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Abstract

The incompleteness of set theory ZFC leads one to look for natural extensions of ZFC' in which one can
prove statements wich appear as independent of ZFC' but which look to be “true”. In this paper we deal
with set theory NCZ:# based on hyper infinitary logic with Restricted Modus Ponens Rule. Set theory

NCi#contains Aczel’s anti-foundation axiom. We present a new approach to the invariant subspace problem
for complex Hilbert spaces.This approach based on nonconservative extension of the model theoretical NSA.
Our main result will be that: if 7" is a bounded linear operator on an infinite-dimensional separable complex
Hilbert space H,it follow that T has a non-trivial closed invariant subspace.
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1 Introduction

The incompleteness of set theory ZFC leads one to look for natural extensions of ZFC' in which one can prove
statements independent of Z F'C which appear to be “true”. One approach has been to add large cardinal axioms.
Or, one can investigate second-order expansions like Kelley-Morse class theory, KM or Tarski-Grothendieck
set theory T'G [1]-[3].It is a non-conservative extension of ZFC and is obtaineed from other axiomatic set
theories by the inclusion of Tarski’s axiom which implies the existence of inaccessible cardinals. Non-conservative
extension of ZFC based on an generalized quantifiers considered in [4]. In this paper we look at a set theory
NCi#,based on bivalent hyper infinitary logic QLO#O# with restricted Modus Ponens Rule [5]-[8].Set theory

NCO#O# contains Aczel’s anti-foundation axiom [9]. Non-conservative extension based on set theory NCO#O# of the
model theoretical nonstandard analysis [10] also is considered in [8],[11].We present a new approach to invariant
subspace problem for complex Hilbert spaces.This approach based on nonconservative Extension of the Model
Theoretical NSA. Our main result will be that: if 7" is a bounded linear operator on an infinite-dimensional
complex separable Hilbert space H,it follow that T has a non-trivial closed invariant subspace.

1.1 The invariant subspace problem. positive classical results

The problem, in a general form,is stated as follows.The Invariant Subspace Problem: If T is a bounded
linear operator on an infinite-dimensional separable Hilbert space H, does it follow that T" has a non-trivial closed
invariant subspace? The Invariant Subspace Problem (as it stands today). If T is a bounded linear operator
on an infinite-dimensional separable Hilbert space H, does it follow that T has a non-trivial closed invariant
subspace? Sometime during the 1930s John von Neumann proved that compact operators have non-trivial
invariant subspaces, but did not publish it. The proof was rediscovered and finally published by N. Aronszajn
and K. T. Smith [12] in 1954.

Theorem 1.1. (von Neumann). Every compact operator on H has a non-trivial invariant subspace.

In 1966 Bernstein and Robinson [13] extended the result to the slightly larger class of polynomially compact
operators,see also [14].

Definition 1.1. A linear operator T" on a Banach space is said to be polynomially compact if there is a non-zero
polynomial p (¢) € C[t] such that p(T) is compact.

An nonclassical aspect of Bernstein and Robinson’s proof is that it used the relatively new techniques of non-
standard analysis, which builds up the foundations of analysis based on a rigorous definition of infinitesimal
numbers. Shortly after, the proof was translated into standard analysis by Halmos [15].

The next major generalization was achieved by Arveson and Feldman [16] in1968.

Definition 1.2.For a bounded linear operator 7" on X, the uniformly closed algebra generated by 7', denoted by
A(T), is defined to be the subspace [{I,T,T?,...}] of B(X).Alternatively, A(T) is the smallest closed subspace

of B(X) containing 7" and I which is closed under function composition.

If T is a bounded operator, then A(T) can be thought of as the closure of the set of polynomial combinations
of T, or the set of all operators which can be norm approximated by polynomial combinations of T

Theorem 1.2.(Arveson and Feldman [16]). If T': H — H is a bounded quasinilpotent operator such that A(T)
contains a non-zero compact operator, then T has a non-trivial invariant subspace.

While the techniques of von Neumann and subsequent generalizations yielded many interesting and surprising
theorems during the 1950s and 60s, their effectiveness was reaching its limit by the 70s.
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1.2 Counterexamples on banach spaces

In 1975 Per Enflo discovered the first example of an operator on a Banach space having only the trivial invariant
subspaces. He gave an outline of the proof in 1976. However, his full solution was not submitted until 1981 and
did not appear in print until 1987 [17].As Enflo’s paper crawled through the publication process, C. J. Read
developed a counterexample of his own and submitted it for publication [18]. The paper was of similar length
and complexity to Enflo’s, however it was published much earlier in 1984.

1.3 The invariant subspace problem. Positive nonclassical results

A new approach to invariant subspace problem for complex Hilbert spaces originally has been presented in author
paper [19].This approach based on non-conservative Extension of the Model Theoretical NSA. The main result
will be that: if T' is a bounded linear operator on an infinite-dimensional complex separable Hilbert space H,it
follow that T has a non-trivial closed invariant subspace [19]. This approach based on hyper infinite induction
principle, see [8],sect.3,4.

1.4 The invariant subspace problem of oprator algebras. Positive nonclassical
results

Let X be a Banach space; let (X) be the lattice with the operations of intersection A and of taking the closed
linear hull V' of all of its closed subspaces; and let B(X) be the algebra of all bounded linear operators in X.
A subspace § € (X) is said to be invariant (briefly I.S) with respect to a family of operators # € B(X), or R-
invariant, if Az € §,Vz € I A € R. The collection of all f-invariant subspaces is denoted by lat (®); obviously,
lat (R) is a complete sublattice in (X).

In the case when dim (X) < oo, the fundamental problem of the existence of an I.S is solved by Burnside’s
theorem: lat (R) = {0,X} <= (R) = B(X) where (R) is the algebra generated by . The question of the
validity of an analogous statement with the replacement of (®) by its weak closure for a Banach space is called
Burnside’s problem in X; presently, Burnside’s problem is open from Burnside time until nowadays for all spaces
in which the IS problem is not solved by using canonical approuch.

Theorem 1.3.Let H be infinite-dimensional complex separable Hilbert space. Then lat(R) = {0,H} <=
(®) = B(H).

2 External Non-Archimedean field *R# by Cauchy Completion
of the Internal Non-Archimedean Field *R

2.1 Basic results and definitions

Definition 2.1.[11]. A hyper infinite sequence of hyperreal numbers from *R is a function a : N* — *Rfrom
hypernatural numbers N# into the hyperreal numbers *R.

We usually denote such a function by n — an,0or by a : n — ap,s0 the terms in the sequence are written
#
{a1,a2,a3,...,an...}. To refer to the whole hyper infinite sequence, we will write {an},_;,0r {an}, cys, or for

the sake of brevity simply {an}.

Definition 2.2.[11]. Let {an} be a hyper infinite *R-valued sequence mentioned above.
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Say that {a,} #-tends to O if, given any € > 0,e ~ 0,there is a hypernatural number N € N*\N, N = N ()
such that, after N (i.e.for all n > N), |a,| < &. We denote this symbolically by a,, —>x 0.

We can also, at this point, define what it means for a hyper infinite *R-valued sequence #-tends to any given
number ¢ € *® : {a,} #-tends to ¢ if the hyper infinite sequence {a, — q} #-tends to 0 i.e., an — q —4 0.

Definition 2.3.[11]. Let {an} be a hyper infinite *R-valued sequence. We call {a,} a Cauchy hyper infinite
*B_valued sequence if the difference between its terms #-tends to 0. To be precise: given any hyperreal number
such that € > 0,e = 0,there is a hypernatural number N = N (&) such that for any m,n > N, |a, — am| < €.

Theorem 2.1.[11].If {a,} is a #-convergent hyper infinite *R-valued sequence (that is, a, —x ¢ for some
hyperreal number ¢ € *R), then {a,} is a Cauchy hyper infinite *R-valued sequence.

Proof: We know that a, —% ¢g. Here is a ubiquitous trick: instead of using ¢ in the definition Definition 3.6.3,
start with an arbitrary infinite small £ > 0,6 ~ 0 and then choose N € N*¥\N so that |a, — q| < £/2 when
n > N. Then if m,n > N, we have |an — am| = [(an — q¢) — (am — @)| < |an — q| + |am — q] < €/2+ /2 = . This
shows that {a,}, % is a Cauchy sequence.

Theorem 2.2.[11]. If {a,} is a Cauchy hyper infinite *R-valued sequence, then it is bounded or hyper bounded;
that is, there is some finite or hyperfinite M € *R such that |a,| < M for all n € N#.

Proof.Since {a,} is Cauchy, setting ¢ = 1 we know that there is some N € N# such that |am, —an| < 1whenever
m,n > N. Thus, |an4+1 — an| < 1 for n > N.

We can rewrite this as ay4+1—1 < an < an+1+1.This means that |an| is less than the maximum of |ay4+1—1| and
|an+1+1|. So, set M equal to the maximum number in the following list: {|aol, |a1], ..., |an], lan+1 — 1|, |an+1 +
1]}.Then for any term an, if n < N, then |an| appears in the list and so |an| < M; if n > N, then (as shown
above) |an| is less than at least one of the last two entries in the list, and so |a,| < M.Hence, M € "R is a
bound for the sequence {a,}.

Definition 2.4.[11]. Let S be a set. A relation z ~ y among pairs of elements of S is said to be an equivalence
relation if the following three properties hold:

Reflexivity: for any s € S, s s.
Symmetry: for any s,t € S, if s7¢ then t7s.
Transitivity: for any s,t,r € S, if s™t and ¢"r, then s7r.

Theorem 2.3.[11]. Let S be a set, with an equivalence relation (-7+) on pairs of elements. For s € S,denote by
cl[s] the set of all elements in S that are related to s. Then for any s,t € S,either cl[s] = cl[t] or cl[s] and cl[{]
are disjoint.

The hyperreal numbers *R¥ will be constructed as equivalence classes of Cauchy hyper infinite *R-valued
sequences. Let =g denote the set of all Cauchy hyper infinite *R-valued sequences of hyperreal numbers. We

define the equivalence relation on =g.

Definition 2.5.[11]. Let {a,} and {b,} be in .r. Say they are #-equivalent if a, — b, —% 0 i.e., if and only if
the hyper infinite *R-valued sequence {an — b} #-tends to 0.

Theorem 2.4.[11].Definition 2.5 yields an equivalence relation on «g.
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Proof. We need to show that this relation is reflexive, symmetric, and transitive.

Reflexive: a, — a, = 0, and the hyper infinite sequence all of whose terms are 0 clearly #-converges to 0. So
{an} is related to {an}.

Symmetric: Suppose {a, } is related to {bn}, s0 an — bn —4 0.

But b, — an = —(an — by ),and since only the absolute value |a, — bn| = |bn — an| comes into play in Definition
2.2, it follows that b, — a, —% 0 as well. Hence, {b,} is related to {an}.

Transitive: Here we will use the €/2 trick we applied to prove Theorem 2.1. Suppose {a»} is related to {b,},
and {by} is related to {c,}. This means that a, — b, —% 0 and b, — ¢, =% 0.To be fully precise, let us fix
€ > 0, ~ 0; then there exists an N € N* such that for all n > N, |a, — bn| < £/2; also, there exists an M such
that for all n > M, |br — cn| < /2. Well, then, as long as n is bigger than both N and M, we have that
|an — cn| = |(an —bn) + (bn — cn)| < |an —bn| +|bn —cn| <e/24+¢/2 =¢.

So, choosing L equal to the max of N, M, we see that given € > 0 we can alwayschoose L so that for
n > L,|an — cn| < €. This means that a, —cp —x 0 —i.e. {an} is related to {c,}.

Definition 2.6.[11]. The external hyperreal numbers *R¥ are the equivalence classes cl[{an}] of Cauchy hyper
infinite *R-valued sequences of hyperreal numbers, as per Definition 2.5. That is, each such equivalence class is
an external hyperreal number.

Definition 2.7.[11]. Given any hyperreal number g € *R, define a hyperreal number  ¢# to be the equivalence
class of the hyper infinite *R-valued sequence

@ =(q,.%q,%q,%q,...)

consisting entirely of *¢, ¢ € R.So we view *R as being inside *R¥ by thinking of each hyperreal number q as its
associated equivalence class ¢7. It is standard to abuse this notation, and simply refer to the equivalence class
as q as well.

Definition 2.8.[11]. Let s,t € *R¥ | so there are Cauchy hyper infinite *R-valued sequences {a,},{bn} of
hyperreal numbers with s = cl[{a»}] and t = cl[{b, }].

(a) Define s + ¢ to be the equivalence class of the sequence {an + b, }.
(b) Define s x t to be the equivalence class of the sequence {an X by} .

Theorem 2.5.[11].The operations 4, X in Definition 2.8 (a),(b) are well-defined.

Proof. Suppose that cl[{an}] = cl[{c,}] and cl[{bn}] = cl[{dn}]. Thus means that an — ¢ —x 0 and
bn — dn —# 0. Then (an 4+ bn) — (cn + dn) = (an — cn) + (bn — dn).

Now, using the familiar /2 trick, you can construct a proof that this #-tends to 0, and so cl[{a, + bn}] =
cl{cn + dn}].

Multiplication is a little trickier; this is where we will use Theorem 2.3.

We will also use another ubiquitous technique: adding 0 in the form of s — s. Again, suppose that  cl(an)] =

cl(cn)] and cl[{bn}] = cl[{dn}]; we wish to show that cl[{an X bn}] = cl[{cn X dn}], or, in other words, that
an Xbn— cn - dn =2 0. Well, we add and subtract one of the other cross terms, say bn Xcn @ an Xbp —cp Xdp =
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an X by + (bp X €p —bp X ) = X dn, ==(an X bp —bp X cn) + (bn X € — n X dn) = by X (an —cn) +cn X (b —dn).

Hence, we have |an X by — ¢n X dpn| < |bn| X |an — cn|+ |cn| X |bn —dn|. Now, from Theorem 2.2, there are numbers
M and L such that |b,| < M and |c,| < L for all n € N¥,

Taking some number K which is bigger than both, we have |an X bn—cn X dn| < [bp| X |an —cn|+|cn| X [bn—dn] <
K(Jan — enl + [bn — dal):

Now, noting that both a, — ¢, and b, — d,, tend to 0 and using the £/2 trick (actually, this time we’ll want to
use £/2K), we see that a, X n — ¢, X dn —% 0.

Theorem 2.6.[11].Given any hyperreal number s € +R¥ , s # 0, there is a hyperreal number ¢ € *R¥ such that
sxt=1.

Proof. First we must properly understand what the theorem says. The premise is that s is nonzero, which
means that s is not in the equivalence class of {0,0,0,0,...}. In other words, s = cl[{an}] where a, — 0 does
not #-converge to 0. From this, we are to deduce the existence of a hyperreal number ¢ = cl[{b, }|such that
s x t = cl[{an X bn}] is the same equivalence class as cl[{1,1,1,1,...}]. Doing so is actually an easy consequence
of the fact that nonzero hyperreal numbers have multiplicative inverses, but there is a subtle difficulty. Just
because s is nonzero (i.e. {an} does not tend to 0), there’s no reason any number of the terms in {a,} can’t
equal 0.

However, it turns out that eventually, a, # 0.
That is:

Lemma 2.1. If {a,} is a hyper infinite Cauchy sequence which does not #-tend to 0, then there is an N € N#\N
and € =~ 0, > 0 such that, for any n > N, |an| > €.

Proof.Immediately from Definition 2.2.

Definition 2.9.[11]. Let s € *R¥ . Say that s is positive if s # 0, and if s = cl[{an}] for some hyper infinite
Cauchy sequence of hyperreal numbers such that for some N € N#_ a,, > 0 for all n > N. Given two hyperreal
numbers s, ¢, say that s > t if s — ¢ is positive.

Theorem 2.7.[11]. Let s,t € *R¥ be hyperreal numbers such that s > ¢, and let € *R¥ . Then s+ >t +7.

Proof. Let s = cl[{an}],t = cl[{bn}], and © = cl[{c,}].Since s > t i.e., s —t > 0, we know that there is an
N € N# such that, for n > N, a,, — b, > 0. So a,, > b, for n > N.

Now, adding ¢, to both sides of this inequality (as we know we can do for hyperreal numbers *R), we have
Gn+Cn > bn+cpn forn > N, or (an+cn) — (bn+cn) > 0 for n > N. Note also that (an+cn) — (bn+cn) = an —bn
does not #-converge to 0, by the assumption that s —t > 0. Thus, by Definition 2.8, this means that
s+r=cll{an +cn}] >cl[{bn +cn}] =t +r

Theorem 2.8.[11].Let s5,t € *R¥ s,¢ > 0 be hyperreal numbers. Then there is m € N# such that m x s > t.
Proof. Let s, > 0 be hyperreal numbers. We need to find a natural number m so that m x s > ¢
First, recall that, by m in this context, we mean cl[{m,m,m,m,...}]. So, letting s = cl[{an}] and t =
cl[{bn}],what we need to show is that there exists m with cl[{m,m,m,m,..}] X cl[{a1,a2,as3,a4,...}] =
cl{mi,m x a2, m X az,m X a4, ...}] > > cl[{b1, b2, b3, bs, ... }].
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Now, to say that cl[{m x an}] > cl[{bn}], or cl[{m, — b,}] is positive, is, by Definition 2.9, just to say that
there is N € N# such that m X a, — b, > 0 for all n > N, while m x a,, — b, -»% 0. To be precise, the first
statement is: There exist m, N € N so that m X a, > b, for all n > N.

To produce a contradiction, we assume this is not the case; assume that (#) for every m and N, there exists an
n > N so that m x a, < b,.

Now, since {b, } is a Cauchy sequence, by Theorem 2.2 it is hyperbounded — there is a hyperreal number M € *R
such that b, < M for all n € N*. Now, by the properties for the hyperreal numbers *R, given any hyperreal
number such that € > 0,¢ ~ 0, there is an m € N# such that M/m < e/2. Fix such an m. Then if m X a,, < by,
we have  a, <b,/m < M/m <¢e/2.

Now, {an} is a Cauchy sequence, and so there exists N so that for n,k > N, |a, — ax| < /2.
By Asumption (#), we also have an n > N such that m X a, < b,, which means that a, < £/2. But then for
every k > N, we have that ar —an < £/2, 50 ar < an +¢/2<  e/2+¢/2 =¢. Hence, ar < € for all k > N.
This proves that ar —x 0, which by Definition 2.9 contradicts the fact that cl[{an}] = s > 0.

Thus, there is indeed some m € N so that m x a, — b, > 0 for all sufficiently infinite large n € N*\N. To
conclude the proof, we must also show that m x a, — b, - 0.

Actually, it is possible that m X an — b, — 0 (for example if {a,} = {1,1,1,...} and {b,} = {m,m, m,...}). But
that’s okay: then we can simply choose a larger m. That is: let m be a hypernatural number constructed as
above, so that m x a, — b, > 0 for all sufficiently large € N#\N. If it happens to be true that m x a,, — b, - 0,
then the proof is complete.

If, on the other hand, it turned out that m X a, — b, — 0, then take instead the integer m + 1.Since
s = cl[{an}] > 0, we have a, > 0 for all infinite large n, so (m + 1) X ap — b = M X @ — bp+ an > an >0
for all infinite large n, so m + 1 works just as well as m did in this regard; and since m x a,, — b, — 0, we have
(m+1) X an —bp = (M X an — by) + an - 0 since s = cl[{an}] > 0 (so an - 0).

It will be handy to have one more Theorem about how the hyperreals *R and hyperreals *R¥ compare before
we proceed. This theorem is known as the density of *R in *R¥, and it follows almost immediately from the

construction of the *R¥ from *R.

Theorem 2.9. [11].Given any hyperreal number 7 € *R¥ , and any hyperreal number € > 0, € = 0, there is a
hyperreal number ¢ € *R such that |r — q| < e.

Proof. The hyperreal number r is represented by a Cauchy *R-valued sequence {a,} .

Since this sequence is Cauchy, given € > 0, ~ 0, there is N € N# so that for all m,n > N, |an —am| < e.Picking
some fixed | > N, we can take the hyperreal number ¢ given by ¢ = cl[{as, ai, ai, ...}]. Then we have r — ¢ =
cl[{an —ai},cn#], and ¢ — 7 = cl[{a; — an},cy#]. Now, since I > N, we see that for n > N,an, —a; < € and
a1 — an < €, which means by Definition 2.9 that r — ¢ < € and ¢ — 7 < ¢; hence, |r — ¢q| < €.

Definition 2.10.Let S g *R¥ be a non-empty set of hyperreal numbers.

A hyperreal number z € *R¥ is called an upper bound for S if > s for all s € S.

A hyperreal number z is the least upper bound (or supremum sup S) for S if x is an upper bound for S and
x < y for every upper bound y of S.
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Remark 2.1.The order < given by Definition 2.9 obviously is < -incomplete.
Definition 2.11. Let S ; *R¥ be a nonempty subset of *R¥ .We we will say that:

(1) S is < -admissible above if the following conditions aresatisfied:

(i) S bounded or hyperbounded above;

(ii) let A(S) be a set Vz [x € A(S) <= x > S| then for any € > 0,¢ ~ 0 there exist a € S and 5 € A(S)
such that § —a <e = 0.

(2) S is <-admissible belov if the following condition are satisfied:

(i) S bounded belov;

(ii) let L(S) be a set Va [z € L(S) <= x < 5] then for any € > 0, = 0 there exst a € S and 8 € L(S)
such that o — < e 0.

Theorem 2.10. (i) Any <-admissible above subset S C *R¥ has the least upper bound property.(ii) Any
<-admissible below subset S C *R¥ has the greatest lower bound property.
Proof. Let S C *R¥ be a nonempty subset, and let M be an upper bound for S. We are going to construct two
sequences of hyperreal numbers, {u, } and {l,,}. First, since S is nonempty, there is some element so € S. Now, we
go through the following hyperinductive procedure to produce numbers g, w1, U2, ..., Un, ... and l1,l2, 13, ..., ln, ...

(i) Set uo = M and lg = s.

(ii) Suppose that we have already defined u, and l,,. Consider the number  m, = (un +1,)/2,the average
between u,, and [,,.

(1) If my, is an upper bound for S, define unt+1 = my and lnt1 = L.

(2) If my, is not an upper bound for S, define unt1 = un and lnt1 = ly.

Remark 2.1.Since s < M, it is easy to prove by hyper infinite induction that
(i) {un} is a non-increasing sequence: un+1 < Un,n € N#and {l,.} is a non-decreasing sequence lnt1 >
ln,n € N%,
(i) un is an upper bound for S for all n € N# and [,, is never an upper bound for S for any n € N#
(iil) wp — b = 27"(M — s).
This gives us the following lemma.

Lemma 2.2. {u,} and {l,} are Cauchy *R-valued sequences of hyperreal numbers.

Proof. Note that each I, < M for all n € N*. Since {l»} is non-decreasing and u, — I, = 27" (M — s), it
follows directly that {l,,} is Cauchy.

For {u,}, we have u, > so for all n € N¥ and so —u, < —so.

Since {u,} is non-increasing, {—u,} is non-decreasing, and so as above, {—u,} is Cauchy. It is easy to verify
that, therefore, {u,} is Cauchy.

The following Lemma shows that {u,} does #-tend to a hyperreal number u € *R¥ .
Lemma 2.3. There is a hyperreal number u € *R¥ such that w, —4 u.
Proof. Fix a term w, in the sequence {u,}.

By Theorem 2.9, there is a hyperreal number ¢, € *R ,n € N# such that |tn —gn| < 1/n. Consider the sequence
{¢1,92,43, ---;qn, ...} of hyperreal numbers. We will show this sequence is Cauchy.
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Fix e > 0,& ~ 0. By the Theorem 2.8, we can choose N € N# so that 1/N < £/3. We know, since {u,} is Cauchy,
that there is an M € N# such that for n,m > M, |u, — um| < €/3. Then, so long as n,m > maz{N, M}, we
have
lgn = @m| = [(gn — un) + (Un — Um) + (Um — gm)| <
< gn — Un| + |un — um| + |um — gm| < e/3+¢/3+¢/3=c¢.

Thus, {¢»} is a Cauchy sequence of internal hyperreal numbers, and so it represents the external hyperreal
number u = cl[{gn}].We must show that u, —u —x 0, but this is practically built into the definition of u. To
be precise, letting g;, be the hyperreal number cl[{gn,gn, qn,...}], we see immediately that ¢ — u —4 0 (this
is precisely equivalent to the statement that {g,} is Cauchy). But u, — q,; < 1/n by construction; it is easily
verify that the assertion that if a sequence ¢;; =% u and un, —q;, =4 0, then u, —4 u.So {u,}, a non-increasing
sequence of upper bounds for S, tends to a hyperreal number u. As you’ve guessed, u is the least upper bound
of our set S.

To prove this, we need one more lemma.

Lemma 2.4. [, =4 u.

Proof. First, note in the first case above, we have that

Un+1_ln+1:mn_ln: —ln =

2 2

In the second case, we also have

Un + In Un — ln
Un+1 — ln+1 = Un — Mn = Un — =

2 2

Now, this means that uy —l1 = $(M —s), and so ug —la = 3 (u1 —l1) = 37 (L —s), and in general by hyperinfinite
induction, u, — l,, = 27"(M — s). Since M > s so M — s > 0, and since 27" < 1/n, by the Theorem 2.8, we
have for any € > 0 that 27"(M — s) < ¢ for all sufficiently large n € N¥. Thus, u, — I, = 27"(M — s) < € as

well, and so u, — I, =4 0. Again, it is easily verify that, since u, —x u, we have l,, —4 u as well.

Remark 2.2.Note that assumption in Theorem 2.10 that S is <-admissible above subset of R¥ is necessarily,
othervice Theorem 2.10 is not holds.

Theorem 2.11.[11].(Generalized Nested Intervals Theorem)

Let {In}, cne = {[an, bu]} cns 5 [an, bn] C R# be a hyper infinite sequence of closed intervals satisfying each of
the following conditions:
() 1 DLDI3D .01, D ..,

i) by — an —2 0 as n — oo™ .
#

Then ﬂ;’ojlfn consists of exactly one hyperreal number z € R¥. Moreover both sequences {an} and {b,} #-
converge to x.

Proof.Note that: (a) the set A = {an|n € N*} is hyperbouded above by biand (b) the set A = {an|n € N*}
is <-admissible above subset of R¥.

By Theorem 2.10 there exists sup A. Let £ = sup A.

Since I, are nested,for any positive hyperintegers m and n we have am < @min < bpmgn < bn,so that € < b,
for each n € N# .Since we obviously have a, < &for each n € N¥ we have a, < £ < b, for all n € N* which

implies £ € ﬂ;’fzﬁln.Finally, if¢,ne ﬁ;’fjlfn, with £ < 7, then we get 0 < 1 — £ < by, — an,for all n € N¥ so that
0<n—-¢<inf, |br, — an| = 0.
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Theorem 2.12.[11].(Generalized Squeeze Theorem)

Let {an},{cn} be two hyper infinite sequences #-converging to L,and {b,} a hyper infinite sequence. If
Vn > K, K € N* we have a, < b, < ¢, , then {bn }also #-converges to L.

Proof. Choose an 3b5 > 0,¢ ~ 0. By definition of the #-limit,there is an N7 € N# such that for all n > N;
we have |an, — L| < 3b5, in other words L — 3b5 < a,, < L + 3b5.Similarly, there is an N2 € N# such that for all
n > No we have L — 3b5 < ¢, < L + 3b5.

Denote N = max(Ni, N2, K). Then for n > N,L — 3b5 < an < b, < ¢n < L+ 3b5, in other words
|br, — L| < 3b5.Since 3b5 > 0, 3b5 ~ 0 was arbitrary, by definition of the #-limit this says that #-lim,, , . # b, = L.

Theorem 2.13.(Corollary of the Generalized Squeeze Theorem).

If #-lim,,_, _# |an| =0 then #-lim,, , % a, =0.

Proof.We know that —|a,| < an < |an|.We want to apply the Generalized Squeeze Theorem. We are given that
#-lim,, . % |an| = 0.This also implies that #-lim, , % (—|an|) = 0.So by the Generalized Squeeze Theorem,

#-lim,_, # an =0.

Theorem 2.14.[11].(Generalized Bolzano-Weierstrass Theorem) Every hyperbounded hyper infinite *R#-
valued sequence has a #-convergent hyper infinite subsequence.

Proof. Let {wn}, y# be a hyperbounded hyper infinite sequence. Then, there exists an interval [a1,b1] such
that a1 < w, < bifor alln € N#.

Either [a1, “4%1] or [“1£%L b;] contains hyper infinitely many terms of {w,}. That is, there exists hyper

2
infinitely many n in N# such that a, is in [al, algbl

is in [algbl,bl].

}or there exists hyper infinitely many n in N# such that a,

If [al, ‘”;bl] contains hyper infinitely many terms of {w,}, let [az, ba] = [a1, #] Otherwise, let [az, b2] =

(=),

Either [az7 a2<2|—b2:| or [%7 bg} contains hyper infinitely many terms of {wn}, cy#. If [az7 a2<2|—b2
infinitely many terms of {wn}, let [as, bs] = [az, %] .

] contains hyper

Otherwise, let [as, bs] = [22E22, by] . By hyper infinite induction, we can continue this construction and obtain
hyper infinite sequence of intervals {[an,bs]}, % such that:

(i) for each n € N# [an,b,] contains hyper infinitely many terms of {wn},, o4 ,

(ii) for each n € N#, [@nt1,bn+1] C [an, bn] and

(iii) for each n € N# bpi1 — Qny1 = % (b — an) .

Then generalized nested intervals theorem implies that the intersection of all of the intervals [an, b,] is a single
point w. We will now construct a hyper infinite subsequence of {wn }, % Which will #-converge to w.

Since [a1, b1] contains hyper infinitely many terms of {w”}nEN#’ there exists k1 € N# such that Wy, is in [a1, b1] .

Since [az, b2] contains hyper infinitely many terms of  {wn}, cy# ,there exists k2 € N# ks > ki1, such that ws,
is in [ag, b2] .
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Since [as, bs] contains hyper infinitely many terms of {wn},, .y, there exists k3 € N#, ks > ka2, such that wg, is in
[as, bs] . Continuing this process by hyper infinite induction, we obtain hyper infinite sequence {ws,, }, % such
that wy, € [an, bn] for each n € N# The sequence {wk,, },,cn# 18 a subsequence of {wn}, % since kni1 > ky, for

each n € N#. Since an, —4 w, and anp < wy, < by, for each n € N#, the squeeze theorem implies that wg,, —% w.

Definition 2.12. Let {a,} be a hyperreal sequence i.e.,an, € *R¥ n € N#. Say that {a,} #-tends to 0 if,
given any € > 0,¢ ~ 0,there is a hypernatural number N € N¥\N, N = N (¢) such that.for all n > N, |a.| < e.
We often denote this symbolically by a, —« 0.

We can also, at this point, define what it means for a hyperreal sequence #-tends to a given number g € *R¥ :
{an} #-tends to ¢ if the hyperreal sequence {a, — q} #-tends to 0 i.e., an — g —4 0.

Definition 2.13. Let {a,},n € N¥ be a hyperreal sequence. We call {a,} a Cauchy hyperreal sequence if the
difference between its terms #-tends to 0. To be precise: given any hyperreal number € > 0, ~ 0,there is a
hypernatural number N = N (¢) such that for any m,n > N, |an — am| < €.

Theorem 2.15. If {a,} is a #-convergent hyperreal sequence (that is, a, —% b for some hyperreal number
b € R¥), then {a,} is a Cauchy hyperreal sequence.

Theorem 2.16. If {a,} is a Cauchy hyperreal sequence, then it is hyper bounded; that is, there is some
M € R¥ such that |a,| < M for all n € N*.

Theorem 2.17. Any Cauchy hyperreal sequence {a, }has a #-limit in *R¥ i.e. there exists b € *R¥ such that
Qn —># b.

Proof.By Definition 2.13 given ¢ > 0,e = 0,there is a hypernatural number N = N (&) such that for any
n,n’ > N,

|an — an/| < €. (2.1)
From (2.1) for any n,n’ > N we get

At — € < ap < An + €. (2.2)

The generalized Bolzano-Weierstrass theorem implies there is a #-convergent hyper infinite subsequence {an, } C
{an} such that an, —>4 b for some hyperreal number b € *R¥ .Let us show that the sequence {an} also #-
convergent to this b € *R¥ .

We can choose k € N# so large that ny > N and

|an, —b| <e. (2.3)
We choose now in (2.1) n’ = nj and therefore
|an — an,| <€ (2.4)
From (2.3) and (2.4) for any n > N we get
[(@n), — b) + (an — an, )| = |lan — b| < 2¢. (2.5)

Thus an, —% b as well.
Remark 2.3.Note that there exist canonical natural embedings
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R — "R — *R¥ (2.6)

2.2 The extended hyperreal number system *Rc*

Definition 2.14.(a) A set S C N# is hyperfinite if card (S) = card ({z|0 <z <n}),n € N*\N.(b) A set
S C N# is hyper infinite if card (S) = card (N#) .

Notation 2.1. If F is an arbitrary collection of subsets of *R¥, then U{S|S € F}is the set of all elements
that are members of at least one of the sets in F, and N{S|S € F} is the set of all elements that are members
of every set in F. The union and intersection of finitely or hyperfinitely many sets Sx,0 < k < n € N# are also
written as  UP_,Sk and N7_,Sk. The union and intersection of an hyperinfinite sequence Sk, k € N# of sets
are written as ug‘fgs or U,cy#S and ﬂi"j)S or N, cy# S correspondingly.

A nonempty set S of hyperreal numbers *R¥ is unbounded above if it has no hyperfinite upper bound, or
unbounded below if it has no hyperfinite lower bound. It is convenient to adjoin to the hyperreal number system
two points, +oo” (which we also write more simply as oo#) and —oo™ ,and to define the order relationships
between them and any hyperreal number z € *R¥ by —co” < 2 < co™.

We call —oco™ and oo™ points at hyperinfinity. If S is a nonempty set of hyperreals, we write sup S = co” to
indicate that S is unbounded above, and inf S = —co™ to indicate that S is unbounded below.

2.3 #—Openand#—ClosedSetson*Rf

Definition 2.15.If a and b are in the extended hyperreals and a < b, then the open (a,b) is defined by
(a,b) & {z]a < =z < b}.

The open intervals (a,+o0o”) and (—oo#,b) are semi-hyperinfinite if a and b are finite or hyperfinite, and
(—oo#, oo#) is the entire hyperreal line.

If —0o® < a < b < co®, the set [a,b] £ {z]a <z < b} is #-closed, since its complement is the union of the
#-open sets (—oo#,a) and (b7 oo#) . We say that [a,b] is a #-closed interval. Semi-hyper infinite #-closed
intervals are sets of the form [a,00) = {z|a < 2} and(—o00¥,a] = {z|z < a} ,where a is finite or hyperfinite.
They are #-closed sets, since their complements are the #-open intervals (foo#, a) and (a, oo#) ,respectively.

Definition 2.16.If zo € R¥ is a hyperreal number and € > 0, ~ 0 then the open interval (xo —€,m0 +¢€) is an
#-neighborhood of zo. If a set S C *R¥ contains an #-neighborhood of z¢, then S is a #-neighborhood of zo,
and zo is an #-interior point of S.

The set of #-interior points of S is the #-interior of S, denoted by #-Int (S).
(i) If every point of S is an #-interior point (that is, S = #-Int (S) ), then S is #-open.
(il) A set S is #-closed if S¢ = *R¥ \S is #-open.

Example 2.1. An open interval (a,b) is an #-open set, because if o € (a,b) and £ < min {zo — a;b — z0o},
then (xo —e,20 +¢€) C (a,b)

Remark 2.4.The entire hyperline *R¥ = (—oo#7 oo#) is #-open, and therefore @ is #-closed.However, & is
also #-open, for to deny this is to say that @ contains a point that is not an #-interior point, which is absurd
because @ contains no points. Since & is #-open, *Rf is #-closed. Thus, *Rc# and @ are both #-open and
#-closed.

Remark 2.5.They are not the only subsets of *R¥ with this property.
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Definition 2.17.A deleted #-neighborhood of a point zo is a set that contains every point of some #-
neighborhood of xo except for zo itself. For example, S = {z|0 < |z — xzo| < €} ,where € = 0, is a deleted
#-neighborhood of zg. We also say that it is a deleted e-#-neighborhood of zg.

Theorem 2.18.(a) The union of #-open sets is #-open:
(b) The #-intersection of #-closed sets is #-closed:
These statements apply to arbitrary collections, hyperfinite or hyperinfinite, of #-open and #-closed sets.

Proof (a) Let L be a collection of #-open sets and S =U {G|G € L}.

If zo € S, then zo € Go for some Go in L, and since Gy is #-open, it contains some e-#-neighborhood of
xo. Since Go C S, this e-#—mneighborhood is in S, which is consequently a #-neighborhood of z¢.Thus, S is a
#-neighborhood of each of its points, and therefore #-open, by definition.

(b) Let F be a collection of #-closed sets and T'= N{H|H € F}. Then T° = U{H°|H € F} and, since each H°
is #-open, T° is #-open, from (a).
Therefore, T is #-closed, by definition.

Example 2.2. If —co® < a < b < 0o¥, the set [a,b] = {x|a < x < b} is #-closed, since its complement is
the union of the #-open sets (—oo”a) and (b,00®). We say that [a,b]isa#—closedinterval.Theset[a,b) =
{z|a < z < b} is a half-#-closed or half-#-open interval if —co® < a < b < co¥, as is (a,b] = {z]a < = < b}
however, neither of these sets is #-open or #-closed. Semi-infinite #-closed intervals are sets of the form
[a,00%) = {z]|a < z} and (—co¥,a] = {z|z < a} ,where a is hyperfinite. They are #-closed sets, since their
complements are the #-open intervals (—oo#, a) and (a7 oo#)7respectively.

Definition 2.18. Let S be a subset of Rf = (—oo#,oo#). Then

(a) zo is a #-limit point of S if every deleted #-neighborhood of z¢ contains a point of S.

(b) zo is a boundary point of S if every #-neighborhood of o contains at least one point in S and one not
in S. The set of #-boundary points of S is the #-boundary of .S, denoted by #-0S. The #-closure of S, denoted
by #-S, is S U #-05S.

(c) xo is an #-isolated point of S if o € S and there is a #-neighborhood of xo that contains no other point
of S.

(d) zo is #-exterior to S if z¢ is in the #-interior of S°. The collection of such points is the #-exterior of S.
Theorem 2.19. A set S is #-closed if and only if no point of S is a #-limit point of S.
Proof. Suppose that S is #-closed and zo € S¢. Since S¢ is #-open, there is a #-neighborhood of z¢ that is
contained in S° and therefore contains no points of S.
Hence, xo cannot be a #-limit point of S. For the converse, if no point of S¢ is a #-limit point of S then every

point in S¢ must have a #-neighborhood contained in S¢. Therefore, S¢ is #-open and S is #-closed.

Corollary 2.1.A set S is #-closed if and only if it contains all its #-limit points.
If S is #-closed and hyper bounded, then inf (S) and sup (S) are both in S.

Proposition 2.1. If S is #-closed and hyper bounded, then inf (S) and sup (S) are both in S.

2.4 #—0OpenCoverings

Definition 2.19.A collection H of #-open sets of R¥ is an #-open covering of a set S if every point in S is
contained in a set H belonging to H; that is, if S C U{F|F € H}.
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Definition 2.20.A set S C R¥ is called #-compact (or hyper compact) if each of its #-open covers has a
hyperfinite subcover.

Theorem 2.20.[11].(Generalized Heine—Borel Theorem) If H is an #-open covering of a #-closed and
hyper bounded subset S of the hyperreal line *R¥ (or of the *R¥™, n € N#) then S has an #-open covering H
consisting of hyper finite many #-open sets belonging to H.

Proof. If a set S in *R¥" is hyper bounded, then it can be enclosed within an n-box Tp = [—a, a]™ where a > 0.
By the property above, it is enough to show that Tp is #-compact.

Assume, by way of contradiction, that To is not #-compact. Then there exists an hyper infinite open cover C»
of Ty that does not admit any hyperfinite subcover. Through bisection of each of the sides of Tp, the box Ty can
be broken up into 2n sub n-boxes, each of which has diameter equal to half the diameter of Ty. Then at least
one of the 2n sections of Tp must require an hyper infinite subcover of C'_4, otherwise C_4 itself would have
a hyperfinite subcover, by uniting together the hyperfinite covers of the sections.

Call this section T;.Likewise, the sides of T1 can be bisected, yielding 2" sections of Ti, at least one of which
must require an hyper infinite subcover of C_4. Continuing in like manner yields a decreasing hyper infinite
sequence of nested n-boxes:

ToODTi DTe D ... DTk D ...,k € N¢#, where the side length of T}, is (2 a)/2k, which #-converges to 0 as k
tends to hyper infinity, k — co®. Let us define a hyper infinite sequence {x } wen# such that each xy, @ xx € Tk.
This hyper infinite sequence is Cauchy,so it must #-converge to some #-limit L. Since each Tyis #-closed, and
for each k the sequence {x}, % is eventually always inside T}, we see that L € T}, for each k € N7,

Since C 4 covers Tp, then it has some member U € C 4 such that L € U. Since U is open, there is an n-ball
B(L) C U. For large enough k, one has T, C B(L) C U, but then the hyper infinite number of members of C__x
needed to cover T} can be replaced by just one: U, a contradiction.Thus, Ty is #-compact. Since S is #-closed
and a subset of the #-compact set Ty, then S is also #-compact.

As an application of the Generalized Heine-Borel theorem, we give a short proof of the Generalized Bolzano—
Weierstrass Theorem.

Theorem .21.(Generalized Bolzano-Weierstrass Theorem) Every hyper bounded hyper infinite set S ¢ *R¥
has at least one #-limit point.

Proof. We will show that a hyper bounded nonempty set without a #-limit point can contain only finite or
a hyper finite number of points. If S has no #-limit points, then S is #-closed and every point x € S has an
#-open neighborhood N, that contains no point of S other than x.The collection H = {N|z € S} is an #-open
covering for S. Since S is also hyper bounded, Theorem 2.20 implies that S can be covered by finite or a hyper
finite collection of sets from H, say Ng,, ..., Ng,,,n € N#.

Since these sets contain only z1, ..., 2, from S, it follows that S = {zx}; 1., 7 € N#.

3 External Hyperfinite Sum of the *R#- valued Hyperfinite
Sequences. Main Properties

Theorem 3.1.[11]. Let {a;}"_,and {b;}!" ,be *R¥- valued hyperfinite sequences. The following equalities
holds for any n, k1,11 € N¥\N:
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b x <Ea:t— Zai> = Ext- Zb X a; (3.1)
i=0 i=0

Ext- i a; + Ext- i b; = Ext- i (a; £ b;) (3.2)
i=0 i=0 i=0

Ext- i a; = Ext- i a; + Ext- i a; (3.3)
i=0 i=0

i=j+1

k1 1 Iy k1
Ext- Z Ext- Z aij | = Ext- Z Ext- Z aij (3.4)
i=ko Ji=lo Jj=lo i=ko
(5)
(Ext— Z ai> X <Ea:t— Z b]-> = Ext- Z <Ea;t— Z a; X bj> (3.5)
i=0 j=0 i=0 j=0
(6)
<Ea:t— Hai) X (Ext— H bi> = Ext- Hai X b; (3.6)
i=0 i=0 i=0
(7)

(E:rt- ﬁ a¢> = Euxt- ﬁ ai’ (3.7)
i=0 i=0

Proof.Imediately by generalized recursion theorem (see[8],sect.3.2, Theorem 3.1) and by hyper infinite induction
principle, see [8],sect.3,4.

Theorem 3.2.[11]. (1) Let {a;}?"_,and{b;}"_ be *R¥ - valued hyperfinite sequences.
=1 i=1

Suppose that: (i) a; < b;,1 < i < n and (ii) {a;},_, is increasing and (iii) sequence {b;};_, is non-decreasing,
then the following equalities hold for any n € N# :

Ext- Y a; < Ext-» b (3.8)
i=0 i=0
2) Let {a;}"_ and {b;}"_,be *R¥- valued hyperfinite sequences.
1=1

i=1

Suppose that:(i) a; > b;,1 < i < n and (ii) {a:};_, is non increasing and (iii) sequence  {b;}}_, is monotone
decreasing, then the following equalities hold for any n € N :

Ext- i a; > Ext- i b;. (3.9)
i=0 i=0

Theorem 3.3.[11]. Let {a;}!" jand {b;}]",be *R¥ - valued hyperfinite sequences. Then the following equalities
holds for any n € N# :
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n 2 n n
(Ext— > aix bi> < (Ext— Za?) (Ext-Zb?) . (3.10)
1=0 1=0 =0

4 External Countable Sum Ext-)
Sum

neN Gn from External Hyperfinite

Definition 4.1.[11].Let {an},y be "R-valued countable sequence. Let {an},_,be any*R-valued hyperfinite
sequence with m € *N \N and such that a, = 0 if n € N¥\N.

Then we define external sum of the countable sequence {an}, oy (or w-sum) as thefollowing hyperfinite sum

Ext- Z an € "R (4.1)
n=1
and denote such sum by the symbol
Ext-nenan (4.2)

or by the symbol

Ext- Z On. (4.3)
n==k

Remark 4.1. Let {an}, oy
apply standard notation

be R-valued countable sequence. Note that: (i) for canonical summation we always

> an. (4.4)

(ii) the countable summ (w-sum ) (4.3) in contrast with (4.4) abviously always exists even if a series (4.3) diverges

absolutely i.e., > |an| = oo.
n==k

Definition 4.2.[5].(i) Let U be a free ultrafilters on N and introduce an equivalence relation on sequences in
RY as fi ~u f2 iff {i € N|f1 (i) = f2 (i)} € U.

(ii) RY divided out by the equivalence relation ~ygives us the nonstandard extension *R, the hyperreals; in
symbols, *R = RY/ ~y and similarly NV divided out by the equivalence relation ~ygives us the nonstandard
extension *N, the hyperintegers; in symbols,*N = NY/ ~p .
Abbreviation 4.1.If f € RY, we denote its image in *R.
by

cl(f), (4.5)

ie,cl(f)={geRg~uv f}.
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Assumption 4.1.We assume now that there is an embedding *N — N#.

Remark 4.2.For any real number r € R let r denote the constant function r :N — R with value r,i.e.,r (n) = r,for
all n € N.We then have a natural embedding * : R — *R

by setting *r = cl(r) for all r € R.

Example 4.1. Let *1(n) : N — *R be the constant *R-valued function with value  *1 je., *1(n) = *1 (for
all n € N and *1 (n) = *0 ,for all n € N¥\N.

The w-sum Ezt- >, *1(n) € "R\Rexists by Theorem 3.1.

neN

Let *1# (n) : N — *R be the constant *R-valued function with value *1 ,i.e., *1# (n) = *1 for all n € N*.The
hyperfinite sum

Ext-Y "1 (n) € "R\R ,v € N*\N (4.6)
n=1

exists for all v € N¥\N by Theorem 3.1.

We denote the value of w-sum Exzt- ), *1(n)by @.
neN
Note that

w#cl(1,2,..,n,..) =0, (4.7)

since @ = Ext-3. *1(n) = Exzt->, *1(n) < Ext-Y. *1# (n) = &. Note that the inequality Ezt-3 *1(n) <

neN n=1 n=1 n=1
Ext-3" *1# (n) holds by Theorem 3.2.
n=1
w 1 oo
Example 4.2. The w-sum Ext- ) € *R\R exists by Theorem 3.1, however ) % = oo0.
n=1 n=1
Theorem 4.1. Let Ezt- ) a, = A and Ext- Y, b, = B,where A, B,C € "R .Then (1)
n=k n==k
Euxt- Z Cxan=Cx (E:rt— Z an) (4.8)
n=k n=k
(2)
Ext- » (an+b,)=A+B. (4.9)
n=k
3) |
w J w
Ext- Z a; = Ext- Z a; + Ext- Z a; (4.10)
i=0 i=0 i=j+1

Proof.It follows directly from Theorem 3.1 by Definition 3.1.

Example 4.2. Consider the w-sum

Su(r)=Ext-Y r",—1<r<1. (4.11)

n=0
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The w-sum Exzt- Y, *r~" € *R\Rexists by Theorem 3.1.1t follows from (4.11)
n=0

Sw (r) =1+ Ext- i r"=1+r (Emt- i r") =1+7rS, (r)(4.12)
n=1 n=0
Thus S, (r) = %.(4.13)

Remark 4.3. Note that for |r| < 1 Sw (r) = Ext- > r" = S (r) = > r"(4.14)
n=0 n=0
since as we know for |r| <1

n o0 1
Soo — I no_ no_ . 4.15
(=l > =3 "=y (415)
Definition 4.2.[5]. An element x € "R is called finite if || < r for some r € Q,r > 0.

Abbreviation 4.2.For z € *R we abbreviate x € *Rgy, if z is finite.

Remark 4.4.[5]. Let = € Q% be finite. Let D1, be the set of r € Q such that r < z and D the set of ' € Q
such that = < r’. The pair (D1, D2) forms a Dedekind cut in R, hence determines a unique 7o € Rq. A simple

argument shows that |z — ro| isinfinitesimal,i.e., |z — ro| = 0.

Definition 4.3.[5].This unique 7o is called the standard part of = and is denoted by

°z . (4.16)

Definition 4.4. An element © € *Rgn is called standard if

x="x. (4.17)
Abbreviation 4.2.For z € "R we abbreviate x € *Rg¢ if x is standard.
Theorem 4.4.[5]. If x € R, then °z = z; if x,y € *Ran are both finite, then
‘ty) ="+, " @-y =" - ") (4.18)

Definition 4.5.Let {a;};-, be countable *Ran-valued sequence. We say that a sequence {a;};-, converges to
the standard limit a € *Ran and abbreviate a = st-lim;_,o a; if for every € > 0, € % 0 there is an integer N € N
such that |a; —a| < €eif i > N.

Theorem 4.5. Let {a;};_,, n € N#\N be a hyperfinite *Rgn -valued sequence such that: (i) a; = a; for any

m

i <mn and (ii) for any m <n: Ext-Y |a;| < p € *Rgan ,then

i=0
° (Ext—iai> = Euxt- i a; . (4.19)
i=0 i=0

Proof.From Eq.(4.18) by the condition (ii) and hyper infinite induction we get

° (Emt— iaz) = E:ct—i °a; (4.20)
i=0 i=0
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From Eq.(4.20) by the condition (i) we obtain Eq.(4.19).
=0

=0

Theorem 4.6. Let {ai}ieN be a countable *Rg¢-valued sequence, i.e.,
°a; = a; € "Ret for any ¢ € N. Assume that: (1) Y |as| < oo and therefore there exists st-limm, o0 Y @i
(4.21)

w
st-limg 00 Y, |ai| = 0.Then
i=k

ai; (i) Ext-Y |ai| < oo and (iii)

>
i=0 i=0
° <Ea:t- Z ai> = FEuxt- Z a;.
i=0 i=0
and
Ext- Z a; = Z ai. (4.22)
i=0 i=0
From (4.22) it follows directly
lim (Eact- > ai> =0 (4.23)
Proof.The Eq.(4.21) follows directly from Eq.(4.19) and Definition 4.1.
From the Eq.(4.10) we get
w k w
Emt-Zai — Zai = Emt-Zai. (4.24)
=0 i=0 i=k
From the Eq.(4.23)
w k w w
E:rt—Zai — Zai = Emt—Zai < Z las| - (4.25)
i=0 i=0 i=k i=k
From the Eq.(4.24) by condition (ii) we get
w k w
- I - P — | < st- i i| = 0. .
st klggo Ext ZO a; ; a;| <st klirr;o Zk lai] =0 (4.26)
It follows from the Eq.(4.25)
w k o
Ext- Z a; = st- kl;r{:o Z a; = Z a; (4.27)
i=0 i=0 i=0
and therefore the equality (4.22) also holds. Assum that the equality (4.22)
holds. Then from (4.22) one obtains for any m € N
Ext- Z a; = Z a; (4.28)
and therefore
st- n}gnoo <Ext- Z: ai> = st- m1131oo Z a; = 0. (4.29)
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Example 4.3. Let p: N — *R be the "R-valued function such that p(n) = *r" ||r| < 1,for all n € N and
p(n) = *0 for allm € N¥\N.The w-sum S, (r) = Ezt- >, *r" € *R\Rexists by Theorem 3.1 and by Theorem
n=0

4.6 we obtain S, (r) = Sao (1) = 3. ™ = (1 —r)~" the same result as obtained above by direct calculation
n=0

(4.14), see Remark 4.3.

o0
Remark 4.4. Note that in general case the conditions (i) lai| < co and
i=0

w
(ii) Ext- )" |ai] < oo are not imply the condition (iii), but without condition (iii) the equality (4.22) obviously
is not holds. =
Theorem 4.7. Let {a;}
Assume that:
(i) a; > 0 for ¢ > m and
An+1

;en be a countable *Rst -valued sequence, i.e., °a; = a; € *Rg for any i € N.

(ii) st-lim; o0 < *1 .Then st-limg_, o0 Y, |ai| = 0 and therefore
i=k

n 1=

Ext- i a; = i a; (4.30)
i—0 i—0

Proof. Note that if st-lim;—oo (Gn+1/an) < *1 ,there is a number r € *Rg such that 0 < r < *1 and

Gn+1/an < r for n > N. Thus we obtain ant+1 < ran,an+2 < rays+1 < 1“2aN7 vy OGNk < rkaN, ...and therefore
ik A N
E:vt—.z aZSEmt—Zr aN =71 an (Ext—Zr)- T, (4.31)
i=N+k i=k =0

w k
It follows from (4.22) st-limg_eo | Ext- > ai) =st-limg_ o0 TAN _ () and by

i=N+k 1—r
Theorem 4.6 the equality (4.27) holds.

Theorem 4.8. Let {ai}ieN be a countable *Rg-valued sequence, i.e., °a; = a; € "Rt for any i € N.
Assume that:(i) a; > 0 for ¢ > m and

(ii) st-lim;—co (aj/i) < *1.Then st-limg_,o Y. |a;| = 0 and therefore
i—k

Ext- z“: a; = i ai. (4.32)
=0 =0

Theorem 4.9. Let {a;}!" and {b;}] ,be *R- valued hyperfinite sequences such that Ext- Y a} = A €
=1

*Ranand Ext- 3 b7 = B € *Rayn .Then the following inequality holds

1=1
n 2 n n
<Ea:t— Zaibi) < (Emt— Za§> <Ea:t-2b3>. (4.33)
i=1 =1 i=1

Proof. The inequality can be proved using only elementary algebra in this case. Consider the following quadratic
polynomial in z € *R

n

0 < Ext- Z (aiz + bi)2 = (Emt- Z a?) 22+ 2z (Ext- Z aibi> + Eaxt- be (4.34)
i=1 i=1 i=1

i=1
Since this polynomial is nonnegative, it has at most one real root for x,hence its discriminant is less than or
equal to zero. That is,
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(Emt— iadn) — <Emt— ia?) <Ea¢t—ib?> <0. (4.35)

i=1
which yields (4.30).

Theorem 4.10. Let {a;}°,and {b;}3° be *R- valued countable sequences such that Ext- > af = A €
i=1

"Ran and Ext- Y b? = B € *Ran .Then the following inequality holds

i=1
w 2 w w
<Emt- Zaibi> < (Eact- Za§> <Emt-Zb§>. (4.36)
i=1 =1 =1

Proof.It follows from Theorem 4.9 by Definition 2.1.

5 External Hyperfinite Matrices and Determinants

5.1 Definitions and notations

A rectangular external hyperfinite array of ordered elements wich is hyperreal numbers from external field R¥
or field C¥ = R¥ 4 iR¥, is known as hyperfinite R¥-valued (or C¥-valued) matrix.
The literal form of a hyperfinite external matrix in general is written symbolically as

ail a2 T A1n
a1 a2 et a2n, (5 1)
aAml Gm2 -+ (mn

where a;; € *Rf;lgigmﬂgjgn;meN#\N.

We use boldface type to represent a matrix, and we enclose the array itself in square brackets. The horizontal
lines are called rows and the vertical lines are called columns.

Each element is associated with its location in the matrix. Thus the element a;; is defined as the element located
in the ¢-th row and the j-th column.

Using this notation, we may also use the notation [a4],, ., to identify a matrix of order m x n, i.e. a matrix
having m rows (the number of rows is given first) and n columns. Some frequently used matrices have special
names. A matrix of one column but any number of rows is known as a column matrix or a column vector.
Frequently, for such a matrix, only a single subscript is used for the elements of the array. Another type of
matrix which is given a special name is one which contains only a single row. This is called a row matrix, or a
row vector. A matrix which has the same number of rows and columns, i.e. m = n, is a square matrix of order
(n x n) or just of order n € N¥\N. The main or prin-ciple diagonal of a square matrix consists of the elements
11,022, ..., Gnn. Asquare matrix in which all elements except those of the principal diagonal are zero is known
as a diagonal matrix.

If, in addition, all elements of a diagonal matrix are unity, the matrix is known as a unit or identity matrix,
denotet by U or 1. If all elements of a matrix are zero, a;; = 0, the matrix is called a zero matrix, 0. A subclass
of a square matrix which is frequently encountered in circuit analysis is a symmetric matrix. The elements of
such a matrix satisfy the equality a;; = a;; for all values of ¢ and j, or in other words, this matrix is symmetrical
about the main diagonal.
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Let A, = [ai;] be a countable matrix, where a;; € *R¥ ;4,5 € N.The literal form of a countable matrix in
general is written symbolically as

aii ai2 o Qin
ag1 a2 - G2n

A, = air a2 - @i - (5.2)
aAm1 Am2 **° Omn

Remark 5.1. Note there is canonical embeding A, — A, ,,where A, , is hyperfinite external matrix of the
following literal form

ailr a2 a1in 0 O
azi a2 az2n 0 0
. 0 O
a1 a;2 (027 0 0
Aun= 0 0 (5.3)
am1 Am2 Amn 0 0
0 0 0 0 0 0 1

where apn, =1 for alln € N#\N and amn =0 for all m #n, m,n € N#\N.

5.1.1 Matrix equality

Two matrixes are equal if and only if (1) they are of the same order, and (2) each element of one matrix is equal
to its associated (placed in the row of the same number and the colunm of the same number) element in the
other matrix. Thus, for two matrices, A and B, of the same order and with elements a;; and b;; respectively, if
A = B, then all the elements have to be equal, i.e. a;; = b;; for all values of ¢ and j.

5.2 Addition and subtraction of external hyperfinite matrices

If two external hyperfinite matrices A and B are of the same order, i.e. have the same hyperfinite number of
rows and the same hyperfinite number of columns, we may determine their sum by adding the corresponding
elements. Thus if the elements of A are a;; and those of B are b;;, then the elements of the resulting matrix
C=A+Bare

Cij = aij + bij (5.4)
Clearly A + B = B + A for hyperfinite matrices.Subtraction is similarly defined, i.e. C=A-Bare

Cij = @ij — bij. (5.5)

5.3 Multiplication by a scalar

The multiplication of external hyperfinite matrix A by a scalar k € R¥ or k € C# means that every element of
the matrix A is multiplied by the scalar.

Thus, if k is a scalar and Aisexternalhyper finitematrizwithelementsa;;, the elements of the matrix kA are
kai]- :
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]CCL11 kalg v kaln
EA — ka21 k'a22 e kagn (56)
kCLm1 kamg e kamn

5.4 Multiplication of the external hyperfinite matrices
For the case where A is an n-th-order square matrix and Y and X are column matrices with n rows, the elements
of the resulting matrix Y = AX is defined by the relation

yi = Brt-p_jainzy (5.7)
where 1 <i < n.
The multiplication of two external hyperfinite matrices A and B is defined only if the number of columns of A

is equal to the number of rows of B. If A is of order (m x n) and B is of order (n X p) (such a pair of matrices
is said to be conform able for multiplication), then the product A - B is a matrix C of order (m X p).

A(nxn) Bmxp) = Cim) (5.8)

The elements of C are found from the elements of A and B by multiplying the i-th row elements of A and the
corresponding j-th column elements of B and summing these products to give ¢;;

Cijg = El‘t-zzlaikbk]‘ (5.9)
where 1 <i<m,1 <5 <p.

5.5 The determinant of the external hyperfinite matrices

Suppose we are given a square hyperfinite matrix A, i.e., an array of n? hyper real numbers

aii ai2 e A1n
a1 az2 T az2n

A= (5.10)
an1 am?2 e Ann

where a;; € *R¥ ;1 < i < n,1 <j < n,n € N*\N.The number of rows and columns of the matrix (5.10) is
called its order. The numbers a;; are called the elements of the matrix. The first index indicates the row and
the second index the column in which a;; appears. The elements a;;,1 < i < n form the principal diagonal of
the matrix.

Consider any product of n elements which appear in different rows and different columns of the matrix (5.10),
i.e., a product containing jast one element from each row and each column. Such external product can be written
in the form

Ext- H Gapm = Ext- (a1 X Gag2 X oo X Gann) - (5.11)
m=1
Actually, for the first factor we can always choose the element appearing in the first column of the matrix (5.10);

then, if we denote by oq the number of the row in which the element appears, the indices of the element will be
a1, 1.
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Similarly, for the second factor we can choose the element appearing in the second column; then its indices will
be a2, 2, where a2 is the number of the row in which the element appears, and so on.

Thus, the indices a1, az, ..., an are the numbers of the rows in which the factors of the product (5.11) appear,
when we agree to write the column indices in increasing order.

Definition 5.1.[19]. A function F is said to be a permutation of a set S if it is one-to-one and dom(F) =
range(F) = S.

Definition 5.2. [19]. Let [1,n] a set {k|lk e N* A (1 <k <n)}.

Since, by hypothesis, the elements aa,1,0a42, .-, Ga,n appear in different rows of the matrix (5.10), one from
each row, then the numbers a1, s, ..., o, are all different and represent some permutation of the set [1,n]. By
an inversion in the sequence {a;};_;, we mean an arrangement of two indices such that the larger index comes

before the smaller index. The total number of inversions will be denoted by

(o, @, ..., n) (5.12)

If the number of inversions in the sequence {a;}]_; is even, we put 430 plus sign before the product (5.11); if
the number is odd, we put a minus sign before the product.

In other words, we agree to write in front of each product of the form (5.11) the sign determined by the expression

(_1)7r(a1,a2,m,an) ) (5.13)

The total number of products of the form (5.11) which can be formed from the elements of a given matrix of
order n is equal to the total number of permutations of the set [1,n]. As is well known, this number is equal to
nl.

Definition 5.3.[19].By the determinant D of the matrix (4.5.1) is meant the external sum of the n! products
of the form (5.11), each preceded by the sign determined by the rule just given, i.e.,

D —Eat- (—1)"(@102an) (Ext— 11 aamm) -

m=1

Eat- (_1)7r(a1,a2 ,,,,, an) (Bxt- (@a1 X Gag2 X oo X Gapn))

(5.14)

Henceforth, the products of the form (5.11) will be called the terms of the determinant D.The elements a;; of
the matrix (5.10) will be called the elements of D and the order of (5.10) will be called the order of D. We
denote the determinant D corresponding to the matrix (5.10) by one of the following symbols:

ail ai2 A1n
D=| 2 et ay| = A (5.15)
anl1  am2 -+ QOnn

5.6 Determinant and cofactors

General procedure for evaluating the determinants of any order is by expanding determinant in terms of a row
or column, which is called Laplaces’ expansion. If such an expansion is made along the i-th row of an array,
it has the following form

|A| = Ext-a;k Aik, (516)
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where all a;, are the elements of A and all A, are cofactors. These cofactors are formed by deleting the i-th
row and k-th column of the array (so that the remaining elements form a determinant, called minor, M, which
is of order one less than |A|) and prefixing the result by the multiplier (—1)*"* which predetermines the sign of
the minor.

5.7 The transposition of the external hyperfinite matrix

Let Af be a hyperfinite matrix

aii az1 e an1

t ai2 a2 T an2
Al = (5.17)

A1n a2n e Ann

is obtained from a hyperfinite matrix (5.10) by interchanging rows an columns:

ail ai2 A1n
az1 a22 e a2

A= " (5.18)
an1 an2 Gnn

The determinant ‘At| obtained from the determinant |A| by interchanging rows and columns with the same
indices is said to be the transpose of the determinant |A|. We now show that the transpose of a determinant
has the same value as the original determinant. In fact, the determinants |A| and ‘At| obviously consist of the
same terms; therefore it is enough for us to show that identical terms in the determinants |A| and }At’ have
identical signs. Transposition of the matrix of a determinant is clearly the result of rotating it (in space) through
180° about the principal diagonal an, as2, ..., Gnn. As a result of this rotation, every segment with negative slope
(e.g., making an angle o < 90° with the rows of the matrix) again becomes a segment with negative slope (i.e.,
making the angle 90°— « with the rows of the matrix). Therefore the number of segments with negative slope
joining the elements of a given term does not change after transposition.

Consequently the sign of the term does not change either. Thus the signs of all the terms are preserved, which
means that the value of the determinant remains unchanged.

The property just proved establishes the equivalence of the rows and columns of a determinant. Therefore
further properties of determinants will be stated and proved only for columns.

5.8 The antisymmetry property

By the property of being antisymmetric with respect to columns, we mean the fact that a determinant changes
sign when two of its columns are interchanged. We consider first the case where two adjacent columns are
interchanged, for example columns j and j + 1.The determinant which is obtained after these columns are
interchanged obviously still consists of the same terms as the original determinant.

Consider any of the terms of the original determinant. Such a term contains an element of the j-th column and
an element of the (j+1)-th column. If the segment joining these two elements originally had negative slope, then
after the interchange of columns, its slope becomes positive, and conversely. As for the other segments joining
pairs of elements of the term in question, each of these segments does not change the character of its slope after
the column interchange. Consequently the number of segments with negative slope joining the elements of the
given term changes by one when the two columns are interchanged; therefore each term of the determinant, and
hence the determinant itself, changes sign when the columns are interchanged.
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Suppose now that two nonadjacent columns are interchanged, e.g., column j and column k£ with j < k,
where there are hyper finitely many m € N#*\N other columns between. This interchange can be accomplished
inductively by successive interchanges of adjacent columns as follows:

First column j is interchanged with column j + 1, then with columns 57 + 2,5+ 3, ..., k.

Then the column k—1 so obtained (which was formerly column k) is interchanged with columns k—2,k—3, ..., j.
In all, m+1+m = 2m+ 1 interchanges of adjacent columns are required, each of which, according to what has
just been proved, changes the sign of the determinant. Therefore, at the end of the process, the determinant
will have a sign opposite to its original sign (since for any hyperinteger m € N#\N, the number 2m + 1 is odd).

Remark 5.1.Note that the process mention above is well defined by hyperfinite induction axiom [2]-[4],[8].
Corollary 5.1.[19].Any external hyperfinite determinant with two identical columns vanishes.

Proof. Interchanging the columns does not change the determinant D. On the other hand, as just proved, the
determinant must change its sign. Thus D = —D, which implies that D = 0.

5.9 The linear properties of determinant

This property can be formulated as follows:
Theorem 5.1.[19].If all the elements of the j-th column of a determinant D are linear combinations of two
columns of numbers, i.e., if

Qij =b;+c,1<i<n, (5.19)
where A\, p € R¥ or A\, pu € C¥ are fixed numbers, then D is equal to a linear combination of two determinants

D = AD; + uD2 (5.20)

Here both determinants D; and D2 have the same columns as the determinant D except for the j-th column’,
the j-th column of D; consists of the numbers b;, while the j-th column of D> consists of the numbers c;.

Proof. Every term of the determinant D can be represented in the form
j—1
D= (E:ct-fz1 aa,ﬂ-) Qo j (Ea:t—?:jﬂaaﬂ) =

_ (Ea:t—g;llaaii) ()\baﬂ- + ucajj) (Ext—?:j+1aaii) = (5.21)
A (Ext—g;llaa”-) ba,j (Emt—?:]-Haa”) + i (Ext—f;llaaii) Cajj (Ext—?:j+1aa,ii) .

Adding up all the first terms (with the signs which the corresponding terms have in the original determinant),
we clearly obtain the determinant Di, multiplied by the number .

Similarly, adding up all the second terms, we obtain the determinant D2, multiplied by the number pu.
Remark 5.2.1t is convenient to write this formula in a somewhat different form. Let D be an arbitrary fixed
determinant. Denote by D; (p;) the determinant which is obtained by replacing the elements of the j-th column
of D by the numbers p;,1 < i < n € N#\N,

Then Eq.(5.21) takes the form

D (Abi + pci) = AD; (bi) 4+ pDj (ci) (5.22)
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The linear property of determinants can be extended to the case where every element of the j-th column is a
linear combination not of two terms but of any other number of terms, i.e.

aij = Bxt-f_1 \pbY. (5.23)
In this case
Dj (aij) = Dj (El‘t-Z:l)\kbf) = Emt-zzl)\ij (bf) . (5.24)

Corollary 5.2. Any common factor of a column of a determinant can be factored out of the determinant.
Proof. If a;; = Ab;, then by (5.22) we have Dj (a;;) = Dj; (;) = ADj; (bs).
Corollary 5.3. If a column of a determinant consists entirely of zeros, then the determinant vanishes.

Proof. Since 0 is a common factor of the elements of one of the columns, we can factor it out of the determinant,
obtaining D; (0) = D; (0-1) =0-D; (1).

5.10 Addition of an arbitrary multiple of one column to another column

Theorem 5.2.[19]. The value of a determinant is not changed by adding the elements of one column multiplied
by an arbitrary number to the corresponding elements of another column.

Proof.Suppose we add the /cth column multiplied by the number A to the j-th column (43a # j). The j-th
column of the resulting determinant consists of elements of the form a;; + Aaik,1 < i < n. By (5.22) we have
Dj (aij + Aair) = Dj (aij) + AD; (aik).

The j-th column of the second determinant consists of the elements aik, and hence is identical with the /cth
column. It follows from Corollary 3.8.1 that D; (a;x) = 0, so that D; (a;; + Aaix) = Dj (asj) .

Remark 5.3.Theorem 5.2 can be formulated in the following more general form:

The value of a determinant is not changed by adding to the elements of its j-th column first the corresponding
elements of the k-th column multiplied by A, next the elements of the I-th column multiplied by u, etc., and
finally the elements of the p-th column multiplied by 7 (43a # j,1 # 7, ...,440 # j).

Remark 5.4.Because of the invariance of determinants under transposition, all the properties of determinants
proved above for columns remain valid for rows as well.

5.11 Cofactors and minors

Consider any column, the j-th say, of the determinant D. Let a;; be any element of this column. Add up all
the terms containing the element a;; appearing in the right-hand side of equation (5.26),i.e.,

m=1
Ext- (—1)"00209) (Bt (44,1 X Gapa X oo X Gayn)) -
and then factor out the element ais. The quantity which remains, denoted by A;j, is called the cofactor of the
element a;; of the determinant D.Since every term of the determinant D contains an element from the j-th
column, (5.25) can be written in the form

D —Eat- (—1)"(@102an) (Ext— 11 aamm) - (5.25)
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Ext—?zlaikAij = Ext- (alkAlj + CLQkAQj +...4+a nkAnj) (526)

called the expansion of the determinant D with respect to the (elements of the) j-th column. Naturally, we can
write a similar formula for any row of the determinant D.

For example, for the ith row we have the formula:

Ext-7_1aijAij; = Ext- (ai1Aa + ainAiz + ... + @ inAin) . (5.27)

Thus one obtains.
Theorem 5.3.[19]. The sum of all the products of the elements of any column (or row) of the determinant D
with the corresponding cofactors is equal to the determinant D itself.

Remark 5.5.Equations (5.26) and (5.27) can be used to calculate determinants, but first we must know how
to calculate cofactors.

Remark 5.6.Next we note a consequence of (5.26) and (5.27) which will be useful later. Equation (5.26) is
an identity in the quantities aij, azj, ..., anj. Therefore it remains valid if we replace a;; (1 < i < n) by any
other quantities. The quantities A1j, Asj, ..., An; remain unchanged when such a replacement is made, since
they do not depend on the elements ais. Suppose that in the right and left-hand sides of the equality (5.26) we
replace the elements a1j, azj, ..., anj by the corresponding elements of any other column, say the k-th. Then the
determinant in the left-hand side of (5.26) will have two identical columns and will therefore vanish, according
to Corollary 5.3. Thus one obtains the relation

Emt—?zlaikAij = Ext- (alkAlj + azkAzj +...+a nkAnj) =0 (528)

for k # j.Similarly from Eq.(5.27) one obtains the relation

Ext-7_jai;Ai; = Ext- (a1 Ai + ai2Aiz + ... + ainAin) =0 (5.29)

for [ # i. Thus one obtains the following.

Theorem 5.4.[19]. The sum of all the products of the elements of a column (or row) of the determinant D
with the cofactors of the corresponding elements of another column (or row) is equal to zero.

Remark 5.7.1f we delete a row and a column from a matrix of hyperfinite order n, then, of course, the remaining
elements form a hyperfinite matrix of order n — 1.

The determinant of this matrix is called a minor of the original n-th-order matrix (and also a minor of its
determinant D).

If we delete the j-th row and the j-th column of D, then the minor so obtained is denoted by M;; or M,;(D).

‘We now show that the relation

Aij = (1) My (5.30)
holds, so that the calculation of cofactors reduces to the calculation of the corresponding minors. First we prove
(5.30) for the case i+ = 1,5 = 1. We add up all the terms in the right-hand side of (5.25) which contain the

element a11, and consider one of these terms. It is clear that the product of all the elements of this term except
a11 gives a term c of the minor M;. Since in the matrix of the determinant D, there are no segments of negative
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slope joining the element an with the other elements of the term selected, the sign ascribed to the term ajic
of the determinant D is the same as the sign ascribed to the term ¢ in the minor My;. Moreover, by suitably
choosing a term of the determinant D containing a11 and then deleting a11, we can obtain any term of the minor
M. Thus the algebraic hyperfinite external sum of all the terms of the determinant D containing ai1, with
a11 deleted, equals the product Mi;.

But according to results obtained above, this sum is equal to the product Aj;.
Therefore, A11 = M1 as required.

Now we prove (5.30) by hyper infinite induction for arbitrary iand j, making essential use of the fact that the
formula is valid for ¢ = j = 1. Consider the element a;; = a. appearing in the i-th row and the j-th column of
the determinant D. By successively interchanging adjacent rows and columns, we can move the element a over
to the upper left-hand corner of the matrix; to do this, we need ¢ — 1+ j — 1 = i 4+ j — 2 hyper interchanges. As
a result, we obtain the determinant D; with the same terms as those of the original determinant D multiplied
by (—1)"2 = (—1)",

The minor Mi1(D1) of the determinant D, is clearly identical with the minor M,;(D) of the determinant D.
By what has been proved already, the sum of the terms of the determinant D; which contain the element a,
with a deleted, is equal to M11(D1).

Therefore the sum of the terms of the original determinant D which contain the element a;; = a, with a deleted,
is equal to

(—1)" My, (D1) = (-1)"M,; (D). (5.31)

According to results obtained above, this sum is equal to A;;. Consequently A;; = (—l)iH M;;, which completes
the proof of (5.30).

Theorem 5.5.[19]. Formulas (5.28) and (5.29) can now be written in the following form

D =Ext-}_, Ext- (—1)""7 a);M,,; =

FExt- ((71)14‘1. CLlelj + (71)2+j a2jM2j 4+ (71)n+j aannj) (532)
and

D :Ext-zzl (_1)Z+k a’ikMik =

Ext- ((—1)i+1 aitMi1 4 (=12 Mg + ... + (—1)"™ amMm) . (5.33)
Example 5.1.An hyperfinite n-th-order determinant

ail 0 0 0

az1  a22 0 ces 0
Dn = |as1 as2 ass PPN O (534)

an1 an2 an3 [ Ann

is called triangular. Expanding D, with respect to the first row, we find that D, equals the product of the
element @11 with the triangular determinant
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az2 0 0 0
as2 a33 0 e 0
D,.1=| - C e e (5.35)
0
An2 An3 -+ -+ Qnn

of the order n — 1.Again expanding D,,_;with respect to the first row, we find that

Dy-1 = a22Dyn-_2, (5.36)

where D,,_» is triangular determinant of the order n — 2.By hyper infinite induction finally we obtain

D, = Ext—?zlan-. (537)

6 Generalized Cramer’s Rule for External Hyperfinite System

We are now can to solve external hyperfinite systems of linear equations.

First we consider hyperfinite system of the special form:

Emt—?zlanx,- = bl,
Ext-7_ja2ix; = ba, 6.1)

E$t-?:1ani.1‘,' = bn.

i.e., a system which has the same number of unknowns and equations. The coefficients a;; (i,7 = 1,2, ...,n) form
the coefficient matrix of the system; we assume that the determinant of this matrix is different from zero. We
now show that such a system is always compatible and determinate, and we obtain a formula which gives the
unique solution of the system.

We begin by assuming that c1,ca, . .., Cn 1s a solution of (6.1),so that

Ea:t-?zlauci = bl,
Ext-i_qazici = ba, © 2)

Ext-?_ianici = by.

We multiply the first of the equations (4.12.2) by the cofactor A11 of the element @11 in the coefficient matrix,
then we multiply the second equation by As1, the third by Asi, and so on, and finally the last equation by A,.
Then we add all the equations so obtained. The result is

Ext- (a11A11 + a21421 + ... + an1Ani) 1+
+Ext- (a12A11 + a22A21 + ... + an2Ani) c2 + ...+ (6.3)
+E$t— (alnAll + a2nA21 + ...+ annAnl) Cn = blAll + b2A21 + ...+ bnAnl

By Theorem 6.1, the coefficient of ¢; in (6.3) equals the determinant D itself.

By Theorem 6.2, the coefficients of all the other ¢;(j # 1) vanish.
The expression in the right-hand side of (6.3) is the expansion of the determinant
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b1 a2 - amn
e (6.4
bn an2 - 0ann

with respect to its first column. Therefore (19) can now be written in the form Dc; = Dq,s0 that

D,
a=7p- (6.5)
In a completely analogous way, we can obtain the expression
D.
6= (6.6)
1 < j < n,where
a1 a2 -+ aij—1 b1 ayjy1 -+ ain
Dj — a1 a2 ce . az;j—1 b2 agj+1 [P aan (67)
anl1 Qn2 -+ Qnj—1 bn Gnj+1 - Gnn

is the determinant obtained from the determinant D by replacing its j-th column by the numbers b1bo, ..., by,.
Thus we obtain the following result.

Theorem 6.1.[19]. If a solution of the system (6.1) exists, then (6.6) expresses the solution in terms of the
coefficients of the system and the numbers in the right-hand side of (6.1). In particular, we find that if a solution
of the system (6.3) exists, it is unique.

Remark 6.1.We must still show that a solution of the system (6.1) always exists.

Consider the quantities ¢; = D;/D, 1 < j < n and substitute them into the system (6.1) in place of the unknowns
Z1T2, ..., Tn. Then this reduces all the equations of the system (6.1) to identities. In fact, for the i-th equation
we obtain

D D D,
Ext- (ai1¢c1 + aizc2 + ... + @incn) = ailﬁl + 01‘262 + .t ain— =

D
D! [ai1 (Ext- (b1A11 4+ b2A21 + ... + b An1)) +
“+a;o (El‘t- (b1A12 4+ b2 A2 + ... + bnAnQ)) + ...+
+ain (Ext- (b1 Arn + baAon + ... + bpAnn))] =
=D! [bl (Ea:t— (aﬂAn + a2 A1 + ... + amAln)) + ...+
+b2 (Ext- (a1 A21 + aizA22 + ... + ainA2n)) + ..t
+bn, (Emt‘ (ailAnl + ai2An2 + ... + alnAnn))] .

By Theorems 4.11.1 and 4.11.2, only one of the coefficients of the quantities b1, ba, ..., b, is different from zero,
namely the coefficient of b;, which is equal to the determinant D itself. Consequently, the above expression
reduces to i.e., isidenticalwiththeright — handsideo fthei—thequationo fthesystem.

D 'b;D =b;, (6.9)

81



Foukzon; JAMCS, 87(10): 51-89, 2022; Article no.JAMCS.93689

Thus the quantities ¢; (1 < j < n) actually constitute a solution of the system (4.12.1), and we have found the
following prescription (Generalized Cramer’s rule) for obtaining solutions of hyperfinite system (6.1).

Theorem 6.2.[19]. If the determinant of the system (6.1) is different from zero, then (6.1) has a unique solution,
namely, for the value of the unknown z; (1 < j < n) we take the fraction whose denominator is the determinant
D of (6.1) and whose numerator is the determinant obtained by replacing the j-th column of D by the column
consisting of the constant terms of (6.1),i.e., the numbers in the right-hand sides of the system.

Remark 6.2. One sometimes encounters systems of linear equations whose constant terms are not numbers
but vectors, e.g., in analytic geometry or in mechanics.

Cramer’s rule and its proof remain valid in this case as well; one must only bear in mind that the values of the
unknowns z1, z2, ..., T, will then be vectors rather than numbers.

7 Minors of Arbitrary Hyperfinite Order. Generalized Laplace’s
Theorem

Theorem 5.5.[19]. On the expansion of a determinant with respect to a row or a column is a special case of a
more general theorem on the expansion of a determinant with respect to a whole set of rows or columns. Before
formulating this general theorem (Generalized Laplace’s theorem), we introduce some new notation.

Suppose that in a square external matrix of hyperfinite order n € N#/Nwe specify any k < n different rows and
the same number of different columns. The elements appearing at the intersections of these rows and columns
form a square matrix of hyperfinite order k. The determinant of this matrix is called a minor of order k of the
original matrix of order n (also a minor of order k of the determinant D)j; it is denoted

M = M2k (7.1)

J1-J2.---Jk’
where i1, 42, ..., 1k, are the numbers of the deleted rows, and j1, jo, ..., jr are the numbers of the deleted columns.

If in the original matrix we delete the rows and columns which make up the minor M, then the remaining
elements again form a square matrix, this time of order n — k. The determinant of this matrix is called the
complementary minor of the minor M, and is denoted by the symbol

M:Mz‘l.iz.mik (7.2)

J1-J2.-Jk "

In particular, if the original minor is of order 1, i.e., is just some element a;; of the determinant D, then the
complementary minor is the same as the minor M;; discussed in Sec. .Consider now the minor:

M, = M3y (7.3)

formed from the first k rows and the first k columns of the determinant Dj; its complementary minor is:

M; = Mifzkk (7.4)
In the right-hand side of equation (5.25), put group together all the terms of the determinant whose first k
elements belong to the minor M; (and thus whose remaining n — k elements belong to the minor M3). Let one
of these terms be denoted by ¢; we now wish to determine the sign which must be ascribed to c¢. The first k
elements of ¢ belong to a term ci, of the minor M;. If we denote by N1 the number of segments of negative
slope corresponding to these elements, then the sign which must be put in front of the term ¢; in the minor
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M; is (—1)N1.The remaining n — k elements of ¢ belong to a term c2 of the minor Ma; the sign which must
be put in front of this term in the minor M is (—1)N 2, where N3 is the number of segments of negative slope
corresponding to the n —k elements of c2. Since in the matrix of the determinant D there is not a single segment
with negative slope joining an element of the minor M; with an element of the minor M2, the total number
of segments of negative slope joining elements of the term ¢ equals the sum N; 4+ Na. Therefore the sign which
must be put in front of the term c is given by the expression (71)N1+N2, and hence is equal to the product of
the signs of the terms c¢; and c2 in the minors M; and Ma.

Moreover, we note that the product of any term of the minor M and any term of the minor M, gives us one of
the terms of the determinant D that have been grouped together. It follows that the sum of all the terms that
we have grouped together from the expression for the determinant D given by (5.25) is equal to the product of
the minors M; and M2.Next we solve the analogous problem for an arbitrary minor

M = M;UE R (7.5)
with complementary minor M. By successively interchanging adjacent rows and columns, we can move
the minor M; over to the upper left-hand comer of the determinant D; to do so, we need a total of Euxt-
k_1 (ia — @) + Ext-%_, (jo — ) interchanges. As a result, we obtain a determinant D; with the same terms as
in the original determinant but multiplied by (—1)'*7, where i = Ext-f_; (i — ), j= Ext-F_; (jo — a) b443
what has just been proved, the sum of all the terms in the determinant D; whose first k£ elemeflts appear in the
minor M; is equal to the product M;Ma. It follows from this that the sum of the corresponding terms of the
determinant D is equal to the product (—1)"™/M;Msy = M; A»,where the quantity Az = (—=1)""/ My is called
the cofactor of the minor M; in the determinant D. Sometimes one uses the notation Az = 23111]221127 where
the indices indicate the numbers of the deleted rows and columns.Finally, let the rows of the determinant D
with indices i1, i2, ..., ix be fixed; some elements from these rows appear in every term of D. We group together
all the terms of D such that the elements from the fixed rows 1,12, ..., 4% belong to the columns with indices
1,72, .-+, jk- Then, by what has just been proved, the sum of all these terms equals the product of the minor
with the corresponding cofactor.

In this way, all the terms of D can be divided into groups, each of which is characterized by specifying k columns.
The sum of the terms in each group is equal to the product of the corresponding minor and its cofactor. Therefore
the entire determinant can be represented as the sum:

D =Ext- M2k Z’ilinw-v'L‘k (7.6)

J10925ee 50k C 150250 0Tk

where the indices i1, i2, ..., i (the indices selected above) are fixed, and the sum is over all possible values of the
column indices ji, j2,...,Jr (1 < j1 < jJo < ... < jx < n).

The expansion of D given by (7.6) is called Laplace’s theorem.

Clearly, Laplace’s theorem constitutes a generalization of the formula for expanding a determinant with respect
to one of its rows. There is an analogous formula for expanding the determinant D with respect to a fixed set
of columns.

7.1 Linear dependence between external hyperfinite columns

Suppose we are given m columns of hyperreal numbers with n numbers in each:
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aii ai2 A1m
a21 a22 a2m

A= Ay = S (7.7)
an1 an2 Anm

We multiply every element of the first column by some number A1, every element of the second column by Az,
etc., and finally every element of the last (mth) column by A,,; we then add corresponding elements of the
columns.

As a result, we get a new column of numbers, whose elements we denote by ci, c2, ..., ¢,. We can represent all
these operations schematically as follows:

aii ai2 A1m C1
az1 a2 az2m Cc2
Ext- | A + A2 + ot A =\ (7.8)
an1l an?2 QAnm Cn
or more briefly as
Bxt-21 XA = C, (7.9)

where C' denotes the column whose elements are c1, c2, ..., ¢, € *Rf . The column C is called a linear combination
of the columns A1, Aa, ..., Am, and the hyperreal numbers A1, Ao, ..., Am € *R¥ are called the coefficients of the
linear combination.

As special cases of the linear combination C, we have the sum of the columns if \; = A2 = ... = A\, = 1 and the
product of a column by a number if m = 1.

Suppose now that our columns are not chosen independently, but rather make up a determinant D of order
n € N¥ /N. Then we have the following

Theorem 8.1..[19].If one of the columns of the determinant D is a linear combination of the other columns,
then D = 0.

Proof. Suppose, for example, that the g-th column of the determinant D is a linear

combination of the j-th, k-th, . . . , p-th columns of D, with coefficients A;, A, ..., Ap, respectively. Then by
subtracting from the g-th column first the j-th column multiplied by A;, then the k-th column multiplied by
Ak,etc., and finally the p-th column multiplied by A,, we do not change the value of the determinant D.
However, as a result, the g-th column consists of zeros only, from which it follows that D = 0.

Remark 8.1.1t is remarkable that the converse is also true, i.e., if a given determinant D is equal to zero, then
(at least) one of its columns is a linear combination of the other columns. The proof of this theorem requires

some preliminary considerations, to which we now turn.

Again suppose we have m € N*\N columns of numbers with n € N# \N elements in each.
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We can write them in the form of a matrix

ail a2 T A1m
a1 a2 et a2m

A — (7.10)
anl  Gn2 - QGnm

with n rows and m columns. If k columns and k rows of this matrix are held fixed, then the elements appearing
at the intersections of these columns and rows form a square matrix of order 43a, whose determinant is a minor
of order 43a of the original matrix A; this determinant may either be vanishing or nonvanishing. If, as we shall
always assume, not all of the a;, are zero, then we can always find an integer r which has the following two
properties:

1.The matrix A has a minor of order r which does not vanish;

2. Every minor of the matrix A of order r + 1 and higher (if such actually exist) vanishes.

Definition 8.1..[19].The number r which has these properties is called the rank of the matrix A.If all the a;
vanish, then the rank of the matrix A is considered to be zero (r = 0). Henceforth we shall assume that r > 0.

The minor of order r» which is different from zero is called the basis minor of the matrix A.

(Of course, A can have several basis minors, but they all have the same order r.) The columns which contain
the basis minor are called the basis columns.

Concerning the basis columns, we have the following important

Theorem 8.2..[19]. (Basis minor theorem). Any column of the matrix A is a linear combination of its basis
columns.

Proof. To be explicit, we assume that the basis minor of the matrix is located in the first r rows and first r
columns of A. Let s be any integer from 1to m, let 43a be any integer from 1 to n, and consider the determinant

aii ai2 et Qlr ais
az1 a2 s G2 azs
ar1 ar2 e Arr Ars
ak1  Ak2 ot Qkr Qks

of order r + 1. If £ < n, the determinant D is obviously zero, since it then has two identical rows. Similarly,
D =0for s<r If k> rand s > r, then the determinant D is also equal to zero, since it is then a minor of
order r + 1 of a matrix of rank r.

Consequently D = 0 for any values of k£ and s.We now expand D with respect to its last row, obtaining the
relation:

Ext- (ar1 A1 + ar2Arz + axr Agr) + axs Ars = 0, (7.12)

where the numbers Ag1, Ak2, ..., Akr, Ars denote the cofactors of the elements ak1, ake, ..., Gkr, axs appearing in
the last row of D.

These cofactors do not depend on the number k, since they are formed by using elements a;; with i < r.
Therefore we can introduce the notation

Akl = Cl,AkQ = C2, ~~-,Alcr = CmAks = Cgs. (713)

Substituting the values 43a = 1,2, ...,n in turn into (8.6), we obtain hyperfinite system of equations
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Ext-j_,cja1; + csars = Ext- (crair + ceaiz + ... + crarr) + csa1s = 0,
g
Ext-_icjaz; + csazs = Ext- (c1a21 + c2a22 + ... + crazr) + csazs = 0,

(7.14)
Ext-i_icjan; + Csans = Ext- (c1an1 + C2Gn2 + ... + Cranr) + Csans = 0.

The number ¢s = Ags is different from zero, since Ags is a basis minor of the matrix A.

Dividing each of the equations (4.14.8) by cs, transposing all the terms except the last to the right-hand side,
and denoting —c;/cs by A; (1 < j <r), we obtain

Eﬁ?t';zl)\jalj = FExt- ()\1a11 + As2ai2 + ... + )\ralr) = A1s,
El’t—;zlA]'an + Ccsa2s = FEaxt- (A1(121 + )\2(122 + ...+ /\,«agr) = a2s,

Ext-_1XAjan; + Asans = Ext- (A1an1 + A2an2 + ... + Aranr) = Gns.

(7.15)

These equations show that the s-th column of the matrix A is a linear combination of the first r columns of the
matrix (with coefficients A1, Az, ..., A). The proof of the theorem is now complete, since s can be any number
such that 1 < s < m.

Theorem 8.2..[19]. If the determinant D vanishes, then it has at least one column which is a linear combination
of the other columns.

Proof. Consider the matrix of the determinant D. Since D = 0, the basis minor of this matrix is of order
r < n. Therefore, after specifying the r basis columns, we can still find at least one column which is not one of
the basis columns. By the basis minor theorem, this column is a linear combination of the basis columns. Thus
we have found a column of the determinant D which is a linear combination of the other columns. Note that we
can include all the remaining columns of the determinant D in this linear combination by assigning them zero
coefficients.

Remark 8.2.The results obtained above can be formulated in a somewhat more symmetric way. If the
coefficients A1, A2, ..., Ay, of a linear combination of m columns A;, A, ..., A, are equal to zero, then obviously
the linear combination is just the zero column, i.e., the column consisting entirely of zeros. But it may also be
possible to obtain the zero column from the given columns by using coefficients A1, Az, ..., A, which are not all
equal to zero. In this case, the given columns A;, As, ..., A,, are called linearly dependent.

A more detailed statement of the definition of linear dependence is the following: The hyperfinite columns

ail ai2 a1m
a21 a22 azm

Av=| L Az=] A= (7.16)
an1 an2 Anm

are called linearly dependent if there exist numbers A1, A2, ..., A, not all equal to zero,such that the system of
equation

E:vt-;v":l)\jalj = FEuxt- ()\1@11 + Aeai2 + ... + )\malm) =0,
Ext-}”zl)\jazj = FEuxt- ()\1(121 + Xoasgo + ... + )\magm) =0,

Ext-72 Njan; = Ext- (A1an1 + A2an2 + ... + Aranr) = 0.

(7.17)

is satisfied, or equivalently such that
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El‘t—;ilkiAi = 0, (718)

where the symbol 0 on the right-hand side denotes the zero column. If one of the columns A1, As, ..., Am, (e.g.,
the last column) is a linear combination of the others, i.e

Am = Ext-T7' N A (7.19)

then the columns Ay, Ao, ..., Ay, are linearly dependent. In fact, (8.13) is equivalent to the relation

A — Ext-77" N A = 0 (7.20)

Consequently, there exists a linear combination of the columns Ay, Ag, ..., A, whose coefficients are not equal to
zero (e.g., with the last coeflicient equal to —1 whose sum is the zero column; this just means that the columns
A1, Ag, ..., Ay, are linearly dependent.

Conversely, if the columns A, Aa, ..., A, are linearly dependent,then {at least) one of the columns is a linear
combination of the other columns. In fact, suppose that in the relation

AnAm + Ext-77" XA =0 (7.21)

expressing the linear dependence of the columns Ay, Ag, ..., Ap,, the coefficient A, say, is nonzero. Then (4.14.15)
is equivalent to the relation

Am = — (E:ct_’.”—l L Av) . (7.22)

=1 1
T Am

Remark 8.3.Theorems 8.1 and 8.2 show that the determinant D vanishes if and only if one of its columns is a
linear combination of the other columns. Using the results obtained above, we have the following.

Theorem 8.3.[19].The determinant D vanishes if and only if there is linear dependence between its columns.

Remark 8.4.Since the value of a determinant does not change when it is transposed and since transposition
changes columns to rows, we can change columns to rows in all the statements made above. In particular, the
determinant D vanishes if and only if there is linear dependence between its rows.

8 Conclusion

Though the history of infinitesimals and infinity is long and tortuous,nonstandard analysis, as a canonical
formulation of the method of infinitesimals, is only about 60 years old. Hence, definitive answers for many of
its methodological issues are yet to be found. In 1960, Abraham Robinson, exploiting the power of the theory
of formal language reinvented the method of infinitesimals, which he called nonstandard analysis because it
used nonstandard models of analysis. K. Hrbacek argue for acceptance of BNST™" (Basic Nonstandard Set
Theory plus additional Idealization axioms) [20]. BNST™" has nontrivial consequences for standard set theory;
for example, it implies existence of inner models with measurable cardinals.It has been proved in [21]-[24]
that any set theory wich implies existence of inner models with measurable cardinals is inconsistent. However
hyper Infinitary first-order logic 2Li# with restricted rules of conclusions obviously can save BNST™" from a
triviality.Note that logic with restricted MP originally has been proposed in [25].
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