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Abstract

The standardmodel for mereotopologicaktructuresare Booleansubalgebra®f the complete
Booleanalgebraof regular closedsubset®f a nonemptyconnectedegular Tp topologicalspace
with anadditional“contactrelation” C definedby

XCy <= xNy#0.

A (possibly)moregeneraklassof modelsis providedby the Region ConnectiorCalculus(RCC)
of Randelletal. [34]. We shaw thatthe basicoperationf therelationalcalculuson a “contact
relation” generatatleast25relationsin any modelof theRCC,andhencejn ary standardnodel
of mereotopologylt followsthattheexpressvenesof theRCCin relationallogic is muchgreater
thanthe original 8 RCC baserelationsmight suggestWe alsointerpretthese25 relationsin the
the standardnodelof the collectionof regularopensetsin thetwo-dimensionaEuclidearplane.

1 Introduction

Mereotopologyis anareaof qualitative spatialreasonind QSR)which aimsat developingformalisms
for reasoningaboutspatialentities[1, 12, 31, 32]. The structuresusedin mereotopologyconsistof

threeparts:

1. A relational(or mereological)art,
2. An algebraigart,

3. A topologicalpart.
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The algebraicpartis often an atomlessBooleanalgebra,or, moregenerally an orthocomplemented
lattice, bothwithout smallestlement.

Dueto thepresencef thebinaryrelations‘part-of’ and“contact”in therelationalpartof mereotopol-
ogy, compositionbasedreasoningwith binary relationshasbeenof interestto the QSR community
andthe expressie power, consisteng andcomplity of relationalreasoninghasbecomean object
of study[2—4, 34]. Thefirst time thattherelationalcalculushasbeenmentionedn (modern)spatial
reasoningvasin theinterpretatiorof the4-intersectiormatrixin [19], seealso[39].

It hasbeenknown for sometime, thattheexpressienesf reasoningvith basicoperationson binary
relationsis equalto the expressie power of the threevariablefragmentof first orderlogic with at
mostbinaryrelations[see43, andthereferencesherein]. Thus,it seemsvorthwhileto usemethods
of relationalgebrasjnitiated by Tarski[42], to study contactrelationsin their own right, andthen
exploretheir expressie power with respecto topologicaldomains.

The Region ConnectionCalculus(RCC)wasintroducedasa formal structureto reasoraboutspatial
entitiesandthe relationshipsamongthem[34]. Its modelsare basicallyatomlessBooleanalgebras
with anadditionalcontactrelationwhich satisfiescertainaxioms.A standardnodelof theRCCis the
Booleanalgebraof regular opensetsof a regular connectedopologicalspace wheretwo suchsets
arein contact,f their boundariesntersect.However, thesearenotthe only RCC models.

Gotts[22] exploreshow muchtopologycanbe definedby usingthe full first orderRCC formalism.
Ouraim is similar: We areinterestedvhich relationscanbe definedwith relationalgebralogic (i.e.
the threevariablefragmentof first orderlogic) in the algebraicsettingof the RCC, interpretedn a
topologicalcontext.

2 Relation algebras

The calculusof relationshasbeenanimportantcomponenbf the developmentof logic andalgebra
sincethe middle of the nineteentttentury Sincethe mid-19705 it hasbecomeclearthatthe calculus
of relationsis also a fundamentakonceptualand methodologicatool in computerscience. Some
examplesareprogramsemanticg?, 35, 36, 44], programspecificatior{5] andderivation[6], andlast
but notleastqualitative spatialreasoningFor a detailedovervien we invite thereaderto consult[9].

LetU beanonemptyset. We denotethe setof all binaryrelationsonU, i.e., the powersetof U x U,
by Rel(U). We usuallyindicatethefact(x,y) € Rfor R € Rel(U) by xRy Furthermorewe definefor
R,Se Rel(U)

def

(2.1) RoS={(x,y) : (3z€ U)xRz§}, Composition

(2.2) R d:'Ef{(x, y) : yRX, Corverse

(2.3) xRC’ZEf{y: XRy}, Imageof x underR

(2.4) Ryd:d{x ' XRy}. Inverseimageof y underR



We alsolet 1’ betheidentity relationonU, andV = U x U betheuniversalrelation. Thefull algebra
of binary relationsonU is thealgebreof type(2,2,1,0,0,2,1,0)

<ReI(U )’ ﬂ, U’ ] oﬂv, O,V, 1’)'

We shallusuallyidentify algebraswith their baseset. Every subalgebraf Rel(U) is calledanalgebra
of binary relations(BRA). If {R :i €1} CRellU), welet ({R :i € 1}) bethe BRA generatedy
{Ri:iel}.

If an RA A is completeand atomic— in particular if A is finite —, theneachnonzeroelementis a
sumof atoms,andrelationalcompositioncanbe describedy a matrix, whoserows andcolumnsare
labelledby theatomsandanentry (P, Q) is the setof atomscontainedn Po Q. If 1’ is anatomof A,
we omit columnandrow 1'.

If & ={R :i€l}isapartitionof V suchthat R is closedundercorverse,andeitherR;, C 1’ or
RN1 =0foralli € I, wedefinetheweakcompositiorp,, : ® x R — 2% of ® asthemapping

def

(2.5) RowRj = {Se R :SN(RoRj) # 0}.

Justasin the caseof o, we candeterminecompositiontablesfor o,. NotethatRjoR; C R oy R;; if
equalityholdseverywherej.e.wheno = o, we call theweakcompositiontableextensional

An abstractelationalgebra(RA) is a structure
(A, +,-,—,0,1,0,7,1')
of type (2,2,1,0,0,2,1,0) which satisfiedor all a,b,c € A
1. (A,+,-,—,0,1) isaBooleanalgebra(BA). Its inducedorderingis denotedoy <.
2. (A)0,”,1') is aninvolutedmonoid,i.e.

(@) (A,0,1') is asemigroupwith identity 1',
(b) a“=4a, (aocb)"=boa.

3. Thefollowing conditionsareequialent:
(2.6) (aoh)-c=0, (d0c)-b=0, (cob)-a=0.

The properties(2.6) are sometimescalled the complement-&e Sdroderequivalenes They are
equialentto the Schrédefequivalencesntroducedoy Schrodeiin [38]

2.7) acb<c <+« ao-b<-c < -—cob<-a

EachBRA is anRA with the obvious operationsbut notvice versa[29].



An RA A'is calledintegral if andonly if
(2.8) aocb=0 <= a=0o0rb=0
forall a,b € A. It is well known [25] that

Aisintegralif andonlyif 1' is anatomof the Booleanpartof A.

Thelogic of RAs is a fragmentof first orderlogic, andthe following fundamentatesultis dueto A.
Tarski[43]:

Theorem 2.1. If {R :i €1} CRellU), then({R :i €1}) isthesetof all binaryrelationsonU which
are definablen the (language of the)relationalstructue (U, {R; :i € | }) byfirstorder formulasusing
at mostthreevariables.

If a,b areelementf aRA A, we definetheright residualof a andb by

(2.9) a\b®¥ _(ao-h).

a\ bisthelargestrelationc suchthataoc < b.
Analogouslywe definetheleft residuala /b ofaandb as

(2.10) a,/b% —(~aob).

a /b is the largestrelationd suchthatdob < a. The symmetricquotientsyq(a,b) of a and b is
definedby

(2.11) syd(a,b) £ (a\b)- (@ /B) = —(@o—b)-—(~a"ob).

In a BRA theresidualsandthe symmetricquotientof R andS canbe characterisety

(2.12) RN S= {{xy) : RxC &},
(2.13) R/ S={(xy) : ySC xR},
(214) SyCKRa S) = {<Xay> tRx= Q/}

Thefollowing propertiesof theresidualwill beneededater:

Lemma2.2. [15, 33] In everyRAthefollowing holds:

1. .\ cisreflxiveandtransitive

2. If cis reflxiveand symmetricthen(c\ c) o (c\ ¢) < C.



In aBRA, thereis anelegantway to characterisa subsebf theuniverseU . To this end,associatéhe
relation

mE'{(xy):xeU,ye M}

with thesubsetM C U. It is easyto seethatm satisfiean=V omwhereV is thegreatestelationover
theuniversel. A relationmwhich satisfiean=V o mis calledavector Analogouslyaone-element
subsebr anelemenbofU maybedescribedy avectorwhichis univalentm’ om C 1’; theserelations
arecalledpoints

Given an orderingP, i.e., a reflexive, transitve and antisymmetricrelation, one may be interested
in lower boundslbp(m) of subsetsharacterisedby a vectorm. This vectoris given by Ibp(m) def
—(mo—P) =m\\ P = (P m)". Analogously ubs(m) gef —(mo —P) = m"\ P is the vector of
upperboundsof m. Lastbut notleast,therelationsglb,(m) d:eflbp(m) Nube(Ibp(m)) andlubp(m) def
ube(m) NIbp(ube(m)) areeitheremptyor a point, describingthe greatestower boundandthe least
upperbound,if they exist, respectiely. More detailsaboutthe relationaldescriptionof orderings,

extremalelementsandtheir propertiesnaybefoundin [37].

For propertiesof relationalgebrasnot mentionedhere,we refer the readerto [10, 24, 37], andfor
Booleanalgebrago [26].

3 Mereology

Mereology the study of “part-of’ relations,was given a formal frameawvork by LeSnievski [27, 28]
as part of his programmeto establisha paradox-fredoundationof Mathematics. Clarke [11] has
generalised.esnienski's classicalmereologyby taking a “contact” relationC asthe basicstructural
element.Theaxiomswhich C needdo fulfil are

(3.1) C is reflexive andsymmetric,

(3.2) Cx=_Cyimpliesx=Y.

It wasshawn in [15] thatthe extensionalityaxiom (3.2) maybereplacedy

(3.3) C\ Cis antisymmetric
ie.
(3.4) syqC,C) C 1'.

Theterm“mereology” hasnowadaysbecome(almost)synorymouswith the studyof “part-of” and
“contact” relationsin QSR.

If Cis acontactrelationwe set

(3.5) P d:efC\C, partof

(3.6) PPEPA_1. properpartof



Lemmaz2.2and(3.3)tell usthatP is a partialorderwhichwe shallcall the part of relation(of C). We
alsowrite x <y insteadof xPy. PP is calledthe properpart of relation.

We now definethe additionalrelations

def ~

3.7) O=PoP overlap

(3.9) POo% on —(PUP) partialoverlap

(3.9) Ec®cn-o externalcontact

(3.10) TPPE PPN (ECoEC) tangentialproperpart
(3.11) NTPP X PPN —TPP non—tangentiaproperpart
(3.12) pc® ¢ disconnected

(3.13) DRE 0o discrete

Givena contactrelationC, we will usethe definitions(3.5)— (3.13) of the relationsthroughoutthe
remaindeiof the paper An exampleof suchrelationsis givenin Figurel. Thedomainis the setof all
nonemptycloseddisksin the Euclideanplane,andxCy <= xNy# 0.

Figurel: Circlerelations
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Mereologicalstructuresalsohave analgebraigoart: If C is acontactrelationonU and®# X CU,x €
U, thenx is calledthefusionof X, writtenasy X, if

PP

(3.14) (Vy € U)[xCy <= (Fz € X)yCZ.

A modelof mereolay is a structure(U,C, 5 ), whereC is a contactrelation,andthe fusion y exists
for all nonemptyX C U. If

(3.15) C=0,
then(U,C,y) is a modelof classicalmereology since“contact” C is definableby “part of” P as
C=PoP.

Note that the definition of a model of mereologyis not first order; a weakmodelof mereolay is a
structure{U,C, +), whereC is acontactrelation,andfor all x,y € U, thefusionx+y exists.



Givenamodelof mereology(U,C, 5 ), onecandefineadditionaloperationsonU asfollows [11]:

(3.16) 1= Z{x : xCx} Universalelement
(3.17) X = Z{y y(—C)x} Complement
(3.18) |_| X= Z{z. zPxfor all x € X} Product

Obsere that* and[] arepartialoperations for example,1* doesnot exists,andneitherdoes[]{x, y}

if xDCy -, andthat they requirecompletenessf fusion. Biacino and Gerla [8] have shavn that
the modelsof mereologyare exactly the completeorthocomplementethtticeswith the O element
removed,and

XCy <= XL -y

Modelsof classicalmereologyarisefrom completeBooleanalgebrasB with the 0 elementremoved
asshawn in [41]; hereP is the Booleanorder

4 TheRegion Connection Calculus

The Reggion ConnectionCalculus(RCC)wasintroducedin [34] asatool for reasoningaboutspatial
phenomenaandhassincereceved someprominence.lt usesa contactrelationC which fulfils the
conditions(3.1)and(3.2).

A modelfor theRCCconsistof abasesetU = RUN, whereR, N aredisjoint,adistinguished. € R,

aunaryoperatiorn* : Ry — Ro, whereRy defR\ {1}, abinaryoperation+ : Rx R— R, anotherbinary

operation : Rx R— RUN, andabinaryrelationC onR. In orderto avoid trivialities, we assumehat
Uj>2.

TheRCCaxiomsareasfollows:

RCC1. (Vxe R)xC
RCC2. (Vx,yeR) [ny = yCX]
RCC3. (Vxe R)xC
RCC4. (Vxe Rye€Ry),
() XCy* < = XNTPPy
(b) XOy* <= — xPy
RCC5. (Vx,y,z€ R)[XC(y+ z) <= xCy or xCZ
RCC6. (Vx,y,z€ R)[xC(y-2) <= (3w € R)(wPyandwPzandxCw)]
RCC7. (¥x,y € R)[(X-Yy) € R<= xOy
RCCS8. If xPyandyPx thenx=y.



We shallin the sequelassumewithout loss of generalitythat N = {0}. Axioms RCC 1, RCC 2,
RCC5 andRCC8 shaw that(R,C,+) is aweakmodelof mereology It is, however, nota modelof
mereologyin the senseof Section3, sinceit hasa differentdefinition of complement:in the RCC
models,eachproperregion x is connectedo its complementx*, which is impossiblein modelsof
mereology It wasshavn in [14] and[40] thatthe algebraigartof anRCCmodel,i.e. (U,-,+, *), is
a Booleanalgebra.EachatomlessBooleanalgebracanbe madeinto an RCC modelby definingan
appropriatecontactrelation[13].

Notice,thatsomeof the axiomsabore may bewritten in arelationalgebraionannerasfollows:

RCC1. I'CC
RCC2. C'CC
RCC8'. syq(C,C) C 1.

In theoriginal RCC,therelations
4.2) 1, TPP, TPP, NTPP, NTPP, PO, EC, DC

wereconsideredaserelationsin asystencalledfig. Someavhatearlief EgenhofeandFranzosdl16]
arrive atasimilar setof relationsby purelytopologicalconsiderationsSeeinghatthelargestelement
1is RA —definablefrom C, it wasnotedin [15] thatinvestigationof the RCC canberestrictedo the
setU = RN —{1}, andthatEC andPO split into thedisjoint non—emptyrelations

def

(4.2) ECD €' —(PPoPP'UPP 0 PP),
(4.3) ECN £'Ecn—ECD,

(4.4) PONE'#n (PP o PP) N (PPo PP),
(4.5) PODE'#n (PP o PP) N —(PPo PP),

where# = —(PU P") is theincomparabilityrelation. It is nothardto seethat

XECDy <= x =Y,
XECNy <= XECy andx+Yy # 1,

XPONy <= x#y, X-y#0, x+y# 1,
XPODy<=> x#ty, X-y# 0, Xx+y=1,

In thesequelwe shallregard
(4.6) 1, TPP, TPP, NTPP, NTPP, PON, POD, ECN, ECD, DC

asdefinedabove asthe basicrelationsin termsof which otherrelationswill be definedbelon. The
systeminducedby theserelationswill becalledR1o. The weakcompositionof fR1g is givenin Table
1; it is worth pointing out that the table doesnot have an extensionalinterpretation,.e. thereis no
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RA whosecompositionis given by Table 1. The reasonfor this is thatthe tableis not associatie:
Consideffor example,

(TPPoNTPP) o POD= TPP+ NTPP+ PON+ POD
# TPP+NTPP+ PON+ POD+ ECN+ ECD
=TPPo (NTPP o POD).

Neverthelessthe baserelationsare the atomsof a semi-associate relationalgebrain the senseof
Maddux[30].

UsingtherelationECD, anothelRCC axiomcanbewritten in algebraicform asfollows:

RCC4'. (a) CoECD = —NTPP
(b) OcECD = -P

LetV bethegreatestelationover R. Notice,thatthe property

(47) Iub(c\c) (R) OV = ROV

forcesthealgebraigartof aRCCmodelover Rto beacompleteBA without aleastelementsincefor
every nonemptyvectormtheleastupperboundiubc\ c)(m) is alsononempty Underthisassumption,
thegreateselementl is characterizedy therelationlubc ¢) (V). Furthermoreif we require

(4.8) lubc c) (R) oC = RoC for all relationsR

thentherelationalgebraiccounterpart®f the remainingaxiomsRCC 3, RCC5, RCC6 andRCC7
areprovable.

Lemma4.1. For all nonemptyectos mwehavethefollowing:

RCC 3 lubcnc)(V)oC =V,

RCCY5': lubcy c)(m) oC=moC,

RCC6': gl ¢)(M) oC=Ibc\ c)(mM)oC,

RCC7': glb(c\c)(m) #0 < b c)(Mm) #0.

Proof RCC3’ andRCC5’ follow from 4.8. Notice, thatwe have

(*) glb(C\C)(m) = lubcn c) (Iben ) (M))-

A proof maybefoundin [37]. RCC6’ andRCC7’ follow from (x) and4.8resp.4.7. O

Notice,thattheinclusionD in 4.8 canbeproven.
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5 Basicrelational properties

In this section,we shallcollectsomepropertiesof therelationslistedin (4.6), which follow from the
RCC axioms. Thesewill be usedin the next sectionfor the definition of the relationalgebra. We
commenceavith severalbasicconnectionsvhich werealreadyprovedin [15].

Lemmab5.1. 1.  CNTPP oNTPP,i.e. for all zther is somex with xXNTPPz.
2. ECN =TPPoECD, i.e. XECNz <= XTPPZ.
3. If xDCz, thenxTPP(x+ 2).
4. XNTPPzandyNTPPz <= (x+Y)NTPPz.

5. If XNTPPz,then(x* - 2) TPPz.

Our secondemmadealswith compositionf P,DC, TPP andNTPP.
Lemmab5.2. 1. DCoP CDC,i.e. xDCy andz <y imply xDCz.
2. NTPP=ECDoNTPP oECD, i.e. XNTPPy <= y*NTPPX.
3. PoNTPP < NTPP,i.e. x<yandyNTPPzimply XxNTPPz.
4. NTPPoTPP=NTPP.
5. NTPPoP=NTPP.
6. TPPoNTPP=NTPP.

7. ' < NTPPoNTPPF, i.e. for all x there is somez with XNTPPz.

Proof. 1. Considerthefollowing computation:

DCoP" CDC<«= —Co—(—CoC)C -C by definitionof DC andP
<= —CoCC-CoC. by 2.7

2. Considerthefollowing computation:

NTPP= —(CoECD) by RCC4'a
=ECDo—(ECDoC)oECD sinceECD is abijection
=ECDo—(CoECD) oECD sinceC andECD aresymmetric
= ECDoNTPP o ECD. by RCC4’a

3. Let xPyNT PPz andassuméhat— xNT PPz Thenwe have xCz* and— yCz* by RCC4a. It follows
thatxCz*DCy holds,i.e.x(C o —C)y andhence-xPyby thedefinitionof P. Butthisis acontradiction.

11



4.“C". We prove the strongerassumption
(*) NTPPoP CNTPPR

Let xNTPPyPzand assumaghat -xNTPPz Thenwe have xCz* by RCC 4a. On the other hand,
XNTPPyimpliesxDCy* by RCC4a. Sincey < zandthereforez* < y* holdswe concludexDCz* by
1, acontradiction.

“D" LetxNTPPz With 5.1(1)choosesomewNTPP(x* - z), andsety = w* - z. Thenwe have

WNTPP(X" - 2) = WNTPPX by (x) andx* - z< x*
= XNTPPW by 5.2(2)
—> xDCw by RCC4a
—> XxDCw andxDCZ* by xXNTPPzandRCC4a
= xDC(W+ Z*) by RCC5
— XNTPP(w+ Z*)* by RCC4a
= XNTPPy. Definition of y

FurthermorewNT PP(x* - z) implieswNT PPz andby 5.1(5)we gety = (w*-2) TPPz
5.“C” wasalreadyshavn in 4.(x) and“ 2" follows from 4.

6.“C": Thisfollows from 3.

“D" LetxNTPPz With 5.1(1)choosesomeyNT PP(x* - z). Then5. givesusyNTPPzandyNTTPx".
Using5.1(4)andRCC4awe get(x+Yy)NTPPzandyDCx. Togethemwe concludexTPP(x+Yy)NTPPz
by 5.1(3).

7. Letxe U. By Lemma5.1(1),thereis somey € U suchthatyNTPPx, andby 2 abore, XNT PPy.
O

Our next lemmaexhibits somenew arithmeticalpropertiesnvolving thealgebraicoperations.
Lemmab5.3. 1. xNTPPyandxNTPPz <= XxNTPPy-z.

2. ECDoDC =NTPF,i.e. x*DCz < zNTPPXx.

3. PONo ECD = PON, i.e. xPONz <—= xPONz".

4. TPP 0 ECD = PODN —(ECDoNTPP).

5. XECNo TPPz <= XECN(x*-2)TPPz.

6. If xt#tzthenxTPP o TPPz <= xTPP(x-2)TPPz.

7. If x-z# O0thenx— (TPP o TPP)z <= (Xx-Z)NTPPxor (x-zZ)NTPPz
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8. If x#zthenxTPPo TPPZz <= XTPP(x+2)TPPz.

9. If YNTPP(x+ z) andyDCz thenyNT PPx.

Proof. 1. Thisfollowsfrom 5.1(4)and5.2(2).

2. Considerthefollowing computation:

X(ECD o DC)z<+=> x"DCz
< zDCX* by RCC2
<= zNTPPx by RCC4a
< xNTPPz

3.“=" SupposexPONz Thenthedefinitionof PONimplies

(5.2) X%z
(5.2) z£ X,
(5.3) X-z2# 0,
(5.4) X+2z# 1

We have to prove (5.1)(5.4) for z* insteadof z. Considerthe following computation:

Z' <xX= x+2z>7Z+z=1, contradicting5.4),
X< Z8 = x-z< Z"-z= 0, contradicting(5.3),
X-Z* = 0= x < z, contradicting(5.1),
X+Z' =1= z< x, contradicting(5.2).

“«<=" is shawn analogously

4.“C" First,weshav TPP o ECD C POD. Suppose*TPPx Then,we have

X%z sincex < zimpliesz* < x*, acontradiction
z£ X, sincez < x is acontradiction

X-z2# 0, sincex-z= 0 impliesx < Z*, acontradiction
X+z=1, sincez" < x

andhencexPODz Furthermoreconsiderthefollowing computation:

TPP oECDNECDoNTPP
=TPP oECDNECDoECDoNTPP o ECD by 5.2(2)
= (TPP'NNTPP) c ECD sinceECD is a bijection
=0,
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whichshavs TPP o ECD C —(ECD o NTPP).

“D" SupposexPODzandx* — NTPPz Thenwe concludez* < x sincex+z=1 andx-z# 0.
Furthermorewe have Z*TPPxbecause*NTPPximpliesx*NTPPzby 5.2(2),a contradiction.

5. Weonly haveto shaw “=". Let xECNyTPPz Firstwe have

XECNy <= yECNx symmetryof ECN
<= yTPPX by 5.1(2)
= y<Xx-.z sinceyTPPz

AssumexNTPP(x+ z). Thenwe conclude

XNTPP(x+ Z*) <= xDC(x* - 2) by RCC4a
— XDCy by 5.2(1)
<= XNTPPY'. by RCC4a

But xECNy givesus XTPPy* by 5.1(2),a contradiction.Sincex < x+ z* we conludexTPP(x+ z*)
andusing 5.1(2) againXxECN(x* - z). Assumex* -zZNTPPz Thenwe aim at yYNTPPz by 5.2(3),
contradictingyTPPz Sincex*-z< zweget(x*-2) TPPz

6. Again,we only have to shav “=—=". LetxTPPYTPPz Thenwe havey < x- z. Sincex#z we have
(x-z2)PPx Assume(x-zZ)NTPPx We concludeyNTPPxby 5.2(3),a contradiction.

7."=" Letx-z> 0. Supposew.l.0.g that(x-y)TPPxholds. The hypothesisx— (TPP o TPP)z
impliesthatfor all y,

yTPPx=—y—-TPPz

Thus,(x-z) — TPPzandhence(x- z)NTPPzsincex-z< z

“«<=": Supposev.l.0.g.that(x-z)NTPPzholds.Furthermoreassumehatwe have xTPPyTPPzfor
somey € U. Thenwe gety < x-zandby 5.2(3)yNT PPz a contradiction.

8. Similarly to 6.

9. Considerthefollowing computation:

yNTPP(x+ z) andyDCz <= (X* - Z*)NTPPY" andzNT PPy* by 5.2(2)andRCC4a

< (X*-y* +2NTPPY by 5.1(4)
<= yNTPP(Z"- (x+ 2)) by 5.2(2)
<= yNTPP(Z" - x)
—> YNTPPx by 5.2(5)
which finishesthe proof. O

Thelastlemmadealswith somenew relationalgebraigpropertiesof therelationslistedin (4.6).
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Lemma54. 1. ECNoTPPoECD = TPPoTPP.
2. (ECNoTPP) o ECD = TPP o TPP.
3. TPPoTPP o ECD = ECNo TPP.
4. TPP'oTPPoECD = (ECNo TPP)".
5. —(ECNoTPP)oECD = —(TPPo TPP).
6. —(ECNoTPP)"0ECD = —(TPP o TPP).
7. —(TPPoTPP)oECD = —(ECNo TPP).

8. —(TPP o TPP)oECD = —(ECNo TPP)".

Proof. 1. Considetthefollowing computation:

ECNoTPPoECD = TPPo ECD o ECN by 5.1(2)
= TPPo (ECNo ECD)” sinceECN andECD aresymmetric
— TPPo(TPPoECDoECD)”  by5.1(2)
=TPPoTPP. sinceECD is abijection

2. Considerthefollowing computation:

(ECNoTPP)"cECD = TPP o ECNo ECD sinceECN is symmetric
=TPP oTPPoECDc ECD by 5.1(2)
=TPPoTPP sinceECD is a bijection
3.-8.Follow from 1. and2. sinceECD is abijection. O

6 A necessary relation algebra

We arenow readyto describethe relationalgebra?l which is a subalgebraf every BRA generated
by the contactrelationof ary RCC model. Notethatin this section,‘composition”meangelational
compositionproper andnottheweakcompositionof (2.5).

Therelationswe aregoingto considerareshavn in Table2. The definitionsof therelationsPONYB,
PONZ andPODZ give riseto somesimplequestionsansweredy the next lemma.

Lemma6.1. 1. PONZC TPPoTPP.

2. PONYBC TPP o TPP.
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Table2: Atomsof 2

1/

TPPA  =TPPN(ECNoTPP)
TPPA"  =TPP'N(ECNoTPP)
TPPB  =TPPN—(ECNoTPP)
TPPB  =TPP'N—(ECNoTPP)

NTPP

NTPP

PONXAL = PONN (ECNo TPP)N (ECNo TPP)" N (TPPo TPP) N (TPP o TPP)
PONXA2 = PONN (ECNo TPP) N (ECNo TPP)"N (TPPo TPP) N —(TPP o TPP)
PONXB1 = PONN (ECNo TPP)N (ECNo TPP)"n —(TPPo TPP) N (TPP o TPP)
PONXB2 = PONN (ECN o TPP)N (ECNo TPP)"n —(TPPo TPP) N —(TPP o TPP)
PONYAL = PONN —(ECNoTPP)N (ECNo TPP)'N (TPPo TPP) N (TPP o TPP)
PONYA2 = PONN —(ECNoTPP)N (ECNo TPP)"N (TPPo TPP) N —(TPP o TPP)
PONYAL = PONN (ECN o TPP) N —(ECN o TPP)"N (TPPo TPP) N (TPP o TPP)
PONYAZ2 = PONN (ECN o TPP) N —(ECN o TPP)"N (TPPo TPP) N —(TPP o TPP)
PONYB = PONN—(ECNoTPP)N (ECNoTPP)'n—(TPPoTPP)

PONYB" = PONN (ECNo TPP)N —(ECNo TPP)'N —(TPPo TPP)

PONZ = PONN—(ECNoTPP)N—(ECNoTPP)
PODYA = PODN—(ECDoNTPP)N(TPP oTPP)
PODYB = PODN—(ECDoNTPP)N—(TPP o TPP)
PODZ =ECDoNTPP

ECNA =ECNN(TPPoTPP)

ECNB =ECNN—(TPPoTPP)

ECD

DC

3. PONZC TPP o TPP.
4. PODZC POD.
5. PODZC TPP o TPP.
Proof. 1. Let xPONZz and assumex(—(TPPo TPP’))z. SincexPONz implies x#z we may apply

5.3(8)andconcludex — TPP(x+ z) or z— TPP(x+ z). Assumew.l.0.g. thatx— TPP(x+ z) holds.
Sincex < x+zwe concludexNT PP(x+ z). Furthermorewe have

XNTPP(x+ z) = xDC(x+ 2)* by RCC4a
=—> XTPP(X+X*-Z¥) by 5.1(3)
<= XTPP(x+Z)

—> XECN(X* - 2), by 5.1(2)

contradictingx(—(ECN o TPP))z by 5.3(5).
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2. We will shav that (PONYBN —(TPP o TPP)) o ECD = 0. This implies PONYBN —(TPP o
TPP) = 0sinceECD is abijection,andfinally, PONYB C TPP o TPP. The propertyabore is proved

by
(PONYBN —(TPP o TPP)) 0 ECD
= PONYBoECDN —(TPP o TPP) o ECD sinceECD is abijection
— PONYBo ECDN —(ECNo TPP)” by 5.4(8)
= PONo ECDN (ECNo TPP) 0o ECD
N—(ECNoTPP) o ECDN —(TPPoTPP) 0 ECD

N—(ECNo TPP)” sinceECD is abijection
— PONN (TPP o TPP)N —(TPPo TPP)

N—(ECNoTPP) N —(ECNo TPP)" by 5.4(5)-(7) and5.3(7)
= PONZN (TPP o TPP)N—(TPPo TPP)
=0. by 1

3. Similarly to 2., we shav (PONZN —(TPPo TPP)) o ECD = 0. This propertyis proved by

(PONZN —(TPPo TPP)) 0 ECD

=PONZoECDN —(TPPoTPP) o ECD sinceECD is abijection
= PONZoECDN —(ECNoTPP) by 5.4(7)
= PONoECDN —(ECNoTPP) 0 ECD

N—(ECNo TPP)"ocECDN —(ECNo TPP) sinceECD is abijection
= PONN —(TPPoTPP)N —(ECNo TPP)

N—(TPPoTPP) by 5.4(5),(2)and5.3(7)
C PONYBN —(TPP o TPP)
=0. by 2

4. Suppose*NTPPzwhichimpliesx* < z. Obviously, we have
X€z z&Xx Xx-z#0, x+z=1,

andhencexPODz

5. Again, suppose*NTPPzwhichimpliesx- z# 0. Now, assume- zZNTPPx Thenwe conclude

(X-Z)NTPPx<= xX*"NTPP(X* + Z*) by 5.2(2)
< X*NTPPX, by 5.3(9)sincex*DCZ* <= x*NTPPz

a contradiction.Analogously it follows that (x- zNT PPzis impossible.Togethemwe have xTPPx-
zTPPzandhencePODZC TPP o TPP. O
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We now stateour mainresult.

Theorem 6.2. Theset® of relationsgivenin Table 2 togetherwith the extensionalinterpretation of
their weakcompositiortable (Table4) is the setof atomsof a relationalgebra 2.

Proof. Following [23] we have to shaw:

1. Therelationsarepairwisedisjoint, theirunionisU x U.
2. R is closedundertakingcornversesandeitherRC 1’ orRN1' = 0forallRe R.
3. Eachrelationis non-empty

4. The compositionof ary two of themis aunionof elementof .

1.Lemma6.1givesus

TPPA, TPPB isapartitionof TPP,
ECNA,ECNB isapartitionof ECN,
PONXA1-PONZ, isapartitionof PON,
PODYA,PODYB,PODZ isapartitionof POD,

which provesl.
2. Thisis obviousfrom the definitions.

3. We shallindicateelementf U which arein therelationsof Table4.6. Notice, thatwe have the
following:
(a) TPPA0 ECD = ECNA.
(b) TPPBo ECD = ECNB.
(c) TPPA©ECD = PODYA.
(d) TPPB o ECD = PODYB.
(e) PONXALloECD = PONXAL.
() PONXA20ECD = PONYAT".
(g) PONXBL1o ECD = PONYAL.
(h) PONXB20 ECD = PONZ.
(i) PONYAloECD = PONXBI.

(i) PONYA20ECD = PONYB'.
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Theseequalitiesare a consequencef 5.1(2),5.3(3),(4)and5.4. Therefore,it is suficient to shav
thattherelationsT PPA, TPPB, PONXAL PONXA2, PONXB1,PONXB2,PONYAl andPONYA2 are
non-empty To thisend,we will usea configurationgivenby the Figure2; thisis only anindicationin
afamiliarmodel.Firstof all, we wantto shav thatthis configurationremepgesin every modelof RCC
with U # 0. Note,thatby 5.1(1)suchmodelis necessarilynfinite.

Let 1 # se U begiven. Furthermoreusing5.1(1)lettNTPPs andwNTPP(s+t)*. Thenwe have

sDCt, by RCC4a
sDCw, by RCC4aand5.2(1)
tDCw;, by RCC4aand5.2(1)
s+t+w< 1L since(s+t)+w= 1= w> (s+t)*, acontradiction

Again, using5.1(1) let aNTPPs bNTPPa,dNTPPt andcNTPP(a*-s). Sincea*-s < s we have
cNTPPsby 5.2(5). FurthermorecNT PP(a* - s) impliescDC(a+ s*), andhencecDCa by 5.2(1).

The requiredelementsandtheir propertiesarelisted in Table 3 on the following page. Proofsare
straightforvard andleft to thereader Using5.3(6),(7)and(9), we concludeour assumption.

4. We have generatedh compositiontable, and have checled that Table 4 on page21 represents
relationalgebra.Both weredonewith aprogramwrittenin the functionallanguagegGOFER.Obsere
thatunlike the weakcompositionof Table1 for the $R1¢ structuresthe compositionin Table4 gives
compositionof relationalgebrasvhichis associatie.

To endup with acompacidescriptionwe have codedthe setsof atomsby thefollowing 5 x 5-matrix.

v TPPA TPPA TPPB TPPB
NTPP NTPP | PONXA1l | PONXA2 | PONXB1
PONXB2 | PONYA1 | PONYA2 | PONYAT | PONYAZ
PONYB | PONYB" | PONz PODYA | PODYB
PODZ ECNA ECNB ECD DC

Now, Table4 shouldbe readasfollows. The weakcompositionof PODYB ﬁ andPODYA ﬁ is
ﬂ, i.e. equalto unionof therelations

TPPA, TPPB, TPPB, PONXAL, PONXB1, PONYAL, PONYAT,
PONYB, PONYB", PONZ, PODZ.

This completeghe proof. O
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Table4: The compositiontableof
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6.1 Topological properties

Supposehat(X, 1) is atopologicalspacelf x C X, we denotetheclosureof x by cl(x), andits interior

by int(x). Thefringe or boundaryFr(x) of x is the setcl(x) N —int(x). X is calledregular open,if

int(cl(x)). It is well known thatthe collectionRO(X) of regularopensetsis a completeBoolean
21
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algebraundersetinclusionwherefor v,w € RO(X),

(6.1) v+w=int(cl(vUw)),
(6.2) V-W=VNw,
(6.3) v =int(—v).

Thespace X, 1) is calledregular or T3 spaceif distinctpointscanbe separatetby disjoint opensets,
andif for eacha € X andeachclosedsetx notcontaininga, therearedisjoint opensetsw, v suchthat
aew, x Cv. (X,1) is calledconnectedf theonly open-closedclopen)setsareX and0.

For propertiesof topologicalspacesot mentionechere,we invite thereaderto consult[20].
As shavn in [21], a standardRCCmodelis thecompleteBooleanalgebraRO(X) of regularopensets
of aconnectedegulartopologicalspace(X, 1), wherefor x,y € RO(X)

(6.4) xCy <L cl(x) Ncl(y) # 0.

Theorem6.3 gives the topological propertiesof the baserelationsand the building blocks of the
othersfrom which the propertiesof theatomscaneasilybe derived.

Theorem 6.3. Let B be an atomlesssubalgbra of RO(X) andC bethe connectiorrelation of (6.4)
definedonU = BN —{0,X}. Furthermoe, letx,y,z€ U, x#Yy. Then,

(6.5) XTPPy<= xCy,Fr(x)NFr(y) #0

(6.6) XNTPPy<= cl(x) Cy

(6.7) XPONy <= x Zy,y  x,xNy # 0,cl(x) Ucl(y) # X

(6.8) XPODy<= x Z y,y € x,xNy # 0,cl(x) Ucl(y) = X

(6.9) XECNy <= xNy = 0,cl(x) Ncl(y) # 0,cl(x) Ucl(y) # X

(6.10) XECDy <= xNy = 0,cl(x) Ncl(y) # 0,cl(x) Ucl(y) = X

(6.11) XDCy <= cl(x)Ncl(y) =0

(6.12) XECN o TPPy<=> Fr(x)NFr(—xNz) # 0,Fr(2) NFr(—xnNz) # 0,cl(x) Ucl(y) # X
(6.13) XTPPo TPPYy <= Fr(x) NFr(int(cl(xUz))) # 0,Fr(2) nFr(int(cl(xUz))) # 0
(6.14) XTPP o TPPy<=> Fr(x)NFr(xNz) # 0,Fr(2 NFr(xNz) #0

(6.15) XECD o NTPPy<=- xUy = X.

Proof. All equivalencesarestraightforvard applicationsof the definitionsof the Booleanoperations
givenin (6.1)— (6.3) onpage22, andthe propertiesof therelationsgivenin Lemmab. 1. O

We wouldlik e to closethis sectionwith anRCC modelwhich hasdifferentpropertieshantheoneon
thefull algebraRO(X). Let K bethecollectionof setsof theform

K(ab) = {peR?:ag|plsb}, ifO#a
V7 iperipigb)y,  ifa=o
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wherea € R b € RU {0}, and|p| is the Euclidian distanceof p € R? to (0,0)). We alsoextend
the orderingof R andseta <  for all a € R. Let B bethe setof all finite unionsof elementsf K
including®. ThenB is asubalgebraf RO(R?), generatedby the opendiskswith centreat the origin;
by aresultof [13], (B,C) is amodelof theRCC,whereC is definedby (6.4).

Now, considex = K(0,1). Wewantto shawv thatthereis noy € U = B\ {R?, 0} with xTPPAy. Every
elementy of U with xTPPyis of theform xU {K(a,b) : 1 < a}. Since—x-y = {K(a,b) : 1 < a} and
{K(a,b) : 1 < a} is disconnectedo X, we concludethatxTPPBY. It follows thatthe BRA generated
by C on this domainis not integral. On the otherhand, it is not hardto seethatin RO(R), 1' C
TPPAo TPPA, sothis situationcannothapperthere.

7 Summary and Outlook

We have shavn thateachrelationalgebrageneratedby the contactrelationof anRCCmodelcontains
anintegral algebra?( with 25 atomsasa subalgebraThus,the expressienessof the RCCaxiomsin
the 3-variablefragmentof first orderlogic is muchgreaterthanthe original eight RCC baserelations
(which are,basically the possiblerelationsof a pair of circles) might suggestWe have alsogivena
topologicalinterpretatiorof the atomsof 2.

We have not yet found a representatioof 2, andthe problemis openasto whetherthereis anRCC
modelwith 2 asits associatedRA. In particular we do not know, if 2( is the BRA generatedy C
on astandardnodelRO(X).

All RCCmodelsthatwe know fulfil
(7.2) NTPPC NTPPoNTPP,

andthe questiorremainswhetherthis is alwaystrue.

It seemsalsoworthwhileto compareheexpressiity of RA logic with thatof the9-intersectiormodel
of EgenhoferandHerring[17], whichis basedonly ontopologicalproperties.

Anotherpromisingareaof researchs to considerthe expressie power of relationalstructuresmore
generathanBRAs, for example,those,in which the associatiity of the compositionis relaxed[30].
EgenhofemandRodrigueZ18] have givena spatialinterpretatiorof sucha structure.
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