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1.- Introduction

In April 2016, Daniela Frauchiger and Renato Renmabolished an article online entitled
“Single-world interpretations of quantum theory wgan be self-consistent” in which they
introduce aGedankenexperimerthat allows them to conclude that, if “quantumatyeis
applied to model an experimenter who herself usestym theory”, then “no single-world
interpretation can be logically consistent.” (Fraiger and Renner 2016: 1). The argument
intends to support the many-worlds interpretatibgquantum mechanics, to the extent that it
forces us “to give up the view that there is omgla reality.” (Frauchiger and Renner 2016:
22). In a new version of the paper, now entitledi&@tum theory cannot consistently describe
the use of itself” and published Mature Communicationsn September 2018, the authors
moderate their original claim. In this new versitime samé&edankenexperimerg proposed

to “investigate the question whether quantum theoap, in principle, have universal
validity”, and the conclusion is “that quantum theaannot be extrapolated to complex
systems, at least not in a straightforward mann@&rduchiger and Renner 2018: 1); on this
basis, the authors consider how the different pregations of standard quantum mechanics
and the different quantum theories should face tiesult.

Since its first online publication, the Frauchigerd Renner (F-R) argument has caused
quite a splash in the field of quantum foundatidngyeneral, it has been considered aga
no-go result for quantum mechanics. For instarcéhe website of the Perimeter Institute of
Theoretical Physics one can find a video of thé tahtitled “Frauchiger-Renner no-go
theorem for single-world interpretations of quanttimory”, given by Lidia del Rio (2016)
only two months after the original publication, June 2016. But, in many cases, more
extreme reactions can be found, based on conceili§-R argument as a kind of proof of
theinconsistence®f quantum mechanics. This idea, for instanceuggested by a post of the
Department of Physics of the ETH Zirich (the ursigrto which Frauchiger and Renner
belong), entitled “Searching for errors in the quam world” (Wirsten 2018), which asks
“How is it possible for a theory to be inconsisteviten it has repeatedly been so clearly
confirmed by experiments?” (the post is reproduceithe website oEcience Daily. In turn,
with the title “Reimagining of Schrodinger’s catebks quantum mechanics — and stumps



physicists”, an article appeared in the sectionwhleof Nature (the article is reproduced in
Scientific American And if one does not restrict the attention tghtty reputed journals and
websites, it turns to be impossible to keep tratkhe huge number of comments to the
supposedly new no-go result in other websites anslogmal blogs.

In spite of the differences between the two versiohFrauchiger and Renner’s article,
both are based on the saf@edankenexperimenwhich, according to the authors, leads to an
argument whose conclusion is a contradiction thppesedly expresses the new no-go result.
The purpose of this short article is to clarify t@e of the F-R argument, in order to show
how the contradiction is obtained. On the basished clarification, we conclude that the
result of the F-R argument has been overestimatddshould be reconsidered from a more
cautious perspective.

2.- The Frauchiger-Renner argument

The Gedankenexperimemgroposed in Frauchiger and Renner’s article isophisticated
reformulation of Wigner's friend experiment (Wignéd961). In that original thought
experiment, Wigner considers the superpositionestdta particle in a closed laboratory
where his friend is confined. When Wigner's friemgasures the particle, its state collapses
to one of the components. However, from the outsidée laboratory, Wigner still assigns a

superposition state to the whole composite systaticie+friend+laboratory.

The F-R argument relies on duplicating Wigner'supetHere we will follow Jeffrey
Bub’s presentation of the argument, since it ex¢rés structure in a simple and elegant way
(Bub 2018). Let us consider Alice and Bob locatedeéparate and isolated lagsand Ss.
Alice measures the observabled, of a biased “quantum coin” in the state
(]/\/§)|hc>A+(\/Z_3)|tC>A, where|h,), and|t,), are the eigenstates @ . She prepares a
qubit in the stat40q>B if the outcome ish,, or in the state(],/x/z)(‘ Oq>B+‘ ]q>B) if the
outcome ist,, and sends it to Bob. When Bob receives the ghbitheasures its observable
B, with eigenstate*50q>B and‘lq>B.

Now, let us consider the two laBg andSg with all their content (the quantum coin/the
qubit, Alice/Bob, the measuring apparatuses, exfjvo composite many-body systems. The
state of labSa is now described b)(]/\/:_%)|h>A+(\/%)|t>A, where |h) and [t), are the
eigenstates of the observabla=A 01, ., where 1, . is the identity observable
corresponding to all the degrees of freedor.adiifferent from those of the quantum coin. In
other words,A is the observable\, of the quantum coin but “viewed” from the perspezt



of the whole labS,. Analogously, the two alternative states of &bare described by0),

and (]/\/E)(| Oy *| ]}B), where |0), and |1), are the eigenstates of the observable
B=8B,01g,,
freedom ofS different from, those of the qubit. In other wardss is the observabl®, of the

where I5_, is the identity observable corresponding to aé ttegrees of

qubit but “viewed” from the perspective of the whadhbSs. Therefore, state of the composite

systemSy+Ss can be expressed as:

1
|LP>:ﬁ(|h>A|O>B+|t>A|O>B+|t>A|]>B) 1)
As Bub clearly notes, eq. (1) does not presuppasgu$pension of unitary evolution in favor
of an unexplained “collapse” of the quantum stafBrib 2018: 2).

The Gedankenexperimembntinues by considering two observers, Wigner nend,
located outside the labs, who will describe the ltsituation from the viewpoint of the
observableX andY of the system§, andSg, respectively:

* Xhas eigenvectoridail), and|ok), , such that:

fai), = (10}, +10,) k), =5 (1n,-10),) @
* Y has eigenvectorgail), and|ok), , such that:
fai), = (0)a *11e) oKy =5 (10)e~1d) ©

So, in terms of these new eigenvectors, the SFH& of S\+S (see eq. (1)) can be

alternatively expressed as:

9)= (2 Jo), +E[9J4, @
9= 10,0}, +, 210 1), ®

1 1 : 1 . 3 .. .
90)=loK) oK), =] ok i)+~ i) ol Py Jrai) @

In order to simplify the presentation, let us ulse éxpressionO: o' to represent the
proposition the observable O has the value Bollowing Bub’s presentation, the following
results can be obtained. From eq. (4), the p(a(r:ok, B:O) has zero probability, so
(X:ok,B:1) is the only possibility wherX : ok. From eq. (5), the paiiY : ok, A:t) has zero
probability, so(Y:ok, A: h) is the only possibility whery :ok. In turn, eq. (6) shows that
the pair(X :ok,Y:ok) has a probability ofl/12 in a joint measurement of and Y by
Wigner and Friend. But the combination of theseghesults “is inconsistent with any pair of



outcomes for Alice’s and Bob’s measurements” (Ba& 2), since the paifA: h, B:1) has
probability zero in the state as expressed by¥Eq. (

Frauchiger and Renner notice that the argumergsreln three assumptions:

(QT) Compliance with quantum theorguantum mechanics applies to systems of

any complexity, including observers.
(SW) Single-world measurements have a single outcome

(SC) Self-consistencymeasurement outcomes for different observersogieally

consistent.

In the 2016 version of their paper, Frauchiger Redner implicitly accept (QT) and (SC): as
a consequence, they claim that their argument shioat$ no single-world interpretation can
be logically consistent” (2016: 1) and, therefdxee are forced to give up the view that there
is one single reality” (2016: 22). In the 2018 vens they admit the possibility of different
theoretical and interpretive viewpoints regardihgit result, and include a table that shows

which of the three assumptions each interpretaiirauantum theory violates (2018: 9).

For our purpose it is essential to stress why #wuilt obtained by Frauchiger and
Renner has been so appealing for the quantum ftiondecommunity. The F-R argument is
based exclusively on standard quantum mechanics:inidependent of any interpretation of
the standard formalism. In particular, it does aygpeal to the hypothesis of collapse or to any
other assumption about measurement. In the orighigher’s friend argument, the paradox
arises when comparing the collapsed state of ibadrinside the lab and the superposition
assigned by Wigner from the outside. The F-R arguman the contrary, does not assume
that the measurements made by the observers olthpsstate of the measured system: eq.
(1) is the complete uncollapsed quantum state ef dbmposite systeni+Ss, and the
contradiction is obtained by considering exclugivitle probabilities that this state allows us
to infer. The only trick is to consider cases ablmability equal to zero or to one. Besides its
simplicity, the advantage of Bub’s presentationtte argument is that it makes completely
clear how the contradiction arises with no appealahy interpretive assumption about

measurement.

The reactions to the F-R argument have been meltgrid varied. An interesting
response emphasizes an implicit assumption of tganaent. the non-relational view of
quantum mechanics is an indispensable premiseeofi¢hivation. This is the view dfaslav
Brukner (2018), who considers, from an operatiopefspective, that the self-consistent
condition SC is too restrictive, since “the statferring to outcomes of different observers in



a Wigner-friend type of experiment cannot be defingithout referring to the specific
experimental arrangements of the observers, ineageat with Bohr’s idea of contextuality”
(2018: 8). From a non-operational standpoint, Demieks (2019) advocates, in the line of
Carlo Rovelli's relational view (1996), for a peegpivalist interpretation of quantum
mechanics, according to which more than one statebe assigned to the same physical
system: the state and physical properties of aeByst are different in relation to different
reference systentd; when the perspectival nature of quantum statesiaded as a premise,
no contradiction can be inferred from the F-R arganmAccording to Richard Healey (2018),
the F-R argument implicitly depends on an incongkiadditional assumptionntervention
insensitivity, which guarantees that the truth-eadd an outcome-counterfactual is insensitive

to the occurrence of a physically isolated intermgrevent.

After supplying his clear and elegant reconstruciid the F-R argument, Jeffrey Bub
(2018) claims that what he calls the “Frauchigemf® contradiction” shows that quantum
mechanics should be understood probabilisticallyaanew sort of non-Boolean probability
theory, rather than representationally, as a thedryut the elementary constituents of the
physical world and how these elements evolve dyoaltyi over time. In resonance with his
information-theoretic interpretation of quantum im&gics, Bub conceives quantum
mechanics formulated in Hilbert space is fundambnéatheory of probabilistic correlations
that are structurally different from correlatiom&t arise in Boolean theories. Analogously to
special relativity, as a theory about the structifrepace-time that provides an explanation for
length contraction and time dilation through themetry of Minkowski space-time with no
dynamical considerations, “[gluantum mechanics, aasheory about randomness and
nonlocality, provides an explanation for probalidisconstraints on events through the
geometry of Hilbert space, but that's as far gedés.” (Bub 2018: 3).

From a completely different perspective, the cosidn of the F-R argument was
rejected on the basis of Bohmian mechanics, thedigmatic one-world no-collapse quantum
theory. For instance, Anthony Sudbery (2017) offerBell-Bohmian reconstruction of the
argument, claiming that it supplies a counter-edam the conclusion obtained by
Frauchiger and Renner. With a similar reasoningstibu_azarovici and Mario Hubert (2018)
assert that any Bohm-type theory provides a lobyicabnsistent description of F-R
Gedankenexperimeiitthe state of the entire system and the effe€tsll measurements are

taken into account.

In the following section we will reconstruct theRFargument in detail only on the basis
of the standard formalism of quantum mechanicatssequences for other quantum theories



will not be analyzed. Nevertheless, such a recaoostm will allow us to bring to light the
logical structure of the argument in order to dgsciis validity and scope.

3.- Reconstructing the argument

Frauchiger and Renner assume that the states gd/dlv their argument always evolve
unitarily. In fact, collapse is not included as oofethe three assumptions on which the
argument relies. Moreover, in the 2016 article thdgrmally discuss the alternatives left by
their result: either future experiments will shdve theed of replacing the original theory by
adding, for example, an objective collapse, or we frced to reject any single-world

interpretation (Frauchiger and Renner 2016: 3). d$sumption of unitarity also explains the
fact that, in the 2018 article, collapse interptietes are included in the list of interpretations
of quantum mechanics as those that violate thengstson QT (compliance with quantum

theory) in order to circumvent the contradictiosuking from the argument (Frauchiger and
Renner 2016: 9).

Following this idea suggested in the original papén the previous section we have
pointed out that the F-R argument does not appetlet hypothesis of collapse. However, not
everybody agrees with this. For instance, Frandké aonsiders that the argument illustrates
no inconsistency in quantum mechanics, but onlywtak-known fact that “the exact point at
which the von Neumann reduction postulate shouldpddied is ill defined.” (Laloé 2018: 1).
Mateus Araujo (2018), in turn, finds “the flaw imatichiger and Renner’s argument” in the
fact that the predictions that Frauchiger and Reral@m to be followed from quantum
mechanics can only be obtained when collapse ischdddependently of the soundness of
these opinions, it seems quite clear that, if thectusion of the F-R argument depended on
collapse, it would lose much of its appealing siitcevould offer no much novelty when
compared with the original Wigner's friend argumeBy contrast, what has shocked the
physical community is that the argument seems dovsdn internal inconsistency of quantum
mechanics, independently of any interpretive additi

Nevertheless, Araudjo’s and Laloé’s claims show thate is no consensus about which
F-R argument’s premises are. For this reasonwiigh reconstructing the argument in order
to show that the “Frauchiger-Renner contradictidmifows with no need of observers (or
measurements) collapsing the quantum state. Busdhge reconstruction will allow us to
bring to light a controversial step in the devel@minof the argument.



Let us use the symbols*, ‘[J, ‘[T, and ‘-’ for negation, conjunction, disjunction and
conditional, respectively, as usual. Still followirBub’s presentation, the contradiction is

obtained in the following way:
* EqQ. (4) shows that the probability of :ok and B:0 is zero. Therefore, it is certain that
X:ok andB:0 is not the case:
Pr(X :0kOB:0=0 = ~-(X :0kIB:(Q (7)
But this last proposition amounts to say that (iteba definition of the conditional in terms
of conjunction: p -~ q=-( pO-q)), if X:ok, thenB:0 is not the case or, equivalently,
if X:ok, thenB:1:

-(X:0kOB:0) = X:ok—-B:0 = X:ok- B:I (8)

* Eqg. (5) shows that the probability of:ok and A:t is zero. Therefore, it is certain that
Y:ok and A:t is not the case:

Pr(Y:okOA:f)=0 = ~(Y:okd A:} 9)
Analogously to the previous case, this last prapmsiamounts to say that, ¥ : ok, then
A:t is not the case or, equivalently ¥f. ok, then A: h:

-(Y:okOA:t) = Yiok--At= Yok- Al (10)

 Eq. (6) shows that the probability & : ok andY :ok is not zero (in particular, it i¥/12).
Therefore, it may happen that

X :okOY:ok (11)

* From egs. (11), (8) and (10), it can be concluded, tin the case thaX :ok andY : ok,
then A:h and B:1:

A:hOB:1 12)

* But from eq. (1), it is clear that the probabilay A: h and B:1 is zero. Therefore, it is
certain thatA: h and B:1 is never the case:

Pr(A:h0B:)=0 = -(A:h0B:) (13)

* Therefore, in the case that: ok andY : ok, the following contradiction obtains

(A:hOB:1) 0~ ( A: hO BY) (14)
This means that the conclusions obtained by Alrad Bob, who rely on the state vector as

expressed in eg. (1), contradicts the conclusidmaimed by Wigner and Friend, who have

access to the state vector as expressed by eq. (6).



As this reconstruction shows, the contradictioweein the observers’ conclusions does
not need that the quantum state collapses: theyagaee on their disagreement just by
looking at the uncollapsed quantum state. As sttksbove, it is precisely this fact that
makes the F-R argument novel and astonishingeingggly shows an internal contradiction
at the level of probabilities, independently of amterpretation.

But, is this argument legitimate? We will show thdgspite of its persuasiveness, one of
its steps requires further scrutiny. First, it ecassary to identify the Hilbert space in which
the whole argument unfolds. If Alice’s |&a is represented by the Hilbert spakg, then the
observablesA and X are represented by operators acting Hp and their respective
eigenvectorgh)  and|t),, and|ok), and [fail), belong to%,. Analogously, if Bob's lab
S is represented by the Hilbert spatg, then the observablds andY are represented by
operators acting oftt; and their respective eigenvect¢@, and|1)_, and|fail), and|ok),
belong to Hg. Therefore, the statbP) of the composite syste®+S; is represented by a
vector belonging to the Hilbert spagé,; = H, 0 H.

Now let us consider the three propositions involvied the derivation of the
contradiction:

e In order to conclude thaIPr(X :okB :O): C, eq. (4) should be expressed in the basis
X-B={[fail), |0),.|fail)  [1) .| 0k) .| 0) ;] 0K |} } of H,g, thatis, the basis defined by
the observableX andB:

2, . 1. 1
9)= 211 [0), +— ) 1), [0k 4, @s)
Therefore, the propositiom(X:okDB:O) = X:ok- B:1 is obtained in theX-B
context.

« Analogously, in order to conclude thﬁr(Y ok A:t), eg. (5) should be expressed in the
basisY-A={|fail), | B ,.|fail),| § ,|ok) | B 4|0K) |} } of Hyg, that is, the basis defined
by the observableg andA:

1 . 1 2 .
)= 1), + 1) JoK) | 2] Ja) @9
Therefore, the propositiom (Y:okD A: t) = Y:ok- A I is obtained in theY-A
context.

e Finally, in order to conclude tha?r(x ;okdY :ok) %z C, eq. (6) is expressed in the basis
X-Y ={|fail), [fail), , [fail ) . Jok),.|ok) ,[fail) ,,|ok) Jok) } of H,g, that is, the basis
defined by the observables and Y. Therefore, the propositiorX :ok Y :ok can be
meaningfully expressed only in tieY context (both when it is true and when it is false



* EqQ. (12) is obtained by combining eqgs. (11), (8)l &h0) in the following simple logical
argument:

X:okdY:ok , X:ok- B:1,Y:0k- A:h= A h B: @an

But, in which context can those three propositibesombined so as to obtaix h(1B:1? In
order to simultaneously assert a proposition retetio observableX andY, a proposition
referred to observables andB, and a proposition referred to observablieendA -the three
premises of the reasoning of eq. @ the contexX-Y-A-Bshould be defined. The derivation
expressed in eq. (17) would be valid if the ba¥d3 Y-A and X-Y were really alternative
expressions of a same basis of the complete Hifipate,;. However, this is not the case:
they are three different bases, rotated with rdsjgeeach other. This is a consequence of the
fact that:

(i) X does not commute witA: in the Hilbert spacet,, the two eigenvectofsk), and
|fail), of X are rotated with respect to the two eigenvecfiofs and|t), of A (see in eq.
(2) how they are interdefined), and

(i) Y does not commute witB: in the Hilbert spacef;, the two eigenvectofsk), and
|fail),, of Y are rotated with respect to the two eigenvectOys and|1), of B (see in eq.
(3) how they are interdefined).

The fact that the basésB, Y-AandX-Y are different bases df{,; can also be demonstrated
by defining three observabl&,,, O,,, and O,, acting on’H,g, whose eigenvectors are the
members of the basesB, Y-A and X-Y respectively: it can be proved that those three
observables do not commute with each othf@g, O #0, [Oys Oy ]#0, and
[QA, OXY] # 0 (see the detailed proof in the Appendix).

Summing up, the base&B, Y-A andX-Y, in the context of which the propositions
X:ok - B:1, Y:ok - A:h and X:0ok[Y:ok can be respectively asserted, are different
bases of the same Hilbert spatg. But we have learnt since the first courses omtyum
mechanics that propositions corresponding to diffebases (assigning precise values to non-
commuting observables) cannot be simultaneoushriess Therefore, if those old lessons are
taken into account, the “Frauchiger-Renner conttamhi” does not follow.

4.- What the argument shows

But, then, what does the F-R argument show? Whemethsoning is carefully reconstructed,
it is quite clear that the argument proves that,quantum mechanics, if we combine
propositions corresponding to different contextsnbgans of standard logic, consistency is



not guaranteed. Or, in other words, the argumeovgs that the structure of the quantum
propositions is a non-Boolean lattice (see, elg,already classical Bub 1997). But this is

clearly not a new result.

Somebody might retort that, since the argumentvdsrithe contradiction only in terms
of probabilities, the combination of different cexts is a legitimate strategy. But this is not
the case if the probabilities equal to one are useamssert non-probabilistic propositions. In
fact, given a spin-1/2 particle and two orthogodiaéctionsz andx in physical space, it can
be inferred thaiPr(SZ 1S ) =1and Pr(S, i~ O S :~)=1. Moreover, as usual, in the
S, context, the first probabilistic result can bedise assert the propositid, :t O S : , and
in the S, context, the second probabilistic result can bedut assert the proposition
S - 0S:—, with no need of any measurement. Nevertheless,falot that the two
propositions were inferred from probability-oneuks does not legitimize the assertion of the
combined propositiorfS, :t 0 S:1)0( §:- O S:<): we cannot conclude that the spirzin
is in one of its two possible valuasdthe spin inx is in one of its two possible values.

Summing up, the F-R argument derives a contradiotidhout appealing to collapse
but by using classical logic to connect proposgicoming from different contexts. What are
the possible reactions to this result? One of tham,advanced above, is to admit the
contradiction as aeductio-ad-absurdunproof of the non-Boolean structure of the quantum
propositions. In this case, the result can be damsd correct but not novel at all. However,
from a less benevolent perspective somebody mighthdhat the argument is plainly wrong,
becauseat present everybody knows, at least, that the conjunction pobpositions
corresponding to the values of non-commuting olzd#es is forbidden in the quantum
domain. And the word ‘forbidden’ must be understawith a meaning rooted in the very
praxis of science: if in a quantum mechanics exastuaent concludes a conjunction of
propositions corresponding to the values of non+ootng observables, the exam would
certainly be disapproved. From this second positphysics is not reduced to a mere set of
formalisms; it is a dynamical body of knowledgecontinuous development. Therefore, a
physical result must be assessed not only in timegb of the formalism from which it is
derived, but also in the broader framework of thgics’ community knowledge at the
historical time when it is obtained: a result tisahovel at one time, may be trivial at a later
time, and may even be strictly wrong when, aftenyngears, it is already well known that the
assumptions on which its derivation was based aaeaeptable.
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5.- Conclusions

In this brief article we have analyzed the F-R amgat by following the clear and
illuminating presentation offered by Jeffrey Bubanvery recent work. On the basis of a
detailed reconstruction of the argument, we havewsh that the F-R argument is
interpretively neutral; in particular, it does metuire collapse to lead to its conclusidihe
contradiction clearly pointed out by Bub arisesdoysidering exclusively the quantum state
of the whole situation, without appealing to effeetmeasurements or to any interpretive
addition to the formalism. This fact is what expkathe strong repercussion of the Frauchiger
and Renner’s paper, and the alarmist consequeheéhave been drawn from it: that the
argument breaks quantum mechanics” or that the theory isnsistent, or that there are
“errors in the quantum world”. In fact, the papeesis to show that the problem does not lie
in any interpretive addition to, or reformulation tfe standard formalisnbut in the core of
guantum mechanics itself. The final aim of our retauction of the argument was to show
that the derivation of the F-R argument’s conclosiequires the conjunction between
propositions corresponding to different contextgttis, propositions that assign precise
values to incompatible observables; this resultukhasuffice to temper those worrying
opinions about quantum mechanics.

In the last section of his article on the F-R argntmBub asks “What are the options in
the light of the Frauchiger-Renner result?” (Buli204). Of course, one option is adopting a
non- representationalist, informational view of guen mechanics, as Bub himself does since
several year ago (Clifton, Bub, and Halvorson 20@8)other option is advocating for a
relationalist (Rovelli 1996) or perspectivalist @Rs 2009) interpretation of the theory, as
explained above. Certainly, the many-worlds intetgtion (Everett 1957; for an updated
version, see Wallace 2012), which Frauchiger andnBepresented as almost the only way
out to their contradiction in the first versiontbkir paper, is also an alternative. But one may
also be a Qbist (Fuchs, Mermin, and Schack 20¥4nay adhere to a modal interpretation
(Lombardi and Castagnino 2008) or to a transactimterpretation (Kastner 2013). And one
may furthermore prefer to admit modifications ok tktandard formalism and endorse
dynamical collapse theories (Ghirardi, Rimini anciMgr 1986; for an updated review, see
Ghirardi 2018), or Bohmian mechanics (Bohm 1952;do updated review, see Goldstein
2017), or the consistent histories approach to mumarmechanics (Griffiths 1984; for an
updated review, see Griffiths 2017). And we apdegn advance for all the interpretations
that we have not mentioned here. But the fact & #il these options were already open
before the F-R argument was proposed. And, beyogah@ing some of those interpretations
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according to the violation of some of the assunm#tiof the paper, the F-R argument closes
none of them. Of course, F-R is a no-go argumeutt,obe that was very well known since

long ago.

Appendix

As explained in the body of the article, what is sédke is the conjunction of three
propositions corresponding to three contexts oingles Hilbert space. The problem derives
from the fact that the three contexts are stridtfferent, that is, they correspond to different
bases of the Hilbert space. This can be provedaridliowing way.

The propositionsxX :okOY:ok X:ok - B:1, andY:ok » A:h can be respectively
asserted in the following basesHfg:

- The basisX-Y:{|faiI>X fail), , [fail}  [ok ) .|ok) |fail) ,,|ok) ] ok) }
~ The basisX-B={|fail), [0) .| fail) . [1) ;.| oK) .| O, | 0K .| 3 }
- The basisy-A={|fai), |, [fal), | § /oK) | B oK) | b }
In order to simplify notation, let us express tve first bases as:
X-Y ={|fail ., fail ), |ail ,0k \,| Ok . fail ,),| Ok 4, Ok y} (A1)
X-B={|faily,0g),|fail x,15) | Ok, Og) | Oky .1} (A-2)
Now let us define the observabl€3,, and O,;, associated with the bas&sY and X-B

respectively, as follows:

Oyy =ayfail y,fail y)(fail fail |+a,fail ok yffail ok |+ (A-3)
+015 0k faily )0k faily| +a1 | Ok y, 0ky)( Ok y,0ky
Oyg =By fail x, 0) (fail ,0 ¢+ B | il 5,1 ¢)(fail 1 4+
+ B3| 0ky ,05)( Oky 05| +By4| Oky ,3)( Ok¢ Y

In order to know whethe®,, and O,; commute, let us expres3,; (eq. (A-4)) in the basis
X-Y (eq. A-1)):

(A-4)

XB—E[([31+[32 fail y, fail ) (fail ,, fail ||+ (B, ~B,)[fail yfail Jfail ok |+

+(B, ~B,)|fail ., oky ){fail , fail | + (B, +B,)|fail 0k \)(fail ,ok |+
(Bs+B,)|oky . fail, ) {0k, faily| +(Bs = B,)| Ok x, fail ,){ OK y, 0k | +
(Bs —B,)| ok , Ok, ){ Ok, , faily| +(B5 +B,)| 0Ky, 0k,){ OKy ,Ok| (A-5)

+

+

12



The commutatof Oy, Oyg] is zero if Oy is also diagonal in the basisY. As eq. (A-5)
shows, this happens only wheBy =3, and ; =f,, that is, whenO,; is degenerate
regarding its eigenvalue§, =3, and B;=0B,. This would imply that the propositions
X :failO0B:0 and X :fail 0B:1 would be indistinguishable since represented leyshme
number, and the same would happen with ¥heok 0B:0 and X:ok[IB:1. But this is
contrary to the starting point of the F-R argumevtijch assumes that the observabBlbas
two distinguishable values, represented by differeigenvalues of the corresponding
operator. Therefore, sind®, # P, and B, #B,, then[Oyy,Oyg] # 0. Completely analogous
arguments can be developed to prove [@p, OYA] z0 and[OXB, OWJ 0.
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