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Abstract

A variant of realizability for Heyting arithmetic which validates Church’s thesis
with uniqueness condition, but not the general form of Church’s thesis, was introduced
by V. Lifschitz in [15]. A Lifschitz counterpart to Kleene’s realizability for functions
(in Baire space) was developed by van Oosten [19]. In that paper he also extended
Lifschitz’ realizability to second order arithmetic. The objective here is to extend it to
full intuitionistic Zermelo-Fraenkel set theory, IZF. The machinery would also work
for extensions of IZF with large set axioms. In addition to separating Church’s thesis
with uniqueness condition from its general form in intuitionistic set theory, we also
obtain several interesting corollaries. The interpretation repudiates a weak form of
countable choice, AC,, ., asserting that a countable family of inhabited sets of natural
numbers has a choice function. AC, ,, is validated by ordinary Kleene realizability
and is of course provable in ZF. On the other hand, a pivotal consequence of AC,, ,,
namely that the sets of Cauchy reals and Dedekind reals are isomorphic, remains valid
in this interpretation.

Another interesting aspect of this realizability is that it validates the lesser limited
principle of omniscience.

MSC:03E25,03E35,03E70,03F25, 03F35,03F50,03F55,03F60
Keywords: Intuitionistic set theory, Lifschitz realizability, Church’s thesis, count-
able axiom of choice, lesser limited principle of omniscience

1 Introduction

In the constructive context, Church’s thesis refers to the viewpoint that quantifier combi-
nations Vx3y can be replaced by recursive functions getting y from x. Dragalin [8] pointed
out that there are two formal versions of Church’s thesis one could consider adding to
Heyting arithmetic HA:

CTy VedyA(z,y) — IVe[zex | NA(z,zex)]

CTo! VadlyA(z,y) — I2Vajzex | NA(x,z e )]



(we write zex for {z}(z)), and he posed the question whether the latter version is actually
weaker than the former. The question was answered affirmatively in 1979 by Vladimir Lif-
schitz [15]. He introduced a modification of Kleene’s realizability that validates CTy! but
falsifies instances of CTy. A Lifschitz counterpart to Kleene’s realizability for functions (in
Baire space) was developed by van Oosten [19]. In that paper he also extended Lifschitz’
realizability to second order arithmetic. The objective here is to extend Lifschitz’ realiz-
ability to full intuitionistic Zermelo-Fraenkel set theory, IZF. In addition to separating
Church’s thesis with uniqueness condition from its general form in intuitionistic set theory,
we also obtain several interesting corollaries. The interpretation repudiates a weak form
of countable choice, AC,, ., asserting that a countable family of inhabited sets of natural
numbers has a choice function. AC,,,, is validated by ordinary Kleene realizability and is
of course provable in ZF.

Definition: 1.1 Before we can describe the pivotal features of Lifschitz’ notion of realiz-
ability we need to introduce some terminology. Variables n,m, 1,1, j,k,l,e,d, f, g, p, ¢ range
over numbers. We assume a bijective primitive recursive pairing function 3 : Nx N — N
and inverses j; and j2. The symbol e denotes partial recursive application, T is Kleene’s
predicate (so n ek | iff Im T(n,k,m), read n e k is defined), and U the result-extracting
function. e e k ~ [ stands for 3mT(e,k,m) and | = U(um.T(n,k, m)), where p is the
minimalization operator. If X is a set we write eek € X instead of 3l (eek ~[ A [l € X).
If f is an n + l-ary partial recursive function, we use Az.f(x, ki, ..., k,) to denote an
index (usually provided by the S-m-n theorem) of the function m +— f(m,k1,..., ky).

The main idea behind separating CT( from CTy! is to find a property P of pairs of num-
bers so that if there is a unique n such that P(e,n) holds then there is an effective procedure
to find n from e, while in general there is no such procedure if {m | P(e,m)} contains
more than one element. Lifschitz singled out the property n < joe A Ym—=T(j1€,n,m).

Lemma: 1.2 Letting
D. = {n<jpe|Ym-T(je,n,m)} (1)
there is mo index g of a partial recursive function such that, for all e,
D.#0 = geecD,. (2)

Proof: This can be seen as follows. Let W and W}, be two disjoint, recursively inseparable
r.e. sets. There is a total recursive function F' such that

Vn[F(n)e0~ fen A F(n)el~hen],
letting F'(n) := Az.H (n, z) where

fenifx=0
henifx >0

H(n,z) =~ {



Then for all z, D)py 1) # 0. As a result, if (2) held, g @ (F(2),1) € Dyp(g),1) and g
would provide a recursive separation of Wy and Wj,. O

If, on the other hand, we know that D, is a singleton, then we try to compute (ji€) o
0,(71€)®1,...,(71€) ® (y2¢) simultaneously and as soon as the (j2e¢) — 1 many (guaranteed)
successes have been recorded we know that the remaining one failure is the unique element
of D..

1.1 Realizability for set theories

Realizability semantics for intuitionistic theories were first proposed by Kleene in 1945 [12].
Inspired by Kreisel’s and Troelstra’s [14] definition of realizability for higher order Heyting
arithmetic, realizability was first applied to systems of set theory by Myhill [18] and
Friedman [9]. More recently, realizability models of set theory were investigated by Beeson
[3, 5] (for non-extensional set theories) and McCarty [16, 17] (directly for extensional
set theories). Rathjen [22] adapted realizability to the context of constructive Zermelo-
Fraenkel set theory, CZF, and developed hybrids [23, 24] which combine realizability
for extensional set theory with truth in order to prove metamathematical properties of
intuitionistic set theories such as the disjunction and the numerical existence property.

The authors of the present paper had problems making up their mind as to whether
to present IZF as a pure system of set theory or to opt for a language with urelements as
it is done in Friedman’s and Beeson’s work (cf. [10, 5]). Both approaches have advantages
and disadvantages. The disadvantage of pure set theory is that the natural numbers
have to be encoded as finite ordinals, rendering the presentation of the basic parts of
Lifschitz’ realizability for atomic formulas, which are trivial in the arithmetic context,
very cumbersome. The disadvantage of having a sorted language with numbers and sets is
that realizability for those theories has never been worked out properly in the extensional
cases. In the end we went for the latter choice.

1.2 1IZF with urelements

We will formalize IZF in a similar manner as in [5, chap.viii] by having two unary predi-
cates for natural numbers and for sets. We shall however eschew terms other than variables
and constants by avoiding symbols for primitive recursive functions. Instead we will have
symbols for primitive recursive relations. This makes the axiomatization of the arithmetic
part a bit awkward (albeit still a straightforward affair) but relieves us from the burden
of having to deal with complex terms in the realizability interpretation.

1.3 Logic and language

IZF is based on first-order intuitionistic predicate calculus with equality =. The language
consists of the following. A binary predicate €; unary predicates N and S (for numbers
and sets); for each natural number n a constant 7 (but we omit the bar when n = 0);
a 2-place relation symbol SUC (for the successor relation), two 3-place relation symbols



ADD, MULT (for the graphs of addition and multiplication), and further relation symbols
for all primitive recursive relations.
To alleviate the burden of syntax we shall use variables n, m, k,, ¢, j to range over nat-
ural numbers, so In.... and Vn ... will be abbreviations for 3z(N(x) A ...) and Vz(N(z) —
..), respectively. 3!nA(n) is short for In A(n) A YnVm[A(n) A A(m) = n=m]. v ¢y
stands for =(z € y). x C y abbreviates Vz(z € + — z € y). We use Vz € y... and
Jrey... forVe(z €y —...)and Jx(z € y A ...), respectively.

Definition: 1.3 We list the axioms of IZF in groups:

A. Axioms on Numbers and Sets
1. Yz =(N(z) A S(z))
2. VaVy(z € y — S(y))
3. N(n) for all natural numbers n.
B. Number-Theoretic Axioms
1. SUC(n,n + 1) for all naturals n.
2. Yn3I!m SUC(n, m)
3. Vn¥m[SUC(n,m) — m # 0]
4. Ym[m =0 VvV InSUC(n,m)]
5. VnVmVk (SUC(m,n) A SUC(k,n) — m = k)
6. VnVm 3k ADD(n,m, k)
7. Yn ADD(n,0,n)
8. VnVkYmVIVi [ADD(n, k,m) A SUC(k,l) A SUC(m,i) — ADD(n,l,1)]
9. Vn¥m 3k MULT (n, m, k)
10. Vn MULT(n, 0,0)
11. VnVEVmYIYi MULT (n, k,m) A SUC(k,l) A ADD(m,n,i) — MULT(n,l,1i)]

12. Defining axioms for all symbols of primitive recursive relations R. These are similar
to the above. We spare the reader the details.

13. A(0) A YnVm[A(n) A SUC(n,m) — A(m)] — ¥nA(n)
C. Set-Theoretic Axioms
1. Extensionality. VaVy(S(z) A S(y) — [Vz(z €z < z€y) -z =1y])

2. Pairing. VaVy(3u[S(u) A z € u A y € u))



3. Union. Vz3u[S(u) A Vz(z €u <« Tyly ez A z € y))]

4. Separation. Vz3u[S(u) A Vz(z € u < z € x A A(2))]
(u not free in A(z))

5. Power set. Vx3u[S(u) A Vz(z € u < (S(2) A z C x))]
6. Infinity. Ju(S(u) A Vz[z € u « N(u)]).
7. €-induction. Vz[Vy(y € x — A(y)) — A(z)] — Yz A(z).

8. Collection. Vy € 3z A(x, z) — Ju[S(u) A Vy € 3z € u A(y, 2)]

Remark 1.4 The theory IZF in [5] comes with the additional axiom Vz[N(z) V S(x)].
We could have adopted this axiom as well. The reason for not including it is that on the
one hand this axioms does not make the theory stronger but on the other hand it would
force us to define a more complicated realizability structure in which all objects carry a
label which tells one whether it denotes a set or a number. This would have to be done in
a hereditary way and would thus burden us with an extra layer of coding. A proof that
IZF +Vz[N(x)VS(z)] can be interpreted in IZF using hereditarily labelled sets is sketched
in [5, VIIL.1]. Moreover, the same techniques can also be used to interpret IZF in pure
IZF without urelements, IZF (cf. [5, VIIL.1]). IZF( has only the binary predicate €
(no N, no S and no symbols for primitive recursive relations). In IZF we define the pure
sets as those whose transitive closure contains only sets. Let Pure be the class of pure
sets. To every formula A of IZF( we assign a formula AP of IZF which is obtained by
relativizing all quantifiers to Pure. Then the exact relationship between the two theories
is that
I1ZF) - A < IZF + APwe,

2 The realizability structure

In what follows we shall be arguing informally in a classical set theory with urelements
where the urlements are the natural numbers (e.g. IZF plus classical logic). The unique
set of natural numbers provided by the Infinity axiom will be denoted by N.

Definition: 2.1 Ordinals are transitive sets whose elements are transitive also. We use
lower case Greek letters to range over ordinals. By recursion on « define

Vit = (PN x (VFTUN)). (3)
BEa

Vset — Uvzet. (4)

V(L) = §UV56t (5)

where P(x) denotes the power set of x.



Lemma: 2.2 (i) The hierarchy V¢ is cumulative: if a < 3 then V¢ C fot.
(i) If z C V(L) and S(z) then x € V5.

(iii) Every x € V*¢ is a set, i.e. S(z) holds.

(iv) Yo € V(L) [N(z) V S(z)].

Proof: (i) is immediate by (3). For (iii) note that if x € V*¢ then x € P(N x (Vget UN))
for some 3. So the claim follows from our rendering of the power set axiom which ensures
that P(y) consists only of sets. (iv) follows from (iii).

(ii): If € N x V(L) then, using strong collection and (i), there is an « such that
rCNx V¥ UN, sox € ng_ﬁl, thus x € V*¢'. For a more detailed proof see [22, Lemma
3.5]. O

3 Defining Lifschitz realizability for set theory

We adopt the conventions and notations from Definition 1.1.

Definition: 3.1 Let a,a;,b € V(L) and e € N. Below R is a symbol for an n-ary primitive
recursive relation. Recall that D, = {n < j2e | Vm—T(j1€,n,m)}.
We define a relation e IF;, B between naturals e and sentences of IZF with parameters
from V(L). e e f IF, B will be an abbreviation for k[ce f ~k A k|- B].
elFr R(ay,...,an) iff ay,...,a, € N A Ray,...,ay)
elbrp N(a) iff aeNAe=a
elkr S(a) iff S(a) (iff a € V*¢)
elFraeb iff D.#0 A (Vd € De)3e [(nd,c) €b A jod Ik a =]
elFra=0b iff (a,beNAa=b)or (D.#0 A S(a) A S(b) A
(Vd € D)Vf, c[(f,c) €a — (nd)e flFpcebl A
(Vd € De)Vf,c[(f,c) €b — (p2d) o f IFL ¢ € a])
elb, ANB iff pelbp A A pelbp B
elbp AvB iff De#0 A (VdeDe)([nd=0 A jodlbg Al v
[nd #0 A j2d |-, B)
el =A ifft (VfeN)-flkr A
elFL A—-B iff (VfeN)[flrp A — ce fl-1 B]
elkr VoA iff Dc#0 A (VdeD,)(Vee V(L)) dIky Alz/c]
elrp 3zA iff De#0 A (VdeD.)3ce V(L)) dlky Alz/c]

V(L) = B iff (3eeN)elr, B.

Notice that the definitions of e IF a € b and e IF;, a = b fall under the scope of definition
by transfinite recursion.



4 Recursion-theoretic preliminaries

Before we can prove the soundness of Lifschitz’ realizability for IZF we need to recall some
recursion-theoretic facts, mainly Lemmata 1-5 from Lifschitz’ paper [15]. Van Oosten has
carried out a detailed analysis of these results by singling out the extra amount of classical
logic one has to add to intuitionistic first-order arithmetic HA to prove them.

Definition: 4.1 MP,, is Markov’s principle for primitive recursive formulae A:
——3n A(n) — In A(n).
BX9-MP is Markov’s principle for bounded Y:9-formulae:
——3dn < mVk A(n,k,e) — In < mVk A(n, k,e)
for A primitive recursive.
Lemma: 4.2 There is a total recursive function sg such that
HA FVn¥m(m € Dggn) <> m =n).

Proof: [15, Lemma 2] and [19, Lemma 2.2]. O

Lemma: 4.3 There is a partial recursive function ¢ such that
HA + MPy, - Ve[3nVm(m € D < m =mn) — ¢(e) | Ap(e) € De].

Proof: [15, Lemma 1] and [19, Lemma 2.3]. O

Lemma: 4.4 There is a partial recursive function ® such that HA + MP,, + B3-MP
proves that for all e and f whenever (Vg € D) f e g | then ®(e, f) | and

Vh[h € Do,y < (3g € De)h = fog].

Proof: [15, Lemma 4] and [19, Lemma 2.4]. O

Lemma: 4.5 There is a total recursive function un such that HA 4 MP,, + BX9-MP
proves that

VeVh[h € Dyney < (3g € De)(h € Dy)].
In other words, Dyye) = U ep, Dg-

Proof: [15, Lemma 3] and [19, Lemma 2.5]. O



Lemma: 4.6 Let ¥ = x1,...,2, and @ = aq,...,a,. To each formula A(Z) of 1ZF (with
all free variables among &) we can effectively assign (a code of ) a partial recursive function
xa such that, letting 1ZF' := 1ZF + MP,, + BX9-MP,

IZF' - (Ve € N)(Va € V(L))[De # 0 A ((Vd € D) d IFf, A(@)) — xale) IFr A(@)].

Proof: This is similar to [15, Lemma 5] and [19, Lemma 2.6]. However, due to the
vastly more complicated setting we are dealing with here, we provide a detailed proof. We
use induction on the buildup of A.

If A(Z) is of the form N(x;), define xa(e) := ¢(e), where ¢ is from Lemma 4.3. To see
that this works note that D, # () and for all (Vd € D.)d Ik, N(a;) entails that N(a;) and
D, = {a;}, thus ¢(e) = a; and ¢(e) IFr, N(a;) follow by Lemma 4.3.

If A(Z) is of either form S(z;) or R(t) let ya(e) := 0.

If A(Z) is of the form x; = x; let xa(e) := un(e), where un stems from Lemma 4.5.
Note that un is a total recursive function. To see that this works assume that D, # ()
and for all (Vd € D.)d IF1, a; = a;. Now, either a;,a; € N or a; and a; are both sets. In
the former case we then have a; = a; and for any n € N, n -1, a; = a;, so in particular
un(e) IFr, a; = a;j. If both a; and a; are sets, then un(e) -y, a; = a; holds owing to Lemma
4.5 and the definition of realizability in this case.

Let A(Z) be B(Z) A C(Z) and xp and x¢ be already defined. Let 77 and 33 be indices
for 51 and j2, respectively. Consider the set Dy ) = {sn | n € D¢} with ® as in
Lemma 4.4. If D is non-empty then so is Dg;z ). If every element of D. realizes A(ad)
then every element of Dg(,: ) realizes B(@). Hence under these assumptions xp(®(s7, €))
realizes B(@). Similarly, xc(®(y5, €)) realizes C(a@). Hence the claim follows with x 4(e) :=
I(xB(®(51, €)), xc (P(s3:€)))-

Let A(Z) be B(Z) — C(Z) and xp and x¢ be already defined. Let 6 be a partial
recursive function such that (§(m)) e k ~ k e m. Assume that D, # (). Suppose m |-,
B(@). Then dem | and d e m |-y, C(a) for all d € D.. Thus, by Lemma 4.4, we have
Do (e,9(m)) = {dem | d € Dc}. Moreover, Dg(c g(m)) is non-empty (since D # (}) and every
of its elements realizes C(@), hence, by the inductive assumption, xc(®(e, 0(m))) realizes
C(d). Thus we may define ya(e) := Am.xc(®(e,0(m))).

In all the remaining cases ya(e) := un(e) will work owing to Lemma 4.5 and the defi-
nition of realizability in these cases. o

The next result shows that our definition of realizability for arithmetic formulae coin-
cides with the one given by Lifschitz [15].

Lemma: 4.7 For every formula A(u,Z) there are partial recursive functions 11 and 1
such that provably in 1ZF' we have for alle € N and @ € V(L):

(i) elrp Va[N(z) — A(z,d)] — VYnii(e)enlkr A(n,ad);
(ii)) Vneenlrr A(n,d) — a(e) Ik Va[N(z) — A(x,d)];
(iii) ek Jz[N(x) A A(z,d)] < De#0 A (Vd € De)jad b, A(nd,@).



Proof: (i). Suppose e IF; Vaz[N(z) — A(x,d)]. Then D, # 0 and for all d € D, and
n € N, den lrp A(n,d). Thus, if we define f,, such that f,, e d ~ d e n, we conclude
with the aid of Lemma 4.4 that for all n € N and h € Dy y,), h IF A(n,@). Hence, by
Lemma 4.6, (Vn € N)xa(®(e, fn)) IF, A(n,a@). So we can define ¢ by letting 1 (e) :=
AnxA(B(e, ).

(ii). Suppose Vneen I, A(n,d). Then e Ik, N(z) — A(z,d) for all x € V(L), hence
sg(e) Ik Vz[N(x) — A(z,d)], so ¢Pa(n) := sg(n) will work.

(iii). Suppose e I, Fz[N(z) A A(z,d)]. Then D, # 0 and for all d € D, there exists
¢ € V(L) such that 51d IFr N(c) and god IFf, A(c,@). But 51d Ik N(c) entails that ¢ = j1d,
thus jod I A(y1d,@). The converse is obvious. O

4.1 The soundness theorem for intuitionistic predicate logic with equal-
ity
Lemma: 4.8 There are iy, is, it, 10,11 € N such that for all x,y,z € V(L),

1. i lFpx=u=.

2. 4lFpx=y—y=n=x.

3 lrp (zr=yANy=2) — ===z

4. plrp(r=yAy€z) — x €z

5. hlkp(z=yAzex) - zeuy.

6. Moreover, for each formula A(v,u,...,u,) of 1ZF all of whose free variables are
among v,u1,. .., u, there exists iy € N such that for all z,y,z1,...,2 € V(L),

iA kb x = y A A(:Ev'g) - A(yaz)a
where Z = 21,...,2p.

Proof: (1) Note that n -, z = z holds for all n,z € N. Let z € N and a € V¢,
Suppose ee (0 | and ee 0 |-, b = b holds for all b € N U UﬁeaV%Et. Then we have
(V(f,b) € a)sg(y(f,e®0)) IF, b € a. There is a recursive function £ such that ({(ce0))e f ~
s59(7(f,e®0)), and hence, by the foregoing,

(V(f,b) €a)(nd)e flFLbEa

with d = j(¢(e®0),¢(ce0)). As aresult, sg(y({(c®0),¢(c®0))) IF1, a = a. By the recursion
theorem there exists an e* such that

e* o0~ sg(y(l(e* 00),l(c* 00))).

By induction on « it therefore follows that ¢* @ 0 IF7, @ = a holds for all a € V*¢. So we
may put i, := e*e0. As i, IF;, n = n (trivially) holds for all n € N, too, we get i, IFy, 2z = 2



for all z € V(L).
(2): It is routine to check that

is == de.®(e,\d.g(ped, nd)) IFp x =y — y = x,

with ® from Lemma 4.4.

(3) and (4): We prove these simultaneously. Let TC(a) denote the transitive closure of
a. We employ (transfinite) induction on the ordering <1 which is the transitive closure of
the ordering <1, on ordered triples:

(x,y,2) <, (a,b,c) iff (x=aANy=bAzeTC(c)) V (z=aANyecTC() ANz=c)
V(zeTC(a) Ny=b A z=c).

<-induction follows from the usual €-induction.
Now suppose a,b,c € V(L) and inductively assume that for all (x,y, z) < (a, b, ¢},

el Ik, (z=yAy=2)—z=2 (6)
el Ik (z=yAyc€z)—zcz (7)
Suppose elFr, a=b A b=c. Then pelFr a =05 and j2e -, b = c. Then either a,b,c € N
and for any n € N we have n Ity b= ¢, or a,b,c € V5. So let’s assume a, b, c € V5. Let
d € Dy and d’ € Dy,e. If (f,u) € a, then (51d)e f I u € b, and hence, for all g € D) 4yef

there exists v such that (71g,v) € b and 29 Ik u = v. Moreover, (51d") e ()19) Ik v € c.
As (u,v,c) < (a,b,c) we can employ (7) to conclude that

t(e?,g,d) = (7 o 1) @ 3129, (nd) o (ng)) Fr u € c.
Using Lemmata 4.4 and 4.6 repeatedly we get
‘62(6#7 f’ da d,) = Xl(‘b((jld) hd f’ )‘g[l(e#a g, d,))) ”_L ueEc
ls(e? | f,d) == x2(P(g2e, Ad La(e¥, f,d,d))) |k, wee
E*(e#a €, f) = X3((I)(.]16’ )‘d'£3(6#) f7 d))) ”_L ue€c (8)

for appropriate partial recursive functions ;.
Similarly one distills a partial recursive function £** such that for (f,u) € ¢,

(e e, f) := x3(®(joe, Md.Ls(e? | f,d))) IFL € a. (9)
As a result of (8) and (9) we have with

91 (6#) = ()\esg(j(/\fﬁ*(e#, €, f)? )‘fg**(e#v €, f)))y

pl(e#) F, a=bAb=c—a=c (10)

Next suppose e IF;, a = b A b € ¢. Then jie Ik a = b and j2¢ Ik, b € c. Hence
D,,e # (0 and for all d € D, there exists v such that (51d,v) € c and jod Ik, b = v, thus
J(ne ged) Ik a=b A b=wv. As (a,b,v) < (a,b,c) we can employ (6) to conclude

Uy(e” e, d) = (e 0 0) @ 3(s1e,50d) I a=wv.

10



Letting ¢4(e?, e, d) := 7(51d, (e @ 0) ® 3(j1¢, 72d)), we thus have (7, (¢4(e?, e,d)),v) € ¢ and
92(€4(e”,e,d)) IFL a = v. Hence, by Lemma 4.4, ®(j1e, \d.ly(e”,e,d)) kL a € c. So the
upshot is that

p2(e™) = ®(g1e, \dLy(e? e,d)) Ik, a=bAbec—ace (11)
Finally we use the recursion theorem to find an index e# such that

e e ~ pi(e?)
e el ~ py(e™).

With i; := ¢ @0 and ip := ¢ @ 1 the above shows that (3) and (4) are satisfied.

(5). Suppose e Ik, a = b A ¢ € a. Then jie Ik, a = b and e Ik, ¢ € a. From the
latter we get that D,,. # 0 and for all d € D, there exists v such that (5;d,v) € a and
J2d Ik, ¢ = v. Thus, D, # 0 and since jie Ik, a = b, it follows that for all h € D,
(g1h) ® (51d) IFr v € b, so that by (4),

l5(d, h) == 1i0(y(y2d, (J1h) ® (51d)) IFL c € b.
Using Lemmata 4.4 and 4.6 repeatedly we get

Kﬁ(ea d) = X3((I)(]167 )‘h€5(da h)) H_L ceb
l7(e) := xa(P(g2e, \d.ls(e,d))) Ik c€b

for appropriate partial recursive functions x;. So we may put ij := Ae.l7(e).

(6). This is shown by a routine induction on the complexity of A, the non-trivial atomic
cases being provided by (2)-(5). O

Corollary: 4.9 There is a total recursive function 0 such that for all a € V(L),
(V{(f,u) € a)0(f) IFL u € a.
Proof: Let

0(f) = sg((f ir)). (12)

Theorem: 4.10 Let D be a proof in intuitionistic predicate logic with equality of a formula
A(uq, ..., u,) of 1ZF all of whose free variables are among u, ..., u,. Then thereisep € N
such that 1ZF' proves

ep lFp Yuy ... Vu, A(uq, ..., uy).
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Proof: We use a standard Hilbert-type systems for intuitionistic predicate logic. The
proof proceeds by induction on the derivation. The correctness of axioms and rules per-
taining to the connectives A, =, — is exactly the same as for Kleene’s realizability. We have
also shown realizability of the equality axioms in Lemma 4.8. So it remains to address the
axioms and rules for V,V,d.

Axioms for V:

A— AV Bor A— BV A. Suppose el-p, A. As Dygiy0,6)) = {1(0,€)} by Lemma 4.2,
it follows that sg(y(0,e)) IF, AV B and hence Ae.sg(3(0,¢)) IF, A — AV B. Similarly,
Ae.sg(y(l,e)) Ik, A— BV A.

AVB - (A—-C)— ((B— C)— ()). Suppose e Ik, AV B. Then D, # (). Let
d € De. Then 51d =0 A jod IFp A or nd # 0 A jod Ik, B. Suppose f IFp, A — C and
gk B — C. Define a partial recursive function { by

N fe(ged) if nd=0
f(dafag)_{ g/.(]Zd) lfjld#o

Then f(d, f,g) Ik, C and hence Af.\g.f(d, f,g) IF, (A — C) — (B — C) — C). With
the aid of Lemma 4.4 we can thus conclude that D xgrfag.f(d,f,9)) 7 ¢ and for all

P € Da(erdAfrg.i(d. f,g) We have
plFL (A—C)— ((B—C)—0).
Let E:=(A—C)— ((B— C)— C). By Lemma 4.6 we can therefore conclude that

XE(®(e, \dAf.Ng.f(d, f,9))) IFL E.

As a result, Ae.xg(®(e, \d.Af.\g.f(d, f,9))) IF, AV B — E.

Axioms and Rules for V:
If e lbp, VzA(z,d), then D, # 0 and (Vb € V(L))(Vd € D.)d I, A(b,@), and hence, by
Lemma 4.6, xa(e) Ik A(b,a@) for all b € V(L). Consequently,

de.xale) lbp Ve A(z,d) — A(b, @)

for all b,a € V(L).
We also have the rule: from B(@) — A(z, @) infer B(u@) — VxA(z, @) if z is not free in
B(#@). Inductively we have a realizer b such that for all b,a € V(L),

bIF. B(@) — A(b,d).

Suppose d Ik, B(d@). Then h e d IF;, A(b,d) holds for all b € V(L), whence sg(h e d) I,
Ve A(z,d). As a result,
Ad.sg(hed) Ik B(d) — VYrA(z,a)

for all @ € V(L).

Axioms and Rules for 3:
If e Ik, A(a) then sg(e) IFr, FzA(x), thus Ae.sg(e) -, A(a) — JzA(x) for all @ € V(L).

12



Finally we have the rule: from A(z, @) — B(u) infer 3x A(x, @) — B(w) if = is not free
in B(@). Inductively we have a realizer g such that for all b,d@ € V(L),

glFr A(b,@) — B(d).

Suppose e I, FzA(z,d). Then D, # 0 and for all d € D, exists ¢ € V(L) such that d -z,
A(c,d@). Consequently, (Vd € D) ged - B(@). By Lemma 4.4 we then have Dy q) # )
and (Vg € Dg(c,q)) g IF1 B(@). Using Lemma 4.6 we arrive at xg(®(e, g)) -1, B(@); whence
de.xs(®(e,9)) IFr IzA(x,d) — B(a). O

Lemma: 4.11 For every formula A(u,X) there are partial recursive functions Y1, Ya,
and Y3 (depending solely on the formula) such that provably in 1ZF' we have for all e € N
and b,d € V(L):

(i) el Ve € bA(z,d) — Y(d,v) €b Yi(e)odlFr A(v,a);
(ii) ¥(d,v) € b eedlFp A(v,a) — Ta(e) Ik Vo € bA(x,d)];
(iii) (d,v) € b A elrp A(v,d)] — Y(e,d) IFr Jx € b A(z,a)].

Proof: (i). Suppose e IFp Vz[x € b — A(z,d)]. Then D, # () and for all ' € D, and
ceV(L),d Ik ceb— A(e,d). Now, if (d,v) € b, then 6(d) k1, v € b by Corollary 4.9,
and hence Vd' € D, d' e 6(d) I, A(v,d). There is then also a partial recursive function
0" such that Vd' € D, 6'(d) e d' Ik, A(v,d), so that by Lemma 4.4, Dg(c,g(q)) # 0 and
Vh € Do(eora)) hIFr A(v,@). Hence, using Lemma 4.6, x4(®(e, 0'(d))) Ik A(v,d@). Put
Ti(e,d) := xa(®(e, 0 (d))).

(i) Suppose V(d,v) € b eed IF; A(v,d). Assume f IF; ¢ € b. Then Dy # ) and
Vh € Dy Fv[(nh,v) € b A pph Ik ¢ = v]. (nh,v) € b A poh Ik ¢ = v implies
eeyhlp A(v,d), and furthermore with the help of Lemma 4.8(6), i4 ® 3(j2h,e @ y1h) I,
A(c,d@). Therefore VA" € Da(fryisesayeony)) M IFr A(c, @), and thus by Lemma 4.6,
XA(P(f, Ay.ia @ 3(52y,e ® 11y))) kL A(c,d). Hence Yo(e) Ik Vx € bA(x,d), where
To(e) := sg(Af xa(®(f, Ay-ia @ 3(520, € @ 1Y))))-

(iii) Suppose (d,v) € b and e Iy, A(v,d). Then 0(d) I v € b, thus 3(0(d),e) Ik v €
b A A(v,a), so that sg(7(0(d),e)) Ik Jz € b A(x,d). Put Y3(e,d) = sg(3(6(d),e)). O

5 The soundness theorem for I1ZF

Lemma: 5.1 There is a partial recursive function sub such that for all o, a € V¢ and
be vset,
elFr b Ca— 3b* € Vi sub(e) IFr, b= b*.
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Proof: Suppose a € V¢ b€ V5 and el b C a. Then D, # 0. Let

b = {0, d),uw) | B(f z) € b)[{ng,u) €a A 324 Ik x = ul}.
Clearly, b* € V¢, With 6 from Corollary 4.9 we have:

(f,xyeb — O(f)IFpzeb
— (VdeD,)debd(f)IFrx€a
— (Vd € De) (Daeg(s) # 0 A
(Vd" € Dyag(yy) 3u[(nd',u) € a A god I z = ul)
(Vd € De) (Vd' € Dgag(yy) 3ul(g(f,d'),u) € b" A g2d by x = ]
(Vd € De) (VI € Da (o) Ao S.)324')))
Ju[(g1h,u) € b* A pahlFp x = ul
(Vd € D) ®(d o 0(f), Ad' 3(3(f, ), od')) IF 1 & € b*

(Vg € Do (e rd.d(de0(f) N G (fd)gad)))) 9 FL T € b
—  xa(®(e,\d.D(d e O(f),\d 3(3(f,d'), 12d")))) I € b*

!

l

l

l

where the fifth and seventh arrow are justified by Lemma 4.4 and the last arrow follows
by Lemma 4.6 with A = 1 € xs.
Conversely, we have

(hyu)y € b* — Jx[(nh,x) €b A (31(92h),u) € a A i5((92(52h))) IFL u = ]
= 580(nh,15((2(22))))) kL w € b

with ig from Lemma 4.8. The upshot of the foregoing is that with

vie, f) = xa(®(e,\d.2(de0(f),\d" y(3(f,d), 12d")))),
)

p(h) = sa((1h,is((92(321))))) ,
sub(e) = sa(j(Afv(e f), Ah.pu(h)))
we have sub(e) IFr b = b*. O

Theorem: 5.2 For every axiom A of 1ZF, one can effectively construct an index e such
that

IZF' + (el A).

Proof: We treat the axioms one after the other.

(Arithmetic axioms): There are several and they are very boring to validate. In view of
Lemma 4.7 it’s also obvious how to realize them. We do one case study. 0 IFz, SUC(n,n+1)
holds for all n € N. Hence j(n +1,0) Iz N(n+ 1) A SUC(n,n + 1), thus

sg(7(n +1,0)) Ik, 3k SUC(n, k),
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so Vn e* en Ik 3k SUC(n, k) with e* is chosen such that e* e n = sg(y(n + 1,0)). By
Lemma 4.7 we then have

wa(e*) Ik Yn3kSUC(n, k). (13)

Now suppose e |-, SUC(¢c,a) A SUC(c,b). Then ¢,a,b € N and ¢+ 1 = a = b, thus
0 IF7r, a = b and hence

sg(sg(sg(Mu.0))) Ik VavVyVz [SUC(z,y) A SUC(z,2) — y = 2. (14)

From (13) and (14) we obtain a realizer for the first number-theoretic axiom.

(Induction on N): Suppose
elkFr A(0) A VaVy[N(z) A N(y) A A(xz) A SUC(z,y) — A(y)].

Then D). # 0 and (Vd € D,,.)Dg # 0. Moreover, if d € D,,. then for all h € Dy,
hlFr N(z) AN(y) A A(z) ASUC(z,y) — A(y) for all z,y € V(L). Thus forallh € D
(with un from Lemma 4.5) and all z,y € V(L) we have

un(jze)

hlkr N(z) A N(y) A A(z) A SUC(z,y) — A(y). (15)

Clearly, je I, A(0). Now suppose n € N and SUC(n, m) and we have an index e* such
that
(Vh S Dun(jze)) e ](ha n) IFr (7’L

)-
Then j(n,m) IFr N(n) A N(m), so g(y(n,m),e* @ 3(h,n)) IFr (N(n) A N(m)) A A(n), and
finally 7(5(3(n,m),e* ® 3(h,n)),0) Ik, (N(n) A N(m)) A A(n)) A SUC(n,m). From the
latter we get
(#(e*,n, h) = h e 3(3(3(n,m), e* @ 3(h,n)),0) I, A(m).

We suppressed m in [# since m is computable from n (m =n+1). Now choose e* by the
recursion theorem in such a way that e* e 3(h,0) = e and

e* o g(h,k+1) ~ [#(e* k,h).

If we inductively assume that e* e 3(h,n) | for all h € Dy then the foregoing showed
that e* e 3(h,m) | for all h € Dyy). Hence (Vg € Dg(un(e) Aheas(hm))) 9 IFL A(m) by
Lemma 4.4 and thus with

. | e itm=0
Cle,m) = { xa(®(un(e), Ah.e™ @ y(h,m))) if m#0

(using Lemma 4.6) we have [°(e,m) IF, A(m) for all m € N. As a result,
Am.[°(e,m) IFr N(a) — A(a)
holds for all a € V(L) since d IFf, N(a) implies d = a. Thus

sg(Am.1°(e,m)) Ik Va(N(z) — A(x)),
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and hence

Ae.sg(Am.1%(e,m)) Ik A(0) A Vn¥Vm[A(n) A SUC(n,m) — A(m)] — VnA(n).

(Extensionality): Let a,b € V(L). Also suppose that S(a) A S(b) and
elFpVe(x € a < z €b).

Then (Vd € D.)(Vu € V(L)) d Ik, (u € a <> uw € b). Thus for all d € D, we have

(V{f,y) € a) (nd) e 0(f) IFLy €b
(V{f,y) €b) (s2d) @ O(f) IFLy € a

with 6 defined as in Corollary 4.9. Letting ¢(d) := 3(Af.(71d) @ 6(f), Af.(52d) @ 6(f)) we
therefore have

(V(f,y) € a) (n((d)) e flFLyebd
(V{f,y) €b) (52(x(d))) o fIFL y € a.

Thus, by Lemma 4.4, ®(e, \x.Y)()) |, Do (e rz.u(z)) 7 0 and every h € Dg (e rg.4(z)) 18 of the
form (Az.¢(x)) @ d = 1)(d) for some d € D.. Thus ®(e, Ax.1p(z)) IFf, a = b. Furthermore,

Afxe®(e, \x.yp(x)) kL S(a) AS(b) — (Ve(z €a «— x €b) — a=0Db)
and hence

sg(sg(Af. X e.®(e, Ax.p(x)))) IFp YuVy[S(u) AS(y) — (Vaz(x €Eu « x €y) — u=y).

(Pair): Let u,v € V(L). Put a = {(0,u),(0,v)}. Then a € V*¢ and 6(0) Ik, u € a and
0(0) IFz v € a, whence 7(0, 7(8(0),0(0))) IFL S(a) Au € aAv € a, sosg(y(0,7(6(0),6(0)))) Ik
Jy[S(y) Nuey Aveyl.

(Union): For each u € V(L), put
Un(u) = {Q(f,h),y) | 3=((f,z) € u A (h,y) € 2)}.
Then Un(u) € V¥, Suppose
elbr Jz(z €u A z € z).

Then
(Vd € De)(Fz € V(L)) [nd Ik z € u A podlkp z € x].

Fix d € D, and z€V(L) such that y1d -y 2 € u A jod IFf z € z. Then

(Vf € Dya)3w [(nnf,w) €u A gof Ibp z = w].
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Letting q(f,d) := i1 @ 3(y2f, J2d) with i; from Lemma 4.8 we get
(Vf € Dya)3w (g f,w) € w A q(f,d) b z € w]

and hence

(Vf € Dya)Fw [(nfw) € w A Fu((n(a(f,d),v) € w A ga(a(f,d)) IFL 2z = v].
Since (3(31f,71(q(f,d))),v) € Un(u), we arrive at
(Vf € Vya) ((f,d) kL z € Un(u),

where [(f) d) = 59(](.](.]1f7 jl(q(f7 d))))jZ(q(fa d)))) As a result,
(Vh S D‘I’(]ld,)\f.[(f,d)) ”‘L S UH(U),
hence
XA(@(1d, ALA(f,d))) IFp = € Unu)
where A is the formula zg € x1. Since the latter holds for all d € D, we get

(V9 € Doerdxa(@mdrrura) IFL 2 € Un(u)
SO
xa(®(e, Ad.xa(®(nd, AfU(f,d))))) i 2 € Un(uw).

The upshot is that sg(7(0,sg(Ae.xa(P(e, Ad.xaA(P(51d, \f.I(f,d)))))))) realizes Fw[S(w) A
Vz(Fz(x € u A 2z € ) — 2z € w)] from which one gets a realizer for the union axiom via
realizers for the separation axioms.

(Infinity): Let M := {(n,n) | n € N}. Then M € V*¢ and S(M). Suppose ¢ lFy, z € M.
Then D, # () and
(Vd € De)3an[(nd,n) € M A jadlFp z =n).

Note that (51d,n) € M and jod IFf, z = n with n € N entail that j31d = z = n. We then
also (trivially) have j1d I, N(z). Invoking Lemma 4.4 we have Dy za.yq) = {n}. Thus,
by Lemma 4.3, ¢(®(e, Ad.j1d)) | and ¢(P(e, Ad.j1d)) I N(2).

Conversely, if e IF, N(z), then e = z A (z,z) € M, so O(e) I z € M.

The upshot is that sg(y(Az.¢(®(z, Ad.)1d)), Ax.0(z))) IFr Yu(u € M« N(u)). Hence

58(7(0,5g(9(A\z.(P(x, Ad.1d)), \x.0(x))))) IFr, 3z[S(2) A Yu(u € z — N(u))].
(Powerset): Let a € V3¢, It suffices to find a realizer for the formula
Jy[S(y) A Vz(S(z) ANz Ca— x €y)]

since realizability of the power set axiom follows then with the help of Separation. Define

U, = {{(g,b) |beVE' AN geNA qlrp Va(z €b— x €a)}.
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Then U, € V. Suppose b € V*¢ and e Iy, b C a. Then sub(e) IFy, b = b* for some
b* € Vi by Lemma 5.1. Thus, as (51(sub(e)), b*) € Uy, we have

s59(7(71(sub(e)),sub(e))) Ik b € V.

Thus sg(Af.sg(7(71(sub(y2f)),sub(s21)))) ko Vz(S(z) A z C a — = € U,) and conse-
quently

59(2(0, sg(Af.58(2(s1(sub(g2f)), 5ub(52/)))))) IFL Fy[S(y) A Va(S(x) Az Ca— x €y)l.

(Set Induction): Suppose € -1, Vz[Vy(y €  — A(y)) — A(x)]. Then Dz # () and
(Vd € Dg)(Vz € V(L)) d Ik Vy(y € . — A(y)) — A(z). (16)

Let a € V(L). Suppose there is an index e* such that for all (f',b) € a and d € Dz we
have e* e d| and e* e d I, A(b). Assume f Ik y € a. Then Dy # () and

vd' € Dy 3b((nd,b) € a A god - y = b).

Using Lemma 4.8, we can explicitly engineer an index ia such that for all d € D; and
d € Dy we have

i4(y(e” o d, 2d)) i Aly).
Fix d € Dz. Then (Az.is(j(e* o d, 50x))) o d' IF1, A(y) holds for all &’ € Dy, and hence

Vh € Dy hiFL A(y)

(fAzia(5(e*od,g2x)))

using Lemma 4.4, so that with the aid of Lemma 4.6 we have
Xa(@(f Az1a(5(e" 0 d, 322)))) -1, A(y).
As a consequence we have
Afxa(@(f: deda(y(e” o d. j22)))) IFr y € a — Ay),

[*(e*,d) := sg(Af.xA(R(f, Az.ia(s(e* 0 d, 22))))) IFL Vyly € a — A(y)].

Consequently, in view of (16), (Vd € Dg) d o [*(e*,d) | and
(Vd € Dg)d e I"(e*,d) IF1, A(a). (17)
With the help of the recursion theorem we can explicitly cook up an index e* such that

cfen~nel*(e* n)
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for all n € N. In view of the foregoing, it follows by set induction on a € V(L) that for all
d € De, e*ed IFf, A(a). Hence, by Lemma 4.4, Dg (e rd.e-eq) 7 § and for all h € Dg (e rd.c*ed)
and all a € V(L) we have h I, A(a). Thus ®(e, \d.e* o d) IFf, VzA(z). Hence

Xe.®(e, Ad.e* o d) IFp Vz[Vy(y € z — A(y)) — A(x)] — VaxA(x).
(Separation): Given a € V(L) we seck a realizer e such that
ellFr 32[S(2) AVu(u e z—ueca A Ala)) A Vu(u € a AN A(u) — u € z)]. (18)
¢ will not depend on @ nor on other parameters occurring in A. Let
b= {0(f.9),2) [ (fiz) €anglp Alx)}. (19)

Then b is a set by separation in the background universe, and also b € V*¢,

Assume e Ik, uw € b. Then D, # () and for every d € D, there exists x such that
(nd,z) € b A god IF, w = x. By definition of b, j1d = (f,g) for some f,g € N such
that (f,z) € a and g IFp A(x). From jod IFp w = z and 6(f) Ik, « € a we deduce
q(d, ) = i0(9(s2d,6(f))) IF v € a with the help of Lemma 4.8(4). As g IF;, A(z) we
get p(d,g) = ia(9(s2d, 9)) IFr A(u) from Lemma 4.8, where A’ is obtained from A by
replacing parameters from V(L) with free variables. Thus, from the above we conclude
that

2a(d, f),p(d, 9)) Fp w € a A Au). (20)

We can write [(d) := 3(q(d, f),p(d,g)) solely as a partial recursive function of d since
f=n(nd) and g = 32(51d)). Thus (20) yields (Vd € D) (d) I, uw € a A A(u), whence
(Vh € Do(ed.i(a)) IFr u € a A A(u) by Lemma 4.4, so

xB(®(e, Ad.l(d))) IFp u € a N Au) (21)
by Lemma 4.6 for an appropriate formula B. (21) yields
e* :=sg(Ae.xp(P(e,\d.I(d)))) IFr Vu(u € b — u € a A A(u)). (22)

Conversely, assume e lFp, u € a A A(u). Then e lFr, u € a and j9e I, A(w). Thus, for
all d € D, there exists « such that (j1d,z) € a and jod Ik, uw = x. Then, by Lemma 4.8,
1(d,e) := ia,(9(32d, 32¢)) IFr A(z) for a suitable formula Ag. So (3(1d,li(d,e)),x) € b,
which together with j9(d) IFp u = x yields

la(d, e) := 3(3(nd, l1(d, €)), g2d) Ik, u € b.
Consequently, by Lemma 4.4,
(Vh € D<I’(j1e,)\d.[2(d,e))) hlkp u € b,
thus xo(®(y1e, Ad.l2(d, €))) IFL w € b by Lemma 4.6, where C' = 1 € x2. Hence

e = sg(Ae.xc(P(yie,Md.la(d, e)))) Ik Vulu € a A A(u) — u € b). (23)
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Finally, by (22) and (23), we arrive at (18) with e := sg((0, 7(e*, €*))).
(Collection): Suppose

elrr Yu(u € a — Jy B(u,y)). (24)
Then D, # () and
(Vd € De)(Vu € V(L)) d Ik, (u € a — Fy B(u,y)). (25)

Fix d € D.. If (f,z) € a then 6(f) kL = € a, so de O(f) IFr, JyB(z,y). Consequently,
(Vh € Dyeg(s))(3y€ V(L)) h IFr, B(z,y). Therefore, using Collection in the background
universe, there exists a set C' C V(L) such that

(Vd € De)(V(f,7) € a)(Vh € Dgeg(y)) Fy € C) h I, B(z,y). (26)
Let
" = {00 f),h),y) |d€De Ay e C AJz((f,z) €Ea A hlrp B(z,y))} (27)

C* is a set by Separation. Also C* € V*¢. Now assume that d € D, and ¢’ I, u €
a. Then, for all d € D, there exists x such that (1d',z) € a and jod' IFp u = .
Moreover, by (25), for all h € Dgeg(; a1y there exists y € C such that h -y B(z,y).
Whence (I3(d,d’, h),y) € C*, where [3(d,d’, h) := j(3(d, nd’), h). From jod' I, u =z and
h Ik B(x,y) we also obtain ig/(3(s2d’, h)) IFp B(u,y) by Lemma 4.8 for an appropriate
formula B’. Since 6(l3(d,d’, h)) IFr y € C*, we have

[4(d7 d/? h) = ](0([3(da d/v h))a iB’(](J2d/7 h))) IFLy € C* A B(“al/)? (28)

so sg(ly(d,d’, h)) Ik Jy(y € C* A B(u,y)), hence, using Lemmata 4.4, 4.5 and 4.6 repeat-
edly with appropriate formulas D and FE,

[S(dv d/) = XD((I)(d b e(jld/)a AhEg([él(dv dl? h)))) - Ely(y €C™ A B(U,y)),
l6(d,€') == xp(®(',\d I5(d,d"))) - 3y(y € C* A B(u,y)). (29)

As we established (29) under the assumption €’ I u € a, we get
e lg(d,e') IFp v €a— Fyly € C* A B(u,y)).
Thus, by Lemmata 4.4 and 4.6, we have
(z(e) :== xr(P(e, Md.Aelg(d, ")) Ik uw € a — Ty(y € C* A Blu,y)) (30)
for an appropriate formula F'. Finally, by repeatedly applying Lemma 4.2, we see that

sg(lz(e)) ko Vulu € a — 3y(y € C* A B(u,y))]
sg(7(0,5a(2(¢)))) It 3+(S() A Vulu € a — Fy(y € 2 A Blu,y)))
Ae.sg((0,56(17())) I, Vulu € a — 3y Blu,y)] —
32(S(2) A Yu[u € a — Jy(y € C* A B(u,y))]).
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Since BYY-MP is Lifschitz realizable by [19, Lemma 3.2] and MP,, is also Lifschitz
realizable as will be shown in Lemma 6.5, it follows that the soundness theorem 5.2 can
be extended to IZF'.

Theorem: 5.3 For every aziom A of IZF’, one can effectively construct an index e such
that
IZF' + (elrp A).

The first large set axiom proposed in the context of constructive set theory was the
Regular Extension Axiom, REA, which Aczel introduced to accommodate inductive defi-
nitions in CZF (cf. [2]).

Definition: 5.4 A isinhabited if dx x € A. An inhabited set A is reqularif A is transitive,
and for every a € A and set R Ca x A if Vo € aJy ((x,y) € R), then there is a set b € A
such that

Veeadyeb((z,y) € R) AN Vye bz €a((x,y) € R).

In particular, if R: a — A is a function, then the image of R is an element of A.

The Regular Extension Aziom, REA, is as follows: Every set is a subset of a regqular
set.

A set I is said to be inaccessible if I is a transitive set such that the following are
satisfied:

1. NeI;

2. Ya,b eI {a,b} €I,

3. Vael |Ja€el;

4. Ya € I P(a) € I, where P(a) ={z | x C a};

5. VeVaeINzxeadyel(x,y) €Ec—3z€lVrecadye z(x,y) €cl.

We will write inac(I) to convey that I is an inaccessible set, and Inac for the statement
V3l [z € I A inac(])].

Theorem: 5.5 One can add large set axioms to 1ZF' such as axioms asserting the ex-
istence of reqular sets, inaccessible sets, Mahlo sets and other large sets. Such largeness
notions have been considered in [21] and [2]. It would then turn out that these azioms are
validated in V(L), too, if they hold in the background universe. We shall be content with
stating one of these examples rigorously:

IZF’ + Inac proves that V(L) | Inac.
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Proof: We will demonstrate the latter result. So our background theory will be IZF’ +
Inac. The proof is a modification of [22, Theorem 6.2]. Let a € V(L). By Inac there
exists an inaccessible set I such that a € I. Let

A = InV(L),
¢ = {(0,z) : x €A}

2 is a set by separation, and since 2 C V(L), € is a set belonging to V(L). Let k :=
U{z € A | z is an ordinal}. One easily verifies that 2 = V¢ U N. I being inaccessible it
is clear from Theorem 5.2 that 2 realizes all theorems of IZF. In the main, we have to go
through the proof of Theorem 5.2 to ascertain that the witnesses for set existence axioms
of IZF can be found in €. We shall do a few examples.

For Pair suppose that (0,u),(0,v) € €. Put a := (0,{(0,u),(0,u)}). Then a € €
since {(0,u),(0,u)} € A. As 6(0) IF u € a, 6(0) IF, v € a, and 0(0) IF;, a € € we have
2(0(0), 7(0,2(6(0),0(0))) IFLa € €A (S(a) ANu€aAv€a). Thusqlby Jy € €[S(y) ANu €
y A v € y|, where q := sg(7(6(0), 7(0,(0(0),6(0))))). Hence using 4.11(ii) twice we arrive
at

To(Ax.To(Az.q)) kL Vu e €Vv € €Ty € €[S(y) ANuey ANveyl.

(Union): For each (0,u) € €, put

Un(u) = {Q(f,h),y) [ 3e((f,2) € u A (hy) € 2)}.

Then Un(u) € V¥ N2 and thus (0, Un(u)) € €. By the same proof as in Theorem 5.2
we find a realizer s such that s Ik Vz(3x(z € u A z € ) — z € Un(u)). Hence by
Lemma 4.11(ii) we have Yo(A\z.q) IFr Vu € €Vz[Fz(z € u A 2z € ) — z € Un(u)]. Thus
59(7(0(0), Yo(Ax.q))) IFr Jy € €Vz[Fz(x € u A z € &) — z € Un(u)].

(Powerset): Let (0,a) € €. Then a € V3¢ for some a € k. Define
B, = {{g,0) | beVEEANgeNAglFLVz(z €b— z €a)}.

Then U, € A and hence (0,U,) € €. Then proceed as in the proof of Theorem 5.2.

The remaining axioms are also dealt with by similar adaptations of the proof of The-
orem 5.2. So the upshot is that we find v (not depending on @) such that v Ik, inac(¢),
and therefore also a realizer for Inac. O

6 Church’s thesis in V(L)
Lemma: 6.1 (IZF') V(L) CTy!.

Proof: Note that according to Lemma 4.7 our realizability for arithmetic formulae is the
same as in [15]. As a result, the same proof as in [15, Lemma 3] will do. O
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Lemma: 6.2 V(L) £ CTy. More precisely, let €,é € N be indices of two disjoint recur-
sively inseparable r.e. sets, i.e. X = {m | ImT(e,n,m)} andY = {m | ImT(é,n,m)} are
disjoint and recursively inseparable. Let A(n) :=VYm =T (e,n,m), B(n) :=Vm-T(é,n,m)

and C(n, k) := (A(n) AN k=0) V (B(n) A k=1). Then
V(L) ¥ Vn3k C(n, k) — FdVn C(n,d e n).

Proof: The proof is the same as in [15, section 4]. First one shows that V(L) =
Vn3k C(n, k). Next one shows that from e* I, 3dvn C(n,d e n) one would be able to
engineer a recursive separation of X and Y above, which is impossible. O

The foregoing Lemmata also show that a “binary” version of number choice is not
provable in IZF. Let AC,, » be the statement that whenever (4;);cn is family of inhabited
sets A; with A; C {0,1}, then there exists a function I : N — [ J;cy A such that Vi F'(i) €
A;.

Corollary: 6.3 V(L) = AC,, 2. In particular, IZF does not prove AC,, .

Proof: We argue in V(L). We have Vn3k C(n, k) with C as in the proof of Lemma 6.2.
Then with 4, := {k € {0,1} | C(n,k)}, A, C {0,1} and A, is inhabited. Thus if AC,, 2
were to hold in V(L) we would get a function F': N — J, .y An such that Vn F(n) € A,.
Since Vn3lkF(n) = k, CTy! implies the existence of an index d such that ¥n F(n) = den,
and hence 3dVn C(n,d e n). This contradicts Lemma 6.2. O

The presentation axiom, PAx, was considered by Aczel [1] and Blass [6]. In category
theory it is also known as the existence of enough projective sets. More details about PAx
can be found in [2]. Since PAx implies countable choice we can infer the following result:

Corollary: 6.4 V(L) does not model the presentation axiom.
Recall MP,, from Definition 4.1.
Lemma: 6.5 (IZF') V(L) E MP,,.

Proof: Assume e -, =—3n A(n) where A(n) is of the form R(n, k) with R primitive re-
cursive and k € N. Then ——3f f IFr In A(n), and thus by Lemma 4.7, =—3f IFr A(51f),
thus ——=3f A(y1f). Using MPy, in the background universe we have 3n A(n). Then, with
r:= un.A(n), we have sg(y(r,0)) IFz In A(n). Whence Ae.sg(y(r,0)) realizes this instance
of MPy,. O
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7 More classical and non-classical principles that hold in
V(L)
The next definitions lists several interesting principles that are validated in V(L).

Definition: 7.1 1. UP, the Uniformity Principle, is expressed by the schema:

Va [S(x) — InA(z,n)] — InVz[S(z) — A(n,x)].

9. Unzerlegbarkeit, UZ, is the schema
Ve[S(z) - (A(2) V B(x))] — Ye(S() — A(x)) V Ya(S(z) — B(x))
for all formulas A, B.
Lemma: 7.2 (IZF') V(L) = UP A UZ.

Proof: Suppose e -y, Vo [S(z) — In A(z,n)]. Then D, # 0. Since 0 Iy, S(a) holds for all
a € V¢ we have

(Vd € De)(Va € V***)g1d 0 0 Ik, Fy[N(y) A A(a,y)).

Let d € D, and a € V5. If f € D, 4e0 then there exists y € V(L) such that f IFp
N(y) A A(a,y), thus 51 f =y and 32 f Ik A(a, 1f). Hence

(Vf € Dyiae0)(Ya € V) g2 f Ik Ala, 31f),

and so

(Vf € Dyyaso) z.g2f Ik Va[S(z) — Az, g1f)]
(Vf € Dyae0)3(01 fs Ax92f) Ik N(uf) A Va(S(z) — Az, 51f)),
(d) := ®(1d @ 0, \fo(51f, Ax.g2f)) Ik Fy[N(y) A Va(S(x) — A(z,y))],

where we used Lemma 4.4 in the last step. Finally, by applying Lemmata 4.3 and 4.5 we
arrive at

xar(®(e; AdI(d))) Ik Fy[N(y) A Va(S(z) — Alz,y))]
for an appropriate formula A’. Hence, with e* := Xe.x a4/ (®(e, Ad.I(d))),

e* lkp Va [S(x) — In A(x,n)] — Jy[N(y) A Vz(S(x) — Az, y))].

As to Lifschitz realizability of UZ, note that Vz[S(z) — (A(z) V B(x))] implies
Vz[S(xz) — In[(n =0 A A(z)) V (n #0 A B(x))]. The latter yields

InVz[S(z) = [(n=0 A A(z))V (n# 0 A B(z))]

via UP, and hence Vz(S(z) — A(z)) V Vx(S(z) — B(zx)). Thus UZ is a consequence of
UP. Therefore V(L) |= UZ. O
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A classically valid principle considered in connection with intuitionistic theories is the
Principle of Independence of Premisses, IP, which is expressed by the schema

(mA — 3z B(z)) — Jz(—A — B(z)),
where A has to be assumed to be a closed formula.
Lemma: 7.3 Assuming classical logic in V, V(L) = IP.

Proof: (1). Assume e IFz, =—3n A(n) where A(n) is of the form R(n, k) with R primitive
recursive and k € N. Then ——3f f IFz In A(n), and thus by Lemma 4.7, =—3f |Fr A(51f),
thus ——3f A(y1f). Using MPy, in the background universe we have 3n A(n). Then, with
r:= un.A(n), we have sg(y(r,0)) IFz In A(n). Whence Ae.sg(y(r,0)) realizes this instance
of MPy,.

(2). Assume that e lF;, =A — 3z B(x). Then, if gIF; =A, 0lF; —A and e e 0 I, 3z B(x).
Therefore, Deeog # @) and for all d € D.ep there is an a € V(L) such that d I-;, B(a), and
therefore \u.d Ik, =A — B(a). Hence, if A is not realized,

O(e 00, \d.\u.d) Ik, Jz(—-A — B(x)).

On the other hand, should A be realized, then —A is never realized, so Au.u would realize
this instance of IP. O

8 The reals in V(L)

By Lemma 6.1 the Cauchy reals in V(L) are the recursive reals. A well-known consequence
of AC,, > is that the sets of Cauchy reals and Dedekind reals are isomorphic. As it turns
out, the notions of Cauchy real and Dedekind real coincide in V(L) despite the failure of
AC, .

Definition: 8.1 A Dedekind cut is a pair (L,U) of subsets of Q, satisfying:

(i)geL—3IreLqg<r

(iii

)

(i) ge U~ TFIrelUr<gq
JgeL ANrelU—qg<r
)

(iv) Vn3g € L3r e U r — q < 5= (locatedness)

Call (L,U) a strong real if there exists f : Q% — N such that

Vg,r(g<r—[[f(g,;r)=0Aqe L]V [f(g,r) #0 A reU]). (31)
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Van Oosten showed that in the so-called Lifschitz topos [20, IV. Proposition 2.5] the
two notions of reals agree.

Theorem: 8.2 In V(L) the set of Cauchy reals is order-isomorphic to the set of Dedekind
reals.

Proof: The proof utilizes [25, Ch.5 Proposition 5.10] saying that the collection of strong
Dedekind reals is order-isomorphic to the collection of Cauchy reals. Thus it remains to
show that in V(L) every Dedekind real is strong. So assume

elFr (L,U) is a Dedekind real. (32)

We will assume that the rationals are coded as natural numbers, more specifically we will
assume that the property of being a rational number, the ordering between rationals and
their distance relation are primitive recursive. From e we have to construct (an index of)
a recursive function f : Q% — N such that (31) holds. From e we can compute an index &
such that

VnéenlkrIre LI eUr —r <27
— Yn|[Dzen #0 A Vd € Doy 1od b (nd€ L A €U —r <277
«  Vn[Deen # 0 A Vd € Deen (91(52d) IFL (nd € L) A Dyy(pa) # 0
AN Yh €Dyy0a) 220 IFL (nh € U A jih — nd < 277))].

Now, given p, q € Q with p < g we can compute a natural number ng such that 2770 < %.
In view of the above we then either have

Vd € Déono b < .]ld (33)

and thus V(L) = p € L, or else there exists dy € Dgep, such that j1dg < p. Let us assume
that the latter case obtains. Pick hg € DJQ(deO). Let d € Dgen, and h € D]Q(]Qd)' We then
have 31hg — 1do < 27, jyh — nd < 27™. As V(L) = nnd € L and V(L) = 51ho € L, we
must have j1d < j1hg, so that

nh <pd+27" <grho+27" < pudo +2-27" < judo+ (¢ —p) <p+ (¢ —p) =4q,
and hence V(L) = ¢ € U. As a result we have
Vd € Dé.no Vh € Djz(]zd) nh<q. (34)

We are now lucky since the sentences in (33) and (34) are X{ and at least one of them
must be true. So we can define a recursive function f by simultaneously searching for a
witness for (33) and for (34). If we find a witness for (33) before we find one for (34), let
f(p,q) =0, and if it is the other way round let f(p,q) = 1. O

Of course, in the proof of the previous Theorem we used a certain amount of classical logic
beyond that available in IZF'. But we leave it to the reader to spell out the details.
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9 The lesser limited principle of omniscience

Recall the following two principles under the names given to them by Bishop:

Definition: 9.1 The limited principle of omniscience, LPO: If f : N — {0,1}, then
either there exists n € N such that f(n) =1, or else f(n) = 0 for each n € N.

The lesser limited principle of omniscience, LLPO: If f : N — {0,1} such f(n) = 1 holds
for at most one n, then either f(2n) = 0 for each n € N, or else f(2n + 1) = 0 for each
n € N.

LPO is incompatible with CTy! (see Corollary 9.3). Albeit being incompatible with CT
and thus invalidated in the usual Kleene-type realizability models, LLPO turns out to be
compatible with CT!.

Lemma: 9.2 (i) (IZF') V(L) = LLPO.
(ii) (1ZF') V(L) l£ LPO.

Proof: (i) First we use the fact that the principle X{-LLPO from [4] is Lifschitz realizable.
This is the principle

—[@nP(n, k) A 3mQ(m, [ )] — Vn—=P(n, k) V Vn-Q(n,[ )]

where P, () are primitive recursive and E,f are parameters from N. It was observed in
[4, Theorem 3.14] that LLPO is Lifschitz realizable since it is a consequence of BX-MP
and the latter is Lifschitz realizable by [19, Lemma 3.2]. One sees that Y{-LLPO is a
consequence of BX)-MP and MP,, (Lemma 6.5) as follows, letting P'(n) := P(n, k) and

Q'(n) = Q(n,1):

-3 <1V [(l'=0 A =P'(n)) v (' =1 A Q' (n))]
— aVn-=P'(n) A Yn=Q'(n)
— ==3In P'(n) A =—=InQ’(n)
— dnP'(n) A InQ'(n)

using MPy, in the last step. As a result, with the aid of BXY-MP we obtain

=[AnP'(n) A InQ'(n)] — —-—J' <1Vn[l'=0A =P'(n)) v (I'=1 A =Q'(n))]
=[FAnP'(n) A InQ'(n)] — ' <1Vn['=0A =P'(n)) v ('=1A -Q'(n))]
=[@3n P'(n) A InQ'(n)] — Yn-P'(n) V ¥n-Q'(n).

Now assume that f : N — {0,1} such f(n) = 1 holds for at most one n. Using CTy! there
exists an index e of a recursive function such that Vneen = f(n). Let P(n,e) and Q(e, n)
be the primitive recursive predicates defined by 3 < n 3" < n[T(e,21,I") AN U(l') = 1]
and 3l < n3Jl' < n[T(e,2l + 1,I') A U(l') = 1], respectively, with T being Kleene’s
T-predicate and U the result extracting primitive recursive function. We then have
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—[3n P(n,e) A InQ(n,e)]. In view of the above we conclude with the aid of BX3-MP
that Vn—P(n,e) V Vn—=Q(n,e), whence Vn f(2n) = 0 or Vn f(2n + 1) = 0. We will thus
reach the desired conclusion if we can show that BX9-MP is Lifschitz realizable. This fol-
lows from [19, Lemma 3.2] since instances of the latter scheme are BX.9-negative formulas.

(ii) Assume LPO. Let f.(n) be 1 if T'(e,e,n) holds and 0 otherwise. With LPO we get
Vn fe(n) =0V 3n fe(n) =1, whence eee | Veee T. ThusVedlk[(k=0Aeoe|)V (k=
1 A eee1)]. In the presence of CTy! we would thus find a total recursive function p such
that Ve [(p(e) =0 A eee |) V (p(e) =1 A eee T)]. So p would solve the halting problem.
As the unsolvability of the halting problem can be demonstrated in HA it follows that
LPO is not Lifschitz realizable. a

Since V(L) = LLPO it might be instructive to recall why LLPO and CT are incom-
patible: Take two disjoint recursively inseparable r.e. sets W, and Wy. For each n define a
function g, as follows: g, (2k) = 1if T'(e,n, k) AVE < k=T (e,n, k") A\VK" < k-T(d,n,k")
holds and g¢,,(2k) = 0 otherwise; g, (2k+1) = 1 if T'(d,n, k) AVK < k=T (d,n, k") ANVE" <
k—=T(e,n,k") holds and g,,(2k + 1) = 0 otherwise. Then, using X-LLPO (a consequence
of LLPO), we have

Vn [Vk gn(2k) =0 V Vk g, (2k + 1) = 0].

Thus in the presence of CTy there would exist a recursive function ¢ such that

Vn[(l(n) =0 A Vkgn(2k) =0) V (U(n) =1 A Vkg,(2k + 1) = 0)], (35)
providing the recursive separation Wy C {n | £(n) = 0} and W, C {n | £(n) = 1}.
Corollary: 9.3 CTy refutes LLPO.

Corollary: 9.4 The combination LLPO and AC,, » yields the existence of non-computable
functions.

Proof: The function ¢ in (35) exists with the help of LLPO and AC, 2, and ¢ is non-
computable. O

On account of V(L) being a model LLPO, there are several well-known mathematical
principle that also hold in V(L). Perhaps, the best known consequence of LLPO is the
“weak” linearity of the reals, i.e., Vz,y € R(z <y V y < z). The latter can be proved
with the help of LLPO for Cauchy reals with a modulus of continuity (cf. [25, 5.2.2]) and
(crucially) without appealing to any choice principles. Therefore it holds in V(L) for the
Dedekind reals, too.

In a paper by Ishihara [11] it is shown that the following are “constructively” equivalent:
LLPO, Ko6nig’s lemma, the fan theorem, the Hahn-Banach Theorem and the minimum
principle, i.e., every real valued uniformly continuous function on a compact metric space
attains its minimum. However, the notion of constructivism in [11] assumes the axiom
of countable choice (and perhaps dependent choices) as a basic principle. Indeed, neither
Konig’s lemma nor the (decidable) fan theorem (see [25, 4.7.2] for a definition) hold in
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V(L) as follows from the incompatibility of both principles with CT!. For a proof of the
latter fact just take Kleene’s primitive recursive 01-tree from [13, Lemma 9.8] (alternatively
consult [25, 4.7.6]) which has arbitrarily long paths but has no infinite recursive path.

Corollary: 9.5 V(L) % Decidable Fan Theorem.
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