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A point charge accelerating under the in°uence of an external force emits electromagnetic

radiation that reduces the increase in its mechanical energy. This causes a reduction in the

particle's acceleration. We derive the decrease in acceleration due to radiation reaction for a
particle accelerating parallel to its velocity, and show that it has a negligible e®ect.
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1. Introduction

The question of how the electromagnetic ¯elds radiated by an accelerating charged

particle produce radiation reaction that diminishes its acceleration has been of in-

terest for a long time. The Abraham{Lorentz force,a

FAL ¼ 2

3
q2a

:
; ð1Þ

was ¯rst proposed by Abraham1 and Lorentz2 over 100 years ago as a retarding force.

A relativistic generalization of the force was formulated by Dirac in 1938.3 There

have a been a large number of other published and unpublished papers on the

Abraham{Lorentz force for many years.

However, the Abraham{Lorentz force is known to lead to paradoxes when used in

a di®erential equation for the motion of an accelerating charged particle. Because of

this, various modi¯cations of the Abraham{Lorentz di®erential equation have been

proposed. Some of these paradoxes and modi¯cations are discussed in Refs. 4 and 5.

See also Ref. 6, which includes a number of other references.

aWe are using Gaussian units with c ¼ 1.
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In this paper, we derive the radiation reaction on an accelerating charged particle

by directly subtracting the energy radiated by the particle from its mechanical en-

ergy without introducing a radiation reaction force. We consider the case of a point

charge accelerating parallel to its velocity, which is the case generally considered in

attempted derivationsb and applications of the Abraham{Lorentz force.

For the power radiated by an accelerating point charge, we use Larmor's for-

mula,7 as extended to relativity by Li�enard,8

dWrad

dt
¼ 2

3
q2�6½a2 � ðv�aÞ2�: ð2Þ

For acceleration parallel to the velocity, this reduces to

dWrad

dt
¼ 2

3
q2a2�6 ¼ 2

3
q2a02; ð3Þ

where a0 is the charged particle's acceleration in its instantaneous rest frame.

The usual derivations for Larmor's or Li�enard's formula give the rate of emission

of radiated energy in terms of the acceleration and velocity at a retarded time,c and

could not be used in a di®erential equation for the velocity at the present time. In the

next section, we derive Li�enard's formula for the radiated power in terms of the

acceleration and velocity at the present time.

2. Electromagnetic Power Emitted by an Accelerating Point Charge

The power radiated by an accelerating point charge is given by the rate at which the

radiated energy passes through a spherical surface of radius Rrad,

P ¼ dWrad

dt
¼ 1

4�

I
S
dS¢½Eðr; tÞ�Bðr; tÞ�

¼ 1

4�

Z Rrad

0

r2dr

I
r̂¢½Eðr; tÞ�Bðr; tÞ�d�; ð4Þ

However, a major problem arises if Eq. (4) is used to calculate the electromagnetic

power. The ¯elds in the surface integral are to be evaluated at the present time and

the point r at which the ¯elds are observed, but the ¯elds for an accelerating particle

are given in terms of variables given at the retarded time by the Líenard{Wiechert

¯eld equations.

Thus the Li�enard formula of Eq. (2) [and Eq. (3) for acceleration parallel to the

velocity] would be given in terms of the acceleration and velocity at a retarded time,

tr, and not at the present time, t. We show below how a radius can be chosen to give

the power given by Eq. (4) in terms of the acceleration and velocity at the present

time.

bThere is no generally accepted derivation of the Abraham{Lorentz force.
cSee, for instance, Chapter 14 of Ref. 4 or Chapter 11 of Ref. 5.
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The electric and magnetic ¯elds appearing in Eq. (4) are given by the

Li�enard{Wiechert ¯eld equations

Eðr; tÞ ¼ qðr̂r � vrÞ
r2r�

2
rð1� r̂r¢vrÞ3

� �
þ r̂r�½ðr̂r � vrÞ�ar�

rrð1� r̂r¢vrÞ3
� �

; ð5Þ

Bðr; tÞ ¼ r̂r�Eðr; tÞ; ð6Þ
where the variables rr;vr; �r ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2

r

p
and ar are all evaluated at the retarded

time

tr ¼ t� rr: ð7Þ
The radius vector, rr, is the distance from the charged particle's position at the

retarded time to the point of observation of the electromagnetic ¯elds at the present

time.

To calculate the radiated power, we consider a point charge q at a position rðtÞ
with a velocity vðtÞ and acceleration aðtÞ. We make a Lorentz transformation to the

rest frame of the point charge where v0 ¼ 0 and

a 0
jj ¼ ajj�3; ð8Þ

a 0
? ¼ a?�2: ð9Þ

a 0
jj is the rest frame acceleration parallel to v, and a 0

? is the rest frame acceleration

perpendicular to v.

We now evaluate the rest frame surface integral

dW 0
rad

dt0
¼ 1

4�

Z R 0
rad

0

r02dr0
I

r̂0¢½E0ðr0; t0Þ�B0ðr0; t0Þ�d�0; ð10Þ

in the limit R 0
rad ! 0. In this limit, t 0r ¼ t0 and a 0

r ¼ a0 so the electric ¯eld is given by

E0ðr0; t0Þ ¼ qr̂0
r02

þ q½̂r0ðr̂0¢a0Þ � a0�
r0

: ð11Þ

Then, the surface integral in Eq. (10) for the radiated power reduces to

dW 0
rad

dt0
¼ q2

4�

I
r̂0¢½a0�ðr̂0�aÞ�d�0

¼ q2

4�

I
½a02 � ðr̂0¢a0Þ2�d�0

¼ 2

3
q2a02: ð12Þ

The radiated power can be put back in terms of the original acceleration, using

Eqs. (8) and (9) to give

dW 0
rad

dt0
¼ 2

3
q2ða2

jj�
6 þ a2

?�4Þ

¼ 2

3
q2�6½a2 � ðv�aÞ2�: ð13Þ
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The variables in Eq. (13) are in the original moving frame, but the rate of energy

emission on the left-hand side of the equation is still given in terms of the rest frame

variables. However, the right-hand side of Eq. (13) has been shown to be a Lorentz

invariant,d so Eq. (13) can be Lorentz transformed to the moving frame, ¯nally giving

dWrad

dt
¼ 2

3
q2�6½a2 � ðv�aÞ2�: ð14Þ

This result has the same form as Li�enard's relativistic extension of Larmor's

formula, but is given here with all variables at the present time, and not an arbitrary

retarded time.

3. Radiation Reaction on an Accelerating Point Charge

We want to relate dWrad

dt to its e®ect on the motion of an accelerating point charge. For

an accelerating particle of massm, the rate of change of its kinetic energy is given (for

a parallel to v) by

dWmat

dt
¼ dðm� �mÞ

dt
¼ m�3ðv¢aÞ ¼ mva0: ð15Þ

If an external force acts on the charged particle, the electromagnetic power pro-

duced by the external force will increase the sum of the particle's kinetic energy and

the electromagnetic energy at the rates

dWext

dt
¼ dWmat

dt
þ dWrad

dt
: ð16Þ

This would reduce the particle's velocity and acceleration by

mva0 ¼ m�v�a0 � 2

3
q2a02; ð17Þ

where �v and �a0 are the velocity and rest frame acceleration an uncharged particle

would have.

Equation (17) is a quadratic equation for a0, with the solution

a0 ¼ 2m�v�a0

mvþ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2v2 þ ð8=3Þq2m�v�a0

p� � ; ð18Þ

va0 ¼ 2�v�a0

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q2

2m

� �
16�v�a0
3v2

	 
r� � : ð19Þ

Equations (17){(19) each show the decrease in the charged particle's acceleration

due to the diversion of the applied energy into radiated electromagnetic energy.

We note that the increase in electromagnetic energy does not produce an added

force on the charged particle, but is just electromagnetic energy produced in space by

dSee, for instance, p. 666 of Ref. 4.
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the action of the external force. The energy going into the electromagnetic ¯eld

reduces the increase of the mechanical energy of the particle.

The external force acts on two separate entities, the accelerating particle and the

electromagnetic ¯eld. The energy put into the electromagnetic ¯eld should not be

considered as a separate force on the accelerating particle.e

To get an idea of the relative size of the radiation reaction, we consider the case of

a constant external force acting on a particle starting from rest. An uncharged

particle would have a uniform acceleration, �a0, that is constant in the particle's

instantaneous rest frame. Then we can writef

�a0 ¼ ð�� � 1Þ
x

¼ ��2�v2

ð�� þ 1Þx ; ð20Þ

relating �a0 to x, the distance traveled by the charged particle. Then,

va0 ¼ 2�v�a0

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ rc

x

	 

16�� 2 �v3

3v2ð��þ1Þ
h ir� � : ð21Þ

We have taken the accelerating particle to be an electron, and have introduced the

`classical radius' of the electron, rc ¼ q2

2m ¼ 2:82 fm.

It is interesting to look at the nonrelativistic and the extreme relativistic limits of

Eq. (21). The nonrelativistic limit is

�v � 1; va0 ’ 2�v�a0

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ rc

x

	 

8�v3
3v2

� �qh i ; ’ �v�a0

1þ 2�v3rc
3�v2x

� �h i : ð22Þ

The relativistic limit is

�� � 1; a0 ¼ �a0

1þ 4��rc
3x

	 
� � : ð23Þ

We can see from each of Eqs. (21){(23) that radiation reaction on a charged

particle, accelerating parallel to its velocity, has a negligible e®ect on the acceleration

of the particle. The distance, rc ¼ 2:82 fm, is much less than any reasonable distance

traveled by the particle. Even for a highly relativistic particle, the ratio ��rc=x is too

small to give an observable e®ect.g

4. Conclusion

Our conclusion is that the power radiated by an point charge, accelerating parallel to

its velocity, reduces the acceleration of the particle, as shown in Eqs. (21){(23).

eA particle, even if accelerating, cannot exert force on itself.
fThis is Eq. (8) of Ref. 9.
gFor the 50GeV electrons at the SLAC linear collider (SLC), �rc would be about 30 nm.
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However, the reduction of the particle's acceleration is negligible, even for highly

relativistic particles.
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