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Abstract

The vacuum energy density of free scalar quantum field ® in a Rindler
distributional space-time with distributional Levi-Civita connection is
considered. It has been widely believed that, except in very extreme situations,
the influence of acceleration on quantum fields should amount to just small,
sub-dominant contributions. Here we argue that this belief is wrong by
showing that in a Rindler distributional background space-time with
distributional Levi-Civita connection the vacuum energy of free quantum
fields is forced, by the very same background distributional space-time such a
Rindler distributional background space-time, to become dominant over any
classical energy density component. This semiclassical gravity effect finds its
roots in the singular behavior of quantum fields on a Rindler distributional
space-times with distributional Levi-Civita connection. In particular we obtain
that the vacuum fluctuations <CI)2> have a singular behavior at a Rindler
horizon &, =0:<CD2(5)>x5’4,5xcz/a,a—>oo

Therefore sufficiently

strongly accelerated observer burns up near the Rindler horizon. Thus
Polchinski’s account doesn’t violate the Einstein equivalence principle.
Keywords

Vacuum Energy Density, Rindler Distributional Space-Time, Levi-Civita
Connection, Semiclassical Gravity Effect, Einstein Equivalence Principle
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1. Introduction

In March 2012, Joseph Polchinski claimed that the following three statements
cannot all be true [1]: 1) Hawking radiation is in a pure state, 2) the information
carried by the radiation is emitted from the region near the horizon, with low
energy effective field theory valid beyond some microscopic distance from the
horizon, 3) the infalling observer encounters nothing unusual at the horizon.
Joseph Polchinski argues that the most conservative resolution is: the infalling
observer burns up at the horizon. In Polchinski’s account, quantum effects
would turn the event horizon into a seething maelstrom of particles. Anyone
who fell into it would hit a wall of fire and be burned to a crisp in an instant. As
pointed out by physics community such firewalls would violate a foundational
tenet of contemporary physics known as the equivalence principle, it states in
part that an observer falling in a gravitational field—even the powerful one in-
side a black hole—will see exactly the same phenomena as an accelerated ob-
server floating in empty space.

In this paper we argue that Polchinski was not wrong, but Unruh effect revi-

sion is needed.

1.1. What Is Colombeau Distributional Semi-Riemannian
Geometry?

Recall that the classical Cartan’s structural equations show in a compact way the
relation between a connection and its curvature, and reveal their geometric in-
terpretation in terms of moving frames. In order to study the mathematical
properties of singularities, we need to study the geometry of manifolds endowed
on the tangent bundle with a symmetric bilinear form it is allowed to become
degenerate (singular).

Remark 1.1.1. But if the fundamental tensor is allowed to be degenerate
(singular), there are some obstructions in constructing the geometric objects
normally associated to the fundamental tensor. Also, local orthonormal frames
and coframes no longer exist, as well as the metric connection and its curvature
operator [2].

Remark 1.1.2. “Singular Semi-Riemannian Geometry”—the main brunch of
contemporary semi-Riemannian geometry in which have been studied a smooth
manifolds A furnished with a degenerate (singular) on a smooth submanifold
M’G M metric tensor of arbitrary signature have been studied [2].

Remark 1.1.3. In order to solve problems of the gravitational singularity in
classical general relativity the singular semi-Riemannian geometry based on
Colombeau calculas and Colombeau generalized functions was much developed,
see [3]-[22].

DOI: 10.4236/jhepgc.2018.42023

362 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2018.42023

J. Foukzon et al.

Remark 1.1.4. Let G(M ’) be algebra of Colombeau generalized functions
on M'cM, let R be the ring of Colombeau generalized numbers [3] [4] [5].
Let (gg)g be Colombeau generalized metric tensor on A/ and let RiCM,(p)
" [20] [21]. The main
properties of such nonclassical manifolds with a degenerate (singular) metric
tensor thatis Ric,.(p)e G(M')\C*(M’), ie. for all
peM':Ric, (p)eR\R.

Definition 1.1.1. Let G ( M ’) be algebra of Colombeau generalized functions

be generalized Ricci tensor of the metric (gg(p))g

on M'c M, and let (gg ( p))g be Colombeau generalized metric tensor on A/
such that (g, (p)) is the Colombeau solution of the Einstein field Equation
(1.3.19), (see Remark 1.3.7). We define now the Colombeau distributional scalar
curvature R,, (p)=[(Rg,M (p))é] (or distributional Ricci [20] [21] scalar) as
the trace of Ric, (p)= [(Ricgv,\,I (p))j , Le. Ry, (p)= tr[(RicL_’M (p))j .
Assume that R,,.(p)eG(M')\C*(M’).

Then we say that: (i) gravitational field (g,(p)) (or corresponding
distributional spacetime) has a gravitational singularity on a smooth compact
submanifold M, cM iff Ry, (p)eG(M,)\C”(M,); (ii) gravitational field
(gg ( p))g has a gravitational singularity with compact support iff
Ry, (p)eD'(R?).

Remark 1.1.5. It turns out that the distributional Schwarzschild spacetime has
a gravitational singularity with compact support at origin {r=0} [6]-[11] and
at Schwarzschild horizon S? x{r=2m} [18] [19].

Definition 1.1.2. (i) Let G (M ) be algebra of Colombeau generalized
functions on A4, and let (gg ( p))g be Colombeau generalized metric tensor on
M such that (g, (p)) is the Colombeau solution of the generalized Einstein
field Equation (1.3.19). The generalized point value of (gg ( p))g at generalized
point ((p,)) is (g,(p,)), - (ii) We define now the generalized point value of
the distributional scalar curvature Ry, (p) at generalized point p = [(( pg))b}

by formula Ry, (p)= [(R&M (p, ))J .

1.2. Distributional Mgller’s Geometry as Colombeau Extension of
the Classical Moller’s Spacetime

As important example of Colombeau extension of the singular semi-Riemannian
geometry mentioned above, we consider now Moller’s uniformly accelerated

frame given by Moller’s line element [23]:
ds® =—(a+ gx)2 dt? + dx? + dy? +dz2. (1.2.1)

Of couse Moller’s metric (1.2.1) degenerate at Moller horizon xr']\g?' = —(a/ g )71 .
Note that formally corresponding to the metric (1.2.1) classical Levi-Civita
connection is [23]

1

Ca+ox

Iy (X)=(a+9x), T (x) =I5 (%) (1.2.2)

and therefore classical Levi-Civit’a connection (1.2.2) of couse is not available at

Moller horizon Xy =-a-g~". Recall that fundamental tensor corresponding to
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the metric (1.2.1) was obtained in Moller’s paper [23] as a vacuum solution of

the classical Einstein’s field equations
G} =Rf _%@kR =0, (1.2.3)
where R is the contracted Riemann-Christoffel tensor formally calculated by

canonical way by using classical Levi-Civitd connection (1.2.2) and R=R'.

Using Dingle’s formula [23] in case of the metric (1.2.1) we get

62 (x) = 62 () = =2 () - L)

2A(x) |’ (1.2.4)
A(x)=(a+ gx)z,

where A'(X) = aA(X) / X and all other components of G vanishes identically.
Note that

A'(x)=2g(a+gx),A"(x)=2g° (1.2.5)

Thus for any X#-a-g" we get a classical result

Gf(x):Gs(x): 1 {292_492(a+gx)2}

2A(x) 2A(X)

0. (1.2.6)

Let {Xn}neN be a sequence such that lim __ x =-a-g™,x, #-a-g",neN.
Then forany neN we get

1 49%(a+gx,)’
3 =G} =G} - 2¢gF-——— =" =0, (1.2.7
S(Xn) Z(Xn) 3( n) ZA(Xn){ g ZA(Xn) ( )
and therefore lim,_,, 3(x,)=0. However
limIy, (x,)=limIy (x,)=1im = oo, (1.2.8)

oo g+ gX,

Le. classical Levi-Civit'’a connection given by (1.2.2) unavailable at Moller
horizon.
Remark 1.2.1. In order to avoid difficultness mentioned above, we consider

now the regularized Moller’s metric

d,s? =-A, (x)dt* +dx* +dy’ +dz?,

Aa(x)=[(a+gx)z+52]ge(o,1], (1.2.9)

Using now Dingle’s formula [23] for the case of (1.2.9) we get

S(xe)=G2(xe)=G3(x )= — 1 "y _[A'g(x)]z
(1) - G2 (x60) ~ &3 (1) ZAS(X){M) . } o

Ag(x):[(a+ ox)° +32].

Note that
A =2g(1+9x), Al = 2¢° (1.2.11)

and therefore
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3(x6)=- 1()(){292 _29°(a+ gx)z}

24, A, (X)
1 , Zgz[(a+ gx)2+gﬂ—29252
=— 292 - (1.2.12)
27, (X) A, (X)
9252
SO

Remark 1.2.2. (i) Note that (S(X;g))g,ge(o,l] is Colombeau generalized
function such that

cI[(S(X;g))J €G(R) and cl [(3(_(6\/9)_1;8))5] =cl |:(8_2 )g] eR.

Remark 1.2.3. Note that: (i) at any point %eR such that xeR and
X#-a-g" one obtains (S(f(;g))&_ ~5 0 (see Definition 1.5.0 (i)) and
therefore the Ricci tensor as well as the Ricci scalar are infinite small beyond
Moller horizon x,. :—z;\gj. Thus at any point X such that xeR and
Xx#-a-g"" we obtain the disered result in a good agriment with formall
canonical calculation (see for example [24], subsect. 2.1.6), (ii) obviously at any
finite point X, €R (see Definition 1.5.0 (iii)) one obtains again
(3(%:2)), = O.

Remark 1.2.4. (I) Thus Colombeau generalized fundamental tensor
(gik (g))g corresponding to Colombeau metric

(dgsz)z —(Ag (x)dt2)€ +dx® +dy® +dz°,
(8. (x)), = ([ (a+ o) +52})€ (0]

that is non vacuum Colombeau solution (see [18] section 6 and [19] subsection

(1.2.13)

2.3 Distributional general relativity) of the Einstein’s field equations

(@0, (), -t (R, o755z

e 2 AL(X) )
For Rindler metric a=0,0=1 and we get

(Gik(e))g=(R¥(s));%5ﬁ(R(s))g=—ﬁ eG(R). (1.2.15)

Definition 1.2.1. Distributional Moller’s geometry that is Colombeau
extension of the classical Moller’s spacetime given by Colombeau generalized

fundamental tensor (1.2.13).

1.3. Distributional Schwarzschild Geometry as Colombeau
Extension of the Classical Singular Schwarzschild Spacetime

1.3.1. Colombeau Extension of the Classical Singular Schwarzschild
Spacetime Furnished with a Degenerate and Singular
Schwarzschild Metric

As another important example of Colombeau extension of the singular
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semi-Riemannian geometry we consider now classical singular Schwarzschild

spacetime furnished with a degenerate and singular Schwarzschild metric
-1
ds* =—[1—2—mjdt2+[1—2—mj dr? +r’dQ? (1.3.1)
r r

Remark 1.3.1. Note that formally corresponding to the metric (1.3.1) classical
Levi-Civitd connection given by canonical Christoffel symbols are [24]:

. Com(r-2m) o - _
1—‘oo(r)r:2m = rl_')Tm r =0, Fll(r)r:Zm - rI—IJ;nm r(r—2m) -

0 - lim —2*

rOl(r)r:Zm_rLZmr(r—Zm)_ ’

R .

Ffz( )r:Zm :rILrmezz m 1,1—‘122|r:2m :_rILTm(r_zm)ZO,

3 T _ . (13.2)
F13 r=2m :rl—lg]mF:Z m ’F33|r:2m :_rl—lj;nm(r_zm)sm §=0,

) _.om(r—2m) . It -m
roo(r)r:0 _Ir'_rfg r =, rll(r)r:O _Irl—rg r(r—Zm)_wl

. cos @
2, =-sin@cosd, Iy, =——.
33 23 Sin )
Le. classical Levi-Civita connection given by Equation (1.3.2) unavailable at
Schwarzschild horizon.
Remark 1.3.2. Nevertheless in classical handbooks [24]-[37] were mistakenly
assumed that classical semi-Riemannian geometry holds on whole Schwarzschild

manifold and therefore canonical formal calculation gives

16m?
Rapes (1) R™ (1) = rT : (1.3.3)

By Equation (1.3.2) it is mistakenly pointed out that the Schwarzschild metric
has only a coordinate singularity at r=2m and there is no gravitational
singularity at Schwarzschild horizon.

Remark 1.3.3. Note that canonical formal calculation gives

. 16m? m m 2m
Rueg (N)R™ (1) = 5 4| {—-{1—-}}

] P )]

r(l—mj rsiney T (1.3.4)
r
4m( 2mj m
Ll LU N LU
r rs(l_m)
r

4m 2m m

P
r r rSSinZH(l—m]
r

. 2m
+8mrsin® ————
r'sin“ g
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Assume that r=0 and r=2m, ie 1—2—m¢0,sin20¢0, then from
r

Equation (1.3.4) one obtains directly

e N L

. 4m?> 16m? 4m?  48m*> 12r]

+ +
rG r6 rG r6 r6

(1.3.5)

Remark 1.3.4. Notice that: if r=2m then RHS of the Equation (1.3.4)
become uncertainty

R St e

r’sin?é

+4—mm5+8mrsin2972_—mz+4—msin26?5,L2 (1.3.6)
rr rsinng r r’sin“ @
16m> 0
=—+—.
r 0

A. Einstein emphasized that uncertainty of the form 0/0 mentioned above that is
a fundamental mathematical problem, see [38], p. 74. However in order to avoid
this difficulty mentioned above in physical literature [24]-[37] one mistakenly
defines

1, R (F)R™ (1)

o[ (o2
r(l— 2mj r’sinfo\" r

(1.3.7)

+4—m(1—Z—mJL+8mrsin2972_—m2
r r rs(l_Zm) r’sin?@

4m(, 2m m _ 48m?

+—(1——)sm2 0 5 =—
r r r5sin2¢9(1—mj r

However Equation (1.3.7) doesn’t holds at r=2m because classical
Levi-Civitd connection (1.3.2) of course is not available at Schwarzschild
horizon, see Remark 1.3.1.

Remark 1.3.5. Thus from Equation (1.3.4) for r=0 and r=2m we get

2
Rabcd(r)Rab“(r):mrT o (r#0) a(r=2m), (13.8)

and we get nothing at Schwarzschild horizon. Therefore semi-Riemannian

geometry break down at Schwarzschild horizon [18] [19].
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Remark 1.3.6. Recall that canonical derivation of the canonical singular
Schwarzschild metric in classical handbooks is always based on assumption that:

Assumption 1.3.1. Classical semi-Riemannian geometry holds on the whole
semi-Riemannian manifold, see for example [26].

Let ds’ be the metric

ds? =—A(r)dt? + B(r)dr® + r’dQ?, (1.3.9)
where A B —>1 as r— oo.Then under Assumption 1.3.1 one obtains [26]:
(i)all T, arezero except
Iy, =A/2B, I}, =B'/2B,I;, =-r/B,I';;=—(r/B)sin*6, (1.3.10)
The equations R, =0,4v=0123 are
Roo = FlOO,l — 2Ty + g <|Og V=9 ),1
( Al ], A!Z A! (
== ——t—| —t—+=
2B 2AB 2B\2A 2B r

n’ 12 ’
_ L[ ABAT 2AN
2B

ALE 2) (1.3.11)

2B 2A 1
and
Ry, = —(Iog H)M +F11,1 _(Ffo )2 _(ril)z
_<F§1)Z _(rgl)z +13, (IOg ﬁ)l (1.3.12)
1 ( , AB A” 2AB']
=—| -A"+—+—+— =0,
2A 2B 2A B
and

Ry = _(IOg H),z,z + 1lez,l - 2F122F§1 - (rga )2 + rl22 (IOQ ﬁ)l

' ! (1.3.13)

AB

:—dCOtg_ L +£_Cot29_L g u =
do Blr 2AB
From Equation (1.3.11)-Equation (1.3.12) one obtains
2(ABY
u=0. (1.3.14)
B

Therefore AB = constant. Since at r »>o we have A and B —>1 one

obtains B=A".From Equation (1.3.13)-Equation (1.3.14) one obtains

r 1
[Ej =1, (1.3.15)

and by integration Equation (1.3.15) one obtains r/B=r—2m, where 2m is

an integration constant. Finally one obtains well known classical result

A(r):l—ZTm, B(r):(l—szj : (1.3.16)
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From Equation (1.3.16) and consideration above (see Remark 1.3.4)
Assumption 1.3.1 wrong, otherwise one obtains the contradiction.
Remark 1.3.7. In order to avoid this difficulty:

(i) we have introduced instead a classical Einstein field equations

R, —% Rg,, =-81GT,,, (1.3.17)

[where the sign of the energy-momentum tensor is defined by ( p is the energy
density)]

Ty =—Too :Too =p (1.3.18)

apropriate Colombeau generalization of the Equation (1.3.17)-Equation (1.3.18)
such that

(R, (&), —%(R(a)gﬂv (2)), =-8G(T,, ()., (13.19)

where the sign of the distributional energy-momentum tensor is defined by
Tu(&)=-Tp(e)=Ts (&)= p(£)eG(M), (1.3.20)

see [18] [19].

(ii) we have introduced instead of Assumption 1.3.1 the following assumption.

Assumption 1.3.2. Distributional semi-Riemannian geometry holds on the
whole distributional semi-Riemannian manifold.

Definition 1.3.1. Let A’ (r),e€[0,1] and B;(r),e€[0,1] the
regularization of the functions A®(r) and B*(r) [defined above by Equation
(1.3.16)] such that the following conditions are satisfied:

6] (AEi (r))g €G(R,) and (BEi (r))g €G(R,),e€(0,1] are Colombeau

generalized functions;
(ii) A§(r)=1—27m, By (r)= (1—2—mjl; (1.3.21)
(i) (A7(2m)) =%(¢), eR, (B (2m)) ==*(¢7) eR;
() (A5(0)) =1- (2m cR,(BZ(0)) = 1—2—mJ1 eR.

Let ng2 be the Colombeau metric
(ds?) =—(Ag(r)at?) +(B; (r)dr?) +ride?, (1322)

and let (FZV (5)) be the distributional Levi-Civita connection [18] [19]
corresponding to Colombeau metric (1.3.22). Then under Assumption 1.3.2 one
obtains:

(i) all (Fi%d (g)) are zero except
), =(A) /2 B.),.
& )g '

(Mo (e
(Fl(g))
(M (2)), :—r/
(M (2)), =

(1.3.23)

I (e —(r/B,). sin2¢9,

&
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(Roo (‘9))5 = (F%m (8))5 - Z(F%)o (5))(9 (Fgl(‘g))g
#{Tia(2)),(109(o" (<)), ),
( (A), J (), (&) [<A;>g+<8;>g +g] (1320
2(A),(8,), 2(B),\2(A), 2(8),

1 {(N)_(A’)g(s')g (&), +2<A;>g}

2(85)8 2(A, ; r

(Ru(e)), =~(10g (9" (),

_((Fgl (g))2 )g —((l"g1 (5))2 )g +(l"i1 (g))g (Iog \/W): (1.3.25)
(

&

),l,l HMh(e) ~(Th (e)) - (Fh(g))z)

and

(1.3.26)

Weak distributional limit in D'(]R3) of the RHS of the Equation (1.3.18), ‘e
w-lim_,T, () is calculated in our papers [18] [19], see also Appendix B.

Remark 1.3.8. It turns out that the distributional Schwarzschild metric
(1.3.22) has a gravitational singularity with compact support at origin {r =0}
[6]-[11] and at Schwarzschild horizon S?x{r=2m} [18] [19].

1.3.2. Colombeau Extension of the Schwarzschild Spacetime in
Isotropic Coordinates

Let us consider now nonclassical spacetime furnished with a degenerate at
horizon p =r,/4 but nonsingular (at horizon) metric and known in physical

literature as Schwarzschild spacetime in isotropic coordinates [24]:

2 4
1-r/4 r. .
ds? =— 1-r/4p cldt? +| 1+ —= |:dp2+,02(d92 +sm2€d(p)] (1.3.27)
1+r,/4p 4p
Nonsingular metric (1.3.27) is obtained by the coordinate transformation:
r=p(l+r, /4,0)2 , between the Schwarzschild radial coordinate r and the
isotropic radial coordinate p . Under formal calculation one obtains [24]:
o __ 8
v 16p* -,

(1.3.28)
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Le. classical Levi-Civitd connection given by (1.3.28) of course unavaluble at
horizon p =r,/4. However in physical literature under ubnormal calculation it
was mistakenly pointed out that the Ricci tensor and the Ricci scalar vanish
identically and Kretschman scalar is

_3x 4% p°r?
(4p+r )

Remark 1.3.9. In order to avoid difficulty with the degeneracy of the metric

K ()= Rae (P)R** (p) (1.3.29)

(1.3.27) mentioned above, we consider now the corresponding distributional

Colombeau metric which reads

=2, 2 4
(dsf) :_((p( ,D)_-;:: )g Czdt2+(l+%j [dp2+p2(d92+sin2 qu))] (1.3.30)
¢ pPtp

where 86(0,1].
Definition 1.3.2. Distributional Schwarzschild geometry in isotropic

coordinates which is Colombeau extension of the classical spacetime (1.3.27),
given by Colombeau generalized fundamental tensor (1.3.30).

Colombeau generalized metric (1.3.30) nondegenerate at horizon in Colombeau
sence and distributional Levi-Civitd connection now available on the whole
distributional Schwarzschild spacetime in isotropic coordinates. Notice that
generalized metric (1.3.30) has the form given by Equation (A.1) (see Appendix
A) with

A(p)=((p=p) +&)(p+P)",
B, (p):(u%j D, (p)=0.C, (p)=0 (1.331)
Thus A, (p) = A (p)B, (p)=((p-P) +&*)(p+P) P

From Equation (A.2) (see Apendix A2) and Equation (1.3.31) in the limit
o —/3|)£ ~; 0, we get

(

(R(pg,g))g xy - O(/B)ZgZ |,
(p=p) e[
v O(p)&* _
R* (pg,g)RW(p,g)ng ; - | +0(p), (1.3.32)
( ) [(pg—ﬁ) +82J )
O(ﬁ)g4

(Rpwv (ps’g)RﬂUﬂV(ps’g))s g |:( _)2 2j|4
pP.—pP) T
. =\ .2 —)\2 277 .
Compare the equation (R(p,g))‘9 X—O(p)f,‘ [(p—p) +¢ J with
Equation (1.2.12).

Remark 1.3.10. Notice that in contrast with result of naive formal calculation

+0(p).

&

mentioned above (see Equation (1.3.29)) we get:
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(i) (R‘”"V (£:6)R (p,g))g eG(Rs)
(ii) (R’“’ (pg,g) R, (p,g))g eG (R3)\C°° (R3),
(iii) (R’”‘”’(pg,g)me(pg,g))g eG(R*)\C*(R?).

1.4. On the Near Horizon Colombeau Approximation for the
Classical Singular Schwarzschild Black Hole Geometry

Let us perform the following coordinate transformation

t_=%, - =y8m(r—2m)+e*,£€(0,1] (1.4.1)

to the classical singular Schwarzschild metric

o

-1
ds® = —(1—2—mjdt2 +[1—2—mj dr? + r’dQ? (1.4.2)
r r

we get

—2 -1 2 +2 2
dsjz—ﬁ2[1+1g;12] dt_2+(1+1ggm2JdF2+4m2[1+1g;]2j dQ*.  (1.43)

In Equation (1.4.2), m is the central mass, dQ°=d6&”+sin’Hdg’> and
G =c=1. Taking the limit m — oo, the spherical horizon becomes planar and

Equation (1.4.3) leads to the Colombeau type metric
(ds?) = _{(Ff )g}dt_z +(dr?) +4m*d? (1.4.4)

which is distributional Rindler’s spacetime if we neglect the angular contribution.
The condition m — o« is equivalent to the “near horizon approximation” for
the exterior geometry of a black hole: for = 2m(r > 2m) the line element
(1.4.2) appears, indeed, as

_r—2mdter 2m
2m r—2m

ds? = dr? + 4m*dQ°. (1.4.5)

By using simple coordinate transformations it could be shown that (1.4.5)
again becomes the distributional Rindler metric when we take 6,¢=const or
A@ and A¢ are negligible. We stress that the condition r~2m only is not
enough to obtain Rindler’s spacetime which has no spherical symmetry as
Schwarzschild.

Remark 1.4.1. At this stage of consideration, it is already clear that near
horizon Schwarzschild black hole geometry has a gravitational singularity at
horizon. Notice that in classical literature (see, for example, [24]-[36]) near
horizon Schwarzschild black hole geometry were mistakenly accepted as regular

with the Ricci tensor and the Ricci scalar vanish identically.

1.5. Colombeau Distributional Semi-Riemannian Geometry.
Preliminaries

1.5.1. The Ring of Colombeau Generalized Numbers R
Designation 1.5.1. We denote by R the ring of real, Colombeau generalized
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numbers. Recall that [2] [3] by definition
R=E, (R)/N(R) where

E. (R)={(x,), eR™|(3acR.)(32 < (01))(Ve <) x| <& ]},

N(R)={(x,), eR® <z},

(1.5.0)

(Va € RJ(B&O € (O,l))(Ve < 50)[

Xé‘

Designation 1.5.2. In the sequel we denote by:

E[Q], where Q an open subset of R", the algebra of all the sequences
(u, (x))__ oy (for short, (u,(x)) ) of smooth functions u, (x)eC”(Q).

Ey [Q]( is the differential subalgebra of the elements (u,(x)) €E[Q] such
that for all K€Q, for all aeN" there exists NeN with the following
property: sup,_, [0°u, (x)| =0(e™) as £—0.

N(Q) the differential subalgebra of the elements (u,(x)) €E[Q] such that
for all KeQ, for all ¢eN" and qeN the following property holds:
sup,i [0°u, (x)|=0O(&") as &—0.

Definition 1.5.1. The elements of E,, [Q] and N(Q) are called moderate
and negligible, respectively.The factor algebra

G(Q)=E, [Q]/N(Q) (15.1)

is the algebra of Colombeau generalized functionson Q.

Remark 1.5.0. Note that: (i) there exists natural embedding 7:R — R such
that for all reR, I’:r—>(r€)8, r.=r, for all 86[1,0), (ii) the ring R can
be endowed with the structure of a partially ordered ring: for r,seR, r <08
if and only if there are representatives (I, )g and (s, )8 with r <s, for all
g€ [1, O) .

Definition 1.5.2. (i) Let SeR. We say that ¢ is infinite small Colombeau
generalized number and abbraviate

or 0 ~ 0, if there exists representative (55 )g ,E € (0,1] and some gqeN such
that |5,|= O(sq), as & —0.Weabbraviate a~; f iff a-f=;0.
(ii) We say that AeR is infinite large Colombeau generalized number and

abbraviate

if A%, 0.

(iii) We say that reR is finite Colombeau generalized number and
abbraviate rg, ifthereare r,r,eR suchthat [ <r<r,.

Definition 1.5.3. Let Q,,, and Q,, beaset

IN e N,

XL‘

Q. ={(x.), e

=O(5’N),asg—>0},

Q. ={(x,), e

3N eN,[x,[=0(&"),as 5 > 0}.

correspondingly. We introduce equivalence relation given by

(%), ~(y.), ®VaeN, =O(eq),aSg—>0,

XE_yE
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and denote by Q —(QLM UQ, ) / ~ the set of generalized points. Moreover, if
[(xg )&] is the class of (x,) in & then the set of compactly generalized
points is

Q. ={x=[(x), | Q3K (K €@)3n(y>0)v&(s e (0.n])[x, «K]}.

Note that if the flc -property holds for one representative of Xe& f!c then it
holds for every representative. Also, for Q=R we have that the factor R, /~
is the usual algebra of real generalized numbers.

Definition 1.5.4. We denote by Q, £Q,,, /~ and Qg £Q,,, /~ the set
of inite large and infite small generalized points correspondingly. It is clear that
the generalized point value of U (X) at Xe Q,SM is

u(x)=(u, (x.)), +N(€) .

Definition 1.5.5. Let SeR be infinite small Colombeau generalized
number with representative &'=(5,)_,& € (0,1]. We introduce a norm lo'| of
[0 -

such representative by formula 5" =sup,

1.5.2. A Real Colombeau Vector Bundle
Definition 1.5.6. A real vector bundle consists of:

1) Topological spaces X (base space) and E (total space)

2) A continuous surjection z:E — X (bundle projection)

3) For every x in X, the structure of a finite-dimensional vector space over
Colombeau ring R on the fiber ﬁ’l({x}) where the following compatibility
condition is satisfied: for every point in X, there is an open neighborhood U a
natural number & and a homeomorphism

@:UxR" —)ﬁ’l(U) such that for all xeU, (7r0(p)(x,v): X for all
vectors vin R¥, and the map V> (o(X,V) is a linear isomorphism between
the vector spaces R and zz’l({x}).

The open neighborhood U together with the homeomorphism ¢ is called a
local trivialization of the Colombeau vector bundle. The local trivialization
shows that locally the map 7 “looks like” the projection of U xR* on U.

The Cartesian product X x R¥, equipped with the projection X xR¥ > X,
is called the trivial bundle of rank & over X.

1.5.3. The Algebra of Colombeau Generalized Functions

The basic idea of Colombeau’s theory of generalized functions is a regularization
by sequences (nets) of smooth functions and the use of asymptotic estimates in
se01] with u, eC” (M )
for all £<(0,1] (M a separable, smooth orientable Hausdorff manifold of

terms of a regularization parameter ¢ (0,1]. Let (u,)

dimension z1).The algebra of Colombeau generalized functions on A/ is defined

as the quotient
G(M):EM (M)/N(M) (1.5.2)

of the space E,, (M) of sequences of moderate growth modulo the space

N(M) of negligible sequences. More precisely the notions of moderateness
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resp. negligibility are defined by the following asymptotic estimates ()N(@ (M)
or X(M ) denoting the space of smooth vector fields on M).

B (M)={(u.), eC” (M)

(VK ccM)(Vk eNy)(IneN)

(V& eX(M), -, V& e X(M) {sup|L g(P)|S0(€'n)}

(1.5.3)
N(M)={(u,), e MY (vK cc M)(vk,q,1 €N,)

(V& eX(M), V& eX(M) {sup|L g(p)|so(gqa')}.
Elements of G(M) are denoted by

u=cl[(u,), ]=[(u,),]=(u,), +N(m). (1.5.4)

With componentwise operations G(M) is a fine sheaf of differential
algebras with respect to the Lie derivative defined by

L.0:=cl [(Lgug)g]:[(Léug)J. (1.5.5)

The spaces of moderate resp. negligible sequences and hence the algebra itself
may be characterized locally, ie, U € G(M) iff Toy, eG(y,(V,)) for all
charts (Va,l//a) , where on the open set y, (Va)cR” in the respective
estimates Lie derivatives are replaced by partial derivatives. Smooth functions
are embedded into G(M) simply by the “constant” embedding o, ie,
o(f)=cl [( f )8] ,hence C*(M) is a faithful subalgebra of G(M ). On open
sets of R" compactly supported distributions are embedded into G via
convolution with a mollifier peS(R”) with unit integral satisfying
Ip x)x“dx=0 for all |a| >1; more precisely setting p, (X (]/ & ) (x/¢€)
we have (w):=cl |:(W*p£ g] In case SUPP(W) is not compact one uses a
sheaf-theoretical construction.

1.5.4. Colombeau Tangent Vector

Let f=cl [( f, (X))j = [( f, (X))j eG (R”) , where f (x):R">R,ee(01)
is a differentiable function and let v be a vector in R". We define the
Colombeau directional derivative in the vdirection at a point xeR" by

D[ ]=D, ([( f.00),J)=[(o.1.00), ]

{[% fg(x_HV)l-O]j:[[gvi afT(X)H (15.6)

The Colombeau tangent vector at the point x may then be defined as

Ve (7) = V([( f (x))g]) =[(D,1.(x), | (15.7)
Let f_:[( f, (X))J € G(R”), g_:[(g‘g (X))J eG(R”) , where

fg,gg:RneR,ge(O,l) be differentiable functions, let v,w be tangent
vectorsin R" at xeR" andlet a,beR.Then
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1.5.5. Colombeau Tangent Vector to Differentiable Manifold M

Let M be a differentiable manifold and let G(M ) be the algebra of real-valued
Colombeau generalized functions on M. Then the tangent vector to M at a point
x in the manifold is given by the derivation D, :G(M)— R which shall be
linear—i.e, for any f = [( f,), ] g= [(gg )g] €G(M) and a,beR wehave

D¢ (a-F+b-g)= Dv(a~[( f€)€]+b'[(95)61)
1) :a-Dv(m)+b-D\,(M)

=a-D{" (T)+b-DS (7).

Note that the derivation will by definition have the Leibniz property

Df"'(f‘-@)wv([(fg-gg),])
? o, ([0, ]) (a0, T+, ] 0 [(a.).]

DCoI( )g— f_ (g)

1.5.6. Colombeau Vector Fields on Distributional Manifolds
Colombeau vector field 5(1134 (denoted often by )~() on a manifold M is a linear
map 5(@:

G(M ) - G(l\/l ) such that for all

f,
X@(f_'g_): f-X; (

geG(M):
f.9)+X, ()@ (1.5.8)

1.5.7. Colombeau Tangent Space

Suppose now that M is a C* manifold. A real-valued Colombeau generalized
function (f,) :M —R,ze(0,1] is said to belong to G(M) if and only if
for every coordinate chart ¢@:U - R", the map f op ' :1p[U]cR" >R is
infinitely differentiable. Note that G(M) is a real associative algebra with

respect to the pointwise product and sum of Colombeau generalized functions.
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Pick a point X € M . A derivation at xis defined as a linear map D:G (M ) >R
that satisfies the Leibniz identity:

f=[(f.),}.9=[(9.),]eG(M):D(T-g)=D(f)-g(x)+ T (x)-D(q).
which is modeled on the product rule of calculus.

If we define addition and scalar multiplication on the set of derivations at xby

(D,+D,)(f)=f-D,(T)+D,(F) and

(4-D)(T)=T-4-D(T),

where AR, then we obtain a real vector space over R, which we define as

the Colombeau tangent space TXCOI M of Mat x.

1.5.8. Colombeau Dual Space

Given any vector space V. over Colombeau algebra R, the (algebraic)
Colombeau dual space Vu"; (also denoted for a short by V™) is defined as the
set of all linear maps ¢:V; — R . Since linear maps are vector space
homomorphisms, the Colombeau dual space is also sometimes denoted by
Hom (V,R). The Colombeau dual space V; itself becomes a vector space over
R when equipped with an addition and scalar multiplication satisfying: (i)
(p+v)(X)=@(X)+w(X) and (i) ap(X)=¢@(ax),where
go(x),l//(x)evﬂg,aelf&.

1.5.9. Colombeau Cotangent Space

Let Mbe a smooth manifold and let xbe a point in M. Let T,M be Colombeau
tangent space at x. Then Colombeau cotangent space at x is defined as the
Colombeau dual space of TM :T/M =(TM). .

Suppose now that Mis a C” manifold and let f e G(M ) The differential
of f atapoint xisthe map: df (X,)=X,(f) where X, isa tangent vector
at x, thought of as a derivation. In either case, df, is a linear map on T,M
and hence it is a tangent covector at x.

We can then define the differential map d:G (M ) —T;M ata point xas the
map which sends f to df,. Properties of the differential map include:

(i) d(af +bg)=adf +bdg for a,beR, (i) d(fg)="f(x)dg, +g(x)df,.

Let ¢.:M —> N for any ¢ E(O,l] be a smooth map of smooth manifolds.
Given some XxeM , the Colombeau differential of (¢,) at xis a linear map
(do,x), :TM >T

(#:(x)
Colombeau tangent space of Nat (¢, (x)) . The application of (d¢,,) toa

&

N from Colombeau tangent space of M at x to

tangent vector Xis called the pushforward of Xby (g, )5 .

1.5.10. G ( M) -Module of Generalized Sections G ( M,E) ofaVector
Bundle E—> M

The G(M)-module of generalized sections G(M,E) of a vector bundle

E — M and in particular the space of generalized tensor fields Gj (M) is

defined along the same lines using analogous asymptotic estimates with respect
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to the norm induced by any Riemannian metric on the respective fibers. We

denote generalized sections by S :cl[(sg) :|=(S€) +N(M,E). Alternatively
& & ) N

we may describe a section S€G(M,E) by a family (S,) = ((S(‘Z )) > Where

i=

S, is called the local expression of Swith its components

(24

S, 2W, oSoy eG(y,(V,)) ((V,,¥,), avectorbundleatlas and

a

i=1---,N, with Ndenoting the dimension of the fibers) satisfying

B I _ i _
S, (x)= (1//%5)]_ (l///? o(//al(x))Slg, (‘//p oy/al(x)) for all xe(VNV), where y,,
denotes the transition functions of the bundle.

Remark 1.5.1. Smooth sections of E — M again may be embedded as

constant nets, Le,
O(s):s—cl [(s)é]
Since C*(M) is a subring of G(M),G(M,E) also may be viewed as
c” (M ) -module and the two respective module structures are compatible with
respect to the embeddings.

Moreover we have the following algebraic characterization of the space of

generalized sections

G(M,E)=G(M)®T'(M,E), (1.5.9)

where F(M , E) denotes the space of smooth sections and the tensor product is
taken over the module C” (M ). Generalized tensor fields may be viewed likewise
as C”-resp. G -multilinear mappings, ie., as C”(M)-resp. G (M ) -modules
we have

Lo (X (MY X (M) 6 (M)),
GL(M)= Loy (1 (M) G5 (M) 3G (M)).

Here )Z(M) resp. X~*(M) denotes the space of smooth vector resp.

(1.5.10)

covector fields on M.

1.5.11. Generalized Pseudo-Riemannian Manifold
A generalized (0,2) tensor field §eG)(M) is called a generalized
Pseudo-Riemannian metric if it has a representative (g, )g satisfying

(i) g, isasmooth Pseudo-Riemannian metric forall ¢ € (0,1] ,and

(i) (detg,(p)) is strictly nonzero on compact sets, Ze.,

VK(K cc X)Im(me N)[inf detgg(p)| ng}

peK

We call a separable, smooth Hausdorff manifold M furnished with a generalized
pseudo-Riemannian metric cl [( g, );J £7F generalized pseudo-Riemannian
manifold or generalized spacetime and denote it by (M , g_) . The action of the
metric on a pair {Hlsz} of generalized vector fields will be denoted by
g(H,,H,) or (H,H,) [20] [21].

A generalized metric § is non-degenerate in the following sense:

[H, eG{(M)]AVH,(H, eG;(M))[g(H, H,)=0]H, =0.  (L5.11)

Note that condition (ii) above is precisely equivalent to invertibility of
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det(g) in the generalized sense.

The inverse metric § " =cl [(g;l)J is a well defined element of G} (M),
depending exclusively on § (Ze, independent of the particular representative
(9.),)-

Moreover if § =, g, where g is a classical C*-pseudo-Riemannian metric
then G Ry g™t

From now on we denote the inverse metric by §*, its components by §"
and the components of a representative by (g'gJ )g. Also we shall denote the
generalized metric @, by £2 =cl [(dsf )S:| and its representative by
(dsf, )g = (gij (&)dx'dx’ )8 and use summation convention.

Notice that § induces a G(M) -linear isomorphism Gy(M)—G{(M)
by O §(®,~) , which as in the classical context extends naturally to

generalized tensor fields of all types.

1.5.12. Colombeau Isometric Embedding
Let (M,J) and (NH) be generalized pseudo-Riemannian manifolds. An
isometric Colombeau embedding is a Colombeau generalized function ( f, )E:
M — N which preserves the metric in the sense that (gg)g is equal to the
pullback of (h,) by (f,) . ie (gg)E:(fg*hg)g. Explicitly, for any two
tangent vectors V,W €T, (M) wehave (g, (v,w)) =(h,(df, (v),df, (w))) .

&

1.5.13. Generalized Connection on a Generalized Pseudo-Riemannian
Manifold

Generalized connection |3H1H2 on a manifold A is a map
G (M)xGg(M)—> Gy (M) satisfying:

(D1) D, ( ,) s R -linear in H,

(D2) D, ( ) is G( ) -linear in Hl.

(D3) D, ( ) Hl(H2)+H1(F)H2 for all feG(M).

Let (Va : l//a) be a chart on M with coordinates x. The generalized Christoffel
symbols for this chart are given by the [dim(M )]3 generalized functions
1::} €G(V,) defined by

D, (8;)=>.T}0,. (15.12)
k

Theorem. [21]. (I) Let (M,@) be a generalized pseudo-Riemannian
manifold. Then there exists a unique generalized connection 5H1(H2) such
that

(D4) [H,,H,]=D,, (H,)-Dy, (H,) and

(D5) H1<H2,H) <D (H,),Hy)+(H,, D, (H,))
hold forall H,,H,,H, in Gj(M).

I5Hl (H,) is called generalized Levi-Civita connection of M and characterized

by the so-called Koszul formula
2(Dy, (H,), Hy) = Hy (Hy, H )+ Hy (g, Hy )= Hy (Hy, H, )

—(Hy.[Hy Hy])+ (Hy [Ha, Hy )+ (Hg [Hy H, D).

(1.5.13)
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(II) On every chart (Va,l//a) we have for the generalized Levi-Civita
connection 5H1(H2) of (M,@) and any vector field H e Gy(M)

D, (H'8,)= al TEH |0 1.5.14
5i( j)_ o 1 ke (1.5.14)
The generalized Christoffel symbols are given by
— 09 a. 00
ri“j zlgk’“ g’.’" +—ag".“ + Y , (1.5.15)
2 ox'  ox! o ox"

or by using representative

(T (e)), %[(@k”‘ (s))g]{(agg"xi(g)l +[6g_g:(§g)l +(ai"'x (6)” (1.5.16)

We define now the action of a classical (smooth) connection D on generalized
vector fields H, =cl [(éﬁ)}] and H,=cl [(775 )g} by

Dy, (H;)=¢l| (D, (n,),

(IIT) Let (M , g_) be a generalized pseudo-Riemannian manifold.

(i) If G, = @(gab) where g, is a classical smooth metric then we have,in
any chart, T, = @(Fijk) (with Fijk denoting the Christoffel Symbols of g,,).
Hence forall HeGy(M):

Dy, (H,) =Dy, (H,).

(ii) If G, ~, 9., where g, a classical smooth metric, H;,H,eGy(M)
and H,~, £eX(M), H,=neDi'(M) or H,~&éeD}'(M),
H,~,neX(M),then D, (H,)~D;(n).

(iii) Let g, =, U,,» where g, a classical C*-metric, then, in any chart,
%1 Ty . If in addition, H;,H,eGi(M), H,~&, el (M, TM) and

T
H,~ nel*(M,TM) then

1.5.14. The Generalized Riemannian Curvature Tensor
Let (M,g) be a generalized pseudo-Riemannian manifold with a generalized
Levi-Civita connection D .

(i) The generalized Riemannian curvature tensor R’ e G3(M) is defined
by

H 2 Dy, Hs —[ Diy» Dy, [Ha. (1.5.17)

Run,Hs = Dy,
(ii) The generalized Ricci curvature tensor is defined by
R, =R’ (1.5.18)

(iii) The generalized Ricci scalar is defined by
R2R. (1.5.19)

(iv) Finally we define the generalized Einstein tensor by

_ = 1=
Gop £ Ry~ RU (1.5.20)
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1.6. Super Generalized Functions

1.6.1. The Nonsmooth Regularization via Horizon

Examining now the Schwarzschild metric (1.3.1) (note that the origin is now
excluded from our considerations, the space we are working on is R £R*\{0})
in a neighborhood of the horizon, we see that, whereas h(l’) is smooth,
h™(r) is not even L. - Thus, regularizing the Schwarzschild metric amounts
to embedding h™ into G(Ri’), for example as that given in paper [17], one
obtains Colombeau generalized metric

(dsf,) =h(r)dt? —(h’l(r,g)drz)g +r2dQ?,

&

h1(r,€)=hgl:—1—2m(vp($jj*pg(r) (1.6.1)

:_1_2m.lg(vp[r_12m]}

Here p,(r)= g’gp(rg’s) and p(r) isa mollifier.
Obviously, (1.6.1) is degenerate at r=2m, because h(l’) is zero at the

horizon. Due to the degeneracy of (33), the Levi-Civitd connection is not
available. In order avoid this difficultness in literature the following generalized
pseudo-connection T} was considered I'}j =cl [(FL]- (8)) } eG (]Ri) [17]:

(T (2)), =%(zg(g‘m)[lg (9 2 (G -lg(g)k,-,m])g- (1.6.2)

Obviously the generalized pseudo-connection I:Lj coincides with the classical
Levi-Civitd connection FLj on R}\{r=2m} since (lg (gim ))6 —g™ |
(zg (Gim ))g =(g,, there. However the generalized pseudo-connection l_"[q- is not
a true generalized Levi-Civitd connection on Ri since l:ikj does not respect
the Colombeau generalized metric (1.6.1), ‘e, (lg (g)ij'k ) #0,eg.,

(lg (9)00,1)8 = (1— h(h;l)g ) h". Compatibility with the metric (¢.(9))_ isapriori
ruled out by the following statement: there exists no connection whatsoever
under which (zg (9 ))L would be a parallel tensor. However in a weak sense, the

connection (1.6.2) is metric compatible: (lg (g )ij,k) ~ 0. In additional [17]:
(Ry(£)). ~0, (1.6.3)

where (Rij (g)) ~ is a Ricci tensor corresponding to generalized
pseudo-connection (1.6.2), and therefore Colombeau object (Rij (5)) viewed

as a classical distribution on R*\{0} gives
R; =0 on R*\{0}. (1.6.4)

Remark 1.6.1. In paper [17] the equality (1.6.4) mistakenly considered as a
proof that the metric singularity at the Schwarzschild horizon is only a
coordinate singularity.

Remark 1.6.2. Due to the degeneracy of any smooth regularization of the
metric (1.3.1) no canonical Levi-Civitd connection could be defined. In order to
avoid such difficultnes in our papers [18] [19] the nonsmooth regularization via

horizon is considered, see Section 2 below. However such regularization
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demands appropriate extension of the Colombeau algebra G (M ) .

1.6.2. The Super Generalized Functions

The basic idea of the theory of super generalized functions is regularization by
sequences (nets) of appropriate classes of non smooth and discontinuous
functions or classical distributions and the use of asymptotic estimates in terms
s With U € D'(M) for
all ¢e (0,1] (M a separable, smooth orientable Hausdorff manifold of

of a regularization parameter &€ (0,1]. Let (u,)

dimension n). Such sequences are called super generalized functions. The

algebra of super generalized functions on M is defined as the quotient
SG(M)=SE;\,I (M)/SN’(M) (L.6.5)

of the space SEj, (M) of sequences of moderate growth modulo the space
N(M) of negligible sequences. More precisely the notions of moderateness
resp. negligibility are defined by the following asymptotic estimates (X (M)
or X(M) denoting the space of smooth vector fields on M) [18] [19]:

S, (M) ={(u,), =(0/(M))*

(‘V’K ccM )(Vk eN )(Hn eN)

(V& eX(M), V& eX(M))(vf <C5 (K))[|L, - Lu. (1) <O, (g)]}

SN’(M)={(U€) (M) (vK < M)(vk,geNy)(Ene )

(V& eX(M),,¥E e X(M))(vF Cy (K))[|Ly - Lou ()]0, () ]}
(16.6)

Here L‘;Vk,k =1,2,---,n denoting the weak Lie derivative in L.Schwartz sense
and where Landau symbol a, =O,(¢(s)) appears, having the following
meaning:

vf3c, (Cf >O)EI£0 (80 € (0,1])‘75(5 < go)[ag < Cfg)(g)}

We denote by SR the ring of real, Colombeau super generalized numbers.
SR =SE, (R)/SN(R), where

(Fa,beR,)(35, 5, <(0.1])

< g‘aé‘b]},

ll(va,beR,)(3&,5, (0,1))

(ve<e)(Vo<5,)]|x

£,0

SE, (R) {( RO
(1.6.7)

{ X, , ) R0

(Ve<sa)(Vo<s)[|x|<e%" ).

Let (um)we(oq with u,,€C”(M) for all &6€(0,1] (M a separable,
smooth orientable Hausdorff manifold of dimension n). By using canonical
imbeding D'(M)—)G(M) the algebra SG(M) of Colombeau super

generalized functions on A is defined also in the equivalent form as the quotient
SG(M)=SE,, (M)/SN(M) (1.6.8)

of the space SE, (M) of sequences of moderate growth modulo the space
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SN(M) of negligible sequences. More precisely the notions of moderateness
resp. negligibility are defined by the following asymptotic estimates (X (M)
or )~(( M) denoting the space of smooth vector fields on M).

SE,, (M ):{(UM)M eC” (M) (vK cc M)(vk e Ny)(3n,me N)

(v§1 € 5((|\/| ),...,Vék € 5((M )) sup|L§1 Lén“s,a(p)| So<g—n5—m):|},
" (1.6.9)
SN(M)={(u,,),, <M

(‘V’K ccM )(Vk,q,l € No)

(V& eX(M), -+, V& e X(M) sup|L§1---L§nu3b5(p)| SO(gq5' )}}
| peK

~—

The SG(M )-module of super generalized sections SG(M,E) of a vector
bundle E — M and in particular the space of super generalized tensor fields
SG;(M) is defined along the same lines using analogous asymptotic estimates
with respect to the norm induced by any Riemannian metric on the respective

fibers. We denote super generalized sections by

S=cl |:(55,5 )g J = (SM )8 ;TSN (M,E). Alternatively we may describe a section

SeSG(M,E) by a family (S, ), :((Si )):, where S, is called the local

expression of Swith its components S|, £} oSoy ' €SG(y, (V,))
((V,,¥,), avector bundle atlasand i=1,---,N , with Ndenoting the
dimension of the fibers) satisfying S, (X) = ((//aﬂ )Ij (l//ﬂ oyt (X)) S,g (!//ﬁ oyt (X))
forall xe(V(1V) where y,, denotes the transition functions of the bundle.
Remark 1.6.3. Smooth sections of E — M again may be embedded as

constant nets, 7.e.,
O(s):s—cl [(5)5,5]'

Since C*(M) is a subring of SG(M),SG(M,E) also may be viewed as
c” (M ) -module and the two respective module structures are compatible with
respect to the embeddings.

Moreover we have the following algebraic characterization of the space of

super generalized sections

SG(M,E)=SG(M)®I'(M,E), (1.6.10)

where F(M , E) denotes the space of smooth sections and the tensor product is
taken over the module C”(M). Generalized tensor fields may be viewed
likewise as C” -resp. SG -multilinear mappings, Ze, as C” (M ) -resp.
SG (M ) -modules we have

SG{(M)

1

LCW(M)()Z(M)r,)Z*(M)S;SG(M)), e
SGE(M) = Ligy (SGF (M), SG; (M) :SG(M)).

Here )Z(M) resp. X~*(M) denotes the space of smooth vector resp.
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covector fields on M.

1.6.3. Super Generalized Pseudo-Riemannian Manifold
A super generalized (0,2) tensor field geSGg(M) is called a super
generalized Pseudo-Riemannian metric if it has a representative (gm)m
satisfying:

(i) g9, isasmooth Pseudo-Riemannian metric for all ,6€(0,1], and

(ii) (det 9.5 ( p))'C 5 18 strictly nonzero on compact sets, ie.,

detg, ; (p)| 25”‘5'].

peK

VK (K o= X)3Im(meN)3I (I N)[inf

We call a separable, smooth Hausdorff manifold A/ furnished with a super
generalized pseudo-Riemannian metric Cl [(gg’ 5 )S’J 29 super generalized
pseudo-Riemannian manifold or super generalized spacetime and denote it by
(M,g). The action of the metric on a pair {Hl,HZ} of super generalized
vector fields will be denoted by g_( H,, Hz) or <H1, H2> .

A super generalized metric § is non-degenerate in the following sense:

[H, €SG;(M)]AVH,(H, €SG;(M))[G(H, H,)=0]=H, =0. (1.6.12)

Note that condition (ii) above is precisely equivalent to invertibility of
det(g) in the super generalized sense. The inverse metric g =cl [(gja) J
is a well defined element of SG)(M), depending exclusively on @ (i.é,

independent of the particular representative (g )gd ). Moreover if §=, g,

28
where g is a classical C*-pseudo-Riemannian metric then § Ry g™". From
now on we denote the inverse metric by ge, its components by g and the
components of a representative_ 2by ( 2)5 5 Also we shall denote the super
generalized metric g, by ds =cl f(dsj s )SJ and its representative by
(dsfvé )m = (gij (&,6)dx'dx’ )w_ and use summation convention.Notice that §
inducesa SG(M ) -linear isomorphism SGj(M)—SG{(M) by
O §(®,~) , which as in the classical context extends naturally to generalized
tensor fields of all types.

Let (M,g_) and (N,ﬁ) be super generalized pseudo-Riemannian manifolds.
An isometric Colombeau embedding is a Colombeau super generalized function
(fm )s,b‘ M — N which preserves the metric in the sense that (ggﬁ )M is

equal to the pullback of (h, ;) = by (f.;) .ie (9., )., =(f.sh.5) .
Explicitly, for any two tangent vectors V,WeT, (M ) we have Y

(905 (viw)), , =(h.s (e 5 (v). o5 (W)

1.6.4. Super Generalized Connection on a Super Generalized
Pseudo-Riemannian Manifold

Super generalized connection ISH1 H, on a manifold Ais a map
SG; (M )xSGj(M)—SGi (M) satisfying:
(D1) I5H1 (H,) is SR -linear in H,.
(D2) Dy (H,) is SG(M)-linearin H,.
(D3) IZ_)H1 (F~ H2) =f. IZ_)H1 (H,)+ Hl(F) H, forall fe SG(M ) .
Let (Va W, ) be a chart on M with coordinates Xx'. The super generalized
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Christoffel symbols for this chart are given by the [dim(M)]3 super
generalized functions T} €SG(V,) defined by

D,, (aj)=2F§ak. (1.6.13)
k

Theorem. (I) Let (M,J) be a super generalized pseudo-Riemannian
manifold. Then there exists a unique super generalized connection 5H1 (H,)
such that

(D4) [H,,H,]=D, (H,)-D,,(H,) and

(D5) H,(H,,Hy)=(D,, (H,), Hy)+(H,, Dy (Hy))

hold forall H,,H,,H; in SG;(M).

5H1(H2) is called super generalized Levi-Civita connection of M and

characterized by the so-called Koszul formula
2(Dy, (H,), Hy) = Hy (Hy, Hy )+ Hy (o, Hy )= Ha (Hy, H, )
—(Hy[Hy, Hy])+(Hyu [Hg Hy )+ (Hg, [Hi, H, D)

(II) On every chart (Va ,l//a) we have for the super generalized Levi-Civita
connection D, (H,) of (M,J) and any vector fild H eSG{(M)

(1.6.14)

5, (Hia,)=[ i o 1.6.15
2 (H'9;)= PYARE ke (1.6.15)
The super generalized Christoffel symbols are given by
— 0g, 9. O0;
I _Llgm| Bim | G, D | (1.6.16)
2 ox'ox! ox"

or by using representative

([ e0),,=3[(e" 5))5,5][(—65’“;&? )

(24 {257

We define now the action of a classical (smooth) connection D on super
generalized vector fields H1=CI[(§S,5)SJ and H2=CI[(77€'5) } by

Dy, (H,)=cl [( D, , (7. ))65}

(III) Let (M , g_) be a super generalized pseudo-Riemannian manifold.

(1.6.17)

&,0

(i) If 0, = ®(gab) where @, is a classical smooth metric then we have,in
any chart, T, = @(Fijk) (with T', denoting the Christoffel Symbols of g, ).
Hence for all H eSG;(M):D,, (H,)=D,, (H,)-

(ii) If T, ~, O, where g, a classical smooth metric, H,,H, eSGy(M)
and H,~, £eX(M), H,~neD}'(M) or H,~&eD;'(M),
H,~,neX(M),then D, (H,)~D;(n).

(iii) Let g, ~ U, Where g, a classical C*-metric, then, in any chart,
I, ~ Iy . If in addition , HH, eSGy(M), H,~¢&, el (M, TM) and
H,~ nel*(M,TM) then D, (H,)~, D;(n).
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1.6.5. The Super Generalized Riemannian Curvature Tensor
Let (M, g) be a super generalized pseudo-Riemannian manifold with a super
generalized Levi-Civita connection D .

(i) The super generalized Riemannian curvature tensor R’ eSG3(M) is
defined by

R Hs 2D

g1,y Hs = [ Diys Dy, [Ha: (1.6.18)

RHl-HZ

(i) The super generalized Ricci curvature tensor is defined by

R, =R (1.6.19)

(iii) The super generalized Ricci scalar is defined by

RZRS. (1.6.20)
4) Finally we define the super generalized Einstein tensor by

N
Gop Ry~ RUs (1.6.21)

2. Distributional Schwarzschild Geometry by Using
Nonsmooth Regularization via Horizon

2.1. Distributional Schwarzschild Spacetime as Colombeau
Extension of the Lorentzian Manifold with
Nonregularity Conditions on Schwarzschild Horizon

Singular space-times present one of the major challenges in general relativity.
Originally it was believed that their singular nature is due to the high degree of
symmetry of the well-known examples ranging from the Schwarzschild
geometry to the Friedmann-Robertson-Walker cosmological models. However,
Penrose and Hawking [36] have shown in their classical singularity theorems
that singularities are a phenomenon which is inherent to general relativity. Since
the standard approach allows only smooth space-time metrics, one has to
exclude the so called singular regions from the space-time manifold. In a recent
work many authors advocated the use Colombeau distributional techniques
[5]-[22] to calculate the energy-momentum tensor of the Schwarzschild geometry.
It turns out that it is possible to include the singular region (ie. the space-like
line r=0 with respect to Schwarzschild coordinates) in the space-time which
now no longer is a vacuum geometry, and to identify it with the support of the
energy-momentum tensor [5] [9] [11] [12] [13]. The same “physically expected”
result for the distributional energy momentum tensor of the Schwarzschild
geometry was obtained in papers [12]-[22], ie,

T, =8mms(X), (2.1.1)

in a conceptually satisfactory way.
Remark 2.1.1. The result (2.1.1) can be easily obtained by using apropriate
nonsmooth regularization of the Schwarzschild singularity at the origin r=0.
The nonsmooth regularization of the Schwarzschild singularity at the origin

r=0 was originally considered by N. R. Pantoja and H. Rago in paper [12].
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Such non smooth regularization of the Schwarzschild singularity is

(h.(r)). =—1+[r?5®g (r—g)) ee€(0,1],r<r. (2.1.2)

&

Here (@, (u)) is the generalized Heaviside function,where
, 0
ORI

1 u=0
and the limit ¢ — 0 is understood in a weak distributional sense. The equation

(ds?), =(h, (r)(ct)?) (h;l(r)(dr)z)gﬂz[(da)z+sin29(d¢)2]

&

(2.1.3)

(2.1.4)

hy(r)=—1+5,
-

with h_,¢e (O,l] , as given in (2.1.4) can be considered as Colombeau version of
the Schwarzschild line element in curvature coordinates. From Equation (2.1.2),
the calculation of the distributional Einstein tensor (Gf(r,g))g, (Grr (r,g))g,
(Gg (r,e))g , (Gq‘f (r, 8))5 proceeds in a straighforward manner. By simple

calculation one obtains [12]:

a3 ()

(2.1.5)
--o[229) - 20
and |
(Gg(r,g))g =(G$(r’5))g :_[hggf)l _[hr—(zr)J (2.1.6)

r rdr r?

In papers [10] [27] Colombeau distributional techniques were extended to the
general axisymmetric, stationary Kerr and Newman space-time family. This
family also contains the Schwarzschild geometry and its charged extension the
Reissner-Nordstre m solution as special cases of spherical symmetry. In the
paper [22] it was shown that the solutions will satisfy the Einstein equations
everywhere if the energy-momentum tensor has an appropriate singular
addition of nonelectromagnetic origin. When this addition term is included, the
total energy turns out to be finite and equal to mc’, while the angular
momentum for the Kerr and Kerr-Newman solutions is mca.

Remark 2.1.2. The nonsmooth regularization of the Schwarzschild singularity
above the horizon r=r, is

(hg(r))g :—1+(r—;®g((r— rs)—g)l ee(01],r>r,. (2.1.7)

Here (95 (u)) is the generalized Heaviside function and the limit ¢ -0 is
understood in a weak distributional sense. The equation
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(2.1.8)

hg,g € (0,1] ,as given in (2.1.8) can be considered as Colombeau version of the
Schwarzschild line element in curvature coordinates above horizon. From
Equation (2.1.7), the calculation of the distributional Einstein tensor above
horizon (G;t (r, g))g , (Gr” (r, 5))6 , (G;H (r, g))g , (G;w (r, 8))s proceeds in
a straighforward manner. By simple calculation one obtains

(Gt+t (r,g))g = (G:r (r,s))g
=_[h€’((r—rs)—g)] _[1+h€((r—rs)—g)]

> (2.1.9)

r

The truncated distributional Schwarzschild geometry.

There exist two different types of distributional Schwarzschild blackhole
geometry corresponding to classical Schwarzschild solution. That is: (i) full
distributional Schwarzschild blackhole geometry, given by Colombeau generalized
object, for example by Equation (1.3.30), see Figure 1(a) and (ii) the truncated
distributional Schwarzschild space-time given by Colombeau generalized object
(2.1.7)-(2.1.8), ie. in this case distributional spacetime ends just on the
Schwarzschild horizon, see Figure 1(b).

Remark 2.1.3. In a nutshell, there is a widespread but mistaken belief that

there exist true gravitational singularities, for example at origin r=0 of the

spatial
infinity
‘, -

N

horizon-... horizon
singularit interior
9 y [ ) . not part of
atr=2m of hole singularity D .
i spacetime
on horizon
singularity
atr=0

(@) (b)

Figure 1. (a) The picture of a distributional Schwarzschild blackhole, given by Colombeau
generalized object (1.3.30). Distributional spacetime ends just on the Schwarzschild
singularity. (b) The truncated Schwarzschild distributional geometry, given by Colombeau
generalized object (2.1.7)-(2.1.8). Distributional spacetime ends just on the Schwarzschild
horizon.
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Schwarzschild spacetime, and non principal and non gravitational, Ze. purely
coordinate singularities, for example at horizon r=r, of the Schwarzschild
spacetime. A coordinate singularity or coordinate degeneracy occurs when an
apparent singularity or degeneracy occurs in one coordinate frame, which can be
removed by choosing a different frame. Classical example of such mistake is
ubnormal deletion of the gravitational singularity, for example from

Schwarzschild spacetime

Sch=(Sx{r>2m})xR,g;(r.0.4), (2.1.10)

originally defined by singular and degenerate Schwarzschild metric [30],

ds? = —h(r)(dx)’ +h™ (r)(dr )’ +r2[ (4o +sin’ 6(d¢)2],h(r):1—r79.

(2.1.11)

by using apropriate singular coordinate change [27]-[35].

Remark 2.1.4. Note that: (i) metric (2.1.11) is singular and degenerate at
Schwarzschild horizon r=r,, and thus metric (2.1.11) beiond canonical
rigorous semi-Riemannian geometry.

(ii) however in physical literature (see for example [28] [29] [30]) singularity
and degeneracy at Schwarzschild horizon r=r, are accepted as coordinate
singularity and coordinate degeneracy.

Remark 2.1.5. (see [30] section 100, p. 296). “In the Schwarzschild metric
(97.14), gy, goes to zero and @,; to infinity at r=r, (on the ‘Schwarzschild
sphere’). This could give the basis for concluding that there must be a singularity
of the space-time metric and that it is therefore impossible for bodies to exist
that have a ‘radius’ (for a given mass) that is less than the gravitational radius.
Actually, however, this conclusion would be wrong. This is already evident from
the fact that the determinant g(r)=-r"sin?6 has no singularity at r=r_, so
that the condition g <0 (82.3) is not violated. We shall see that in fact we are
dealing simply with the impossibility of establishing a suitable reference system
for r<r,.”

Remark 2.1.6. Notice that consideration above meant the following definition
of the gravitational singularity.

Definition 2.1.1. There is no gravitational singularity at r=T7 iff the
determinant g(r,6)= det(gij (r, 9)) has no singularity at r=T .

Remark 2.1.7. Notice that at singular point r=r, the determinant g (rg)
is well defined only by the limit

— i _ phin2
g(rg)—!Lr[;det(gu(rﬁ))— r, sin . (2.1.12)
however in the limit r — r, =2m the classical Levi-Civitd connection FLJ.

becomes infinite

I (r) —lim——o, (2.113)

r=2m 2 p (1 —2m)

=00, Fgl(r)

L r(r—2m)

and therefore the Definition 2.1.1 is not sound and even does not any sense
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under canonical semi-Riemannian geometry.

Remark 2.1.8. Notice that:

(i) in order to fix the problem with singularity and degeneracy of the
Schwarzschild metric (2.1.11) at Schwarzschild horizon r=r,, in physical
literature [27]-[35], many years oneconsiders the abnormal formal change of
coordinates obtained by replacing the canonical Schwarzschild time by “retarded
time” v(t, r) , L.e., Eddington-Finkelstein coordinates, given by

dv(t,r)=dt+[h(r)] dr,
(2.1.14)

(ii) the change (2.1.14) of Schwarzschild coordinates is singular at
Schwarzschild horizon r=r,, as at Schwarzschild horizon h(rg ) =oo and
therefore the change (2.1.14) does not holds on Schwarzschild horizon [36];

(iii) under the singular change (2.1.14) Schwarzschild metric (2.1.11) becomes

to well known regular and nondegenerate Eddington-Finkelstein metric [27]-[35]:

ds. = —(1—2—m]dv2 +2drdv +r? [(d@)2 +sin? 0(d¢)1; (2.1.15)
r

(iv) in physical literature many years exist abnormal belief that by formal
singular change (2.1.15) the singular and degenerate Schwarzschild spacetime

(82 x{r> 2m}) xR was immersed in a larger Eddington-Finkelstein spacetime

EF. =(S*x{r=2m}U{0<r<2m})xR, g (r,0), (2.1.16)

with regular and non degenerate metric tensor geg (r,0), and whose manifold
is not covered by the canonical Schwarzschild coordinate with r<2m, and
therefore singularity and degeneracy on Schwarzschild horizon r=r, are only
coordinate singularity and coordinate degeneracy;

(v) from statement (iii) it was mistakenly assumed that there is no
gravitational singularity at BH horizon.

We remind now canonical definitions.

Definition 2.1.2. Let (Nl , g) and (N,h) be semi-Riemannian manifolds.
An isometric embedding is a smooth embedding f:M — N which preserves
the metric in the sense that g is equal to the pullback of Aby £ ie. g=f"h.
Explicitly, for any two tangent vectors V,W T, (M ) we have

g(v.w)=h(df (v),df (w)). (2.1.17)

Remark 2.1.9. Notice that such isometric embedding is a mathematical
definition only and does not mean the equivalence (M,g)=(f(M),h) in
absolute sense. Thus, it is not always appropriate as equivalence of the
Lorentzian manifolds (M,g) and (N,h) corresponding to the physical
frames (Mph,gph) and (Nph,hph).

Definition 2.1.3. [31]. In general, a Lorentzian manifold (M ',h) is said to
be an extension of a Lorentzian manifold (M , g) if there exists an isometric

embedding i:M —>M’'.
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Remark 2.1.10. Notice that such extension is a mathematical definition only
and therefore it is not always apropriate as extension of the Lorentzian
manifolds (M g) and (M ', h) corresponding to the physical frames
(Mph’gph) and ( h'hph)

Remark 2.1.11. In order to obtain example for the statement mentioned and
Remark 2.1.8 and Remark 2.1.9 we are going to prove below that the geometry of
Schwarzschild spacetime Sch_ £ {(S2 x{r> Zm}) xR, gSCh>} above
Schwarzschild horizon is essentially cardinally different in comparison with the
geometry of Eddington-Finkelstein spacetime EF 2 {(82 x{r> 2m})>< R, gEF>}
above Eddington-Finkelstein horizon.

We remind now canonical definitions.

Definition 2.1.4. Let A A be the change in a vector A ()A() after parallel
displacement (as ploted in Figure 2) around closed contour I' located in BH
spacetime as ploted in Figure 3. This change A_A, can clearly be written in the
form @5 A . Substituting in place of &A the canonical expression
SA =T (X)Adx' (see [31], Equation (85.5)) one obtains

oY
./vk’*
ﬁ-——‘)

q/"'__}

Figure 2. Paralel displacement along a
closed contour I' in a curved space.

Black Hole Regions

Ergosphere

~_ Event
Horizon

/t

Quiet region " \ Y Gravitational
ui ion: _
negligible \\[/// ~— Spacetime
gravitational

influence

— Singularity

Figure 3. Paralel displacement along a closed contour I' in BH spacetime.
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ArA =PSA =T (X)Adx. (2.1.18)

Definition 2.1.5. (I) Let X3 be Schwarzschild horizon, let T'; be a contour
located in Schwarzschild spacetime as plotted in Figure 4 and such that (i)
Rel;, (i) 28 NIy =R, and let T* be a curve I"=I;\R. Let A ;A be
the integral

AsA = A = I (R)AdX'. (2.1.19)
ot TR\R

(II) Let X be Eddington-Finkelstein horizon, let T'; be a contour located
in Eddington-Finkelstein spacetime as plotted in Figure 5 and such that (i)
Rely, (i) ZLNT;=X,andlet T beacurve T*=T;\X.Let A ;A bethe
integral

AA = § SA = § T} (R)Adx" (2.1.20)

rg\X rg\x

Schwarzschild Horizon

Figure 4. Parallel displacement A ;A along

a curve I'* in Schwarzschild spacetime such
that 2, NT, = X, then always AA =,

Finkelstein-Eddington Horizon

Figure 5. Parallel displacement along a curve
I'* in Eddington-Finkelstein spacetime
2% NT; =X, thenalways A ;A <o.
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Remark 2.1.12. (I) Note that the geometry of Schwarzschild spacetime Sch_
Sch. 2{(S*x{r>2m})xR, g, } (2.1.21)

above Schwarzschild horizon Xg, essantially cardinally different in comparizon

with the geometry of Eddington-Finkelstein spacetime EF,
EF 2 {(sz x{r>2m})xR, gEF>} (2.1.22)

above Eddington-Finkelstein horizon X .
(II) Note that Schwarzschild spacetime Sch_ obviously satisfies a very
strong nonregularity condition

if 22, NT; =%, then A (A =co. (2.1.23)

Thus the geometry of spacetime Sch_ that is nonclassical geometry beyond
apparatus of the classical semi-Riemannian geometry. Of course, the geometry
any part of spacetime Sch_ located above some neighborhood of Schwarzschild
horizon as plotted in Figure 6 that is a classical semi-Riemannian geometry.

Remark 2.1.13. Note that from Remark 2.1.11 it follows that
Eddington-Finkelstein spacetime does not hold in rigorous mathematical sense
as extension of the Schwarzschild spacetime Sch_ 2 {(S2 x{r>2m})xR, gSCh>}
above Schwarzschild horizon.

Remark 2.1.14. It is clear that nonregularity condition (2.1.23) arises not only
from singularity of the function h™(r) at point r= r, but from degeneracy
of the function h(r) atpoint r= r,-

Remark 2.1.15. We remind now that the relations (see [30] p. 234, Equation
(84.7))

(2.1.24)

\ Region of the classical
I semi-Riemannian geometry

\\_.-,7)

Schwarzschild Horizon

Figure 6. Parallel displacement along a closed contour I' located in region of
the classical semi-Riemannian geometry of the Schwarzschild spacetime such
that 2 =0, then always A A <oo.
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give the connection between the metric of real space
2 _ adyh
dI* = y,,dx“dx (2.1.25)
and the metric of the four-dimensional space-time
2
ds® = g,,,dx“dx” +2g,,dx’dx” + gy (dxo) : (2.1.26)

For Eddington-Finkelstein metric (2.1.15) metric of the corresponding real
space is
dr? 2 . 2
dIge =—5—+ 2| ()" +sin? 0(dg)’ | (2.127)

-4
r

Remark 2.1.16. Notice that the Eddington-Finkelstein metric (2.1.15) is
regular at the horizon and therefore the infalling observer encounters nothing
unusual at the horizon. However from Equation (2.1.17) it follows that the
infalling observer encounters singularity on horizon. But this is a contradiction.

Remark 2.1.17. Note that in order to deal with singular Schwarzschild metric
(2.1.11) using mathematically and logically soundness approach, one applies
contemporary distributional geometry based on Colombeau generalized
functions [2] [3] [4]. Distributional Schwarzschild geometry and distributional
BHs geometry by using Colombeau generalized functions [2] [3] [4] was
developed by many papers [4]-[22]. By aproporiate regularization
gijvc(r,H,qﬁ),Se(O,l] of the singular Schwarzschild metric gij(r,€,¢) such
that:

1) Yo (r.0.9)= g;j (r.0.¢) and

(i) for any &e€(0,1] metric tensor i . (r,0,4) is regular and
nondegenerate, one obtains Colombeau generalized object
[(gijyg(r,9,¢))g}eG(R3> with an representative (gijyg(r,e,qﬁ))g, for a more
detailed explanation see [11] [18] [19]. Using rigorous Colombeau approach one
obtains mathematically and logically soundness notion of singularity in

Distributional Schwarzschild spacetime.

Remark 2.1.18. Note that in the case of Schwarzschild spacetime the
conditions (i) and (ii) mentioned above (see Remark 2.1.13) are satisfied only by
using non smooth regularization of the singular and degenerate Schwarzschild
metric (r,€,¢) via Schwarzschild horizon [18] [19].

By apriporiate nonsmooth regularization one obtain Colombeau generalized
object modeling the singular Schwarzschild metric above and below horizon [18]
[19]:

(a517), ==(n (rya?) +([h: ()] "ar?) +riaey,
(d5,7) =(n (r)de?), —([h; (r)Tdrz)g rida?,
— (2.1.28)
hj(r)=®g((r_r5)_g)r (r-r,) +e .
£<(0,1].
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Remark 2.1.19. Let us rewrite now the metric (2.1.24) (above horizon) in the

form

(d5:2) =—(h: (r)dt?) +([h; (r)Tdrz)E +12(d6? +sin” 0dg”

=—(n:(r)) ([dt NINGIE dr}[dt INGIE erg (2.1.29)
+r? (d02 +sin? 9d(p2),

and define a new generalized Colombeau coordinates ((‘r&_ )E,F, 0,(0), where
(z.(t.r)) eG(R?), by formula

(dz,(t.r)). =dt+([h:(r)]_ldr)g, (2.1.30)

r=r.

Remark 2.1.20. Notice that:

(i) Colombeau generalized coordinates (2.1.26) are the Colombeau extension
of the canonical Eddington-Finkelstein coordinates (2.1.14) by Colombeau
generalized function.

(ii) In contrast with canonical Eddington-Finkelstein coordinates (2.1.14) (see
Remark 2.1.7), Colombeau generalized coordinates (2.1.26) holds at
Schwarzschild horizon r=r, as at Schwarzschild horizon Colombeau
generalized functio_rll [h; (r)j_ become well defined Colombeau generalized
number |:h: (rg )J eR. ‘

Rewriting now the metric (2.1.25) in terms of the Colombeau generalized
coordinates ((z—g )8 T, 6, go), it then above horizon takes the form

(ds7?) = —((h; (M) )([drg —2[h(F)] dr}drgj +7°(d6” +sin” 6dg’)
=—((h (7)), )(de?), +207 (dr,), +T*(d6* +sin” odo* ).

(2.1.31)

We rewrite now Colombeau metric (2.1.27) in the equivalent form
(ds;) =—(h;(r)de?) +2drdz+r®(d6? +sin® 6de® ). (2.1.32)
Colombeau metric (2.1.28) define the distributional Eddington-Finkelstein

space-time

EF 2 {(8*x{F>2m})xR, gz | (2.1.33)

above the Eddington-Finkelstein horizon r=2m.
Remark 2.1.21. Notice that

(h()| =r(e), ’([h;(r)]il) L

(dr.), |, =de+((=), ) o (2.134)
(d 7’ )g = dt? +2((g’1)g)-rgdtdr +((g’2 )g)rgzdrz,

ee(0,1].

&

r=ry &
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Of course at horizon (h;' (t, Iy ))E ~0, because at horizon h; (t, r ) =0,
however it follows from (2.1.24) at horizon the quantities
((h; (rg ))5 )(d 7’ (t, r ))g ~ ((g'l)g ) I’gdl’2 and (dz, )g ~ ((8_1)5 ) r,dr are infinite
large Colombeau quantities, i.e,, the differential (dz, )'C is not classical but it is
Colombeau differential.

Remark 2.1.22. Note that:

(i) under coordinate change (2.1.26) the distributional curvature scalars of the
distributional Schwarzschild space-time given by metric (2.1.24), does not
changes because these scalars depend only on variable r=T,

(ii) in contrast with classical Eddington-Finkelstein space-time

EF. :(82 x{r>2mjU{o<r< 2m})xR,gEFz (r.6),

distributional Eddington-Finkelstein space-time has a gravitational singularity at
horizon.
Remark 2.1.23. Note that for the case of the distributional space-time the

relations (2.1.24) obviously takes the form

(}/aﬂ(g))g :[_gaﬁ(g)-l_MJ (2.1.35)

9oo (£)

where (2.1.30) give the connection between the Colombeau metric of the

distributional real space

(c1?) =((7.s ()b’ (2.1.36)

and the Colombeau metric of the four-dimensional distributional space-time
(057), = (9,5 (£)0x“dx") +2(g, (#)dxdx)

+(gOO (g)(dx0 )2)8 :

For distributional Eddington-Finkelstein metric (2.1.29) above horizon of the

&

(2.1.37)

corresponding Colombeau metric of the distributional real space is
2 _{(n* () Ap2
(a1, ) - ((hg (1) or )

(2.1.38)
+r? [(d&)2 +sin’ 9(d¢)2]

Remark 2.1.24. Notice since the distributional Eddington-Finkelstein
space-time (2.1.29) has a gravitational singularity (see Definition 1.1.1) at
horizon, there is no contradiction mentioned above for the case of the regular
classical Eddington-Finkelstein metric (2.1.15) and the corresponding singular
metric (2.1.17), see Remark 2.1.15.

2.1.2 Distributional Kruskal-Szekeres Spacetime
Recall that the classical Kruskal-Szekeres coordinates are defined, from the
classical Schwarzschild coordinates (t,r,6,4), by replacing ¢ and r by a new

time coordinate 7'and a new spatial coordinate X:

DOI: 10.4236/jhepgc.2018.42023

396 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2018.42023

J. Foukzon et al.

e wlepel]

] el
e el
el

It follows that the Schwarzschild radius r, in terms of Kruskal-Szekeres

(2.1.39)

coordinates, is implicitly given by

) r
TZ—Xzz[l——J exp(—j
rg rg

for both interior and exterior regions, ie. Fe€R, \{0} . In these new coordinates

(2.1.40)

the metric of the Schwarzschild black hole manifold is given by

4r
dszz—exp[——J[ —dT2 +dX ]+r2sz. (2.1.41)

r rg
The location of the event horizon ( r, =2GM ) in these coordinates obviously
is given by

T2-X?=0=>T =%X. (2.1.42)

Remark 2.1.25. Note that the metric (2.1.37) ofcourse is perfectly well defined
and non-singular at the event horizon. The curvature singularity is located at
T?-X?=1. Under this property Kruskal-Szekeres spacetime in physical
literature mistakenly considered as regular Lorentzian spacetime, except singular
submanifold {(T X)|T?=X? :l} .

Remark 2.1.26. In contrast with Eddington-Finkelstein coordinates the
classical Kruskal-Szekeres coordinates holds at Schwarzschild horizon, but
however the differentials dT,dX of the functions T(r,t),X(r,t) are singular
at Schwarzschild horizon r=r, and therfore Kruskal-Szegeres spacetime
cannot be considered as Schwarzschild spacetime in Kruskal-Szekeres coordinates
(2.1.35)-(2.1.36).

Remark 2.1.27. In order to avoid these difficulties one can apply instead of
the Kruskal-Szekeres coordinates (2.1.35)-(2.1.36) the following distributional

Kruskal-Szekeres coordinates to Colombeau generalized metric (2.1.8)

rxr,ee(0,]:
12
[L—1+ gJ exp(LJsinh [LJ
T ) r 2rg
_ "
{L -1+ g] exp (L] cosh (LJ
I r 2rg

—~
>
™
SN—
)

Il
1
—_——

B
—_
—_—
=
|
P
~—
|
)
~—
o)
1
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). =[(0.((r-1)-<)) {1‘§*8]M "HhH

9 9 9

&

(X.), =[(®£((r—rg)—g))g}_ (1—%“;]” exp[%}cosh(%}

9 9 9

&

(2.1.43)
Therefore for both interior and exterior regions we get

y2
N 1 S S

9 g

Remark 2.1.28. Note that in contrast with (2.1.37) at horizon r = ry:

(12),~(x2), =¢[ (%), ] 0. (2.1.45)

In these new distributional coordinates the Colombeau metric (2.1.8) of the
distributional Schwarzschild black hole manifold above horizon is given by

formula

4r} (@S ((r ~1, )—g))g exp( .

(as7) = - —EJ[—demxj] +1r2dQ2%. (2.1.46)

&

Here (@g(u))‘ is the generalized Heaviside function given by Equation
(2.1.3).
Remark 2.1.29. Note that in contrast with (2.1.36) Colombeau generalized

metric (2.1.39) is non degenerate at horizon r = r, in Colombeau sense.

2.2. Distributional Schwarzschild Spacetime and Distributional
Rindler Spacetime with Distributional Levi-Civita
Connection. Generalized Einstein Equivalence Principle

2.2.1. Distributional Schwarzschild Spacetime with Distributional
Levi-Civita Connection

Remark 2.2.1. Note that due to the degeneracy of the metric (2.1.11) at
Schwarzschild horizon, the classical Levi-Civit'a connection on whole
Schwarzschild spacetime is not available [18] [19] as classical Levi-Civit'a

connection on Schwarzschild horizon becomes infinity

I (r)

—lim—" o, (r)

: m
=lim—— =0, (2.2.1)
r2m - r2mr(r—2m)

r2m - r2mp(r—2m)

Remark 2.2.2. In order to avoid difficulties with classical Levi-Civit'a
connection mentioned above in Remark 2.2.1, in papers [18] [19] we have
applied the non smooth regularization via Schwarzschild horizon, see Remark
2.1.5 and Equation (2.1.6). Corresponding Colombeau distributional connections
(F;j' (5))£ and (F;j' (5)) above and below Schwarzschild horizon are [18] [19]:
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(60, =20 (00) ), 00,0
(60, =20 (6 ) (0,00, )

Obviously distributional connections (FEJ-' [h;])é ,(F;j' [h;])é coincides, in
distributional sense, with the corresponding classical Levi-Civita connections on
R*\{r =2m}, since (h;)g =hy, (h;)g =h, and (g;'m)g =g;",

(gf'm )g =g,™ there. Clearly, connections FEJ-' (e),l";j' (€),e€(0,1] in respect

&

(2.2.2)

the regularized metric gf,ee(O,l] , Le, (gi)__.kzo. Proceeding in this

€

manner, we obtain the nonstandard result [22] [23] see also Appendix B:

[([R:Ji)j:{([R:JZ)X}=—4an,
(=) -[(=T) etz

Remark 2.2.3. As expected, the distributional Ricci tensor as well as the

(2.2.3)

distributional Ricci scalar vanish identically on R*\{r=2m} , since
supp(&(r - 2m)) ={r=2m}. This result is in a good agreement with canonical
result [24]-[30] on R® \{r = Zm} since distributional connections (2.2.2)
coincide with the corresponding classical Levi-Civita connections on
R*\{r=2m} at least in distributional sense. For (r, —2m)€ ~; 0 we obtain
the nonstandard result:

R (1, 6)RC, (1.,¢)) =, ¢ e
( ‘ )8 | am (52 +(r, —2m)2)3

¢ (2.2.3)
(Rimoaﬂv(rg’g)waw(rglg))‘C ~p & N

3
4m* (52 +(r, —2m)2)
where |(ré_ —2m)£| ~; 0, see Appendix C. For |(r5 —2m)g| ~; (&), see Appen-
dix C, Remark C.10, Equation (C22), we obtain [18] [19]:

+ + &
R*(r,e)R;,, (r..¢)) =5 O(1 +eee,
(R e .8, O e
£¢(0,7]
(2.2.4)
4
(R (r..6)R%,,, (r..€)) =~; O(1) id .

4m* [(rg —2m)’ + ng

£€(0,7]

For |r—2m| 6(0,77],77 <1, see Appendix C, Remark C.10, Equation (C22),

we obtain
1
(Ri”‘/(rg,&‘)Riv(rg"c")) = O(l) +eee,
" e R 4m4(r _Zm)‘zrfzm‘e(oﬁ] (2 2 4)
1 B
Ripo‘,uv r £ Rig , rg,&‘ -~ O 1 4.,
( (5 ) pop ( ))g k ( )4m4(r_2m)2r2m€(0,77]
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2.2.2. Distributional Rindler Space-Time with Distributional
Levi-CivitaConnection. Non-Regularity Conditions and
Nonclassical Nature of the Rindler Space-Time

We remind now that 2D Rindler spacetime is a patch of Minkowski spacetime,

see Figure 7. In 2D, the Rindler metric is
ds® =dR? - R*d7”. (2.2.5)

Remark 2.2.4. Due to the degeneracy of the metric (2.2.5) at Rindler gorizon

R =0, the classical Levi-Civita connection is not available on whole R?, e.g.,
F}m =R, Ff4 = Fil = Rilv (2.2.6)

and all other components being zero.

Remark 2.2.5. We emphazize that Rindler space-time R'' is satisfied the
same non-regularity conditions as Schwarzschild space-time Sch,, see Remark
2.1.12. Let T, be a contour located in Rindler space-time R'* and let X be
Rindler horizon as plotted in Figure 8 and let A.A be the change in a vector
A (X) after parallel displacement (as ploted in Figure 2) around closed contour
I (see Definition 2.1.4) located in Rindler space-time R'* as ploted in Figure
8.

Remark 2.2.6. We emphazize that in physical literature the Rindler metric
(2.2.5) mistakenly were considered as is just a part of the Minkowski space-time
R*. Obviously by non-regularity conditions A.A =c the geometry of
Rindler space-time essantially ardinally different in comparizon with the

geometry of Minkowski space-time R™* even if the Rindler horizon is excluded

E=+o0

Figure 7. Hyperbolic motion in the right rindler wedge. x* —c%? = (C2 / a)2 .
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/
Rindler horizon |
\ |
\

6.
b
\
v
/
W /
(.

Figure 8. This is the right wedge, which covers one

R

quarter of the Penrose diagram. Parallel displacement

along a curve I'* in Rindler spacetime R'! such that

r* =T, \{)’i} , then always A A =00,

from the space R™.

Remark 2.2.7. Note that in order to avoid this difficultnes mentioned above
(see Remark 2.2.4-2.2.5), the origin in classical consideration the Rindler
horizon is always excluded from the space R*' and we are working on

R3 =R \{O} , and therefore for Einstein’s tensor
G =R} —%@kR, R=R| (2.2.7)

following Moller [24] we get

r\2 2
G:=Gi=- 1 [g:;4—(g44) ]:—i{z—ﬂlzo, (2.2.8)

29, 294 2R? 2R?

where the accents indicate differentiation with respect variable &, and all other
components of G¥ vanish identically. Thus Rindler metrical tensor satisfy on
R*'\{0} the Einstein field equations

G| =R} —%akR:o. (2.2.9)

Remark 2.2.8. By calculations mentioned above, from Md ller’s times until
nowdays, Rindler metrical tensor was mistakenly considered in physical literature
as an vacuum solution of the Einstein’s field equations,e.g.,solution for empty
space,see Mgller [23].
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Remark 2.2.9. Note that Levi-Civitad connection on the whole space R*' is
available only in Colombeau sense under smooth regularization
R? >R?+&%,£€(0,1] and therefore we forced to change metric (2.5) by

Colombeau object

(o), ] -or [ (R 27) Jou? ~ar[(o..) o

(2.2.10)
[(944,8)J=[(R2 +52)£j|,ge(0,1].
Then for Einstein distributional tensor [18] [19] [20]:
k) a(pk) 1 K A pi
(Givg)s_(Riyg)g 25, (R,).. (R,), 2R}, (2.2.11)
we get
1 (9%.) 2
G2, (R)) =(G% (R)) =- o _Ae £ . (22.12)
( 2'6( ))s ( 3&( ))‘9 20y, Gass 20,4, (R2+82)
Thus,

[(Gﬁ,g (O))J = [(Gg (O)U = [(g*z ). J (2.2.13)

where |:(8_2) Je R is infinite Colombeau generalized numbers, and therefore
(G;g (R)) and (G;g (R)) is nontrivial Colombeau generalized functions
and distributional Rindler metric tensor given by (2.2.12) that is non vacuum

Colombeau solution of the Einstein field equations.

2.2.3. Generalized Einstein Equivalence Principle

We remind that originally Einstein’s gravity was formulated by using classical
pseudo Riemannian geometry with classical Levi-Civit’a connection. In classical
pseudo Riemannian geometry, the Levi-Civita connection is a specific connection
on the tangent bundle of a manifold. More specifically, it is the torsion-free
metric connection, e, the torsion-free connection on the tangent bundle (an
affine connection) preserving a given (pseudo-Riemannian) Riemannian metric.
The fundamental theorem of classical Riemannian geometry states that there is a
unique connection which satisfies these properties.

Remark 2.3.1. Note that classical Einstein “Equivalence Principle” asserts the
equivalence between inertial and gravitational forces of acceleration. The
classical Einstein equivalence principle is the heart and soul of gravitational
theory, for it is possible to argue convincingly that if EEP is valid, then
gravitation must be a “curved spacetime” phenomenon, in other words, gravity
must be governed by a “metric theory of gravity”, whose postulates are:

1) Spacetime is endowed with a symmetric Lorentzian metric.

2) The trajectories of freely falling test bodies are geodesics of that metric.

3) In local freely falling reference frames, the non-gravitational laws of physics
are those written in the language of special relativity.

In order to obtain appropriate generalization of EEP based on distributional

Colombeau geometry [4] [5] [6] [7] we claim the following generalized
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equivalence principle (GEEP):

1) Spacetime in general case is endowed with a symmetric distributional
Lorentzian metric.

2) The trajectories of freely falling test bodies are geodesics of that
distributional metric.

3) In local freely falling distributional reference frames, the non-gravitational

laws of physics are those written in the language of special relativity.

3. Quantum Scalar Field in Curved Distributional Spacetime.
Unruh Effect Revisited

3.1. Canonical Quantization in Curved Distributional Spacetime

In a recent work [19] the authors advocated the use De Witt-Schwinger
approach [37] [38] [39] [40] in order to establish QFT in general ditributional
curved spacetime. The vacuum energy density of free scalar quantum field ©
with a distributional background spacetime is considered successfully. It has
been widely believed that, except in very extreme situations, the influence of
gravity on quantum fields should amount to just small, sub-dominant
contributions. Here we argue that this belief is false by showing that there exist
well-behaved spacetime evolutions where the vacuum energy density of free
quantum fields is forced, by the very same background distributional spacetime
such as in BHs, to become dominant over any classical energy density
component. This semiclassical gravity effect finds its roots in the singular
behavior of quantum fields on curved distributional spacetimes. In particular we
obtain that the vacuum fluctuations CI)2> have a singular behavior on BHs
horizon r, :<(I>2 (r)> ~|r-r|™.

Much of formalism can be explained with Colombeau generalized scalar field
[19]. The basic concepts and methods extend straightforwardly to distributional
tensor and distributional spinor fields. To begin with let us take a spacetime of
arbitrary dimension D, with a metric g, of signature (+—~--—). The action

for the Colombeau generalized scalar field (g, )g eG(M) is

(S.), =(deX%x/E(gé”@maM)—(mz +§R£)¢f] - (3.1.1)

&

Here ¢ is a coupling constant (see [40] chapter 3). The corresponding

equation of motion is
([D&ﬁ m? +.§Rg]¢g) ,£€(0,1]. (3.1.2)

Here

/2
8/1

(Ba0). =

With 7 explicit, the mass M should be replaced by m/i. Separating out a

0.[%0,]0.[" 00,0, (3.13)

&

time coordinate Xx°, x* = (xo, X! ),i =1,2,3 we can write the action as

(s.), =(Jax’L,) . (L), =([d"*xz,) . (3.1.4)
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The canonical momentum at a time x° is given by
(7.()), =(0L./3(240. (x), = (In[** 0,0, (x))

where X labels a point on a surface of constant x°, the x° argument of

(3.1.5)

1
&

(gog )g is suppressed, n“ is the unit normal to the surface, and (|h&|) is the
determinant of the induced spatial metric (hij (5)) . In order to quantize, the
Colombeau generalized field (¢,), and its conjugate momentum (7, (x))

are now promoted to hermitian operators and required to satisfy the canonical

commutation relation,
([(ﬂg (x).7, (X)J) =ins®*(x.y).e €(0,1]. (3.1.6)

Here [d°'ys®? (5, y) f (y): f(x) for any scalar function f e D(]R3) ,
without the use of a metric volume element. We form now a conserved bracket

from two complex Colombeau solutions to the scalar wave Equation (3.1.2) by [19]:

((0..0.)). :@dzyjfj &€(0], (3.1.7)

&

where

(i (0.4,)) = (i/h)( 0. 9" (2.0,9, —wﬁvé)) (3.1.8)

Using equation of motion Equation (3.1.2) one obtains corresponding

&

Colombeau generalization of the canonical Green functions equations. In

particular for the Colombeau distributional propagator
i(G(xx)) = (<0‘T (02 (X)e; (x'))‘ o>) Lee(0], (3.1.9)
one obtains directly

([0h,+m? + €R* (x,£)]GE (x. X)) =—([—gi(x,g)]_l/2 ) 5" (x=x). (3.1.10)

We obtan now an adiabatic expansion of (Gf(x, X’)) [19]. Introducing
Riemann normal coordinates Yy* for the point X, with origin at the point x’

one obtains

(85 (%)), =10+ 5 [ (Riaas (2)),]y7Y" = (R (2)), ] 375"y’

+|:%(R;au/f§76 (5))8 +%[(R§w (5))J<R% (5))5} YYIYTY e

where 7, is the Minkowski metric tensor, and the coefficients are all evaluated

(3.1.11)

at Y =0. Defining now
(£ (%)) = [((—gfw (x,g))w)j(e; (x.x)). (3.1.12)

and its Colombeau-Fourier transform (E (k)) by

&

(£ (xx)) =(2r)"(Jd"ke ™ L (K)) (3.1.13)

where k-y=n%k, Y, > one can work in a sort of localized momentum space.
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&

Expanding (3.1.10) in normal coordinates and converting to &-space, (f (k))
can readily be solved by iteration to any adiabatic order. The result to adiabatic

order four (i.e., four derivatives of the metric) is

(3.1.14)

where 8, =0/k,

(800 (0)), = 5 J(R20 (0), 135 (Ri(0), =535 (R (4)
5ol (R (@), ]R3 (@), + ol (RE(2)), (R (2), 3119
s gL (R () (R (2)

and we are using the symbol = to indicate that this is an asymptotic
expansion. One ensures that Equation (3.1.13) represents a time-ordered
product by performing the k° integral along the appropriate contour in Figure
9. This is equivalent to replacing m? by m®—ie. Similarly, the adiabatic
expansions of other Green functions can be obtained by using the other contours
in Figure 9. Substituting Equation (3.1.14) into Equation (3.1.13) gives [19]

(£ (x X'))g =(2n)” X(Jdnkefiky (k*- mz)fl[aff (%,X;)
+af(X'X':€)(—a%j+a§(x, x';g)(a_izjzﬂ ' (3.1.16)

Figure 9. The contour in the complex k° plane C
to be used in the evaluation of the integral giving £°.

V2
The cross indicates the pole at k° = (‘k‘z + mz) .

DOI: 10.4236/jhepgc.2018.42023

405 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2018.42023

J. Foukzon et al.

where (a§ (%, X g)) =1 and, to adiabatic order 4,

i) 3 ) B (s ) ]

(3.1.17)

(3 (xxie), =326 (R (), 3 2)

with all geometric quantities on the right-hand side of Equation (3.1.17)
evaluated at x'.

In Equation (3.16), then the d"k integration may be interchanged with the
ds integration, and performed explicitly to yield (dropping the ie).

(£:(x, x’))a ——i(4n) ™" [I ids (is) " exp {—imzs +%l F (%X is)}

&

a

A 1
o(xx )=Eyay .
(3.1.18)

The function O'(X, X') which is one-half of the square of the proper distance
between X and x', while the function (Z,(x,x’; is))y has the following

asymptotic adiabatic expansion
(]-‘j (% x'; is))g = (a§ (x, x’;g))g + is(af (x, x’;g))g + (is)2 (a2i (x, x';g))g -
(3.1.19)

Using Equation (3.1.12), Equation (3.1.18) gives a representation of

(Gf (x, x'))g:
(G (x.x)) =-i(4n),”" ([(Aiz (x x';g))jids(is)‘”/2

0

(3.1.20)
X exp —im25+M (x,X;is)
2is |
where (A (X 5))5 is the distributional Van Vleck determinant
(Ai(x,x';g))g:_det[aﬂava(x,x')]([gi(x,g)gi(x',g)]’”) . (3.121)

In the normal coordinates about x' that we are currently using,
(A.(x,x;¢))  reduces to ([—gi (x,e)]fl/z) . The full asymptotic expansion of
(.7’-;i (%, X is)) to all adiabatic orders are

(J-"f (%X is))c = i(is)i (azi (x, x';e))

=0

(3.1.22)

&

with (ag(x,x';g)) =1, the other (aji(x,x’;g)) being given by canonical
recursion relations which enable their adiabatic expansions to be obtained.
Remark 3.1.1. Note that the Expansions (3.1.19) and (3.1.22) are, however,

only asymptotic approximations in the limit of large adiabatic parameter 7.
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If (3.1.22) is substituted into (3.1.20) the integral can be performed to give the

adiabatic expansion of the Feynman propagator in coordinate space:

+ ' - \n/2 1o\ + 1 0 :
(67 (1)) =—(ani) ™| 4% (x,x:2)" 2 (x,x ’g)[_W)

&

o (3.1.23)
2m? ) 4 :
@) 2
x [‘ - j iz [(2”‘ U)ZJ

which, strictly, a small imaginary part ie should be subtracted from o .

&

Remark 3.1.2. Since we have not imposed global boundary conditions on the
distributional Green function Colombeau solution of (3.1.10), the expansion
(3.1.23) does not determine the particular vacuum state in (3.1.9). In particular,
the “ie” in the expansion of (Gf (x, x’))g only ensures that (3.1.23) represents
the expectation value, in some set of states, of a time-ordered product of fields.

»

Under some circumstances the use of “ie” in the exact representation (3.1.20)

may give additional information concerning the global nature of the states.

3.2. Effective Action for the Quantum Matter Fields in Curved
Distributional Space-Time

As in classical case one can obtain Colombeau generalized quantity (W, )g ,
called the effective action for the quantum matter fields in curved distributional

spcetime, which, when functionally differentiated, yields

(- (25))3 59%8) =((Tur (), (3.2.1)

Note that the generating functional
(2.[3.]), =(Ple.Jexp{is,, () +i[ 3. (). (x)d"x] ) (3.2.2)

was interpreted physically as the vacuum persistence amplitude

&

({out,,0[0,in,)) . The presence of the external distributional current density
(J,), can cause the initial vacuum state (|0,in,)) to be unstable, ze, it can
bring about the production of particles.

Following canonical calculation one obtains [19]

(z:[0]) o ([det(—G: (%, x’))];J (3.23)

where the proportionality constant is metric-independent and can be ignored.

Thus we obtain

(W) =-i(inz:[0]) = —%(tr[ln (—G)J) . (3.2.4)

In (3.2.4) (éi) is to be interpreted as an Colombeau generalized operator

&

~

which acts on an linear space J of generalized vectors |X,€>,S€(O,1]

normalized by
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((x.e]x.)) :5(x—x’)([—g*(x,5)]_;J (3.2.5)

in such a way that
(6 (xx), =((x

Remark 3.2.1. Note that the trace (tr[]) of an Colombeau generalized

operator (R, )5 which acts on a linear space 3, is defined by

(tr[%.]) (jd x[-g* ] j Ud x[-9* Xé‘):| (X| R, | X )1. (3.2.7)
:) as

G
(éj)gz—(]—“j’l) —|Udsexp[ s]—'} (3.2.8)

\e)) - (3.2.6)

Writing now the Colombeau generalized operator (

by Equation (3.1.20) we obtain

(<x| exp [—SJ’-}J x')) =i (4n)fn/2 [(Ali/z (%X g))J
x GXD{—imZS PRAak (;;X,)}f: (% X3is)(is)"*.

(3.2.9)

Proceeding in standard manner we get [19]

(Wj)g:%[[jd“x[—g*(x,g ﬂj[mje (x,x;m )dmzl. (3.2.10)

Interchanging now the order of integration and taking the limit x — x’ one

obtains

[ w 1
i . :
(W), =EU dm’ [d"x[-g" (x,£) [2G; (x, x;mz)J : (3.2.11)
m2 &

Colombeau generalized quantity (Wj) is colled as the one-loop effective
action. In the case of fermion effective actions, there would be a remaining trace
over spinorial indices. From Equation (3.2.11) we may define an effective
Lagrangian density ( - (X)) by

(W), (Id x[-g* J seff()] (3.2.12)

whence one get
(L:<x))g=[[—g*<x,e>]§c;eﬁ(x>) z[mm (st )] o

3.3. Stress-Tensor Renormalization

+

Note that (L;(x)) diverges at the lower end of the s integral because the
0/2s damping factor in the exponent vanishes in the limit x— x' .
(Convergence at the upper end is guaranteed by the —ie that is implicitly added
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to m? in the De Witt-Schwinger representation of (Lﬁ(x)) . In four
dimensions, the potentially divergent terms in the DeWitt-Schwinger expansion

of (Lﬁ(x))g are

(L‘ig;div (X))‘g = —(32n2 )*1 Llim [(Ali/Z (%, X; 8))JT§GXP {—imzs +M

. 0 21s } (3.3.1)
x[ag(x,x’;g)+isaf(x,x’;g)+(is)2a2i(x,x’;g)})

&

where the coefficients a;, & and a, are given by Equation (3.1.17). The
remaining terms in this asymptotic expansion, involving a; and higher, are
finite in the limit x — x’.

Let us determine now the precise form of the geometrical (Lf,;div

(x))g terms,
to compare them with the distributional generalization of the gravitational
Lagrangian that appears in [19]. This is a delicate matter because (3.3.1) is, of
course, infinite. What we require is to display the divergent terms in the form oo x
geometrical object]. This can be done in a variety of ways. For example, in n
dimensions, the asymptotic (adiabatic) expansion of (Li;eﬁ (x))'g is

( (. (x))e =2 (4n)_”/2 [Iim [(A]f (x,X; 5))Jiaj (x, X&)

X=X =0

X_Tids(is)j'l_”/z exp{—imzs Rt X')Dg

(3.3.2)

0 2is

of which the first n/2+1 terms are divergent as o —0. If n is treated as a
variable which can be analytically continued throughout the complex plane, then

we may take the x — x’ limit
(Lo (x) =27 (am) ™ [i a, (x:¢)]ids(is) ™" exp[—imzs]J
. ¢ (333)
= 2—1(4n)—n/2 Zaj (x; S)(mZ)n/Z—l F(j —2) a;(xe)=a;(xxe).

j=0

From Equation (3.3.3) it follows we shall wish to retain the units of L. (X)
as (length)™, even when n=#4. It is therefore necessary to introduce an
arbitrary mass scale x and to rewrite Equation (3.3.3) as

(), =20 (2] (S o) r(3-5)] . @2

&

If n— 4, the first three terms of Equation (3.3.4) diverge because of poles in

the I'-functions:

1"(1—2):(zfn)(rzn—yj+0(n—4), (3.3.5)
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;;div

(L (4)), = (4m) ™ {ﬁ*%P o @‘ﬂ}

XHm“ao (&) _2m'a,(xe) a, (X;E)DS _

n(n-2) n-2

Denoting these first three terms by (L+ (X)) , we have

(3.3.6)

The functions ao(x;g),al(x;g) and az(x;e) are given by taking the

coincidence limits of (3.1.17)

(a5 ), =1 3 ), =( 32 )R- 0),

~1ag(R™ (x2)R5 (x.2)) (33.7)

Finally one obtains [19]

(Ljren (x))g = —&[Iidsln(is)%[};i (x,x;is)e‘ismz H . (3.3.8)

&

Remark 3.3.1. All the higher order (J > 2) terms in the DeWitt-Schwinger
expansion of the effective Lagrangian (3.3.4) are infrared divergent at n=4 as
m— 0, we can still use this expansion to yield the ultraviolet divergent terms
arising from j=0,1 and 2 in the four-dimensional case. We may put m=0
immediately in the j=0 and 1 terms in the expansion, because they are of
positive power for N~ 4. These terms therefore vanish. The only nonvanishing
potentially ultraviolet divergent term is therefore j=2:

2% (4m) ™" (EJM a, (x,g)r(Z—gj, (3.3.9)

U

which must be handled carefully. Substituting for a,(X) with £=£(n) from
(3.3.7), and rearranging terms, we may write the divergent term in the effective
action arising from (3.3.9) as follows

1

(W2,,), =27 (4n) ™ (mj r(z_gj[ [ax[~g* (x &) 2, (x,g)l

U

=27 (4n) " (Ej 7 F(Z —2) (3.3.10)

U

x(]d”x[—gi(x,e)]; [dFj(x)+/§Gj(x)]) +0(n-4),

&
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where
(1. (9), =(R (x,&)Roy (1.2)), ~2(R (x.8)R, (x.5)),
+%(th (X"S))g , o
(Gj(x))g =(R“‘W(x,g)RiﬁW.(x,g))g, o
.1~ 1
a= E,ﬂ = —%.
Finally we obtain [19]
(<T: (X’ g)>ren )g
- 2\| = 2 + S
= —(1/2880x ){a(rg(x)—gqva (X'g)l +5(G; (x))g} 1)

= (1/28807° ) x| (R (x,2)R* (x,2))
-(Ri (x2)R™ (x2)) ~(CLR* (x.2)), |

Therefore for the case of the distributional Schwarzchild spesetime using
Equation (2.2.4) and Equation (3.3.12) |(rg —2m)g| ~; (&)
pendix C, Remark C.10, Equation (C22), we obtain

(T (re)),..) = ~(2880-7) " H[lﬁlmz (r.—2m)’ + gZ]ll +}

~; ~O(1)(2880-16-n%) " m2(r, —2m) .

R

<1, see Ap-

£€(0.7]

(3.3.13)

Finally from Equation (3.3.13) for |r—2m| 6(0,77],77 <1, see Appendix C,
Remark C.10, Equation (C22), we obtain

((T:(r,g)>ren)‘ o B ~0(1)(2880-16-7%) “m* (r —2m)’ (3.3.14)

‘r72m‘e(0,77] '

Remark 3.3.2. Thus QFT in distributional curved spacetime predict that the
infalling observer burns up at the BH horizon.

Remark 3.3.3. In order to avoid singularity at horizon r=2m in Equation
(3.3.13) one have to apply the Loop Quantum Gravity approach [41]-[46]. The
first one concerns the requirement of selfadjointness to the metric components.

For instance, the classical quantity

O, =— (E ) % , (3.3.14)

2JE* \/1+ Kz - 2em
JE

defined as an evolving constant (Ze. a Dirac observable), must correspond to a

selfadjoint operator at the quantum level. Classically, K, and E* are pure

gauge, and g, is just a function of the observable m. In the interior of the

horizon, if §,, is a selfadjoint operator, a necessary condition will be [41]-[46]

2Gm

I Jk;

1+ K; - >0. (3.3.15)
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At the singularity, Ze. j=1, and owing to the bounded nature of K (/2) <o,

2Gm
Jk > m >0. (3.3.16)

Therefore, this argument strongly suggests that the classical singularity will be
resolved at the quantum level since k; must be a non-vanishing integer.

Remark 3.3.4. Let <TV"(r)>rHen be <OH Tv"(r)|0H>ren , where |OH> is the

Hartle-Hawking vacuum state [37]. Notice that the main feature of the tensor

'I:V" (r) 2 <TV" (r)>:n formally calculated in classical literature (see, for example,
[37] chapter 11.3) is that its components are finite on the event horizon r_. An
observer at rest at a point r close to the event horizon records the local energy
density ¢=-T'(r). This quantity remains finite as r—r,. On the other hand,

the temperature measured by the such observer is

k r Y
O (r)=—]1+—+ , 3.3.17

IOC( ) 21r[ r j ( )
grows infinitely near the horizon [37]. The local temperature can be measured
by using a two-level system as a thermometer. Transitions between levels are
caused by the absorption and emission of quanta of the fields (photons). After a
sufficiently long exposure, the probability for a system to occupy the upper level
will be less than that for the lower level by a factor exp(AE/®,,(r)), where
AE is the energy difference between the levels. It is well known that the

temperature in the vicinity of r, is O, ~6, =a/2n, where a is the observer’s

loc
acceleration [37]; as r —>r_,0,, (r) —> oo, The radiation energy density ¢ in

the neighborhood of such a point is [37]
e=o(k/2n)" < ob;. (3.3.18)

Therefore Stefan-Boltzmann law under formal calculation by using classical
Schwarzschild geometry is evidently violated. Let us remind that the acceleration
a=,/aa' of free fall of a body which is initially at rest in the Schwarzschild

reference frame is [37]

a(r)zL. (3.3.19)

2 Y2
rz(] l“j
r

The acceleration points along the radius and is directed toward the center; as
r—2m:

J2m

P A — 3.3.20
4m(r —2m)]/2 ( :

a(r)

From Equation (3.3.20) and Equation (3.3.14) as |r—2m| e(0,7].7 <1, see
Appendix C, Remark C.10, Equation (C22), we obtain:

4 _ o o _[[TH
O-ea N 64m? (r _ 2m)2 - (<Tﬂ (r’ g)>ren )‘r—Zm\e(O,ly] . (3:3.21)
‘r—Zm‘e(O,Iy]
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Therefore Stefan-Boltzmann law under rigorous calculation by using

distributional Schwarzschild geometry evidently is not violated.

3.4. Unruh Effect Revisited

We remind now that a black holes have an approximate Rindler region near the
Schwarzschild horizon. For the the distributional Schwarzschild solution (2.1.8)
by coordinate transformation

r=2m(1+(8%+2%) ).z (0], (3.4.1)

we obtain

(6), =—{(6%+ ) Jo* sr0mc e amiand e sa2)

The (t,5 ) piece of this metric (3.4.2) is Rindler space (we can rescale t, o
and & to make it look exactly like (2.2.10). Thus from (3.3.13) using (3.4.1) we
obtain directly for 6 =<0

((TJ’ (5.¢)) )0 =5 (3.4.3)

Therefore, sufficiently strongly accelerated observer burns up near the Rindler
horizon. Thus, Polchinski’s account is not a violation of the Einstein equivalence
principle.

Remark 3.4.1. Note that by using Equation (A.8) and Equation (A.9) (see
Appendix A) one obtains Equation (3.4.3) directly from distributionel Moller
metric (1.2.13) and distributionel Rindler metric (2.2.10).

) ~4g*0(1)
Ti(xe)) ) = ;- (3.4.4)
(< >ren )5 |:(a+gx)z+(82)£:|

The Unruh effect is the prediction that an accelerating observer will observe

blackbody radiation where an inertial observer would observe none. The Unruh
effect was first described by Stephen Fulling in 1973, Paul Davies in 1975 and W.
G. Unruh in 1976 [47]. The Unruh temperature, derived by William Unruh in
1976, is the effective temperature experienced by a uniformly accelerating
detector in a vacuum field. It is given by [47]:

T-_"9 (3.4.5)
27CKy

where g is the local acceleration, x, is the Boltzmann constant, 7 is the
reduced Planck constant, and cis the speed of light. Thus, for example, a proper
acceleration of 2.47 x 10°° m/sec’ corresponds approximately to a temperature of
1 K. Notice that for a proper acceleration of 2.47 x 10* m/sec’ the event horizon
very close to observer by distance |Xh0r| ~1/2748. 2m™ = 3. 6387 x 107 m. It is
currently not clear whether the Unruh effect has actually been observed, since
the claimed observations are disputed. There is also some doubt about whether
the Unruh effect implies the existence of Unruh radiation. Although Unruh’s

prediction that an accelerating detector would see a thermal bath is not

DOI: 10.4236/jhepgc.2018.42023

413 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2018.42023

J. Foukzon et al.

controversial, the interpretation of the transitions in the detector in the
nonaccelerating frame is. It is widely, although not universally, believed that
each transition in the detector is accompanied by the emission of a particle, and
that this particle will propagate to infinity and be seen as Unruh radiation. The
existence of Unruh radiation is not universally accepted. Some claim that it has
already been observed [48], while others claim that it is not emitted at all [49].
While the skeptics accept that an accelerating object thermalizes at the Unruh
temperature, they do not believe that this leads to the emission of photons,
arguing that the emission and absorption rates of the accelerating particle are
balanced. By the Einstein equivalence principle Stefan-Boltzmann law holds near
the Moller horizon. Therefore by Equation (3.4.4) and Stefan-Boltzmann law the

temperature measured by the observer located near the Méller horizon is
T=g(1+ gx)fl. (3.4.6)

Thus observer with a proper acceleration of 2.47 x 10* m/sec’ burns up near the
Moller horizon.

4. Conclusion

On a Riemannian or a semi-Riemannian manifold, the metric determines
invariants like the Levi-Civita connection and the Riemann curvature. If the
metric becomes degenerate (as in singular semi-Riemannian geometry), these
constructions no longer work, because they are based on the inverse of the
metric, and on the related operations like the contraction between covariant
indices. In order to avoid these difficulties distributional geometry by using
Colombeau generalized functions [3]-[10]. In authors papers [18] [19] appropriate
generalization of classical GR based on Colombeau generalized functions is
proposed.

Such generalization of classical GR based on appropriate generalization of the
Einstein equivalence principle (GEEP) is mentioned above in subsection 2.3.
Using Rindler distributional geometry Unruh effect revisited. We pointed out
that GEEP avoid the contradiction which was mentioned by Z. Merali in paper
[47], and therefore Polchinski’s account [1] doesn’t violates the Einstein

equivalence principle.

Acknowledgements

We thank the Editor and the referee for their comments.

References

[1] Almbheiri, A., Marolf, D., Polchinski, J. and Sully, J. (2013) Black Holes: Comple-
mentarity or Firewalls? Journal of High Energy Physics, 2013, 62.
http://arxiv.org/abs/1207.3123
https://doi.org/10.1007/THEP02(2013)062

(2] Kupeli, D.N. (1996) Singular Semi-Riemannian Geometry, X,181 pp. Series: Ma-
thematics and Its Applications, Vol. 366. https://doi.org/10.1007/978-94-015-8761-7

DOI: 10.4236/jhepgc.2018.42023

414 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2018.42023
http://arxiv.org/abs/1207.3123
https://doi.org/10.1007/JHEP02(2013)062
https://doi.org/10.1007/978-94-015-8761-7

J. Foukzon et al.

(3]

(4]

(8]

(9]

[10]

(11]

(12]

(13]

(14]

(18]

(19]

Colombeau, J.F. (1984) New Generalized Functions and Multiplication of Distribu-
tions. North Holland, Amsterdam.

Parker, P.E. (1979) Distributional Geometry. Journal of Mathematical Physics, 20,
1423. https://doi.org/10.1063/1.524224

Vickers, J.A. and Wilson, J.P. (1998) A Nonlinear Theory of Tensor Distributions.
gr-qc/9807068.

Vickers, J.A. and Wilson, J.P. (1999) Invariance of the Distributional Curvature of
the Cone Under smooth Diffeomorphisms. Classical and Quantum Gravity, 16,
579-588. https://doi.org/10.1088/0264-9381/16/2/019

Vickers, J.A. (1999) Nonlinear Generalised Functions in General Relativity. In:
Grosser, M., Hérmann, G., Kunzinger, M. and Oberguggenberger, M., Eds., Nonli-
near Theory of Generalized Functions, Chapman & Hall/CRC Research Notes in
Mathematics 401, 275-290, Chapman & Hall CRC, Boca Raton.

Geroch, R. and Traschen, J. (1987) Strings and Other Distributional Sources in
General Relativity. Physical Review D, 36, 1017-1031.
https://doi.org/10.1103/PhysRevD.36.1017

Balasin, H. and Nachbagauer, H. (1993) On the Distributional Nature of the Ener-
gymomentum Tensor of a Black Hole or What Curves Schwarzschild Geometry?
Classical and Quantum Gravity, 10, 2271-2278.
https://doi.org/10.1088/0264-9381/10/11/010

Balasin, H. and Nachbagauer, H. (1994) Distributional Energy-Momentum Tensor
of the Kerr-Newman Space-Time Family. Classical and Quantum Gravity, 11,
1453-1461. https://doi.org/10.1088/0264-9381/11/6/010

Kawai, T. and Sakane, E. (1997) Distributional Energy-Momentum Densities
Schwarzschild Space-Time. Progress of Theoretical Physics, 98, 69-86.
https://doi.org/10.1143/PTP.98.69

Pantoja, N. and Rago, H. (1997) Energy-Momentum Tensor Valued Distributions
for the Schwarzschild and Reissner-Nordstrem Geometries. Preprint gr-qc/9710072.

Pantoja, N. and Rago, H. (2000) Distributional Sources in General Relativity: Two
Point-Like Examples Revisited. Preprint, gr-qc/0009053.

Kunzinger, M. and Steinbauer, R. (2002) Foundations of a Nonlinear Distributional
Geometry. Acta Applicandae Mathematicae, 71, 179-206.
https://doi.org/10.1023/A:1014554315909

Kunzinger, M. and Steinbauer, R. (2001) Generalized Pseudo-Riemannian Geome-
try. Preprint, mathFA/0107057.

Grosser, M., Farkas, E., Kunzinger, M. and Steinbauer, R. (2001) On the Founda-
tions of Nonlinear Generalized Functions I, II. Memoirs of the American Mathe-
matical Society, 153, 729. https://doi.org/10.1090/memo/0729

Heinzle, ].M. and Steinbauer, R. (2002) Remarks on the Distributional Schwarz-
schild Geometry. Journal of Mathematical Physics, 43, 1493-1508.
https://doi.org/10.1063/1.1448684

Foukzon, J. (2015) Distributional Schwarzschild Geometry from Non Smooth Re-
gularization via Horizon. British Journal of Mathematics & Computer Science, 11,
1-28, Article No. BJMCS.16961.

Foukzon, J., Potapov, A. and Menkova, E. (2016) Distributional SAdS BH-Spacetime
Induced Vacuum Dominance. British Journal of Mathematics & Computer Science,
13, 1-54, Article No. BJMCS.19235. https://arxiv.org/abs/0806.3026
https://doi.org/10.9734/BJMCS/2016/19235

DOI: 10.4236/jhepgc.2018.42023

415 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2018.42023
https://doi.org/10.1063/1.524224
https://doi.org/10.1088/0264-9381/16/2/019
https://doi.org/10.1103/PhysRevD.36.1017
https://doi.org/10.1088/0264-9381/10/11/010
https://doi.org/10.1088/0264-9381/11/6/010
https://doi.org/10.1143/PTP.98.69
https://doi.org/10.1023/A:1014554315909
https://doi.org/10.1090/memo/0729
https://doi.org/10.1063/1.1448684
https://arxiv.org/abs/0806.3026
https://doi.org/10.9734/BJMCS/2016/19235

J. Foukzon et al.

[20]

[21]

[22]

(23]

[24]
(25]

[26]

[27]

(28]

(29]

(30]

(31]

(34]

(35]

(36]

(37]

(38]

Vickers, J.A. (2012) Distributional Geometry in General Relativity. Journal of Geo-
metry and Physics, 62, 692-705. https://doi.org/10.1016/j.geomphys.2011.04.018

Steinbauer, R. (2000) Nonlinear Distributional Geometry and General Relativity,
Contribution to Proceedings of the International Conference on Generalized Func-
tions. ICGF, Guadeloupe. https://arxiv.org/abs/math-ph/0104041v1

Golubev, M.B. and Kelner, S.R. (2005) The Gravitational Field of a Point Charge
and Finiteness of Self-Energy. Journal of Experimental and Theoretical Physics,
101, 1071-1076.

Moller, C. (1943) On Homogeneous Gravitational Fields in the General Theory of
Relativity and the Clock Paradox. DET KGL. DANSKE VIDENSKABERNES
SELSKA B, Matematisk-fysiskemeddelelser, BIND XX, No. 19. KIIIBENHAV NI
KOMMISSION HOS EJNAR MUNKSGAAR D, Denmark, Bianco LunosBogtryk-
keri A/S, Kebenhavn: Munksgaard in Komm.
http://www.worldcat.org/title/on-homogeneous-gravitational-fields-in-the-general-
theory-of-relativity-and-the-clock-paradox/oclc/256886584¢referer=di&ht=edition

Miiller, T. and Grave, F. (2010) Catalogue of Spacetimes, arXiv:0904.4184v3.

Reall, H. (2012) General Relativity.
http://www.damtp.cam.ac.uk/user/hsr1000/lecturenotes_2012.pdf

’tHooft, G. (1998) Introduction to General Relativity, Caputcollege, Institute for
Theoretical Physics Utrecht University, Princetonplein 5, 3584 CC Utrecht, the
Netherlands, Version 30/1/98.

Choquet-Bruhat, Y. (2009) General Relativity and the Einstein Equations. Oxford
Mathematical Monographs.

De Felice, F. and Bini, D. (2010) Classical Measurements in Curved Space-Times.
Cambridge University Press, Cambridge. (Cambridge Monographs on Mathemati-
cal Physics)

Misner, C.W., Thorne, K.S. and Wheeler, J.A. (1973) Gravitation. Freeman, New
York.

Landau, L.D. and Lifshitz, E.M. (1988/1975) The Classical Theory of Fields. 7th Edi-
tion, Nauka, Moscow, 1988; Pergamon, Oxford, 1975.

Grant, ].D.E. (2008) Global Lorentzian Geometry.
http://personal.maths.surrey.ac.uk/st/jg0032/teaching/ GLG1/notes/Glob.pdf

Eddington, A.S. (1924) A Comparison of Whitehead’s and Einstein’s Formulee. Na-
ture, 113, 192.

Finkelstein, D. (1958) Past-Future Asymmetry of the Gravitational Field of a Point
Particle. Physical Review, 110, 965-967.

Lemaitre, G. (1933) L'Univers en expansion. Annales de la Société Scientifique de
Bruxelles, 53A, 51-83.

A. Loinger, T. Marsico, Schwarzschild manifold and non-regular coordinate trans-
formations (A critico-historical Note) arXiv:0906.0168v1 [physics.gen-ph]
Hawking, S.W. and Ellis, G.F.R. (1973) The Large Scale Structure of Space-Time.
Cambridge University Press, Cambridge.

Frolov, V.P. and Novikov, I.D. (1998) Black Hole Physics: Basic Concepts and New

Developments. Series: Fundamental Theories of Physics, 96. Kluwer cop., Boston.

Einstein, A. and Rosen, N. (1935) The Particle Problem in the General Theory of
Relativity. Physical Review, 48, 73. https://doi.org/10.1103/PhysRev.48.73

DOI: 10.4236/jhepgc.2018.42023

416 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2018.42023
https://doi.org/10.1016/j.geomphys.2011.04.018
https://arxiv.org/abs/math-ph/0104041v1
http://www.worldcat.org/title/on-homogeneous-gravitational-fields-in-the-general-theory-of-relativity-and-the-clock-paradox/oclc/256886584?referer=di&ht=edition
http://www.worldcat.org/title/on-homogeneous-gravitational-fields-in-the-general-theory-of-relativity-and-the-clock-paradox/oclc/256886584?referer=di&ht=edition
http://www.damtp.cam.ac.uk/user/hsr1000/lecturenotes_2012.pdf
http://personal.maths.surrey.ac.uk/st/jg0032/teaching/GLG1/notes/Glob.pdf
https://doi.org/10.1103/PhysRev.48.73

J. Foukzon et al.

(39]

[40]

[41]

[43]

[44]

(45]

[46]

[47]

(48]

[49]

[50]

[51]

DeWitt, B.S. (1957) Dynamical Theory in Curved Spaces. I. A Review of the Clas-
sical and Quantum Action Principles. Reviews of Modern Physics, 29, 377.
https://doi.org/10.1103/RevModPhys.29.377

Birrell, N.D. and Davies, P.C.W. (1984) Quantum Fields in Curved Space. Cam-
bridge Monographs on Mathematical Physics.

Olmedo, J. (2016) Brief Review on Black Hole Loop Quantization. Universe, 2, 12.
https://arxiv.org/abs/1606.01429

Gambini, R., Olmedo, J. and Pullin, J. (2014) Quantum Black Holes in Loop Quan-
tum Gravity. Classical and Quantum Gravity, 31, 095009.
https://arxiv.org/abs/1310.5996

https://doi.org/10.1088/0264-9381/31/9/095009

Mavromatos, N.E. (2009) CPT Violation and Decoherence in Quantum Gravity.
Journal of Physics. Conference Series, 171, No. 1.
https://doi.org/10.1088/1742-6596/171/1/012007

Rivasseau, V. (2012) Quantum Gravity and Renormalization: The Tensor Track.
AIP Conference Proceedings, 1444, 18. https://doi.org/10.1063/1.4715396

Barrios, N., Gambini, R. and Pullin, J. (2015) Stress Energy Tensor Renormalization
for a Spherically Symmetric Massive Scalar Field on a Quantum Space-Time. ar-
Xiv:1512.04766 [gr-qc].

Gambini, R. and Pullin, J. (2014) Hawking Radiation from a Spherical Loop Quan-
tum Gravity Black Hole. Classical and Quantum Gravity, 31, No. 11.
https://arxiv.org/abs/1312.3595v2

Unruh, W.G. (1976) Notes on Black-Hole Evaporation. Physical Review D, 14, 870.
https://doi.org/10.1103/PhysRevD.14.870

Smolyaninov, L.I. (2008) Photoluminescence from a Gold Nanotip in an Accelerated
Reference Frame. Pbysics Letters A, 372, 7043-7045.
https://doi.org/10.1016/j.physleta.2008.10.061

Ford, G.W. and O’Connell, R.F. (2005) Is There Unruh Radiation? Physics Letters
A, 350, 17-26. https://doi.org/10.1016/j.physleta.2005.09.068

Belinskii, V.A., Karnakov, B.M., Mur, V.D. and Narozhnyi, N.B. (1997) Does the
Unruh Effect Exist? Journal of Experimental and Theoretical Physics Letters, 65,
902-908. https://doi.org/10.1134/1.567447

Merali, Z. (2013) Fire in the Hole! Will an Astronaut Who Falls into a Black Hole
Be Crushed or Burned to a Crisp? Nature, 496, 20-23.
http://www.nature.com/news/astrophysics-fire-in-the-hole-1.12726
http://adsabs.harvard.edu/abs/2013Natur.496...20M
https://doi.org/10.1038/496020a

DOI: 10.4236/jhepgc.2018.42023

417 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2018.42023
https://doi.org/10.1103/RevModPhys.29.377
https://arxiv.org/abs/1606.01429
https://arxiv.org/abs/1310.5996
https://doi.org/10.1088/0264-9381/31/9/095009
https://doi.org/10.1088/1742-6596/171/1/012007
https://doi.org/10.1063/1.4715396
https://arxiv.org/abs/1312.3595v2
https://doi.org/10.1103/PhysRevD.14.870
https://doi.org/10.1016/j.physleta.2008.10.061
https://doi.org/10.1016/j.physleta.2005.09.068
https://doi.org/10.1134/1.567447
http://www.nature.com/news/astrophysics-fire-in-the-hole-1.12726
http://adsabs.harvard.edu/abs/2013Natur.496...20M
https://doi.org/10.1038/496020a

J. Foukzon et al.

Appendix
Appendix A1

Let us introduce now Colombeau generalized metric which has the form
(d57) :—(Ag(r)(dxo)z) ~2(D, (r)dxdr) +((B, (r)+C, (r))(dr)’)
+(Bg (r)r? [(dﬁ?)2 +sin’ 9(d¢)1) reR.

The Colombeau scalars (R(r,g))g ,(R”" (r.e) R, (r,g)) and
(R”""V (r.e)R,,. (. 5)) , in terms of Colombeau generalized functions

(A (r))é_ (B, (r))g .(C, (r))&_ (D, (r))c are expressed as
(R(rs), (z;[z{zigB_A_JzAc_Di

(Al.1)

. ' AB, A

B 1(B) ._AB (1A B A
24| = | 2=+ L+ =],
B, 2(B, AB, \2A B, A
(RHV(r,g)RW(r,E))
A2 1A _1AA, 1AB 1A ’
2A 4AA, 2AB, rA
2 ’ ' ’ 2
+2 iz 1 lﬁ_i_zi +i2A£C£+Dg
AZ|ri2A, A B ) r AB,

1AB 1B 1 B;A;U +[A2{1 A 1AA

2AB 2B, 4BA. A2|2A 4
2 2

A;B; B/ 1(B/) 1BA. A A B

+—L—— = —= + +2—= ,

B, 2(B,) 2BA, rlA A, B,
(R”‘”’( E)R oy (116 ))

A” 1AA, 2A§ 1A 1AB

2AA A2\rA 2AB,

r 2
4|18 1AC D2 1(BY
A2|rB, r* AB, 4\ B

&

— 2
A[1(A B A LAB B’ 1(B.) 1BA

+2—L 2| L+2—=- + + | -
A’|rlA "B, A ) 2AB, B, 2(B ) 2BA,

&

1
+_
2 A

A,=A (B, +C,)+D?

(AL.2)
Remark Al.1. Note that the Colombeau scalars
(R (r,g))g ,(R"V (re)R,, (r,g)) and (R”"”" (r.e)R,,. (1, 5)) can be
extended on Colombeau generalized numbers r = [( r, )g] eR as corresponding

generalized point value (see Definition 1.5.4) by formulas:
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O[(R(r.2)), [£[(R(r.2)), ]
(i) [ (R™ (re)R,, (r.2)) [2[(R™ (r.2)R,. (r..2)) ] (A1.3)
)] (R (r,2)R i (1.)) |2[ (R () Romy (112)), |
The distributional Moéller’s metric is
(dgsz)g = —(Ag (x)dtz)g +dx? +dy® +dz?, AL
A (x)=[(a+ gx)* +gz]g €(0,2].

In order to aply Equation (A1.2) directly we chose now g =g(6,¢), where
angles 6,9 correspond to spherical coordinates: X =rsindcosg
y=rsindsing,z =rcosé . In spherical coordinates we get

(dgsz)c = —(Ag (rn(e,go))dtz)g +dr? +r’dQ?,
dQ* =d6” +sindde?, (6, ¢) =sindcos g,
Ag(rn):[(a+ gnr)2+52]ge(0,l], (A1.5)
A (rn)=2gn(a+gnr), A'(r)=29"",
n=n(6,9).
We choose now in the Equation (A1.2): B,(r)=1C,(r)=0, and

gn =g*=const, sindcose =0 and rewrite Equation (Al.5) in the following
equivalent form
d.s*) =—(A, (r)dt?) +dr®+r’dQ?,
)
A (r)=(a+gr) +&

Note that
A,=A(B,+C,)=A. (A17)
From Equations (A1.5)-(Al.7) by Equation (A1.2) we get
(R (r‘ g))a

[A{ZE A B A;] 2 AC,+D> A
N N ] R ) PR e

+
AT r AB, A

& &

BN 1 B! 2 A!BI 1 A! B! A,
—2—E4—| £ 22 E 4| L4 E£ | £
B, 2\ B, AB, \2A B, /A

& & &

2A A 1A?
=| - —-—+
rA A 2A )

4g(a+gr) ~ 29° . 2gz(a+gr)2
lavoy +] @ra+2 [avory o]

zgz(a+gr)2+52—gz_ 4g(a+gr) 2§°
[(a+gr)z+g2T r[(a+gr)2+ng (a+gr) +&°

&
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| 2¢® | -2¢%°  4g(a+gr)  2¢°

(a+gr) +s° [(a+§r)2+gZT r[(a+gr)2+gz] (a+gr) +&°

-2g%&? ~ 4g(a+gr)

[(a+ gr)2 +52]2 r[(a+ Gr)2 +82}

&

(A1.8)

From Equation (A1.8) in the limit a+g'r, >0 we get

*2 2
&

(R(rg,g))g 5 29 ,[(a+ g*rg)g}zﬂé 0. (A1.9)

[(a+ g*rg)2 +¢92}2

Remark Al.2. Note that: (1) Equation (1.2.14) in a nice agriment with
Equation (A1.9), see Remark 1.2.2-Remark 1.2.4. (2) For r:(r) located

&/e

beyond horizon, Ze. a+g’r#; 0 one obtains classical result
(R(r¢)), = 0(a7)(¢*) =0, (A.1.10)

see Definition 1.5.2. (i). (3) At horizon I, =1, :a+9gf, =0 from Equation

(A1.9) one obtains nonclassical result
(R(forr€)), % O(97 )( &%) =~z o (AL11)

see Definition 1.5.2. (ii).
Remark Al.3. Let [(a+ g*rg) :|zR 0, then from Equation (Al.3) and
Equation (A1.9) we obtain

*2 2

[(R(rgv“"))g} ~ 20 ¢ : (A1.12)

2 2
[(a+ g'r,) +52}
From Equations (A1.5)-(Al.7) by formulae (Al.2) we get

(Rllv (r.&)R,, (r,g))g

[A(1A 1AA 1ABL 1A
A*\2A 4 AN, 2AB, rA

&

A2|rl2a, A “B,) r* AB,

& &

A*l1(1A A _B') 1 AC. +D?
+2| == e e _p & |y &7 Te

1AB 1B 1B;A;U [Af{lAj 1 AN

2AB, 2B, 4BA, AT|2A T4 AL,
1AB B’ 1(B'} 1BA 1(A A B[
SRl T’ ) [ e St i B S e &
2AB, B, 2\B, ) 2BA, rlA A, B,
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2 r 2
1A 1AA 1A 1(1A A 1
R R R T — +2| | = =F———& |- —
2A 4AA, TA rl2a, A ) 1

-2

1A 1AA 1A A
2A 4AA T\A A )

1A 1A 1A T 1 AT
- 4= +2| | ———%
. 4 A ! 2r A,

Il
/N

+

Il
T
N
>
=
>

262 1 4G% (a+gr)° L1 2
(a+ar) +&° A'[(a+(§jr)2+,gz]2 f[(a+gr)z+gz]

1282 1 4g°(a+gr)’
2(a+gr)2+g2 4[(a+g‘r)z+gz]2

(A1.13)

From Equation (A1.13) in the limit a+9’r, >0 we get

49™0(1)&*
[(a+ g"rg)2 +gz}

Remark Al.4. At horizon I, =T, :a+Qr, =0 from Equation (Al.14) one

obtains nonclassical result
(R™ (hor )R,y (T 8))_ =5 O(97)(67) = o=, (A1.15)

see Definition 1.5.2. (ii).
Remark Al.5. Let [(a+ g*rg) ]”R 0, then from Equation (Al.3) and
Equation (A1.14) we obtain

(R“V(rg,g) R#v(rs'g))g R 4 ’(a+g*r‘g)s ~r 0. (A114)

&

4g™0(1)&*
[(RHV(rX’E)RﬂV(rs‘g))E]z]fg g (2)5 4 . (A116)
[(a+ g'r,) +ez}
From Equation (Al.4)-Equation (A1.6) by formulae (A1.2) we get

(R"““V (r.e)R ., (T, 8))5

[ A(A 1AA 2+2Aj LA  1AB ’
AZLA 2AA, A2(rA 2AB,

&
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r 2
A2[1B 1AC,+D*> 1(B'Y
+4— - +—| =%
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R R R e e [P ) I S
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(A 1AzY) 1 A?
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A 2 A A7)
2
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_ 2§° 2g%(a+gr)’ ! 892(a+g r)
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2

29*2 2g*2 |:(a+g*r)2 +€2 —82:| 1 89*2 (a+g*r)2
= —_— +_
(a+g*r)2+£2 +gr) +e? 2 r +g°r) +é? ’
(a+g'r) +¢ (a+gr) +¢
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(a+gr) +é’ [(a+ gr)° +gz]2 [(a+ gr)’ +gz]

4g's* 1| 8g°(a+gr)

[(a+gr)z+52}4 r [(a+gr)2+52}2 )

(A1.17)
In the limit a+g'r, >0 from (A1.12) we get
4g~s’
(R (1 )R, (11€))_ =5 —— |
[(a+g*r) +gz} (AL18)

(a+gr) =0

Remark Al.6. At horizon r, =1, :a+gr, =0 from Equation (A1.18) one

obtains nonclassical result

(R ()R (1), 007 ) = (A1)

&

see Definition 1.5.2. (ii).
Remark Al.7. Let [(a+ g*rg) ]”R 0, then from Equation (Al.3) and
Equation (A1.18) we obtain
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*4 4
[(Rpaﬂv(ra'g)Rﬂaﬂv(rs’g))g] z]1"% 4g i 4 ' (AI'ZO)
[(a+ g*ré_) +gz}
Remark A1.8. We assume now there exist a fundamental generalized length
(L),
(1, )55(0,77] = bx(g)ge(ovﬂ] <1,

(A1.21)
(Ig )ee(r],l] =a

such that ‘(a+ g*rg) ‘Z(Ig)g =bx (&) ,beR. It mean there exist a thickness

&

ther = (1, )(S of horizon. We introduce a norm ||'[hhor " of a thickness th, by
formula

I{i

[[ther | = Sup, (o1 |1 =77, (A1.22)

where parameter 7 is a classical thickness of horizon.

By using (A1.21) we get the estimate

(R/””V(rglg)Rpow(rg,g)) ! 49*484 4
’ [(a+ g*r)2 +&?
4 Jec(on)
_ 49*4 . &2
[(a+ g*r)2+gz}2 o [(a+ g*r)2+gz} o
82
8 [(&Hg*r)zwz} (A1.23)
£€(0,7]
1 49™

) [1+b2]2 [(a+ g"r)2 +52T

£€(0,7]

1 49™

[1+b2}2 [(a+ g*r)q2 |
‘a+g*r‘e(0,r7]

Appendix A2

Let us consider now distributional Colombeau metric given by Equation (1.3.30)
with ¢c=1

(), --

where ¢€(01], p=r,/4, r, isaschwarzschild radius.

S

((r-p)+2?) 5

4
edt2+(1+£j dri+r?(do® +sin*6de) |, (A2.1)
(I’+,5)2 r [ ( ¢)]
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We choose now D,(r)=C,(r)=0, and rewrite Equation (A2.1) in the
following equivalent form

(d.s7) =—(A (r)dt*) +B(r)[dr® +r?dQ? ],

r):m,B(r):(HET,

(r+/3)2 r
A -AB. -1 A _aB +AB,
Aé‘ Bé‘
A, _AB +AB._A B
A,  AB, A B
A 2(¢* +2p" —2rp)
A (r+p)((r-p) +&?)

VY
|>

A

&

jz _ 4(52-',-2[52_2['/—))2 ) 4g4+165(5—r)+1652(r—ﬁ)2
(r+p)'((r-p)" +&) (r+p)((r-p)"+&)
4z +16p(p-r) +16/32[(r—ﬁ)2+52—52]

) (r+p) ((r-2) +¢2)  (r+)((r-p) +&°)

_ 4¢* +16p(p-r) . 16p°
(r+2) ((r=p) +e*)  (r+7) ((r=p) =)
16p%&°

_(r+,5)2((f—,5)2+52)2’

N 2(3(»;2 +8p —4r,5)

A (rep)((r-p) )

(A2.2)
We assume now that r < p, then from Equation (A2.2) we obtain
i;v_ 2&?
Ae p((l’—ﬁ) +€2)
AY g 4 4¢*
? = 2 2 " =)2 - — 2 2’
s D ((r—p) +e ) [(V—P) +e J ((r—p) +e )
i;'v (352+4p2) _ 2 (42.3)
A 2p((r-p)+et) (r=p) +e® '
A 1(1;)2 22 2
A2 A TR e e [y ]
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From Equation (A2.3) by formulae (A1.2) we get

R e e

1(BY _AB (1A B)A
+=| = -2 +| ===+

2\ B, AB, \2A B, /A,
| A2 LA LB A LB

B|rl A "B ) A B

1(B’) .AB. (1A B ) A B
+—| = | 25+ S+ || =+ F
2\ B, AB, (2A B, \A B,

:Hz i_gB_'j_A" LB
B,|rl A A B
1(A’)2+3(B;)2_1A;B;D

B£ & &
2 A 2 B2 2AB,

&

(A2.4)

From Equation (A2.4) in the limit r, > p by formulae (A2.3) we get
2&°
(R(rg,e))g T e T I (A2.5)
(=) +&7]

Remark A2.1. Note that: (1) Equation (A2.5) in a nice agriment with
Equation (Al.9). For r:(rg)g located beyond horizon, ie. r—p#; 0 one
obtains classical result

(R(r,.€)) =~z O(1)(¢”) =40, (A2.6)

e R
see Definition 1.5.2. (i). (3) At horizon r, =1, 1, —p =0 from Equation
(A2.5) one obtains nonclassical result
(R(I‘hor,é‘))g =5 O(l)(&‘_z )g = o, (A2.7)

see Definition 1.5.2. (ii).
Remark A2.2. Let [(rg —ﬁ)g}
(A2.5) we obtain

~; 0, then from Equation (A1.3) and Equation

[(R(rg,g))g]z]k —ﬁ : (A2.8)
r.—-p) +¢

From Equation (A2.3) by formulae (A1.2) we get

(R™(r.&)R,, (r.€))
A2 1A 1A;A;+£A;B’ 1A’
2A. 4AA, 2AB,

s A2 118, A B _1A€B;_1B;' 1BAL T
2A, A B ) 2AB, 2B, 4BA,

&

DOI: 10.4236/jhepgc.2018.42023

425 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2018.42023

J. Foukzon et al.

A 1A 1AA 1AB B 1(B.Y
+ = += +—£ | =
AZ|2A 4AA, 2AB, B, 2|B,
2
1B/A, 1(A A B
———+ +2
2BA, rlA A, B
1(1A" 1A(A B 1AB 1A
=| === =4+ =£ |+= +-=
BZ\2A, 4A\A B,) 2AB, rA
AI B’ A' B'
+2 12 T T R
BZ|rl2 Ag B,) A B,
1AB 1B 1B (A B[
2AB, 2B 4B, A B
. A2 1A LA(A B, 1AEB’
A|2A 4A|A "B ) 2AB
B!
B

2 2
B! 1(5;] 1BA; 1 ]
+____ _——
r

B, 2\B, 2B.A,
‘9 (A2.9)
From Equation (A2.9) in the limit r, - p by formulae (A2.3) we get
4
(R™(r.e)R,, (re)) = | ————| . (A2.10)

[(rg _/5)2 +52]4 .

Remark A2.3. Note that: (1) For r:(r )E located beyond horizon, ie

&

r—p#; 0 one obtains classical result
(R™(r.&)R,, (r.6)) = O(1)(s*) =0, (A2.11)

see Definition 1.5.2. (i). (2) At horizon r, =1, 1, —p =0 from Equation
(A2.10) one obtains nonclassical result

(R”V (rhor ’ 8) R,uv (rhor ’ g))g & O (1)(5_4 )s g s (A2 12)
see Definition 1.5.2. (ii).
Remark A2.4. Let [ r.— } 0, then from Equation (A1l.3) and Equation

(A2.10) we obtain

[(Rﬂv(rg,s)Rw(rg,e))g]“R W - (A2.13)
r.—p) +e

From Equation (A2.3) by formulae (A1.2) we get

(R (16 R, (1:6)),

(A (A 1AA 2+2A 1A 1AB
N\ A 2AA, rA 2AB

&

&
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2
A1|3'1B'2 A[1(A B A
43 T I e e A
rB 4\ B, AgrAg B, A,

1AB, B 1(B/) 1BA,
e e
2AB, B, 2\B,) 2BA,

&

2
| LfALA(K B LA RY.CA)
BZ2(A 2A\A B, BZ\r A 2A€Bg
od 1.1 Kool (A. 2
B’ B, (LA B,
. 2
1AB B! 1(B,} 1Bi((A B
+——== —| = === | ==++
2 AB, Bg “2\B,) 2B,(lA B,

From Equation (A2.14) in the limit I, > p,£ €(0,1] by formulae (A2.3) we

(A2.14)

get

4
&

-12

(Rpo_ﬂv(rs’g)Rpayv(rs’g))g z]R K(ﬁ)-ﬁ- ! (A215)

where K(r) isaKretschman scalar: K (r)=3-4r°r?(4r+r,)
Remark A2.5. Note that: (1) For r= (r ) located beyond horizon, ‘e

¢/e

r—p#; 0 one obtains classical result

(R7™ (118) R (1,2)), =5 (K (1)), (42.16)

see Definition 1.5.2. (i). (2) At horizon r =1, 1, —p=0, ¢¢€ (0,1] from
Equation (A2.15) one obtains nonclassical result

(RO (10)R (1i2), =2 K(P)+O(@)(e), =g e (A217)

see Definition 1.5.2. (ii).
Remark A2.6. Let [( r, —/3)8} ~; 0, then from Equation (A1.3) and Equation
(A2.15) we obtain

[(-p) +¢*]

Remark A2.7. We assume now there exist a fundamental generalized length

(L),

|:(RPU#V(rg’g)Rprv(rg,S))g} ~; K(p)+ (A2.18)

&

(If)se(o,n] = a( )ce (0.7] < 1

(A2.19)
(Ié‘ )ge(lpl] = a’
such that |(rg —,5)£| >(1I,), =a(e)_ It meant there exist a thickness th,, =(1,)
of BH horizon. We introduce a norm ||thh0r|| of a thickness th,,, by formula
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[theee | = SUP, _(0.,] | =7 (A2.20)

where parameter 7is a classical thickness of BH horizon.

By using (A2.19) we get the estimate
(RP(r,,&)R . (1.1€))

4

&

~ K(/_))+ &
R =Y T
(-pf+er] )
1 &2
[(rg—P) +8:| o] =P (0]
X 82
—\2 2
(-pyeet])
2
1 &2
<K(’5)+ 2 [ 2 2 2 ]
_=\? ae +¢
[(-pf ] ) (2]
_ 1 1
H o]
r - +
( ¢ p) ¢ £€(0,7]
_ 1 1
<K(P)+—F—=| ——= J
[a +1] (I’—p) [r=ple(0.n]
(A2.21)
Appendix B

We calculate now the distributional curvature at Schwarzschild horizon. In the
usual Schwarzschild coordinates (t, r>0,6, ¢), r#2m the metric is
ds? =h(r)dt® —h(r)"dr? +r’dQ?,
(B.1)
h(r)=-1+2",
r
Metric takes the form above horizon r >2m and below horizon r <2m
correspondingly
above horizon r >2m:
ds* =h*(r)dt? —[h* (r)Ter +r2dQ?,
h*(r):—1+2—m:—r_2m
T r (B.2)
below horizon r <2m:
ds? =h"(r)dt? —h~(r) " dr? +rdQ?,
2m  2m-r

h(r)=-1+" =
(r)=-1+=—==—
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Remark B.1. Following the above discussion we consider the metric
coefficients h*(r) , [h* (r)]_1 h™(r), and [h‘ (r)]_1 as an element of
D’(]R3) and embed it into D(]R?’) by replacement above horizon r>2m
and below horizon r <2m correspondingly

r>2m:r—2mis |J(r—2m)° +¢,
(B.3)
r<am:2m-ris J(2m-r)’ + €.

Note that, accordingly, we have fixed the differentiable structure of the
manifold: the Cartesian coordinates associated with the spherical Schwarzschild
coordinates in (B.1) are extended through the origin. We have above r>2m
(below (r <£2m)) horizon

r-2m . 2, 2
_ -2
h(r)= : |fr22m|_>(h(+(r))€: B (r m) +e€ |
0 if r<2m r )
where (h'(r)) eG(R®,B"(2m,R)),B*(2m,R)={x e R*| 2m <|[x| <R}.
r r-2m .
h—l(r): o r>2m»—>(h:)_1(r):h’(r): — if r<2m
o, r=2m 0 ifr>2m
2m—r) +¢
- ho(r)= % e G(R®,B(0,2m)),
where B~ (0,2m) = {x eR*|0<|x|< 2m}
__r r<2m -1 r
r-2m’ = (h) (r)=| ——=—=— <G(R*,B"(0,2m))
o, I'=2m (r—2m) +€2

(B.4)

Inserting (B.4) into (B.2) we obtain a generalized object modeling the singular

Schwarzschild metric above (below) gorizon, ze,
(ds2) =(h: (r)dt?) —([hj(r)]_ldrz) +r2d0?,
(ds:2) =(h(r)d?) _([h;(r)]-ldrz) T r2do?

B
The generalized Ricci tensor above horizon [Rq may now be calculated

componentwise using the classical formulae

RT) -([>:T) ~3((n) +2() )
() ) L0

‘s, r r?

(B.5)

(B.6)

From (B.4) by differentiation we obtain

. B (r—2m)2+e2 v
hE (r)r[(r;mjzm+6z:|l/z+|: rz :| )

DOI: 10.4236/jhepgc.2018.42023 429 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2018.42023

J. Foukzon et al.

r—2m [(r_zm)zﬂz]m (r—2m)2+e2
- _r[(r—Zm)2+ezT/2 re " r
r—2m [(r—zm)zﬂz]w (r—2m) +¢
:_[(r—Zm)2+ez]]/ r " r
=_ r—2m +1.
[(r—Zm)2+ez]]/2
" r—om ’ [(r—Zm) +e T/Z
e(r)__ - ) 5 + r2
r[(r 2m) +e]
_ 1 . (r—2m)2 . r—2m
r[(r—Zm)ZHZJ2 r[(r—2m)2+613/2 rz[(r—Zm)2+ez]]/2
r—om 2[(r—2m)z+ezT/2
+ _
r2 [(r—Zm)2 +62:|1/2 r’
rz(h:") +2r(h:')
2l 1 . (r—2m)’ s r—2m
rl (r-2m) +¢ v r{(r-2m 2+62_3/2 r2(r-2m)’ +¢ v
(r—2m) (r=2m)"+e" (r—2m)
r—om 2[(r—2m)2+ezT/2
i _
|'2|:(|'—2m)2+€2:|1/2 r
+2r— r—2m +[(r—2m) +62:]/2
r[(r—Zm)ereZTJ2 r*
_ r r(r—2m)2 r—2m
(r- e i (r—2m) +¢ (r-2m) +¢€
e R G (L R
r—om 2[(r—2m)2+ezT/2
n

(B.7)
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angular components of the Ricci tensor (using the abbreviation
n 2n
= [singdo [ dgpo(x) (B.8)
0 0

and let ®(X) be the function (D()”()eSZm(R3,B+(2m,RO)) , Where by
Som (RS,B*(Zm,RO)) we denote the class of the functions CD(X') with
compact support such that:
(i) supp(®@(X))=B*(2m,R)) = {X|R,=[x|=2m} 2) &(r)eC”(R).
Then for any function ®(X)eS,, (R3, B*(2m, RO)) we get:

J'K([Rj]z)etb(i)d&
jK([R;]E) o (X)dx

¢

- T(r(h:’)e +1+(h:)5)cf)(r)dr (B.9)
R r—2m R .

=[4= 5 rydr+ | @(r)dr
Im [(r —2m)2 +€2:|1/ ZL

By replacement r—2m=u, from (B.9) we obtain

[ ([R:]Z) O (x)d*x
_j ([ ] ) x)d*x (B.10)

R-2m ) 2 R-2m 5
= | er [ ®(u+2m)du.
0 (Uz—i—ez) 0
By replacement U=¢n, from (B.10) we obtain the expression
3 2 _
|;(e)=jK([R;]3) q>(x)d3x:|;(e):jK([R;]2) ®(%)dx

R-2m -2m

¢ . (B.11)
j 677+2 dn _ I ®(en+2m)dn |.
0 ( ) 0
From Equation (B.11) we get
R-2m
CD(ZIT]) < n
I5(e)=15(e)=—¢ -1|dn
3() 2() o! .([ (772+11/2 :l
R-2m
e n
T ] PSR &% (£)ndn
o | (n*+1) (B.12)
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where we have expressed the function ® (67] + 2m) as

ben+am) =X L aran e, gy

E2 Qen+2m, 1>6’>0, n:1

with &V (&)2d'd/de .
Equations (B.12)-(3.13) give

lim1; () =lim1; (e )—Ilm{—eCD 2m[ [R 2'“ 411 R ]}

R-2m
27
tim]-S [ | —2——1]{®% (&)ndy ! =0.
e—0 1 '([. |:(’72+1)]/2 :| ( )

Since S;,(B*(2m,R))c D'(R?), where B (2m,R)={xeR®|2m<|x|<R}
from Equation (B.14) we get:

(B.14)

w—Iim[RF L =lim1; (e)=0,

-0 &0 (BlS)
w—lim[ R} ]2 =lim1; (¢)=0.

For ([R)([RT)) weeee
2J.K([Rj]i)6<b(x)d3x
= ZIK ([Rjz)( @ (x)d*x

= T (rz(hj”) +2r(h:') )(i)(r)dr (B.16)
2m ¢ ¢
g r r(r—2m)2 -

ol "

Finally we obtain
. P P
W_['LTJ[RJFW [ILTJ[RE:IO— md (2m). (B.18)

The Colombeau generalized Ricci tensor below horizon [R;T :[R’J'B

€

may now be calculated componentwise using the classical formulae

(R T) - T) -3((v) +2(n) )

([R:]Z)E =([R:]z)€ :@+1+E‘r}‘)( |

DOI: 10.4236/jhepgc.2018.42023 432 Journal of High Energy Physics, Gravitation and Cosmology

(B.19)



https://doi.org/10.4236/jhepgc.2018.42023

J. Foukzon et al.

From (B.4) we obtain

(B.20)

Investigating the weak limit of the angular components of the Ricci tensor

(using the abbreviation ®(r ISIH 0d9_fd¢<b and let ®(X) be the

function ®(X)eS,, (]R3, B~ (0,2m)) , where by S, (R*B(0,2m)) we
denote the class of the functions ®(X) with compact support K < B™(0,2m),
B™(0,2m)={X|0<|X|<2m} such that:

(i) supp(®(x))={x]0<|x|<2m} (i) ®(r)eC”(R).

Then for any function ®(X)eS,, (R3, B~ (0, 2m)) we get

IK([R;]2)6®(X)d3X
= ( ‘3) (%)dx

2m

J'( ' +l+ )cf)(r)dr (B.21)
0

zj'm r—2m 1/2 ~(r)dr+2JEn<i>(r)dr

0 r—2m +é? 0

By replacement r—-2m=u, from Equation (B.21) we obtain

IK([R:E)E O (x)d’x
:J‘K([R;]z)efb(x)d?’x (B.22)

- f —u&)(u+2m]/)2du + jl @ (u+2m)du.
-2m (U2 +62) -2m
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By replacement U=¢n, from (B.22) we obtain
()= [[RT) @()dx=1; ()= [ ([R: T;) @(x)*

0 & 0
w+ J- é(€ﬂ+2m)dﬂ ,
(7 +1) o

€

(B.23)

which is calculated to give

50 =130 = 2 jm{(nz ”1)m +1]d77

(B.24)

where we have expressed the function @ (6?7 + 2m) as

B(en+2m =52 (2m)

=

1 n o (n
(677)'+m(677) " (&), (5.25)
E2@en+2m, 1>60>0, n=1

with d1) 24 <I>/dr Equation (B.25) gives

2
Iri_rjgIE(E)Z!mlg(e)zl(m{eﬁ)(Zm){l— (2:1} +1+27mﬂ
(B.26)

e o 7 B

Since S, (B(0,2m))< D'(R®), where B~(0,2m)={xeR*|0<||x|<2m|
from Equation (B.26) we obtain

w—lim[R; ], =lim1; (¢)=0

Ilm[ T—Ilml (e)=0.

-0 e—0

I ([RT), weser
(R])@x

€

ZIK( R; ] Z)

(B.27)

For (
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2 (B.28)
:2'“ r _r(r-2m) s (dr
!’. [(r—Zm)2+ezT/2 [(r—Zm)2+62]3/2 o)

By replacement r—-2m=u, from (B.28) we obtain

NOE 2([Rg]i)e O (X)dx =1} () = 2([R:JZ)E @ (X)dx
( ( ;") +2r(h ') ) (B.29)
(

i )} (u-+2m)du.

_ u+2m U
| re)T (e
By replacement U=¢n, from (B.29) we obtain
2[ ([RT) @(x)e*
:ZIK([RZJS) ®(x)d*x
jl "| +or
2m

SRS

. T en+2m 6277 (ep+2m)| .
_2m (e n +e ) (e n +€2)3/2

€

@ (en+2m)dn

.‘f End 67]+2m)d77+2mj)- e®(en+2m)dy

_2m (e n-+e ) _2m (627724-62)1/2

o 'n’®(en+2m)dy ¢ en’d(en+2m)dy
) _2m (e 7’ +e )3/2 _Zm_Lm (62772-‘1-62)3/2
:gj’- n®(en+2m) d77 9 773&;(67]+2m)d77

2m ( 2 1) m (772+1)3/2

€ €

¢ CI)(e77+2m)d77_ T 772&)(677+2m)d77
i (772 +1)1/2 72Tm (772 +1)3/2

(B.30)

772 +l)1/2 (772 +1)3/2

Io(e)ll(e)Zme(zm)cITL S }m

(B.31)

) bt

772 +1)1/2 (772 +1)3/2
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where we have expressed the function ® (67] + 2m) as

~ n—l(D“ﬁ(l) 2m 1 n . af(n
o(en+2m)=2+(en)' +oylen) @7 (), (B.32)
g

1=0

£0en+2m, 1>0>0, n=1

with &) (¢&)2d'®/d&' . Equation (B.32) gives

L L . (I)(Zm) 0 1 772
lim1; () = lim1; (¢) = 2m| - d
ng 0 (6) EIJI)] ! (6) m ET(] 0! !m|:(772 +1)1/2 (772 +1)3/2 n
¢ (B.33)
N . 0 d77 0 772d77 5
=2m®(2m)|;rr{j - 77 | = 2m®(2m).

b (772 +1)]/2 % (772 +1)

where use is made of the relation

it s e
Thus
w—lim[ R | =w-lim[R_ ]’ =md(2m). (B.35)
Appendix C

We calculate now the distributional Colombeau scalars
(R(r.2)) (R (r.)R,, (r.€)) and (R**(r,&)R,,,(r.c)) , in terms of
Colombeau generalized functions (Ag (r))&_ ,(Bg (r))&_ ,(Cé_ (r))&_ ,(Dé_ (r))g is

given above in Appendix B at Schwarzschild horizon.We choose now
B,(r)=1C,(r)=-1+A*(r),D,(r)=0, (C.1)
and rewrite Equation (A.1) in the following equivalent form
(ds?) =—(A (r)dt?) +(A*(r)dr?) +r?dQ?, (C2)
where A (r) is given above by using Equations (B.2)-(B.4). Thus we obtain
A (r)=-rJ(r-2m)’ +s?, A =A (B, +C,)+D? =1 A, =0,
N —2m(r —2m)
rz\/(r —2m)’ + & ’

&

e 2m(-16m® +24m°r —12mr® —4me® + 2r° + r&? ) (C.3)
" r —
r3[(r—2m)2 +‘92T/2
~ 4m(r-2m)’ +(r—4m)s?

r [(r - 2m)2 +gz]3/2

From Equation (A.2) and Equation (C.3) we obtain
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(R(r {;‘)) = A5 g — i;_ B_‘£+A; +£—A“5C5+D5 _i!_ B_:
e ialrlU A B, A, ) r* AB, A B

1(BY _AB (1A B A
| == | —2EE 4| =L+ £ | =
2\ B AB, \2A B, JA,

y [Z[_zij_w_ﬂ]
r r A

&

e I

8m(r —2m) +2r‘3( (r—2m)2+gz) —%
2

_[_4Ag L Aﬁj

r (r—2m)2+g

2m(—16m3 +24m?r—12mr? —4me? +2r% + rez)
re [(r - 2m)2 +¢&? T/Z

(C4)

Finally we obtain the following expression for the distributional Colombeau
scalar (R(r,s))g

8m(r —2m) +2r’3( (r—2m)2+gz)

(R(r,g))gz

re‘\/(r—Zm)2 +&° ¢
(C.5)
2 4m(r—2m)3+(r—4m)g2
r’ r3[(r—2m)2 +52]3/2

Remark C.1. Note that from Equation (C.5) follows that: r=2m

(R(r,g))g ~; 0, see
Definition 1.5.2. (i).

We assume now that (rg )5 ~: 2m and therefore from Equation (C.5) we

obtain
2.2
me . (C6)
2
8m3[(r€—2m) +.92J

(R(rgvg))g &

Remark C.2. Note that from Equation (C.6) at horizon r =2m follows that:

4m2 2 ~
(R(r.¢)), =| — 5 | =(4m)* (&) =z, (C.7)
8m® [52] ¢
see Definition 1.5.2. (ii).
Remark C.3. Note that from Equation (C.5) follows that:
(C.8)

vvg-LiyR(r,g) ~&(r—-2m).
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Remark C.4. Let [( r.— 2m)g] ~; 0, then from Equation (A1.3) and Equation
(C.6) we obtain

[(R (., 5))] ~& am'e” : (C.9)

8m’ [(rg —2m)’ + .92]3/2

From Equation (A.2) and Equation (C.3) we obtain

(R”V(r,g)RW(r,g))

2 2
FA;+_A€2+1} J +2[[1A§_’+EA€’} j
r r 2 r )

=2 (% gz+(r—2m)2+i2j+2£3—r_2m (C.10)
r r r et +(r-2my’

N

=+

4m(r—2m)’ +(r—4m)s> _m r—2m

r3[(r—2m)2+g2T/2 r_s\/gz+(r—2m)2

Remark C.5. Note that from Equation (C.10) follows that:

r#; Zm:(R#V(r,g)RW(r,g))g ~: K(r),

2 (C.11)
K(r)=12=,r,=2m

e’

+2

see Definition 1.5.2. (i).
We assume now that (r )‘9 ~; 2m and therefore from Equation (C.10) we

&

obtain

84

am? |:gz+(rg—2m)2:|3 (C.12)

(R*‘V(rg,g)RW(rg,g))g ~ K(r)+

Remark C.6. Note that from Equation (C.10) at horizon r=2m follows
that:

(R‘” (r,s)Ruv(r,«f))g :(Wl“gzj Rr O (C.13)

see Definition 1.5.2. (ii).
Remark C.7. Let [( r.— 2m)g] ~; 0, then from Equation (A1.3) and Equation
(C.12) we obtain

84

4m* (gz +(r, - 2m)2)3

[(RW(rs’g)Ryv(re’g))Jzn@ K(r)+ (C.14)

&

From Equation (A.2) and Equation (C.3) we obtain
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(RZ7* (11 2)R oy (1 2)),

[ (ary +2(A74jzl +4([ri2(1_ A )n +2HATU

A? 1 2
n2 P
=| A +4r—2j +4(r—4(1—A£)j (C.15)

2

4m(r—2m)3+(r—4m)g2 8m2(r—2m)2

r3[(r—2m)2+52T/2 6 re[(r_sz*gz]

4 -1 2 2 2
+r—41+r (r-2m)" +&° | .

Remark C.8. Note that from Equation (C.15) follows that:
rs 2m:>(R”"”V(r,g)Rp(W(r,g)) ~; K(r), (C.16)

see Definition 1.5.2. (i).
We assume now that (r, )E ~; 2m and therefore from Equation (C.10) we

obtain

(Rpaﬂv(re’g)RPU#v(rgag)) P K(rs)+ 84 3 (C17)
’ 4m* (gz +(r, —2m)2)

&

Remark C.9. Let [( r,— 2m)£] ~; 0 then from Equation (A1.3) and Equation
(C.12) we obtain

4

RO (1) R (1:6), |= K (1) + | ©
I:( ) :| 4m4(82+(rg—2m) )

&

Remark C.10. Note that from Equation (C.15) at horizon r= 2m follows that:
[(Rpaﬂv(re’g)RPJ#v(rs’g))gJz]R 0, (C19)

see Definition 1.5.2. (ii).

Remark C.11. We assume now there exist a fundamental generalized length

(L),

(IE )86(0,77] = a([—,‘)fe(oﬂ] ’77 < 1;

(C.20)
(Is )55(0,7] =48,
such that |( r,— ﬁ)g| >(l,), =a(e), It meant there exist a thickness
th,,, =(1,), of BH horizon. We introduce a norm [thr || of a thickness th,,
by formula
[thee || = ST I|=7 (C.21)

where parameter 7is a classical thickness of BH horizon.

By using (C.20) we get the estimate
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[(RPU/JV(rgué') R o (I’g,g))g:| g K(rs)+

g2 } & (C22)
§ 22
|:( rg - Zm)z +€2] £€(0,7] |:(rg B 2m)2 " 62] &e(0.7]
+ ! -
5 n B 2
4m‘[a’ +1] | 4m [(rf 2m) +e J se(0]

o [ 1 J
8m* [az +1:|2 (r - 2m)2 r—2me(0,7]
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