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Abstract

In 2015, A.V. Figallo and G. Pelaitay introduced tense n x m-valued Lukasiewicz-
Moisil algebras, as a common generalization of tense Boolean algebras and tense
n-valued Lukasiewicz-Moisil algebras. Here we initiate an investigation into
the class tpLM,, x,, of tense polyadic n x m-valued Lukasiewicz-Moisil alge-
bras. These algebras constitute a generalization of tense polyadic Boolean al-
gebras introduced by Georgescu in 1979, as well as the tense polyadic n-valued
Lukasiewicz-Moisil algebras studied by Chirita in 2012. Our main result is a rep-
resentation theorem for tense polyadic n x m-valued Lukasiewicz-Moisil algebras.

1. Introduction

In 1962, polyadic Boolean algebras were defined by Halmos as algebraic
structures of classical predicate logic. One of the main results in the theory
of polyadic Boolean algebras is Halmos representation theorem (see [22]).
This result is the algebraic counterpart of Godel’s completeness theorem for
predicate logic. This subject caused great interest and led several authors
to deepen and generalized the algebras defined by Halmos, to such an extent
that research is still being conducted in this direction. For instance, the
classes of polyadic Heyting algebras ([25]), polyadic MV-algebras ([30]),
polyadic BL-algebras ([12]), polyadic 8-valued Lukasiewicz-Moisil algebras
([1]), polyadic GMV-algebras ([23]), to mention a few.
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Tense classical logic is an extension of the classical logic obtained by
adding to the bivalent logic the tense operators G (it is always going to
be the case that) and H (it has always been the case that). Taking into
account that tense algebras (or tense Boolean algebras) constitute the al-
gebraic basis for the tense bivalent logic (see [4]), Georgescu introduced in
[21] the tense polyadic algebras as algebraic structures for tense classical
predicate logics. They are obtained by endowing a polyadic Boolean alge-
bra with the tense operators G and H. On the other hand, the study of
tense Lukasiewicz-Moisil algebras (or tense LM, -algebras) and tense MV-
algebras introduced by Diaconescu and Georgescu in [11] has been proven of
importance (see [2, 5, 7, 8, 9, 15, 6, 16, 19]). In particular, in [8], Chirita,
introduced tense #-valued Lukasiewicz-Moisil algebras and proved a rep-
resentation theorem which allowed to show the completeness of the tense
f-valued Moisil logic (see [7]). In [11], the authors formulated an open prob-
lem about representation of tense MV-algebras, this problem was solved in
[26, 3] for semisimple tense MV-algebras. Also, in [2], were studied tense
basic algebras which are an interesting generalization of tense MV-algebras.

Tense MV-algebras and tense LM,,-algebras can be considered the alge-
braic framework for some tense many-valued propositional calculus (tense
Lukasiewicz logic and tense Moisil logic). Another open problem proposed
in [11] is to develop the corresponding predicate logics and to study their
algebras. On the other hand, polyadic MV-algebras, introduce in [30]
(resp. polyadic LM,-algebras [1]), constitute the algebraic counterpart
of Lukasiewicz predicate logic (resp. Moisil predicate logic). Then, we can
define tense polyadic MV-algebras (resp. tense polyadic LM,,-algebras [10])
as algebraic structures corresponding to tense Lukasiewicz predicate logic
(resp. tense Moisil predicate logic).

In 1975 W. Suchori ([31]) defined matrix Lukasiewicz algebras so gen-
eralizing n-valued Lukasiewicz algebras without negation ([24]). In 2000,
A. V. Figallo and C. Sanza ([13]) introduced n x m-valued Lukasiewicz alge-
bras with negation which are both a particular case of matrix Lukasiewicz
algebras and a generalization of n-valued Lukasiewicz-Moisil algebras ([1]).
It is worth noting that unlike what happens in n-valued Lukasiewicz-Moisil
algebras, generally the De Morgan reducts of n x m-valued Lukasiewicz al-
gebras with negation are not Kleene algebras. Furthermore, in [28] an im-
portant example which legitimated the study of this new class of algebras is
provided. Following the terminology established in [1], these algebras were
called n x m— valued Lukasiewicz-Moisil algebras (or LM,, x,-algebras for
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short). LM, x.m,-algebras were studied in [17, 27, 28, 29] and [14]. In par-
ticular, in [17] the authors introduced the class of monadic n x m-valued
Lukasiewicz-Moisil algebras, namely n x m-valued Lukasiewicz-Moisil alge-
bras endowed with a unary operation called ezistential quantifier. These
algebras constitute a commom generalization of monadic Boolean algebras
and monadic n-valued Lukasiewicz-Moisil algebras ([20]).

On the other hand, an important question proposed in [11] is to in-
vestigate the representation of tense polyadic LM, -algebras and the com-
pleteness of their logical system. Taking into acount these problems, in the
present paper, we introduce and investigate tense polyadic n x m-valued
Lukasiewicz-Moisil algebras, structures that generalize the tense polyadic
Boolean algebras, as well as the tense polyadic n-valued Lukasiewicz-Moisil
algebras. Our main result is a representation theorem for tense polyadic
n x m-valued Lukasiewicz-Moisil algebras.

The paper is organized as follows: in section 2, we briefly summarize the
main definitions and results needed throughout the paper. In section 3, we
define the class of polyadic n x m-valued Lukasiewicz-Moisil algebras. The
main result of this section is a representation theorem for polyadic n x m-
valued Lukasiewicz-Moisil algebras. In section 4, we introduced the class of
tense polyadic n x m-valued Lukasiewicz-Moisil algebras as a common gen-
eralization of tense polyadic Boolean algebras and tense polyadic n-valued
Lukasiewicz-Moisil algebras. Finally, in section 5, we give a representation
theorem for tense polyadic n x m-valued Lukasiewicz-Moisil algebras. It
extends the representation theorem for tense polyadic Boolean algebras, as
well as the representation theorem for tense n-valued Lukasiewicz-Moisil
algebras.

2. Preliminaries

2.1. n x m-valued Lukasiewicz-Moisil algebras

In this subsection we recall the definition of n x m-valued Lukasiewicz-
Moisil algebras and some constructions regarding the relationship between
these algebras and Boolean algebras.

In [28], n x m-valued Lukasiewicz-Moisil algebras (or LM,, «,,,-algebras),
in which n and m are integers, n > 2, m > 2, were defined as algebras

L= <La V, A, ~, (Uij)(i,j)e(nxm)a Or, 1L>
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where (n x m) is the cartesian product {1,...,n—1} x{1,...,m — 1}, the
reduct (L,V,A ~,0r,1z) is a De Morgan algebra and (0i;) i, j)e(nxm) 18 a
family of unary operations on L verifying the following conditions for all

(1,7),(r,s) € (n x m) and z,y € L :

(C1) oyi(xVy) =04z VoY,

(C2) 0T > < O(i4+1)jL

(C3) oz < oz(ﬁl)x

(C4) 0ijorsx = 0ops,

(C5) iz = 04,y for all (i,7) € (n x m) imply = =y,
(C6) iV ~ o5z =1p,

(C7) 0ij(~ @) =~ T(n—i)(m—j)*-

DEFINITION 2.1. Let £ = (L,V,A,~,(04)(j)e(nxm), 0L, 1) be an
LM, «m-algebra. We say that L is complete if the lattice (L,V,A,0p,11)
is complete.

DEFINITION 2.2. Let £ = (L,V,A,~,(0i;)(ij)e(nxm);0r,1L) be an
LM, «m-algebra. We say that L is completely chrysippian if, for every
{zr}rex (wp € Lfor all k € K) such that A, xx and \/, o 73 exist, the
following properties hold: oi;(ALcx Tx) = Npek Tij(@r)s 0i(V ek Tr) =
Vier 0ij(zr) (for all (i,7) € (n x m))

Let £ = (L,V,N\,~,(04)(i,j)e(nxm), 0L, 1) be an LM, x,-algebra. We
will denote by C(L) the set of the complemented elements of L. In [28], it
was proved that C(L) = {z € L | 0j(x) = z, for any (7,7) € (n x m)}.
These elements will play an important role in what follows.

DEFINITION 2.3. Let L1 = (L1, V, A, ~, (0i;)(i.j)e(nxm)s Or,, 1r,) and Ly =
(L2, VN, ~, (035) (i) (nxm)> 0Ly, 11,) be two LM, —algebras. A mor-
phism of LM, «.,-algebras is a function f : L1 — Lo such that, for all
x,y € Ly and (i,7) € (n x m), we have

(a) (OLI) - Osz f(]'Ll) = 1L27

(b) flzVy)=flx)V fy), flery) = flz)n fly),

(c) fooiy=o0i0f,

)

(d) fl~a) =~ f(2).
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REMARK 2.4. Let us observe that condition (d) in Definition 2.3 is a direct
consequence of (C5), (C7) and the conditions (a) to (c).

ExampLE 2.5. Let B = (B,V,A,—,0p,1p) be a Boolean algebra. The
set B A("Xm) = [f| f: (n x m) — B such that for arbitraries i, j if 7 <
s, then f(r,j7) < f(s,j) and f(i,r) < f(i,s)} of increasing functions in
each component from (n x m) to B can be made into an LM,, ,,-algebra

D(B) = <B T(nxm)7 VA~ (o-ij)(i,j)e(nxm)v OBT("LX”L) ) 1BT(”><M)>
where 0gyeaxm), Lgpmxm) : (nxm) — B are defined by 0guxm) (4,5) = 0p
and 1gymxm (4,7) = 1p, for every (i,j) € (n x m), the operations of the
lattice (B 1("*™) v/ A) are defined pointwise and (o, f)(r,s) = f(i, ) for
all (r,s) € (n xm), (~ f)(i,7) =~f(n—1i,m—j) for all (i,7) € (n x m)
(see [28, Proposition 3.2.]).

Let B, B’ be two Boolean algebras, g : B — B’ be a Boolean morphism
and D(B) and D(B’) be the corresponding LM, x,-algebras. We define the
function D(g) : D(B) — D(B’) in the following way: D(g)(u) = gou, for
every u € D(B). Then, the function D(g) : D(B) — D(B'’) is a morphism
of LM,, xm-algebras. We will denote by B the category of Boolean algebras
and by LMy, «m the category of LM,,«,,-algebras. Then, the assignment
B+~ D(B), g — D(g) defines a covariant functor D : B — LM, xp, -

DEFINITION 2.6. Let L= (L,V, A, ~,(04;)(i,j)e(nxm), 0L, 11) be an LMy, x -
algebra. A non-empty subset M of L is an n x m-ideal of L, if M is an ideal
of the lattice (L,V,A,0p, 1) which verifies this condition: x € M implies
0'11((E) e M.

2.2. Tense Boolean algebras

Tense Boolean algebras are algebraic structures for tense classical propo-
sitional logic. In this logic there exist two tense operators G (it is always
going to be the case that) and H (it has always been the case that). We
will recall the basic definitions of tense Boolean algebras (see [21, 9]).

DEFINITION 2.7. A tense Boolean algebra is a triple (B, G, H) such that
B ={(B,V,A,—,0p,15) is a Boolean algebra and G and H are two unary
operations on B such that:
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G(x) NG(y), H(x Ny) = H(z) N H(y).

DEFINITION 2.8. Let B = (B,V,A,~,G, H,0p,15) and B = (B, V,A,~, G,
H',0p/,1p5/) be two tense Boolean algebras. A function f: B — B’ is a
morphism of tense Boolean algebras if f is a Boolean morphism and it satis-
fies the following conditions: f(G(x)) = G'(f(z)) and f(H(z)) = H'(f(z)),
for any x € B.

2.3. Tense Polyadic Boolean algebras

The tense polyadic Boolean algebras were introduced in [21] as algebraic
structures for tense classical predicate logic.
Let U be a non-empty set throughout this paper.

DEFINITION 2.9. A tense polyadic Boolean algebra is a sextuple (B, U, S, 3,
G, H) such that the following properties hold:
(i) (B,U,S,3) is a polyadic Boolean algebra (see [22]),
(ii) (B,G, H) is a tense Boolean algebra (see Definition 2.7),
(iii) S(7)(G(p)) = G(S(1)(p)), for any 7 € UY and p € B,
)

(iv) S(7)(H(p)) = H(S(7)(p)), for any 7 € UY and p € B.

We shall recall now the construction of the example of tense polyadic
Boolean algebra from [21].

DEFINITION 2.10. A tense system has the form T = (T, (X¢)ter, R, Q,0),
where
(i) T is an arbitrary non-empty set,
(ii) R and @ are two binary relations on T,
(iii) 0 € T,
(iv) X; is a non-empty set for every t € T, with the following property:
If tRs or tQs, then X; C X, for every t,s € T.

Recall that the algebra 2 = ({0,1},V = max,A = min,—,0,1) =
({0,1},—,—,1), where -z = 1 — z, x — y = max(—x,y), for x,y € {0,1}
is a Boolean algebra, called the standard Boolean algebra (see [21]).
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Let 7 be a tense system and 2 be the standard Boolean algebra with
two elements. We denote by

FY = {(f)er | fi : XY — 2, for every t € T}.

On FY we will consider the following operations:

(pbl) (fi)ier = (9t)ier = (fr = gi)ier, where (fi — gi)(z) = fi(z) —
9t($)7
for all z € X7,

(pb2) ~(fi)eer = (= fi)ier, where (=f¢)(x) = ~(fi(z)), for all 2 € XY,

(pb3) 17 = (1)¢er, where 1; : XV — 2, 1;(x) = 1, for all t € T and
re XY.

LEMMA 2.11. (Georgescu [21]) FY = (F¥,—,—,17) is a Boolean algebra.

On FY we consider the tense operators G and H, by:
(pbd) G((fr)eer) = (ge)eers g¢ + X{' — 2, gi(x) = Mfs(iow) | tRs,s €
T},

(pbb) H}((ft)teT) = (h)ier, he = X — 2, hy(x) = N{fs(iox) | 1Qs,s €
T 9

where i : X; — X is the inclusion map.

LEMMA 2.12. (Georgescu [21]) (FY,G, H) is a tense Boolen algebra.

On F¥ we shall consider now the following functions.

(pb6) For any 7 € UY, we define S(7) : F¥ — F¥ by S(7)((fi)ier) =
(g¢)ter, where g; : XV — 2, g4(x) = fi(z o7), for every t € T and
re XY,

(pb7) For any J C U, we consider the function 3(J) : F¥ — F¥, defined
by
() ((fo)ter) = (9¢)ter, where g; : X — 2 is defined by:
ge(x) = \V{f:(w) |y € X7,y lvns= 2 [\ s}, for every z € X

LEMMA 2.13. (Georgescu [21]) (FY,U,S,3, G, H) is a tense polyadic Boolean
algebra.
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DEFINITION 2.14. Let (B,U, S, 3, G, H) be a tense polyadic Boolean alge-
bra. A subset J of U is a supportof p € B if 3(U\ J)p = p. The intersection
of the supports of an element p € B will be denoted by J,,. A tense polyadic
Boolean algebra is locally finite if every element has a finite support. The
degree of (B,U,S,3,G, H) is the cardinality of U.

THEOREM 2.15. (Georgescu [21]) Let (B,U,S,3,G, H) be a locally finite
tense polyadic Boolean algebra of infinite degree and I' be a proper filter of
B such that J, = 0, for any p € I'. Then there exist a tense system T =
(T, (Xt)ier, R, Q,0) and a morphism of tense polyadic Boolean algebras
®: B — FY, such that, for every p € T, we have: ®(p) = (f;)ier implies
folx) =1, for allz € XY .

2.4. Tense n x m-valued Lukasiewicz-Moisil algebras

The tense n x m-valued Lukasiewicz-Moisil algebras were introduced by
A. V. Figallo and G. Pelaitay in [18], as a common generalization of tense
Boolean algebras [21] and tense n-valued Lukasiewicz-Moisil algebras [10].

DEFINITION 2.16. A tense n X m-valued FLukasiewicz-Moisil algebra
(or tense LM, xm-algebra) is a triple(£, G, H) such that £ = (L,V, A, ~,
(aij)(~’j)e(nxm) Or,1p) is an LM, «,,-algebra and for all z,y € L,
G(p) =1, H(1p) =1y,
Gz Ay) =G(x) ANG(y), H(x Ny) = H(x) A H(y),
G(UU( )) = 0ij(G(x)), H(0ij(x)) = 0i;(H(x)), for any (i, j) € (nxm).

DEFINITION 2.17. Let (£,G,H) and (L',G,H) be two tense LM, xm-
algebras. A function f : L — L’ is a morphism of tense LM, -
algebras if f is a LM,, x ,-morphism and it satisfies the following conditions:

F(G(x) = G'(f(x) and f(H(x)) = H'(f(2)), for any @ € L.

3. Polyadic n x m-valued Lukasiewicz-Moisil algebras

In this section we will introduce the polyadic LM,, x,,-algebras as a common
generalization of polyadic Boolean algebras and polyadic LM,,-algebras.
We will recall from [17] the definition of monadic n x m-valued Lukasiewicz-
Moisil algebras which we will use in this section.
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DEFINITION 3.1. A monadic n X m-valued Eukasiewicz-Moisil algebra
(or monadic LM, xm,-algebra) is a pair (£,3) where £ = (L,V,A,~,
{03} G.5)e(mxm)> 0L, 11) is an LM;,x,-algebra and 3 is a unary operation
on L verifying the following conditions for all (i, ) € (nxm) and x,y € L :

(E1) 30 =0,

(E2) z A 3Jx =z,

(E3) 3(x A Jy) = Fz ATy,
(E4) 04;(3z) = 3(0452).

REMARK 3.2. These algebras, for the case m = 2, they coincide with
monadic n-valued Lukasiewicz-Moisil algebras introduced by Georgescu
and Vraciu in [20].

DEFINITION 3.3. A polyadic n x m-valued Lukasiewicz-Moisil algebra
(or polyadic LM,, «,-algebra) is a quadruple (£, U, S, 3) where £ = (L, V, A,
~, {04} i,j)e(nxm), 0L, 1) is an LM, x-algebra, S is a function from v
to the set of endomorphisms of L and 3 is a function from P(U) to L%,
such that the following axioms hold:

(i) S(v) =1,

(if) S(po T) S(p) o S(1), for every p,7 € UY,

(i) 30) = 1,,.,

(iv) 3(JU J’) A(J) o 3(J"), for every J,J C U,

(v) S(p) o 3(J) = S(1) 0 3(J), for every J C U and for every p,7 € UY
such that p |7 =7 [0\J,

(vi) 3(J)oS(p) = S(p)o3(p~1(J)) such that J C U and for every p € UY
such that p |,-1( is injective,

(vii) for every J C U, the pair (£,3(J)) is a monadic LM,, x,-algebra.

DEFINITION 3.4. Let (£,U,S,3) and (L', U, S, 3) be two polyadic LM, x -
algebras. A function f : L — L’ is a morphism of polyadic LM, -
algebras if f is a morphism of LM,,x,,-algebras and f o S(p) = S(p) o f,
fo3(J)=3(J)of, for every p e UY and J C U.

REMARK 3.5. If (£,U, S,3) is a polyadic LM,, «,-algebra, then C(L) can
be endowed with a canonical structure of polyadic Boolean algebra. Every
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polyadic LM,, x ,-morphism f : (£,U,S,3) — (£, U, S, 3) induces a mor-
phism of polyadic Boolean algebras C(f):(C(L),U,S,3)— (C(L"),U, S, 3).
In this way we have defined a functor from the category PLM,,«,, of
polyadic LM,, «,-algebras to the category PB of polyadic Boolean alge-
bras.

REMARK 3.6. The notion of polyadic LM, ,-subalgebra is defined in
a natural way.

DEFINITION 3.7. Let (£,U, S, 3) be a polyadic LM,, x.,-algebra and a € L.
A subset J of U is a support of a if (U \ J)a = a. A polyadic LM, xm-

algebra is locally finite if every element has a finite support. The degree of
(L£,U,S,3) is the cardinality of U.

LEMMA 3.8. Let (L£,U,S,3) be a polyadic LM, «m-algebra, a € L and J C
U. If card(U) > 2, then the following conditions are equivalent:
(i) J is a support of a,
(ii) Y(U \ J)a = a, where V¥ :=~ o0Jo ~,
) plons=T |v\s implies S(p)a = S(7)a,
(iv) p lons= 1o\ implies S(p)a = a,
(v) for every (i,j) € (n x m), J is a support of o;;(a) in the polyadic
Boolean algebra C(L).

(iii

PRrROOF: It is routine.

In the rest of this section, by polyadic LM,, x,-algebra we will mean
a locally finite polyadic LM, «x.,-algebra of infinite degree.

EXAMPLE 3.9. Let £ = (L,V, A, ~,{04j}(i,j)e(nxm), 0L, 1) be a complete
and completely chrysippian LM,,x,-algebra, U an infinite set and X # (.
The set LX) of all functions from XV to L has a natural structure of
LM,, x m-algebra. For every J C U and 7 € UY define two unary operations
3(J), S(t) on LX) by putting:

e I(N)(p(z) = V{pWw) |y € XY,y lvnu=2 o},
o S(1)(p(x)) = p(z o),
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for any p: XY — L, 7 € UY and J C U. We can show that LX) s a
polyadic LM,, «.,,-algebra.

DEFINITION 3.10. A polyadic LM,, «,,-subalgebra of LX) will be called
a functional polyadic LM, ,-algebra. Denote by F(XY, L) the functional
polyadic LM,, ,-algebra of all elements of L(X 7 having a finite support.

REMARK 3.11. F(XY, L) is locally finite.

PROPOSITION 3.12. Let (£,U,S,3) be a complete and completely chrysip-
pian LM, -algebra. For every a € L, p € UY and J C U the following

equality holds: S(r)3(T)a=\{S(p)a| p lrs=7 lons)

PRrROOF: By [1, Proposition 4.24, pag. 50] we have
0i;S(1)3(J)a = 3(J)S(T)0i5a
=\V{S(p)aijalplons="7 lo\s}
=V{oi;S(p)a | plvrs=T [}
= 0ij (\/{S(p)a lolong=T |U\J})
for every (i,7) € (n x m). Applying (C5) we get the equality required. O

REMARK 3.13. Let (£,U, S, 3) be a polyadic LM,, «,-algebra. Set E,(L) =
{a € L| 0 is support of a }. Then, we can prove that E,(L) is an LM,, -
subalgebra of L.

THEOREM 3.14. Let (L,U,S,3) be a polyadic LM,y -algebra and M
a proper n X m-filter of E,(L). Then there exist a non-empty set X and
a polyadic LM, x,-morphism ® : L — F(XY, D(2)) such that ®(a) = 1,
for each a € M.

PrOOF: Consider the polyadic Boolean algebra (C(L),U, S, 3) and denote
by E,(C(L)) the Boolean algebra of all elements of C(L) having 0 as sup-
port in C(L), that is, E,(C(L)) = {a € C(L) : 0 is support of a}. It is
obvious that E,(C(L)) = E,(L)NC(L) and M, = M N C(L) is a proper
filter of the Boolean algebra E,(C(L)). By [1, Theorem 4.28, pag.51] there
exists a non-empty set X and a morphism of polyadic Boolean algebras
VU : C(L) — F(XY,2) such that ¥(a) =1 for each a € M,

Define a map ® : L — F(XY,D(2)) by putting ®(a)(x)(i,j) =
U(o;;a)(z), for every a € L, z € XY and (i,j) € (n x m). It is easy
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to prove that & is a morphism of LM,,«.,-algebras. For every a € L,
JCU peUY ze XY and (4,5) € (n x m) we have:

(a) ®(3(J)a)(x)(i,j) = ¥(oi;3(])a)(x)
= V(E(J)oija)(x)
= 3(J)¥(gija)(x)
= V{¥(oi;a)(y) | v lvrs= 2 [v\s}
=\V{®(a)(y) | ¥ \U\JZ x |U\J}
= (3(N)®(a))(2) (i, 1),

(b) @(S(7)a)(z)(i,j) = ¥(0oyS(7)a)(x)
= ¥(5(r)oi;a) ()
= (5(1)¥(04;a))()
= U(oy;a)(xT)
= ®(a)(z7)(i,j)
= (S(7)®(a))(x) (i, 7).

By (a) and (b) we obtain that ® is a polyadic LM,, x,-morphism. If

a € M then o,;a € M,, therefore ¥(o;;a) = 1 for each (4,7) € (n x m).
Thus ®(a)(x)(i,j) = ¥(osja)(x) = 1 for every z € XY and (i, ) € (n xm).
O

4. Tense polyadic LM,,.,-algebras

In this section we will introduce the tense polyadic LM,, «,,-algebras as
a common generalization of tense polyadic Boolean algebras and tense
polyadic LM,,-algebras.

DEFINITION 4.1. A tense polyadic LM,y -algebra is a sextuple (£, U, S, 3,
G, H) such that
(a) (£,U,S,3) is a polyadic LM,, x ,-algebra,
(b) (£,G, H) is a tense LM, ,-algebra,
(c) S(1)(G(p)) = G(S(1))(p)), for any 7 € UY and p € L,
(d) S(7)(H(p)) = H(S(7))(p)), for any 7 € UV and p € L.

DEFINITION 4.2. Let (£,U,S,3,G,H) and (£',U, S,3,G, H) be two tense
polyadic LM, x,-algebras. A function f: L — L’ is a morphism of tense
polyadic LM, «,-algebras if the following properties hold:
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(i) f is a morphism of polyadic LM, «.,-algebras,
(ii) f is a morphism of tense LM,y ,-algebras.

We are going to use the notion of tense system to give an example of
tense polyadic LM, «,-algebra.

DEFINITION 4.3. Let T = (T, (X¢)er, R, Q,0) be a tense system and L be
a complete and completely chrysippian LM,, x,,-algebra. We denote by:

Frp ™ ={(f)ser | fr: Xf — L, for all t € T}.
We will denote Fqg’fxm by Fg’"xm for L = D(2).

On Fg 7™ we will consider the following operations:

o (fi)ter A (gt)ter = (fi A gi)rer, where (fi A gi)(x) = fi(z) A gi(2),
forallt € T and z € XU,

o (fi)ter V (gt)ter = (ft V gt)ter, where (fi V g:)(x) = fi(z) V gi(2),
forallt € T and z € XV,
o ~T ((fiier) = (~ oft)ter, where (~ of;)(x) =~ (fi(x)), for all
teT and z € X7,
o oli((forer) = (0ij 0 fi)ier, Where (045 0 fi)(x) = 0y;(fu(x)), for all
(i,j) €E(nxm), t €T and xz € X7,
e 07 = (04)¢er, where 0; : XY — L, 04(z) = Oy, for all t € T and
re XY,
o 17 = (1)ser, where 1; : XV — L, 14(x) = 1, for all t € T and
T e XU.
LEMMA 4.4, FFP™ = (FLR™ VA ~T (0] (yemxm), 07, 17) s an
LM, «m-algebra.

PROOF: First, we will prove that (F2*™ v, A,~7,07,17) is a De Mor-
gan algebra. It is easy to see that (Fjl{’fxm,\/,/\,()T, 17) is a bounded
distributive lattice.

(a) ~T~T ((ft)teT) =~T ((~ oft)ter) = (~ 0 ~ oft)ter, where (~ o ~
@) =~ (~ (fi(zx) = fi(z), for all t € T and = € XU, so ~T~T
((ft)teT) = (f: )teT

(b) ~ ((f)) ter A (gt)te

ter) =~T ((fi A gi)rer) = (~ o(fi A gi))ier, where
(~o(fiAge))(x) =~ ((fen

0)(@)) =~ () A go(@)) =~ fi(2)V ~ gul2),
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forall t € T and z € XU, so, ~7 ((f)ter A (9)ter) =~T (fi)eerV ~T
(gt)teT'

Now we will prove that FU’"Xm verify the conditions (C1)-(C5).
(C1) Let (4,7) € (nxm) and (ft)teT, (g¢)ter € Fg;xm Then, o ((fi)ierV
(9t)ter) = 0 ((ft Vgi)ter) = (0ij o (ft V gt))ter. Since L is an LMy -
algebra we obtam that: (o4 0 (fe V g¢))ter = ((045 0 fr) V (045 © gt))ter =
(035 0 fi)ter V (0ij 0 g)ier = ol (fe)ier) V 0 ((90)ter)-
(C2) Let (,5) € (nxm). We will to prove that o ((ft)ter) < U,(Z;+1)]((ft)t€T),
for all (filier € Frp” ™. Let (fier € Frp™™. Then, of,((fi)ier) =
(0ij0 fi)rer and U(z+1)3((ft)t6T) (0@t1yj0ft)ter. Lett € T and re XxV.
Since £ is an LM, xm-algebra we obtain that: oy;(fi(x)) < o(i41);(fi(x)),
so, o/ ((ft)teT) < 0(7;+1)j((ft)teT)~ In a similar way we can prove that:

z‘j((ft)teT) < Ji(j+1)((ft)t€T)'

(C4) Now, we will prove that o, o o], = o, for all (i, ), (r,s) € (nx

7‘87

m). Let (i,5),(r,s) € (n x m) and (ft)teT € Fgfxm. Proving condition
(o o0l ) (f)rer) = o] ((fi)ier) is equivalent proving (045 00v50 fi)rer =
(0rs0ft)ier- Let t € T and v € X. Then, we have (0;;00,50f;)(x) = (0450
ors)(fe(z)) = ovs(fe(2)) = (0750 fi)(2), S0 (04500750 fe)ter = (0rsO fr)ter.
(C5) Let (ft)ier (9e)ter € Fqg,’fxm such that o ((fi)ier) = 05 ((90)ter),
for every (i,j) € (n xm). Then, (0;; 0 fi)ter = (045 © gt)er, for all (i,7) €
(nxm). It follows that for every t € T, 050 f; = 0;500;, that is, 0;; (fi(x)) =
0ii(g¢(2)), for every t € T and z € X[. Using (C5) for the LM, -
algebra £, we obtain that f;(z) = g:(z), for every t € T and = € X, so
(f)ter = (gt)ter.

(C6) o ]((ft)teT)V ~T (0l ((fi)ier) = (0450 fi)ier V (~ 00ij © fi)ier =

(03 0 fo) V (~ ooy o f)lrer. where ((o3; 0 fi) V (> ooy o fi))(z) =
0” (ft( NV ~ oii(fi(x)) =1, forevery t € Tandz € X7. So, O‘T(<ft)teT)\/
T (ol (

ft)teT)) =17,

(07) UZ;( (fi)ter) = (0ijo ~ ofi)ier, where (00 ~ of;)(x) =
oij(~ fi(x)) =~ opneim—j(fi(z)) = (~ 00n_im—j © fi)(x), for every t € T
and z € XU. Tt follows that UZ(NT (f)eer) =~T (Ug,imfj(ft)teT) O

On Fgfxm we define the operators G and H by

G((ft)ter) = (gt)ter, where g : XY — L, gi(x) = N{fs(iox) |
tRs,s € T},
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H((fe)ter) = (he)ier, where hy : XU — L, hy(z) = N{fs(ioz) |
tQs,s € T}, where i : X; — X is the inclusion map.

LEMMA 4.5. (]:g’zxm, G, H) is a tense LM, -algebra.

PROOF: By Lemma 4.4, we have that }"TU”me is an LM, »,-algebra. Now,
we have to prove that G and H are tense operators.

(1) GAT) = G((Le)ter) = (fr)rer, where fi(x) = A{1s(ioz) | tRs} = 1, for
allt € Tand x € XU; hence (fi)ier = (1¢)¢er. It follows that G(17) = 17.
Similarly we can prove that H(17) =17.

(2) Let (fi)ier, (gt )ter € Fg’fxm. Then,

(a) G((ft)ter) = (vt)ter, where vi(z) = A{fs(i
(b) G((gt)ier) = (pr)ter, where py(z) = A{gs(i
( =

¢) G((fi)ier A (gi)ier) = G((fi A gi)ter)
N (fs ANgs)(iox) | tRs}.

Let t € T and z € XY. By (a), (b) and (c) we obtain that u;(z) =

ox) | tRs},
ox) | tRs},
(ug)ier, where ug(x)

ve(z) A pe(x), hence (ut)ier = (ve)ier A (Pt)ter, 50 G((fe)ter A (9i)ier) =
G((ft)ter) NG((gt)ter). Similarly we can prove that H ((fi)ier A(gt)ter) =
H((ft)ter) N H((gt)teT)-

(3) Let (fi)ier € Fg’fxm. Then,
(a) G(o Z;(ft)tET) = G((O'ij o fi)ter) = (9¢)ter, where g, (z) = /\{(gij o
fs)(iox) |tRs}.
(b) UZ;(G((ft)tGT)) = UZ;((pt)teT), where pi(z) = N{fs(iox) | tRs}.
Let t € T and z € X7. By (a), (b) and the fact that £ is completely
chrysippian, We obtain that g;(z) = 0i;(p(x)), hence (g¢)rer = o (pt)er.

So, GOJT = 0 c0o(G. In a similar way we can prove that H commutes with
Oij- O

For any 7 € UY, we define the function S(7) : Fg;xm — Fg’gxm by

o S(T)((f)ter) = (gt)ter, where gy : XY — L is defined by: gi(x) =
fi(xorT), forevery t € T and x € XU.

For any J C U, we define the function 3(J) : }]gxm — FU"Xm by

o I(JI)((fi)ier) = (gt)teT, where g; : XtU — L is defined by: g¢;(z) =
Vi) |y € X7y o= [n\s}, for every t € T and = € X/.
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PROPOSITION 4.6. For any J C U, (Fg’zxm, 3(J)) is a monadic LM, -
algebra.

PrOOF: Let J C U. We will prove that 3(J) is an existential quantifier on
FU,nXm

T.L -
(E1) 3(J)(07) = 3(I)((0e)eer) = (ge)eer, where gi(x) = V{0:(y) | y €
X7 ylou== s}t =V{0} =0, for every t € T and = € X{. We obtain
that (g¢)ier = 07, hence 3(J)(07) =07
(EQ) Let (ft)tET € Fg’gxm'. We WIH prove that (ft)tET S H(J)((ft)tET) We
have: 3(J)((fi)ter) = (ge)ter, where gi(z) = V{fe(y) | v € X[,y long=
z |}, for every t € T and x € X{/. We obtain that f;(z) < g(), for
every t € T and x € X, hence (f)ier < (9¢)ter-
(E3) Let (fi)ier, (9t)ter € F}f*ﬁxm. We have:

(a) () ((fe)eer A 3(I)(ge)ter) = I(I)((fe)ter A (h)ier) = (I)((fe A
hi)ier) = (ue)ier,

(b) N ((fe)eer) AI()((gt)ter) = (Pr)ter A (Vi)ter = (Pt A Ve)ter
where, for every t € T and x € X,
hi(z) = Vg (y) |y € XFy long=z s}
u(z) = V{(fe(2) Au(2)) | 2 € X2 ing= z o}t = V{fi(2) A
9W) | zye XF 2 lvu= o=y lnsh
pe(x) = V{fi(z) | z € X[, 2 long=z lo\s}
vi(z) = \VH{g:(y) |y € Xy lons= 2 [y}

It follows that, for every t € T and z € X[, pi(x) Avi(z) = \V{fi(2) A
9:(y) | 2,y € X\ 2 long= 2 lvns=y [v\s} = we(2). Hence, 3(J)((fo)ier A
() ((ge)eer) = () ((fo)eer) A II)((ge)eer)-

(E4) Let (i,7) € (n xm) and (fi)ier € Fg’zxm. Then, we have

)

(a 3(J)(Ug)((ft)teT) = 3(J)((0ij o fi)ter) = (gt)teT, Where
ge(x) = \Hoij (f: () |y € X7,y lony= @ [y}, for all t € T and
re XY.

(b) oL.3()((fe)ter) = o ((he)ier) = (550hs)rer with he(x) = \/{fi(y) |
ye XU,y ltng= [pn\ s}, for every t € T and x € XU,

Using the fact that £ is completely chrysippian we deduce that o;; (h¢(x)) =
gi(x), for every t € T and x € XV, hence H(J)(UZ;((ft)teT)) =

of; A(fo)rer))- O
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The following proposition provides the main example of tense polyadic
LM,, x.m-algebra.

PROPOSITION 4.7. (fU M UL S, 3, G, H) is a tense polyadic LMy, -algebra.

Proor: We will verify the conditions of Definition 4.1.

(a): We have to prove that the conditions of Definition 3.3 are satisfied.

(1): Let (fi)ier € FUnxm t € T and z € X”. By applying the definition
of S, we obtain: S(lU)((ft)teT) = (g¢)teT, where g,(z) = fi(zoly) =
fi(x), so S(Lu)((fr)ter) = (ft)ter, hence S(1y) = 1]_.%,7LLXm.

(i): Let p,7 € UY, (fi)eer € Frp ™, t € T and z € X/,
S(pot)((fi)ier) = (9t)ter with gi(z) = fi(zoporT).
(5(p)oS(m))((fe)eer) =S (p)(S(T)((fe)ter)) =S(p)((he)ter) = (Pt)ter
where hi(x) = fi(x o7) and p(z) = he(z o p) = fe(xropoT).

Tt follows that S(po7)(fi)ter)=(S(p)oS(7))((ft)teT), hence S(por) =
S(p) o S(7).

(iii): Let (fi)ier € Fyp ™, t €T and v € XY, We have: 3(0)((fi)ier) =
(9t)ter, where
ge(x) =V{fi(y) |y € Xy lv== v} = V{fi(2)} = fil=),
so ID)((fi)rer) = (fi)rer, L.e. I(D) = 1punxm.

(iv): Let J,J' C U and (fi)ier € Fpp ™. Then,

(1) U I (f)eer) = (g¢)rer with
ge(x) =\V{fe(y) |y e X,y [\ (uan= T [o\(Jus) }s
for every t € T and x € X

(2) BTN ((f1)ier) =3B (f)rer) =T (he)ier) = (p)rer
where hy(z) = \V{fe(y) |y € X7,y [ons= 2 |p\ s} and
pe(@) = V{he(y) | v € X7,y [ins= @ |o\s}, for every t € T and
re XY.

We obtain that
pe(z) = V{fi(2) | z € X[, exists y € X[ : 2 =¥ lo\g,© o=
Yy \U\J}~
We will prove that the sets
A={fily) lye Xy lo\uan= 2 [o\(us)}
and B = {f;(2) | z € XV, exists y € XU such that z long =9 lo\g,
T [gng=¥ |\ s} are equal.
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Let z € XY such that z [\ (Jusy= 2 [on\(Jugry - We consider y € XY,
defined by

y(a)—{ z(a), faecU\J, .

z(a), ifaelJ,

It follows that y [p\ /= 2 |p\y - If @ € U\ J, we have two cases:
(I) If a € J’ then, y(a) = z(a).
(IT) If a ¢ J' it results that a € U \ (J U J’), so y(a) = z(a) = z(a).
By (I) and (II), we get that z | =y [p\y and = [p\ = ¥ |v\J,
so A C B. Conversely, let 2 € X such that, exists y € X with
2|l =y long and  |p\ =y o\ - It follows that
z [w\anna\n= ¥ lo\anw\a and @ [o\nne\an= ¥ lo\nnwans
hence z [\ (yurn= 2 [\ (us) -
We obtain that B C A, hence A = B. We get that ¢;.(z) = pt(x) for
everyt € T and v € XV, so I(JUJ') = 3(J) o 3(J).
(v): Let J C U, p,7 € UV and (fi)rer € Fpp™™, such that p [ ;=
T |U\J~
We obtain:
(1) (S(p) o AI))((fe)eer) = S(P)(B()((fe)ter)) = (9¢)ter, where
ge(x) = \VH{fe(y) |y € X,y [vna= (z 0 p) |\ s}, for every t € T and
re XY.
(2) (S(7) o IIN((fe)rer) = S(T)E))((f)ter) = (ht)ter, where
he(x) = V{fi(y) |y € X,y lng= (xoT)y\ s}, for every t € T and
re XV . Byp lng= T |p\s it follows that (z o p) [\ s= (xoT) [\,
for every z € XU, hence g;(z) = hy(x), for every t € T and x € X7.
It results that S(p) o I(J) = S() o I(J).
(vi): Let J C U, (fi)ier € Fqg,’fxm and p € UY such that p |,-1(y) is
injective.
We have:
(1) (3(J) 0 S(p))((fe)ter)) = (gt)ter, where
gt(x) = \{filyop) |y € X'y lvny= z [\s}, for every ¢t € T and
re XY.
(2) (S(p) o 3p~ (I)))((fe)ter)) = (ht)ier, where

he(x) = \H{fi(w) |y € X,y lonp—r(n= (T o p) lv\p-1(n)} for every
teTand v € XU,
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We must prove that A and B are equal, where

A={filyop) lye X,y long=z s}y

B={fi(y) |lye Xthy |U\;rl(J)= (zop) |U\p*1(J)}'

Let y € X! such that y [;n j= @ |\s. We consider z =y o p.
Let a € U\ p~1(J). Then, 2(a) = y(p(a)) = (p(a)) = (x o p)(a),
80 2 |\ p-1()= (w0 p) [\ p-1(s) - We get that A C B.
Conversely, let y € XU such that y lt\p-1(n= (T 0 p) [tr\p-1()-
Since p |,-1(,) is injective, we can consider the bijective function
o' p~1(J) — J, defined by p/(a) = p(a) for all a € p~1(J).

Let us consider z € X, defined by:

+a) = { y(p'~Ha)), fael
z(a), ifaecU\J,

We see that z [ j= @ |7\ s . By calculus we get that (z0p)(a) = y(a),
for every a € U, so zo p =y. It follows that B C A, so A= B.
(vii): It follows by Proposition 4.6.
(b): Tt follows by Lemma 4.5.
(c): Let 7 € UY, (fi)ier € Fg’zxm, t €T and z € X[ . It follows that:
(1) SUG((fe)eer)) = S(T)((9t)ter) = (ht)ter, Where
ge(x) = N{fs(iox) | tRs,s € T} and
helw) = gi(w o 7) = A fsliowor) | tRs}.
(2) G(g(T)((ft)teT)) = G((pt)ier) = (ut)rer, where pi(x) = fi(z o7)
an
ug(z) = N{ps(iox) | tRs,s € T}.
By (1) and (2) we obtain that h(z) = u(z), forallt € T and z € X,
$0 (he)ier = (wr)ier, ie. S(T)(G((fi)ier)) = G(S(T))((fi)ier))-
(d): Similar with (c). O

REMARK 4.8. Proposition 4.7 is an extension of Lemma 2.13, in the sense
that if we take B = C(L), we obtain Lemma 2.13.

DEFINITION 4.9. Let (£,U, S,3, G, H) be a tense polyadic LM,, «,,-algebra.
A subset J of U is a support of p € L if J(U \ J)p = p. The intersection of
the supports of an element p € L will be denoted by J,. A tense polyadic
LM,, xm-algebra is locally finite if every element has a finite support.
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REMARK 4.10. We consider the tense polyadic LM,, ,,-algebra (]—'TU:ZX"’, U,
S,3,G, H). By applying Definition 4.9, M C U is a support of (fi)ier €
Fpop™™ it 3(U \ M)((fi)ter) = (fo)ier- By using the definition of 3, we
obtain that \/{f:(v) | v € X,y |m= = |m} = fi(x), for all t € T and
re XP.

LEMMA 4.11. Let us consider the tense polyadic LMy, «,-algebra (.7-";]’7”7",
U,S,3,G, H), where FL™™ = {(fi)ier | fi : XU — D(2) for alit € T},
(ft)ier € Fg’"xm y Q CU. Then the following conditions are equivalent:

(a) Q is a support of (ft)ter,
(b) for every (zt)ier, (Yi)ter, T, yr € X7, for allt € T we have:

v lQ= vt lo,t €T = fi(we) = fi(y), t € T.

Proor: (a)= (b): We assume that @ is a support of (f;);cr. By applying
Definition 4.9 and definition of 3, it follows that \/{f:(y) | y € X7,y |o=
z|g} = fi(z), forallt € T and v € X7. Let t € T, x4,y € XY such that
Zt |o= Yt lo - We have:

few) = V) Ly € X7y lo= e |} = filwr)
felye) = VH{fe(2) [z € X7 w [q=we [q} = felwe)

So, fi(xi) = fe(ye)-

(b)= (a): Using definition of 3 we obtain that I(U \ Q)(fi)ter =
(9¢)ter, where g, : X{7 — D(2), ge(2) = V{fe(v) | y € X,y lo= = o},
for every t € T and 2 € XY. Let t € T and z € X. By (b) it follows
that g,(z) = V{fi(z) | v € XU,y lo= = |g} = fi(z). We obtain that
(gt)ter = (f)ter, so U\ Q)(f)ter = (fi)ter, Le. Q is a support of
(fe)eer- O

LEMMA 4.12. Let f : L — L’ be a morphism of tense polyadic LM, x,,-
algebras, p € L, Q C U. If Q is a support of p, then Q is a support of
f(p).

PROOF: Because ) is a support of p, it follows that (U \ Q)p = p.
By applying the definition of morphism of tense polyadic LM,, «.,,-algebras
we obtain that f(F(U\ Q)p) =3(U\ Q)f(p) = f(p), hence Q is a support
of f(p). O
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LEMMA 4.13. Let (£,U,S,3,G,H) be a tense polyadic LM, «m-algebra.
Then,

(i) (C(L),U,8,3,C(G),C(H)) is a tense polyadic Boolean algebra.

(ii) If L is locally finite, then C(L) is locally finite.

PRrROOF: We only prove (i). By applying [1, p. 453, Remark 4.2], we obtain
that C(L) can be endowed with a canonical structure of polyadic Boolean
algebra. By [18, Remark 1.15], we have that (C(L), C(G),C(H)) is a tense
Boolean algebra. The conditions (iii) and (iv) of Definition 2.9 are met
for the elements of C'(L) as well, hence C(L) is a tense polyadic Boolean
algebra. O

Let (B,U, S,3,G, H) be a tense polyadic Boolean algebra. We consider
on D(B) the following operations, for every 7 € UY, f € D(B) and J C U :

(D(S) (M) (f) = S()e f,
(DE)I))(f) =3(T) o f,
(D@E)(f)=Gof,
(D(H))(f) =Hof.

LEMMA 4.14.
(i) (D(B),U,D(S),D(3),D(G),D(H)) is a tense polyadic L Myym-algebra.
(ii) If B is locally finite, then D(B) is locally finite.

The assignments B — C(B), B — D(B) establish the adjoint functors
C' and D between the category of tense polyadic Boolean algebras and the
category of tense polyadic LM, x,-algebras.

DEFINITION 4.15. Let (£, U, S,3, G, H) be a tense polyadic LM,, x,,-algebra.
We consider the function wy, : L — D(C(L)), defined by: for all z € L
and (Z7J) € (Tl X m)a wL(x)(le) = O'ij(x)'

LEMMA 4.16. wy, is an injective morphism of tense polyadic LMyyy.-algebras.

PRrROOF: By [18, Lemma 2.6], wy, is an injective morphism of tense LM, x -
algebras. We have to prove that w; commutes with S and 3.
Let JCU, 7€UY z €L and (i,j) € (n x m).
(a) We have: wr(S(7)(2))(i,7) = 03;(S(7))(x) = S(7) (0 (x)).
D(S)(r)(we(2)) (i, 4) = S(T)(wr () (i, 5)) = S(7) (0 (x)).
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Hence wy, 0 S(7) = D(S)(7) o wr..
(b) We have: wr,(3(J)(2))(4,7) = 04;(3(J)(2)).
DE) () we(2))(@;5) = ) (we(2) (i, 5)) = () (i (x)).
As 3(J) commutes with o;;, we obtain that D(3)(J)owr, = wro3(J).
O

LEMMA 4.17. Let T = (T, (X¢)ter, R, Q,0) be a tense system. Then
C(F™ ™) ~ FY.

ProOF: By [19, Lemma 4.5.], we have that 2 ~ C'(D(2)). Let us consider
an isomorphism u : 2 — C(D(2)) C D(2). We will define the function
P F}J — C(Fg’"xm)a by: @((fi)ier) = (ge)rer with fi + X — 2,
gr : XY — D(2), gt = uo fy, for every t € T. It is easy to prove that ® is
an injective morphism of tense polyadic Boolean algebras. Let (hi)ier €
C(FZ™ ™). Then o7} (he)ier) = (huer, for every (i,j) € (n x m) i
0ij 0 hy = hy, for every (i,j) € (n x m) and t € T iff 0;;(he(x)) = he(x),
for every (i,j) € (n xm), t € T and z € X[ iff hy(z) € C(D(2)) ~ 2, for
every t € T and z € XU, hence @ is surjective. O

5. Representation theorem

This section contains the main result of this paper: the representation
theorem for tense polyadic LM, x.,-algebras (see Theorem 5.2). It extends
the representation of tense polyadic Boolean algebras ([21]), as well as the
representation of tense LM, x,,-algebras ([18]). In order to obtain a proof
of this representation theorem we need some preliminary results.

PROPOSITION 5.1. Let T = (T, (X¢)ter, R, Q,0) be a tense system. Then
there exists an injective morphism of tense polyadic LMy« -algebras
\: D(FY) — FZm™,

PrOOF: We have that D(FY) = {v : (n x m) — EY | r < s implies
v(i,r) < v(i,s),v(r,j) < v(s,j)}. Let v € D(F¥). For every (i,j) €
(n x m) we will denote v(i,7) = (97)cer, where g : XY — 2, such
that, for all » < s and t € T, gi" < ¢i%, g7 < ¢;7. We will define
A:D(FY) — Fg’nxm, M) = (ft)ter, where for every t € T, x € XU and
(i,7) € (n xm), fr - XY — D(2) is defined by: f,(x)(i,7) = g’ (x). As
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gi are increasing it follows that fi(x) are increasing, so fy(z) € D(2). We
must prove that A is an morphism of tense polyadic LM,, x,,-algebras, i.e. A
is an morphism of tense LM,, « ,,-algebras and it commutes with operations
S and 3. B B

Let 1/1,1/2 € D(FY) with v1(i,j) = (9" )ter and v2(i,5) = (u )ier,
where ¢/, uy’ : XU — 2.

We want to prove that A(Oppv)) = 0F,y,,.x.,. - We have:

(1) Op(ryy =0: (nxm) — F¥, 0(i,5) = (07)rer with 07 : X' — 2,
07(z) =0, forall t € T and = € XV.
(2) 0F i msm = (04)ter with 0; : XY — D(2) is defined by 0,(x)(4,7) =
0, for all z € XY and (4,7) € (n x m).
By (1) and (2) we obtain that 0,(z)(i, j) = 07 (x), for all t € T,z € XU
and (4, 7) € (n x m), s0 AOp(r,y)) = 0F,0 ., - I @ similar way we can
prove that A(1ppy)) = 1F00xm-

o We will prove that A(v1 V vg) = A(v1) V A(r2).
By the definition of A, we have: \(v; \/1/2) (pt)ter, A1) = (fi)ter,
AWz) = (R)ier, where py, fo, by X{ — D(2), (pe(2)) (6, 5)(i,5) =
(9 Vu) (@), (ful@))(i, ) = g/ (2), (he(2)) (i, §) = w (), for al t €
T,z € XY and (i,5) € (n x m).
Let t € T and 2 € XU. The relation (¢ Vul)(z) = g/ (x )Vu?( )
true, so it follows that (p:(x))(i,7) = (fe(2))(i,7) V (he(2))(4,5), for
all (i,7) € (n x m). Hence A(vq V va) = A1) V A(12).

In the same way we can prove that A\(v1 Avg) = A(v1) A A(ve).

e We must prove that Ao o;; = 0450 \.
Let (i, j) € (nxm). We have: (05 (11)) (i, ) =035 (1(i, ) = 03;((9) ) e)
— (033 © gip), hence Aoy;(1)) = (forer with f(@)(i,5) = (o3 o
g)(x), for all t € T,z € XV and (i,5) € (n x m).

0i;(A()) = 035 ()rer) = (035 © he)eer, where h(2)(i,j) = g’ ().
Let z € XU and t € T. It results that fi(2)(i,5) = 04 (he(2) (4, 5)),
for all (,7) € (n x m), so AM(o4;(v1)) = 045 (A(11)).

e We will to prove that A\o G =GoXand Ao H=H o \.

Let (i, ) € (nxm). Then D(G)(11)(i, j) =G (1 (i, 1)) = G((9 )rer) =
(hi")ier, where hy’ (z) = N{g¥(iox) | tRs,s € T}, for every t € T
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and x € X7 Tt follows that A\(D(G)(v1)) = (fi)ier with fi(x)(i,5) =
hi (x), for every t € T and x € XU.

GON) = G((g)ier) = () with uff = g (i 0 2) | tRs}, for
every t € T and z € X. We can se that f;(z)(i,j) = u,’ (z) for all
teT,x e XY and (i,5) € (n x m), hence Ao G = G o \. In a similar
way we can prove that Ao H = H o \.

e We will to prove that A commute with S.

Let 7eUY and (i,j) € (nxm) Then D(S)(r
S(T)((g¢ srer) = (hi')rer with h (x)
Eﬁ\j? ?(S)(T))( 1) = AMDS)(T)(n)) =
(S(m) o A) (1) = S(T)(A(»1)) = (pt)ier, where py(x)(i, j) °
It follows: fi(z)(i,7) = pe()(4,7), for all t € T, z € X and (i, §)
(nxm), so XoD(S)(1) = S(1) o \.

() (7) =S(7)((i.7)) =

)
=g (3; o). It follows that
( )fGTa where ff(x)(,l’v.]) =

e We will to prove that A commute with 4.

Let J C U and (7,7) € (n x )Wehave' - -
D.(H)(J)( v)(d,7) = 3(I)(vi(, 5)) = ) (9" )eer) = (hi’ )ier, where
h(2) = V{g (v) | y € XU,y lvns= @ oy}, for all ¢ € T and
T € XU- It follows: (Ao D(3)(J))(11) = MDE(J) (1)) = (fi)ier
with ft( )(i,7) = b (x), for every t € T and z € XU,

B() e M) = AN)Aw)) = 3I)((p)ier) = (vi)ier, where
pe(@)(i,5) = g’ () and vi(2) (i, §) = V{pe() (i, 5) | y € X7,y lovs=
|t} Tt results that vy (z)(i, ) = B (x) for every t € T, x € XV
and (4, §) € (nxm) so (ve)er = (h?)ier, ie. AoD(3I)(J) = I(J)oA.

Q

e We will to prove that A is injective.

Let v1,v9 € D(FY), v1(i,5) = (9 )ter and 1a(i, j) = (p; )ier, for all
(i,7) € (nxm) such that A(v1) = A(1). Using the definition of A, we
obtain that g’ (z) = p;’ (x), for all t € T,z € X and (i, ) € (nxm).
It follows that v (7, j) = (i, §), for all (i,7) € (nxm), hence v; = vs.
The injectivity of A was proved. O

The following theorem shows that any tense polyadic LM, «,,,-algebra
Fjl{,nxm

associated with a certain tense system 7.
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THEOREM 5.2. (Representation theorem) Let (£,U,S,3,G,H) be
a tense polyadic LM, «m-algebra, locally finite, of infinite degree and I' be
a proper filter of L with J, =0 for all p € I'. Then there exist a tense sys-
tem T = (T, (Xy)ier, R, Q,0) and a morphism of tense polyadic LMy, -
algebras ® : L — Fg’"xm such that, for all p € T', the following property
holds:

(P) EI)(p) :) (ft)tGT = (fO(‘r))(ZaJ) = 13 fO?” all x € XtU and (17]) €
nxm).

Proor: Let (£,U, S, 3, G, H) be a tense polyadic LM,, »,,-algebra and I" be
a proper filter of L. By Lemma 4.13, we have that (C(L), U, S,3, C(G),C(H))
is a tense polyadic Boolean algebra and I'y = ' C'(L) is a proper filter
of C'(L). Applying the representation theorem for tense polyadic Boolean
algebras, it follows that there exist a tense system T = (T, (X;)ter, R, @, 0)
and a morphism of tense polyadic Boolean algebras y : C(L) — F¥, such
that for all p € ', the following property holds: wu(p)=(g:)icr = go(z)=1,
for all z € XU. Let D(u) : D(C(L)) — D(FY) be the corresponding mor-
phism of u by the functor D. By using Lemma 4.16, we have an injective
morphism of tense polyadic LM, «,,-algebras wy, : L — D(C(L)) and
by using Proposition 5.1, we have an injective morphism of tense polyadic
LM,,xm-algebras A : D(EFY) — Fg’”xm. We consider the following mor-
phisms of tense polyadic LM, «,,-algebras:

L% D(o(L) 2% p(rY) 2 pUmm

It follows that Ao D(u)owy, is an morphism of tense polyadic LM,, -
algebras.

Now, we will verify the condition (P) of the theorem. Let p € I' and
(1,7) € (n x m). We know that wr(p)(i,7) = o04(p) and o;;(p) € To.
Then D(p)(wr(p)) = powr(p), hence (no wr(p))(i,j) = plwr(p)(i, ) =
w(oij(p)). We assume that u(oi;p) = (9,°)ier, where g’ + XV — 2.
As o4p € T, we obtain that g () = 1, for every x € XV. It results
that: B(p) = A(D(p)(wr(p)) = AD()(@55p)) = Mp(aigp)). Tt follows
that ®(p)(i,j) = (fi)ier, where, applying the proof of Proposition 5.1,
we have that fi(z)(i,j) = g;’(z), for every t € T and = € X!. Then,
Jol@)(i, ) = 6 () = 1. o
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