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Abstract In this paper, we aim to apply the concepts of the
neutrosophic crisp sets and its operations to the classical
mathematical morphological operations, introducing what we
call "Neutrosophic Crisp Mathematical Morphology". Sever-
al operators are to be developed, including the neutrosophic
crisp dilation, the neutrosophic crisp erosion, the neutrosoph-
ic crisp opening and the neutrosophic crisp closing.

Moreover, we extend the definition of some morphological

filters using the neutrosophic crisp sets concept. For instance,
we introduce the neutrosophic crisp boundary extraction, the
neutrosophic crisp Top-hat and the neutrosophic crisp Bot-
tom-hat filters.

The idea behind the new introduced operators and filters is to
act on the image in the neutrosophic crisp domain instead of
the spatial domain.

Keywords: Neutrosophic Crisp Set, Neutrosophic Sets, Mathematical Morphology, Filter Mathematical Morphology.

1 Introduction

In late 1960's, a relatively separate part of image analysis
was developed; eventually known as "The Mathematical
Morphology"”. Mostly, it deals with  the mathematical
theory of describing shapes using sets in order to extract
meaningful information's from images, the concept of
neutrosophy was first presented by Smarandache [14]; as
the study of original, nature and scape of neutralities, as
well as their interactions with different ideational spectra.
The mathematical treatment for the neutrosophic
phenomena, which already exists in our real world, was
introduced in several studies; such as in [2].

The authors in [15], introduced the concept of the
neutrosophic set to deduce. Neutrosophic mathematical
morphological operations as an extension for the fuzzy
mathematical morphology.

In [9] Salama introduced the concept of neutrosophic crisp
sets, to represent any event by a triple crisp structure. In
this paper, we aim to use the idea of the neutrosophic crisp
sets to develop an alternative extension of the binary
morphological operations. The new proposed neutrosophic

crisp morphological operations is to be used for image
analysis and processing in the neutrosophic domain. To
commence, we review the classical operations and some
basic filters of mathematical morphology in both §2 and §
3.

A revision of the concepts of neutrosophic crisp sets and
its basic operations, is presented in §4 . the remaining
sections, (§5, §6 and §7), are devoted for presenting our
new concepts for "Neutrosophic crisp mathematical
morphology" and its basic operations, as well as some
basic neutrosophic crisp morphological filters.

2 Mathematical Morphological Operations:

In this section, we review the definitions of the classical
binary morphological operators as given by Heijmans [6];
which are consistent with the original definitions of the
Minkowski addition and subtraction [4].

For the purpose of visualizing the effect of these operators,
we will use the binary image show in Fig.1(b); which is
deduced form the original gray scale image shown in
Fig.1(a).
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a)

b)
Fig.1: a) the Original grayscale image b) the Binary im-
age

2.1 Binary Dilation: (Minkowski addition)

Based on the concept of Minkowski addition, the dilation
is considered to be one of the basic operations in mathe-
matical morphology, the dilations is originally developed
for binary images [5]. To commence, we consider any Eu-

clidean space E and a binary image A in E, the Dilation
of A by some structuring element B s defined by:
A® B=U,., A,  where Ay is the translate of the set

A along the vector b,

A ={a+beE/acAbe B}

The Dilation is commutative, and may also be given by:

ABB=B@A=U__, B,

A®B=B®B={]J _,B,

An interpretation of the Dilation of A by B can be under-

stood as, if we put a copy of B at each pixel in A and un-

ion all of the copies, then we get ABE.

The Dilation can also be obtained by:

ABB = {b€ E[(—B)N A # 0} where (-B) de-

notes the reflection of B, that is,

—-B={xeE/-xeB}

Where the reflection satisfies the following property:

—(4©B) = (-4)®(-5)

-(A®B) o (-A)©(-B)
—(A8B) = (-4)®(-B),

k:

ie.,

a)
Fig.2: Applying the dilation operator: a) the Original
nary image b) the dilated image.

bi-

2. 2 Binary Erosion: (Minkowski subtraction)
Strongly related to the Minkowski subtraction, the erosion
of the binary image A by the structuring element B is de-

fined by: AGE Nyer Ay AGB = UbEB A, Un-
like dilation, erosion is not commutative, much like how
addition is commutative while subtraction is not [5].
hence A®B s all pixels in A that these copies were trans-

lated to. The erosion of A by B is also may be given by the
expression:

A GB= {pEEIB, S Alwhere B, is the transla-
tion of B by the p,
B,={b+peE/beB},VpeE
B,={b+p€eE|beEB}, Vp EE,

a) b)

Fig.3: Applying the erosion operator: a) the Original
binary image b) the eroted image.

vector ie.,

2. 3 Binary Opening [5]:

The Opening of A by B is obtained by the erosion of A by
B, followed by dilation of the resulting image by B:
A-B=(A@B)®B. A°B = (AGB)@DB The
opening is also given by
Ao B:UBXCABX AoB = Ug 4B, which means

that, an opening can be consider to be the union of all
translated copies of the structuring element that can fit in-
side the object. Generally, openings can be used to remove
small objects and connections between objects.

a)
Fig.4: Applying the opening operator: a) the Original
binary image b) the image opening.

b)
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2.4 Binary Closing [5]:

The closing of A by B is obtained by the dilation of A by B,
followed by erosion of the resulting structure by B:
AeB=(A®B)OB A* B = (ABB)SB

The closing can also be obtained by
AeB =co(coAoco(-B)) A* B= (A%< (=B))°
where COA denotes the complement of A relative to E (that
is, coA={acE/agA} A"={a€ElagA} )
Whereas opening removes all pixels where the structuring
element won’t fit inside the image foreground, closing fills
in all places where the structuring element will not fit in the

image background, that is opening removes small objects,
while closing removes small holes.

a) b)
Fig.5: Applying the closing operator: a) the Original  bi-
nary image b) the image closing.

3. Mathematical Morphological Filters [13]:

In image processing and analysis, it is important to extract
features of objects, describe shapes, and recognize patterns.
Such tasks often refer to geometric concepts, such as size,
shape, and orientation. Mathematical Morphology takes
these concept from set theory, geometry, and topology to
analyse the geometric structures in an image. Most essen-
tial image-processing algorithms can be represented in the
form of Morphological operations.

In this section we review some basic Morphological filters,
such as: the boundary extraction, and the Top-hat and the
Bottom-hat filters.

3.1 The Boundary External [13]:
Boundary extraction of a set A requires first the dilating of
A by a structuring element E and then taking the set dif-
ference between dilation and A4, That is, the boundary of
aset 4 is obtained by: .0A = A—(AGB)

a) b)
Fig.6: Applying the External Boundary: a) the Original
binary image b) the External Boundary.

3.2 The Hat Filters [13]:
In Mathematical Morphology and digital image processing,
top-hat transform is an operation that extracts small ele-
ments and details from given images. There exist two types
of hat filters: The Top-hat filter is defined as the difference
between the input image and its opening by some structur-
ing element; The Bottom-hat filter is defined dually as the
difference between the closing and the input image. Top-
hat filter are used for various image processing tasks, such
as feature extraction, background equalization and image
enhancement.
If an opening removes small structures, then the difference
of the original image and the opened image should bring
them out. This is exactly what the white Top-hat filter
does, which is defined as the residue of the original and
opening:

Top-hat filter:  T,,, = A—(AoB )

The counter part of the Top-hat filter is the Bottom-hat fil-
ter which is defined as the residue of closing and the orig-
inal:

Bottom-hat filter: B,,, =(AeB )—A

These filters preserve the information removed by the
Opening and Closing operations, respectively. They are of-
ten cited as white top-hat and black top-hat, respectively.

a) b)
Fig.7: Applying the Top-hat: a) the Original binary im-
age b) the Top-hat image

a) b)
Fig.8: Applying the Bottom-hat filter:
a) the Original binary image b) Bottom-hat filter image
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4. Neutrosophic Crisp Sets Theory [9]:
In this section we review some basic concepts of neutro-
sophic crisp sets and its operations.

4.1 Neutrosophic Crisp Sets:
4.1.1 Definition [9]

Let X X be a non- empty fixed set, a neutrosophic crisp set
A (NCS for short), can be defined as a triple of the form

<A1,A2,A3> (A%, A%, A%), where

Al A%and Aand Al are crisp subsets of X. The three
components represent a classification of the elements of

the space X according to some event A; the subset A'con-
o
tains all the elements of X that are supportive to A, A

contains all the elements of X that are against A, and A*
contains all the elements of X that stand in a dlstance from

being with or against A . A Consequently, every crisp
event A in X can be considered as a NCS having the form:

A= <A1, A% A3> . The set of all neutrosophic crisp sets
of X will be denoted V'C(X).

Fig.9: Neutrosophic Crisp Image:tivelycrespe <A1, A2 A3>
4.1.2 Definition [7, 9]:

The null (empty) neutrosophic set ¥, the absolute (uni-

verse) neutrosophic set X and
the complement of a neutrosophic crisp set are defined as
follows:

1) oy may be defined as one of the following two ¢,

types:
Type 1., % = {fP, @, X ) b =<¢,¢,X>
Type2: g, =(pX,X) @ar = (o, X, X)

2)2) X may be defined as one of the following two

types:
Type 1: Xn = (X, X, 0},
Type 2: Xn = (X, @, @).

3) The complement of a NCS ( €04 ¢o A for short) may
be defined as one of the following two types:
Type 1: COA = (coA', coA®,coA’)

Type 2: CcoA = {Fla, CDFLE ,J':ll}.
4.2. Neutrosophic Crisp Sets Operations:
In [6, 14], the authors extended the definitions of the crisp
sets operations to be defined over Neutrosophic Crisp Sets
(in short NCSs). In the following definitions we consider a
non-empty set X, and any two Neutrosophlc Crlsp Sets of
X, A and B, where A=(A4",A4% 4% anq
B = (B*, B*, B")
4.2.1 Definition [8, 9]:
For any two sets A, B € A"C(X), A is said to be a neu-
trosophic crisp subset of the NCS B, i.e., (A< B), and
may be defined as one of the following two types:
Typel: Ac B ©<A1 B!, A’ c B?andA®’ 5 B?)
ACB&< A'C BYLA* CB®andA* 2 B*
ACB< A'C B A* 2B®and A® 2 B®

4.2.2 Proposition [7, 9]:
For any neutrosophic crisp set A, the following properties
are hold:
a) Py < Aand Py < Py

b) AcX,and X, < X,

4.2.3 Definition [7, 9]:
The neutrosophic intersection and neutrosophic union of
any two neutrosophic crisp sets A, Be A" (X)), may be
defined as follows:
1. The neutrosophic intersection 4 M B may be defined
as one of the following two types:
Typel: AN B = {A*'nB* A* n B, A* UB?).
Type2: ANB = (A*n B, A" U B%, A° U B¥).
2. The neutrosophic union 4 Y B may be defined as one
of the foIIowmgltwo t){pes
Type1: AU B

Type2: AUE =

‘U B4 A* n B3
{Alusl,,q* n B A nB®).

4.2.4 Proposition [7, 9]:
For any two neutrosophic crisp sets ABe wc (X), then:
co(An B) =coAucoB

co(A NB) = coA U coB and
co(Auw B) =coAncoB
co(A UB) = cod N caB.

Proof: We can easily prove that the two statements are

true for both the complement operators. De-
fined in definition 4.1.2.

4.2.5 Proposition [9]:
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For any arbitrary family 1 4; i € I}, of neutrosophic

crisp subsets of X a generalization for the neutrosophic in-

tersection and for the neutrosophic union given

in Definition 4.2.3, can be defined as follows:

1) ﬂ A Mmay be defined as one of the following two
iel

types:

Typel: (A =<nAalyﬂAa2'Uie. Ai3>

iel iel iel

Type2: (A :<ﬂ'°¢,Uie. AN

iel iel

2) may be defined as one of the U:er A U, A

following two types:
Typel: L_J /\i = <fL_Jiel /\3’ L—Jiel /\? ’{—1 /\ﬁ >

iel iel

Type2:[JA = <Ui€, Ail.ﬂAf,ﬂAi3>

iel iel iel

5. Neutrosophic Crisp Mathematical Morphology:
As a generalization of the classical mathematical morphol-
ogy, we present in this section the basic operations for the
neutrosophic crisp mathematical morphology. To com-
mence, we need to define the translation of a neutrosophic
set.

5.1.1 Definition:
Consider the Space X=R" or z" X = R" or Z" jith
origin 0 = (0,...,0) given The reflection of the structuring

element B  mirrored in its Origin is defined as:
—B:<—Bl,—BZ,—B3>-
5.1 Definition:

For every the p € A, translation by P is the map
p:X >X,a—sa+p ;X=X a=a+p it
transforms any Subset A of X into its translate
by peZ’ —-B=(-B',-B*,—B%),
A, = (A, A%, A*)A, = (A%, A, A°)
Where

1 _ . 1 1
A, ={u+p:iueA,peB}
={u+p:uc A, peB}

A' (u) ={u+p:ucA', peB?}

2 _ . 2 3
A, —{U+p.U€”A ,pe”B}
={u+p:uc A’ peB}

Al ={u+p:ueA’ peB’}
fu+p:ued® pe B?}

5.2 Neutrosophic Crisp Mathematical Morpholog-
ical Operations:

5.2.1 Neutrosophic Crisp Dilation Operator:

let A, Be€ N'C(X), then we define two types of the neu-
trosophic crisp dilation as follows:

Typel:

AéB=<A1@Bl,A2@BZ,A3®B3>
(A®B) =(a"©B" A" ®B",A" O B"), wher
e for each uand v € Z2€ £°.
1 1_ 1 2n? )
A OB _UbeBlAb A"GB _UbeBz AL
A*OB® = (A%,

beB?®

b

Fig.loii): Neutrasopﬁic risp Dilation components in type 1
<A1, A?, A3> respectively

Type2: ) L .
(A B)=(A'" @B A" G B* A" O BY),
where foreachuand vEZ2 € Z°.
2 2 2
A@B' =] A, NOB- A,
beB®
A*OB° = (A,

beB®

b

Fig.10(ii): Neutrosophic Crisp Dilation components in type 2

<Al, A?, A3> respectively

Dl o

5.2.2 Neutrosophic Crisp Erosion Operation:
let Aand B € WV C(X); then the neutrosophic dilation is
given as two type:
Type 1:
(AGSB)=(A'GB' A" GB" A @B,
where for each uand V€ £°.c 72 Al@B! = NAL

beB®
A*@B? = (AL and A’ @B’ =[] A

beB®
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Fig.11(i): Neutrosophic Crisp Erosion components in type 1
<Al, A A3> respectively

A'SB =Ny 4", AASB =
MNperz A7y, rﬂi $ B’ = User® Aah

Type2: , L .
(AGB)=(A"GB' A" B” A" @ BY),
where for each u and ve Z* € Z°. A'@B" = [ A',

beB®

2 2 2 3 3 3
AoB =] Aad @B =] A

Fig.12(i):-Nerophic Crisp opening components in typel
<A1, A? A3> respectively
A*e B*= (A*® B OB

.' or r Type . s 2
Fig.11(ii): Neut hic Crisp Erosi onts in type2 ASB=(A"oB', A B A’ + B’)
18. )2 eutrosopnic Crisp rosion components In type. 1 1 _ 1 1 1
AteB*=(A"'©S BY)E B
<A1, A2, A3> respectively Al B! = (AlOB') @ B
5.2.3 Neutrosophic Crisp Opening Operation: A’ eB? = (A2 ® 82)6)82

let A, Be VC(X); then we define two types of the neu-
trosophic crisp dilation operator as foILows: }
Typel: ABB ={A'o B, A% o EB% A% e« B¥)

A'-B'=(A'GB') @ B*
A?-B? = (A’OB?) ® B?
A’oB® =(A*®B*)0B®

A’eB’=(A’®B*)0B®

Fig.12(ii): Neutrosophic Crisp opening components in type2

<A1, A?, A3> respectively

5.2.4 Neutrosophic Crisp Closing Operation:
let A and B € N'C(X); then the neutrosophic dilation is
given as two types:

Type 1: Asp = {Ali 51’}12 .32’A3 a Bﬂ}
Atep'= (A'©BYHY BB
Ao B* = (4°@B%) S B

A’oB® =(A°0GB°%)®B®
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c( B'©C',B*0C?,B*0C’)
A'®C' c B'®C*, A’OC? o B*®C?

-
iz L&J AoC’ o NecC?

Fig.13(i): Neutrosophic Crisp closing components in typel b)Ac— B:<C1®A1,C2®A2,C3®A3>

<Al, A2’ A3> respectively (;< C1®Bl,C2®BZ,C3®BS>
Type 2: A+B =(A'+B', A’ 2 B* 4% o B%) Cl!@A! = C'O®B!,C20A? - C2OB?
Al « B 1 — (Al e E‘lj % Bl C3®A3 2C3®A3
Ao B = (A*EBY)SBE* Note that: Dislike the Neutrosophic crisp dilation opera-
3 o3 33 5 tor, the Neutrosophic crisp erosion does not
A’ oB”=(A'0B")®B satisfy commutativity and the associativity
properties.

6.1.2 Proposition:  for any family (4;|i € I) in

NC(Z2) (A.li €1) in M(Z2) and B NC(Z2).
TypEl: a) IHIEE[;:!LE g B:] IHIEE[AE é B= IHIEE[{AE é B:]
:<mAil®BlvﬂAi2®B2’mAi3 ® Bs>

iel iel iel

&

Fig.13(ii): Neutrosophic Cr/sp closing components in typeZ <

Al A% A respectively = m(pﬁl(aBl)vm(Aiz@Bz)aﬂ(Aia @Bs)>

iel iel iel
b) BO(A =()(BOA BB nict A,
6. Algebraic Properties in Neutrosophic Crisp: icl iel
In this section, we investigate some of the algebraic prop- . L s ) s .
erties of the neutrosophic crisp erosion and dilation, as  =( B'O[ A", B0 |A’,B* @A
well as the neutrosophic crisp opening and closing operator iel iel iel
[15]. = <m(Bl®Al)ﬂ(BZ®A2)ﬂ(Bs ® A\3)>
6.1 Properties of the Neutrosophic Crisp Erosion Typgzl: a) - q_% B) n; [A:_Elg B = N;g(4; S B)
Operator: el = N
:<m Ail®Bl,mAi2 D leﬂ Ai3 @D B3>
iel iel iel

6.1.1 Proposition:
The Neutrosophic erosion satisfies the monotonicity for all _
A Be WC(Z*). =

Typel:a)Ac B = <A1®cl, A’EC?, A’eC?)

Nies & 08K 08|

iel iel iel

c( B'6C',B’0C?,B*0C") b) BOMA =(1(BOA )BS Niar 4
A'®C' < B'®C"', A’OC? < B*OC* ) R ) o3 s

AeC* 5 AeC? =<B ®QA’B ®QA”’B ®QA>
b)Ac B = (C'@A",C*OA?,C°0A’) :<D(Bl®p¢)ﬂ(82 ® A @ ®A3)>

c( C'eB',C*0B’,C’0B’)
C'®@A' c C'®B',C’OA* — C?’OB?
C'on’ S C'oN’

Proof: a) intwo type:
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Proof: a)
Type 1 Moy A BB () AOB Typel:| JA®B =
iel
<ﬂ(ﬂ AD. NOADUN AL b))> <ﬂ(Ui€, Aca) U Ac) UU,, A1)>
beB iel beB iel beB iel beB beB beB
EE = ~
{fllprn A ) u (naz), n (na, 0., ﬂA o) U(AL )U(UAb> U(aeB)
iel beB iel beB iel
Type 2: can be verified in a similar way as in type 1.
<ﬂ<ﬂ Al ), ﬂ(Ubee A2, ﬂ(UbEs A > b) The proof is similar to point a)
iel beB o . .
6.2 Proposition: (Properties of the Neutrosophic
tu Ay ).n( U Ay )N Ay ) = o
LbERE), i€l \BEE i€l z:-es Crisp Dilation Operator):
6.2.1 Proposition:
:ﬂ_ |(Ai®B) The neutrosophic Dilation satisfies the following proper-
N ties: VA, B e AC(z) YA B E N(Z7)
Type 2: similarity, we can show that it is true in type 2, ) o ~ ~
T ) i) Commutativity: A®B = B®A
b) The proof is similar to point a). AGEB = BHA
6.1.3 Proposition: for any family (4,1 € 1) ii) Associativity: (A®B)®B= A®(B®B)
inVC(Z%) and Be NC(Z7) (ABB)EC = AG(BAC).
Type 1: a) JA©B = J(A©B) iii) Monotonicity: (increasing in both arguments):
iel iel
= <Uie| Ail@Bl’Uiel Ai2®Bz ’Uiel Ai3 @ Bs> Typel

a) Ac B:><A1®C1,A2®CZ,A3®C3>

=} (AeBY,| | AeB*)| | W eB?
(U, wesh.U,, (wes)|J,, v @8)) <( 8 0C! B 6,8 0C)

b)BO| JA = J(BOA)

iel il Al®C'cB'@®CHA’®C?*cB*®C? and
=(B'@| | A,B%0l ] AB*®|] A KaC’ B aC
< U|ell 1 UIE|2 ) Ulel . > . C}‘ﬂaﬂt c Clﬂaaﬂl, HCEHBA; c 3
=(U. (B'eA) [, @A), B @A) C*®B? and C*@A® 2 C°BB

Type2:  a)| JA®B = J(A©B)

iel iel

Q f”*@) Ua@ }ZU.E.AS@BS>

b)A = B:<C1®A1,Cz ®A*,C* @ A%)

A@C
@0@1&{,)&3(@(:@}8 U & ©8)
b)B@UAzU(B@Ai) c(C'eB'.C’®B’,C°®B’)
T ) s \ C'!®A' cC'®B',C?@®A? — C? ®B? and
('@l ] ALB2@®| ] A’B*®| ] A
< Ulel A' Ulel A' Ulel A' > C3@A3 2(:3@83

= (U, ®em).J B er)J B eA) scs—
(C1@A' ,C?@A% C3QA°) <
(C'@B*,C*@B* C*@PB?)
Type2:
a)Ac B — <A1 ®C A?@®C? A*@C?)
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g< B'@®C! B2@®C?, B® ®C3> Typel:nmﬂi@HﬂielAi@B
Al®C'cB'@CHA?®C?>oB?®C? and
KoC B aC - <UbeB MAD U, OAD. N AL b>)>
R o a2 B it &
= naL), v (na,),n (nato)

b)A = B:<Cl®Al,Cz ® A?,C* @ AY)

- <m U, e A NU,. ADNN AL )>

iel iel iel beB

{\u Ag ).n{ v A, ).n( N A% )=

g< Cl@Bl,CZ@BZ,C3(—BB3> ABEFE). "iel \beR ic] “BeR
1 1 1 1 2 2 2 2 _
and C'®A' cC'@®B,C2®A’ 5C*°®B =, (A ®B)
CoA>C'oB Type2: N, A, BB
L oy Dk s
ie beB el beB el

6.2.2 Proposition: for any family(A4;|i € I)
MC(z?) and B € 7c(Z¥and B € N (Z4) <ﬂ(U.,EB A1 A1 AC b>)>
Typel: a) Ny & & B =N (A & B)

EE]?‘H ‘q‘lrh‘} n {’n ﬁzsr—m}r n (I"‘I Aar‘n’—h’::‘]}
=<DA1@Bl,nA2@BZ,ﬂA3®B3> . (A ®B) =
= <ﬂ(,oﬁ1 @B, (A @ Bz),ﬂ(Af’®B3)> b) The proof is similar to a)
iEIBJ BT n[E[E _ “ie[{B@*;:I] 6.2.3 Proposition: for any family (A;|i €1)in

wmve(Z¥)andB enC(z?)

:<B1 @A, B? @ﬁAZ,B3®ﬁA3>

Type 1t ) JA (—TBB:U(Ai @ B)

= <D(Bl &) Ail)'D(Bz @ Aiz),D(Bse)Ais)> <Uiel Al ® Bl’UieI A2 ® BZ’UieI Ai3®Ba>
o SN s 2y - are (U, A e, & @B)|,, (wwes)
Type 2: a) ﬁlE[q@B Mier(A %Bj b)BéLJIAi:LIJ(BéAi)

= <ﬂ Al @ BHﬂAf@BZ,Q Ai3®B3> <Bl ®Uiel A, B’ ®Uiel A 'BSGUieI 'Aﬁ3>

N AR (1 A (U, emU, 6o, 6on)
:<D(A ®8 )’Q(A o8 )'D(A o8 )> Type 2: @)\ JA ®B=|J(A @B)
b) B Nigr & = Nier( BB A;) tel el
1 1 2 2 3 3
=<B1 ®nAil’ BZ@mA27Bs®mA|3> <Uie| A @ B ’Uiel A' ®B ’Uiel A ®B >
S (U & @80, (Wesn U, (wes?)
=<Q(B ® A EeA)E'eA )> B LA —LJEoA)

iel iel

Proof: we will prove this property for the two types of the ~ _ <Bl @ U Al Bz@U A? BS@U Aa3>
iel ! iel ! iel
neutrosophic crisp intersection operator:
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(U B e, e, @en))
Proof: a) we will prove this property for the two types of

the neutrosophic crisp union operator:

rypet: A &8 = (1, U AUUSNU &)

iel beB iel

“Ua s (U, U HIUUHUNA)

icl iel beB iel beB

Type 2: | JA ®B= <UbeB(UisI AN ADNU Ag(-b))>

iel beB iel beB iel

= U (A @ B) = <Uie| (UbEB Al )'U(ﬂAz(-b))nU(nAeﬁ-b))>

iel iel beB iel beB
b) The proof is similar to (a)

6.2.4 Proposition (Duality Theorem of Neutrosophic
Crisp Dilation):

let A, B e N'C(Z?). Neutrosophic crisp Erosion and
Dilation are dual operations i.e.

Typel:

CGBCDAG} BJ = {co(coA* B B*) ,co(coA* B
B2} ,co(coA® & B?)

c0(coA® B) = <co(coA1 ®B"),co(coA’ ®B?), co(coA3®B3)>
- <A1®Bl, A’@B?, A’ ® B?)
{Ale BI,AE 9 BE,AE @Bd} A@)B:

Type2: .
chCDAG} BJ = {co(coA' B B?) ,co(coA* S
B?) ,co(coA® S B?)

<A1®Bl, AZD B2, A°D B3>
(A* S B, A* @ B* A* @ B®)
(A4S B A* © B*, A* © B?) AOB-=

6.3 Properties of the Neutrosophic Crisp Opening
Operator:
6.3.1 Proposition:
The neutrosophic opening satisfies the monotonicity
VA Benc(z?)

Typel: Ac B:><AloC1,A2 °C?,A*oC?)

c( B'eC!,B?oC?B’-C?)
A'oC'cB'oC' A’oC* cB*oC?
AoCPoB%C

Type2: A B:><A1 oCH, A?oC? A3 0C3>

g< Blocl,BZOCZ,B30C3>
A'oC'cB'oC'" A’0C*2B?*oC”?

AoC 5B C?
6.3.2 Proposition:  forany family in (A4;|i € 1)
(A li€T) )
NC(Z%)and BENC(Z7)
Typel: (A sB=[)(A 5B) ) N4 & B
iel iel
Nier(4; S B)

<ﬂp¢o B',(A? - B* [ A .B3>

iel iel iel

- <ﬂ(Al B, N(A e B[ (A« B3)>

(A SB=[)(A 5B) ) N A SE
iel icl

Niei(4; S B)

<mA|1 o Bl.mAiZ - Bz,mAia - Bs>

iel iel iel

_ <ﬂ(p¢ o BY),()(AZ « B2) (A o B’°‘)>

iel iel iel

Type2:

6.3.3 Proposition: for any family (4,|i € I')
iNNC(Z%) and Be NC(Z°)

Typel: ) N4 ©B

UA 58=U(A %)
Nici(A; © B)
:<Uiel Ail °© Bl’LJie| Ai2 o leUiel Ai3 ° B3>

- <Uiel (A'l ° Bl)’Uiel (A|2 © Bz)’Uiel ('A|3 L4 BB)>

TypeZ:UAi 5B :U(Ai S B)

iel iel

:<Uiel Ail ° Bl’Uiel Ai2 ¢ Bz'Uiel Ai3 ° Bs>
=(U & o8O, (& BOU, (A +BY)

Proof: Is similar to the procedure used to prove the propo-
sitions given in § 6.1.3and § 6.2.3.
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6.4 Properties of the Neutrosophic Crisp Closing
6.4.1 Proposition:
The neutrosophic closing satisfies the monotonicity
VA BeNC(Z?)
Typel:
3 AcB=(A"eC', A’«C? A’«C?)
g< BloCl,Bz 0C2,53 0C3>
AleC'c=B'eC', A’eC? =B? eC?,
AeCi 5B eC?
Type2:
3 AcB=(A"eC', A’«C? A’«C?)
g< BloCl,Bz 0C2,53 0C3>
AleC'c=B'eC', A’eC? 5 B? e C?,

AeCi 5B eC?
6.4.2 Proposition: for any family (A4,|i €1)
(Aliel) )
InVC(Z%)and BeNC(Z7)
Typel: NA *B=[)(A sB) ) Nigr4; ©B
iel iel
Nici(4; © B)

<ﬂAa1°Bl,ﬂAf B, A? oB3>

iel iel iel

= <m(A\l «B'),((A* «B*) (A’ > B3)>

iel iel iel

Type2: NA *B=[\(A *B) ) N4 B
Niei(A; S B) E E
<OAI1 - BlaOAiz o BZ'QAiS o Bs>

- <m(p¢ B[ J(A =B \(A e B3)>

iel iel iel
6.4.3 Proposition:
(A liel) )
iNnANC(Z<) and BeNC(Z°)

for any family(A.|i € I)

Typel: A sB=J(A B) ) Nierd; SB

Niel(4; S B) - !
:<Uie| Ail ® B1'LJie| Ai2 hd Bz’UigI Ai3 o BB>
(U & B, &7 0B, (a7 - BY))

Type2:| JA sB=|J(A *B)

iel iel

:<Uie| Ail ® Bl’Uiel Ai2 o BZ’UiEI Ai3 o B3>
- <Uie| (A'l ° Bl)’UiEI (A|2 © BZ)’UieI (A|3 o Bs)>

Proof: Is similar to the procedure used to prove the propo-
sitions given in § 6.1.3.

6.4.4 Proposition (Duality theorem of Closing):
let A, Be C(Z*); Neutrosophic erosion and dilation

are dual operations i.e.
Typel:

co(coA B) = <c0(coA1 e B'), co(coA?  B?),co(co A’ o B3)>
co(coA® B) = (co(coA' s BY) ,co(coA” »
B?),co(coA®« BY))

—(A'eB', Ao B?, A’eB?)= A°B

Type2: .
co(coA® B) = {co(coA’ » BY) ,co(coA” o
B?),co(coA®« B))

=<Alo Bl,AZ-BZ,A3oB3>=A3|3

7. Neutrosophic Crisp Mathematical Morphologi-
cal Filters:
7.1 Neutrosophic Crisp External Boundary:

Where A A% s the set of all pixels that belong to the
foreground of the picture, A® A% contains the pixgls that
belong to the background whilecontains those AT A2
pixel which do not belong to neither. A® nor A% Al A*
Let A, Be NC(Z?*) such that A:<A1,A2,A3> and B is
some structure element of the form B = <Bl, B2, 53>; then
the NC boundary extraction filter is defined to be:
81A1 =A' - (A1®Bl)

0,A° =(A’0B%) - A’,

o(A) = A? —(81A1 u83A3)

0" (A)= A’ —|(A* ® B%) - (A'@B")]

b(A) = 0" (A) N 8(A)
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a) b) Fig. 16: Applying the Neutrosophic crisp Bottom-hat filter:
Fig. 14: Applying the neutrosophic crisp External boundary: . 1 A2 A3 )
a) the Original image b) Neutrosophic crisp Neutrosophic Crisp components { A", A°, A > respectively
boundary.

8 Conclusion:
In this paper we established a foundation for what we
called "Neutrosophic Crisp Mathematical Morphology".

7.2 Neutrosophic Crisp Top-hat Filter: . . )
Our aim was to generalize the concepts of the classical

1 1 1 1

B,(A)=A-(A-B) mathematical morphology.
B3(A3) = (A3 ° B3) — A For this purpose, we developed serval neutrosophic crisp
) 1 3 morphological operators; namley, the neutrosophic crisp
B(A) =A"—(B,(A")UB,(AY)) dilation, the neutrosophic crisp erosion, the neutrosophic
* _ A2 1 1 3 3 crisp opening and the neutrosophic crisp closing operators.
B(A) =A"- [(A °B)—(A"eB )] These operators were presented in two different types, each
T6phat(A): B(A)F\B*(A) type is determined according to the behaviour of the

seconed component of the triple strucure of the operator.
Furthermore, we developed three neutrosophic crisp
morphological filters; namely, the neutrosophic crisp
boundary extraction, the neutrosophic crisp Top-hat and
the neutrosophic crisp Bottom-hat filters.

Some promising expermintal results were presented to
visualise the effect of the new introduced operators and
filters on the image in the neutrosophic domain instead of
the spatial domain.
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