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1 Introduction

We consider the classical aggregation problem of opinion pooling: the probabil-
ity assignments of different individuals are to be merged into collective proba-
bility assignments. While opinion pooling has been explored in some depth in
the literature (by statisticians, economists, and philosophers), all contributions
so far assume that the set of relevant events (the "agenda") forms a o-algebra.
This assumption has a technical motivation: the standard rationality conditions
on probability assignments (in particular, o-additivity) refer to a o-algebra as
their domain. On the other hand, the disjunction (union) or conjunction (in-
tersection) of two relevant events need not be relevant in practice: it may well
be relevant whether it rains, and relevant whether we are happy, but irrelevant
whether the disjunction or conjunction of these two events holds. With irrele-
vance of events we either mean that the collective does not need a probability
for them, or that conditions standardly imposed on opinion pooling (such as
independence and zero-preservation) loose their normative appeal when applied
to these (artificial) events.

In this paper we explore opinion pooling without assuming that the agenda
of relevant events forms a o-algebra. We show that, for a broad class of agendas
(whose events may be much less interconnected than those of a g-algebra), any
opinion pooling operator with two properties must be linear, i.e. derive the
collective probability of each relevant event as a weighted linear average of the
individuals’ probabilities of the event where the weights are event-independent.
For an even broader class of agendas, we obtain a weaker conclusion: the pooling
operator must be neutral, i.e. derive the collective probability of each relevant
event as some (possibly non-linear) function of the individuals’ probabilities of
the event where the function is event-independent.

The latter neutrality result applies in particular to an agenda type that
is frequent in practice: agendas consisting of logically independent events, i.e.
decision problems of assigning probabilities to certain events, where any combi-
nation of truth values (‘true’ or ‘false’) of these events is consistent. This case
of logically independent events is frequent because between events of interest
(such as between rainfall and happiness) there often is no logical dependence
but only a probabilistic dependence (correlation). Agendas of logically inde-
pendent events can be viewed as diametrically opposed to agendas that form
a o-algebra. By focussing on o-algebras, the literature has in effect excluded
many realistic applications.



For the classical case that the agenda is a o-algebra, linearity and neutrality
are among the most studied properties of pooling operators (in the case of
neutrality sometimes under other names such as strong label neutrality or strong
setwise function property). Linear pooling goes back to Stone (1961) (or even
to Laplace), and neutral pooling to McConway (1981) and Wagner (1982). The
o-algebra case has the interesting feature that every neutral pooling operator is
automatically linear, so that neutrality is in fact equivalent to linearity, if the
o-algebra contains more than four events (McConway 1981 and Wagner 1982;
see also Mongin’s 1995 linearity characterisation). This peculiarity does not
carry over to general agendas: some agendas allow for neutral yet non-linear
opinion pooling, as seen below.

The reader is referred to Genest and Zidek’s (1986) overview article for an
excellent review of classical results on opinion pooling.

2 Model

Consider a group of n > 2 individuals, labelled 7« = 1,...,n. Let 2 be a non-
empty set of worlds (or states of affairs) and ¥ a o-algebra of events A C Q.
For instance, ¥ could be the power set of Q. We write A° := Q\A for the
complement (negation) of any A C Q. An event A is contingent if it is neither
@ nor 2. An event A entails another one B if A C B. A set of events Y is
consistent if Nacy A # (; it is inconsistent if Nyey A = 0; and it entails an event
B if Njey A C B.

The group has to find a "collective" (o-additive) probability measure P :
Y. — [0, 1], based on the "profile" (P, ..., P,) of individual probability measures
P; : 3 — [0,1]. Let P denote the set of probability measures P : ¥ — [0,1]. An
(opinion) pooling operator is simply a mapping F': P" — P; it assigns to each
profile (P, ..., P,) € P" of (individual) beliefs a collective belief F'(Pi, ..., P,),
which we hereafter often denote Pp, . p,. For instance, Pp, . p, could be given
by the arithmetic average %Pl + ...+ %Pn, a case of linear pooling (as defined
later). There are of course numerous other pooling operators, including geo-
metric averages (of a weighted or non-weighted kind), expert rules (in which
Pp, .. p, is P, with a fixed or profile-dependent "expert" ¢), median rules etc.

Unlike in the literature, we assume that only certain events in X are relevant.
As discussed below, the relevant events can be interpreted in (at least) two
ways: either as the only events for which the group actually needs probabilities,
or as the only events for which conditions placed on the pooling operator F
(independence, zero-perservation, etc.) are normatively compelling. We call the
set of relevant events the agenda, to stress the connection to agendas in social
choice theory. Formally, an agenda is a non-empty set X C ¥ such that A € X
implies A° € X. So non-emptiness and closure under taking complements are
our only (plausible) constraints on the notion of relevance. Crucially, we allow
X to contain A and B without containing AU B (respectively AN B): it may be
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relevant whether it rains, and also whether we are happy, yet irrelevant whether
it rains or we are happy (respectively and we are happy).

We refer to the case X = X as the "classical" case, as then all events are
treated as relevant and the below conditions on aggregation reduce to standard
conditions.

Two interpretations of relevance, i.e. of the agenda X.

1. We may interpret X as the set of events for which collective probabilities
are ultimately needed; probabilities of events A ¢ 3\ X are of no collective use.
If only the restriction P|x of the collective probability measure P : ¥ — [0, 1]
is needed, then in the view of the independence condition below the individuals
need only submit — indeed need only hold — probabilities of events in X. While
the individuals need not make up their mind on other events, they must however
ensure that the probabilities of events in X are consistent, i.e., can be extended
to a full probability measure on 3. In practice, a pooling operator is thus a
mapping P" — P, where P is the set of functions P : X — [0,1] that are
extendible to a probability measure P : ¥ — [0, 1].

2. Under a second interpretation, also probabilities of events outside X are
of collective interest (and must be submitted by people), but only for events
in X do conditions (such as independence) have normative force. So X is here
defined by the scope we wish to give to aggregation conditions. Probabilities of
artificial events like the conjunction AN B of A : "Global warming kills animal
species X" and B : "GDP growth will accelerate" might well be needed (say, for
political decision-making); but one will not want to vote in isolation on AN B,
i.e. to apply the independence condition to AN B. So this event AN B will be
in 2 but not in X.

3 Two conditions on opinion pooling and their
interpretation

All our characterisation results are based on two conditions: independence and
implication-preservation, as defined in a moment. In the classical case X =
Y., independence precisely matches the standard independence condition (also
called weak setwise function property), and implication-preservation becomes
equivalent to the standard condition of zero-preservation.

Independence. For every relevant event A € X there exists a function
Dy 1 [0,1]™ — [0,1] (the "(local) decision rule" for A) such that Pp,_p,(A) =
D4(Pi(A), ..., P,(A)) for all P, ..., P, € P.

Implication-preservation. For all relevant events A, B € X and all P, ..., P, €

P, if P,(A\B) = 0 for all individuals ¢ then Pp, _ p,(A\B) = 0; i.e., if all indi-
viduals believe that A (probabilistically) implies B, so does the collective.
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The main normative defence of independence is the democratic idea that
the collective view on events/issues A € X should be determined by the in-
dividuals views on the issue.! Such a defence is compelling only if X does
not contain "artificial" events (such as conjunctions of semantically unrelated
events). So a democratic defence becomes difficult (perhaps impossible) in the
classical case that X = X. This might explain why a democratic defence of
independence has not (to our knowledge) been put forward in the literature
(though similar arguments for independence conditions are common in other
fields of aggregation theory). Aside from a democratic defence, two more prag-
matic arguments for independence can also be given; these work also in the
classical case X = ¥. First, voting on each issue/event in isolation is easier
in practice. Second, independence prevents certain type of agenda manipula-
tion.2 An objection against independence in the classical case X = X is its
incompatibility with collectively preserving unanimous beliefs of probabilistic
independence (see Genest and Wagner 1984).%> Whether the objection applies
to our independence condition depends on the agenda at hand X. Finally, some
authors reject independence — in the classical case ¥ = X and presumably also
in our general case — as they prefer to require external Bayesianity, whereby
aggregation should commute with the process of updating probabilities in the
light of new information.

The idea underlying implication-preservation is intuitive: if all individuals
believe that some relevant event implies another, e.g. that hail implies damage,
or that political instability implies famine, then this belief is taken over collec-
tively. In the classical case X = X, implication-preservation is equivalent to the
following standard condition (take B = ()):

Zero-preservation. For all A € X and all Py, ..., P, € P, if P,(A) = 0 for all
individuals ¢ then Pp, _p,(A) = 0.

In the general case implication-preservation implies zero-preservation (take
B = A°) but not vice versa. Although restricted to implications between rel-
evant events, implication-preservation in a sense reaches beyond X: it is (by
A\B = AN B¢ and as X is closed under taking complements) equivalent to a
variant of zero-preservation extended to intersections of two events in X, hence

! More precisely, independence reflects a local notion of democracy; under a more global
notion of democracy, the collective view on an issue A may also be influenced by people’s
views on other issues whose semantic content is suitably related to A.

’In the classical case X = ¥, McConway (1981) shows that independence (his "weak
setwise function property") is equivalent to the "marginalization property" whereby (in short)
aggregation should commute with the operation of reducing the o-algebra to some sub-o-
algebra ¥* C X. A similar result holds also for general agendas X. Thus independence
prevents agenda setters from influencing the collective probability of some events by adding
or removing other events in the agenda.

3 Assuming the aggregation function is non-dictatorial, i.e. the collective does not always
adopts the probability function of a fixed individual.



to certain irrelevant events as well (unless X is closed under such intersec-
tions). The following lemma summarises exactly how implication-preservation
strengthens zero-preservation (the simple proof uses that A € X = A° € X
and A\B=ANB*= (A°UB)°, forall A,B € ¥).

Lemma 1 (a) Zero-preservation is equivalent to the following condition:
P(A)=1Vi= Pp,_p,(A) =1, forallAc X, P,,...,. P, € P.

(b) Implication-preservation is equivalent to each of the following conditions:
P(ANB)=0VYi= Pp,._ p,(ANB) =0, forall A,Be X, P,..,P, € P;
PZ(AUB) =1V = Pph“_’Pn(AUB) = ]_, fOT’ all A,B € X, Pl, ,Pn eP.

(¢) Implication-preservation implies zero-preservation, and is equivalent to it
if the agenda X is closed under taking the union of two events.

Note that an implication-preserving pooling operator need not preserve a
unanimously held zero probability of a union of two relevant events, or of an
intersection or union of more than two relevant events.

4 Characterisation of neutral pooling

Let us first generalise the standard notions of linear and neutral pooling from
the classical case X = ¥ to the case of a general agenda X.

A pooling operator F' is linear if there are "weights" wq,...,w, > 0 with
sum 1 such that

Pp, . p,(A) = ZwiPi(A) for all Py, ..., P, € P and all relevant events A € X,
i=1

or in short Pp,  p,|x = Zil w; Py|x for all Py,...,P, € P. In the classical
case X = X, this reduces to Pp,_ p, = Zn ) w; P; for all Py,..., P, € P, ie. to

1=

standard linearity.*

A pooling operator F' is neutral if there is a "decision rule" D : [0, 1]™ — [0, 1]
such that

Pp,.. p,(A) = D(P(A),...,P,(A)) for all relevant events A € X,

i.e. if F'is independent with the same decision rule D = D4 for all A € X. So
there is perfect symmetry in how different relevant events/issues are treated:
the collective belief on whether it will rain is obtained via the same decision rule

4 Also, if the agenda X is such that every probability measure P € P is uniquely determined
by the probabilities of relevant events, our X-relativised linearity notion is equivalent to the

yeeny P e S

Z’il w; P, for all Py, ..., P, € P).



as the collective belief on whether we will be happy (assuming these events are
relevant). Again, in the classical case X = ¥ our neutrality condition becomes
the studied one in the literature.

Linearity is obviously a special case of neutrality, where the decision rule D
moreover takes a linear form, i.e. is given by D(t4,...,t,) = Zl_l w;t; for some
non-negative weights w; of sum 1. -

In this section we ask for which agendas X pooling operators satisfying our
two conditions (implication-preservation and independence) must be neutral.
This question is interesting in its own right, but its answer will also help us
later when characterising linear (rather than just neutral) pooling.

We call the agenda X nested if it takes the form X = {4, A°: A € X, }
for some set X, (C X) that is linearly ordered by set-inclusion C, and non-
nested otherwise. For instance, binary agendas X = {A, A°} are of course
nested: take X, := {A}. Also the agenda X = {(—o0,t],(t,0) : t € R}
(a subset of the Borel-o-algebra ¥ over the real line Q2 = R) is nested: take
X+t :={(—o0,t] : t € R}, which is indeed linearly ordered by set-inclusion.

An important type of non-nested agendas consists in the agendas X whose
pairs A, A° € X ("issues") are logically independent: X is non-nested if it takes
the form X = {A;, A : k € K} with |K| > 2 such that Ngex A} # 0 for every
selection of events A} € {Ax, A5}, k € K. As mentioned in the introduction,
such agendas are frequent in practice (and are somewhat opposed to o-algebras
with their highly interconnected events).

Nested agendas X are very special: all A, B € X are logically dependent (i.e.
one of A, A¢ entails one of B, B®), a trivial case. Nested agendas might therefore
also be called "pairwise connected" or "trivial". The following neutrality char-
acterisation applies to all non-nested agendas, hence to all non-trivial opinion
pooling situations.

Theorem 1 For a non-nested agenda X, an implication-preserving pooling op-
erator is independent if and only if it is neutral.

This characterisation of neutral pooling assumes a non-nested agenda. Is
this assumption tight or just "needed for our proof"? It is tight, at least in the
finite case:

Theorem 2 For a nested agenda X, finite and not {0,Q}, there exists an
implication-preserving pooling operator that is independent but not neutral.

Although nested agendas X allow for non-neutral pooling, only a limited
kind of non-neutrality is possible: as will be clear from the proof, the decision
rule D4 must still be the same for all A € X, and the same for all A € X\ X
(with X, as defined above). So full neutrality follows even in the nested case
once independence is strengthened by requiring that Dy = Dy for all A € X
(or at least for some A € X\{0,Q}).



5 Proof of the neutrality characterisation

We now prove Theorems 1 and 2. The following binary relation on the agenda
is used later to characterise nested agendas.

Definition 1 For any relevant events A, B € X, write A ~ B if there exists
a finite sequence of relevant events Ai, ..., A, € X with Ay = A and Ay =
B such that any neighbours A;, Ay1 are neither exclusive nor ezhaustive (i.e.
Al N Al+1 7é @ and Al U Al+1 7é Q)

Lemma 2 Consider any agenda X.

(a) ~ defines an equivalence relation on X\{0,Q} (whose equivalence classes
we hereafter call ~-equivalence classes).
(b) A~ B <& A° ~ B¢ for all relevant events A, B € X.
(c) AC B = A~ B for all relevant events A, B € X\{0,Q}.
(d) If X #{0,Q}, there exists
e cither a single ~-equivalence class, namely X\{0,Q},
e or exactly two ~-equivalence classes, each one containing exactly one

member of each pair A, A° € X\{0,}.

Proof. (a) Reflexivity, symmetry and transitivity on X\ {0, Q} are all obvious
(where we excluded () and Q to ensure reflexivity).

(b) It suffices to show one direction of implication (as (A°)° = A for all
A€ X). Let A,B € X with A ~ B. Then there is a path A;,..., Ay € X from
A to B such that any neighbours A;, A; 1 are not exclusive and not exhaustive.
It follows that Af, ..., Af is a path from A° to B¢ where any neighbours A7, A7,
are not exclusive (as Ay N Af ; = (A, U A;11)° # Q° = () and not exhaustive
(as AfU A7, = (AN Apq) # 0= Q).

(c) Let A,B € X\{0,Q}. If A C B then A ~ B in virtue of a direct con-
nection, because A, B are neither exclusive (as AN B = A # ()) nor exhaustive
(as AUB = B # Q).

(d) Let X # {0,9Q}. Suppose the number of ~-equivalence classes is not
one. As X\{0,Q} # 0 this number is not zero. So it is at least two. We show
two claims:

Claim 1. There are exactly two ~-equivalence classes.

Claim 2. FEach class contains exactly one member of any pair A, A° €
X\{0,Q}.

Proof of Claim 1. For a contradiction, let A, B,C' € X\{0,} be pairwise
not ~-equivalent. By A o B, either AN B = () or AU B = Q. Without loss of
generality we may assume the former case, because in the latter case we may
consider the complements A€, B¢, C instead of A, B,C, using that A¢, B¢, C*¢
are pairwise not ~-equivalent by (b) with A°N B = (AU B)° = Q¢ = (). Now



by AN B = () we have B C A°, whence A° ~ B by (c). By A # C there are
two cases:

- either AN C = (), which implies C' C A¢, whence C' ~ A¢ by (c), so that
C ~ B (as A° ~ B and ~ is transitive by (a)), a contradiction;

-or AUC = Q, which implies A° C C', whence A° ~ C by (c), so that again
the contradiction C' ~ B, which completes the proof of Claim 1.

Proof of Claim 2. Suppose for a contradiction that Z is a ~-equivalence
class containing the pair A, A°. By assumption Z is not the only ~-equivalence
class, and so there is a B € X\{0,Q} with B o A (hence B # A°). Then
either ANB =0 or AUB = Q. In the first case, B C A¢, so that B ~ A°
by (c), a contradiction. In the second case, A° C B, so that A° ~ B by (c), a
contradiction.

The nested agendas are precisely the agendas with two ~-equivalence classes:

Lemma 3 An agenda X # {0,Q} is nested if and only if it has two ~-
equivalence classes, and non-nested if and only if it has a single one.

Proof. Consider an agenda X # {0, Q}. By Lemma 2(d), the two claims are
equivalent. So it suffices to prove the first one. Note that X is nested if and
only if X\{0, Q} is, and X has two ~-equivalence classes if and only if X\ {0, 2}
does. So we may assume without loss of generality that (), Q ¢ X.

First suppose there are two ~-equivalence classes. Let X, be one of them.
By Lemma 2(d), X = {4,A4°: A € X, }. To complete the proof that X is
nested, we show that X, is linearly ordered by set-inclusion C. As C is of course
reflexive, transitive and anti-symmetric, what we have to show is connectedness.
So suppose A, B € X, and let us show that A C B or B C A. Since A « B¢
(by Lemma 2(d)), either AN B =0 or AU B = Q. In the first case, A C B.
In the second case, B C A.

Conversely, let X be nested, i.e. of the form X = {4, A°: A € X} for some
set X, C ¥ that is linearly ordered by set-inclusion C. Consider any A € X, .
We show that A ¢ A, which shows that X has more than one, hence by Lemma
2(d) exactly two ~-equivalence classes, as desired. For a contradiction suppose
A ~ A¢. Then there is a path Ay,..., A € X from A to A° such that, for all
neighbours A;, As 1, Ay N Az # 0 and A, U Apy # Q. As each event C € X
is either in X or has complement in X+, and as 4; € X* and A € XT,
there are neighbours Ay, A;41 such that A;, A7, € X*. So, as X" is linearly
ordered by C, either A, C Af,; or A7 ; C A,. In the first case, A, N A1 =0,
a contradiction. In the second case, A; U A;;1 = (2, also a contradiction. H

The above characterisation of nestedness in terms of ~-equivalence classes
is important largely for the following reason.



Lemma 4 An independent implication-preserving pooling operator is neutral
on each ~-equivalence class.

With neutrality on a set Z we of course mean the analogue of neutrality
with the agenda X replaced by the set Z.

Proof. Let F be independent and implication-preserving. Let D, A € X,
be the decision rules as given by independence. We show that D4 = Dp for
all A,B € X with AN B # () and AU B # Q. This implies immediately that
D4 = Dp whenever A ~ B (by induction on the length & of a path from A to
B), completing the proof.

So suppose A,B € X with AN B # () and AU B # Q. Consider any
x € [0,1]", and let us show that Da(z) = Dp(z). As AN B # () and A°N B° =
(AU B)° # (), there exist probability measures P, ..., P, € P such that

P(ANB)=uz;and P,(A°NB°)=1—ua;, foralli=1,...n.

-----

.....

Dg(x), as desired. B
With these lemmas in place, we now turn to our neutrality characterisation.
Proof of Theorem 1. The claim follows by combining Lemmas 3 and 4. B

To prove Theorem 2, we first recall a simple fact of probability theory (in
which the word "finite" is of course essential):

Lemma 5 FEvery probability measure on a finite sub-o-algebra of ¥ can be ex-
tended to a probability measure on ..

Proof. Let ¥* C X be a finite sub-c-algebra of ¥, and P* : ¥* — [0, 1]
a probability measure. Let A be the set of atoms of ¥*, i.e. of (C-)minimal
events in X*\{()}. Using that X* is finite, it easily follows that A is a partition

of Q, and so that ZAGA P*(A) = 1. For each atom A € A, consider a world

wa € A, and the associated Dirac measure d,, : ¥ — [0,1] (defined, for all
BeX byd,,(B)=1ifwy € Bandd,,(B)=0ifws ¢ B). Then

P =Y " P*(A),,

AeA
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defines a probability measure on X, as it is by ZAGA P*(A) = 1 a convex

combination of the probability measures 0y, ...,d,,. Further, P extends P*
because for all B = ¥* we have

P(B)= Y P(A4)= ) P(A)=P(B)

AcA:wpeB AcA:ACB

where the first equality holds by definition of P, and the last equality by ad-
ditivity of P* and the fact that {A € A : A C B} forms a partition of B.
|

Proof of Theorem 2. Consider a finite nested agenda X # {0,Q}. We
construct a pooling operator (P, ..., P,) — Pp, . p, with the relevant properties.
Without loss of generality, we suppose that (), Q2 € X, and that the o-algebra
generated by X is Y, drawing on the following fact:

Claim: If the theorem holds when ¥ is generated by X, it holds in general.

Indeed, suppose the theorem holds in the special case. Let ¥* (C X) be the
o-algebra generated by X, and P* the set of probability measures on ¥*. By
assumption, there exists a pooling operator F* : (P*)" — P* (Pf,...,P)

Pr....px With the relevant properties. For all Pr, .., Py € P*, the collective
probability measure Pp. p. : ¥* — [0,1] can by Lemma 5 be extended

to one on X call it Pp.  p. ¥, Now define a pooling operator F : P —

73, (P17 ,Pn) = PPl,---,Pn by

. Pp* by
PP1,...,Pn T PP1|E*,...,PTL|E*

(i.e. the P;’s are first restricted to 3*, then pooled using F™* into a probability
measure on ¥*, which is then extended to X). F inherits from F* all relevant
properties (independence, non-neutrality, and implication-preservation), essen-
tially because these properties refer only to probabilities of events that are in
¥* (more precisely, that are in X or — in the case of implication-preservation —
that are differences of events in X'). This proves the claim.

As X is nested and finite, we may write it as X = {Ao,...., Ak, A, ..., AL}
with events ) = Ag C A; € ... € A, = Q.
Consider any neutral implication-preserving pooling operator (of course there
is one, for instance dictatorship by individual 1, given by (Pi,..., P,) — P;),
and call its decision rule D : [0,1]" — [0,1]. As X # {0,Q}, there is a con-
tingent event A € X. As A is contingent, there are P,..., P, € P that all
assign probability 1/2 to A (hence to A°), so that the collective probabilities of
A and of A€ are each given by D(1/2,...,1/2). As these probabilities sum to 1,
it follows that
D(1/2,1/2,...,1/2) =1/2. (1)

We now transform this neutral pooling operator into a non-neutral one (that
is still independent and implication-preserving). To do so, we consider a func-
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tion 7" : [0,1] — [0, 1] such that (i) T'(1/2) # 1/2, (ii) 7(0) = 0 and T'(1) = 1,
and (iii) 7' is strictly increasing (e.g. T'(z) = z? for all = € [0, 1]).

Now consider any P, ..., P, € P. We have to define the collective probability
measure Pp, p, : X — [0,1]. As the o-algebra ¥ is generated by X, hence by
{A; :j =0,...,k}, the atoms of ¥ (i.e. the C-minimal elements of ¥\{0}) are
the differences A;\A4;_1, j =1, ..., k. We define the measure Pp, _p, : ¥ — [0, 1]
by specifying its value on the atoms as follows:

.....

Pp,  p,(A\A;j_1) :=ToD(Pi(A)),....,P,(A4;)) =T o D(Pi(Aj_1), ..., P.(Aj_1))

for all j € {1,....,k}. As each A; (j € {0,...,k}) is partitioned into the sets
ANA;_1, 1 =1, ..., j, its measure is given by
J

=1

which (by cancelling out and using that Ay = @, that D(0,...,0) = 0, and that
T(0) = 0) reduces to

Ppl ..... Pn<A_j) :TOD(Pl(AJ),,Pn(AJ)) fOI‘ all]:O,,k’ (2)

To see why Pp, . p, is indeed a probability measure, note that each atom has
non-negative measure (using that 7" and D are increasing functions), and that
Pp,  p,(Q) = Pp,_p,(Ar) =1 (by (2) and since D(1,...,1) =1 and T(1) = 1).

To complete the proof, we must show that the just defined pooling operator
(P, ..., P,) — Pp, . p, is independent, implication-preserving, but not neutral.

Independence. Applied to any event of type A; € X, independence holds
with decision rule D,; defined as T o D, by (2). Applied to any event of
type A € X, independence holds with decision rule method D Ac defined by
(t1,.c0itn) =1 =T o D(1 —ty,...,1 —t,), because for all P, ..., P, € P we have

.....

-----

Ppl 77777 Pﬂ(A;) - 1—Pp1 77777 pn(Aj):]_—TOD(Pl(AJ)

s Pu(45))
1—ToD(1 = Pi(A), ..., 1 — P,(A%)).

Non-neutrality. By independence, the decision on any A € X is made via a
decision rule D4 : [0,1]" — [0, 1]. We show that the rules D4 are not all identical
— or, more precisely, cannot be chosen to be all identical. As X # {), Q}, there
is a pair Aj, A7 € X of contingent events. As is easily checked, the decision rule
of any contingent event is unique; so D4, and D Ac must be defined as in our
independence proof above. We show that Dy, # D ¢ Using (1), we have

Da,(1/2,..,1/2) = ToD(1/2,..,1/2) = T(1/2),
Das(1/2,..,1/2) = 1-ToD(1—-1/2,..,1—-1/2)
= 1-ToD(1/2,..,1/2) =1 —T(1/2).
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So, as T'(1/2) # 1/2 (by assumptionon T'), D4, (1/2,...,1/2) # D4c(1/2,...,1/2),
and hence Dy, # D Ac, 88 desired. ’

Implication-preservation. Consider any A, B € X and P, ..., P, € P such
that P,(A\B) = 0 for all individuals i. As one easily checks, A\B takes the
form A,,\A; for some m,l € {0,...,k} with m > [. Hence

Pp,. . p,(A\B) = Pp, . p(An)— Pp,. p,(A) (by A CA,)
= ToD(P(An),..., Pi(Ay) — T o D(Pi(A), ..., P,(A)).

In the last expression, each individual ¢ has P;(A,,) = P;(4;), as A; C A,, with
P(A,,\A;) = P(A\B) = 0. So the expression equals zero, i.e. Pp, _ p, (A\B) =
0, as desired. W

6 Characterisation of linear pooling

While for non-nested agendas a pooling operator with our two properties must
be neutral, it need not be linear. We now identify exactly for which non-nested
agendas linearity (rather than just neutrality) follows.

A set of events Y C X is munimal inconsistent if if NacyA = 0 but
NacyrA # () for every proper subset Y’ C Y. For instance, the set of events {"it
rains", "if it rains we get wet", "we do not get wet"} is minimal inconsistent:
these three events are mutually inconsistent, but any two of them are mutually
consistent. The logical interrelations within the agenda X are perhaps best un-
derstood in terms of the minimal inconsistent sets Y C X. Trivial examples of
minimal inconsistent sets are those of type {A, A°} C X (with A # (),Q). Most
interesting agendas Y contain other minimal inconsistent sets Y with |Y| > 3.
One might regard SUpy-c x.y is minimal inconsistent | ¥ | @S & measure of the complexity
of the (interconnections within the) agenda X at hand.

We call the agenda X mnon-simple if there is a minimal inconsistent set
Y C X containing more than two (but not uncountably many®) events, and
simple otherwise.

Theorem 3 For a non-simple agenda, an implication-preserving pooling oper-
ator is independent if and only if it is linear.

As in our earlier neutrality characterisation, the agenda assumption is tight
in the finite case:

>The countability condition can often be dropped because all minimal inconsistent sets
Y C X are automatically countable or even finite. This is so not only if X is finite or countably
infinite, but also in the (frequent) case that the events in X represent sentences in a language:
then, provided the language belongs to a compact logic, all minimal inconsistent sets Y C X
are finite (because any inconsistent set has a finite inconsistent subset). By contrast, the
o-algebra ¥ often contains events not representing a sentence, so that the (unnatural) agenda
X = ¥ often has infinite minimal inconsistent subsets.

12



Theorem 4 For a simple agenda, finite and not {0, Q}, there exists an implication-
preserving pooling operator that is independent but not linear.

7 Proof of the linearity characterisation
We now prove Theorems 3 and 4, using above theorems and lemmas.

Proof of Theorem 3. Let X be non-simple, and F' implication-preserving.
We write 0 and 1 for the n-tuples (0, ...,0) and (1, ..., 1), respectively.

Obviously, if F' is linear then F' is independent.

Now suppose F' is independent; we show linearity. By Theorem 1 and since
non-simple agendas are non-nested, F' is neutral, say with decision rule D :
[0,1]" — [0, 1] for all events A € X.

1. In this part of the proof we derive some properties of D.

Claim 1. D(z) + D(1 — z) =1 for all = € [0, 1]".

To show this, note that as X is non-simple it contains an event A for which
A # (,9. For each x € [0,1]™ there are by A # (),Q probability functions
Py, ..., P, € Psuchthat (P (A),..., P,(A)) = x, and hence (P, (A°), ..., P,(A°)) =
1 — x; which implies that

D(w)—i—D(l—x):Ppl 7777 pn(A)—l—Ppl

as desired.

Claim 2. D(0) =0 and D(1) = 1.

Indeed, since the pooling operator is implication-preserving and hence zero-
preserving, D(0) = 0, so that by Claim 1 D(1) =1 — D(0) = 1.

Claim 3. If

D(z) 4+ D(y)+ D(z) =1 for all z,y,z € [0,1]" withx +y +2=1, (3)

then [ is linear.
To show this, suppose (3). Then, for all z,y € [0, 1]" with z +y € [0,1]",

1=D(x)+ D)+ DA —x2—y)=D(x)+ D(y) +1— D(z +y),
where the first equality follows from (3) and the second from Claim 1. So

D(z+y) = D(z) + D(y) for all z,y € [0,1]" with z +y € [0,1]".  (4)
For any i € {1, ...,n}, consider the function D; : [0,1] — [0, 1] defined by D;(t) =
D(0,...,0,t,0,...,0), where the "t" occurs at position i in "(0,...,0,¢,0,...,0)".

By (4), D; satisfies D;(s +t) = Di(s) + D;(t) for all 5,2 > 0 with s +¢ <1. As
one easily checks, D; can be extended to a function D; : [0,00) — [0, 00) such
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that D;(s+t) = D;(s)+ Dy(t) for all s, > 0, i.e. such that D; satisfies the non-
negative version of Cauchy’s functional equation; whence there exists a w; > 0
such that D;(t) = w;t for all ¢ > 0 by a well-known theorem (see Aczél 1966,

Theorem 1). Now for all z € [0, 1]", we have D(z) = Zil D;(z;) (by repeated
application of (4)), and so (by D;(z;) = Di(x;) = w;x;) D(z) = Zé_l WL

Applying the latter to z = 1 yields D(1) = Zj_l w;, hence Zj_l w; = 1 by
Claim 2. So F'is a linear pooling operator, as desired.

2. In this second (longer) part of the proof we ultimately show that (3)
holds, which by Claim 3 completes the proof. So consider any z,y,z € [0, 1]"

with sum 1. As X is non-simple, there is a countable minimal inconsistent set
Y C X with |Y| > 3. So there are pairwise distinct A, B,C € Y. Define

At=An| () D|.,B:=Bn| () D|.C:==Cn| () D
DeY\{A} DeY\{B} DeY \{C}

As ¥ is closed under countable intersections, A*, B*,C* € Y. For all i, as
T, +vy; + 2z = 1 and as A*, B*, C* are pairwise disjoint non-empty members of
Y., there exists a P, € P with

Pi(A%) = 2, Pi(B") =y, P(C) = .

By construction,
P(A*UB*UC*) =x;+y; + 2z = 1 for all 7. (5)

For the so-defined profile (P, ..., P,), we consider the collective probability func-
tion P := Pp, _p,. We now derive five properties of P (Claims 4-8), which then
allow us to show that D(z) + D(y) + D(z) = 1 (Claim 9), as desired.

Claim 4. P(mDeY\{A,B,C’}D) =1.

For all D € Y\{A, B,C} we have D 2O A* U B* U C*, so that by (5) we
have P (D) = ... = P,(D) =1, and hence P(D) = 1 by Lemma 1. This implies
Claim 4 because the intersection of countably many events of probability one
has probability one.

Claim 5. P(A°UB°U(C°) = 1.

As AN BNC is disjoint from the event Npey\(a,8,c3 D, which by Claim 4
has P-probability one, we have P(ANBNC) = 0. This implies Claim 5 because
AU B€U C° is the complement of AN BNC.

Claim 6. P((A°N B)U (A°NC°) U (B°NC%)) =0.

As A°N B¢ is disjoint with each of A*, B* C*, it is disjoint with the event
A* U B* U C* to which each individual i assigns probability one by (5). So
Pi(A°N B°) = 0 for all i. Hence P(A°N B¢) = 0 by Lemma 1(b). For analogous
reasons, P(A°N C¢) = 0 and P(B°N C°) = 0. Now Claim 6 follows since the

14



union of finitely (or countably) many events of probability zero has probability
Z€ero.

Claim 7. P(ANBNC)U(ANB°NC)U(ANBNCY)=1

By Claims 5 and 6, there is a P-probability of one that at least one of
A€, B¢, C° holds, but a P-probability of zero that at least two of A¢, B¢, C*¢
hold. So with P-probability of one exactly one of A°, B¢, C° holds. This is
precisely what Claim 7 states.

Claim 8. P(A*) + P(B*)+ P(C*) = P(A*UB*UC*) = 1.

The first equality follows from the pairwise disjointness of the events A*, B*, C*
and the additivity of P. Regarding the second equality, note that A* U B*U C*
is the intersection of the events Npey\(a,p,c3D and (AN BNC)U (AN BN
C)U (AN BNC°), each of which has P-probability of one by Claims 4 and 7.
So P(A*U B*U (C*) = 1, as desired.

Claim 9. D(z) 4+ D(y) + D(z) = 1 (which completes the proof by Claim 3).

As P(A*U B*U C*) = 1 by Claim 8, and as the intersection of A° with
A*U B*U C* is A*, we have

P(A%) = P(A*). (6)
By A¢ € X we moreover have
P(A®) = D(P1(A°), ..., P,(A%)) = D(P,(A"), ..., P,(A")) = D(z).

This and (6) imply that P(A*) = D(x). By similar arguments, P(B*) = D(y)
and P(C*) = D(z). So Claim 9 follows from Claim 8. H

Proof of Theorem 4. Let the agenda X (C X) be simple, finite, and not
{0,9Q}. We construct a non-linear pooling operator that is independent (in fact,
neutral) and implication-preserving. We may assume without loss of generality
that the o-algebra generated by X is X, because the "Claim" in the proof of
Theorem 2 (proved using Lemma 5) holds analogously here as well.

As an ingredient to the construction, we use an arbitrary linear implication-
preserving pooling operator (P, ..., P,) — Pp! p (e.g. that defined by (P, ..., P,) —

Loy

ator (Py, ..., P,) — Pp, . p, to be constructed will have, for every event A € X,
the decision rule D : [0,1]" — [0, 1] given by

0 if D'(ty,..0t,) < 1/2
D(ty,....,t,) :==< 1/2 if D™(¢y,....¢,) = 1/2 (7)
1 if Din(ty, .. t,) > 1/2.

Consider any P, ..., P, € P. We have to define Pp,
probabilities under the linear operator simply as

p,- We write collective

77777

p,(A) forall A€ X,

-----
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and we define

Xs12 ¢ ={Ae X :p(A) =21/2}
Xoip 0 ={Ae X :p(A)>1/2}
X_ip : ={AeX:p(A)=1/2).

(Although p(A) and the sets X1/, X51/2, X=1/2 depend on Py, ..., P,, our no-
tation suppresses P, ..., P, for simplicity.)

To define Pp,

Claim 1. X_,/, can be partitioned into two (possibly empty) sets X1, /2 and
Xil/2 sgch that (i) each X7, , satisfies p(AN B) for all A, B € X7, , and (ii)
each X7, /2
of every pair A, A° € X_y2).

To show this, note first that X_;,; has of course a subset Y such that
p(ANB) >0 foral A,B €Y (eg. Y =10). Among all such subsets Y C
X_1y2, let X1, PE mazimal one (with respect to set-inclusion), and let X2, o=
X:1/2\Xi1/2' By definition, Xil/Q and Xil/z form a partition of X_y/,,. We
show that (i) and (ii) hold.

(i). Property (i) holds by definition for X, ,, and holds for X2, , too by
the following argument. Let A, B € X?Z, /2 and suppose for a contradiction
that p(A N B) = 0. By definition of Xil/Z’ there are A, B' € Xi1/2 such that
p(ANA") =0 and p(BN B') = 0. In particular, p(ANC) =p(BNC) =0
for C := A’ N B’. Since the intersection of any two of the sets A, B, C has zero
p-probability, we have

p(A) +p(B) +p(C) =p(AUBUC) <1,

p,, we first need to prove two claims (using that X is simple).

.....

U X.1/2 is consistent (whence X i 1/2 contains exactly one member

as p is a probability measure. This is a contradiction, since p(A) = p(B) =1/2
and p(C) = p(A'N B’) > 0 (the latter as (i) holds for Xi1/2)-

(i1). Suppose for a contradiction that some Xi U X.1/2 is inconsistent.

: 1/2
Then (as X and hence X7, o UXs1ys ds finite) there is a minimal inconsistent
subset Y C Xil/Q UX.1/2. As X is moreover simple, |Y| < 2, say Y = {A, B}.

As AN B = () and p is a probability measure, we have
p(A) +p(B) =p(AUB) < 1.

So, as p(A),p(B) > 1/2, it must be that p(A) = p(B) = 1/2, i.e. that A, B ¢
XZ, ,- Hence, by (i), p(AN B) > 0, a contradiction since AN B = 0.

Claim 2. mCGXil/QUXx/zC and ﬂCeXil/qu>1/20 are atoms of the o-algebra
¥, i.e. (C-)minimal elements of ¥\ {0} (they are the same atoms if and only if
X_1/2 =0, ie. if and only if Xi1/2 = Xil/2 = 0).

To show this, first write X as X = {C?,C} :j =1,..., J}, where J = |X|/2
and where each pair C’]Q, C’} consists of an event and its complement. We may
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write ¥ as the set of all unions of intersections of the form Cf* N ... N CY | i.e.
as
2 = {Uh, kyex (Cr NN Chy K C{0,1}}. (8)

Recalling that 3 is the o-algebra generated by X, the inclusion "2" in (8)
is obvious, and the inclusion "C" holds because the right hand side of (8)
includes X (as any C]’-C € X can be written as the union of all intersections
C¥n...NC% for which k; = k) and is a o-algebra (as it is closed under taking
unions and complements: just take the unions respectively complements of he
corresponding sets K C {0,1}7).

From (8) and the pairwise disjointness of the intersections of the form C}* N
N C’f}" , it is clear that every consistent such intersection is an atom of >. Now
Neex? 1/2ux>1/20 is (for j € {0,1}) precisely such a consistent intersections.

Indeed, N X2, 50 X>1/QC’ is consistent by Claim 1, and contains a member of

each pair A, A° in X, if p(A) = p(A°) = 1/2 by Claim 1 and if p(A) # p(A°)
since there then is a B € {A, A°} with p(B) > 1/2, i.e. with B € X5/ C
X]:1/2

We are now in a position to define the function Pp,__p, on X. Since
UXss /20 and Neex2  ux., /20 are non-empty by Claim 1, there exist

U X.1/2. This proves Claim 2.

mceXi1/2 1/2

1 2
worlds w* € mCEXi1/2UX>1/QC and w® € DCGX;/QU){M/QC, where we assume that

(JJl = (JJ2 if X:1/2 = @, ie. if mCEXi1/2Ux>1/2C = mCEXi]/QUX>l/QO = mC€X>1/2C'
(Our notation for worlds again suppresses P, ..., P,.) Let 0,1 and 4,2 be the
corresponding Dirac measures on ¥, given for all A € ¥ by §,,,(A) = 1ifw’ € A

and 0, (A) =0 if w’ ¢ A. We define

1 1
Pp17.._7p7L = 550.11 + §5w27
where w!, w? of course depend on P, ..., P,. (So Pp,.. p,(A) is either 1 or 1/2
or 0, depending on whether A € ¥ contains both, exactly one, or none of w!
and w?; further, Pp, _p, =0, if W' =w? = w, ie. if X_1p=10.)

As Pp  p, is a convex combination of probability measures, Pp, _p, is
indeed a probability measure. The proof is completed by showing that the so-
defined pooling operator (P, ..., P,) — Pp, _p, has the desired properties, as

shown in the next two claims.

Independence. We show that the pooling operator is neutral (hence indepen-
dent) with the decision rule D given in (7). To do so, consider any P, ..., P, € P
and any A € X, and write (t1,...,t,) := (P1(A),..., P,(A4)). We have to show
that Pp, _p,(A) = D(t4,...,t,). To do this, we consider three cases, and use p,
X1, Xil/z,Xilﬂ,wl,oﬂ as defined above.

Case 1: p(A) = D"(ty,...,t,) < 1/2. Then D(ty,...,t,) = 0. So we must
prove that Pp,  p,(A) = 0, i.e. that A contains neither w! nor w?. Assume

for a contradiction that w! € A (the proof is analogous if we instead assume
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w? € A). Then A includes the set Neex1 !

=1/2

and is (by Claim 2) an atom of ¥. So A°N [Neex:

UXs /2C’, as this set contains w
1/2ux>1/20] = (). Hence the
set {A°} U X1, /2 U X512 Is inconsistent, so has a minimal inconsistent subset
Y. Since X is simple, [Y]| < 2. Y does not contain @), as A° is non-empty
(by p(A°) =1—p(A) > 1/2) and as all B € X, , U X5/, are non-empty (by
p(B) > 1/2). So |Y| = 2. Moreover, Y is not a subset of Xil/QUX>1/2, since this
set is consistent by Claim 1. Hence Y = {A¢, B} for some B € Xi1/2 U X1/
As AN B = ) and as p(A°) = 1 —p(A) > 1/2 and p(B) > 1/2, we have
p(A°U B) = p(A°) +p(B) > 1/2+ 1/2 = 1, a contradiction.

Case 2: p(A) = D"™(ty,...,t,) > 1/2. Then D(t,...,t,) = 1. Hence we
must prove that Pp,  p,(A) = 1, or equivalently that Pp, _ p,(A°) = 0. The
latter follows from Case 1 as applied to A, since p(A°) =1 — p(A) < 1/2.

Case 3: p(A) = D"™(ty,...,t,) = 1/2. Then D(ty,...,t,) = 1/2. So we must
prove that Pp,__p,(A) = 1/2, i.e. that A contains exactly one of w! and w?.
As p(A) = 1/2, exactly one of X1, , and X2, , contains A and the other one
contains A, by Claim 1. Say A € X1, o and A° € X2, /o (the proof is analogous
if instead A € Xil/Q and A° € Xi1/2)~ So A D mCeXil/QuX>1/QCa and hence
w! € A. On the other hand, w? ¢ A, because A is disjoint with A¢, hence with
its subset mCeXil/ZuX>1/zC’ which contains w?..

.....

Non-linearity. As X # {0),Q}, there is a contingent event A € X, hence
a probability measure P € P with ¢ := P(A) ¢ {0,1/2,1}. Now assume all
individuals submit this P. If the pooling operator were linear, the collective
probability of A would again be ¢t (¢ {0,1/2,1}), a contradiction since the
collective probability is given by D(t,...,t) (€ {0,1/2,1}), as just shown.

Implication-preservation. We assume that A, B € X and Py, ..., P, € P such
that P,(AUB) = 1 for all i, and show that Pp, __p,(AUB) = 1, which by Lemma
1 establishes implication-preservation. For all i we have P,(A)+ FP;(B) > P;(AU
B) = 1, and hence P(A;) > 1 — Py(B) = P;(B°). So, as D™ : [0,1]" — [0,1]
takes a linear form with non-negative coefficients and hence is weakly increasing
in every component,

D™(Py(A),...,Py(A)) > D™ (1 — Pi(B),..., P.(B))
1 — D"™(P(B), ..., P,(B))

Hence, with p as defined earlier, p(A) > 1 — p(B), i.e. p(A) +p(B) > 1. We
distinguish three cases:

Case 1: p(A) > 1/2. Then, by the independence proof above, Pp, _ p,(A) =
1. So Pp,.. p, (AU B) =1, as desired.

Case 2: p(B) > 1/2. Then, by the independence proof above, Pp,  p,(B) =
1. So again Pp,  p,(AUB) =1, as desired.

Case 3: p(A),p(B) < 1/2. Then, as p(A) + p(B) > 1, we have p(A) =
p(B) =1/2. Let X>1/2,Xi1/2,Xil/2,w1,w2 be as defined above. Then A, B €
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Xi1/2 u Xil/Q. It cannot be that A and B are both in Xil/zz otherwise A¢ and
B¢ are both in Xi1/2 by Claim 2, whence p(A° N B¢) > 0 (again by Claim 2),
a contradiction since

p(A°N B = p((AUB)) =1 - p(AUB) =1—1=0.

Analogously, it cannot be that A and B are both in X2, /2 So one of A and B
is in Xi1/2 and the other one in Xil/Q; say A € Xi1/2 and B € Xil/Q (the proof
is analogous otherwise). So A D mCeXil/QuX>1/gc and B D mCeXil/2uX>1/zcv
and hence w! € A and w? € B. So AU B contains both w! and w?, whence
Pp,  p,(AUB) =1, as desired. B

.....
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A Results without assuming implication-preservation
How far do we get if we replace implication-preservation by the weaker condition
of zero-preservation? For particular agendas, we still obtain neutrality of the

pooling operator, but not linearity; this is now shown. Our two theorems suggest
that without invoking implication-preservation it is hard to defend linearity but
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still possible to defend neutrality — provided the relevant events are (at least)
indirectly connected, in a sense to be defined now.

A relevant event A € X conditionally entails another one B € X (written
A B)if {A} UY entails B (ie. NeegapuyC C B) for some countable
set Y C X that is consistent with A (i.e. NcefayyC # 0) and with B¢
(i.e. NeepeyuyC # 0). The agenda X is pathconnected if for any two events
A, B € X\{0,Q} there exist events Ay,..., Ay € X (k > 1) such that A =
A H* Ay B .. F* Ay = B. In other words, any two contingent events in the
agenda can be connected by a path of conditional entailments.® For instance,
X :={A, A°: A C Ris abounded interval} is a pathconnected agenda (a subset
of the Borel-o-algebra ¥ over 2 = R).” One easily shows that pathconnected
agendas are non-simple; but many non-simple agendas are not pathconnected.

We now give a characterisation of neutral pooling based on requiring zero-
preservation rather than implication-prerservation.

Theorem 5 For a pathconnected agenda X, a zero-preserving pooling operator
18 independent if and only if it is neutral.

In this theorem, independence leads to neutrality. Does it even lead to
linearity? The answer is negative, as the next theorem shows.

Theorem 6 For some pathconnected agenda X (in some o-algebra ¥ over some
set of worlds ) there exists a zero-preserving pooling operator that is neutral
but not linear.

The following lemma is central for proving Theorem 5.

Lemma 6 For any independent and zero-preserving pooling operator, A F* B
implies Do < Dpg for all relevant events A,B € X (where Ds and Dg are
decision rules for A and B, respectively).

Proof. Let F, A, B, D4, D be as specified, and assume A F* B, say in virtue
of the set Y C X. Let © = (21, ..., z,) € [0,1]". We show that D4(z) < Dp(z).
As Ngegajuy C has empty intersection with B¢ (by the conditional entailment),
it equals its intersection with B; in particular, Neega gy C # 0. Similarly, as
Ncegpeyuy C has empty intersection with A, it equals its intersection with A¢; in
particular, Neegae,peyuy C # 0. Hence there are worlds w € Neega,pyuyC and

6Pathconnecdness is closely related (not identical) to the total blockedness condition used
in a different context by Nehring and Puppe (2002).

"For example, a path of conditional entailments between the intervals [0, 1] and [2, 3] can
be constructed as follows: [0,1] F* [0, 3] (one may conditionalise on the empty set of events
Y = (), i.e. the entailment is unconditional), and [0, 3] F* [2,3] (one may conditionalise on
Y = {2, 4}.
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W' € Neefae,peyuyC. For each individual ¢, consider the probability measure
P, : 3 — [0, 1] defined by

P =20, + (1 — 2)0ur,

where 6,0, : ¥ — [0, 1] denote the Dirac-measures in w and «’, respectively.
As each P, satisfies P;(A) = Pi(B) = x;, we have

..... p(A) = Da(Pi(A), ..., Bu(A)) = Da(x),
,,,,, po(B) = Dp(Pi(B), ..., P,(B)) = Dp(x).

.....

intersection of countably many events of probability one has again probability
one. S0

Pp, .. p,(NcegayyC) = Pp,,. p.(A) = Da(z),
o Po(NeegpyuyC) = Pp . p,(B) = Dp(x).

Now Pp,....p,(NceqayuyC) < Ppy,.. p, (Neesyuy C) since Neepayuy C = Neega iy
Neerpuy C (for the equality, see an earlier argument). So D4(x) < Dp(z), as
desired. W

Proof of Theorem 5. Let X be pathconnected and F' zero-preserving. Ob-
viously, if F' is neutral then it is independent. Now let F' be independent.
If X = {0,Q}, F is obviously neutral, as desired. Now let X # {0,Q} and
write D4 for the decision rule of any contingent event A € X\{0,Q}. As X
is pathconnected, repeated application of Lemma 6 yields D4 < Dp for all
A, B € X\{0,9Q}, and hence Dy = Dg for all A,B € X\{0,Q}. Define D as
the common decision rule D4 of all A € X\{0,Q}. We complete the neutrality
proof by showing that D also works as a decision rule for () and Q. Consider
any Py, ..., P, € P. By definition of probability measures,

P0) = .. Po(0) = Pp,
P(Q) = ..=PF(Q)=Pp  p(Q)=1

So it suffices to show that D(0,...,0) = 0 and D(1,...,1) = 1, which follows
from zero-preservation (see also Lemma 1). B

Proof of Theorem 6. Our counterexample uses the state space Q := {w1, ws, w3, w4}
(with pairwise distinct wy’s), the o-algebra ¥ := {A : A C Q} (the power set of
), and the agenda X := {A C Q : |A| = 2} (the set of binary events). As X
is negation-closed and non-empty, it is indeed an agenda.

1. In this part of the proof, we show that X is pathconnected. Consider any
events A, B € X. We construct a path from A to B, by distinguishing three
cases.
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Case 1: A = B. Then the path is trivial, since A F* A (take Y = ().

Case 2: A and B have exactly one world in common. We may then write
A = {wa,w} and B = {wp,w} with wy,wp,w pairwise distinct. We have
{wa,w} F*{w} (take Y = {{w,w'}}, where ' is the element of Q\{w,,wp,w})
and {w} H* {wp,w} (take Y = 0).

Case 3: : A and B have no world in common. We may then write A =
{wa,wy} and B = {wp, W} with wa,w'y,wp,wy pairwise distinct. We have
{wa, Wy} F* {wa,wp} (take Y = {{wa,w}}) and {wa,wp} F* {wp, Wi} (take
Y = {{wp,wi}}).

2. In this part, we construct a pooling operator (P, ..., P,) — Pp, . p, that
is zero-preserving, neutral, but not linear. As an ingredient to the construction,
consider first a linear pooling operator L : P* — P. We show that L can be
transformed into a non-linear pooling operator that is still neutral and zero-
preserving. We use an (arbitrary) fixed transformation 7" : [0, 1] — [0, 1] such
that:

(i) T(1 —2z)=1—T(z) for all x € [0, 1] (hence T'(1/2) = 1/2);

(ii) T(0) = 0 (hence by (i) T(1) = 1);

(iii) 7" is strictly concave on [0, 1/2] (hence by (i) strictly convex on [1/2,1]).

(Such a T indeed exists; e.g. T'(x) = 4(z — 1/2)3 4+ 1/2 for all z € [0, 1].)

We prove that for every probability measure ) € P (thought of as the
outcome of applying the linear pooling operator L) there exist real numbers

PE = pg, k = 1,2,3,4 (thought of as the new probabilities of the states wy,
k =1,2,3,4, after transforming ) such that:

(a) p1,p2, p3,pa > 0 and p1 + pa + p3 + ps = 1;

(b) for all A € X, ZM@ k= T(Q(A)).

This completes the proof, because by (a) a pooling operator F' : P* — P,
(Py,...,P,) — Pp,... p, can be defined by letting

-----

77777

k:wp€A
which by (b) satisfies

Pp

Lyeeey

5 (A) = T(L(P,, ..., P,)(A)) for all A€ X,

implying that F' is neutral (as L is neutral), zero-preserving (as L is zero-
preserving and 7'(0) = 0), and non-linear (as L is linear and T a non-linear
transformation).

Let Q € P". For any k € {1,2,3,4}, put ¢* := Q({wx}); and for any
k,le{1,2,3,4}, k <, put g = Q({wk,wi}).
In order for numbers py, ..., ps to satisfy (b), they must satisfy the system

P+ p = Tlqu) for all k,1 € {1,2,3,4} with &k < L.
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Given p; + pa + p3 + ps = 1, three of these six equalities are redundant. Indeed,
suppose that k,1 € {1,2,3,4}, k < [, and define k', I' € {1,2,3,4}, ¥’ < U, by
{K 0} ={1,2,3,4}\{k, 1} By pr+pr = 1—pr —pr and T(gu) = T (1 — qwr) =
1 —T(quwr), the equality pr + pr = T(qw) is equivalent to py +py = T(¢*"). So
(b) reduces (given p; + p2 + p3 + ps = 1) to the system

p1+p2 =T (q12), p1 + ps = T(q13), P2 + p3 = T(qa3).

We now solve this system of three linear equations in (pi,ps,p3) € R3. Write
t =T (qi) for all k.l € {1,2,3,4}, k <.

L1 t12 11 t12 1 1 t1
1 Loty | — -1 1 tiz—t2 — 1 -1 t19—113
I 1 to3 2 tlog+ti3 —t1o 1 t23+t§3—t12
So we have

_ laz iz — 1o
b3 = ———>»

2
o3 +1t13 —ti2  tio +1lo3 —li3

p2 = tig—tiz+

2 B 2 ’
b = g t1o + tog — t13 _ t1g + t13 — to3
1 12 5 5 ,
ti19o +ti13+ 1
Py = 1—(p1+p2+p3)=1——12 ;3 23'

We have to show that the numbers p, ..., py so-defined satisfy not only (b) and
p1+ ... +ps = 1 but also the remaining condition in (a), i.e. non-negativity. We
do this by proving two claims.

Claim 1. py > 0, i.e. Bathattos <7

We have to prove that T'(qi2) + T'(q13) + T'(q23) < 2. Note that
et gzt as=0¢+¢+q' +@++=20" + P+ ¢ <2

We distinguish three cases.

Case 1: all of q12,q13, ga3 are all > 1/2. Then by (i)-(iii) 7(q12) + T(q13) +
T'(g23) < qu2 + q13 + q23 < 2, as desired.

Case 2: at least two of qi2,q13,¢e3 are < 1/2. Then, again using (i)-(iii),
T(q12) + T(q13) + T(qes) < 1/2+1/2 + 1 = 2, as desired.

Case 3: exactly one of g2, q13,q23 is < 1/2. Suppose q12 < 1/2 < ¢13 <
¢23 (otherwise just switch the roles of ¢i2,¢13,¢03). For all § > 0 such that
(13 — 0, Go3 + & € [1/2,1], the convexity of T on [1/2, 1] implies that

T(q3) < [T'(q13 — 6) + T(qa3 + 9)]

and T'(q3) < =[T(q13 —9)+ T(qas +9)],

NN =

23



so that (by adding these two inequalities)
T(qi3) + T(q2s) < T(qu3 — 0) + T(qa3 + ).
This inequality may be applied to § = 1 — g3, since

Gs— (1 —qo3) = (s + qes +q12) — 12— 1 <2 —qu—1=1—¢qn € [1/2,1];
which gives us

T(qi3) +T(q23) < T(qrz — (1 +¢qo3)) + T(1).

On the right hand side of this inequality, we have T'(1) = 1 and, by ¢;3 — (1 +
q23) < 1—qi2 and T7s increasingness, T'(q13— (14+¢a3)) < T(1—qi2) = 1 =T(q12)-
So we obtain T'(q13) + T(qa3) < 1+1—T(q12), i-e. T(q12) +T(q13) +T(q23) < 2,
as desired.

Claim 2. p, > 0 for all k =1,2,3.

We only show that p; > 0, as the proofs for ps and ps are analogous. We
have to prove that ti3 + tog — t10 > 0, i.e. that T(q13) + T(qa3) > T'(q12), or
equivalently that T(¢' + ¢*) + T(¢* + ¢*) > T(q" + ¢*). As T is an increasing
function, it suffices to establish T'(¢*) + T(¢?) > T'(¢* + ¢*). Again, we consider
three cases.

Case 1: ¢* + ¢* < 1/2. Suppose ¢! < ¢* (otherwise the roles of ¢' and ¢
get swapped). For all § > 0 such that ¢' — 6,¢*> + ¢ € [0,1/2], the concavity of
T on [0,1/2] implies that

T(q") > Z[T(¢"—6)+T(¢*+9)]

and T(¢*) >

[T(q" =)+ T(q* +0)] ,

N =N =

so that (by adding these inequalities)
T(q") +T(q*) = T(q" =) + T(q* + )

Applying this to § = ¢! yields T(¢*) + T(¢?) > T(0) + T(¢* + ¢*) = T(¢"* + ¢?),
as desired.
Case 2: ¢* + ¢* > 1/2 but ¢', ¢*> < 1/2. By (i)-(iii),

T+ T > ¢ + ¢ >T(q" + ¢,

as desired.

Case 3: ¢* > 1/2 or ¢* > 1/2. Suppose ¢*> > 1/2 (otherwise swap ¢
and ¢* in the proof). Then ¢! < 1/2, as otherwise ¢' + ¢*> > 1. Define y :=
1—¢' —¢? Asalsoy < 1/2, an argument analogous to that in case 1 yields
T(¢")+T(y) 2 T(¢" +y), ie T(¢") +T(1—¢" = ¢*) = T(1 = ¢*). So, by (i),
T(¢")+1-T(¢"+¢*) 2 1-T(¢*),ie T(¢") +T(¢*) 2 T(q" + ¢*). W
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One might wonder why the pooling operator constructed in the proof of The-
orem 6 violates implication-preservation — which it must do since Theorem 3 tells
us that implication-preserving independent pooling operators must be linear (for
non-simple, hence in particular for pathconnected agendas). Let 2, ¥, X be as
in the proof, and consider a profile with complete unanimity: all individuals ¢
give wy probability 0, each of ws, w3 probability 1/4, and hence w4 probability
1/2. As {w;} is the difference of two events in X (e.g. {wi,ws}\{w2,ws}),
implication-preservation would require the collective probability of w; to be 0
too. But the collective probability of w; is (in the notation of the proof) given
by

_ tio+tis —tas  T(qu2) + T(q13) — T(qo3)

2 2 ’
where gy is the collective probability of {wy, w;} under a linear pooling operator,
so that gx; equals the unanimous individual probability of {wy,w;}. So

P

= T(1/4) + T(12/4) —T(1/2) _ T(1/4) T(12/2),

which is strictly positive as T is strictly concave on [0, 1/2] with T(0) = 0.
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