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This is an article about foundation of paralogical nonstandard analysis and its
applications to the continuous function without a derivative presented by absolutely
convergent trigonometrical series and another famous problems of trigonometrical
and orthogonal series. In part 1 of the present work, using the methods of paralogical
nonstandard analysis, we shall obtain a general criterion for that there is no function
which would be the almost everywhere finite derivative function for the following
continuous function:

S5y = S EREX T B N N wn):N > RS w3 ) < .
n=1 602(71) n=1

Part |
Foundation of paralogical nonstandard analysis and application to problems
of non differentiable functions presented by absolutely convergent
trigonometrical series. Part I.

l. Introduction and results

According to Weierstrass [1], in a talk to the Royal Academy of Sciences in
Berlin on 18 July 1872, Riemann introduced the function

R = T )

n=l1



in order to warn that continuous functions need not have a derivative. Not
succeeding in verifying that %(x) is nowhere differentiable, Weierstrass proved this

property instead for the series

W(x):ib” cos(a"t), 0<b<l, (1.2)

n=1

with suitably chosen positive numbers a and b. This appeared first in print in
Du-Bois-Reymond [2]. According to Butzer and Stark [3], there are no other known
sources which confirm Riemann's role in the story. Hardy [4, pp. 322-323] proved that
Riemann's function R(x) is not differentiable in any irrational point x and also not
differentiable in a large class of rationalx e 0. With a completely elementary but long
proof, Gerver [5] succeeded in 1970 in showing that at every rational point
r=p/qwith p and q both odd, f(x) is differentiable, and has derivative equal to -1/2 at
r. Furthermore he showed that at all other rational points the function is not
differentiable. Other,shorter proofs were given by Smith [6], Quefelec [7], Mohr [8],
Itatsu [9], Luther [10] and Holschneider and Tchamitchian [11]. For previous reviews
on Riemann's function, see Neuenschwander [12] and Segal [13]; the literature list of
[3] contains many further references abaut the Riemann's function %(x). For 2< <4,
in [14] directed analyze the behavior, near the points x = pz/q of

Gw(x):in’ﬁ exp(ixn’) | (1.3)

considered as a function of x,and expand this series into a constant term, a
term on the order of (x-pz/q)” ", a term linear inx-pz/q, a ~"chirp" term on the

order of (x- pz/¢q)**™"'"*, and an error term on the order of (x-pz/q)”*. At every such

rational point, the left and right derivatives are either both finite (and equal) or both
infinite, in contrast with the quadratic series, where the derivative is often finite on
one side and infinite on the other. However, in the cubic series, again in contrast with
the quadratic case, the chirp term generally has a different set of frequencies and
amplitudes on the right and left sides. Finally, we show that almost every irrational
point can be closely approximated, in a suitable Diophantine sense, by rational points
where the cubic series has an infinite derivative. This implies that when

B<(H9T-1)/4=2212.., (1.4)



both the real and imaginary parts of the cubic series are differentiable almost
nowhere. At the same time it is necessary to note that in spite of a big progress
obtained in the considered studies area, any general absence criterions of the finite
almost everywhere derivate for absolutely convergent trigonometrical series was not
obtained.

In the present work, using the methods of paralogical nonstandard analysis, we
shall obtain the general absence criterion of the almost everywhere finite derivative
function for the following continuous function

() = °° exp(i -;c)-z;-)wl(n)) |

(1.5)

a)l(n):N—>N,a)z(n):N—>R,i|a)2‘1(n) <w. It is shown that by the execution of

n=1

condition

z(MJ o, (1.6)
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function 3(x) does not have a finite derivate on a quantity of a positive

measure. Particularly we shall reinforce the foregoing Gerver’s result by showing that
inequality (1.4) is possible to change by inequality p<3.5, at least for a quantity of

points of a positive measure.

Il. Paralogical sets. Strong paraconsistens set theory ZFC*

A set theory is paraconsistent if it is inconsistent but nontrivial, i.e., at least one
contradiction is derived but still there are formulas that are not theorems. Thus the
anderlying logic of paraconsistent set theory must be a paraconsistent set theory
must be a paraconsistent logic, i.e. in which there is a symbol of negation —, such
that from a formula 4 and its negation —4, it is not possible in general to obtain any
formula B whatsoever. For the first time paraconsistent set theory was made N.C.A.
da Costa, in 1963, [15] , the same work in which he presented his infinite hierarchy of
paraconsistent logics. Further attempts can be found Arruda [16], Assenjo and
Tamburino [17], and Goodman [18]. Except for da Costa’s, Assenjo and
Tamburino’s  set theories the others are proved to be nontrivial. Those,
paraconsistent set theory already proven to be nontrivial may be called weak
paraconsistent set theory for because of her underlying special logic, a lot of the
basic results of classical set theories system zrc are not valid in them. The others,



supposing that they are nontrivial, may by called almost strong, paraconsistent set
theory for almost all results of classical set theories system zrc are valid in them.
The others, supposing that they are nontrivial, may by called sfrong paraconsistens
set theory for all results of classical set theories system zZFcC are valid in them. Arruda
[19] proved that da Costa’s formulation of the axiom schema of abstraction for the
systems NF,,1<n<w, leads to the trivialization of the systems, ~NF with da Costa’s
formulation of the axiom schema of abstraction, leads to the paradox of identity:
vxVy(x =y), NF, after correction by Arruda’s special syntactical development, may be

considered as a almost strong paraconsistent set theory. But many ears the method
for strong paraconsistent set theory production was not found.

Let us call a set x -strong paralogical set if it may exist in strong paraconsistent
set theory but not in a classical set theory zrc. Let us call a setx -paralogical set if
for certain relation %(c)such R(x)and —-R(X). For example the all setx suchxex

. . y A A . .
and X ¢ X is a paralogical set, thus Rassel’s set %,=X—(X € X), is a paralogical set,
A A
thus Rassel's n-order set R =x-"(XxeX), where —"4is defined as -4 4",
A A
AV =A"NA?.. A", A" =(4")", 4" = 4' =~(4r—4), IS a paralogical set, thus the universal

set Vi;c(x:x), is a paralogical set.

Theorem l. x strong paralogical set< X is a paralogical set.

Let us call the abstract relation %(c)-paralogical relation if for certain
object x we have R(Xx)and-R(X). Let us call the abstract relation R(.)auto-logical if
R(R(e))is true i.e.R() eNR(o), and let us call the abstract relation %(-) hetero-logical if

R(R(e))is false i.e.R()eR(). Thus Grelling’s relation Gr(o)iifi(o)[m(o) ¢ Re), is a
paralogical relation. (Grelling’s paradox), n-order Grelling’s
relation Gr, (o)i*fi(o)[ﬁ‘”[m(o) e R(o)]], is a paralogical relation

( n-order Grelling’s paradox ).

Let us call the proposition 4-this is a paralogical proposition, if for certain
objects X ,R(c): 4 < RX),and R(X) A -R(X).

Definition I. VR—R(X)[R(X) < R(X)]..

Definition Il. VPERii%(X)[SR(X) is a paralogical proposition,

X eV,R(X)eVR], i.e. VPR is a set of the all paralogical propositions.

Definition Ill. Let us call the paraconsistent logic 3-this is a strong
paraconsistent logic, if any paralogical proposition don’t invalidate logic3.

The postulates of propositional strong paraconsistent logic L' are the
following:



l. Logical postulates:

(1) 4= B= 4,

(2) (4=>B)= (4= (B=C)= (4= (C)),
(3) A= (B= A1 B),

(4) AAB= 4,

(5) ArB=B,

(6) 4= (4vB),

(7) B=(4v B),

(8) A= C)=(B=C)= (4vB=()),
(9) Av—4, ifand only if 4¢VPR.
(10) B= (—B = A).

Il. Weak modus ponens :

(1) 4, 4= B|=, B, if 4¢vP% (but not: if and only if),
(2) 4, 4= B|#, B, if 4eVPR and BeVR\VPR,
(3) B.B=(-B= A)|#,, ~B= 4,ifBeVPR.

Definition IV. zrc* = ZzFC + @r)+(L").
Theorem Il. ZFC” is a strong paraconsistens set theory.
Theorem lll. ConsisZFC < ParaConsisZFC".

lll. Paralogical ultrafilters and paralogical nonstandard extensions

The starting point of classical nonstandard analysis is the construction and use,
of an ordered field R which is a proper extension of the usual ordered field R of real
numbers, and which satisfies almost all the properties of R. We refer to ‘ras a field
of classical nonstandard real numbers, or as a field of classical hyperreal numbers.
We also refer to *nN as the set of classical nonstandard natural numbers or as the set
of classical hypernatural numbers. Because the ordered field Ris Dedecind
complete, it follows that extension field *Rwill necessarily have among its new
elements both infinitesimal and infinite humbers. Bat it is easily seen that a proper
classical extension field*Rof R cannot satisfy literally all the properties of R For
example it cannot be Dedecind complete, because the set of finite numbers in
*Rcannot have a least upper bound r, because then »-1would be a smaller upper
bound. Thus nonstandard field *r may be called weak nonstandard extension of the
fieldr. But it is easily seen that a strong nonstandard extension of the fieldr,
cannot exist in set theory zFrcC.

Definition IV. Let us call algebraic field ©in set theory zrFc*, non-classical field,
if it may exist in set theory zrC*, but not in a classical set theory zFcC.




Definition V. Let us call non-classical field ®- paraordered field, if ordered
relation (o <o) - it is a paralogical relation on the 6x6.

The starting point of paralogical nonstandard analysis is the construction and
use, of an paraordered field R which is a proper extension of the classical
nonstandard field °R.

Definition VI. Let us call paraordered field “R-stronq nonstandard extension
of the field’R, if R satisfy literally all the properties of R.

Theorem lll. Strong nonstandard extensions of the classical nonstandard field
"R, exist in set theory zZrc*.

Definition VII. Let X be a paralogical set. A paralogical filter on Xis a set F of
subsets of X such that :

(1) xer,
(2) The intersection of any two elements of I is an element of F,
B)fzerFrandH cGc x then GeF,

(4) eF,(5) DeF.

Definition VIII. A paralogical filter F is said to be fixed or principal if the
intersection of all elements of Fis nonempty; otherwise, F is said to be free or non-
principal.

Definition IX. Let X be a set. A collectionU of subsetsof Xis an paralogical
ultrafilter if Uis a paralogical filter, and whenever 4 c x then either 4cUorx\4eU .

IV.Paralogical nonstandard analysis and paralogical ultraproducts of
structures

A basic framework for Paralogical Nonstandard Analysis (PNSA) can be
derived in a very natural way from the elementary properties of ultraproducts. Logical
formalism provides a convenient way of expressing and using the basic properties of
paralogical ultraproducts. Let ¥ be a set of mathematical objects; we want to
consider paralogical non-standard extensions of . Each such extension is based on
a set that we will denote by “¥. To begin we construct these as paralogic
ultrapowers ofy . Let 7 be an index set and U* an paralogical ultrafilter on 7. To



avoid trivial situations we assume thaty andr are infinite and that v” is countably
incomplete. This means that there are sets (U, |ne'N)inU" such that (U, |ne"N) =2

Note that any nonprincipal paralogical ultrafilter on a countable index set must be
countably incomplete.

On the space 1’ of all functions «: 7 — ¥ define an equivalence relation ~,» by

a~, Bliellal)=pG0)}eU’.

Then *y is defined to be the set of all equivalence classes of ~ . on 7.

That is,elements of “ are represented by functions «:7 -V ,and these
functions, are identified exactly when they are equal “almost everywhere” in the
sense of “U. For each functiona«:7 — ¥ we denote its equivalence class under ~ . by
[«],. We regard "V as an extension of V' via the diagonal mapping#:" v —"r

defined foreach acV by “a=[a], Wwhere « is the constant function a«:7 >V
with a(i)=afor all ie1. To obtain a fully equipped paralogical nonstandard extension
of ¥ from this construction we define “4 for every set 4 cv” and define *4 c(*r)” for
every function f:4— Bwhere 4and B are subsets of (possibly different) cartesian
powers of 7 . First consider 4c v and define “4c(*r)" by

(&)l ) A < fi € T (a,(),..na,, (i) € A} e U*.
Next consider f:4— B where 4cV” and Bc V" and define * f:"4—"B by

#f([a1]# ----- [, )) =B s [8,10)

where 3,..., 5, are elements of V' satisfying

{i € T1(B(0)yers B,(D)) = f(0t, (i), (D)} € U*.

Of course one must show that “4 and " are well defined on the equivalence
classes: [«,],....[a,],; this is an elementary exercise.

The full system just defined will be referred to as the“v -paralogical ultrapower
nonstandard extension of ¥. The most important properties of this “mapping are
given next. They are all very easy to prove using the elementary roperties of
paralogical ultralters. For each m,n>0 this “mapping satisifes the following

conditions:



(El)# preserves membership and function values: For each aq,...,a, eV ,if
Acv™, then [(q..."a,)e’ 41" =(a,,..."a,)e’4 < (a,,..,a,)e A,ne N; moreover, if
f:A4->B is a function, with  a,.,a,edcVv”™ and BcV", then
‘fCay,.."a,)="(f(a,0a,)) .

(E2)# commutes with Boolean operations: if 4,BcVv”, then
“(ANB)=("aN"B),* (AU B) =("AU’B) ," V" \ 4) =("V)"\"4;moreover,”* V") =("V)" and "@ =J.

(E3) #commutes with Cartesian products: if Acv"andBc V"
then”(4x B)="4x"B. We regard 4xBas a subset of r"*".

(E4) # commutes with coordinate mappings: ifz:V" - V" is any coordinate
mapping on v then “z:(*r)" —('V)" is the corresponding coordinate mapping on "V ;
moreover “(z(4)) ="r)(’A)forall Acv".

By a “coordinate mapping” in (E4) we mean a map, which omits, identifies
and permutes coordinates. Such a map is associated to a sequence

s =s,,..,s,0f elements of {,...m}.The coordinate mapping = from r"” tor" is the
one that satisfies =z, (q,.....a,)=(a,...a,) for all a,..a,ev. Note that this gives a
uniform meaning to ~, independent of the set from which the coordinates are taken.
In particular, the corresponding coordinate mapping on “ is given by a similar
definition and (E4)includes the assertion that this mapping is equal to”, .

(E5) # is injective: if 4c V™ is nonempty, then “4 is also nonempty.

Therefore, for any 4,BcV”['4="B]"="4="B < 4=B;moreover, iff,g are
functions from 4cV"toBc V" then[f="g]"="f="s & f=g.

(E6) # preserves finite cardinalities: if 4 c V" is finite, then4 and *4 have the
same number of elements; if 4c V™ isinfinite then”4 is infinite.

(E7) # preserves function graphs: if f:4—B is a function, with 4cr”
andsc V", andif Ccy" is the graph of f,then “I" is the graph of

the function *f*4—"B.

(ER) # preserves identity functions and commutes with composition of

functions: if 1 is the identity function on4c v, then’f is the identity

functionon *4;if f: 4> B and g:B — Ccare functions, with4c V" ,Bc V"

and Ccv*, then “(go /) =("g) (/).

(E9) # is proper: ifAc V™ and 4 is infinite, then 4 contains elements

that are nonstandard; that is *4contains elements which are not of the

form (“a,,...,"a,) with a,,...a, eV .

Definition. (Paralogical Nonstandard Extension of a Set 1) Let /" be an
infinite paralogical set. A paralogical nonstandard extension of ¥ consists of a
set “v together with a mapping # that embeds v into " and that assigns a set

*4c(*V)"to each set 4c V™ and a function” f:*4—-"Bto each function f: 4 > B.



(where 4cv™andB c V") such that conditions (£1) through (£9) are satisfied.

Remain standard intended use of formulas, let x,y be variables ranging over
nonempty sets 4,8 respectively and let ¢(x,y) and w(x,y) denote conditions
(formulas) on (x, y)defining subsets ® and ¥ (respectively) of 4xB.

We consider certain logical formulas that can be built up from ¢(x, y)

and y(x,y) (on the left below) and the sets that are defined by them (on

the right):
A & nd™
A (Ar-4")
9 (x,)) defines o(x,y) A="0(x,y)
—p(x, ) defines the complement ® in 4xB,
—p(x,y) defines the strong complement @ in 4x B,
P(x, y) Vi (x,y) defines the union oUWV,
o (x, )V (x,y) defines the strong union U ¥,
o(x,y) A (x, V) defines the intersection oN¥,
0" (x,y) Ay (x,)) defines the strong intersection o NV¥,
Ixp(x,y) defines the projection  where
is the projection onto the second coordinate,
Yyo(x,y) defines {x eA| {x}x Bc CI)},
Y yo(x,y) defines {x €Al [{x}x Bc (D]'}.

Note that the universal quantifier v can be handled in terms of the

existential quantifier, by means of the easy
equivalence Vvyop(x,y) < ="Iy-"p(x,y) .

In a similar way we use the =-implication sign —° as ing(x,y) = w(x,y),to
abbreviate the formula (- ¢(x, ) vy (x,y) ,and we use the *-equivalence symbol «*,as
in o(x,y) < y(x,y) to abbreviate[p(x,y) =" y(x, »]Aly(x,y) =" p(x, )]

Now we define the particular logical formulas that will be used in working with
V.

Definition. (Formulas Over 1) Let ¥ be a Universal Set.

(1) Basic formulas over 1 consist of the formulas ,...s,)e4and
f(s15y8,)=(t,,....1,) , Where A4is any subset of ™ |, fis any function from a subset of
y™ into ", and each element of the sequences,,....s .1,,....t,

is either a variable ranging over v or an element of 1 (with repetitions allowed).



(2) Formulas over 1 are obtained from basic formulas over v by repeatedly
applying the connectives v,A,—,—",—,—>",<>,<"and the quantifiers3, v, v*applied to
variables which range over v .

Each formula over  has an obvious interpretation in ¥ (equipped with

all relations and functions). If w c v then every formula over w can

be transformed into an equivalent formula over v by relativizing all of its

quantifiers to w.

Note that functions appear in formulas over v only through their graphs.

This allows us to use partially defined functions, and it is less restrictive than

it may seem at first. For example  suppose f,g and & are nonparalogical
functions from 7 into itself, and we want to express the condition that » is the
composition of 1 and g. This can be done using the following formula

V' xV*y[h(x) =y <>* 3z(g(x) =z A f(z) = )] Which is a formula over 7. Suppose <
cV? is an ordering relation on ryand we want to express the condition that
[f(x) < g(x)]" holds for all elements x <V . This can be done using the following formula
over V: VxvV'Vz(f(x)=yrgx)=z)>" y<z]. In this way we see how statements
involving the composition of functions and the substitution of functions in predicates
can be expressed using formulas over 7 .

Now consider a fixed paralogical nonstandard extension “ of . Each formula
over ¥ can be given a i.e. nonstandard interpretation in 7 and this turns out to be
the key to proving things about the nonstandard extension.

This interpretation is made precise by defining for each formula over v its

#-transform, which is a formula over ‘v . The Transfer Principle which we

state below gives the exact relation between the meanings of these two

formulas. To help keep the two classes of formulas and their interpretations

clearly distinct, we use lower case variables such as x,...,x, to range over

v and upper case variables such as Xx,,..,X, torange overr .

Definition. (#-Transform of Formulas over 1 ) Let ¥ be an infinite set and
let ¢(x,,....x,) be a formula over . Consider any nonstandard extension v of . The

#- transform of ¢(x,,..,x,) is a formula over”y which is denoted by “¢(X,,...,X,) and

is constructed as follows:
(1) Find all of the sets 4c¥™ that occur in ¢(x,,..,x,) in basic formulas, and

replace each such set by its counterpart 4 over *v; similarly, replace each function
f:4— Bby ’f and replace each element « of ¥ by “a and

(2) replace every variable . ;-1 . » in ¢(x,,..,x,) including the ones that are used
with quantifiers, by a corresponding variable Xx,,i=1...,m which ranges over v .

Theorem. (Paralogical Transfer Principle) Let ¥ be an universal set and
consider a fixed nonstandard extension of 1.



(1) Let o(x,,....,x, ) be a formula over ¥ and let “o(X,...,X ) be
its #- transform. Suppose Bc V" is the set defined by o(x,....,x,):

B={(x,...x,) V" | p(x,,...,x, ) iS true inV}.
Then’B is the set defined by “p(X,,...X,):
‘B={(X,,.X,) e('V)"| p(X,... X,)) iS true in 'V},

(2) Let ¢ be any sentence over v, and let “p be its #- transform. Then
(2a) pis true in V¥ o%p'is true in*y .
(2b) pistrue in v ="pis true inr .

The Paralogical Transfer Principle is a flexible and useful result which
expresses nearly everything that one needs to know about paralogical nonstandard
extensions. In particular it gives precise meaning to the statement “the paralogical
nonstandard extension of ¥ possesses all of the properties that ¥ does” It embodies
the content of conditions (£1)-(£9) in logical notation and makes it possible to derive

useful consequences from those conditions with less effort than would otherwise be
true. It is proved by a straightforward argument by induction on the construction of
formulas over . In most expositions of Paralogical Nonstandard Analysis the
Transfer Principle appears in the definition of the concept of paralogical nonstandard
extension  which requires the use of logical notation right at the start. We have
turned things around so that the Paralogical Transfer Principle is

derived from principles that are mathematically more transparent and we

view it as a technical tool for working with paralogical nonstandard extensions.
When applied to paralogical ultrapower paralogical nonstandard extensions, the
Paralogical Transfer Principle is also we call as the Theorem of Los or the
Fundamental Theorem of Paralogical Ultrapowers. We will always assume that the
basic set ¥ contains the set Rof real numbers. The set “R is equipped with binary
functions “+ and “x and with a binary paralogical relation “<. Equipped with this
additional structure, “R is an paraordered field a real closed paralogical field in fact.
These properties can be formulated using logical sentences and the Paralogical
Transfer Principle is then used to prove that they hold in R because they are the #-
transforms of sentences that hold in R. For ease of notation we will follow the
customary practice of dropping the # and denoting these as +,x, and <.

Definition. x<* y < (x<y)*;x,ye’R.

Moreover we act as though the embedding of ‘R and R into “Rgiven by the #
mapping is an inclusion. With these conventions,”R is an paraodered, Dedecind



complete (¥ -universal set) field, extension of R. Moreover the set *z which is the
set of “paralogical nonstandard integers” is the domain of a subring of “Rwhich has
the property that for every re*R there is a unique rne’Z which satisfies n<r<n+1.
A number x in “R is called strong infinitesimal if —» <* x <* » holds for every
standard positive real number reR. A number x in ‘R is called
parainfinitesimal if —»<* x<" » holds for every positive real number r € R,and
—Vr(-r<"x<"r). A number x in “R is called infinitesimal, if x strong

infinitesimal or parainfinitesimal. If x,ye'R we write x~'y when x-y is strong
infinitesimal, we write x~" y when x-y is parainfinitesimal, and we write x~y when
x—y infinitesimal. A number xe’R is called strong finite if there exists a standard

positive real number » e R such that —» <" x<* ». A number xe’R is called parafinite if
there exists a standard positive real number reR such that -r<x<rand
—3r(r, e B)[-r, <" x<" r]. A number xe’R is called finite if xstrong finite or parafinite.

Otherwise xe’Ris called strong infinite, parainfinite or infinite. Each finite number
xR determines nonempty set D(x)of the Dedekind cuts in R; therefore there is a

unique nonepty set ST(x) of the standard real numbers » e R such x=~" re ST(x). This
set ST(x)is led the parastandard part of x, ad we write sz(x) = inf{ST(x)}- lower standard
part of x, and we write st(x)=sup{ST(x)}- upper standard part of «x. If
st(x) = st(x) =st(x)we call st(x)- standard part of x. Evidently for all finite numbers
x,ye"R:

(1) st(x) < st(x),
(2)x <" y = [(st(x) < st() A (st(x) < st(P)],
(3)st(x+ y) = st(x) +s1(y)
(4)st(x+y) = st(x) +st(y),
(5) ifst(x) > 0,s¢(y) >0 thenst(xx y) = st(x)x st(y),
(6) ifst(x) > 0,st(y) > 0then st(xx y) = st(x)x st(y).

Remark. The set of finite numbers in “R is a convex subring of “rRand the
mappings si(c) andsz(-) is a homomorphisms of ordered rings from this subring onto
R. The kernel of s«(s)andst(c) is obviously the set of infinitesimals in “&. Condition
(E9that "V is proper, implies that there exist non-zero infinitesimals in “R and that
there also exist infinite numbers in “Ras well. In other words “R is non-Archimedean.

Bat when 7 - universal set,”z satisfier literally all the properties of z. In this sense, we
have literally reconstruction the Archimedean properties inside *R.

One of the key ideas in most applications of classical nonstandard methods is

the concept of internal set or function on the nonstandard Robinson’s extension
V. This concept is the most effectively developed in PNSA when v - universal set,
because in this case ¥ has all classical set theoretical structure so that the sets and



functions we are interested in are themselves represented by elements of 1,
and”y v . In the most general framework for classical NSA this is handled by taking
v to be a superstructure; see Section 6 of [ ] for example. Here we will take a more
limited point of view. That is, we consider a subset = of ¥ which contains the
mathematical objects we want to investigate and assume that » also contains as
elements every subset of =” (m>0)and every function between such subsets. This

allows us to define and to conveniently handle internal subsets of (*=)” and internal
functions between such subsets, let £, < =" x P(E")denote the membership relation
between m - tuples from = and sets of such m - tuples,

E = {(al,...,am,A) eZ" xPE")|(a,...,a, )€ A}.

(Here P(o) is the power set operation, so P(z") is the collection of all subsets of
£".) According to our assumptions,E, cV cV"" so that “E, is a well defined subset
of (*r)""; in fact This provides the basis for our definition of internal subsets of (*=z)":

Definition. (Internal Subsets and Functions on “=) 4 subset B
of (*2)" is internal if there exists »e*P(Z”) which codes B in the sense that

B={a,...a,)("S)" |(a,,...a, .b)E"E, |.

A function f:4 - B where 4c("2)” andB c(*=)"is internal if the graph of f is
internal as a subset of ("z)"".

Note thatif 4c="orif f:4—> B where 4c=" andBc =", then*4

is an internal set and *f is an internal function.

Definition. Let call 4and f- external if 4and fno internal.

Remark. If v - universal set,”v c v and then “4 is an internal set and *f is an

internal function automatically.

The collection of internal sets and functions on “= is closed under a wide
variety of mathematical operations, as is provable without great effort from the
Transfer Principle. For example the collection of internal sets is closed under Boolean
operations where defined, and under coordinate mappings the domain and range of
an internal function are internal sets the restriction of an internal function to an
internal subset of its domain is again an internal function and so forth. The following
principle gives the most general result of this kind :

Theorem. (Internal Definition Principle)

Leto(x,,....x,.y,.....y,) be a formula over V. Let q,...,a,e"V and let B be the subset

of ("*£)” defined by “p(X,,... X, ,a,,...a,):



B={(X\u X,) (D) 9" (X, X0y, IS trUC N 7V,

Then B is internal.

For example in classical NSA for numbers set ¥ we have: *N\Ng'V ,i.e. set
"N\ N - is external set. But in PNSA we have: *N\NeVc'r ,i.e. "N\ N - is internal set.

It is interesting to unravel the definition of internal set and function
when *V is constructed using paralogical ultraproducts. What we find out is that
the internal subsets of (“Z)” in this setting correspond exactly to paralogical

ultraproducts of subsets of =”. Let U be an paralogical ultrafilter on the index set 1
and suppose “V is the U - ultrapower paralogical nonstandard extension of V. Let B
be an internal subset of (“Z)”and suppose Bis coded by »e’P(*Z)"as in Definition.

Then » is the equivalence class under ~, of some function F:7—PE"). Let
a,,...a,c" 2" for each j=1..m there is a function g, :1—-= for which 4, =[«,],. It is
easily seen that

(a,...a,) € B {iel|(a(),...a,()eU}.
Therefore the paralogical internal set B can be identified with the paralogical
U - ultraproduct of the family of sets (F(i)|i < ). This analysis can be reversed to show

that every such paralogical ultraproduct gives rise to an paralogical internal subset of

('=)".

V. Analysis on the paralogical numerical line “R and general result

Definition 5.1. A function f(2):"R—"R is said to have a limit lim_, f(z)=c if, for
alle >0,(e<"R), there exists a 6 >0 such that | /(z)-c|<e whenevero<|z—-d/<&5,(5€"R).

Definition 5.2. A function 7(z):"R—"R is said to have a strong limit

s=lim__. f(z)=c



if, for all&*> 0, there exists a 5> 0 such that | f(z)-c|<*¢ whenevero<*|z-a|<" 5.
Theorem.5.1. Let f(z): R —» R-standard function, then:

(1) lim,,,6 f(z)=c= lim Ny #f(Z)=#C ,
(2) lim_,, f(z)=c<s—lim__ . f(z)="c .

Definition 5.3. A function f(z): R — R is said to have a *-limit *-lim___ f(z) =c,if
and only if a function f(z):"R—"R to have a strong limit lim_. *f(z)="c.

Definition 5.4. (a) the derivative of a function 7(x)"R—"R with respect to the
variable x is defined as

d” f(x)
d"x

Sx+h) - f(x)
h H

= /") =tim,_,,

(b) the strong derivative of a function f(x):"R—"R with respect to the variable x is
defined

as

dife _

#/ _ :
e s=fr(x)=s-lim_.

Sx+h) - f(x)
h H

(c) a function f(z):R—> R is said to have a =-derivate /*(x) if and only if a
function 7(z):"R—’R to have a strong derivates- /" (x)="[f" (x)].

Definition 5.5. Let the terms in a series be denoted «,, let the partial sum be
given by

k
S, = Zai , ke' N,
i=1



and let the k- th sequence of partial sums be given by s,,k=1.2,... If the

sequence of partial sums does not converge to a limit (e.g., it oscillates or
approaches+*«), the series is said to #-diverge, or like usual diverge. A series of
termsq, is said to be absolutely convergent if the series formed by taking the

absolute values of thea,, >'|a, |,ne"N converges.

#

Definition 5.6. (a) a seriesiun(x)is uniformly convergent tos(x) for a

n=1

set Ec’R of values of x if, for eachs >0, an integer N can be found such that

S,(x)-S(x)|<e

for n>Mm and allxe E, (b) a series iun(x)is strong uniformly convergent to S(x)

n=l1
for a set Ec”R of values of x if, for each ¢°* >0, an integerme”N can be found
such that

S,(x)-S(x)|<" €.

Theorem.5.2. Let: (1) a standard SerieSu(x):iun(x) is uniformly convergent to

oo

u(x) for a setk c rRof values ofx, (2) nonstandard seriesU(x)=)_ “u,(x)is strong

uniformly convergent toU(x) for a set”Ec’R of values of x .Then#ui(x) =u"(x) for all

xe'E.
Definition.5.7. The Riemann integral for nonstandard function f(x)="g(x),

where

g(x)- standard function, we defined in that way:

}f(x)d#xz ﬁg(x)de .



In a general case the Riemann integral defined by taking a limit of a hyper

finite Riemann sum

max mes[Ax; ] 0

jf(x)d#x = lim Z mes[Ax, ] f (x}) ,

wherea<' x<*b andx,, are arbitrary points in the intervals Ax, =[x,.x,,1,

M
x, <" x,,,, mes|Ax,1=x,,, —x,, [a,b]= UAxk.

Definition.5.8. (1) The Lebesgue integral for nonstandard function 7(x)="g(x),

where g(x)- standard function, we defined in that way:

[ £(0d’ ()= [ | g(x)d#(x)] :

b
where j g(x)du(x) - the standard Lebesgue integral.

(2) The Lebesgue measure for nonstandard set "Ec’R,E < R we defined in

that way:
,u#(#E):#y(#E)
where u(-)- the standard Lebesgue measure.

Theorem.5.3.The hyper finite series may be L-integrated term by term



I(Zun(x) "u(x) = z'fun(x)d#,u(x) ,Me'N\N .

n=1 n=l ¢

Definition.5.8. #exp(inx)iexp#(inx) Jr=nm,.

Theorem.5.4. Let a standard series iaf =ow,y(n):N > N, and i fal="("w).

n=1 k=1

Then hyper finite sum > “a, exp,(iz,"w(k)),Me'"N\Nis nonfinite *u-almost
k=1

everywhere.

Proof. Let @M(x):i#ak exp,(iz, "w(k))is finite *x-almost everywhere. Then

k=

“a} is finite or parafinite, but no strong infinite for all

1

[, (d" u(x) -

M
r, =

Me'N\N . But then iaj <, that contradicts to the theorem conditions.

n=l

Theorem.5.5. Let wl(n):N—>N,wz(n)—>R,i\wgl(n)\<oo,i(wl(n)/w2(n))2:oo,

#

8

(*o,(6)/"@,(k)] =" (") . Then function

=
i

() = 2 exp(i - ZZ- (6:1)(11) )

does not possess by the almost everywhere finite derivative function.

Proof. Let’'s suppose that derivative function 3 (x)is finite almost everywhere.
Then function



3, (x) = i exp(i -; (c:)(n) - X)

evidently, possesses by the almost everywhere finite derivative function 3°(x)

for any /e N. Using the paralogical transfer principle, we see that non-standard
function

(30 e)=(*3,m)

will be *u-almost everywhere finite for all numbers Le’N. According to the
definition of function 3(x), for all hyper-finite Me”N\ N is truly the identity

"3(x) = Zi:exp#(i #72;2;1 (1) %) | #s (X)),

from which, in a result of differentiation, we shall obtain the following identity
#/

("300)" = m#f%expa o))+ (73,,)

From this identity, by virtue of theorem (5.4), follows that derivative function
(*3(x))" cannot be #-almost everywhere finite. Obtained contradiction proves
the theorem.

Theorem.5.6. Let 0< g <3.5. Then Gerver’s function

G, 4(x) = Zn_ﬂ exp(ixn’)
n=l1

does not possess by the almost everywhere finite derivative function.
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