HECHLER’S THEOREM FOR TALL ANALYTIC P-IDEALS

BARNABAS FARKAS

ABSTRACT. We prove the following version of Hechler’s classical theorem: For
each partially ordered set (Q, <) with the property that every countable subset
of @ has a strict upper bound in @, there is a ccc forcing notion such that
in the generic extension for each tall analytic P-ideal Z (coded in the ground
model) a cofinal subset of (Z, C*) is order isomorphic to (Q, <).

1. INTRODUCTION

A partially ordered set (Q, <) is o-directed if each countable subset of @ has a
strict upper bound in Q. If f,¢g € w*, then we write f <* g and say g almost
dominates f if the set {n € w: f(n) > g(n)} is finite. Hechler’s original theorem is
the following statement:

Theorem 1.1. ([5],[2]) Let (Q, <) be a o-directed partially ordered set. Then there
is a ccc forcing notion P such that in VF a cofinal subset of (w¥,<*) is order
isomorphic to (Q, <).

In [7] L. Soukup asked if Hechler’s Theorem hold for classical o-ideals as partially
ordered sets with the inclusion. T. Bartoszynski, M.R. Burke, and M. Kada gave
the following positive answers. Denote A the ideal of measure zero subsets of the
reals, and M the ideal of meager subsets of the reals.

Theorem 1.2. ([3]) Let (Q, <) be a o-directed partially ordered set. Then there is

a cce forcing notion P such that in V¥ a cofinal subset of (N, C) is order isomorphic

to (@, <).

Theorem 1.3. ([1]) Let (Q, <) be a o-directed partially ordered set. Then there is a
ccc forcing notion P such that in V¥ a cofinal subset of (M, C) is order isomorphic

to (@, <).
Using the model of [3] we prove the following theorem in Section 4.

Theorem 1.4. Let (Q,<) be a o-directed partially ordered set. Then there is a
ccc forcing notion P such that in VT for each tall analytic P-ideal T coded in V a
cofinal subset of (Z,C*) is order isomorphic to (Q, <).

Remark 1.5. Tallness is not really necessary in Theorem 1.4. It is enough to
assume that Z can be represented by Exh(p) (see below) such that {n € w :
w({n}) < e} ¢ T for each ¢ > 0. This property of Exh(y) is really weaker than
tallness.
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We always assume that if Z is an ideal on w then the ideal is proper, i.e. w ¢ Z,
and Z contains all finite subsets of w so in particular Z is non-principal.

An ideal Z on w is analytic (Borel etc.) if T C P(w) =~ 2¢ is an analytic (Borel
etc.) set in the usual product topology of the Cantor-set. Z is a P-ideal if for each
countable C C 7 there is an A € 7 such that I C* A for each I € C, where A C* B
iff A\B is finite. Z is tall (or dense) if each infinite subset of w contains an infinite
element of 7.

The following families are well-known examples of tall analytic P-ideals: the
density zero ideal: Z = {A C w: limy,_eo M—Q"‘ = O}, and the summable ideal:
Il - {A Cw: ZneA n+l < OO}

A function ¢ : P(w) = [0,00] is a submeasure on w iff (@) =0, (A) < p(B)
for AC B Cw, p(AUB) < p(A)+p(B) for A, B Cw, and p({n}) < oo for n € w.
A submeasure ¢ is lower semicontinuous (Isc in short) iff p(A) = lim, 0o p(ANN)
for each A C w. Note that if ¢ is an Isc submeasure on w then it is o-subadditive,
ie. ©(Unew An) < D e 9(An) holds for A, € w. We assign an ideal to an lsc
submeasure ¢ as follows

Exh(p) = {ACuw: hﬁrglo ¢(A\n) = 0}.

Exh(¢p) is an F,s P-ideal or equal to P(w). Tt is straightforward to see that Exh(yp) is
tall iff lim, oo ({n}) = 0. Furthermore, we can assume without changlng Exh(¢ )
that p({k}) > 0 for each k € w because if ¢'(A) = p(A) + 3,4 27", then ¢
also an lsc submeasure on w, ¢'({k}) > 0 for each k € w, and Exh(¢’') = Exh(¢

/

)
Theorem 1.6. ([6], Theorem 3.1) If T is an analytic P-ideal then T = Exh(p) for
some lsc .

Therefore each analytic P-ideal is F,s (i.e. II9) so it is a Borel subset of 2.

In Section 2. we recall the definition of slaloms and prove that if a forcing notion
P adds a slalom capturing all ground model real, then for each tall analytic P-ideal
7 coded in the ground model, P adds a new element of Z which almost contains old
elements of 7.

In Section 3. we recall the model of [3] and its main properties. At last, in
Section 4. we prove our main Theorem 1.4.

2. DOMINATING ANALYTIC P-IDEALS

If ¢ is an lsc submeasure on w, then clearly ¢ is determined by ¢ [ [w]<“ so
we can talk about the "same" analytic P-ideal in forcing extensions without using
analytic absoluteness.

Definition 2.1. Let Z be an analytic ideal on w. A forcing notion IP is Z-dominating
if P adds a new element of Z which almost contains all elements of Z NV, in other
words Z NV is bounded in (ZNVF C*), i.e.

Fp3BeINV[GIVAcINV (AC* B).

Let S = Xpew|w]=" be the set of slaloms. If f € w* and S € S then we say S
almost captures f and write f C* S iff V> n f(n) € S(n).
Definition 2.2. A forcing notion P adds a slalom over the ground model if P adds
a new element of S which almost captures all ground model reals, i.e.

Fp3SeSNV[G] YV few NV (fC*9).
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First of all we mention the following known result on the connection between
slaloms and measure zero sets.

Theorem 2.3. ([4], 5341) A forcing notion P adds a slalom over V iff in V¥ the
union of null sets coded in V has measure zero, i.e. lkp JN NV) e N.

Let Z = Exh(p) be an analytic P-ideal, and in the rest of the paper fix a bijection
e:w— [w]<¥. If S is a slalom, then let

(%) 1(8) = |J U {e®) : k € S(n) A ple(k)) <27}

The following Proposition is the core of our main Theorem 1.4.

Proposition 2.4. Assume that a forcing notion P adds a slalom S over V. Then
I(S) € INVY and I1(S) almost contains all elements of ZNV so P is IT-dominating
for each analytic P-ideal T.

Proof. For each n the set |J{e(k) : k € S(n) A (e(k)) < 27"} is finite and has

measure less then g3 so I(S) € Z.

Assume A € ZNV. Then let d4(n) = min{k € w: p(A\k) < 27"} and
fa(n) = 6_1(14 n [dA(n), da(n+ 1)))

Clearly ¢(e(fa(n))) <27™ and fa € w* NV. Because S is a slalom over V, there
is an N such that fa(n) € S(n) for each n > N so A\da(N) C I(S). We are
done. (]

We recall the definition of the localization forcing. Let T =, ., Xean[w]=* be
the tree of initial slaloms. p € LOC iff p = (s, FP) where

(1) s» € T and FP C w¥,
(2) [FP[<s?].
q<piff
(a) s D sP and F7 D FP,
(b) Vne|st\|sP|V f € FP f(n) € s(n).
Lemma 2.5. (Folklore) LOC is o-n-linked for each n (so ccc) and adds a slalom

over the ground model. More explicitly, if G is LOC-generic over V then S =
U{s? : p € G} € VIOC s a slalom over V.

We will use a special version of the localization forcing (see [3], Definition 3.1):
p € LOC* iff p = (sP,wP, F?) where

(1) s €T, wP € w, FP C w¥,
(2) [FP| <wP < |sP],

q <piff

(a) s4 D sP, w? > wP, and F1D FP,

(b) Vnel[st\|sP|V f € FP f(n) € s?(n),
(©) w < w? +|s1] |37

(d) ¥ n € [st\|s?] [s7(m)] < wP +n — |57].

Lemma 2.6. (|3], Lemma 3.2, 3.3, and 3.4) LOC™ is o-linked (so ccc) and adds a
slalom over the ground model.
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3. THE FORCING NOTION

In this section, we recall the model of [3] and its main properties.

Let (@, <) be a partially ordered set such that each countable subset of @) has
a strict upper bound in Q. Let Q* = Q U{@} and extend the partial order to this
set with z < @ for each =z € Q.

Fix a well-founded cofinal R C @ and a rank function on R* = RU{Q}, 0: R* —
On. Extend p to Q* by letting o(z) = min{o(y) : y € R*,z < y} for x € Q\R. For
z,y € QF define z < y iff x < y and p(x) < p(y). Further notations:

Q. ={yeQ:y<uz} for z € Q*,

De={x e D:p(x)=¢} for D C Q and £ € On,
Dee={z€D:p(x) <} for DCQ and ¢ € On,

Doy ={yeD:p(y) =o(x),y<z}for DCQ and z € Q.

If EC D C Q, we say that E is downward closed in D, E Cq.. D in short, if
y € F whenever y € D and y < x € F for some x.

Definition 3.1. ([3], Definition 3.1) The forcing notions N, for a € Q* are defined
by recursion on p(a).

p={(st,wk, F?): z € DP} € N, where DP € [Q,]<* if the following hold:

(I) for x € DP, s2 € T, wP € w, and F? is a set of nice N,-names for elements
of w* with |FP| < w?;

(IT) for x € DP, Y {w? : 2 € DL} <|sb;

(ITT) for each £ € ¢”DP there is an ¢{ € w such that [s5| = ¢ for each = € DY.

If pe N, and b € Q,, define p [ b € Ny, by letting

pb={(sL,wl, F?): 2 € D" NQy}.

)VxEDq (s£ 2 s& Awk >wiAFPDFY);

) VoxeDIVne|st|\|st|VfeFl(plaly, f(n)e€skn);
D)VfEQ”DquyEDq(x<y:>Vn€£p\€qu()C (n));
)

Z{wﬁ 1w € D} < Z{wg w € DI} + (6 — 43);
(F) V&€ "DV E Cae. DIV n e 2\l

‘U{si(n) cx € B} < Z{wg rx € B} + (n—£)).
Proposition 3.2. ([3], Proposition 4.3)
(a) Ifp,a €Na, p<n, ¢, and b € Qa, then p [ b <n, q | b.

(b) <n, is a partial order.
(¢) Ifa,be Q" and p,q € Ny NNy, then p <y, ¢ <= p <n, ¢.

From now on we write < (=<, ) instead of <y, .

Definition 3.3. ([3], Definition 4.4) For an A C4q. @, let Ny = {p € Ng : DP C
A}, and for p e Ng, let p | A= {(s8,w?, F?) : . € DP N A} € N4. Furthermore, if
§€Onthenlet Ne=Ng_.,pl{=p[Qc €Ng and p [ [§,00) = {(sh,w, FT) :
x € Dp\Q<£}.
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So we have N, = Ng, for each a € @, and Ng has the same meaning if we
consider @ either as an element of Q* or as a subset of Q.

Before the following lemma we recall the definition of complete subforcing: As-
sume P = (P, <p) is a subforcing of Q = (Q,<g), i.e. P C Q and <p=<g| P.
Then we say that P is a complete subforcing of Q and write P <. Q if maximal
antichains of P are maximal antichains in QQ as well.

Lemma 3.4. ([3], Lemma 4.6) If A,B C4... Q and A C B, then Ny <. Np.

Remark 3.5. In [3] Lemma 4.6, exactly the following stronger result was proved:
If pe N, re Ny, and r < p | A then there is a ¢ € Np satisfying ¢ < p,r.

Lemma 3.6. ([3|, Lemma 4.10) Ng has ccc.
We will use the following density arguments.

Lemma 3.7. ([3], Lemma 5.1, 5.2, 5.3, and 5.4) Ifa € A Cy. @, £ € On, N € w,
and f is a nice Ng-name for an element of w*, then the following sets are dense in
Ny:
(i) {p e Ng:a€ DP};
(ii) {peN4x:£€"DP /\Eg > N};
(iii) {p e Ng:a € DP AwP > |FP| 4+ 1};
(iv) {peNs:a e DPAfe FP}.

For an a € Q, let S, be an Ng-name such that
g Sa = U{s’g :p € GJ.

Using (i) and (ii) from Lemma 3.7, IFy, S, € S for each a € Q. Furthermore using
(iv) and the definition of Ng we know that S, is a slalom over V[G NN,], i.e.

(1) IFng V f €W NVIGNN,] f C* S,.
At last, using the definition of N it is clear that if p(a) = o(b) and a < b then
(1) kg ¥ 1 Sa(n) C Sy(n).

4. PROOF OF THE MAIN THEOREM 1.4

Let Z = Exh(yp) be a tall analytic P-ideal. We will use (x) and Proposition 2.4:
for a slalom S € S, let

1(8) = | J [ H{e(k) : k € S(n) A ple(k) <27} € T.
new

We prove that in VN the set {I(S,):a € Q} CTis

(i) cofinal,i.e. VI€ZNVNe Jae QI C* I(Sa);

(ii) order isomorphic to (Q, <), i.e. I(S,) C* I(S) iff a < b.
The only difficult step is to show that a ¢ b implies 1(S,) Z* 1(S)-

It is clear from (#;) and Proposition 2.4 that for each a € Q

(#2) Fng VI €INVIG NN, I C* I(Sa).

Lemma 4.1. Iy, "{I(S,) : a € Q} is cofinal in (Z,C*)".
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Proof. Let I be a nice Ng-name for an element of Z. Using that Ng is ccc and that
each countable subset of @) is (strictly) bounded in @, there is an a € @ such that
I'is an Ny-name. Then Iy, I C* I1(S,) by (f2). O

Lemma 4.2. Assume a,b € Q and a <b. Then Iy, I(S,) C* I(Sy).

Proof. If a < b then Iy, I(S,) € ZNV[G NNy so we are done by (f). If
o(a) = o(b) then we are done by (). O

We will need the following version of Lemma 3.7 (ii) which says that we can
extend conditions in a natural way.

Lemma 4.3. Assume p € Ng, £ € ¢"DP, and m > E?. Then there is a ¢ < p such
that Dg = Dg and q | € forces thatV b € Dg Vne [fg,m]

siin)={f(n): f e U{Fgﬂ b e DL}

Proof. First we choose an r € Ng, 7 < p [ £ which decides f1 [62’ ,m] for each
. o 4 m
feU{F) v eDl )} r II.—N5 f1 [Eé’zm] = g; for some g; € wlteml,
Now let g be the following condition:
() q1€=r,ql[E+1,00) =p | [¢+1,00), and DI = DY;
(ii) if b € D{ then let [s{| =m + 1, s [ £ = s, wj = wy, and F,| = I}
(i) if b € D{ and n € [¢,m] then let

si(n) = {gf(n) fe U{Fg’, = ng}}-
Clearly ¢ € Ng. We have to show that ¢ < p. (A), (B), (C), (D), and (E) hold
trivially.
To see (F) assume E Cq.. D{ and n € [¢(7,m] (m + 1 = £{). Then

(U U{s2(n) e BY| = |{gj(n): f e | J{FP o€ E}}| <) {IFF|:z € E} <

Z{wgszE}SZ{wg:er}—l—(n—ﬁg).
(]

In Lemma 4.4 we will use the following notation: if s € 7 is an initial slalom
then let
I(s) = U U{e(k) k€ s(n)Aple(k)) <27} € [w]<¥.
n<|s|

Clearly, if p € Ng and a € DP, then p by, I(sh) € I(Sa).
Lemma 4.4. Assume a,b€ Q and a £ b. Then IFn, 1(Sa) €% 1(S).

Proof. Let p € Ng and N € w. We have to find a ¢ < p such that ¢ Iy, I(Sa)\N ¢
I(S). Using Lemma 3.7 (i) and (iii) we can assume that a,b € D? and |w?| >
|FP| 4 1.

Let M = max{|s|,|s}|}. Using Lemma 3.7 we can assume that M is large
enough such that ¢({k}) > 2= for each k < N. For each m € w let

X = {k € w: 271 < o({k}) < 27™).
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Let £ = o(b). Using that Ny <. Ny if &’ € D?, by Lemma 3.4, we can define

a descending sequence inNy: p[b>ry > TAZ_H > ... such that r,, decides
f1[6g,m] for each f € U{Fﬁ b € DLy} Let Iy, ¢ [67, m] — [w]< be defined by
v by, In(n) = [ J{e(f(n) « f € [ JEF -V € DL} np(e(f(n)) <277}

Claim. There is an m > M such that X, € I(sy) UU{Im(n) : n € [¢7,m]}.
Proof of the Claim. Assume on the contrary that there is no such an m. Then
Xm CI(s))U U{Im(n) tn € [¢Z,m]}

for each m > M. Clearly w C* {J,,> s Xm by tallness', the sets I(s) and I,,(n)
are finite, and if n < my < mgy then I, (n) = I,,(n) so we have

wC*I(sh)U UUI *Ulm(m

m>M n= é” m>M

Using that ¢([,,(n)) < |D%,|5i we obtain that w € Z, a contradiction. O

Assume m is suitable in the Claim and let r = r,,. Fix a k € X,,,\(I(s}) U
U{Zn(n) : n € [¢{,m]}). Then there is a k such that e(k) = {k}. Let g be the
canonical N,-name for the constant function with value k. Denote p’ € Ng the

condition which extends p by putting ¢ into FP (this is really a condition extending
p because of our assumption |wk| > |FP| 4 1). We know that p [ b =p’ | b because

agQpsor <p b
Using Remark 3.5 for @, € Q<¢, 7 € Ny, and p’ | € € Ne we can find a ¢’ € N

with ¢ <r,p' [ Let p” =¢" Up' [ [{,00) <p

At last using Lemma 4. 3 we can extend p” to a ¢ such that Df = D (= Dy)
and q | £ lby, ¥V n € [, m ={f(n): f e U{F : ¥ € D2, }}.

Because ¢ [ b < r we obtaln that -

qlrng I(s7) € 1I(sp) U U{Im(n) tn € [6Z,m]}.

By the choice of k and p it is clear that & € si(m) and ole(k)) = p({k}) <27
so k € I(s?) which implies that ¢ IFy, k € 1(S,)\N.

To show that ¢ IFn, k ¢ 1(Sy) we know that k ¢ I(s{) and if there would be a
@ < q such that k € I(s{), then there would be an n > m and a k' € s{(n) such
that k € e(k') C I(s) but then 27" > ¢(e(k')) > ¢({k}) > 2™~ would give a
contradiction because n > m + 1. The proof of Lemma 4.4 is done. O

Now we have finished the proof of our main Theorem 1.4.
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