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The problems of reachable set estimation and state-feedback controller design are investigated for singular Markovian jump systems
with bounded input disturbances. Based on the Lyapunov approach, several new sufficient conditions on state reachable set and
output reachable set are derived to ensure the existence of ellipsoids that bound the system states and output, respectively. Moreover,
a state-feedback controller is also designed based on the estimated reachable set. The derived sufficient conditions are expressed in
terms of linear matrix inequalities. The effectiveness of the proposed results is illustrated by numerical examples.

1. Introduction

The research on singular systems has attracted significant
attention in the past years due to the fact that singular systems
can better describe a larger class of physical systems such
as robotic systems, electric circuits, and mechanical systems.
When singular systems experience abrupt changes in their
structures, it is natural to model them as singular Markovian
jump systems [1, 2]. The analysis and synthesis of such class
of systems have gained considerable attention because of their
importance in applications (see, e.g., the literature [3-10] and
the references therein).

Reachable set is one of the important techniques for
parameter estimation or state estimation problems [11].
Reachable set for a dynamic system is the set containing all
the system states starting from the origin under bounded
input disturbances. However, the exact shape of reachable
sets of a dynamic system is very complex and hard to
obtain; for this reason a number of researchers began to turn
their attention to the reachable set estimation problem. The
common strategies for reachable set estimation are ellipsoidal
method [12] and polyhedron method [13]. The main idea
of these methods is to detect simple convex shapes like
ellipsoid or polyhedron, which contains all the system states.
Compared with polyhedron method, the primary advantage
of ellipsoidal method is that the ellipsoid structure is simple

and directly related to quadratic Lyapunov functions. As a
result, linear matrix inequalities (LMIs) techniques can be
used to determine bounding ellipsoids. In the framework of
bounding ellipsoid, the reachable set estimation problem for
linear time delay systems has received significant research
attention in recent years. In [14] sufficient conditions for the
existence of bounding ellipsoids containing the reachable set
of continuous-time linear systems with time-varying delays
were derived by using the Lyapunov-Razumikhin function.
In [15], by using Lyapunov-Krasovskii functional method, the
author derived some less conservative conditions than those
in [14]. In [16] the reachable set of delayed systems with poly-
topic uncertainties was investigated by using the maximal
Lyapunov-Krasovskii functional approach, and some new
conditions bounding the set of reachable states are derived.
Interesting results on reachable set of delayed systems with
polytopic uncertainties can also be found in [17-20]. In
addition, some other strategies without using Lyapunov-
Krasovskii functional have been provided to estimate the
reachable set of continuous-time linear time-varying systems
[21] and nonlinear time delay systems [22, 23]. The authors
in [24] extended the ideas of reachable set estimation of
continuous-time systems to discrete-time systems, wherein
a fundamental result (Lemma 2.1 [24]) for the reachable
set estimation of discrete-time systems was proposed. The
authors in [25] improved the fundamental result obtained
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in [24] and provided a basic tool (Lemma 4 [25]) for the
reachable set estimation of discrete-time systems. On the
basis of the general ideas proposed in [25], the reachable
set estimation problem was also extended to some classes of
complicated systems, such as singular systems [26], Marko-
vian jump systems [27], switched linear systems [28], and
T-S fuzzy systems [29, 30]. For the reachable set estimation
of discrete-time systems, the other important contributions
can be found in [31, 32]. On the other hand, the problem
of controller design for specifications involved with the
reachable set of a control system is also a very important issue
[33]. The controller design problems concerning reachable
set were studied in [34] and [35] by using ellipsoidal method
and polyhedron method, respectively. Two issues were raised
in [34]: the first one is to design a controller such that the
reachable set of the closed-loop system is contained in an
ellipsoid, and the admissible ellipsoid should be as small
as possible; the second one is to design a controller such
that the reachable set of the closed-loop system is contained
in a given ellipsoid. By constructing suitable Lyapunov-
Krasovskii functional, LMI-based sufficient conditions for
the existence of controller guaranteeing the ellipsoid bounds
as small as possible have been derived for continuous-time
delay systems [34] and discrete-time periodic systems [36].
It is obvious that the LMI-based controller design is quite
simple and numerically tractable. However, it should be
pointed out that the reachable set estimation and synthesis
problems of singular Markovian jump systems are much
more difficult and challenging than that for nonsingular
Markovian jump systems since the ellipsoid containing the
reachable set is not directly related to quadratic Lyapunov
functions. To the best of the authors’ knowledge, no related
results have been established for reachable set estimation and
synthesis of singular Markovian jump systems, which has
motivated this paper.

In this paper, we consider the problems of reachable
set estimation and synthesis of singular Markovian jump
systems. By using the Lyapunov approach, the estimation
conditions on state reachable set and output reachable set are
derived, respectively. Moreover, the desired state-feedback
controller is designed based on the estimated reachable set.

Notation. Throughout this paper, R” denotes the n-
dimensional Euclidean space; AT represents the transpose
of A; Sym(M) stands for M + MT; X > 0 (<0) means X is
a symmetric positive (negative) definite matrix; E{-} refers
to the expectation; Xj,,, denotes the matrix composed of
elements of first [ rows and m columns of matrix X; | - ||
refers to the Euclidean vector norm; the symbol “*” in LMIs
denotes the symmetric term of the matrix; I is the unit
matrix with appropriate dimensions.

2. Problem Formulation
Consider the following singular Markovian jump system:
Ex(t)=A(r,)x(t)+B(r,)u(t)+ D(r,) w(t)

y(t)=C(r)x(t),

@
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where x(t) € R" is the state vector, u(t) € R™ is the control
input, y(¢) € R? is the measured output, and w(t) € R is the
exogenous disturbance which satisfies

o' D) <@ )

E, A(r,), B(r,), C(r,), and D(r,) are real constant matrices with
appropriate dimensions and rank(E) = | < n. {r,, t > 0}
is a continuous-time Markovian process with transition rate
matrix IT = [rr,-]-] (ied& =1{1,2,...,N}) and the evolution
of Markovian process is governed by the following transition
rate:

. ' nijA+o(A), jFi
Prir,=jln=i}= . 0O
l+m;A+o0(A), j=i,
where A > 0 and lim,_,;(0(A)/A) = 0; m; 20 fori # jis the
transition rate from mode i to mode jand 7r;; = - Zi\il i Thij-

For notational simplicity, in the sequel, for each possible
r, = i,i € &, matrices A(r,), B(r,), C(r,), and D(r,) will be
denoted by A;, B;, C;, and D;, respectively. When u(t) = 0,
the system Ex(t) = A;x(t) + D;w(t) is referred to as a free
system.

In this paper we are interested in determining ellipsoids
that contain, respectively, the state reachable set and output
reachable set. In the reachable set analysis, it is required
that systems should be asymptotically stable. When this
requirement is not met, we will further design a state-
feedback controller such that the reachable set of the closed-
loop system is contained in the smallest ellipsoid.

The state reachable set of the free system in (1) is defined
by

R.={xt) eR" | x(t), t
4)
>0, is a solution of (1) for x(0) = 0}.
An ellipsoid &(X) bounding the reachable set can be always
represented as follows:

EX) ={xeR"|x"Xx<1, X>0}. ()

Particularly, when X = «I for Vx > 0, the ellipsoid &(X) will
become a ball which is denoted by B(X).

Since rank(E) = [ < n, there exist two nonsingular
matrices M and N such that

[ 0:|

MEN = S
0 0
(A, A

MAI-NZ 117 121] i (6)
LA Ag
D

MD; = “] .

L Ds;

Let N'x(¢) = x(¢t) = [551T(t) 562T(t)]T. Then the free system
can be rewritten as the following differential-algebraic form:

X, () = A%, () + A R, (t) + Dy (b) (7)

0= A,;X; (t) + AyyX, (t) + Dy (f). (8)
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The following definition and lemma are also useful in
deriving the main results.

Definition 1 (see [2]). (I) The free system is said to be regular
if det(sE — A;) is not identically zero for eachi € &§.

(II) The free system is said to be impulse-free if
deg(det(sE — A;)) = rank(E) for eachi € §.

Lemma 2 (see [2]). For any matrices U and V. € R™" with
V >0, one hasUV'UT > U +UT - V.

Lemma 3 (see [12]). Let V(x(t)) be a Lyapunov function and
V(x(0)) = 0. If
V(x(®)+aV (x(t) - o’ (o) <0, a>0, (9
w

then V(x(t)) < 1, Vt = 0.

3. Main Results

3.1. State Reachable Set Estimation. In this subsection, we will
focus our attention on determining a ball which contains the
state reachable set of the free system.

Theorem 4. If there exist nonsingular matrices X; € R™" and
a scalar o > 0 such that the following LMIs hold for eachi € &,

E'X;=X'E >0, (10)

N
Sym (A]X;)+ Y m;E"X; + «aE"X; X[D,
= j=1
. LSS IO

<0,

then the state reachable set of free system starting from the
origin is mean-square bounded within the following set:

N

N
ﬂ%(x) = ﬂ {x e R"| xTX\ix < 1} , (12)

where
%= LlNTN
i~
T
1
Ti = =
Mminje ¢A i (Xi)
(13)
_ Ay _
PR | - E—Y T

miN;e A min (Xi>

X, = (M_TX,-N)M.

Proof. We first prove the regularity and nonimpulsiveness of
the free system. Let M~ X;N = [ X Xua ] Then, by (10), we

21i 22i

obtain that X,; = 0. From (11), it is easy to show that

N
Sym (A} X;)+ Y m;E'X; + aE'X; < 0. (14)
i1

Pre- and postmultiplying (14) by N” and N, respectively, we
get

* *
- . <0, (15)
* Ay Xoni + X505 A i

where » will be irrelevant to the results of the following
discussion; thus the real expressions of these two variables are
omitted. It follows from (15) that

T T
ApiXoni + X5piA0i <0 (16)

which implies that A,,; is nonsingular for each i € &.
Therefore, by Definition 1, we have that the free system is
regular and nonimpulsive.

Next, we will show the state reachable set of free system

is mean-square bounded within the set &(X). Consider the
following Lyapunov function:

V(x(t),r,)=x" () E' X;x(t). 17)

Let & be the weak infinitesimal generator of the random
process {x(t),r,}. Calculating the difference of V(x(t),r,)
along the trajectories of the free system, we get

PV (x(t),r,) = %" () E"X;x (t) + x" (t) X Ex (t)

N (18)
+x' (1) Y mE X x(t).
j=1

Defining the augmented system variable as &(f) =
[x'(t) 0’ (®)]T and using conditions (10) and (11), we
have

PV (x(t), 1) +aV (x(1),1,) - =0’ (B)w(t)
@ (19)
=E (O HE®) < 0.

Then we can deduce from Lemma 3 that [E{xT(t)ETXix(t)} <
1, which infers that

E{F ONEMMTXNZ®} <1, (20)
Recalling that X,,; = 0, it follows from (20) that
E{x () X% (0} < 1. 1)

From (21) we have minieg)\min()?i)[E{H)‘él(t)||2}
[E{k';r(t))?ifl(t)} < 1, which implies that E{|x,(t)[}

1/\/mini€§/\mm(xi).

IAIN



Since A,,; is nonsingular for each i € &, (8) can be
rewritten as

%, () = =Aqy; (Ay %, (1) + Dy (£)). (22)
Then we can deduce that

E{l% ol}

(23)
|42l

miN;e g A min (Xi)

< 4% +|Dy @

It follows from the fact X(t) = [%. () 0]" + [0 %2 (£)]" that

E{Ix0l} < E{|% O] + % O} <7, (24)

where 7 = 1/qmine g (X)) +

"A;i"(”Azu"/ miniecy/lmm(xi) + ||D2i||5)-
By (24), it can be seen that

r%[E (Frmxm}<1 (25)

1

which implies that the trajectories of (7)-(8) are mean-
square bounded within the set ﬂfil AB((1 /riz)I ). Moreover,
notice that ¥(tf) = N7'x(t), and (25) can be rewrit-
ten as (l/riz)[E{xT(t)(N_TN_l)x(t)} < 1. By denoting
(1/ rl.z)N INTT = )A(,-, the state reachable set of free system
is mean-square bounded within the set ﬂfil &(X)). O

It should be noted that inequality (10) represents a
nonstrict LMI. This may lead to numerical problems since
equality constraints are usually not satisfied perfectly. Below,
we will develop a numerically tractable and nonconservative
LMI condition.

Theorem 5. If there exist symmetric positive definite matrices
P, € R™", nonsingular matrices Q;, and a scalar o« > 0 such
that the following LMI holds for eachi € S,

v, (PE+R'QsS") b,

<0, (26)
* —%I

then the state reachable set of free system is mean-square
bounded within the following set:

N N
(& (B)=(){xeR" | x"Bx <1}, (27)
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where
N
¥, =Sym (A} (RE+R'QS")) + Y m,E'PE
j=1
+aE'PE
P - %N—TN—I
1
7 = 1 _ (28)
minieé’/\min (Pz)
|

miN;e § A min (Pz)

5 “Tp gl
P =(M"PM )lxl ’
R € R is any matrix with full row rank and satisfies RE =

0; S € R™" is any matrix with full column rank and satisfies
ES =0.

Proof. Let X; = PE + RTQ,-ST in (26); it is easy to obtain
(10) and (11). In this case, inequality (20) will be replaced
by E{x" (t)NTETM" M~ "P,M ' MENX(t)} < 1, which infers
that E{X] (1)P.%,(t)} < 1 with B, = (M "PM™"),. Then,
following the same lines as (22)-(25) in Theorem 4, we can
get [E{xT(t)IA’ix(t)} < 1foranyi € &. Therefore, the state
reachable set of free system is mean-square bounded within
the set (Y, &(P)). O

Remark 6. In order to make the ellipsoid &(P,) as small as
possible, we require trace(P,) — max. For this purpose,
we can add the additional requirement P; > eI and then
maximize a positive scalar e, which is equivalent to the
following minimization problem:

min €
st.  (26),
(29)
[—EI 1
—~ <0)
1 -B

where € = 1/e.

3.2. Output Reachable Set Estimation

Theorem 7. If there exist symmetric positive definite matrices
P. e R™" andY; € R™", nonsingular matrices Q;, and a scalar
o > 0 such that the following LMIs hold for eachi € &,

¥, (PE+R'QS") D,
h <0 (30)
* —_—21
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Clv.c, <P, (31)

then the output reachable set of free system is mean-square
bounded within the following set:

N N
&) ={rerR" 1y vy<1}, (32)
i=1 i=1

where ¥, R, S, and P, are defined in Theorem 5.

Proof. By Theorem 5, LMI (30) ensures
E{x" () Px(t)} <1, Vied. (33)
With this and (31), we obtain that
E{x" ) ClvCx )} <E{x" ) Px)} <1.  (39)

Due to the fact that y(t) = C;x(t), (34) can be rewritten as
E{ yT(t)Yi y(t)} < 1. Thus, the output reachable set of free sys-
tem is mean-square bounded within the set ﬂf\:]l &,). O

Remark 8. The output reachable set is also expected to be
as small as possible. To achieve this goal, we first solve LMI
(30) and get f’, satistying trace(ﬁ,») — max, which can
be implemented by using (29). Then we add the additional
requirement C!Y;C; > 8I and maximize a positive scalar &,
which is equivalent to the following minimization problem:

min &
sit.  (31),
B (35)
[—61 I
<0,
I -CYG

where & = 1/9.

3.3. State-Feedback Controller Design. In this section, we turn
our attention to the state-feedback control problem. Our goal
here is to find a state-feedback controller, which not only
stabilizes the closed-loop system, but also makes the ellipsoid
bound on the reachable set of closed-loop system as small as
possible.

Now, consider the state-feedback controller u(t) =
K;x(t), where K; is a gain matrix to be determined later. By
using this controller, the closed-loop system can be obtained
as

Ex(t) = A;x (t) + Dy (t)

y (t) = Cix ®),

(36)

where A, = A; + B,K,.

Theorem 9. Consider singular Markov jump system (1). If
there exist nonsingular matrices P, € R™", matrices S;, and

scalars o« > 0, §; > 0 such that the following LMIs hold for each
i€d,

P'E"=EP. >0 (37)
P'E" <61 (38)
o, D, W,
s ——I 0 [<0, (39)
* * 7

then the reachable set of system (1) is mean-square bounded
within the set ﬂf\il &P, = ﬂf\il{x e R" | xTI_D,»x < 1}, and
the desired controller gain matrix is given by K; = S;P,”, where

@, = Sym (P/ AT + 8B} ) + (a + m;) P'E"

W,

1
T T T T
= [\/”npi o NTanE VTanb \/”iNPi]

J; =diag (P, + P =8,I,...,P_, + P -8, 1P,

+ Py =81, Py + Py = Oy)
P, = %N’TN’I o
i
7= s (B) 455 (Il e e (2)
+[D.)
B=(N"'PM") .

Proof. Denote X; = P and S; = K,P, for eachi € .
Then, pre- and postmultiplying (39) by diag(X7, I, 1) and its
transpose, respectively, we obtain

®, X/D;, W,
s ——I1 0 | <0, (41)
w
* * =7
where @, = Sym(ATX)) + (¢ + m)E'X, W; =
[Vl VT V! VN

Using Lemma 2, we have

8;'P,P > P;+ P] - 81,

(42)
j=1,2,...,i-1,i+1,...,N.
From (41) and (42), it is easy to obtain that
0 XiTDi %i
s ——I 0 [<0, (43)
w _
* * -Ji
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where 7, = diag(8;'P,P],...,8;\P_ Pl ,8; P, PL, ...,
Sn PyPh).
By Schur complement, the previous matrix inequality
becomes
@, XD,
a | <0, (44)

= 5T T N T
where @; = Sym(A; X;) + (a+m;)E" X; + ijl’#i 61-7'[in]. X;.
Since j € &, (38) infers that PjTET < 8]-1. Pre- and
postmultiplying the previous matrix inequality by X ]T and X,

respectively, we have E* X i < 5]«X]TX ;- This together with

(44) implies
@, X;D;
104 <0, (45)

where ®; = Sym(AT X;) + Zﬁ\lzl nijETXj +aE"X,.
Pre- and postmultiplying (37) by X! and X, respectively,

we obtain
E'X;=X'E>0. (46)

From the above discussion, we show that if (37)-(39) hold,
then (45) and (46) hold. Thus, it follows from Theorem 4 that
the closed-loop system can be stabilized by the designed state-
feedback controller.

Next, we show that the reachable set of the closed-
loop system (36) is mean-square bounded within the set
ﬂfil %(I_Di). From (45) and (46), it is easy to show that there
exists a Lyapunov function V(x(t),r,) = xT(t)ETX,-x(t)
such that ZV(x(t),r,) + aV(x(t),r,) — (a/@”)w’ (w(t) <
0, where £V (x(t),r,) denotes the difference of V(x(t),r,)
along the trajectories of (36). It follows from Lemma 3 that

E{x" (t)E" X,x(t)} < 1, which implies
E{x' ()N"E'M"MTX,Nx (1)} < 1. (47)
Noting that X; = P, then (47) can be rewritten as

E{F N EMMTPINE®} <1 (48)

Recalling that M_TPi_lN is a lower triangular matrix, (48)
infers that

E{x; ) P'% 0} <1, (49)

where P! = (M TP7'N).
By (49), it can be seen that

min A (B E{|% O} < E{& 0 B'% )
ies (50)
<1

Complexity

Using the fact that min;c gA i, (P{l) = 1/max;c g A, (B), we

get
E{l% 0} < \[max A (P)- (5D

This together with (24) yields

E{]|%, 0]}
. — NG
< [ (4l \mx e (2) + 1D ).
From (24), (51), and (52), we have that
E{llx @I} <7 (53)

where 7; =

IASLIUA, I maxye ¢A e (B) +  [Dyll@). This implies

that (1/7)E{Z" ()X(t)} < 1. Recalling that %(t) = N x(t),
we have

maXiESAmax(lsi) +

1 T —T « 7—

?—;IE{x O((NTNxm} <1 (54)
By denoting (1/77)N""N™" = P,, the reachable set of closed-
loop system (36) is mean-square bounded within the set
Ne, &@)). m

Remark 10. In order to make the ellipsoid &(P;) as small
as possible, we shall carry out the following minimization
problem:

min €
st.  (37),(38),(39), (55)
D <el.

4. Numerical Examples

In this section, two numerical simulation examples are given
to show the effectiveness of the main results derived above.

Example 11. Consider the free system in (1) with the following
parameters:

10
E= ,
10 0

[—-0.8695 —1.5760
|-0.2389 1.8258 |~

[-0.5043 0.1206
A2 = >
|-1.1634 —1.4435

o _[0s
27 los]’

D,
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System mode

0 50 100 150 200
times (s)

FIGURE 1: The switching between two modes.

(56)

The switching between two modes is described by the
following transition rate matrix:

-3 3
] . (57)
6 -6

=

In this example, we choose M = I, N = I. By solving
optimization problem (29) with the aid of fminsearch, the
minimal € and the corresponding o are 0.1312 and 1.7419,
respectively. Using the above parameter values, we can obtain
P, = (1/7)I = 2.1414T and P, = (1/72)I = 0.99921 by solving
(26). Owing to Theorem 5, the state reachable set %, is mean-
square bounded within the set B(P,) N B(P,) = B(P,).

By applying Theorem 7, we have the following results:

1.6561 0
v, - ] ,
0 1.6561
(58)
0.9975 -0.9975
v, - ] |
—-0.9975 1.9950

Therefore, the output reachable set of free system is mean-
square bounded within the set Z(Y;) N &(Y).

For simulation we assume that x, = [0.2 0.1303]T
and the disturbance is chosen as w(t) = sin(t). A case for
stochastic variation with transition rate matrix IT is shown
in Figure 1. The state reachable set %, and the ball %B(P,)
are depicted in Figure 2. Figure 2 shows that the trajectory of

0.8

0.6 |

-1 -08 -06 -04 -02 O 02 04 06 08 1
X1

 Bx-1
—— State reachable set

FIGURE 2: The state reachable set %, and the bounding ball (P, ).

— yhy=1
—— yYy=1
—— Output reachable set

FIGURE 3: The output reachable set %, and the bounding ellipsoids.

the system is mean-square bounded within the region %(P,).
The output reachable set % , the ball 98(Y;), and the ellipsoid
&(Y,) are depicted in Figure 3. Figure 3 shows that the output
reachable set #,, is mean-square bounded within the region
B(Y,) N E(Y,).



Example 12. Consider system (1) with the following parame-

ters:
(10
E = s
10 0
[0.25 1.97
A= ,
10.44 2.31

[1.90 -1.72
Az = >
11.87 0.64
[0.14 (59)
= , 59
10.79

[0.34
B, = )
[ -0.50

[0.50
1050 |

10.70
D, = .
10.70

The switching between two modes is described by the
following transition rate matrix:

-3 3
I = [ . _6] . (60)
By Theorem 9, we get the following results:

a =0.1997,
8, = 22.1356,
5, = 18.0362,

180211 0 (61)

v [ 3.8045 102.2184] ’

147029 0
27 -8.6240 67.2193]

Therefore, the gain matrices of state-feedback controller can
be obtained as
K, = [-12.7027 -5.3634],
(62)
K, = [-7.1957 4.6404].

The corresponding parameter values 7; and 7, are, respec-
tively, 27.7747 and 314.7993, which imply P, = (1/7})] =
0.0360I and 1_32 =(1 /?g )I = 0.0032I. Applying this controller
makes the state reachable set of closed-loop system (36)
mean-square bounded within the region %(P, ).

For the purpose of the simulation, we assume the initial
condition x, = [0.3 0.9763]T and the disturbance is chosen
as w(t) = sin(0.2t). Figure 4 shows one possible switching
between two modes. Figure 5 depicts the state reachable set
of closed-loop system (36).

Complexity

2
L
3
=]
=
=
Iz
2.
w
11
0 50 100 150 200
times (s)
FIGURE 4: The switching between two modes.
6
4t
2+
<0
21
4}
—6 L
-6 -4 -2 0 2 4 6

— &7 ﬁlx =1
—— State reachable set

FIGURE 5: The state reachable set % and the bounding ball B(P)).

5. Conclusions

This paper has dealt with the problems of reachable set
estimation and state-feedback controller design for singular
Markovian jump systems. New sufficient conditions for
the state reachable set estimation and output reachable set
estimation have been, respectively, derived in terms of linear
matrix inequalities. Based on the estimated reachable set, the
state-feedback controller has also been designed. Numerical
examples and simulation results have been provided to
demonstrate the effectiveness of the proposed methods.
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