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Abstract Given a model M of set theory, and a nontrivial automorphism j of M, let
Z5x (j) be the submodel of M whose universe consists of elements m of M such that
Jj(x) = x for every x in the transitive closure of m (where the transitive closure of m
is computed within M). Here we study the class C of structures of the form Zgx (),
where the ambient model M satisfies a frugal yet robust fragment of ZFC known as
MOST, and j(m) = m whenever m is a finite ordinal in the sense of M. Our main
achievement is the calculation of the theory of C as precisely MOST + AZ)) -Collection.
The following theorems encapsulate our principal results:

Theorem A. Every structure in C satisfies MOST + AZ)D-Collection.

Theorem B. Each of the following three conditions is sufficient for a countable struc-
ture N to be in C:

(a) N is a transitive model of MOST + Az))-Collection.

(b) NV is a recursively saturated model of MOST + AOP—Collection.

(¢) N is a model of ZFC.

Theorem C. Suppose M is a countable recursively saturated model of ZFC and I is
a proper initial segment of OrdM that is closed under exponentiation and contains
oM. There is a group embedding j — j Sfrom Aut(Q) into Aut(M) such that I is
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the longest initial segment of OrdM that is pointwise fixed by ]V for every nontrivial
Jj € Aut(Q).

In Theorem C, Aut(X) is the group of automorphisms of the structure X, and Q is the
ordered set of rationals.
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1 Introduction

We study automorphisms of models of set theory, focusing on structures of the form
Tsx(j), where j is a nontrivial automorphism of a model M of MOST (Mostowski
Set Theory) such that j(m) = m whenever m is a finite ordinal in the sense of M,
and Zgx (j) is the submodel of M whose universe consists of elements m in M such
that j (x) = x for every x in the transitive closure of m (where the transitive closure is
calculated within M). MOST is a frugal yet robust fragment of ZFC, introduced and
studied in Mathias’ majestic paper [17] (see Definition 2.4).

A principal source of motivation for our work is to be found in the study of auto-
morphisms of models of ZF’s sister theory PA (Peano arithmetic). For example: by
a theorem of Smorynski ([23], [14, Theorem 8.4.2]), if Z is submodel of a countable
recursively saturated model of PA whose elements form a proper initial segment of M,
and 7 is closed under the exponential function of M, then there is an automorphism
j of M such that Zgx (j) = Z, where Zgx (j) is defined in this context as the submodel
of M whose universe consists of element m such that j(x) = x for all x <M .
Furthermore, it is known that:

(1) [4, Lemmas A.0 & A.2] If M is a model of the fragment IAg of PA, and j is
a nontrivial automorphisms of M, then Zg«(j) satisfies IAg + Exp + BX| (where
Exp expresses the totality of the exponential function, and BX is the scheme of
%:1-Collection).

(2) [4, Theorem A] Every countable model of IAy + Exp + BX arises as Zgx (j) for
some nontrivial automorphism j of a model of IAy.

Our Theorem 3.4 is an analogue of (1); while Theorems 5.5, 5.6, and 5.15 provide ana-
logues of (2). More generally, our results can be viewed as contributing to the project
initiated in [3] of investigating the extent to which core results about automorphisms
of model of arithmetic can be extended to the set-theoretic realm.

Another source of inspiration for our work is the metamathematics of NFU, an
urelement-variant of Quine’s system ‘“New Foundations”, NF. Jensen’s pioneering
work [11] unveiled a magical link between models of NFU and automorphisms of
models of ZF-style set theories, a link that has captured the imagination of other
researchers, e.g., Holmes [9], Solovay [24], and two of the authors of the present
paper ([3,16]). Our results here have a number of implications for NFU, for example,
Theorem 5.15 can be used to show that every countable model of ZFC can be realized
as the strongly cantorian part of a model of NFU. However, the precise implications of
our results to the NFU setting is yet to be worked out and will be pursued elsewhere.

@ Springer



Largest initial segments pointwise fixed by automorphisms... 93

The plan of the paper is as follows. After dealing with preliminaries in Sect. 2, we
introduce the key notion of an “H-cut” of a model of set theory in Sect. 3, where we
establish two important facts, namely: (1) every H-cut of a model of MOST satisfies
MOST + AZ;-Collection; and (2) Zx (j) is an H-cut of M, if M is amodel of MOST,
and j is anontrivial automorphisms of M such that Z54 (j) includes M (equivalently:
j(m) = m whenever whenever m is a finite ordinal in the sense of M). The central
result of Sect. 4 is Theorem 4.1, whose iterated ultrapower proof involves a rather
intricate set-theoretical adaptation of a machinery that was invented in the arithmeti-
cal context by Paris and Mills ([19], [14, Theorem 3.5.5]) and was further elaborated
in [4]. One of the remarkable consequences of Theorem 4.1 is that if 7 is an H-cut of
a countable model M of MOST + AZ)D-Collection, then M has a cofinal extension N
that (1) NV does not add any new members to elements of /; (2) A satisfies MOST; and
(3) NV carries an automorphism j such that Z = Zgx (). This consequence of Theorem
4.1 is put to work together with a key construction in Sect. 5 (Theorem 5.6) to show
that every countable recursively saturated model of MOST + AOP-Collection can be
realized as Zgx (j); a result that, together with our work in Sect. 3, yields the central
theorem of our paper (Theorem 5.8) that identifies the theory of the class of models of
the form Zgx (j) to be precisely MOST + AOP—Collection. In Sect. 5 we also use our
work in Sect. 4 together with some classical results of Friedman [8] and Hutchinson
[10] to identify two other sufficient conditions for a countable model N to be realizable
as Zgx (j), namely: (1) NV is a transitive model of MOST + AOP-Collection and (2) NV is
amodel of ZFC. Finally, in Sect. 6, we fine-tune a theorem of Togha [25] on automor-
phisms of countable recursively saturated models of ZFC in a manner reminiscent of
a refinement of Smorynski’s aforementioned theorem established in [4, Theorem B].

2 Background and definitions

Throughout this paper £ will denote the language of set theory—first-order logic
endowed with a binary relation symbol € whose intended interpretation is member-
ship. Structures will usually be denoted using upper-case calligraphy roman letters
(M, N, ...)and the corresponding plain font letter (M, N, ...) will be used to denote
the underlying set of that structure. If M is an L'-structure where £ 2 L and
a € M then we will use a* to denote the class {x ¢ M | M | (x € a)}. As
usual Ag, X1, Ty, ... with be used to denote the Lévy classes of £L-formulae. We will
also have cause to consider the class AZ)D which is the smallest class of £-formulae
that contains all atomic formulae, contains all compound formulae formed using the
connectives of first-order logic, and is closed under quantification in the form Qx € y
and Ox C y where x and y are distinct variables and Q is 3 or V. If £ D L then
we use Ag(L) (AZ))(E’)) to denote the smallest class of formulae that contains all
atomic formulae, all compound formulae formed using the connectives of first-order
logic, and is closed under quantification in the form Qx € ¢ (and Qx C t) where ¢ is
an £'-term and x is a variable that does not appear in ¢, and Q is 3 or V. The classes
2P 0l (L), (L), ...and T (L), TT (L)), ... .) are defined inductively
from the class AOP (respectively Ag(L') and AZ))(E’ )) in the same way as the classes
>, Iy, ... are defined from Ay.
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Let £ 2 £ and let M and A be £-structures. If M is a substructure of A then we
will write M C N. If T is a class of £'-formulae then we will write M <p N if
M C N and for every d € M, a satisfies the same I'-formulae in both M and N
If T is £ or ¥, (L) then we will abbreviate this notation by writing M < A and
M <, N respectively. If M € N and forallx € M and y € N,

if V= (yex)theny € M,

then we say that AV is an end-extension of M and write M C, N. It is well-known
that if M €, N then M <, N.If \V is an end-extension of M and M < A then
we write M <, N. In contrast, if M C A and for all x € N, there exists y € M
such that N |= (x € ), then we say that \V is a cofinal extension of M and we write
M C N. And, if M C¢ M and M < A then we write M <t N.

Let £ 2 L and let T be a class of £ formulae. We will use I'-separation
and I'-collection to abbreviate the separation and collection schemes, respectively,
restricted to formulae in I". We will also use the following axioms and schemes to
axiomatize and study weak variants of ZFC:

(transitive containment) Vx3y(| Jy Sy Ax C y),

(Vi) for every initial ordinal «, there exists a least initial ordinal > «,

(Vi (2¢ exists)) for every initial ordinal «, there exists an initial A such that A =
PG,

(I'-foundation) for all I'-formulae ¢ (x, 7),

VZ(@Ex¢(x,2) = Fy(@(y,2) A (Vx € y)=¢(x,2)))
When I' only contains the formula x € z then we will refer to the single axiom in
this scheme as set foundation.

The following subsystems of ZFC are studied in [17]:

Definition 2.1 Mac is the L-theory with axioms: extensionality, pair, emptyset, union,
infinity, powerset, transitive containment, Ag-separation, set foundation, and the
axiom of choice in the form: every set can be well-ordered.

Definition 2.2 KP is the L-theory with axioms: extensionality, pair, emptyset, union,
Ag-separation, Ag-collection and T11-foundation.

Definition 2.3 KPF is the L-theory with axioms: extensionality, pair, emptyset, union,
infinity, powerset, Ao-separation, Agp-collection and H?-foundation.

Note that Mac proves that for every set x, there exists a unique smallest transitive
set, which we will denote TC(x), that contains x. We will use Ord and Card to denote
the classes (definable in any extension of Mac) of ordinals and cardinals respectively.
We record the following well-known facts about fragments of the collection scheme:

Lemma 2.1 Letn € w.

(i) Mac + I, -collection & X, 1-collection,
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Largest initial segments pointwise fixed by automorphisms... 95

(ii) Mac + TP -collection + Efﬂ—collection. O

Definition 2.4 The theory MOST is obtained from Mac by adding X -separation and
Aog-collection.

Mathias [17] extensively studies the following axiom, originally proposed by
Mitchell [18], which asserts that for every set u, there exists a universal transitive
set which contains every transitive set that is of size < |u|:

(Axiom H)VudT (T C T AVz(Uz Sz A lz|l < lu| = z € T)).
Mathias [17, Proposition 3.14] shows that adding Axiom H to Mac yields MOST.
Lemma 2.2 Mac + Axiom H = MOST. O

The set theory MOST is capable of defining the rank function, which we will denote
p. It should be noted, however, that MOST does not prove enough recursion to ensure
the totality of the function « +— Vj,. The following consequences of MOST are proved
in [17, Theorem scheme 3.13, Proposition 3.14, Theorem 3.18]:

Lemma 2.3 MOST proves the following:

(i) all instances of Az))-separation,
(ii) all instances of T1y-separation,
(iii) all instances of X1-collection,
(iv) all instances of Tl -foundation,
(v) every well-ordering is isomorphic to an ordinal,

(vi) Vi3,
(vii) for all cardinals «, there is a set H, of all sets whose transitive closure has
cardinality less than k. O

(v) is a special case of what is known as Mostowski Isomorphism Theorem. Mathias
[17, Lemma 3.15] also proves that a more general special case of this theorem which
deals with well-founded extensional relations that are sets is provable in MOST.

Lemma 2.4 MOST proves that if R € X x X is well-founded and extensional then
the function wg : X —> V defined by

wr(x) ={or(y) |y € X A ((y,x) € R)}
is defined on all of X. Moreover, wr*“X is the unique transitive set that is isomorphic
to R. O

In [7] Thomas Forster and Richard Kaye introduce the notion of a powerset pre-
serving end-extension. Here we give a slightly more general version of this notion that
does not require the powerset axiom to hold in the structures that are being compared.

Definition 2.5 Let M and N are L'-structures where L' 2 L. We say that N is a
powerset preserving end-extension of M and write M EZ) N if

(i) MCe N
(ii) forallx € N andforally € M, if N |= (x C y) then x € M.
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Just as end-extensions preserve Ag properties, powerset preserving end-extensions
preserve AZ)) properties. The following is a slight modification of a result that appears
in [7]:

Lemma 2.5 Let M and N be L-structures that satisfy extensionality. If M EZ,) N
then M < AT N.

Proof A straightforward induction on the structural complexity of a Az)j—formula o.
O

The next definition captures an important notion that plays a key role in this study.

Definition 2.6 Let M and N be L-structures. We say that N is a topless end-extension
of M and write M Ciopless N if
(i) M Ce N,
(i) M # N,
(iii) if C € N and C* € OrdM then C € M.
If M Ciopless N and M EZD N then we say that N is a topless powerset preserving

. . P
end-extension of M and write M S fopless N.

Note that if the M and A in Definition 2.6 satisfy MOST then condition (iii) is a
paraphrasing of the assertion that there is no least ordinal in ordV \OrdM.

This paper studies the largest transitive initial segment of a model of MOST that is
pointwise fixed by a non-trivial automorphism.

Definition 2.7 Let M be an L-structure with M |= MOST and let j : M — M
be a non-trivial automorphism. We use fix(j) to denote the class of fixed points of j.
Le.

fix(j) ={x e M| j(x) = x}.
Define Lgx (J) to be the substructure of M with domain

Inx(j) ={x e M | Vy(M = (y € TC({x}D) = j(y) = )}

Let M be an L’-structure. The structure M is said to be recursively sat-

urated if for all ay,...,a, € M and for all recursive finitely realised types
C(x1,...,Xm,dai,...,a,)inthe language £’ with parameters ay, ..., a,, M realises
I'(x1,...,xm,ai,...,a,). We refer the reader to [2, §2.4] for a detailed treatment

of recursively saturated models. We will make use of the following nice feature of
recursive saturation:

Theorem 2.6 (see [2]) Let L' be a recursive language. If T is a consistent L'-theory
with an infinite model then T has a countable recursively saturated model. O

Fix a Godel coding of £ in the theory MOST and use Form to denote the set of
Godel codes of well-formed £-formulae. Let M = (M, €M) be an L-structure with
M = MOST. A satisfaction class for M is a class S € M such that S consists of
ordered pairs (a, b) where a € (FormM)* and b € M, and for all n € w,
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(S is n-correct) S satisfies Tarski’s inductive conditions for truth for all X,,-
formulae.

Let Ly be the extension of £ obtained by adding a new unary predicate X . Use ZFC(X)
to denote the Lx-theory that extends ZFC with the schemes of Lx-separation and
Lx-collection. The following result of Schlipf provides another characterisation of
recursive saturation for countable models of ZFC; the theorem below is an immediate
consequence of putting Theorem 3.4 and the remark following it in [20] with the
well-known resplendence property of countable recursively saturated models (see [20,
Theorem 1.3]).

Theorem 2.7 Let M = (M, EM) be a countable w-nonstandard model of ZFC.
The structure M is recursively saturated if and only if M can be expanded to an
Lx-structure Mgy = (M, €M, XM such that

(I) Msqa | ZFC(X),

(1) XxMisa satisfaction class for M. O

Note that we cannot expect that a satisfaction class obtained from Theorem 2.7 will be
n-correct for all internal natural numbers of M, as this would prove the consistency of
ZFC. However, if M = (M, eM x M) is an L x-structure that satisfies (I) and (IT) of
Theorem 2.7 and is w-nonstandard then there is a nonstandard s € (a)M)* such that
XM is s-correct. This follows from overspill and the fact that there is an £x-formula
with parameter n that expresses that X is n-correct.

3 The structure and first-order theory of Zg (j)

In this section we investigate the first-order theory of Zgx(j) and the properties of
this structure in relation to the domain of the automorphism j. We show that if j :
M — M is anon-trivial automorphism that hereditarily fixes ™ and M satisfies
MOST then Zgx(j) satisfies MOST and M is a topless powerset preserving end-
extension of Zgx (j). The fact that M is a topless powerset preserving end-extension
of Z5x (j) implies that Zgx (j) also satisfies all instances of Az)p-collection. We capture
the relationship that we will prove holds between Zgx(j) and M in the following
definition:

Definition 3.1 Let M be an L-structure with M |= MOST. We say that I € M is an
H-cut of M if

(i) (I, eM) P e M,

(i) (I, €M) = MOST.
Note that if I is an H-cut of a model M of MOST then [ is a union of sets H, in M.
We make this explicit with the following observation:

Lemma 3.1 Let M be an L-structure with M = MOST. If I € M is an H-cut of
M then forall k € I,

(1, EM) = (k is a cardinal) if and only if M = (« is a cardinal)
and if M \= (k is a cardinal) then HKM = HK(I’EM).
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Proof Letl € M bean H-cutof M andletx € I.The expression that ‘x is a cardinal’
can be written as a Ag))—formula which takes the parameter ¥ x «. This shows that

(1, EM) = (« is a cardinal) if and only if M = (« is a cardinal).

The formula y = TC(x) can be expressed as a Az)p-formula. The fact that
(HK(I’EM>)* C (HKM)* now follows from the fact that x € H, can be expressed
asa Aop-formula with parameters x x « and TC(x). To get the reverse inclusion, let
X € (HKM)*.AII we need to show is that x € I. Work inside M. Since x € H,, there is
an A C k and a well-founded and extensional R € A x A suchthatwg“A = TC({x}).
Since (I, eM) P M, it follows that A, R € I and that (I, €M) thinks R is well-
founded and extensional. Therefore

(I, eM) = (wr“A is a transitive set).

Set foundation can then be used to show that (wR“A)M = (zer“A)U'EM). This

(1.eM)

shows that x € I and concludes the proof that H"! = Hy; a

Togha [25, Definition 1] introduces the notion of a cut of the ordinals of a model
of set theory.

Definition 3.2 Let M be an L-structure with M = MOST. We say that K C OrdM
is an ordinal cut of M closed under exponentiation if (K, EM) Cropless (OrdM, GM)
and for all M-cardinals k € K, (2")M e K.

If M |= MOST and I C M is an H-cut of M then Ord"-¢™") is an ordinal cut of M

. . M .
that is closed under exponentiation and, moreover, Ord!/*"") completely determines
I.

Lemma 3.2 Let M be an L-structure with M = MOST. If I € M is an H-cut of
M then

(1) OrdY €™ is an ordinal cut of M closed under exponentiation,
(k) I = U{(HKM)* | (M = (k is a cardinal)) A (k € I)}.

Proof Let I € M be an H-cut of M. It is clear that (Ord<I’EM>, EM) CSropless
(OrdM, eM). Let « € I be an M-cardinal. It follows from Lemma 3.1 that « is an
(I, eMy-cardinal and (2)M = (26){1:€™") | Therefore (2€)M e I. This shows that
Ord "¢ is an ordinal cut of M closed under exponentiation. Let J = U{(HKM)* |
(M E (k is acardinal)) A (¢ € I)}. Lemma 3.1 shows that / C I. Conversely, let

x el.letk = |P<I’EM>(TC(X))| € I. Therefore, by Lemma 3.1, « is an M-cardinal

(LeM)ye _ g Myx s —
and x € (Hy )* = (H/")*. This shows that / = J and completes the proof of
the lemma. o

The fact that an H-cut sits toplessly inside a powerset preserving end-extension
that satisfies MOST implies that it satisfies all instances of Ag-collection.
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Lemma 3.3 Let M be an L-structure with M = MOST. If I € M is an H-cut of
M then

(1, GM) = Ag))-collection.
Proof Let¢(x,y,7) bea Ag)—formula and let a, b € I such that
(1, €M) = (Yx € H)3yg(x, v, ).

Letk € OrdM\Ord<1’EM> be a cardinal. Note that I C (HK/XI)*. Define 0 (u, w, w’, v)
to be the formula

(uisanordina) A Af, T,y € w)@x € w')
(T =TC(y)) A (f : u —> T is a bijection) A ¢ (x, y, D)A
(p is an ordinal) A (S = TC(g))A
(Vp,g,S,qg ew) | (g: p— Sisabijection) A ¢(x, g, )
Su<p

SoO(u, w, w’,v)isa AZ)D formula. Working inside M, Az)p-separation ensures that
C={reHzo |00, Ho, b,a))

is a set. Lemma 3.1 implies that C* C I. Therefore, since (I, GM) gzgp]ess M,C el.

Working inside (7, GM), let & = sup C. Now, u is a cardinal and
(1, M) |= (Yx € )@y € Hy0)$(x, y, @)

m}

The remainder of this section is dedicated to proving thatif j : M — M isa
non-trivial automorphism of a model of MOST that hereditarily fixes w™M then I (j)
is an H-cut of M.

Theorem 3.4 Let M be an L-structure with M = MOST. If j : M — M isa
non-trivial automorphism with oM e I5x () then I5x(j) € M is an H-cut of M.

Combined with Lemma 3.3 this shows that if j : M — M is an automorphism
that satisfies the conditions of Theorem 3.4 then Zg4(j) satisfies MOST plus the
scheme of Az))—collection.

Corollary 3.5 Let M be an L-structure with M = MOST. If j : M — M isa
non-trivial automorphism with ™M € Ii( J) then

Ziix(j) = MOST + A} -collection.

O
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100 A. Enayat et al.

For the remainder of this section we let j : M — M be a non-trivial automor-
phism where M = MOST and j(x) = x for all x € (w™™)*. We first show that M
is a topless powerset preserving end-extension of Zgx ().

Lemma 3.6 Z,(j) satisfies extensionality and powerset, and Zgx () ngpleSS M.

Proof 1tis clear from the definition of Zgx (/) that I« (j) is a transitive proper subclass
of M. It follows that Zg« (j) = (extensionality) and Ig¢(j) # M. Lety € I¢(j). Let
x € M be such that M = (x C y). Since y € Ifx(j), j fixes every element of x*.
Since j is automorphism it follows that j(x) = x and so x € Ifx(j). This shows that
for all x € PM (»*, x € Ifx(j). And so pM (y) € Ix(j). Since I4x(j) is transitive,
this shows that Zg«(j) = (powerset) and Zgx (j) gf M. To show that Zgx () sits
toplessly in M, let C € M with C* € OrdZ&(). It immediately follows from the fact
that j is an automorphism that j(C) = C. Therefore C € I5x(j). This completes the
proof that Zgy (j) gzgp]ess M. |
To complete the proof that Zgx(j) is an H-cut of M we need to show that Zgx ()
satisfies MOST.

Lemma 3.7 Z,(j) = Mac.

Proof Lemma 3.6 and the fact that I (/) is a transitive subclass of M implies that
extensionality, union, pair, emptyset, powerset, Ag-separation, set foundation and the
axiom of choice hold in Zgx (7). Since oM € Iix (j), Zsx (j) satisfies the axiom of
infinity. To see that transitive containment holds in Zgx (), let x € Igx(j). Since j
fixes every element of TCM (x)*, j also fixes TCM (x). Therefore TCM (x) € Inx(j)
and Zgx (7) believes that TCM (x) is a transitive set which contains x. m]

It remains to show that Zgx (j) satisfies axiom H.

Lemma 3.8 Forall R, X € Ix(j),

M E (R C X x X is well-founded and extensional)
if and only if Zix () = (R C X x X is well-founded and extensional)

and if
M E (R C X x X is well-founded and extensional)

then (wr“X)M € Iix(j).

Proof Let R, X € Igx(j). The fact that

M E (R C X x X is well-founded and extensional)
if and only if Zgx(j) = (R € X x X is well-founded and extensional),

follows from the fact that ‘R € X x X is well-founded and extensional’ can be
expressed as a Agp—formula. Assume that

M E (R C X x X is well-founded and extensional).
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Largest initial segments pointwise fixed by automorphisms... 101

The fact that (wg“X)M € Iny( Jj) follows from the fact that j is an automorphism
and @ is definable. O

Lemma 3.9 Forall k € Iix(j),
M = (x is a cardinal) if and only if Zsx (j) = (k is a cardinal).

Proof As in the proof of Lemma 3.1, this follows from the fact that ‘« is a cardinal’
can be expressed as a Aop—formula with parameters from Ifx(j). O

Lemma 3.10 Zgx(j) = (every well-ordering is isomorphic to an ordinal).

Proof Let R, X € I« (j) be such that Zs4(j) = (R is a well-ordering of X). It fol-
lows from Lemma 3.8 (and the fact that being a linear ordering is absolute) that
M E (R is a well-ordering of X). Now, (zsz“X)M is an ordinal and, by Lemma 3.8,
(@wr“X)M € Itix(j). Let @ = (wg“X)™. In M there is a bijection f € X x a wit-
nessing that R is isomorphic to «. Therefore f € Isx(j) and f witnesses that R is
isomorphic to « in Zgx (). m]

Lemma 3.11 Zg4(j) = (for all cardinals k, the cardinal 2° exists).

Proof Let k € Ix(j) be a cardinal. Work inside Zax (7). Let R € P(k) x P(k) be a
well-ordering. By Lemma 3.10, R is isomorphic to an ordinal o > 2¥. O

Lemma 3.12 If « € I4x(j) is a cardinal then HM € Igx(j).

Proof Let k € Ifx(j) be a cardinal. Work inside M. Note that |H,| = 2“ and
2% € Igx(j). Using a bijection f : H, —> 2 one can find an R C 2* x 2“ such that
w2 = H,. Therefore, it follows from Lemma 3.8 that HKM € Iix(j). m]

Lemma 3.13 Zx(j) &= Axiom H.

Proof By Lemma 3.10 it is enough to show that for every cardinal «, there exists a
transitive set which contains all transitive sets with cardinality < «. Let « € I5x(j)
be a cardinal. Lemmas 3.11 and 3.12 show that 2 € Ig4(j) and HM € Iax (j). The
point H M ¢ I5x (j) is transitive and we claim that every transitive set of size < x in
Ifix (j) is contained in HM. To see this, let z € Iix (j) be such that Zgx () = (Uz €
z) A (Jz] < «). Therefore M = (|Jz € z) A (Iz] < k) and so Zax (j) = (z € HZ/)’I).
This shows that Zgx (j) satisfies axiom H. O

This completes the proof of Theorem 3.4.

4 Realizing H-cuts as Zsx (j)

In this section we will show if I is an H-cut of a countable model M of MOST +
AZ)D-collection then there is M ¢ A with N/ = MOST and a non-trivial automor-
phism j : N —> N such that Zg,(j) = (I, ™) and fix(j) = M. More generally,
we will prove the following result:
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Theorem 4.1 Let M = (M, M) be countable such that M = MOST +
Az))—collection and let I C M be an H-cut of M. If L is a linear order then there is
M Cet N with N = MOST and an embedding j — | of Aut(L) into Aut(N) such
that if j has no fixed points then Tgx (;) = (I, eM) and ﬁx(j) =M.

By setting I in Theorem 4.1 to be the linear ordering Z and by letting j : Z — Z
be the automorphism that sends i — i + 1 for all i € Z, we obtain:

Corollary 4.2 Let M = (M,e™M) be countable such that M = MOST +
Aop-collection and let I € M be an H-cut of M. Then there is M C¢ N with
N = MOST and an automorphism j : N' —> N such that g (j) = (I, GM) and
fix(j) = M. O

Theorem 4.1 will be proved by adapting a construction, originally due to Jeff Paris
and George Mills [19] and applied to non-standard models of PA, to non-standard
models of MOST + Aop-collection. This construction was also used by the first author
in [4] to prove that every cut of a countable model of / Ay + B X that is closed under
exponentiation can be realised as the largest initial segment of a model of /A that
is pointwise fixed by some non-trivial automorphism. Theorem 4.1 and Corollary 4.2
are the set-theoretic analogues of results proved in section 3 of [4].

Throughout this section we fix an L-structure M = MOST + A(?—collection with
|[M| = Rg,and I € M an H-cut of M. We also fix a linear order L. For simplicity we
will use < for the order relation on L. We will write Z for the substructure of M with
domain 7. We also fix ¢ € OrdM \OrdI such that M |= (i is a regular cardinal). We
begin by noting that there is no least cardinal in OrdM \OrdI , and so, regardless of
our choice of i, there are infinitely many cardinals in OrdM \OrdI below «.

Lemma 4.3 There is no least cardinal in the class Ord™ \OrdZ.

Proof Suppose thatk € OrdM\OrdI is least such that M = (k is a cardinal). Work-
ing inside M, consider the set

C={aex]]|a| <«k}

Note that C € M. Since there is no largest cardinal in Z, C* = OrdZ C . This shows
that C ¢ I, which contradicts the fact that / is an H-cut of M. O

Using an iterated ultrapower construction we will obtain a cofinal extension A of
M that satisfies MOST and such that any fixed point free automorphism of L generates
an automorphism j : N' — N with Zg(j) = Z and fix(j) = M. The ultrafilter U/
used in this iterated ultrapower construction will be an ultrafilter on the subsets of «
in M. The elements of ¢/ will be large in the following sense:

Definition 4.1 We say that X € (P(c)™M)* is I-large if | XM ¢ 1.

If X is a set and X is a cardinal then we use [X]* to denote the set of all subsets of
X of size A. Recall the canonical partion relation k — *(1)", first considered in [5],
that generalises the classical partition relation k — (A)};:

@ Springer



Largest initial segments pointwise fixed by automorphisms... 103

Definition 4.2 Let k and A be cardinals and let n € w. If f is a function with domain
[«]", H C k, and A C n such that forall so < -+ < sy_1andty < --- <ty_1in H
we have

fdso. ... sn1) = f{w, ... tn1}) if and only if (Vi € A)(s; = 1;),

then we say that H is f-canonical. We write k — x(A)" if for all functions f with
domain k1", there is H C k with |H| = A and H is f-canonical.

This notion allows us to make explicit the combinatorial properties we will require of
the ultrafilter used to extend M.

Definition 4.3 We say that a non-principal (n.p.) ultrafilter U C (PR)M)* is I-
complete if forall f € M, if M = (f : [k]" —> TC(A)) wheren € wand A € 1
then there is X € U such that M = (f is constant on [X]").

Definition 4.4 We say that an n.p. ultrafilter U < (P(k)™)* is canonically Ramsey
ifforall f € M, if M |= (f is a function with domain [k]") where n € w then there
is X € U such that M |= (X is f-canonical).

Definition 4.5 We say that an n.p. ultrafilter U C (P@E)My* is 1-tight if for all
feM, if M = (f is a function with domain [k]") where n € w then there is X € U
such that either

(a) M = (f is constant on [X]"), or

(b) there is an I-large cardinal 6 such that

MEVx Yo | N\ ieX)= fdx....x) ¢ H

1<i<n

It is important to note that Definitions 4.3, 4.4 and 4.5 only refer to functions in M
whose domain is [«]* where n is a natural number of the meta-theory. We now turn
to showing that P (k) in M is rich enough to ensure the existence of an (external)
ultrafilter on (P(/E)M)* that is simultaneously 7/-complete, canonically Ramsey, /-
tight and contains arbitrarily small 7-large sets.

Lemmad4.4 If X € (Pi)M)y* is I-large, A € I is such that M = (A is a cardinal)
and f € M is such that M = f : k —> H,, then thereis Y € (P(X)M)Y* such that
Y is I-large and f is constant on Y.

Proof Work inside M. Let X C k be [-large and let A be a cardinal in /. Let f :
ik —> H,_. The fact that I is an H-cut of M ensures that H, is in I and | H, | is not
[-large. Let u be an [ -large regular cardinal such that © < | X|. So, | Hy| < u. Suppose
that for all x € H), f_l[x] N X is not [-large, in particular |f_1[x] N X| < . So,

IXI=|J r'xInx| < u,

xeH)

which is a contradiction. O
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In[1, Corollary 2] Baumgartner completely determines the canonical partition rela-
tion on infinite cardinals and reveals the following relationship between the canonical
and classical partition relations:

Theorem 4.5 (Baumgartner) If k and A are infinite cardinals and n € w then
k — «()"Tifand only if forall p < 1,k — (A)Z‘H. @)

]

The setting for Baumgartner’s [1] is ZFC, however an examination of the proof of
Theorem 4.5 reveals that for fixed « and X all the instances of separation and replace-
ment appealed to in the proof of the equivalence described by (1) can be restricted to
sets that provably exist in MOST. This means that for fixed « and A, the equivalence
described by (1) is provable in MOST. In ZFC, Theorem 4.5 coupled with the Erd&s—
Rado Theorem [6] shows that for every infinite successor cardinal A and n € w, there
exists a cardinal x such that k — x(1)"*!. Specifically:

Theorem 4.6 (Erd6s—Rado) If k is an infinite cardinal and n € w then
3,00 = ML

O

If both ¥« and 3, (k)" exist then all instances of separation and replacement
appealed to in the proof that 3, (k)* — (k7)?*! can be bounded by sets that prov-
ably exist in MOST. Thus, as long as both « ™ and 3, (k)™ exist, MOST proves that
J,3()t — ()1 Tt should be noted, however, that MOST is incapable of proving
that 3, (Rg) exists for all natural numbers n. Despite this, for any infinite cardinal «,
MOST proves that 2 exists. Therefore, if 7 is (externally) a standard natural number
and « is an infinite cardinal then MOST proves that J, (k) exists. In the context of
MOST Theorem 4.6 becomes:

Lemma 4.7 MOST proves the theorem scheme: for all n € w,
Vi ((K is an infinite cardinal) = (:l,, )" — (K+)Z+l)) .

Therefore combining Theorems 4.5 and 4.6 in the context of the theory MOST we
get:

Lemma 4.8 MOST proves the theorem scheme: for all n € w,

Vi ((/c is an infinite cardinal) = (:ln(/c)Jr — *(K+)”+l)> .
O

Lemma4.9 Letn € w. If A € k* U {ic} is I-large then there exists an I-large j € ic*
with M |= (u is a cardinal) such that 3,(1) < A.
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Proof Work inside M. Assume that . < k is /-large and for all /-large cardinals y,
J,(y) > A. Consider

C ={y €k | (yisacardinal) A (3,(y) < M)}.

By bounding all the quantifiers in the defining formula of C by Hi+ we can see that
Ap-separation implies that C is a set. Our assumption about A implies that C* < 1.
Therefore, since [ is a proper H-cut, C € [. But this means that C is bounded in /.
Butif y € I is a cardinal with y ¢ C* then 3,/ (y) ¢ I, which contradicts the fact that
7 &= MOST. O

Lemma4.10 Letn € w. If X € (P@)My* is I-large and f € M is such that
M = (f is a function with domain [X*t1) then there is an I-large Y € (P(X)My*
that is f-canonical.

Proof Work inside M. Let X C k be I-large and let f be a function with domain
[X]"*!. Let A = |X]. So, A is I-large. Using Lemma 4.9 we can find an /-large
cardinal y such that 3, (1) < A. Therefore, by Lemma 4.8, A — s(u)"*!. And so
there is an /-large Y € X that is f-canonical. 0O

Lemmad4.11 Letn € w. If X € (’P(/Z)M)* is I-large and f € M is such that
M = (f is a function with domain [X**1) then there is an I-large Y € (P(X)M)*
such that either

(a) M = (f is constant on [Y]"T1), or
(b) there is an I-large 6 € k* with M = (0 is a cardinal) such that

M= (VA € [YI"T)(f(A) ¢ Hp).

Proof Work inside M. Let X C ik be [-large and let f be a function with domain
[X]"*!. Let k = |X|. Using Lemma 4.9 we can find an /-large cardinal A such that
K — ()\)Z‘H. Applying Lemma 4.9 we can then obtain an -large cardinal u™ such
that A — (;PL)ZH. Then, using Lemma 4.9 again, let 8 be an /-large cardinal such
that 29 < u™. Therefore |Hy| < . Now, define g : [X]"T! — 2 such that for all
(X0, ..., xa} € [X]"TL,

0 if f({xo,...,xu}) € Hy
g({x0, ., xn}) = { 1 otherwise

Let Z C X be such that | Z| > A and g is constant on [Z]"*!. If g“[Z]"T! = {1} then
we are done. If g“[Z]"T! = {0} then let f’ be the restriction of f to [Z]**!. Since
[mg(f)| < |Hy| < u, thereisa Y C Z with |Y| > u™ such that f’ is constant on
[Y]"+1. O

Equipped with Lemmas 4.4,4.10 and 4.11 we now show that there exists an external
non-principle ultrafilter on the subsets of « in M which is simultaneously /-complete,
canonically Ramsey, /-tight and contains arbitrarily small /-large sets. We use F to
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denote the class of all points in M which correspond to a function whose domain is
[€]" for some external natural number n. Le.

F={feM|@necw(ME(fisafunction with domain []"))}.

Theorem 4.12 There exists an n.p. ultrafilter U C (Pc)MY)* which is I -complete,

canonically Ramsey, I-tight and is such that {| X |M | X € U} is downward cofinal in

OrdM\Ord”.

Proof Let (f,, | n € w) be an enumeration of F. Let (k, | n € w) be a sequence of

natural numbers such that for all n € w, M = (f, is a function with domain [k]kn).

Let (A, | n € w) be a decreasing sequence of M-cardinals that is downward cofinal

in OrdM\OrdI with A9 < k. Using Lemmas 4.4, 4.10 and 4.11 inductively build

sequences (W, | n € w), (X, | n € o), (Y, | n € ) and (Z, | n € w) of [-large

elements of (P (k)™)* such that for all n € w,

1. M ': (Wn °2X,2Y,2Z2,2 Wn—i—l),

2. M = (W, is f,-canonical),

3. if k, = 1 and there is an M-cardinal i € I such that M |= (f, : k — H})
then f, is constant on X,,, otherwise X, = W,,

4. M = (fy is constant on [, ]¥*) or there is an [-large M-cardinal & € k* such
that

ME (VA € [Yn]k”> (fu(A) & Hp),

5 M= (Zy] < ).

Define U = {X € (P(E)M)* | @n € w)(M E W, C X)}. It is clear from the
construction that ¢/ is an n.p. ultrafilter that is /-complete, canonically Ramsey, /-
tight and is such that {| X |M | X € U} is downward cofinal in OrdM\OrdI . O

Let U € (P(&)™M)* be an n.p. ultrafilter obtained from Theorem 4.12, so U is
I-complete, canonically Ramsey, /-tight and {| X |M | X € U} is downward cofinal
in OrdM\OrdI . Let L be the language extending £ such that for all f € F and
n € w, if M = (f has domain [¢]") then £x has a new n-ary function symbol
f . Let M £ be the L r-structure obtained from M by defining, for all f € F with
M = (f has domain [£]"),

M o
AM ) X, xa)) ifxi<---<x, €k
FUO ) = { @ otherwise
For each n € w, define the n + 1-partial type I, (xo, ..., x,) € Lr by

¢ (x0,...,x,) € Ty(xo,...,x,) ifandonlyif 3IX €U suchthat Mr = ¢(ao,...,an)
forallag < --- < a, € X*

Define

Ty = U [y(xo, ..., xu).

new
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Let Lr 1, be the extension of Lz obtained by adding constant symbols ¢; for each
i € L. Define

Ty =A{¢(ciy,....ci,) |p € Tyyandip < --- < i, € L}.

The fact that for each f € F, the interpretation of the function symbol f in Mr is
coded by the point f € M yields the following:
Lemma 4.13 M r = AZ)D (LF)-separation + EF (LF)-collection. O

Lemma 4.14 Ty, 1, is consistent and is AZ)D (L r1)-complete.

Proof The fact that Ty y, is finitely realisable implies that it is consistent. Let
¢(x0,...,x,) be a Ag’(ﬁ;)—formula. We work inside M r. A(?(Ly:)—separation

ensures that the function f : [k]"t! — 2 defined such that for all @y < --- <
on €K,
1 ifglap, ..., o)
fl@o, ... an) = {O otherwise

is a set. Now, there is an X € U/ such that
M = (f is constant on [X]H.

Therefore, for all ip < --- < i, € L, Ty 1. decides ¢ (cj, - . ., ci,)- |

Remark 4.15 Lemma 4.14 generalises to show that for all n € w, if M £
¥,-separation then Ty, 1, is X,(LF 1)-complete. In particular, if M = ZFC then
Ty 1. is LF 1.-complete.

Let TERM C Lz, be the class of terms of the form f (cigs .- -» Cip) where ip <
- < i, € L. Define

F(Cigs--vciy) ~ &(cjys -, cj,) if and only if (f(ciy, ..., i)
= g’(CjO, ey ij)) S TL{,]L~

Now, ~ is an equivalence class on TERM. If T € TERM then we use [7] to denote
the equivalence class to which t belongs. We now turn to defining an L-structure
NyL = (N, €Nur). Let
Ny ={lt]| T € TERM}.
Define
[/ (Ciosvovei) | €545 [& (s ¢j,)] iF and only if

f
(f(cio,...,cin) IS g(cjo, ...,cjm)) e Ty
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Lemma 4.16 Let ¢ (xo, ..., x,) be a Ao(LF)-formula. If

MrE Nx,...xp€i0)((x) < -+ <Xxp) = Iy (y, X1, ..., Xn))

then there exists f € F such that

MrENxt, ..., x €k0)((x) < -+ <x,,):>¢(f(x],...,xn),xl,...,xn)).

Proof Assume that Mr = (Vxi,...x, € K)((x] < -+ < xp) = Iy (y, x1, ...,
xn)). We work inside M £. Consider [<]" and define

¢'(y,x) ifand only if (Fxy, ..., x, € X)((x1 < - < X)) APV, X1, ..., Xn)).

Note that (Vx € [£]")3y¢’(y, x). Therefore AOP(L 7 )-collection ensures that there is
a set A such that (Vx € [£]")(Jy € A)¢'(y, x). Let €« C A x A be a well-ordering of
A. Let Y (y, x) be the AZ)D (L 7)-formula

&' (v, x) A (Vz € A) (P (z,%) = (z,y) ¢ <.

Now, Aop(ﬁ F)-separation ensures that f : [k]" —> A, defined such that f(x) is the
unique y such that ¥ (y, x), is a set. O

Lemma 4.17 If ¢(xo,...,x,) a Ef-formula then for all [t], ..., [t.] € Ny L,
Ny E ¢(wl, . ... [t]) ifand only if (1o, ..., Ty) € Ty L.

Proof Let ¢(xg, ..., x,) be a E?-formula and let [to], ..., [t,] € Ny 1. Without
loss of generality we can assume that ¢ only uses the quantifier 3 and the logical
connectives A and —. We prove the result by induction on the structure of ¢. It is clear
that the result holds for all atomic formulae and conjunctions of atomic formulae.
Assume that the result holds for a Ag)—formula 0(xo, ..., xn). Lemma 4.14 implies
that the result also holds for —6.

We now turn to showing that the class of formula satisfying the result is closed
under existential quantification. Assume that the result holds for a Aop—formula
0(y, x0, ..., xn). Let [t0], ..., [ta] € Ny 1. Suppose that Ny, = 3y0(y. [t0], .. ..
[ta]). Let [t] € Ny be such that Ny, = 6([t]. [t0], ... [t:]). Therefore
0(z, 10, ..., ty) € Tyy 1. This implies that 3y6(y, 1o, ..., Tn) € T34 L

Conversely, suppose that 3y0(y, 1o, ..., T,) € Ty 1. Assume, without loss of gener-
ality, that for all 0 < j < n, t; = fi(cig, ..., ci,) forig < --- < iy inL.Let X € U
be such that forallag < - -+ < a;, € X*,

Mz = 3y6 (y, Fo@os -y am), .- -, fn(ao,...,am)).
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Let 6'(y, xo, . .., xp,) be the AOP(Ef)—formula

/\ xieX)|Axo<---<xm)

0<i<m

i9(y’]z‘\o(xov"'7-)(:1’?!)’"'7]";1(}"0’"'7-xﬂ1))'
Using Lemma 4.16 we can find an f € F such that forall xo < - -+ < x,, € X*,

Mr E O (FX0s s Xm)s X0 - -+ s Xm).

Let T = f(c,-o, .eesCiy). Now, 0(t,70,...,74) € Ty . Therefore Ny, =
9([‘[]1 [70]7 ML) [Tn]) and SO NZ/[,]L '= Elye(% [TO]v ) [Tn])' D

Remark 4.18 The proof of Lemma 4.17 generalises to show that for all n € o, if
M E X, -collection then the conclusion of Lemma 4.17 holds for all X, -formulae.
In particular, if M = ZFC then M < Ny L.

The structure M embeds into A4 1. To see this observe that for all m € M there
exists an A, € F such that

My = (Vx € }) (fzm(x) - m)

It is clear that for all i, j € L and for all m € M, [l (c;)] is equal to [A,(cj)]. In
order to make it easier to refer to these elements of Ny 1, we will fix an element 0 € L.

so that we can write [fzm (co)]. We can also see that the linear order . embeds in the
ordinals of Az 1. To see this consider the map id € F such that

Mr = (d:k — &) A (Vx € ©)(id(x) = x).
For each i € L, the term [iEl(c,-)] is an ordinal in Ny 1.
Lemma 4.19 The class {[ia(ci)] |i € L} € Ny 1 is aclass of Elp—indiscernibles.

Proof This follows immediately from Lemma 4.17. O

The fact that the image of the embedding of L into Ny, is a class of EF-
indiscernibles means that any automorphism of LL raises to an automorphism of N7, ..

Forall j € Aut(L), define j : iy —> N1 by
]([f (Cil, .. .Ci")]) = I:f (Cj(l'l)’ .. 'Cj(l'n))] for all f € F and il << in el.
2

Lemma4.19 implies that forall j € Aut(LL), ] : Ny, —> Ny 1 is an automorphism.
Moreover, the map from Aut(LL) into Aut(Nzy 1) defined by j — ] forall j € Aut(LL),
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is an injective group homomorphism. It is also immediate from (2) that for all j €
Aut(L) and for all x € M, j fixes [h (co)], so ﬁX(j) D M.

Lemma4.17 also implies that embedding of M into NU)L defined by x [fz x(co)]
preserves H%’ properties of tuples from M.

Lemma 4.20 Let ¢(xo, ..., xn) bea Hf-formula. Forallay, ...,a, € M, if M |=
¢(ag, ..., ay) then

NM,]L =K (I:/;ao(Co)jI e I:}Alan (CO)]> .

Proof The formula ¢ (xo, ..., x,)isintheformVyg - --Vy,0(Vo, .- Ym» X05 - - - » Xn)
where 0 (y0, ..., Ym, X0, - - ., Xp) 1S EF. Letag, ..., a, € M. Assume that

MEYY VYO (Yo, -+ Ym> Qs -+ - » Qn).

Let fo,..., fm € F. Without loss of generality assume that each fo, R fm are
k + 1-ary function symbols in L. Forall xg < -+ < x € k¥,

./\/l]:|=9(fo(xo,...,xk),...,fm(xo,...,xk),ao,...,a,,).

Therefore, forall iy < --- < iy € L,

~

0 (fo (cio, ...,c,-k) N (cio, ceey cik) , ﬁuo(co), cee lAzan(co)> eTyL.

And so, by Lemma 4.17,

Nu,]L =0 ([fo (Cio, R cik)] e [fm (c,-o, R c,-k)] , [ﬁao(co)] R [ﬁan(co)]) .

Since fp, ..., fm € Fandig < --- < iy € L were arbitrary, the Lemma follows. O
Using this result we can show that A7, 1, satisfies all of the axioms of Mac.
Lemma 4.21 N/, = Mac.

Proof By Lemma 4.20 it is enough to show that every axiom of Mac can be written
asa Hf-sentence.

Extensionality: VxVy(x =y <= (Vz e x)(z € y) A (Vz € y)(z € x))
Emptyset: Ix(Vy € x)(y # y)

Union: Vx3y(Vz € x)(Vw € 2)(w € y)

Pairing: VaVydz(x e ) Ay e D) A Vw € 2)(w =x Vw = y))
Ap-separation: for all Ag-formulae ¢ (x, 7),

Vavz(@Ay Ca)(Vx €a)(x € y < ¢(x,7)).

Set Foundation: Vx((Vw € x)(w # w) vV (y € x)(Vz € y)(z ¢ x))
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Infinity:
ISWeSANVMxeSFye S xeyn(Vzex)zey) ANVzE€ y)(z=xVZEX)))

Powerset: Vx3y((Vz C x)(z € y) A (Vz € y)(Yw € 2)(w € x))
Transitive Containment: Vx3y(|Jy € y A (Vz € x)(z € ¥))
Axiom of Choice: Vx3R(R is a well-ordering of x) O

Before showing that N7 1, satisfies Axiom H we first show that Ay, 1, is an end-
extension of Z and a cofinal extension of M.

Lemma 4.22 Forall x € I and for all [t] € Ny 1, if Ny E ([x] € [flx (co)]) then
there exists y € I such that

N = (171 = [ye0)]) and M= (v € ).

Proof Letx € I and let [t] € Ny 1. Suppose that T = f(cjl, ...,Cj,) where f € F
and j; < --- < j, € L, and Nz,{)]L = ([r] € [fzx(co)]). Therefore, by Lemma 4.17,
there exists X € U such that forall x; < --- < x, € X*,

M]'— 'zf(xla"'axn) € X.
Since U is I-complete, thereis Y € U and y € x* suchthatforallx; < --- < x,, € Y™,
Mflzf(xl""vxﬂ):y~

Therefore (f(cj,,...,¢j,) = hy(co)) € Ty.L. So by Lemma 4.17, Nyg 1, = ([7]
[fzy(co)]); and since y € x*, M = (y € x). O

Lemma 4.22 shows that for all j € Aut(L), /4 I.

x(j) =2

Lemma 4.23 For all [t] € Ny 1, there exists x € M such that,
Nir b (11 € [hten)].

Proof Let [t] € Ny 1. Suppose that 7 = f(cjl, ...,cj,) where f € M and j;
- < jp € L. Letx € M be such that M = (rmg(f) € x). Now, forall x| < --- <
X, € k¥,

A

M |=f(x1,...,x,,) € x.

Therefore, (f(cjl, .., Cj,) € fzx (co)) € Tyy1.. So by Lemma 4.17,

Ny Lol € [hxteo)]

O
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The fact that U/ is [-tight also ensures that CardM \CardI is downward cofinal in
CardMu1\Card?.

Lemma 4.24 If) € CardMuL\Card” then there is i € Card™\Card? with Ny, =
([ (co)] = A).

Proof Let A € CardNUvL\CardI. Therefore A = [f(cil, ...,¢i,)] where f € F and
i| <. <ipelL,and [f(c,....ci)] ¢ I and

Ny = ([f (cips---, cin)] is acardinal).

If there is u € M such that

Nk ([F i oovai)] = [uteo))

then, by Lemma 4.20, [ f (ciys....ci))le CardM\CardI and we are done. Therefore,
assume that [ f (¢c;;, ..., ¢;,)] € Ny .\M.SinceUd is I-tightand [ f (¢;,, ..., ¢;,)] € 1,
there is an /-large M-cardinal © € M and X € U such that forall x; < --- < x, €
X*,

Mg = <f(x1,...,xn) ¢ H,L).

Since [f(cil, ....¢i)]is an J\/’u,L-cardinal, this implies that for all x < x; < --- <
X, € X*,

My = () = fer o).

And so, by Lemma 4.17, Ny = (b, (co) < f(ciys ..., i) O
We now turn to showing that N, 1, satisfies Axiom H.
Lemma 4.25 N1, = Vx(|x| exists).
Proof Let ¢ (x) be the formula
3 f3Ja((« is an ordinal) A (f : x —> « is an injection)).

Now, ¢ (x) is X1 and M = Vx¢(x). Therefore, by Lemma 4.20, N/ 1, = Vx¢(x)
and the Lemma follows. O

Lemma 4.26 N1, = Axiom H.

Proof Letu € Ny .. Using Lemma 4.25, let A € Ny 1, be such that

NyL = (his a cardinal) A (Ju] < 1).
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By Lemma 4.23 there is # € M such that u is an M-cardinal and N1, | (A <
fzu(co)). Let T € M be such that M |= (T = H,;+). Therefore

MIZVZ<(UZEZAIZISM):>z§T).

So, by Lemma 4.20,

Ny EVz ((Uz CzAlzl < [fzﬂ(co)]> =zC [ﬁT(Co)])
and Ny b= ((UJlhr (ol € lhr (o).

In particular

Nur =Yz (U2 S 2 lel = lul) = 2 € Tirteon).
And this shows that

Nyp vt (J1 e 7 ave((Jzcenll <) =< T)).

Combining Lemma 4.21 and Lemma 4.26 we get:
Theorem 4.27 Ny, = MOST. m]

We now turn to showing that if j € Aut(IL) has no fixed points then Iﬁx(j) =7
and fix(j) = M.

Theorem 4.28 [f j € Aut(LL) has no fixed points then ﬁx(j) =M.

Proof Let j € Aut(LL) have no fixed points. It follows immediately from (2) that
forall x € M, ] fixes [fz x(co)]. Therefore, we need to show that if [t] € Ny 1, and
j([‘[]) = [r] thenthere exists x € M suchthat[t] = [fzx (co)].Lett = f(cio, ces Ciy)
where f € Fandig < -+ < i, € L. Assume that f([r]) = [7]. Therefore
[f(cio, oG] = [f(cj(,-o), ..., CjGp)]. Since U is canonically Ramsey, there is
XelUand A Cn+ 1lsuchthatforallxg <--- <xyand yg < --- < y, in X*,

(Mf = F&o, .. x0) = FOo, ...,y,,)) if and only if (¥m € A)(om = ).
Therefore, for all jo < --- < jpand kg < --- <k, in L,

[F(Cjy»---rcj)] = [f(chys - - » k)] if and only if (Vm € A)(jm = k).

Therefore, since j has no fixed points, A = {J. And so there exists y € M such that
forall xg < -+ < x,, € X*,

Mflzf(-x()a"'vxn)zy'
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Therefore Ny 1, = ([t] = [7y(co)]). O

Lemma 4.29 Ifx € M then Ny 1, = (TC([hy(co)]) = [htci (co))).

Proof Letx € M. Now, for all y € i*,
Mz 1= TC (ha()) = frreco (-

Therefore (TC(fzx(co)) = szc(x)(co)) € Ty 1. Now, “Y is the transitive closure of
X" can be expressed by a Aop-formula:

XgYAUYgY/\(VxgY)(xngngx:ng).
Therefore, by Lemma 4.17,

Ny E TC ([ﬁx(CO)]) = [flTC(x)(Co)] .

Theorem 4.30 If j € Aut(LL) has no fixed points then Iﬁx(j) =17

Proof Let j € Aut(LL) have no fixed points. Lemma 4.22 implies that the embedding
of M into Ny 1, embeds Z into an initial segment of Az, . Therefore if x € I and
y € Ny 1 is such that Ny 1, = (y € TC({x})) then ](y) = y. Therefore, we need
to show that if x € Nyy 1 \7 then there is some y € (TC({x})"¥“L)* that is moved by
j. In light of Theorem 4.28 it is enough to show that for all x € N/ 1,\1, there exists
y € Ny L \M with Ny 1, = (v € TC({x})). Letx € Ny \1.If x € Ny, \M then we
are done, so assume thatx € M\ /. It follows that |TC({x}) |M ¢ I;hence [TC({x}) |M
isan [ -large M-cardinal. Therefore there is X € U suchthat M = (| X| < [TC({x})]).
Let g € M be such that

M E(g: X — TC({x})) A (g is an injection).

Therefore there exists f € M such that M = (f : k —> TC({x})) and for all
71 < 70 € X*,

Mgz = fz1) # ().

Therefore, for all w € M, Nyg1, = ([f(co)] # [hw(co)]). We need to show that
[f(co)] is in the transitive closure of [fz{x}(co)] in Ny . Forall z € X*,

Mg E (f (2) € flTC({x})(Z)) .
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Therefore, foralli € L, (f(c,-) € ﬁTc({x})(ci)) € Ty 1. So, by Lemma 4.17,

NuL = [f(co)] € I:I;TC({X}) (Co)] .

Therefore, by Lemma 4.29,

Nup [ Fen] e Te ([Axe]).

which completes the proof of the theorem. O

This completes the proof of Theorem 4.1.

5 Realizing countable models as H -cuts

This section tackles the question of which countable L-structures can be realised as
an H-cut of a model of set theory. We show:

e every countable transitive model of MOST + AZ)D -collection can be realized as an
H-cut of a model of MOST + Aop—collection,

e cvery countable recursively saturated model of MOST + A%’-collection can be
realised as an H-cut of a model of MOST + Ag)—collection,

e every countable model of ZFC can be realised as an H-cut of a model of ZFC.

Combined with the results of Sect. 4 we then have:

1. every countable transitive model of MOST + AZ)D-collection can be realised as
Tsx (j) for some non-trivial automorphism j of a model of MOST,

2. every countable recursively saturated model of MOST + Aop—collection can be
realised as Zgx (j) for some non-trivial automorphism j of a model of MOST,

3. every countable model of ZFC can be realised as Zgx(j) for some non-trivial
automorphism j of a model of ZFC.

Together with the results of Sect. 3, (1) and (2) yield a complete characterisation of
the countable transitive and countable recursively saturated L-structures satisfying
infinity which can be realised as Zgx (j) for some non-trivial automorphism j of a
model of MOST. Since every consistent theory with an infinite model has a countable
recursively saturated model (Theorem 2.6), (2) implies that the theory of the class of L-
structures satisfying infinity that appear as Lsx (j) for some non-trivial automorphism
J of a model of MOST is exactly MOST + A%D-collection.

5.1 Countable transitive models of MOST + AOP-collection
The realisation of a countable transitive model of MOST + Aop-collection as an H-cut

of a model of MOST + Ag—collection will be achieved by applying a theorem, due to
Harvey Friedman [8], which combined with a result of Mathias [17] shows that every
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countable transitive model of MOST + Aop-collection can be toplessly end-extended
to a model of MOST + Aop-collection.

In [8] Friedman studies countable transitive models of a theory that he calls Power
Admissible Set Theory (PAdm®). This theory is axiomatised using classes of L-
formulae that Friedman calls A(S)(P). Let Lp be the extension of the £ obtained
by adding a new unary function symbol P. Define pseudo-Ay(P) to be the class of
Ao(Lp) formulae that contain quantification in the form 3x € y or Vx € y where x
and y are distinct variables. The class Aj(P) is obtained by translating the formulae
in pseudo-A{ (P) into L-formulae using translations generated by the defining axiom
xeP(y) < Vizex=zey).!

Definition 5.1 Power Admissible Set Theory (PAdm® ) is obtained from KP by adding
powerset, Aj\(P)-collection and L-foundation.

Friedman [8, Section 1] also introduces a class theory that corresponds to Power
Admissible Set Theory. We use L] to denote the two-sorted extension of £ with set
variables x, y, z, ... and class variables X, Y, Z, .... The well-formed formulae of
L are built inductively from atomic formulae in the foormx € y,x =y, X =7,
x =Y and y € X using the connectives and quantifiers of first-order logic. The class
A{ is the smallest class of Lcj-formulae that contains all atomic formulae in the form
x=y,x=Y,x € yand y € X, contains all compound formulae formed using the
connectives of first-order logic, and is closed under quantification in the form 3x € y
and Vx € y where x and y are distinct variables. The class X¢ is the smallest class of
Lci-formulae that contains all A(C)—formulae, contains all compound formulae formed
using the connectives A and V of first-order logic, and is closed under quantification
in the form 3x and Vx € y where x and y are distinct variables.

Definition 5.2 Power Admissible Class Theory (PAdm€) is the Lci-theory with
axioms: extensionality for both sets and classes, Vx3Y (x = Y), pairing and union for
sets, powerset for sets, L-foundation, and the following:

(Ag-separation) for all Ag-formulae ¢ (x, 2),
VwaEIny(x EYy < xewAd(x, 7))
(Ag-collection) for all Ag-formulae ¢(x, y, Z),
VZVw((Vx € w)dyp(x, y, Z) = IC(¥x € w)3y € C)p(x, y, Z))
(AC-CA) for all X¢-formulae ¢ (x, Z) and ¥ (x, Z),
VZ(Vx($(x, Z) < —Y(x,Z)) = YVx(x €Y < ¢(x,2)))
(Class Powerset)

AXVy(y € X < FJwIz(y = (w,2) AVV(v €z < Yu(u € v = u € w))))

I An explicit list of translations can be found in [17].
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Friedman [8, Theorem 1.6] notes that PAdm® is a conservative extension of PAdm*:

Theorem 5.1 (Friedman) If M = (M, €M) is an L-structure with M = PAdm®
then there exists C such that (M, C, EM) = PAdm°. m]

On the other hand, as shown by Mathias [17, Metatheorem 6.20] we have:

Theorem 5.2 (Mathias) The theories PAdm® + Infinity and KPP have the same tran-
sitive models. O

Note that apart from instances of the Hf—foundation scheme, every axiom of KP”
is also an axiom of MOST + Aop-collection. Therefore, every transitive model of
MOST + AZ)D-collection is a model of KPP .

Using a version of the Barwise Compactness Theorem, Friedman [8, Theorem 2.3]
shows that any countable transitive model of PAdm?* has a topless powerset-preserving
end extension that is a model of PAdm®.

Theorem 5.3 (Friedman) Let M = (M, C, €) be countable and transitive with M =
PAAm®. If T € C is an L-theory with (M, €) = T then there is an L-structure
N = (N, eN) such that

(i) N#M,

.. P

(i) (M. €) D s N,
(iii) N =T. O

Combining Theorems 5.1, 5.2 and 5.3 yields:

Corollary 5.4 If (I, €) is a countable transitive model of MOST + Az)p-collection
then there is M = (M, €M) with M = MOST + Az)p-collection + L-foundation
and I € M is an H-cut of M. O

Combining this with the results of Sects. 3 and 4 gives a characterisation of the
countable transitive structures (I, €) with w € I that can be realised as Zgx(j) for
some non-trivial automorphism j of a model of MOST.

Theorem 5.5 Let (I, €) be a countable transitive structure with w € I. The following
are equivalent:

(I) (I, €) =MOST + Aop—collection
(1I) there is an L-structure M = MOST and a non-trivial automorphism j : M —
M such that

Iax(j) = (1, €).

5.2 Countable recursively saturated models of MOST + Ag’-collection

In this section we will show that every countable recursively saturated model of
MOST + AZ)) -collection can be realised as an H-cut of a model of MOST +
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Az)j-collection. This will be achieved by proving the following refined version of
Friedman’s Self-Embedding Theorem [8, Section 4] for non-standard models of set
theory:

Theorem 5.6 If M = (M, eMy is a countable recursively saturated model of
MOST + Aop-collection then there exists an embedding h : M —> M such that
rng(h) € M is an H-cut of M.

Combined with Sects. 3 and 4 Theorem 5.6 yields a characterisation of the countable
recursively saturated structures satisfying infinity that can be realised as Zgx () for
some non-trivial automorphism j of a model of MOST.

Theorem 5.7 Let T = (I, el ) be a countable recursively saturated structure with
I = Infinity. The following are equivalent:

(I) T = MOST + A} -collection.
(1I) there is an L-structure M = MOST and a non-trivial automorphism j : M —
M such that

Zax(j) =1.

]

Combined with the observation that every consistent theory 7" extending MOST +
Az)p-collection has a countable recursively saturated model (Theorem 2.6), Theo-
rem 5.6 also yields the first-order theory of the class of L-structures that can appear
as Zgx (j) for some non-trivial automorphism j of a model of MOST.

Theorem 5.8 Let T be a complete, consistent L-theory such that T & Infinity. The
following are equivalent:

(I) T = MOST + Al -collection.
(1l) there is an L-structure M = MOST and a non-trivial automorphism j : M —
M such that

Iax(H ET.

]

We now turn to proving Theorem 5.6. For the remainder of this section let
M = (M, €M) be a countable recursively saturated structure with M = MOST +
A%D-collection. We need to build an embedding & : M — M such thatrng(h) C M
is an H-cut of M. This will be achieved by a three-stage back-and-forth construction
in which the ‘back’ and “forth’ steps are similar to the proofs of the classical versions
of Friedman’s Self-Embedding Theorem for set theory and arithmetic (e.g., as in [8,
Section 4] and [13, Chapter 12]). The ‘third’ stage of the back-and-forth construction
will be used to ensure that the range of the embedding sits toplessly inside M. Let
(m; | i € w) be an enumeration of M in which each element of M appears infinitely
often. Let (A; | i € w) be an enumeration of the class

{A € M | M = (A is alimit cardinal)}.
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Lemma 5.9 There exists X € M such that
M = 3k ((« is a cardinal) ANNy(JTC(y)| < k & y € X))

and for all Ef—sem‘ences ¢, if M |= ¢ then M = ¢*.

Proof We use the fact that M is recursively saturated. Let I'(x) be the one-type that
consists of the following formulae:

(1) J«((k is acardinal) A Vy(|TC(y)| <k < y € x))
(i1) for all Zf-sentences b,

¢=¢".
Note that I'(x) is a recursive type. We need to show that I"(x) is finitely realised.
Suppose that A(x) € I'(x) is finite and that the instances of (ii) mentioned in A(x)
are exactly

Vi = ;" where ¥; is a Ef-sentence for0 <i <k.

Without loss of generality we may assume that for all 0 <i < k, M = ;. Suppose
that for all 0 < i < k, ¥; is the sentence Jz6;(z) where 0;(z) is a Ag)—formula. Let

ap, ...,ax—1 € M be such that forall 0 <i < k,

M = 6;(a;).
Now, work inside M. Let « = sup{|TC(P(#;))] | 0 < i < k}. The
fact that we are working in a model of MOST ensures that H,+ exists. Since
ag, ... a1, P(@o), ..., Plax—1) € He+ and 0y (2), . .., Bx—1(z) are A}, it follows
that

(He+, €) E6i(a;) forall 0 <i < k.

Since H K/f also satisfies (i), H K/\f realises A(x) in M. This shows that I" (x) is finitely
realised. Since M is recursively saturated, there is X € M that realises I"(x). This
proves the lemma. O

Lemma 5.9 allows us to initiate the back-and-forth proof of Theorem 5.6. Let
Xo € M be such that

i ((k is a cardinal) A Vy(TC(y)| < k <= y € X)) and
for all Ef-sentences ¢, if M = ¢ then M = ¢*°.
We will construct an embedding # : M — M by constructing sequences (u; | i €
w), (v; | i € w)and (X; | i € w) of elements of M, such thatforalli, j € w:ifi < 2j
then M =v; € X;,andif i < j then M |= X; C X;. Then we define:

h(u;) = v; foralli € w.
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At stage j, after having defined u, ..., u2;_1, vo, ..., v2j—1 and X ;, we will ensure
that the following condition is maintained:

(+;) for all P -formulae ¢ (xo, ..., x2j-1),

if M = ¢(ug, ..., uzj—1) then M = ¢%i (vg, ..., v2-1).

Suppose that we have chosen uy, ..., usk—_1, vo, ..., v2k—1 and Xy and maintained
(Tx). Stage k of the construction comprises three steps:

Step 1 This step will ensure that the image of # sits toplessly inside M. Our aim at
stage k is to prevent (H. k/:/l)* from being the image of 4 (where Ay is as in the definition
preceding Lemma 5.9). Consider the following conditions:

(a) M = (Hy S Xi)
(b) ((HAH*, eM) = MOST

©) vo, ..., vak—1 € (H{*
(d) forall Ef—formulae G(X0, vy X2%—1),

if M = ¢(ug, ..., uz—1) then M = ¢ (vg, ..., va_y).
If any of the conditions (a), (b), (c) or (d) fail then it is already impossible for (H){,‘C/l)*

to be the image of /. Therefore, if any of (a), (b), (c) or (d) fail then let X;4+1 = Xk.
Since 1 holds, for all Zf-formulae ¢ (x0, ...\ X2%—1),

if M = ¢(uo, ..., us—1) then M = ¢X1 (v, ..., var_1). (3)

If (a), (b), (c) and (d) all hold then we will choose X so that condition (a) fails for
X This will prevent (H k/;/[)* from being the image of /.

Lemma 5.10 If conditions (a), (b), (c) and (d) all hold then there exists X € (H)L/]\:t)*
such that

M = Fk((x is a cardinal) AVNy(ITC(y)| < k < y € X))
and for all Ef—formulae G (X0, .-y X2%—1),
if M= ¢(uo, ..., uzy—1) then M = ¢* (vo, ..., var—1).

Proof Assume that conditions (a), (b), (c) and (d) all hold. Let I"(x) be the one-type
that contains the following formulae:

(i) x € Hy,,
(i1) Jx((k is a cardinal) A Vy(]TC(y)| < k < y € x)),
(iii) for all Ef—formulae ¢ (x0, ...y X2k—1),

G o, ..., uz—1) = ¢ (vo, ..., V2k—1).
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I'(x) is a recursive type. We need to show that I'(x) is finitely realised. Suppose that
A(x) € I'(x) is finite and that the instances of (iii) mentioned in A(x) are exactly

Yi(ug, ..., U2k—1) = wix (vo, ..., v2k—1) Where ¥ is a Ef-formula for0 <i < m.
Without loss of generality we may assume that for all 0 <i < m,

M = Yi(uo, ..., usk—1).

Suppose that for each O < i < m, the formula ;(xo,...,
Xok—1) 18 3z6; (z, xq, . . ., x2k—1) Where 6;(z, xg, ..., Xok—1) is a Az))—formula. It fol-
lows from (d) that for all 0 <i < m,

M ': IpiH)Lk (U(), R U2k—l)-

Letag,...,am_1 € (H/\/z")* be such that forall 0 <i < m,

H,,
M E0, " (a;, vo, ..., vk—1).

Work inside M. Let u; = sup{|TC(P(a;))| | 0 < i < m} and let up =

sup{|TC(P(v;))| | 0 < i < 2k}. Let k = max{u, u>}. The fact that we are work-
ing in a model of MOST ensures that H, .+ exists. It follows from condition (b) that
H.+ € Hy,. Now,

a()a LR ] am—l, P(“O)a LR ] P(am—l)a vOa ey U2k—1a 7D(UO)5 LR ] 73(1)2](—1) e HK+'
Therefore, since each 6; (z, xg, ..., X2k—1) 1S Ag’,
(He+, €) =6i(ai, vo, ..., vk—1) forall0 <i < m.

Therefore H K/\f realizes A(x) in M. This shows that I"(x) is finitely realized. Since
M is recursively saturated, it follows that there is an X € M that realizes I"(x). This
proves the lemma. O

Let X441 be the point in M guaranteed by Lemma 5.10. It follows that

M = =(Hy, € Xiq1).

This prevents (H ){l/l )* from being the image of /2. We also have that for all Zf -formulae
¢ (x0, - .-, x2k—1), (3) holds. This completes Step 1.

Step 2 This is the usual ‘fourth’ step in the proof of Friedman’s Embedding Theorem
(see [13, Theorem 12.3]). Let usx = my. This choice will eventually ensure that the
domain of £ is all of M. We need to choose vy, € X ,f 41 such that for all EF—formulae
@ (xo, ..., x2%),

if M = ¢(ug, ..., uz)then M = ¢ (vg, ..., vog).
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The following Lemma shows that we can successfully make this choice:
Lemma 5.11 There exists v € Xlt-s-l such that for all Ef—formulae d(x0, ..., X2%),
if M = ¢(up, ..., ux) then M |= ¢ (vo, ..., vag—1, V).

Proof We use the fact that M is recursively saturated. Let I'(x) be the one-type that
contains the following formulae:

(1) x € Xi1,
(i1) for all EZD-formulae ¢ (x0, ..., X2k),

X
¢(u0""?u2k) $¢ k+l(vo""7v2k_1’x)'

I'(x) is a recursive type. We need to show that I"(x) is finitely realised. Suppose that
A(x) € I'(x) is finite and that the instances of (ii) mentioned in A(x) are exactly

Vi(uo, - .., u2k)
= wixk“ (V0s - - - » Vak—1, x), where ¥; is a ] -formula for 0 < i < m.

Without loss of generality we may assume that forall 0 <i < m,

M = Yi(uo, ..., usg).

Suppose that for each 0 <i <m, the formulae v; (xo, . . ., xor) is 3z;0; (z;, X0, - - - , X2k)
where 6;(z;, xg, ..., X2r) is a Az))-formula and without loss of generality the z; are
distinct. We have

METydzo- 3zt J\ OiGiiuo, ..o un 1, ).

0<i<m
Since for all Ef—formulae ¢(x0, ..., X2%—1), (3) holds, it follows that

Xy
ME @y € Xk+1)F20 € Xi11) -+ Qzm—1 € Xit1) /\ 6" (ziv vo, ... v2k—1. V).

O<i<m

%
Letv e Xk+1

be such that forall 0 <i < m,

X;
M EY (v, ... vok—1, ).

Therefore v € M realizes A(x). This shows that I"(x) is finitely realised. Since M is
recursively saturated, there is a v € M which realizes I"(x). This proves the lemma. O

Let v € X; | be the point in M guaranteed by Lemma 5.11. Let

v; if wuop = u; forsome 0 <i < 2k,
U2k = .
v otherwise
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This ensures that for all Ef-formulae ¢ (x0, ..., X2k),

if M = ¢(uo, ..., ux) then M = ¢X1 (v, ..., vap). 4)

This completes Step 2.

Step 3 This is the usual ‘back’ step in the proof of Friedman’s Embedding Theorem (see
[13, Theorem 12.3]). This step will eventually ensure that M is a powerset-preserving
end-extension of the image of /. In this step we have two cases to consider:

Case1Forall0 <i < 2k+1,my ¢ v;.Inthis caselet vyg41 = voandletugii1 = uo.
This choice clearly satisfies (Tx1)-

Case 2 There exists 0 < i < 2k + 1 such that m; < v;. Note that in this case it
immediately follows that my € XZH. Let vor+1 = my. We need to choose usg41 such

that for all Ef-formulae G (x0, - -y X2k+1),

if M = ¢(uo, ..., uzt1) then M = ¢+ (v, ..., vapsr).

Lemma 5.12 Forall0 < j < 2k + 1, PM(v)) € X}, .

Proof Let0 < j < 2k + 1. Since M = MOST, it follows that
MEIy(Vx Cuj(x € y) AVx € y(x Cuj)).
By (4):
M= @y € Xp)(Vx S vj(x € y) AVx € y(x S vy)) ¥,

Since every subset of v; is a member of Xy 1, it follows that P (v;) € Xi,- O

The following lemma ensures that we can choose usy41 to satisfy (fx+1):

Lemma 5.13 There exists u € M such that for all Elp—formulae G (X0, - - s X2kt1),

ifM = ¢, ..., ux, u) then M = ¢X1 (v, ..., varg1).

Proof We use the fact that M is recursively saturated. Let I'(x) be the one-type that
contains the following formulae:

(i) x Cu;
(ii) for all A} -formulae ¢ (z, xo, - . . , X24+1),

(Vz € Xk11)d 1 (2, v, . .., vakr1) = Y2 (2, o, - - ., U2, X).
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I'(x) is a recursive type. We need to show that I'(x) is finitely realised. Suppose that
A(x) € I'(x) is finite and that the instances of (ii) mentioned in A(x) are exactly

X
(Vz € Xpr DY Nz 00, vakg1) = Y2y (g, uo, - .. U2k, X)

where ¥; isa Az))—formula for0 < j <m.

Without loss of generality we may assume that forall 0 < j < m,

X
M= (Vz € XDV 1z, vo, ... V2k41)-

Suppose, for a contradiction, that

M E (Vx Cu;)dz \/ =Yz, uo, ..., U2k, X).

0<j<m
Therefore

M E (Vx € P(u;))3z \/ =¥z, uo, - .., Uk, X).

0<j<m
By applying Agj—collection we can conclude that

MEH(Vx e Pw)@zen \/ —vjG uo. ... ux. x).

0<j<m
Therefore

MEFMx Cup@zen \/ —¥;G uo. ... ux. x).

0<j<m

By (4) and Lemma 5.12, we have

ME @ eXunvx Sw@Een \/ ~v ™ @, ..o 0. )

0<j<m

But vor4+1 € v; and

M= (Vz e Xgy1) /\ —'W;(k“(z, V0, - -5 V2k41)

0<j<m

which contradicts (5). Therefore I'(x) is finitely satisfied. Since M is recursively
saturated, thereisau € M thatrealises I (x). We claim that this u € M is the point that

@ Springer



Largest initial segments pointwise fixed by automorphisms... 125

is required by the lemma. Suppose that this is not the case and that ¢ (xo, . .., X2k+1)
isa Ef-formula such that

M ¢, ..., uzg, u) and M = —=¢*+1 (vg, ..., vaps1).

The formula ¢ (xo, . .., x2k+1) is equivalent to a formula 3z0(z, xo, . . ., X2k+1) Where
0(z, X0, - .-, X2k+1) 1S @ Ag’—formula. Therefore

M E (V2 € Xip1)—0%+1 (2, v0, . . ., vog41) and M = =Vz=0(z, uo, . . . , uak, u).

But this contradicts the fact that u realizes I'(x). This proves the lemma. O

Let u € M be the point guaranteed by Lemma 5.13. Let

lopsy = {uj if vy =vjforsome0 < j <2k+1,

“ u  otherwise

It follows from Lemma 5.13 that this choice of uoy41 satisfies (Tx+1)-

This completes the k" stage of the back-and-forth construction. Continuing this pro-
cess yields a map h : M — M. The fact that (f,) holds at the beginning of each
stage n € w ensures that h : M — M is an embedding. Step 2 of each stage ensures
that the domain of & : M — M is all of M. Step 3 of each stage ensures that

mg(h) < M.

Step 1 of each stage ensures both that rng(h) # M and that rng(h) sits toplessly in
M. This completes the proof of Theorem 5.6.

5.3 Countable models of ZFC

Sections 5.1 and 5.2 show that if Z is countable with Z = MOST + A%D-collection
and 7 is either transitive or recursively saturated then Z can be realised as Zx (j) for
some non-trivial automorphism j of a model of MOST. This raises the following:

Question 5.1 Can every countable model of MOST + Aop—collection be realised as
T5x (j) for some non-trivial automorphism j of a model of MOST ?

A positive answer to Question 5.1 would yield a complete classification of the count-
able L-structures satisfying infinity that can be realised as Zs (j) for some non-trivial
automorphism j of amodel of MOST. A result proved by John Hutchinson in [10, The-
orem 3.1] shows that Question 5.1 has a positive answer if both MOST+ Az))—collection
and MOST are replaced by ZFC.?

2 Hutchinson’s result was generalized to models of countable cofinality by the second author [12, Theorem
5.11.
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Theorem 5.14 (Hutchinson) If M = (M, eM) is countable with M = ZFC then
there is a countable L-structure N such that M <opless N. O

Note that if M = ZFC and M <, N then for all « € OrdM, VaM = VD{\/, and so
M <P N . Therefore Theorem 5.14 shows that every countable model of ZFC can be
realised as an H-cut of a model of ZFC. Combined with the construction in Sect. 4
this shows:

Theorem 5.15 Let M = (M, €M) be countable with M = ZFC. There exists a
countable L-structure M < N and an automorphism j : N —> N such that
Thx (j) = M. o

6 An extension of Togha’s Theorem

Togha [25, Theorem 3] proves the following set-theoretic analogue of a result, due to
Smorynski [23, Theorem A], about automorphisms of countable recursively saturated
models of PA.

Theorem 6.1 (Togha) Let M be a countable recursively saturated model of ZFC. If
I is an ordinal cut of M closed under cardinal exponentiation (Definition 3.2) then
there is an automorphism j : M —> M such that I is the largest initial segment of
Ord™M that is pointwise fixed by j. O

In light of the correspondence revealed by Lemmas 3.2 and 3.1, Togha’s Theorem
shows that if M is a countable recursively saturated model of ZFC and I € M is an
H-cut of M then there is j € Aut(M) such that Zg, (j) = (I, eM). In this section
we will generalise Togha’s Theorem by showing that if [ is an H-cut of a countable
recursively saturated model M of ZFC then M is endowed with continuum-many
automorphisms j with the property that Zsx (/) is exactly (/, M) This generalisation
of Togha’s Theorem is analogous to the generalisation of Smorynski’s result proved
by the first author in [4, Theorem B].

Theorem 6.2 Let M = (M, €M) be a countable recursively saturated model of
ZFC. Let I & M be an H-cut of M. There is an embedding j — j of Aut(Q) into
Aut(M) such that if j € Aut(Q) is non-trivial then Ty (j) = (I, eMy.

Theorem 6.2 can also be viewed as a refinement of a result due to Schmerl [22]
which shows that if M is a countable recursively saturated model of ZFC (or indeed
any theory equipped with enough coding) then there is a group embedding of Aut(Q)
into Aut(M).

It should be noted that Lemma 3.2 shows that any H-cut is uniquely determined by
its ordinal spine, which forms an ordinal cut that is closed under exponentiation and
contains . Therefore Theorem 6.2 is equivalent to Theorem C mentioned in the
abstract.

Before proving Theorem 6.2 we first need to prove a model-theoretic result that
allows us to expand cofinal elementary extensions of models of ZFC. We show that
if M = (M, eM, XM) is a structure with X" C M such that M satisfies ZFC
plus the full collection scheme in the language of M, and AV is an L-structure with
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(M, €My < N, then N can be expanded to a structure N in the language of M that
is a cofinal elementary extension of M. This model-theoretic tool is the set-theoretic
version of a result that was independently proved by Schmerl [21, Theorem 1.2] and
Kotlarski [15, Theorem 8] for cofinal elementary extensions of models of PA. We use
Ly to denote the language obtained by extending £ with a new unary predicate X.
Recall that ZFC(X) is obtained from ZFC by adding the schemes of L x-separation
and L x-collection.

Theorem 6.3 Let M = (M, €M, XMy be an Lx-structure with M = ZFC(X). If
N = (N, GN) is such that (M, GM) <¢f N then there exists xM C xN C N such
that M < (N, N, xV).

Proof Let N = (N, €V be such that (M, eéM) <¢¢ N. Note that this immediately

implies that A/ = ZFC. We begin by defining XV Define F : OrdM —> M such
that for all @ € OrdM,

MEVy(ye F(a) <= ye€ Vo AX(y).

The fact that M | ZFC(X) ensures that F («) exists for all @ € Ord™M. Also note
that since M C N, foralla € OrdM, F(a) € N.Define xN C N by:forallx € N,

x e XV ifand only if there exists o € Ord™ such that A/ = (& e F(a)).

The fact that (M, €M) <t A, implies that XM C xN.

We will prove by induction on n € w that M <,, (N, eV, XN).

Firstly, note that since (M, EM) <N, foralla € OrdM, V&M = Voﬁv . Therefore,
for all @ € Ord™M,

MEVx(x € Fla) & x € Vyu A X(x)) and N
EVx(x € Fla) < x € V4 A X(x)).

And, for all Ag(Lyx)-formulae ¢ (x1, ..., xn),

(I forallay,...,a, € N,ifa € OrdM is such thatay, ..., a, € (Vé\/)*,then

(N, &N, XNy = d(ay, ..., ap) if and only if N/
': ((VOH 67 F(a)) IZ ¢(alv .. '1am))'

D forallay,...,a, e M,ifa € Ord™M is such thatay,...,a, € (VaM)*, then

M = ¢(ai, . .., ap) if and only if (M, €M)
E (Vu, €, F(@) = ¢(al, ..., anm)).
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Let ¢(x1, ..., x,) bea Ag(Ly)-formula and letay, ..., a, € M.Leta € Ord™M be
such thatay, ..., a, € (VO'[M)*. Now,

MEd(ar,...,ay) ifandonlyif (M, eM) E (Vg€ F(o) =E¢lar,...,an))

ifandonly if N & ((Va, €, F(@)) E ¢(ay, ..., am))
ifandonlyif (N,eN,xXN)Ed(ar,....am)

This shows that M <q (N, N , xN ) and completes the base case of the induction.
Now, let n € w and suppose that M <, (N, N , xN ); we prove this relation for
n + 1 in place of n. We leave the case n = 0 as an exercise, as it requires a simpler
version of the argument below. So assume n > 0.Let¢ (xy, ..., x,) be an L x-formula
AyVzy (v, z, X1, .. ., X)) Where ¥ (y, 2, X1, ..., Xp) is Tp—1(Lx). Letay, ..., an €
M. Tt follows immediately from the fact that M <, (N, N, xN ) that if M |
¢(ay,...,an),then (N, GN, XN) = ¢(ai, ..., ay). Conversely, suppose that
(NN XN) E ... am) and M E g (ar. ... an).
Let @ € Ord™ be such that
(N, N, xNy = @y e V)V2ur (v, 2, ats - . ., am)-
Note that
M IZ (Vy € VD{)HZ_'I/I(.Y’ Zy alv ceey am)-

Work inisde M. Since M |= ZFC(X), we can find a set C such that for all y € V,,
there exists z € C such that =y (y, z, a1, ..., ap) holds. Let f : V, — C be such
thatforally € Vy, =¥ (v, f(y), a1, ..., an) holds. Working in the meta-theory again,
note that

My e Vo)=Y (y, f(3).ar, ..., am).

The expression (Vy € V)= (y, f(y),at, ..., an) is I[1,(Lx) (indeed, IT,,—1 (Lx))
with parameters ay, ..., a,, f € M. Therefore, by the induction hypothesis

(NN XN) | (Fy € V)= (v, f().ar. ... am).
Now, let yg € N be such that
(N, N, XNy = Vay (o, z,at, .. am) A (3o € V).
But,
(N, N XN ==y 0. fG0)ar - am),

which is a contradiction. This completes the induction step and proves the theorem.
O
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We now turn to proving Theorem 6.2. For the remainder of this section fix a count-
able recursively saturated structure M = (M, €’) with M |= ZFC, and fix an H-cut
I € M. Again, we will write Z for the L-structure (/, GM). Letk € OrdM\OrdI be
such that M |= (k is a regular cardinal). Using the construction presented in Sect. 4
we will construct Az g such that M <t Ny g and there is an embedding j +— jof
Aut(Q) into Aut(./\/u,Q) such that for all fixed point free j € Q, Iﬁx(j) = 7. Carefully
choosing the ultrafilter &/ will allow us to build an isomorphism between M and Ny g
that fixes /. In order to ensure that such an isomorphism exists we need M and Ny g
to code the same subsets of /.

Definition 6.1 Let N’ = (N, EN) be an L-structure and let K € N. Define
SSyxWN) ={c*NK |ce N}

Definition 6.2 A filter U < (P(k))* is I-conservative if for every n € w, and for
every f € M, if M = (f : He — P(k]"™Y)) then there exists X € U and an
I-large M-cardinal A € k* such that for all x € (H}{\f)*,

M E (X1 C f(0) or M = (X1 C [R1TI f(x).
As we did in Sect. 4, let
F={feM]|@n e w)(ME fisa function with domain [E]”+1)}

Let £ r be the extension of £ defined in Sect. 4 that adds new function symbols f for
every f € F.Let Mr be the expansion of M to an L z-structure defined in Sect. 4.
Since each new function symbol f in Lr is coded by a point in M and M = ZFC,
we immediately get the following extension of Lemma 4.13:

Lemma 6.4 M r = L g-separation + L r-collection. O

We will extend Theorem 4.12 to show that we find an external non-principle ultrafil-
ter on the subsets of k in M which is simultaneously /-complete, canonically Ramsey,
I-tight, [-conservative, and contains arbitrarily small /-large sets. The fact that we
can extend Theorem 4.12 will follow from the following lemma:

Lemma 6.5 Letn € w. Let X € (P(k)™M)* be I-large and let f € M be such that
M = (f : He — P(X1"tY). There exists an I-large M-cardinal A € i* and an
I-large Y C X such that for all x € (H){}fl)*,

M E YT C f@) or M = (YT C R £ (1)),
Proof Work inside M. Let u = |X|. Using Lemma 4.9 and Theorem 4.6 we can
find [-large cardinals y, A < w such that y = |H;+| and u — ((ZV)JF)’;;LI. Define
F:[X]"T! — 28+ such that for all A € [X]"*!,

F(A) = ga where for all x € H+,
ga(x) = lifandonlyif A € f(x).
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Since u — ((23’)4“)35r ! we can find an 1 -large Y € X such that F is monochromatic
on [Y]"!. Therefore, forall A, B € [Y]"*! and for all x € H,+, either A, B € f(x)
or A, B ¢ f(x). Therefore, for all x € (H){\f)*,

ME Y1 C f) or M E (YT C [R]"T £ ().
O

Theorem 6.6 There exists an n.p. ultrafilter U C (P)M)* which is 1 -complete,

canonically Ramsey, I-tight, I-conservative and such that {| X |M | X € U} is down-
ward cofinal in OrdM \OrdI .

Proof We use exactly the same method as we used to prove Theorem 4.12. Let ( f;, |
n € ) be an enumeration of F and let (k,, | n € w) be a sequence of natural numbers
such that for all n € w, M [= ([, is a function with domain [£]%"). Let (A, | n € w)
be a decreasing sequence of M-cardinals that is downward cofinal in OrdM\OrdI
with A9 € ™. Let

g:[gEMl(Elnew)(M |=g3H§_)P<[E]n+1))}'

Let (g, | n € w) be an enumeration of G and let {/, | n € w) be a sequence of
natural numbers such that for all n € w, M = (g, : H: —> P([k]")). Using
Lemmas 4.4, 4.10, 4.11 and 6.5 inductively build sequences (W, | n € w), (Q, | n €
w), (Xy |new), (Y, | new)and (Z, | n € w) of [-large elements of (P(ic)M)y*
such that for all n € w,

L. M'Z(WnQQnQXnQYnQZnQWn—H)s
2. M = (W, is f,-canonical),
3. there exists an I-large M-cardinal A € i* such that for all x € (H/\(\(’)*,

M= (101" € g () or M = (1041 € [F1\gu(0))

4. if k, = 1 and there is an M-cardinal u € I such that M |= (f,, : & —> Hy)
then f, is constant on X,,, otherwise X, = Q,,

5. M = (f, is constant on [Y,, 1) or there is an / -large M-cardinal ;& € k* such
that

ME (VA € [Yn]k"> (fu(A) & Hp),

6. M= (Zu] < ).
Define Y = {X € (P@™M)* | 3n € o)(M E W, € X)}. It is clear from

the construction that I/ is an n.p. ultrafilter that is /-complete, canonically Ramsey,
I-tight, I-conservative and is such that {|X |M | X € U} is downward cofinal in

OrdM\OrdZ. O
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Let U € (P()™)* be an n.p. ultrafilter obtained from Theorem 6.6, so U is
I-complete, canonically Ramsey, I-tight, /-conservative and {|X |M | X € U} is
downward cofinal in Ord™ \OrdZ. Let Nuo = (Nugs N ) be the iterated ultra-
power, constructed in Sect. 4, of M and U/ endowed with a class of indiscernibles of
order-type Q. The results proved in Sect. 4 and the fact M = ZFC imply that N7 o
has the following properties:

1. M <cf NL{,Q,

2. |Nu)@| = N, )

3. there is an embedding j > j of Aut(Q) into Aut(Nz g) such thatif j € Aut(Q)
has no fixed points then Zgx (f) =17.

We will show below (Theorem 6.11) that (3) holds for all non-trivial j € Aut(Q),
not just the j € Aut(Q) with no fixed points. First, however, we show that Nz,{,Q can
be identified with M by an isomorphism that fixes /. The existence of this isomor-
phism will follow from Theorem 6.9. The fact that I/ is I-conservative ensures that
SSy; (Muy,g) = SSy;(M).

Lemma 6.7 SSy;(Ny/.@) = SSy;(M).

Proof Since Z Cena Ny, it follows that
SSy;(Ny,@) 2 SSy;(M).

We need to show the reverse inclusion. Let [ f (Cig» -+ -» Ciy)] € Ny g where f € F
andig < --- < i, € Q. Let

A:{xel|./\/u,Q|:(xe[f(c,-o,...,cin)])}.

So A € SSy;(Nyy,@) and we need to show that A € SSy; (M). Working inside M
define g : H; — P([ic]**") such that for all x € Hg,

@) = flao <+ <) € R [ x € flao o an)
So, g € M. From Lemma 4.17 we have for all x € Hg‘,

Nuo E (x € [f (cigs -~ - cin)]) if and only if there exists Y € U s.t. M r
E (Y1t € go).

Let X € U and let A € k* be an [-large M-cardinal such that for all x € (H){\f)*,

Mzx E (X1 C g(x) or Mx | (X1 C [&]" T\ g(x)).

Working inside M £, let

C = {xeHe X1 c o],
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So,C € M. Since I C (ij\f)*, it follows that for all x € I,

x e Crifand onlyif i b= (x € [ £ (cios o) ]).

Therefore A = C* N [ and A € SSy;(M). O

The next result shows that for any set in Ny g there is a set in M with the same
M-members on some initial segment of M that contains /.

Lemma 6.8 Let A € M be an I-large M-cardinal. If u € (H){VM’Q)* then there is an
I-large M-cardinal p € M and w € M such that:

[remiME@eH) A (Nug = ([hten] en))]
=xeM|ME (xew)}l

(6)

Proof Letu € (H;V—M'Q)*. Working inside Ny q, define f : Card N 2 —> H), such
that for all y € Card N A,

fy)=unH,.

Since SSy; (Mys,0) = SSy (M), thereis g € M such that g agrees with f on /. Work
inside Ny . Define

C=1{5eh|(8eCard) A (Vy € 1) ((y € Card)
— ((g N (2¥ x Hyy) is a function) A (f(y) = g(¥)))}.

Since I is a H-cut of Ny g, there is an /-large cardinal n € C. Using Lemma 4.24
we can find u € CardM\CardI such that NM,Q = ([fzﬂ] < ). Since M < Nu,(@,

M E (g N (2" x Hpu) is a function) .

Let w € M be such that M = (g(un) = w). Therefore

S b (s [ = o) » ([fweo] = )

And so w, u € M satisfy (6). O

We are now in a position to show that M and Ny g can be identified by an iso-
morphism that fixes /.

Theorem 6.9 There exists an isomorphism © : M —> Ny q such that forall x € I,
O(x) = x.
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Proof We will construct ® using a back-and-forth construction. We begin by endowing
M and Nu,@ with satisfaction classes. By Theorem 2.7 there is an X M C M such
that

M (M, eM, xM) = ZFC(X),
(1) XM is a satisfaction class for M.

Since M is recursively saturated, there is a non-standard s € (W™M)* (= (DH)* =
(wN“»@)*) such that XM is s-correct for M. Throughout this proof we will identify
formulae from the point of view of M with their Godel codes in w™™!. We will also
abbrieviate our notation by identifying elements of M with the equivalence classes of
their corresponding constant functions in Ny . By shortening X Mt necessary, we
can assume without loss of generality that (M, eM | XMy satisfies:

(p,a) e X = "¢ "' <. @)

Using Theorem 6.3 we can expand NM,Q to an L x-structure (Nu, Q- GNM@, XNM@)
such that

(M, M, xM) < (N, eMua, xNue),

It immediately follows that XNu.e is a satisfaction class that is s-correct for Nuo
and Nz,{’@ is recursively saturated. Moreover, (N @, eNM’@, XNW@) satisfies (7). Let
(pi | i € w)be an enumeration of M and let (g; | i € w) be an enumeration of Ny .
We will construct ©® : M —> Ny g by constructing sequences (u; | i € w) and
(vi | i € w), together with decreasing sequences (y; | i € w) and (r; | i € w), such
that

(D (u; | i € w) enumerates M,

(ID) (v; | i € w) enumerates N,
(IIT) foralli € w, y; is an [-large M-cardinal,
(V) foralli € w, r; € (@™)* is non-standard.

We then define
O;) =v; foralli € w.

We begin by letting yop € k* be an [-large M-cardinal and ro = s. The fact
that (M, eM, xMy < (N, eNue, xNue) ensures that if ¢(y) € (Form™)* with
¢(y) < ro then for alla € (H;y")*,

(@), {a)) € XM if and only if (¢ (y), (a)) € xNua, (8)

At stage j > 0, after having defined ug,...,uj—1 € M, vo,...,vj_1 € Ny,

rj € (a)M)* and y; € M we will ensure that the following condition is maintained:
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(+))if ¢(x0, ..., xj—1,y) € (Form™)* with ¢ (xp, ..., xj_1,y) < r; then for
alla € (Hy/}A)*,

(@ (xX0s -, X1, ¥), (U0, ..., uj—1,a)) € XM if and only if
(@0, ... Xj-1.¥). (vo. ... vj 1. a)) € XN,

We construct the sequences (u; | i € w), (v |i € w), (yi | i € w)and (r; | i € w)
by induction. Note that (8) corresponds to the condition ¢ that forms the base case
of our induction before any of the us or vs have been defined. Suppose that we have
defined uo, ..., u2x—1 € M and vy, ..., v—1 € Ny @, "2k € (a)M)* and y»; such
that 5z holds.

STAGE 2k + 1: We need to choose uxr € M, vo € N, rypy1 € (a)M)* and Yox+1
such that jpx+1 is maintained. Let vo; = gi. This choice will eventually ensure that ®
is onto Ny . Using Lemma 4.9, let A be an /-large M-cardinal such that 2% < .
Working inside (N @, GNM@, XNM=@), define

={¢(x0, ..., x21, ¥),a) | (p < ru) Aa € Hy) A, (vo, ..., v, a)) € X))

Note that u € (Hzﬁ[“-@)*. The fact that XN4.2 is s-correct ensures that for all / € w,

Ny, = 3x ((Vy € H,) (/\((¢(x0’-~,x2kﬁy)’y) Eu) ¢(U0a~~w')2kl,x7)7))) .
P<l

Using Lemma 6.8 we can find an /-large M-cardinal y5;+1 € M with yp;41 < A and
w € M such that

{x eM| (M (x € Hy ) A (NU»Q = ([ﬁX(CO)] € u))}
={xeM|MExew)}

Therefore, for all/ € w,

My 3 ( Vy € Hyy.,) (/\( (¢ (xo, - - -, X2k, ¥), ¥) €W = ¢(vo, ..., V2%k—1, X, y)))) .
p<l

Since 2V%+!1 < o and w, Y241 € (H%k)*, T2k implies that for all / € w,

M E 3x ((Vy € Hyy ) (/\((¢(x0 ,,,,, X2k, ¥),y) €w = ¢(uo, ..., Ung—1, X, y)))) .
p<l

Foralll € w, let Y;(x, y, xg, ..., X2k—1, z) be the L-formula:

NS0, x2, ), 9) €2 = G(x0,..., X1, X, Y)).
p<l
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And let W(/, ug, ..., usx—1, w, y2x+1) be the Lx-formula:
Ax ((Yy € Hypyy) (Wr(x, y, X0, - X2k—1, 2), (X, ¥, 0, .., uzk—1, w)) € X)).
Therefore, for all/ € w,
(M, M XMy =W o, ... uzk—r. w, yar).

So, by overspill in (M, eM x M), we can find a non-standard rox41 € (w™)* with
Fak+1 < a2k such that
(M, eM, xM)
E3x((Vy € Hyy ) (Wi (X, ¥, X0, - o, X2k—1,2), (X, Y, UQ, - . ., U2g—1, W) € X)).

Let uy; € M be such that

(M, eM, xM)
= Yy € Hyy )Wy (X, ¥, X0, - ooy X2k 1, 2), (U2k, Y, Uo, - .., U1, W)) € X).

Therefore the choices of vog, usk, r2x+1 and yor4+1 made in this stage maintain x4 1.

STAGE 2k + 2: We need to choose uzr+1 € M, vor4+1 € Ny, rk+2 € (a)/\/t)>|<
and y2x42 such that fox42 is maintained. Let ux4+1 = py. This choice will eventually
ensure that ® is defined on all of M. Using Lemma 4.9, let y2x42 € M be an [-large
M-cardinal such that 2"%%+2 < y,; 1. Working inside (M, EM, X M), define

u={pxo, ..., x2%41,¥),a) | (¢ <rauy1) A(a € Hy,,)
AU, (uo, ..., uzn41,a)) € X)}.

Note that u € (H. M )*. The fact that X M s s-correct ensures that for all [ € w,

272k+2

M= 3x ((Vy € Hyy\)) (/\((¢(xo ,,,,, X2k+1, ), ¥) €Eu) = ¢(ug, ..., Uk, X, y))) .
<l

Since u, yrr42 € (H)f;f+I )*, Tok+1 implies that

Nuug F 3x ((Vy € Hpypo) (/\(<¢(xo, ALY V) €)= B, m,x,w)) .
<l

Foralll € w, let Y;(x, y, x0, ..., X2k, z) be the L-formula:

NS0, X241, 9), ) €2 = (X0, ..., X2k, X, Y)).
p<l
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And let W(/, vy, ..., ok, U, Y2r+2) be the Lx-formula:
Ix((Vy € Hyy ) {1(x, y, X0, - -, X2k, 2), (X, ¥, V0, . . ., U2k, u)) € X)).
Therefore, for all/ € w,
(Nu,@- Mua xNugy = w(l, v, ..., v, u, yaisa)-

So, by overspillin (N, Nu.o , xNue ), we can find a non-standard rpx 42 € (a)M)*
with Fok+2 < Fak+1 such that

(Ny,g. €Miue, xMu)
E 3x((Yy € Hyp o)) (Wropn (X, ¥, X0, - ., X2k, 2), (X, Y, V0, - .., U2k, u)) € X)).

Let var41 € Ny @ be such that

(Nut.0» Nua | xNuw)

': (Vy € H)/zk+2)(<wr2k+2(x’ y5 an ) x2k7]5 Z)5 <v2k+17 )’7 UO, LR ) U2k, u)) EX)-

Therefore the choices of vog41, Uok+1, 72k+2 and y2x42 made in this stage maintain

Tok42-
This completes the proof of the theorem. O

Before concluding the proof of Theorem 6.2 we first show that the fact that I/ is
I-conservative can be used to demonstrate that Theorem 4.30 can be strengthened to
show that for every non-trivial j € Aut(Q), Zsx(j) = Z.

Lemma 6.10 If [t] € Ny g\ then there exists x € M\I with

Nitg I (x(eo) € TCALTID)

Proof Let[t] € Nyyg\l.Let f € Fandij <--- < i, € Q be such that

N = ([f (i) | = Tedtem)

Let & € M be an [-large M-cardinal such that

N ([F e e )

Using Lemma 6.8 we can find an /-large M-cardinal © € M and w € M such that

{x eEM|(ME (x € H)) A (NM,Q = ([fzx(co)] € [f(cl'p : c)]))}
={xeM| | MExew)}.
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Working inside M, define

C={y eunl|(y eCard) A (wnN(H,+\Hy) # D)}
We will prove that C ¢ I. Suppose that C € I. Work inside M. Let ’ = supC
and let n = (n')*. Therefore n € I is a cardinal and for all cardinals n < y < u,
w N (H,+\Hy) = @. Let a € w\H, be a set with minimal rank. Therefore, for all
y €a,y € Hy. But P(H;) € Hym, and so there exists a cardinal n < y < 22" such
thata € H,+\H, . This contradicts the fact that w N (H,,+\H, ) = @ and shows that

C ¢ I. Therefore, since I € M is a H-cut, there exists an /-large M-cardinal £ € M
with & € u* such that w N (Hg+\Hg) # §. Let x € (w\(Hg+\Hg)). Therefore

N (ﬁx(co) e [f (Cil,...,c,-n)]).

Theorem 6.11 If j € Aut(Q) is non-trivial then Zgx (j) = .

Proof Let j € Aut(Q) be non-trivial. The embedding of Z into an initial segment of
Nu,Q showsthat I C I« (f). Therefore, we need to show that forevery [7] € Ny g\1,
there exists y € (TC({[‘L’]})NM’Q)* such that j(y) # y. Let I,m € Q such that
J) =m # 1. Let[t] € Ny g\l. Using Lemma 6.10, let x € M\ be such that

Nitg I (ateo) e TCAITID)

Therefore, by Lemma 4.29,
Nutg = (e (o) € TCAITID ) -

And, since x € M\I, ITC(x)|M ¢ I. Therefore, there is X € U with M = (| X]| <
ITC(x)|). Let g € M be such that

M E (g: X —> TC(x)) A (g is injective).

Therefore, there is f € M such that M = (f : k —> TC(x)) and forall z; < z3 €
X*,

Mz = f@) # f(22).

So, by Lemma 4.17, j([ f (c/)]) # [ f (c1)]. Moreover, for all z € X*,
Mz = (f(2) € TC(x)).

Therefore, by Lemma 4.17,

Nug E ([f(cl)] € [fchoc)(Co)])-
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And so,

Nug = ([fen] e Tedem).,
which proves the theorem. O

Let ® : M —> N g be the isomorphism obtained from Theorem 6.9 such that
forall x € I, ®(x) = x. To complete the proof of Theorem 6.2 we use ® to turn
the embedding j +— f of Aut(Q) into Aut(Ny,q), into an embedding j ]V of
Aut(Q) into Aut(M) such that if j € Aut(Q) is non-trivial then Iﬁx(j) = 7. For all
j € Aut(Q), deﬁnef : M — M such that

Jx) = 07 1(j(®(x))) forall x € M.

It follows immediately from the fact that ® is isomorphism that that the map j — ]
is an injective group homomorphism of Aut(Q) into Aut(M).

Theorem 6.12 If j € Aut(Q) is non-trivial then Ty (j) =17

Proof Let L) € Aut(Q) be non-trivial. The fact that ® fixes / immediately implies that
I C Iﬁx(]) We need to show that if x € M\ then there exists y € (TC({x})M)*
such that J(y) # y. Let x € M\I. Therefore ®(x) € Ny g\l. By Theorem 6.11
there is y € (TC({@(x)})N”‘Q)* such that j(y) # y. Now, @~ 1(y) € (TC({xHM)*
and

jOTo) =071GeO ' () =071GH) # 07 ().

This completes the proof of Theorem 6.2.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license, and indicate if changes were made.
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