0) =1 W,. That is, as in Theorem 3.2, we can show that Gl (0) =2 ew,en 107" = 04,
which is Turing equivalent to W, and hence is computable if and only if W, is computable. Note also that for

all x # 0, Gfp(a) (x) = 352, 107« (F) @' (10¥7) is computable. That is, there are only finitely many & such that

—1 < 10%z < ] and hence ®'(10¥2) = 0 for all but finitely many k. Since ®’(x) is computable for all z, it
follows that G/@(a) (x) is computable for all = # 0.

Now for integers k, [ such that —3% < I < 3F,let H, 1;(2) = Go(2 - 3F(z — 1/3F)), and let
Hop(z) =37F Do ghcicst & 120 mod 3 Haki(x).

Then H, j has similar properties to G,. That is, | H 1 (7)| < 2/3%, H, ). has support

l 1 l 1
U—3k<l<3’~* &l;éOmodB[@ T 4. 3k’ 3_k + 4. Sk] ’

H} . (1/3") =r W, for each [ with —3% < I < 3% such that | # 0mod 3, and H, ,.(y) is computable for all y
not of the form [ /3% with —3* < [ < 3* such that [ # 0 mod 3.
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Now let Fiy(q) (%) = Y50 47¥H, i (z). By the uniformity of our definitions, Fy(4) is computable. We claim
that Fyyq)(1/3%) =1 W, for all k and I such that —3% < | < 3% and | # 0mod 3. To see this, fix z = lo/3™
with —3F0 <[5 < 3ko such that [ # 0 mod 3. Next observe that if k& > kg, there is a neighborhood about x on
which H, , is identically zero. That is, if H, j is not identically O in a neighborhood of x, then it must be the
case that there is some integer s such that —3% < s < 3%, 3 does not divide s, and

s_ 1 o s 1
3k 4.3F 3k — 3F ' 4.3k
But that we would mean s — 1 < [p3* % < s+ 1 and, hence, s = [p3¥~*0 which would violate the
fact the 3 does not divide s. Thus F () = 4*k0H;’k0 () + X i<kens 4”“H€a7k) (z). By our observa-
tion above, H, ,(x) is computable for each k > ko and hence >,y 4kHéa7k) (z) is computable. Thus
qub(a)(lo/gko) =T H(;}ko(lo/?)ko) =1 W,.
Since the set of fractions of the form /3% such that 3 does not divide [ is dense, it is immediate that Fya)

is nowhere computably differentiable if 1V, is not computable. On the other hand, if W, is computable, then

dFy(q
—dw( ) may be computed as in the proof of Theorem 3.2. =
x

Now a function F'is not nowhere computable if there exists some neighborhood U such that F' is computable
on U. This is a rather weak positive condition. A stronger, more natural, positive condition would be that F'
is computable on every neighborhood U where it may be the case that there are different computable functions
on different neighborhoods U. Thus we will say that a computable function F' on R is locally computably

differentiable if, for every basic open set U, there exists a computable function F, such that P F.onU.
x
Theorem 3.4

1. {e € I" : F, is locally computably differentiable} is 115 complete.

2. The set of e € I™ such that F, is locally computably differentiable but not computably differentiable is 1)
complete.

Proof.
1. It follows from the definition that this property is I13. That is, F}, is locally computably differentiable if and
dF,
only if (Ve)(3b) ( d; = Fy on U,).

For the completeness, let A be an arbitrary I1{ set and let B be a X9 relation so that a € A if and only if
(Vn) ({n,a) € B). Since B is X3 and Rec is ¥9-complete, there is a one-to-one total recursive function g such
that (n,a) € B if and only if g((n,a)) € Rec. Thus, if F;,(4) is the computable real function defined in Theo-
rem 3.2, then for all n and a, Fi,(4((n,q))) is @a computable function with support [—1/2, 1/2] which is computably
differentiable if and only if (n,a) € B. In particular, | ., .),(0) = ZnEW_q((n,a))@N 107" = 0g((n,a)) 18
computable if and only if (n,a) € B, I
x ¢ (—1/2,1/2).

Then we can define the function F;(,) by patching together these functions F,4((n,q))) as follows:

(9((nay)) (®) is computable for all 2 # 0, and F;(g(m_am(x) =0if

0 ife < -1
Fw<a>($)={F o L2 s
wlo(mayy(@—mn) ifn—21<z<n+iandn>0.

If a € A, then F,(y((n,q))) is computably differentiable for each n and it follows that F;,(,) is locally computably
differentiable. If a ¢ A, then there is some n such that F,(((n.q))) is not computably differentiable and it follows
that F(4) is not computably differentiable on (n — %, n+ %) and is thus not locally computably differentiable.
2. We modify the proof of Theorem 3.2 further as follows. Let K = {e : e € W, } be the usual complete ¢
set. In the argument above we have F;(g(<n7a>)) (0) = og((n,a)) = 2. 107", where Wy ((n ay) ®N =

2m:m € Woiim.an } U {2m + 1 : m € N}. Define
9({n,a))

n€Wy((n,ay) ON

W _J{2m+2:me Wynayt U {2m+3:m e N} ifné¢ K,
Ta) = f2m+2:m € Wynap} U {2m+3:m eN} U {0} ifneK.
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Letoy,,q = EnEWf(n o 107™. We can uniformly define a computable function o (,, o) Whose range is Wy, q))
and define a computable function 1) such that

Fw(n,a) ({E) = Z;O:O 10_(k+af(n’a>(k))(I)(lok(x))'

Thus as in part 1., F}), (n,a)(0) will be computable if and only if (n,a) € B. Now modify the definition from
part 1. so that

0 ifx < -1
Fya (@) =4 gl |
wna)(@—mn) ifn—5<z<n+4zandn > 0.
It follows as above that F,,) is locally computable if and only if a € A. However, we also have the following.
If n € K, then 0, , > 1. On the other hand, if n ¢ K, then 0, , < 1/100. Thus we have n ¢ K if and only

if F,y(n) < 1/10. This clearly implies that 7, ) is not a computable function so that Fy,) can never be
computably differentiable. o

Next we consider the property of being differentiable at a particular point. We just give the result for n = 1.

Lemma 3.5 If F is continuous, then the following are equivalent for any real number c:
1. F is differentiable at c.

2. For every rational ¢, there exist rationals m < M and § such that M — m < € and, for all rationals q # ¢
in(c—6,c+0), m<(F(q) - F(c))/(q —c) < M.

Proof. If F is differentiable at ¢, then F’(c) is the limit of (F(¢) — F(c))/(q — ¢), so for any rationals m
and M such thate/3 < F'(c) —m < e/2and /3 < M — F'(c) < €/2, such a rational 6 must exist.

Now suppose that 2. holds. For each ¢ = 27", choose m,, and M,, such that M,, — m,, < € and §,, such that
my, < (F(q) — F(c))/(g — ¢) < M, for all rationals ¢ # ¢ in (¢ — 0y, ¢ + 6,,). We claim that for each n, k,
my < M,. To see this, let § be the minimum of §,, and J; and let ¢ # ¢ be any rational in (¢ — §, ¢ + 9).
Then my, < (F(q) — F(c))/(q — ¢) < M, It follows that {my },>0 has a supremum and that {M,, },,>0 has
an infimum. Since M, — m,, < 27", these must be equal. Denote this common value by L. We claim that
F'(c) = L. For any given n, let m,,, M,, and §,, be given for ¢ = 27" as above. Now for any rational ¢ # ¢ in
(c—3,c+0), wehave my, < (F(q)—F(c))/(g—c) < M, and we also have m,, < L < M,, and M,, —m,, < €.

Fla) —
It follows that |L — (9) ¢ | < e. For any irrational x # cin (¢ — d, ¢+ §), the continuity of F' implies that
—c
F(x) - F F(x)—F
|L — M| < ¢ as well. Thus lim,_, M = L, as desired. O
T —c T —c

Theorem 3.6 For any computable real c, {e : F'(c) exists} is 113 complete.

Proof. The upper bound on the complexity easily follows from Lemma 3.5. That is, if one considers condi-
tion 2. of Lemma 3.2, then is easy to see that this is IT condition when F' = F, is computable and c is computable.
That is, the condition ¢ # c is I and, for ¢ # ¢, (F(¢) — F(c))/(q — ¢) is uniformly computable from q. It
follows from Proposition 2.3 that the conditions that (F'(¢)— F(¢))/(¢—c¢) < mand (F(q)—F(c))/(¢q—c) > M
are ©.{ conditions. Thus the conditions that (F(q) — F(c))/(q — ¢) > mand (F(q) — F(c))/(q — ¢) < M are
I19 conditions. It follows that if we write out condition 2. from Lemma 3.5 when F' = F is computable and c is
computable, then it will be a Hg condition.

For the completeness, let A be a I13 complete set. Since the set Fin = {e : W, is finite} is a complete 9
set, we may assume that there is a function ¢ such that, for each a, a € A if and only if for all m, ng(a,m) is
finite. We may assume without loss of generality that, for each s, there is at most one m and one n such that
n € Woa,m),s+1— We(a,m),s> and furthermore n < s. In addition, we may assume that W4 ) N W ak) = 0
for any m # k.

We will define a reduction ¢ of A such that a € A ifand only if F;(,) is differentiable at = 0. The function
Fy(a) is defined uniformly as a limit of a sequence G, s as follows:

Initially set G40 = 0.
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At stage s + 1, there are two cases. If no element comes into any ng(a,m) at stage s, then Gg 541 = Gq 5.
Otherwise, let m and n be given so that n € Wy (a,m),s+1 — Woa,m),s and let Go 541 = Ga s + fm,s, Where
fm,s(x) is defined as follows:

235+87m(x —9-s _ 27572)2(1. ) 27572)2 if2—s — 27572 S T S 2=s 27572’
fm,s (@) = .
0 otherwise.

It is easy to check that f,, ; has the following properties:

(@) fm,s(27%) =27™7%, and this is the maximum of f,, s, and

(b) 0= fro(27F —272) = f1, (277 —2792) = f, (27 +27°2) = fl, (277 +27°2),
Since |G 541 — Ga,s| < 277, it follows that the limit Fy(q) exists and is computable. Moreover, it is easy to
see that F,(,) is differentiable at all points other than 0. That is, the intervals {[27° — 27572275 427572} 5
are pairwise disjoint so that if @ # 0, then either F,) is zero in a neighborhood of z or x belongs to
(275 — 27572275 + 27°72] and Fy(,)(2) = fm,s(x). Next observe that for each m, n and s such that
n € Wo(am),s+1 — Wip(am),s» and each & € [27% — 27572275 4 2772 we have that 2 = 27° + a, where
0 <a <2752 Thus

Fw(a) (.13) _ 23s+87m(:|:a _ 27572)2(ia + 27572)2 _ 23s+87m(a2 _ 272574)2

T 275 +a 275 +a
238+8—m(2—28—4)2 9—s—m 9—m

— — _ .9—m_

< = = —
— 2—s _9—s-2 2—s _9—s-2 % 3

Thus for z € [275 — 27572275 + 27572] we have

(i) Fy(27)/275 = 2™, and

(i) 0 < Fy()(x)/z < 527"

Suppose now that a € A. Then for each m, there are only finitely many s such that W, (4 ), s+1 — We(a,m),s
is nonempty. Choose ¢ large enough so that, for all & < m, Wy 1) = Wo(a,k),t—1. This implies that for all
xz < 27t we have 0 < Fy@(x)/z < % -27™. Since this is true for each fixed m, it follows that F,) has
derivative 0 at z = 0.

Next suppose that a ¢ A. Then, for some m, there are infinitely many s such that F,,)(27°)/27° = 27™,
whereas Fy(q)(27% — 27°72) = 0. It is immediate that F}y(,) is not differentiable at 2 = 0. O

Now a computable function may have a derivative which is not continuous as well as not computable.

Lemma 3.7 A continuous function F : [0,1] — [0,1] is continuously differentiable if and only if, for
all rational ¢ > 0, there exists a rational § > 0 such that, for all rationals p < q and r < s where all of
(@~ Flp) F6) Pl

q—7p s—r

F
{g—p,s—r,s—0p|,|s—ql,|r —pl|, |r — q|} are less than §, we have H

Proof. If F is continuously differentiable, then the condition easily follows for all real p, g, r, s. Now sup-
pose that the condition is satisfied. Then the function G(z,y) = (F(y) — F(z))/(y — «) is uniformly con-
tinuous on the dense set consisting of all rational pairs (p, ¢) such that p # g. It follows from basic analysis
that G(x, y) has a unique extension to a continuous function (still denoted by G) on the square. But for any x,
F(y)—F

W) = F@) _ gy, o
Y

G(z,z) =limy ., G(z,y) = limy_., —

Theorem 3.8

1. The set U of all e € I' such that F, is continuously differentiable is 113 complete.

2. The set V of all e € I' such that F, is continuously differentiable but not computably differentiable is 113
complete.

3. The set W of e € I' such that F, is continuously differentiable and not locally computably differentiable
is ©.9 complete.
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Proof. The upper bound on the complexity of U, V, and W for computable continuous functions on [0,1]
as well as any other rational interval follows from Lemmas 3.5 and 3.7. The more general condition for R is that
the condition of Lemma 3.7 holds for all intervals [—n, n] with p, g, r, s restricted to [—n, n].

The completeness of property 1. follows from the proof of Theorem 3.6. That is, the function F(4) given
there will not even be differentiable at z = 0 if a ¢ A and will be continuously differentiable everywhere if
a€ A

The completeness of property 2. follows from the proof of Theorem 3.2. That is, the function Fi,(,) given
there will always be continuously differentiable and will fail to be computably differentiable if and only if W, is
not a computable set.

3. follows from the proof of Theorem 3.4, since the function F,) defined there is always continuously
differentiable. O

The set of continuous functions which are differentiable was shown to be a complete coanalytic set in the
space of continuous functions by Mazurkiewicz [12]. We use a modified version of Mazurkiewicz’s proof in the
following.

Theorem 3.9 {c € I' : F, is everywhere differentiable} is 11} complete.

Proof. It follows from Lemma 3.5 that the property of being differentiable at a real point c is uniformly I19
relative to c. Thus the property of being everywhere differentiable is I1}.

For the completeness, we will make use of the ¥1 complete set {a : P, # (0}, where P, is the a-th
09 class in w*. For simplicity of the construction below, we will replace w* by {1,2,...}*. Given a string
o = (0(0),... ,0(n)), we shall write "k for the string (¢(0), ... ,0(n), k). We shall write 7 C o if 7 is an
initial segment of o, i.e., if 7 = (¢(0),... ,0(m)) for some m < n. We note that one can uniformly construct
from a, a primitive recursive tree T, C {1,2,...}<% such that x € P, if and only if z | n € T, for all n. See
[3, 2, 5] for details.

We will define a computable function ¢ such that P, is empty if and only if Fi,,) is everywhere differentiable.
For any finite sequence o € {1,2,...}", define dyadic rationals

go = 2770 L 9=o(M)=30(0) 4 .. | 9=o(M=3(XI5 o) apd y, = g, + 27303 IZ5 ()
and let J(0) = [¢,7,]. Thus, if S(o,n) = > 1_, o (k), then 75 = g, + 2735 Moreover, if 7 = ¢k, then

r=qo + 9—k—35(o,n) > ¢o,
rr=(qs + 2—k—3$(0,n) 4 2—3k—3$(a,n) =qs + 2—38(0,n)(2—k 4 2—3k> < o + 2—38(0,71) =r,.

Thus ¢, < gy < To~1 < T'e. Moreover, if £ < [, then

Tor1=qo + 273S(a,n)(27l + 273l) =g, + 27k735(0,n)(27l7k + 272l7(l7k))
< gy + 2—k—3$(0,n) = (g

Thus J,~; N J,~; = (. It follows that if o and 7 are incompatible, then J(o) and J(7) are disjoint. Also, if
|o| = k, then diam(J(0)) < 273,

For an infinite sequence = € {1,2,...}¥,letr, = lim,, ryp, =277 + 3" _ 270+ D=301i02(s)) Then
7, is the unique element of the intersection (), J(z | n). Thus P, # () if and only if there exist ¢ € [0,1] and
x € P, such that, foralln, ¢t € J(z [ n). Let J, = {t: (3x € B,)(Vn) (t € J(x [ n))}. Then J, C [0,1] and is
nonempty if and only if P, is nonempty.

Our goal is to define F,(4) such that Fi,(, is differentiable at ¢ if and only if ¢ ¢ .J,. To define F,,), we first
need to define a family of functions F, (¢) for each o € {1,2,...}*+1. Let J(o) = [g, 7] as defined above and
let

(t—q)*(r — 1)
Fy(t) = (r—q)7/?
0 otherwise.

ifg<t<r,
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Then F,(q) = Fy(r) =0, F,(q) = F,(r) = 0, and F,, has a maximum at ¢t = (¢ + r)/2 of F((¢ + r)/2) =
(r — q)'/? /16. The key fact here is that if ¢t € [g, 7], then there is a point s € [g, 7] such that

F() ~ F(s)] 1
=] T T6yr—q

In fact, we can choose s to be one of ¢, 7, or (¢ + 7)/2. That is, suppose without loss of generality that
q<t<(q+r)/2. Then clearly [t —q| < (r—q)/2 and [(¢+7)/2 —t| < (r —q)/2. Moreover either
F(t)—F(q) > +r—q/320or F((¢+71)/2) — F(t) < \/r — q/32. It then follows that

FO-F@)l . 1 [FO)-F(a+n)/2) 1
—d T 16r—q - T Ir-q

Now define the computable function Fi, () by Fip(a)(t) = Xic(0),0er, Fo(t). Note that for o] = k, we
have F,(t) < 2719% 5o that the sum of F,,(t) for all o with |o| > kis < 2719F(1/(1 — 271%)) < 3(271:5%),
Hence we may compute F,(,)(t) within 3(27'-5%) by finding those unique o with |o| = 0,1,... ,k such that
t € J(o). This shows that F,(,) is computable.

Suppose that x € P,, so that, for all n, r,, € J(x | n). For each such n, there is a point s,, € J(x [ n) with
|8 — 72| <273 and |F(ry) — F(sp)|/|7e — 8n| > 21°"~4. This clearly implies that F, is not differentiable at
any t € J,. Thus, if P, # (), then F,(,) is not everywhere differentiable.

Next suppose that P, = (). This implies that any ¢ € [0, 1] belongs to only finitely many intervals J(c) such
that o € T,. Thatis, if t € J, N J., then by construction either 7 C o or o C 7.

We claim that F,(,) is differentiable everywhere. There are three cases. First, if ¢ is not one of the dyadic
rationals of the form ¢,, then there is an open interval about ¢ which meets only finitely many intervals J(o)
such that 0 € T,. Thus Fi(, is a finite sum of differentiable functions on that interval and hence Fi(,) is
differentiable at ¢. If ¢ = g, and the set of nodes above ¢ in T}, is finite, then again there is an open interval about
o which meets only finitely many intervals J(7) such that 7 € Tj,. Thus F,(,) is a finite sum of differentiable
functions on that interval and hence F,) is differentiable at q,. Finally we consider the case where t = ¢,
and set of nodes above ¢ in T, is infinite. Now ¢, € (¢r,r,) for all initial segments 7 of 0. Then consider
G, = w(a) — ZTEG F.. We need only check that G, is differentiable at ¢. It follows from our construction
that there is an interval (t — €,t] where G, is zero. Now consider a u such that ¢, = t < u < r,. Recall

either

that r, — ¢, = 2_3(2-‘::‘0 9(s)) = §. Now there are two subcases. First it could be that v is in the open set

(40,70) — Uk>1 Jo-k- In that, case, G, (u) = 0 and hence |G, (u) — G,(t)|/|u — t| = 0. Otherwise, there is

some k such that u € J(07k) = [gy + 2755, ¢5 +27%5 + 273%5]. Now u can be in only finitely many intervals
of the form J.. Thus for some finite set R of nodes including and possibly extending o "k, we have

(r‘r - QT)I/Q

Go(u) — Go(t) = ZTER Fr(u) < Z-reR 16

But for each 7 € R, r; — ¢, is of the form 2—3k=3P§ 50 that there is some w > 1 such that

(7,_’_ —C]-r)l/2 (273k73p5)1/2 . s sp:
ZTERT SZ;}:OT :\/32 1.5k 4(2;)}:02 1. p) < \/32 1.5k 3

Since u —t > 27%4, we can conclude that |F,, (u) — F,(t)|/|u — t| < 27-°*=35=5_ It follows that Fl () =0
so that I, is differentiable at ¢. O

4 Differential equations

In this section, we determine the complexity of the index set corresponding to the property that there exists a
computable solution to the ordinary differential equation

= F(tplt), p(0)=0
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for a continuous function F'(x,y). Peano’s existence theorem states that, if F'(x,y) is continuous on the rect-
angle —a <z < a, —b <y < b, where a, b > 0, then this differential equation has a continuously differentiable
solution on [—a, a], where @ = min{a,b/M},and M = max{|F(z,y)|: —a < x < a, —b <y < b}.

Pour-El and Richards [16] first showed that the computable version of Peano’s theorem fails by constructing

d
a function F(z,y) computable on {0 < z < 1,—1 < y < 1} such that no solution of d—f = F(t,o(t)) is
computable on any interval [0, §], § > 0.
Simpson [19] gave a simpler construction and showed the equivalence, over the system RCAy, of Peano’s
Existence Theorem with WKL, (Weak Konig’s Lemma). We will employ Simpson’s version from [20] to derive

an index sets result which improves the theorem of Pour-El and Richards.

Theorem 4.1 The set A of all a € I? such that there exist a § > 0 such that the differential equation

d
d—f = F,(t,¢(t)) has a computable solution ¢ on [—§, 5] with p(0) = 0 is X9 complete.

Proof. It follows from Theorem 3.2 and the remarks from Section 2 concerning composition that A is 9.
For the completeness, we will reduce the set

S = {{a,b) : Wy, N W}, = () and W, and W}, have a computable separating set}

to A. Note that is shown in [3] that S, ; is Eg complete. That is, we will define a primitive recursive function v
such that ¢y, (4,5 represents a computably continuous function Fy(q ) defined on the rectangle [—1, 1] x [—1,1]
such that y' = Fy,(, ) (2, y) has a computable solution with y(0) = 0 on some interval (—d, §) with 6 > 0 if and
only if W, and W}, have a computable separating set.

Simpson [20] constructed a computably continuous function f, ;(x, y) on the rectangle |z| < 1, |y| < 1 such
that | fo (2, v)| <1, fap(—2,y) = —fap(z,y), and for each n > 1, if y = () is any solution of y’ = f(x,y)
on the interval —27 "1 < x < —27" then

(1) p(=27"+) = p(=27"),

(2) n € W, and p(—2""t1) = 0 imply (—2" — 27"+1) > 2-3(m+2) and

(3) n € Wy and (—27"*1) = 0 imply p(—2" — 27"F1) < 273(n+2),
We shall give some of the details of this construction since we need to verify that the construction is uniform in a
and b and hence we can define a computable function ¢ such that for each a and B, ¢(a, b) defines a computable
function F (4 1) = fa,b-

For any a and s, we let W, ¢ denote the set of elements enumerated into W, by the end of stage s. We assume
that if v € W, 5, then o < s. Let ¢(z) = max{1 — |z|,0} and forn € N, let

2 kq(2F (x — %)) itn € Wy g1 — Wak,
hnap(z) = —27kq(2k(x — %)) ifne€ Wypr1 — War,
0 otherwise.

Here we will make the convention that W, o = W, 1 = ) for all ¢. This implies that h,, q,5(0) = hpes(1) =0
for all @ and b. Note that if n € W, (n € Wy), then h,, 43 is positive (negative) on an interval on length 2~ k+1
centered at x = 1/2 for some k > 2. If y = hy, 4.4(2) for 0 < 2 < 1, then there are three possibilities.

1. Ifn¢ W, U Wy, theny =0for0 <z <1.
2. If n € W, 41 — Wa i, then y is non-decreasing on [0, 1] and y(1) = 272* 4 4(0).
3. If n € Wy 41 — W i, then y is non-increasing on [0, 1] and y(1) = —272% 4 (0).

Let s(z,y) = 92(1 — 2)y3. Then y/ = s(z,y) with y(0) = yo # 0 has unique solution

2

y = (sgnyo)[z” (3 — 2z) + |yo|7]

3
2 .
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Heresgnt =1if¢t > 0andsgnt = —1if ¢ < 0. For yy = 0, there is a family of solutions, for 0 < ¢ < 1:

B 0 for0 <z <eg,
v= +[22(3 —2z) — 2(3—2¢)]2 forc<a < 1.

Now let y be a solution of 3/ = s(x,%) on [0, 1]. Then for yo # 0, y(1) = (sgn yo)[1 + |yo|?]2. In particular,

if [yo| = 272, then |y(1)| = (1 + 272%/3)% and if |yo| = —272*, then |y(1)| = —(1 + 272/3)2 It follows

that |y(1) — 1] < 27282 if y5 > O and |y(1) — 1| < 272k*2 if 5 < 0. Furthermore, y can be approximated by

(sgn yo)[z2(3 — )] with error < 272542 on [0, 1]. Finally if yo = 0, then (sgn yo)[22(3 — )] is a solution.
Now define jy, 4, as follows:

hna,b () for0 <z <1,
s(z—1,y) for1 <z <2,
—s(z —2,y) for2 <z < 3,
—hpap(®—3) for3 <z <4

jn,a,b(xa y) =

Simpson proves that j, (2, y) has the following properties. If ¢’ = jp 4.(
y(d—2z) =y(x)and y(2) > lifn € W,,y(2) < —1,if n € Wp, and —1 < y(2
hi,ap(0) = Ay qp(1) = 0 for all @ and b, it follows that j,, 4 5(0,y) = Jn,q.b(4
can extend j, 45 to the whole R 2 if we define j,, o p(7,y) = 0if = ¢ [0,4].

If y(x) is a solution of §' = jy, 4 6(x,y) over 0 < x < 4, then y(2) determines the solution of y(x) throughout
1 <z < 2and hence also for 0 < z < 1. Since Ay, ¢.4(2) = hp o p(l — ) and s(z,y) = s(1 — z,y), it follows
that j, o5(%, ¥) = —Jn,ab(4 — x,y). This implies that y1(z) = y(4 — z) is also a solution on [0, 4]. But then
since y1(2) = y(2), then it must be the case that y; () = y(z) on [0, 4] and hence y(x) = y(4 — x) on [0, 4]
so that y(0) = y(4). If in addition, y(0) = 0, then y(2) > 1 if n € W,, and y(2) < —1 if n € W,. Finally if
n¢ W, U W, then —1 < y(2) < 1.

Note that under the transformation

x,y) over 0 < x < 4, then
) < 1 otherwise. Note that since
y) = 0 for all @ and b. Thus we

)

3= 2n+2(m + 27n+1)’ g _ 23(n+2) y
a solution of ¢ = j, 4.5(z, y) on the interval 0 < = < 4 becomes a solution to
y/ _ 272(n+2)jn(2n+2(x + 27n+1)’ 23(n+2)y)
on the interval —27"*! <z < —27". This given, Simpson defines f, ;(z,y) for z < 0 by

fap(a,y) =307, 27202, (2042 (2 4 277, 23002y,
and for z > 0 by fo4(z,y) = — fap(—x,y). Itis easy to see that the construction is completely uniform and that
for any a and b, f, ; is computably continuous on [—1, 1] x [—1, 1]. Thus the desired function ¢ exists.

Next suppose that y is any computable continuous solution of 3 = fo 1(z,y) = Fy(ap) (2, y) with y(0) =0
which is defined on some interval [—6, 0]. Thus, there is some N such that y is defined on [—2~" 0]. Then for
eachn > N, it follows from the properties of j,, 4 that y(—27"*1) = y(—27"). Since lim,, o —27" = 0,
it follows by continuity that y(—2~") =0 for all n > N. But the properties of the j, ,’s then ensure
that for each n > N, n € W, if and only if y(—2=" — 27"~1) > 273("+2) and n € W, if and only if
y(=2—" — 2771 < —273(n+2)_ Byt then we can compute a separating class C' for W, and W}, as follows.
Forn < N, letn € C if and only if n € W,. Since we know that either y(—27" — 27 7~1) < 274(+2)
or y(—27" —27""1) > —2-4"+2) (possibly both), we approximate y(—2~" — 2~"~1) until one of the two
conditions holds. If the former, then we know that n ¢ W,, so we make n ¢ C' and if the latter, then we know
that n ¢ B, so we put n € C. This shows that if Fy(a,p) has a computable solution, then W, and W}, have a
computable separating set.

Now suppose that W, and W}, have a computable separating set C'. We will show how to compute a solution
g(x) to the differential equation y' = Fi,(,4)(7,y) where y(0) = 0 on —1 < x < 1. Since by definition
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Foap)(®,y) = —Fyap)(—,y) and g(0) = 0, it is enough to compute g in [-1,0]. Since g(0) = 0 and under
the transformation

3= 2n+2(x + 2—n+1), Z) — 23(n,+2)y,
a solution of ¢ = j,, ¢.5(2, y) on the interval 0 < z < 4 becomes a solution of
y/ — 272(n+2) 'jn,a,b(2n+2(x + 27n+1)7 23(n+2)y)

on [-27"+1 27" we must define g(—2") = 0 forall n > 0 and g(z) = 273" +2)G(27+2(x + 27" +1)) for
—27"+l < g < —27", where G(z) is a solution of ¥’ = j, 4p(x,y) on 0 < z < 4. Thus we need only show
that we can compute the function G(x) where G(z) is a solution of §' = j, 4 p(z,y) on 0 < z < 4.

First suppose that n € C so that n ¢ W;. Let k be given. There are two cases. If n € W, 11, then we can
compute the exact solution of ' = Ay, 4p(2) for 0 < z < 1 and we will have y(1) > 0. This in turn allows
us to compute the unique solution y for 1 < x < 2. By symmetry, we can also compute y on [2,4]. In the
second case, suppose that n ¢ W, ;1. It follows from the discussion above that 0 < y < 22k on [0,1] and
y — [z2(3 — 2x)]2| < 272%*2 on [1,2]. This means that we can approximate a solution y = G(z) within 2~2++2
on [0,2] (and also on [2,4] by symmetry). But this is enough to tell us that the solution G is computable on [0,4]
as desired.

Similarly suppose that n ¢ C' so that n ¢ W,. Let k be given. Again there are two cases. If n € W, 41,
then we can compute the exact solution of §' = hy, 4 () for 0 < z < 1 and we will have y(1) < 0. This in turn
allows us to compute the unique solution y for 1 < z < 2. By symmetry, we can also compute y on [2,4]. In
the second case, suppose that n ¢ W, j,11. It follows from the discussion above that 0 < y < 2-2k on [0,1] and
y —[#2(3 — 2x)]2| < 2722 on [1,2]. This means that we can approximate a solution y = G/(z) within 2~2++2
on [0,2] (and also on [2,4] by symmetry). But again this is enough to tell us that the solution G is computable on
[0,4].

Thus we have shown that ' = Fi,(, ) (2, y) has computable solution with (0) = 0 if and only if W, and W}
can be separated by a computable set. O

d
We observe that the continuous solution ¢ of the differential equation d—f = f(t,(t)) with (0) = 0 is al-

d
ways continuously differentiable on its domain if f continuous. Thus the differential equation & _ F.(t,o(t))

in Theorem 4.1 always has a computably differential solution ¢ with ¢(0) = 0 on some interval [—4, §] with
§ > 0if it has a computably continuous solution ¢ with ¢(0) = 0 on some interval [—&, ]. We say that a solution

d
 to the differential equation d—f = F,(t,¢(t)) with ¢(0) = 0 is locally computable on [—1, 1] if for every open

set U such that the closure of U is contained in (0, 1) x (0, 1), there is a computable function F, such that p = F,
onU.

d
Theorem 4.2 The set LC of all a € I? such that the differential equation d—f = Fo(t, ¢(t)) has a solution ¢
with p(0) = 0 which is locally computable on [—1,1] is 11 complete.
Proof. Itis easy to see that LC is I1} by writing out the definition.

To see that LC is I1{-complete, let A be a I19 complete set and let B be a ©29 set such that a € A if and only
if (n,a) € B for all n. Since B is 1:1 reducible to

S = {{a,b) : W, N W}, = () and W, and W}, have a computable separating set},

it follows from our proof of Theorem 4.1 that there is a primitive recursive function ¢ such that (n,a) € B

d
if and only if the ordinary differential equation d—f = Fy(n,a)(t,o(t)), ©(0) = 0 has a computable solution

on [—1,1]. Furthermore, one can check that our definitions ensure that Fy(, o)(2,y) = 0 for || > 1 and
Fyn,a)(®,y) = —Fyn,a)(—2,y). It follows from the argument above that the solution ¢ of y' = Fy(, o) (2, y)
with ¢(0) = 0 will always have p(—1) = ¢'(=1) =0 = (1) = ¢'(1).
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Now define Fy(q)(z,y) for =1 < < I settingfor1 — 2" <z <1—-2"""1
F0(a) (.23, y) = Fw(n,a) (2n+1(x -1+ 27”)7 Zny)

For —1 < x <0, we set Fy(q)(z,y) = —Fp(a)(—,y). Finally we set Fy(,)(z,y) = 0if [z > 1. Note that our
proof of Theorem 4.1 ensures that for any ¢ and d, F. 4(z,y) = 0 for |x| > 1, it easily follows that Fy,) is a
computably continuous function.

Now suppose that the solution ¢ of ' = Fy(4)(z, y) with (0) = 0 is locally computable on [—1, 1]. Then for
eachn, f q(z) = 2"p(1—27"+27""1z) restricted to [1-27", < 1-2"""!]isasolution of §/ = Fy(,, o) (2, y)
with f,, o(0) = 0. Thus if (n,a) ¢ B for some n, i.e. a ¢ A, then f, ,(x) can not be computable on [—1, 1]
and hence ¢ is not computable on [1 — 27" < 1 — 27" 1], Thus if there exists an n such that (n,a) ¢ B, then
¢ is not locally computably on [—1,1]. On the other hand, if for all n, (n,a) ¢ B, i.e. a € A, then for all n,
fn,a(x) is computable on [—1, 1] and hence ¢ is computable on [1 — 27", < 1 — 27"~ ], But this ensures that ¢
is locally computable on [0, 1] and hence by symmetry it is locally computable on [—1, 1]. Thus we have proved
that a € A if and only if §(a) € LC and hence LC is a I19 complete set. O

We end this section, by considering the problem of whether a given wave equation
Ugy + Uyy + Uzz — Uy = 0

with initial conditions u:(x,y, 2,0) = 0 and u(z,y,2,0) = F(x,y, z) has a computable solution. Myhill [13]
constructed a real computable functions f such that f'(1) is not computable. Pour-El and Richards [17] adapted
Myhill’s example from [13] to construct a computable function F'(x,y, z) = f(e) such that the corresponding
wave equation has no computable solution and in fact, for the unique solution u, u(0,0,0,1) = f(1) + f/(1)
and is thus not computable. We can now give an index set version of this result. We note that Pour-El and Zhong
[18] recently strengthened this result to make the unique solution nowhere computable, but we do not have a
corresponding index set result.

Theorem 4.3 Let Wave equal the set of all a € I® such that the wave equation t., + Uyy + Uzz — Uy = 0
with initial conditions ui(z,y, 2,0) = 0 and u(x,y, 2,0) = F,(x,y, z) has a computable solution. Then W ave
is 339 complete.

Proof. One can verify the ¥ upper bound on the complexity of our index set by observing that a € Wave
if and only if there exists an e such that u(x,y, z) = F, satisfies the defining conditions. It is then easy to check
that the defining conditions are I19.

For the completeness, we will give a reduction of the well-known X3 complete set {e : W, is computable} to
Wave. Following Myhill’s example, we define the real number o, = > -y o 107" so that o, is computable
if and only if W, is computable. Assume that we have a uniformly computable one-to-one enumeration o, (k)
of the set Wy, (o) = W, © N.

We will use the canonical “pulse function” ®(x) as defined in the proof of Theorem 3.2 which is a C'™°
function with support [—1/2,1/2] such that ¢(z) > 0 for all  and ¢’(0) = 1. Next let ¢ denote the spherical
coordinate /22 + y2 + 22 and define the computable real function F,,(,) as in the proof of Theorem 3.2 by

Fyay(0) = Y3 107 e o108 (o — 1)).
Then Fi(,)(,y, 2) = F,)(0) is computable and we have
3) Fly(0) = 3272 107/ (104 (0 — 1))

Thus F, (1) = 04 and hence F, (1) is computable if and only if W, is computable.
Kirchhoff’s formula [17] gives the solution of (1) as

4) (Z,t) = [[§[F(Z +ti)+t(grad F)(Z + i) - 7i]do ().

Here we will have (grad F')(o -7 ) = F’'(o)7i . It then follows from Kirchhoff’s formula that the unique solution
u to (1) satisfies u(0,0,0, 1) = Fy(q) (1) + F ) (1).
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Suppose now that W, is not computable. Then as we have seen F(; (a)( 1) is not computable, so that, since

F

() is computable, 1(0, 0, 0, 1) is not computable and hence the solution u is not computable.

On the other hand, suppose that IV, is computable and let F' = F, (. It follows from (3) that F’ is computable
and hence the solution may be computed by Kirchhoff’s formula as

W@ 1) = [f 4 [F(Z +ti) + tF'(Z +ti1) - 7 ]do (7).
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