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Abstract

A reactive graph generalizes the concept of a graph by making it dynamic, in
the sense that the arrows coming out from a point depend on how we got there.

This idea was first applied to Kripke semantics of modal logic in [2]. In this
paper we strengthen that unimodal language by adding a second operator. One op-
erator corresponds to the dynamics relation and the other one relates paths with the
same endpoint. We explore the expressivity of this interpretation by axiomatizing
some natural subclasses of reactive frames.

The main objective of this paper is to present a methodology to study reactive
logics using the existent classic techniques.

1 Introduction

Reactiveness. The reactive idea is very simple. Given a system with states and the
possibility of transitions moving between states, we naturally can imagine a path be-
ginning at an initial state and moving along the path following allowed transitions. If
our starting point is s¢, and the path is s ... s,, then the system is an ordinary non-
reactive system if the options available at s, (i.e. which states ¢ we can go to from s,,)
do not depend on the path sy ... s, (i.e. do not depend on how we got to s,,). Otherwise
if there is such dependence then the system is reactive.

A simple example would be to consider as worlds the configurations on a chess
board and the transitions the allowed moves. It is clear that this system is reactive in
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the above sense. To be able to castle one must not have moved either the the king or
the rook, it is not enough that they are in their original positions. Moving the king or
the rook corresponds to a higher order state transition, changing its nature.

It seems that the simple idea of taking existing systems and making them reactive in
certain ways has many new applications. Indeed, there are applications of the reactive
ideas in such diverse areas as modal logic, preferential non-monotonic logic, inheri-
tance systems, context free grammars, automata theory, deontic logic and contrary to
duty and argumentation and other networks, see papers [1, 2, 3,4,6,7,8,9, 10, 11].
The list is increasing, see [13].

One can take a reactive system and turn it into an ordinary system by taking the
new states as the paths. This is true but from the point of view of applications there is
serious loss of information, as the applicability of the reactive system may come from
the manner in which the change occurs along the path. In any specific application,
the states have meaning, the transitions have meaning and the paths have meaning.
Therefore the changes in the system as we go along a path can have very important
meaning in the context, which enhances the usability of the model.

Reactive-switch graphs. The ideas and concepts involved are best explained through
examples.
Figure 1 presents a simple transition system.
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Figure 1:

We show only the transition options, without details of what causes the transitions.
We have the transitions:

s — N
s> 0h
Hh—s
th — s
s > w.



The system is non-deterministic. Such systems are widely applicable in many areas
and their exact meaning depends on the application area in which they are used.

It could be part of an automaton table (where the input letter causing the transition
is not shown) or a set of context-free rules, or even part of a Kripke model where x — y
means y is accessible from x.

A reactive graph (or reactive transition system) is a set of sequences of elements
of a set, the paths, that contain all the sequences of length one and is closed under
prefixes. It is clear it generalizes the static notion of a graph in which every possible
extension of a path depends only on its endpoint (see proposition 3.12).

A system becomes reactive when the transition table changes as we move along the
graph. We can make the above system reactive by, for example, saying that if we start
in s, when we reach s, it sees ¢’ if and only if we pass through #;. A natural way of
depicting this situation can be found in figure 2.
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Figure 2:

The double arrow from the edge s — t, to the edge s’ — w indicates that if we
go from s to ¢, then the connection s — w is no longer available. The double arrow
expresses the dependence on the path by codifying the transitions effects on the system
configuration. We can make double arrows to act over other double arrows, getting
higher and higher levels of dependence.

A switch graph (introduced in [2]) is such a graph enriched with higher order
arrows, called the switches. This local way of presenting (generating) the relational
dynamics, as it is proved in a paper in preparation, is enough to generate all reactive
graphs. There are many possible variations on how to define it. In the mentioned
result a switch is an arrow from an edge to another edge or a switch, and it may be a
connecting or a disconnecting switch.

Reactive modal logic. As we observed above, a reactive system can be seen in a
static point of view by considering their paths as the actual states.
Figure 3 shows the conversion of our example:
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Figure 3:

The points in Figure 3 are the paths. So from the point sz, s’, there is a transition
to st;8’w and from the point sz,s” there is no transition to st,s’w. That the accessible
points vary when in move is already a property of a static graph, what reactivity adds
is the possibility of the accessible points from a point to be different depending on how
we got there. In this sense the figure 3 is not a proper representation of Figure 2. The
two paths st,s” and s, s” share an endpoint (i.e. same state s”) and this can be important.
So we need to indicate that by an equivalence relation Figure 4 does that, through the
circle around the equivalent points, this is the unfolded version of Figure 2.
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Figure 4:

We will introduce an interpretation of modal logic over reactive graphs (frames),
in a way that generalizes the identification between Kripke frames and static graphs,
taking in consideration these last remarks.

We were naturally led to the choice of a bimodal language, where ¢ g deals, as
usual, with the dynamics and ¢p with the relation that identifies all the paths with
the same endpoint. As we stressed before, reactivity is about the change on the set
of accessible points of a given point. ¢ p ranges through the various relational states
of each point. As we shall see, many reactive properties can be axiomatised by the
interaction between Og and Op.

Like the accessibility relation, we let the value of (part of) the variables evolve



while we go trough the graph. The subset X of variables which we consider fixed,
possibly all or none of them, will be a parameter of our logics. So the value of the
variables in X depends only on the position in the graph, i.e. the path endpoint. The in-
clusion of this features in the models gives the results more generality, more possibility
of application and allows us to understand better the influence of each component of
the generalization in the results.

We can now ask the obvious questions

e what axioms on Op, Og correspond to this semantics?

o if we add the reflexivity or transitivity or other obvious axioms on O g, what are
the corresponding conditions on the models?

e which other properties can we express with this language?

As an answer we present a procedure to prove that, given a logic and some reactive
properties, the first axiomatises the second. While soundness is proved directly, to
prove completeness we will use the static view on reactivity by unfolding the models.
This allows us to use the canonical model theorem and other classic techniques. When
we unfold the notion of a reactive model we obtain a classic bimodal Kripke model,
(W,R, P, V) (let R be the dynamics and P the equivalence relation relating the paths
with the same end point), satisfying three additional properties:

o there is a family / € W picking one element on each P-equivalence class that
R-generates all graph;

e xRy & xRz & yPz imply thaty # z;
o the worlds related by P satisfy the same variables in X.

A shattered frame is a frame satisfying the first property and if it satisfies also the
second we say it is a coherently shattered (cs) frame. The completeness proofs are
done in two steps:

e we use the canonical model theorem to obtain completeness to a certain subclass
of shattered frames corresponding to the reactive one (usually the first-order cor-
respondent of the added axiom)

o we find a truth preserving model transformation that given shattered frame gives
a cs-frame with that property.

The procedure proves successful in many cases (see in the end of the paper table
1) but we present also its limitations in the form of an open problem. We hope the
techniques prove itself useful to characterize logics, possibly in extended languages,
expressing reactivity properties coming from research areas where reactivity is being
applied to, or to properties suggested by the switch graph research.



2 Reactive models
Definition 2.1 The modal language L, is defined by

o =ploelerApa| Orep | Opp.

where p € Il is a propositional variable. The other connectives: T, L, V, —, &, Og
and Op are introduced by the usual abbreviations.

Definition 2.2 A path over a set W is any finite sequence of points from W. A prefix
of a path wow; ...w, is any path of the form wow, ...w; for k < n. Given a path
A =wow; ...w,, we let #(1) = w, and n its length.

A reactive frame is a pair (W, A), where W is a non-empty set and A is a set of
paths over W that

e contains all one-element paths,i.e., W,

e is closed under taking prefixes.

Given X C II, a X-reactive model is a triple M = (W, A,v), where (W,A) is a
reactive frame and v is a function v : IT — 22 such that for p € X and Aw,A’w € A
we have Aw € v(p) iff ’w € v(p). X corresponds to the subset of variables that we are
fixed while we move, i.e., which value is determined by the current world.

Given a X-reactive model M, for every A € A and every £ ,-formula ¢, we define
the notion ‘¢ is true at 1 in M (M, A Ex ¢)’ inductively as follows:

e M, A Eyx piff A € v(p) for variables p,
o M,/l 'ZX QP lﬂ:M,/l béx @,

M, A Ex ©1 NP iff M, A Ex 7] and M, A Ex ©v,

M, A Ex Oy iff there is w € W such that Aw € A and M, Aw Ex ¢,

M, A Ex Ope iff there is vy € A such that #(y) = (1) and M,y Ex ¢.

Notice that if X = II, then v can be seen as a function from the IT to 2"V and the first
line of the definition of =y can be equivalently replaced by M, A =1 p iff 1(2) € v(p).
We say that ¢ is true in M iff M, 1 Ex ¢ forevery 1 € A. We say that ¢ is X-valid
in a reactive frame if it is true in every X-reactive model over it.
When X = I1 we may omit X.

Definition 2.3 Given a reactive frame F = (W, A) we define ~ C A? as:
A~pyiff () = H(y) & VB € W'AB € A & yB € A.

We may omit ' when it is clear from the context. We write [4] to refer to the equiva-
lence class of A € A.



Remark 2.4 We will be only interested in studying properties of X-reactive frames,
that is, logics valid in the whole class of X-reactive models over reactive frames. Oth-
erwise the notion of ~ could be adapted to the context of X-reactive models and many
of the following results would be valid in its model version.

Proposition 2.5 Let(W, A) be a reactive frame.
1. If A ~yand (W,A,v), A En ¢ then (W, A, v),y En ¢.

2. If ,y € Aand A + vy then there exists ¢ and v st. (W,A,v),A En ¢ and
(W, A, v),y En —e.

Proof.
1. Let us prove it by induction on the structure of ¢:

e if ¢ is a variable this is trivial since #(1) = #(y).
e if ¢ = = then M, A £n1 ¥ and so by IH and symmetry of ~, M,y ¥ ¢
thus M,y En —¢ = ¢. The ¢ = ¢ A @, case is trivial.

o if o = Oy then it exists w € W st. Aw € A and M, Aw [ ¢. Itis
clear that we also have Aw ~ yw € A and so by LH. M, yw Eq1 ¥ hence
M, AEn OrY = ¢.

e the case ¢ = Opyr also comes from #(12) = 1(y).

2. If 1(1) = #(y) and exists 8 = w;...w, s.t. we do not have A48 € Aiff y8 € A.
Without loss of generality let us assume A5 € A and v ¢ A and pick a valuation
v that distinguishes all w;, i.e., let p; € [l with 1 < i < nand @ € v(p;) iff

Ha) = w;. Let ¢ = Oryp where ¢ is defined recursively by:
Ow, = Dn
Pwid = PiNOrPA-

It is clear that (W, A, v), A Er1 ¢ but (W, A, v), vy Fn .
If #(1) # t(y) we pick a valuation that distinguishes them.

Definition 2.6 L, x is the logic of all reactive frames:

L, x = {¢ : ¢ is X-valid in every reactive frame}.

2.1 Reactiveness unfolded

Definition 2.7 1. A shattered frame is a bimodal frame (W, R, P) such that P is
an equivalence relation over W. Given a shattered frame, we say I € W is
an initial family if it picks one element from each P-class that R-generates the
whole frame.



2. A cs-frame (coherently shattered) is a shattered frame (W, R, P) that admits an
initial family and that is coherent, i.c., such that for all w, w’,w” € W, if wRw’,
wRw"" and w’ Pw"” thenw’ = w"’.

3. A X-shattered model is a Kripke model M = (W, R, P, V) over a shattered frame
(W,R, P) and V is X-admissible, i.e., for all w,w’ € W, if wPw’ then

we V(p)iff w' € V(p) forall p € X.

We say ¢ is X-valid in a shattered frame if it is true in every X-shattered model
over it.

4. An X-cs-model is a X-shattered model over a cs-frame.

Notice that in order for the restrictions on the valuations in a I1-shattered model
(W,R, P, V) to correspond to the restrictions on a general frame (W, R, P, A), where A
is the boolean algebra generated by the equivalence classes of P, A has to be closed
under mpy (and mp). As we shall see in proposition 3.12 the cs-frames that satisfy this
requirement are the ones coming from unfolding static reactive frames. But in this case
there is no restriction to deal with!

Definition 2.8 L x is the logic of cs-frames:
Lesx = {¢ 1 ¢ is X-valid in every cs-frame}.

Remark 2.9 It is straightforward to see that every reactive frame F = (W, A) can be
regarded as cs-frame F ., = (A, R®, P*) where W is an initial family and

o ARy iff there is some w € W such that y = Aw,
o APy iff 1) = t(y).

We call it the unfolding of F. Furthermore it is easy to see that there is a bijective
correspondence between X-reactive models M = (W, A,v) and X-cs-models M. =
(A, R%, P2, v) that preserves truthness, i.e., for every A4 € A and every £ ,-formula ¢,

M7 A I:X ‘10 iﬁ‘ M(,‘Sy A ':X 90»
and so we have L, x € L, x.
The converse is also true.

Proposition 2.10 Let (W, R, P) cs-frame with I as initial family. There is a reactive
frame s.t. there is bijective correspondence between X-cs-model over the first and X-
reactive models over the second that preserves truthness.

Proof. We call an R-path 1 = wy...w, an [-initial path if wy € I. For every such
I-initial path 4, let
L) =iy...0,

for the unique sequence of i ; € I with w;Pi; for 1 < j < n (see Def. 2.7).



Moreover /; is an injective function from the set of all M-initial paths into paths
over I, that is, if [;(1) = [;(y) then A = . Indeed, as [ clearly preserves the length
of a path, we can do induction on the length n of 1 = wo...w,, ¥y = vo...v,. If
n = 0 then wy = [;(wg) = [;(vg) = vo follows. Now suppose that [;(wg ... w,W,41) =
[I(vo ... VpVpst) = 11 ...0pipe forsome i; € I, 1 < j < n+ 1. Then l;(wy...w,) =
Li(vo...vy) =iy ...0p and Wy Piyy1 Pvyy. By the IH, we have w; = v; for 1 < j < n.
Therefore not only w,Rw,,, but also w,Rv,+1. SO w11 = v,y follows by coherence.

Let Al = {I;(1) : Ais an I-initial path}, (I, A?) is clearly a reactive frame, we call it
a folding of (W, R, P).

Given a X-cs-model M = (W, R, P, V) (with I as an initial family) let M’ = (I, A’,v)
with

v(p) ={l;(V) € Al t(1) € V(p)}, for each variable p.

It is straightforward to see that M’ is a X-reactive model. We will show that M x
piff M Ex ¢.

According to Remark 2.9 we can regard M’ as a X-cs-model M/ preserving truth-
ness. Hence, to conclude, it is enough to prove that M is a bounded morphic image of
M:

We define a function f : A’ — W by taking

FUi () = 1.

which is well defined since /; is injective. We claim that f is a surjective bounded

7’

morphism from M’ onto M:
e f is surjective since by Def. 2.7(1) we have that [ R-generates all the frame

e p-morphism in R. First, if {;(1), 1;(A)i € A! then there is some w € W such that
t(D)Rw and [; ()i = [;(Aw). So H(A)Rw = f(I;()i). Second, if f(I;(1)) = t()Rw
then [;(Aw) € A and f(l;(Aw)) = w.

e p-morphism in P. First, if #(/;(1)) = #({;(y)) then #(A)Pt(y). Second, if f(I;(1)) =
t(1)Pw then, by Def. 2.7(1), there is some M-initial path y such that ¢(y) = w.
Then ;(y) € A! and #(1;(1)) = t(I;(y)) follows.

e p-morphismin V: [;(1) € v iff t(1) = f({;(1)) € V(p).

Corollary 2.11 L. x = L, x.

Proof. From remark 2.9 we get one direction. For the other, suppose that ¢ ¢ L x, that
is, there is some X-cs-model M = (W, R, P, V) having [ as initial family and such that
MEx ¢. M’ is a X-reactive model and M’ £ ¢ follows from the previous proposition.

[ |

Given a reactive frame we can obtain a cs-frame by unfolding (and vice-versa by fold-
ing) where each X-model over the first corresponds to a X-model over the second and
modal satisfaction is preserved.



With shattered frames we are back in the classic setting even if, in the case of
X # 0, we are not at the frame level. There are restrictions on the models over the
correspondent Kripke frames, the situation is closer to the case of general frames.

Folding and unfolding will be the bridge from reactiveness to this classical setting
and will allow us to use some known techniques in the study the axiomatisation of
logics over reactive frames. The most immediate consequence of this connection is
that the logics formed by formulas valid over reactive frames and cs-frames coincide.

3 Axiomatizations

In this section we will deal with axiomatizing logics over some classes of reactive
frames.

Definition 3.1 Let L U L’ U {¢} be a set of formulas.
e L@ L' is the closure by the rules of modus ponens and necessity of the set
{4 : ¢ is a propositional instance of ¢ € LU L" }.
If L, L’ have only one element we may omit the curly brackets.
e L +x ¢ is the closure by the rules of modus ponens and necessity of the set

LU {y : ¢ is the result of substituting the variables on ¢ by variables in X }.

Let
Lx =Kr®S5p+x p & Opp,

meaning that Ly is the closure by the rules of modus ponens and necessity (for Oz and
Op) of the set containing

p < Opp

for every propositional variable p € X, the substitution instances of all propositional
tautologies and of the following axioms:

1. Or(p — q) = (Orp — Orq)
2. 0p(p — q) — (Bpp — Opq)
3.0pp—p

4. Opp — OpOpp

5. p— Oplpp

10



Itis clearthat Ly C L. x = L, x since all the Ly axioms are sound in respect to shattered
frames. Notice that the O fragment of Ly is just Kg,i.e. K. It is obvious that K C Ly
and from the fact that every Kripke model is a trivial X-reactive model we get the other
inclusion.

We want to show that Ly is complete with respect to all reactive frames. For that
we will prove that Ly’s canonical model is a X-shattered model and then prove that
any such model is the bounded image of a generated subframe of a X-cs-frame. Hence
concluding that Ly = L. x = L, x.

If X # 0 then Ly is not closed under structural substitution. One can define the
canonical model of a normal logic L the usual way, M, = (WL, RE, PL, VL) where:

Wh={s:sisL- MCS}
sRLtiﬂ”{gozDRgoes}gtiff{ORgo:goer}gs
sPLtiff {p:Opp e s} Ctiff {Opp:per)Cs
VL(p)z {s € Wk 1 pEsh

and prove the well-known truth lemma about it:
{p: My E ol =Lx
even if the logic in question is not closed under the rule of substitution, see e.g. [14].

Proposition 3.2 If a logic L contains p <> Qpp and for p € X C I then given vPMew
we have that:
ve VMi(p) = we VM(p) forall p € X.

Proof. If sPM:tand p € sthen Opp € sand so p € ¢. [ |

Clearly, if PM: is a equivalence class then all the worlds related by PM: satisfy the
same variables in X.

Corollary 3.3 M;, is X-shattered model and so
{ ¢ : @ is X-valid in every shattered frame } = Ly.

In other words we have that Ly is sound and complete with respect to the class of
X-models over shattered frames. Next, by showing that is also complete with respect to
its subclass of cs-frames we conclude the axioms generating L x axiomatise the minimal
logic over reactive frames.

Theorem 34 Ly = L, x

Proof. Since L, x = L. x it is equivalent to prove that Lx = L x.

Every cs-frame is also a shattered frame, hence we have that L, x C Ly.

Let ¢ ¢ Ly then exists some X-shattered model M = (W, R, P, V) that does not
satisfy ¢.

11



We define N = (W',R’, P’, V'), where:

W ={(z,y) : yPZ} U W x {x}

(DR (y, piffi=«& x=yori#*& xRy&y=j
x5, DP'(y, iffi= j&([i=x—>x=Y)

(x,i) € V'(p)iff x € V(p).

N is a X-cs-model and M is a bounded morphic image of the submodel generated by
W = W' — W X {«} (and therefore ¢ ¢ L x):

o let I be a any family of elements of W’ picking one element from each P-class.
It is clear that W X {x} C I and so I generates the N.
V’ is an X-admissible valuation: (x, {))P’(y, j) imply i = jhence xPy and therefore
if peX,

(x, D) e V'(p)iffz e V(p)iff y € V(p) iff (v, j) € V'(p).

Let us check that it is coherent. Given (x, i), (y, j),(z,k) € W’. If (y, ))P'(z, k)
then j = k. Let us assume also (x,7)R’(y, j) and (x,i)R'(z,k). If i = = then
x=y=zandi# xtheny=j=k =2z So(y,)) =(zk).

e let f: W’ — W be defined by: f((x,i)) = x.

It is straightforward to see that f is surjective, let us see that it is actually a
p-morphism:

— fis a p-morphismin R
* (X6, DR'(y, j) then f((x, 1)) = xRy = f((y, ).
# f((x,7))Ry then (x, )R’(y,y).
— fis a p-morphismin P
* (x,0)P’(y, j) then i = j and so, by construction, we have f((x,7)) =
xPy = f((v, J))-
* f((x,1))Py then (x,)P(y, i)
— fis a p-morphismin V
(x,y) € V/(p) iff f((x,D) = x € V'(p).

To this way of generating a X-cs-model from a given X-shattered model we will
call the blow up trick and it is inspired by the standard extensions used in [15]. |

If we consider the basic properties in graphs like reflexivity, symmetry or transitiv-
ity, we see that there are many ways of generalising it to the reactive graph level. This
properties refer to the accessibility of points without referring to the changes in their
relational state since it is always the same. In the reactive case this is is not true and

12



they may mean different things. Reflexivity can mean for example that we can always
access loop without any change on the set of accessible points or we may require any-
thing else. All the mentioned properties have similar variants, they are the generalized
notions of the originals.

Just as the (static) graphs properties are studied in classic modal logic, we dedicate
the rest of the paper to study the logics of the subclasses of reactive frames satisfying
some of these properties.

Our strategy will be the same as we used for the general case. Given a class of
reactive frames and set of candidate axioms, we first check if they correspond to the
reactive frame property in question (in some cases we only have soundness). Then we
prove completeness in steps:

e we establish that the logic they originate is complete with respect to class of
shattered frames with a certain property by analysing its canonical model;

e we check that its subclass of cs-frames validates exactly the same formulas by
showing the existence of a transformation from shattered frame to cs-frames
(using the blow up trick) that preserves the class we are considering and showing
the first one is a bounded morphic image of a generated submodel of the second;

e we show that folding these cs-frames gives origin to reactive frames with the
required property, thus obtaining the result by applying of proposition 2.10 like
in corollary 2.11.

3.1 Reflexivity and transitivity

Now we will study some subclasses of reactive frames obtained by imposing prop-
erties that generalize the notions of reflexivity and transitivity in the static case and
axiomatise them.

Let us introduce some variations of the blow up trick that will work for all the next
cases.

Proposition 3.5 Given ¢ and some X-shattered model M = (W,R, P, V) we define
ti(M) =W, R;, P, Vi) fori=1,2,3,4:
1. e Wi ={(x,(,0)),(x, (1) xPy} UW X {x}

o DRy, piffi=+&x=yor
(i=(,a)&j=0"b) &
(b=la-1&y="1(xy)ori=j&y="1(x,x)

o (5, DPIy, Niffi=j&i=1—>x=y)

* (D) eVilp) iffz€ V(p).

2. o W, ={(f"(¢),n,c,d,i): cPd;i=0,1,*n< w}

e (a,b,c,d,DRy(a’, V', c’,d', 1) iff (c,d) = (¢',d") &
(i=x* & (a,b)=(d’,b") or
it+*&aRad &
(a=td)&b=b"+1&i=1 or
a=c=d &b =0&i=["-1|)

13



e w={(a,b,c,d,i)P,(a’,b',c',d',i")=wiff(d,i)=(d',i) &
i=x>w=w)
e (a,b,c,d,i)e Va(p)iffae V(p)
() =w)

3. o W5 ={((x,y),n),(x,n): xPy,n < w}

o (x,DR3(y, )) iff y = (V1,)2) &
(xeW&x=y,&i=jorj>i&y =y or
x=(x1,x) & j>i& x;Ry; =y2)

o (x,DP3(y, Niffi=j&(xeW&x=yorx=(x,w) &y =(1,w)

e (x,i)eVis(p)iff xe W& xe V(P)orx=(x1,x) & x; € V(p).

4. L J W4=W3,P4=P3&V4=V3

o (x,DR4(y, ) iff y = (1,32) &

(xeW&x=y,&i=jorj>i&y =y)or
x=(x,x) & j>i&(x1,y2) =y1)

where t,t" are defined by

o 1(w) = v be s.t. vRwPv if there is such v, otherwise it is undefined,

o (w,v) =V, s.t. wRV' Pv and wRv — V' = v if there is such a V', and is
undefined otherwise.

t;(M) is a X-cs-model and M is a bounded morphic image of a generated submodel of
ti(M) fori=1,2,3,4.

Remark 3.6 Any of these constructions could have been used in theorem 3 4 instead

of N.
Proof.

1. (M) is a X-cs-model and M is a bounded morphic image of the submodel of
t1(M) generated by W| = {(x, (¥,0)), (x, (y, 1)) : xPy}:

e the existence of an initial family and that V, is an X-admissible valuation
is dealt just like in prop. 3.4.
Let us check that it is coherent. Given (x, i), (y, J), (z, k) € W1. If(y, j)P1(z, k)
then j = k. Let us assume that we also have (x, )R (y, j) and (x,)R1(z, k).
Ifi=xwegetx=y =2z Ifi=(za)then j = (w,b) = k. Ifa = b then
y=1t(x,x) =zandifa # b theny = t(x,w) = z. In any case (y, j) = (z, k).

o et f: Wi — W be defined by: f((x,7)) = x. It is straightforward to see
that it is a surjective function, let us see that it is actually a p-morphism:

— f is a p-morphism in R
* (x, (X, D))R1(y,(y, J)) thenory = t'(x,y") ory = t'(x,x). In both
cases f((x,0)) = xRy = f((y, ),
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* f((x,(t,a)))Ry then we have thatt'(x,y) =y,
hence (x, (t,a)R1(y, (v, la = 10));
— f is a p-morphism in P
* (X, 0)P1(y, j) theni = j and so f((x, 1)) = xPy = f((y, /),
* f((x,7)Py then (x,i)P1(y,i);
— f is a p-morphism in V, is trivial since by definition (x,i) € V(p) iff
f((x,0)=x€eV.

2. tH(M) is a X-cs-model and M is a bounded morphic image of the submodel of
(M) generated by W) = {(t"(c),n, c,d,i) : cPd;i =0, 1;n < w}:

e it is easy to verify that V, is admissible and that any choice of I, picking one

element from each P-class and containing {(t"(c),n,c,d, *) : cPd;n < w},
works as initial family.
Let us check that it is coherent. Givenw = (a, b, ¢,d,i),w’ = (@', b’,c’,d’,i")
and w”’ = (a”,b”,c",d”,i") in W,. If wP'w’ then (d’,i) = (d”,i").
Let us assume that we also have wR,w’' and wRyw” so (¢’,d’) = (c,d) =
(c”,d"). Ifi = = we get (a,b) = (a’,b") = (a”,b"”). Otherwise, if either i =
‘ori=i"theni=i =i",s00 =b-1=b"anda=1"()=1"(c)=a".
Ifi#i thenb=b'=0,a"=c =d =d” =c¢"” = a”. Hence, in any case,
wo=w".

o let f: W, — W be defined by f((a,b,c,d,i)) = a.

It is straightforward to see that it is a surjective function, let us see that it is
actually a p-morphism:
The condition in the valuation is trivial as before;
— f is a p-morphism in R
* w = (a,b,c,d,)Ry(a’,b',c’,d',i") = w then f((x,i)) = aRb =
(CA)N
* f((a,b,c,d,i)Rythen or (a,b,c,d,)R,(y,0,y,y,]i — 1]);
— f is a p-morphism in P
= w = (a,b,c,d,)Pyd’,b',c’,d",i") = w then aPcPd = d’Pc’Pa’.
Thus, by transitivity of P, we obtain f(w) = aPa’ = f(w’).
* f((a,b,c,d,i))Pythen (a,b,c,d,i)P»,0,y,d,i).

3. t3(M) is a X-cs-model and M is a bounded morphic image of the submodel of
t3(M) generated by W} = {((x,y),n) : xPy,n < w}:

e the existence of an initial family and the admissibility of V3 are dealt as
before (in this case the generator is {(x,n) : n < w}).
Let us check that it satisfies coherence. Given (x, i), (y, j), (z,k) € W3. Let
us assume that we have (x, )R3(y, j), (x, )R3(z, k) and (y, j)P3(z, k) theny =
O1,w),z = (z1,w) and j = k. So, ori = j = k, in which case, x € W and
yi=x=gz;0ri<j=kandy, =w=z.
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o let f: W, — W be defined by: f((x,y),i)) = x.
It is straightforward to see that it is a function let us see that it is also a
p-morphism (the condition in V is dealt as before):

— f is a p-morphism in R
# ((x1, x2), DR3((y1, y2), j) then

S((x1,x2), D) = x1Ry1 = f((y1,¥2), D)s

 f(((x1, x2), )Ry then ((x1, x2), DR3((y,y), j) for any j > i
— f is a p-morphism in P
* ((.X] > x2)’ l)P3((yl 7y2)s .]) then

S((x1,x2),1) = x1Px2 = y2Py1 = f(((y1,¥2), D)
* f((x1,x2), 0)Py then ((x1, x2), DP3((y, x2), 7).

4. Let us consider the morphism as in 3., we just need to check the conditions
involving Ry:

e initiality is dealt as in 3.
Coherence: Let us assume that we have (x,1)R4(y, j), (x,i)R4(z, k) and
v, )P4(z,k). Theny = (y;,w),z = (z1,w) and j = k. If x € W then,
ifi=j=kthenx =y, =z  andifi < j =k theny, = w = z;. Otherwise
x = (x1,x2) and y; = t(x1,w) = z1.

o ((x1,x), DR4((y1,¥2), ]) then vy = t’(xl,yg) hence
SW((x1,x2), D) = x1Ry1 = f((y1,52), 1))

o f(((x1,x2),0)Ry thent'(x;,y) =y thus ((x1, x2), DR4((y,y), j) for any j > i.
[

We start by analysing the subclasses of reactive frames (or models) that correspond to
the usual axioms for reflexivity and transitivity (with one operator).
Let us prove a lemma that will be useful throughout the paper:

Lemma 3.7 Given a cs-frame (W, R, P) admitting as initial family 1. Let ys andy’s be
two I-initial paths,
L(ys) ~a.ap U(Y's).

Proof. [;(ys)a € A; iff there is a 8 s.t. ysf3 is an I-initial path (iff v’ sB is an I-initial
path) and [;(B8) = «a iff [;(y's)a € A;. Since clearly t(I;(ys)) = [;(s) = t(l;(y’s)) we get
L(ys) ~ Li(y's). u

Proposition 3.8 1. Areactive frame (W, A) (I)-validates p — < gp iff it is strongly
reflexive, i.e. satisfies:

AweA - Aw ~ Aww € A.

Let L)T( =Lx®p— Opp.
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2. Lﬁ is sound and complete with respect to the class of (all Il-reactive models
over) strongly reflexive frames.

3. IfX #11, L}T( is not sound and complete with respect to (all X-models over) any
class of reactive frames.

Proof.
1.

e Given a strongly reflexive I1-reactive model M = (W,A,v) and Aw € A s.t.
M, aw En ¢. Thus Aw ~ Aww and, by proposition 2.5, M, Aww [ ¢ and so
M, Aw En Ore.

e Given a non strongly reactive frame (W, A). There exists some Aw € A s.t. Aw »
Aww, so we have two cases.
Or Aww ¢ A so if we take p € 11 and pick v s.t. Aw € v(p) and Aww’ ¢ v(p) for
all www’ € A in which case

(W, A,v), Aw = p A ~Orp.

Or else, exists B = wy...wy, s.t. we don’t have AwB € A & AwwpB € A. We
consider wy = #(A) = t(y), po, ..., pn and pick v s.t. « € v(p;) iff t(a) = w;. Let
¢ = Opryp be as defined in proposition (2.5.2). If AwB € A but Awwf ¢ A then
Aw satisfies Y = (po A @) V = po and Aww does not. If AwpB ¢ A but AwwB € A
then Aw satisfies =y = —(py A ¢) A po and Aww does not. Since no Aww’ € A
with w' # w satisfies py and both y and — imply po (which is only satisfied
at paths with w as end point), we know that either (W, A, v), Aw £  — O gy or
(WA, ), Aw ¥ = — Op—ip

Imposing the usual axiom for reflexivity forces a very strong notion of reflexivity
in reactive frames. Strong reflexivity imposes that, no matter which path we have cov-
ered, we can always loop without any change to the accessible worlds.

2. Soundness of Lﬂ comes easily from the soundness of the new axiom which
has just been established.
Let us prove that Lﬁ = { ¢ : ¢ is valid in every strongly reflexive reactive frame}:

e using lemma (3.2) it is easy to check that the canonical model for LIT[ is a Il-

shattered model (W, R, P, V) where R reflexive. Since every cs-frame is also a
shattered frame we have that:

LlTT = {¢ : ¢ is true in every I1-shattered model (W, R, P, v) where R reflexive}
C {¢ : ¢ is true in every I1-cs model (W, R, P,v) where R reflexive}.

e 1) preserves R-reflexivity:
Given (x, i) the case i = = is trivial and if i = (x’, a) we have

(x’ (x,7 a))RZ(t/(x’ X), (x/7 a)) = (.X, (x/» a))
since t’(x, x) = x. Hence

LlTT = {¢ : ¢ is true in every [1-cs model (W, R, P,v) where R reflexive}.
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3.

given a R-reflexive cs-frame F = (W, R, P) with initial family I, (I, A') is a
strongly reflexive reactive frame:

Let Aw € A!, so there is y € W* and s € W s.t. s is an I-initial path and
l;(ys) = Aw. Since F is R-reflexive we have that yss is also an I-initial path and
clearly I;(yss) = Aww € A. Applying lemma 3.7 we conclude that Aw ~ Aww.

Let X C II and a class of reactive frames F .

If there is a reactive frame F = (W,A) € F thenlet A € A and p € I1 — X. We pick
vs.t. L € v(p) and Aw ¢ v(p) for all Aw € A. So

WA, v), Aw |E p A ~Orp.

If ¥ is the empty class it validates L. Since there are Il-reactive models over
strongly reflexive frames and LT, C Lﬂ we conclude that

LY Clo:gisvalidinall Fe F)> L.

Notice that to have reactive frame completeness we have to impose that X = I1. This
will also happen in the next case.

Proposition 3.9 1. A reactive frame (W, A) (II-)validates O rOrp — Orp iff it is

2.

3.

strongly transitive, i.e. satisfies:
Aww'w’ € A - Awnw'w” ~ awnw” € A
Let Ly = Ly & OrOgp — Orp.

Lﬁ is sound and complete with respect to the class of ll-reactive models over
strongly transitive frames.

If X #11, L;‘( is not sound and complete with respect to (all X-models over) any
class of reactive frames.

Proof. 1.

e Given a strongly transitive reactive model M = (W, A, v) and Aw € A s.t. M, w =

OrORY then there are w',w” € W s.t. Aww'w” € A and M, iww'w” E ¢.
Thus Aww'w"” ~ Aww” € A and, by proposition 2.5, M, Aww” [ ¢ hence
M, aw E Orep.

Given a non strongly transitive reactive frame (W, A). There exists some Aww’'w"’
€ A s.t. iww'w” + Aww” then we have two cases:

Or Aww” ¢ A which implies w” # w’. Hence, if we take p € Il and pick v s.t.
Aww'w"” € v(p) and Awv ¢ v(p) for all Awv € A, in which case

Aw E OrOrp A = ORp.

Or exists B s.t. we don’t have Aww'w”8 € A & Aww”B € A. In which case we
pick wo = w"" and define y as in proposition (3.8.1). As before we conclude that
either (W, A, v), Aw lE OrOrYy — OrYy or (W, A, v), Aw lE OrOr—Y — Or—.
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Similarly to the case of strong reflexivity, strong transitivity imposes that, regardless of
the path we have covered, every world accessible in two steps is accessible in one and
that the set of accessible worlds is the same in both cases.

2. Soundness of Lf_l comes easily from the soundness of the new axiom which
has just been established.
Let us prove that L4n = { ¢ : ¢ is valid in every strongly reflexive reactive frame} :

e using lemma (3.2) it is easy to check that the canonical model for L‘)‘( is a shat-
tered model (W, R, P, V) where R transitive.

e 13 preserves R-transitivity:
If(xl,il)R3(x2,i2)R3(x3,i3) then X = (xk,l,xk,g) fork = 2,3, il < i2 < i3 and
X3, = x3p. If x; € W then immediately we conclude (x1,i;)R3(x3,i3). If x| =
(xlyl, X],z) then xllexg,lell . Hence xllex3,1 = X32 and (X] . il)R3(X3, i3).

e given a R-transitive cs-frame with initial family I, (I, A") is a strongly transitive
reactive frame:
Let Aww'w” € Al, so thereisy € W* and s,s’, s € W s.t. yss's” is an I-initial
path and [;(yss’s”) = Aww'w” . Since F is R-transitive we have that yss" is also
an [-initial path and clearly [;(yss”) = Aww” € A. Applying lemma 3.7 we
conclude that Aww'w” ~ Aww” .

3. LetX ¢ II and a class of reactive frames F .

If there is a reactive frame F = (W,A) € & with a path of length three, wowwy,
let v be s.t. wowiw, € v(p) and wov ¢ v(p) for all wov € A then (W,A,v),wy
ORORP N —~ORp.

Given a reactive frame (W, A) s.t. there are nowg, wi, w, € W s.t. wowiw; € A then
it validates OgOgL but OrOg L ¢ LY since

Ly C L} Cly: (la) {a)',v) E ¢ & v(p) = {a)* forall p € TI} # OrOg.L.

So if there is no frame with a path of length three in ¥ (in particular if ¥ is empty)
then
LY C{e: @isvalidinall F € F).

Let us consider some variants of these axioms and see that they axiomatise other
generalized notions of reflexivity and transitivity.

Proposition 3.10 1. A reactive frame (W, A) X-validates p — & pOpp iff it is out-
wardly reflexive, i.e. satisfies:

weA — Iww € A.

L)T(” = Ly ®p — Orlpp is sound and complete with respect to the class of

X-reactive models over outwardly reflexive frames.
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2. Let L)T(" =Lx®p — OpOrp. If X =11, Lﬁ" is sound and complete with respect to
the class of Il-reactive models over inwardly reflexive frames, i.e. satisfying:

AweA - AV w ~ Uww € A.

If X CII, L)T(" is not sound with respect to (all X-models over) any class of
reactive frames.

3. A reactive frame (W, A) X-validates Cpp — OpOrp iff is lightly reflexive, i.e.
satisfies:
we W — d1 Aww

L)T(l = Lx ® Opp — $OpOrp is sound and complete with respect to the class of
X-reactive models over inwardly reflexive frames.

It is clear that strong reflexivity implies inward and outward reflexivity and both imply
light reflexivity.

Proof.
1. Given a X-reactive model M = (W, A, v) over a outwardly reflexive reactive
frame and Aw € A s.t. M, Aw | ¢ then since Aww € A and t(Alw) = t(lww) we have
M, Aww E Opp and so M, Aw £ OrOpep.

If a reactive frame (W, A) is not outwardly reflexive then there exists some Aw € A
s.t. Aww ¢ A. Picking a p € II and choosing av s.t. A’ € v(p) iff (") = w. Now we
have that (W, A,v), Aw = p A =Orlpp.

Soundness of L)T(” comes easily from the soundness of the new axiom which has
just been established.

Using the same strategy as before we will obtain the equality:

L)T(” = {¢ : ¢ is X-valid in every outwardly reflexive reactive frame}.

e g — Or¥pq is a Sahlqvist formula and so the canonical frame (W, R, P) for L§”
satisfies:
Ywaw' wRw' Pw (a)

since it is the first-order correspondent to the new axiom.

e 1| preserves property (a):
Given (x,1), if i = = then (x, )R (x,i)Pi(x,i) and if i = (x’, a) then by property
(a) there exists y s.t. xRyPx thus t’(x, x) is defined and (x, )R (¢’ (x, x), )P1(x, i).

e let (W, R, P) be a cs-frame satisfying property (a) and I an initial family. (I, A")
is a outward reflexive reactive frame:
Let Aw € A! then there are y € W* and s € W s.t. ys is an I-initial path and
l;(ys) = Aw. By property (a) there exists t € W s.t. sRtPs (which implies tPw)
thus yst is also an I-initial path and 1;(yst) = Aww € Al
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2. To establish soundness we have just to check if the added axiom is sound:
given a I[1-reactive model M = (W, A, v) over a inwardly reflexive reactive frame and
Aw € A s.t. M,dw E ¢ then since exists A’ s.t. ’ww € A and Aw ~ A’ww. Thus
by proposition (2.5) we have M, A’'ww E ¢ and since t(Aw) = #(1’w) we have that
M, w E Oplrep.

For completeness we proceed as before:

e p — OpOrq is a Sahlgvist formula and so the canonical frame F = (W, R, P) for
Lﬁ" satisfies:
Ywaw' wPw’'Rw (b)

since it is its first-order correspondent.

e 1, preserves property (b): givenw = (a,b,c,d,i) € W,, if i = = then wP,wR,w
and if i # * then (a, b, ¢, d, i))Py(t(a),b + 1,¢,d,)Ry(a, b, c,d, Q).

e let (W,R, P) be a cs-frame satisfying property (b) and I an initial family. (I, A"
is a inwardly reflexive reactive frame:
Let Aw € A!, so there isy € W* and s € W s.t. ys is an I-initial path and
l;(ys) = Aw. By property (b) there exists t € W s.t. tRsPt. From the initiality of
I we know that there is some y’ s.t. 't is an I-initial path, thus y’ts is also an
[-initial and 1;(yst) = [;(y)ww = Xww € Al. Applying lemma 3.7 we conclude
that Aw ~ A'ww.

So

Lﬁ" = {¢ : ¢ is valid in every inwardly reflexive reactive frame}.

Given X ¢ II and a reactive frame (W, A) there is a X-reactive model M = (W, A, v),
AeAand g st. M,AE ¢ — Orp: given Aw € A and some p € I1 — X, let v s.t.
Aw € v(p) and ’ww ¢ v(p) for all ww € A. So

(W, A, v), Aw = p A =OrOP.

3. Let M = (W,A,v) be a X-reactive model over a lightly reflexive reactive frame
and Aw € A s.t. M, 2w |= Opy. Since there exists I’ s.t. ’ww € A and t(Aw) = t(A'ww)
we have M, ww [ ¢ and so M, ’'w |E Orep hence M, Aw £ GpOryp.

If a reactive frame (W, A) is not lightly reflexive then there exists some w € W for
which there isno A € A s.t. Aww € A. So we pick a p € I1 and choose av s.t. 1" € v(p)
iff (") = w. Now we have that (W, A, v),w = Qpp A =OpOrp.

Soundness of L)T(i comes easily from the soundness of the new axiom which has just
been established.

For completeness, as before:

e Op — OpOpq is a Sahlqvist formula and (just as before) the canonical model
(W, R, P) for L)T(” satisfies:

Ywaw'w” wPw’'Rw" Pw ©)

since it is its first-order correspondent.
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e 1) preserves property (c): given (x,i) € Wy, ifi =1 then
(x, P1(x, DR (x, )P (x, ©)

and if i = (¥, a) then by property (c) there exist y, z s.t. xPyRzPx thus t’(y,y) is
defined and
(x, DP1(y, DR (1(y, y), DP1(x, 0).

e let (W, R, P) be a cs-frame satistying property (c) and I an initial family. (I, A7)
is a lightly reflexive reactive frame:
Let Aw € Al then there are s,t s.t. 1;(s) = w = [;(t) and sRt. By initiality of I
there is an I-initial path ending in s, ys, making yst also an I-initial path, hence
Li(yww = A'ww € A.

So
L)T(’ = {¢ : ¢ is X-valid in every lightly reflexive reactive frame}.

Proposition 3.11 1. Avreactive frame (W, A) X-validates O rOpp — Or$pp iff it is
left transitive, i.e. satisfies:

ww'w” € A - awnw” € A

L‘;(’ = Lx ® OrOrp — Or<¥pp is sound and complete with respect to the class of
X-reactive models over left transitive reactive frames.

2. A reactive frame (W, A) X-validates OrOrp — OpOr<¥pp iff it is middle tran-
sitive, i.e. satisfies:

Aww'w” e A = JU Aww” € A

L‘)‘(’" = Ly ®@OrOrp — OpOrOpp is sound and complete with respect to the class
of X-reactive models over middle transitive reactive frames.

3. Let L‘;(’ = Ly @ OrOrp — OpOgrp. Lf.[’ is sound and complete with respect to the
class of ll-reactive models over right transitive reactive frames, i.e. satisfying:

Aww'w” € A = AV ww'w”’ ~ Xww” € A

If X c1l, L?g is not sound and complete with respect to (all X-models over) any
class of reactive frames.

4. A reactive frame (W, A) X-validates OrOpOrp — Or¥pp iff it is globally left
transitive, i.e. satisfies:
A’ , A'w'w” e A - Aww” € A
4,

LX‘” = Lx®OrOpOrp — OrOpp is sound and complete with respect to the class
of X-reactive models over globally left transitive reactive frames.
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5. A reactive frame (W, A) X-validates OrOpOrp — OpOrCOpp iff it is globally
middle transitive, i.e. satisfies:

Aww’, w'w”’ € A — JA1” A"ww” € A.

L;‘;"" = Lx ® Or¥OpOrp — OpOrOPpp is sound and complete with respect to the

class of X-reactive models over globally transitive reactive frames.

6. Let L;t(”” = Lx ® OpOpOrp — OpOrp. L;‘“" is sound and complete with respect
to the class of Il-reactive models over globally right transitive reactive frames,
i.e. satisfies:

A’ , Aww” € A = 17 AIw'w ~A"ww” € A

If X c1I, L;”” is not sound and complete with respect to (all X-models over) any
class of reactive frames.

It is clear that strong transitivity implies left, middle and right transitivity. Both left
and right transitivity imply middle transitivity and all of them are implied by its global
version.

Proof.
1. Given a X-reactive model M = (W, A, v) over a left transitive reactive frame
and Aw € A s.t.
M, Aw E OrOrep,

i.e. there are w',w” s.t. Aww'w” € A and M, iww'w” = ¢. By left transitivity we get
that Aww”” € A and since t{{(Aww'w’") = t((Aww’") we have

M, w E OrOpe.

If a reactive frame (W, A) is not left transitive then there exists Aww’w” € A s.t. iww”’ ¢
A. So we pick a p € I1 and choose av s.t. y € v(p) iff t(y) = w”’. Now we have that

W, A, v), Aw = OrOrp A 7 OrOPD.

Soundness of L;‘(’ follows from the soundness of the new axiom which has just been
established.
Let us prove that L‘;(’ = {¢ : ¢ is X-valid in every left transitive reactive frame}:

o OprOrp — COr$Opp is a Sahlgvist formula and so the canonical model (W, R, P)
for L;‘(’ satisfies:
Yevwaw' tRvRw — tRw' Pw (LT)

since it is its first-order correspondent.

e 1, preserves property (LT):
Given (xk, ik) e Wy fork = 1,2, 3 s.t. ()Cl, il)R4()C2, i2)R4()C3, i3). So i1 <ip<lis,
Xp = (X1, Xkp) fork = 2,3. If x; € W we have that

(1, iDR4((x32, X32), i3)Pa(x3, 13).
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If x; = (x11,x12) then x;1Rx21Rx3, hence, by property (LT), there is x s.t.
X1,1RxPx31(Px32). Thus t'(x1 1, x32) is defined and

(x1, iDR4((' (x1,1, X32)), 13) Pa(x3, 13).

e let (W, R, P) be a cs-frame satistying property (LT) and I an initial family. (I, A7)
is a left transitive reactive frame:
Let Aww'w"" € I then there are somey € W* and s,s’,s” € W s.t. yss's” is an
I-initial path and [;(yss’s”) = Aww'w”. By (LT) there exists some t € W s.t.

sRtPs"” Pw and so yst is an I-initial path. Hence I;(yst) = Aww” € Al.

2. Given a X-reactive model M = (W, A, v) over a middle transitive reactive
frame and Aw € A s.t.
M, Aw E OrOryp,

i.e. there are w',w" s.t. Aww'w” € A and M, Aww'w” | ¢. By middle transitivity,
there is A’ s.t. ’ww” € A. Since t(Aww’'w””) = t(A’ww’") and t(Aw) = t(1’w) we have

M, Aw E OpOrOpyp.

If a reactive frame (W, A) is not middle transitive then there exists some Aww’'w” € A
andno A’ s.t. Yww” € A. So we pick a p € Il and choose av s.t. y € v(p) iff t(y) = w”.
Obtaining

(W, A,v), Aw | OrOrp A =OpOrOPP.

Soundness of L‘;(’ follows from the soundness of the new axiom which has just been
established.
We prove completeness as before:

o OrOrp — OpOrOPpp is a Sahlqvist formula and so the canonical model (W, R, P)
for L;‘('” satisfies:
Yevw3Ar'w' tRvRw — tPt' Rw' Pw (MT)

since it is its first-order correspondent.

e 1, preserves property property (MT):
Given (xk, ik) e Wy fork = 1,2, 3 s.t. ()Cl, il)R4()C2, i2)R4()C3, i3). So i) <ip<lis,
Xk = (xx,1, X% 2) fork = 2,3. If x; € W we have that

(x1, i) Pa(x1, i1)R4((x3 2, X32), 3)Pa(x3, i3).

If x; = (x1.1, x12) then x11Rx> 1Rx3 ) hence, by property (MT), there are x, x’ s.t.
x1,1PxRx' Px3 1(Px3>) and so t'(x, x32) is defined and

(x1, i1)P4((x, x12), i))Ra((t' (%, x32)), i3)P4(x3, i3).

e let (W, R, P) be a cs-frame satisfying property (MT) and I an initial family. (I, A7)
is a middle transitive reactive frame:
Let Aww’w”” € I then there are somey € W* and s,s’,s” € W s.t. yss's” is an
initial path and [;(yss’s"") = Aww'w"” . From property (MT) follows that there are
some t,t"’ € W s.t. sPtRt” Ps”. By initiality of I there is an I-initial path y't,

making y'tt" also an I-initial thus I;(y'tt”") = [;(y" )ww” = Xww” € Al.
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So L;‘('” = {¢ : ¢ is X-valid in every middle transitive reactive frame}.

3. To estabilish soundness of L# it is enough to verify soundness of the added
axiom: given a Il-reactive model M = (W, A, v) over a right transitive reactive frame
and Aw € A s.t.

M, Aw E OrOryp,

so there are w', w" s.t. Aww'w” € A and M, Aww'w” [= ¢. By right transitivity there is
Aww” € A s.t. iaww'w” ~ ’ww”" and so, by proposition 2.5, M, ’ww” [ ¢. Thus

M, w E OpOrep.
For completeness:

o OrOrp — OpOgp is a Sahlqvist formula and so the canonical model (W, R, P)
for L‘r‘[’ satisfies:
Yevwdr tRvRw — tPt' Rw (RT)

since it is its first-order correspondent.

e 13 preserves property (RT):
Given (xi,ix) € Wi for k = 1,2,3 s.t. (xy,i1)R3(x2,0)R3(x3,i3). So iy <
iy < I3, X = (Xg1,Xk2) fork = 2,3 and x3; = x35. If x; € W then im-
mediately we conclude that (xy,i;)P3(xy,i1)R3(x3,13). If x; = (x1,1,x12) then
X11Rx21Rx31 = x3, so by property (RT) exists a x s.t. x;;PxRx3; and so
(x1, 1)P3((x, x12), (1)R3(x3, i3).

o let (W, R, P) be a cs-frame satisfying property (RT) and I an initial family. (I, A7)
is a right transitive reactive frame:
Let Aww'w” € Al then there is an I-initial pathys| 5253 (s; € W) s.t. [j(ys15283) =
Aww'w” . By property (RT) exists s € W s.t. s1PsRs3. From the initiality of 1
we know that there is some vy’ s.t. y's is an [I-initial path and so y’ss3 is also
an I-initial. Applying lemma 3.7 we conclude that A' > [;(y'st) = Li(y" )ww"” =

Aww” ~ ww'w”
Hence,
Lf.f = {¢ : ¢ is [1-valid in every right transitive reactive frame}.
Given X ¢ II and a (non-empty) class of reactive frames ¥ :

e if there is a reactive frame (W, A) € ¥ with a path Awoww,, where wy # w;, we
pick p eIl - X andv s.t. y € v(p) iff y = Awoww,. Thus

(W, A,v), Awg |E OrOrp A 7OpORP.

e if ¥ contains only reactive frames with paths of length bigger 2 of the form
Awww’ then it validates Or(p A OrT) — Ope. Consider that L?{ c L;’ and the
right transitive I1-reactive model: M = ({0, 1},{0,1,01,011},v) s.t. 2 € v(p) iff
t(A) = 1. It is clear that M,0 E Or(p A OrT) A =Opp and so:

Ly Clg: gisvalidinall F € F).
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e if ¥ contains only reactive frames with paths of length smaller then 3, following
the same reasoning as in proposition (3.9.3), together with the fact that the strong
transitive reactive frame used there - ({a}, {a}") - is also a right transitive reactive
frame, we conclude that Lﬁ(" is not complete with respect to .

4.  Given a X-reactive model M = (W, A, v) over a globally left transitive reactive
frame and Aw € A s.t.
M, Aw E OrOpORYp,

i.e. there are w',w” € W and A’ s.t. Aww’, ’w'w” € A and M, ’w'w"” = ¢. By light
left transitivity, there is Aww”’ € A and since t(Aww"") = t(A’'w'w"") we have

M, Aw = Orlpe.

If a reactive frame (W, A) is not globally left transitive then there exists some Aww’,
Aww” € Ast. Aww” ¢ A. So we pick a p € II and choose a v s.t. y € v(p) iff
t(y) = w". Hence

(W, A, v), Aw |E OrOpORp A 7OROPD.

Soundness of L;‘(l comes easily from the soundness of the new axiom which has just
been established.
We establish completeness as before:

o OrOpORp — OrOpp is a Sahlqvist formula and so the canonical model (W, R, P)
for L;‘("” satisfies:
Yeww'waw” tRvPY Rw — tRw' Pw (LLT)

since it is its first-order correspondent.

e 1, preserves property (LLT):
Given (xk, ik) € W4 fork = 1, 2, 3,4 s.t. (X], i])R4(x2, iz)P4(X3, i3)R4(X4, i4). So
i1 <ip =13 <ig, X = (X1, xk2) fork =2,3,4. If x; € W we have that

(1, iDR4((x42, X42), i4)Pa(Xs, i4).

If x; = (x11,x12) then x11Rx»1Px31Rx4, hence, by property (LLT), there is x
s.t. x1,1RxPx4,1(Px4,1) and so t'(x1 1, Xa2) is defined and

(x1, IDR4((F' (x1,1, X42)), 13) Pa(X4, 14).

e given a cs-frame (W, R, P) satisfying property (LLT) with initial family I, (I, A")
is a light left transitive reactive frame: Let Aww’, ’w'w” € Al then there are
I-initial paths ysis, and y’'s3s4 (s; € W) s.t. [;(ys182) = Aww’ and [;(y's384) =

Aww" (so siRsyPs3Rss). By property (LLT) there exists s € W s.t. s{RsPsy.
So ysy s is also an I-initial path and [;(ys|s) = Aww" € A,

Hence

L;t;" = {¢ : ¢ is X-valid in every light left transitive reactive frame}.
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5.  Given a X-reactive model M = (W, A, v) over a light transitive reactive frame
and Aw € A s.t.
M, Aw E OrOpORY,

i.e. there are w',w” € W and A’ s.t. Aww' , A'w'w” € A and M,A’w'w” | ¢. By
globally middle transitivity, there is 1" s.t. A”ww"" € A, thus

M, Aw E OpOrOpe.

If a reactive frame (W, A) is not globally middle transitive then there exists some
/ /7

Aww , 'w'w” € A s.t. for all A” we have ”ww” ¢ A. So we pick p € Il and v s.t.
v € v(p) iff t(y) = w”. Hence

(W, A, v), Aw |E OrOpORp A 7OpOROPD.

Soundness of L;‘(’ comes easily from the soundness of the new axiom which has just
been established.
Completeness:

o OprOpORp — OpOROPpp is a Sahlqvist formula and so the canonical model
(W, R, P) for L;‘(’ satisfies:

vVe,v, v, wat',w' tRvPV' Rw — tPt' Rw' Pw (GM)
since it is the first-order correspondent to the new axiom.

e 1, preserves property (GM):
Given (xk, ik) € W4 fork = 1, 2, 3,4 s.t. (X], i])R4(x2, iz)P4(X3, i3)R4(X4, i4). So
W <ip=1i3<i4, X = (xk’],xk,z) fork =2,3,4. If x; € W we have that

(x1, i) Pa(x1, i1)R4((x42, X42), i4)Pa(X4, i4).

If x; = (x1,1, x12) then x| 1 Rx,,1 Px3,1Rx4,| hence, by property (GM), there is x, x’
s.t. x1,1 PxRx' Px4) and so t'(x, x4 ) is defined and

(x1, 1) Pa((x, x12), 1)Ra((t' (x, X42)), i3)P4a(X4, is).

e given a cs-frame (W, R, P) satisfying property (GM) with initial family I, (I, A")
is a globally middle transitive reactive frame:
Let Aww’, ’w'w” € Al then there are I-initial paths ysys, and y's3s4 (s; € W)
s.t. [j(ys182) = Aww’ and [;(y' s354) = A’W'W” (in particular s1Rs, Ps3Rs4). By
property (GM) there exists t,t” € W s.t. siPtRt'Rss. By initiality of I, there
is some y” s.t. y”t is an I-initial path and so y”tt' is also an I-initial path and
L(y"tt') = "ww” € AL

Hence L;‘("’”’ = {¢ : ¢ is X-valid in every globally middle transitive reactive frame}.

6.  To establish soundness of L?.f" it is enough to verify soundness of the added
axiom: given aIl-reactive model M = (W, A, v) over a globally right transitive reactive
frame and Aw € A s.t.

M, Aw E OrOpORY,
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i.e. there are w',w” € W and A’ s.t. Aww’, I’w'w” € A and M, ’w'w"” [ ¢. By glob-

ally right transitivity we get that there is " s.t. I”ww” ~ U'w'w

/7

, so by proposition

2.5 we get M, I”ww” = ¢ and so

M, Aw E OpOge.

For completeness:

OrOpORp — OpOrp is a Sahlqvist formula and so the canonical model (W, R, P)

for L;t(”” satisfies:
Yeww' w3t tRvPY' Rw — tPY Rw (GR)

since it is its first-order correspondent.

t3 preserves property (GR):

Given (xk, ik) € W3 fork = 1, 2, 3,4 S.t. (X], i])R3(x2, iz)P3()C3, i3)R3(X4, i4). So
ip i) =i3 < ig, X = (X1, Xk2) fork = 2,3,4 and X41 = X42. If x, e W
then immediately we conclude (x1, i1)P3(x1, i1)R3(xa,i4). If x; = (x1,1, X12) then
X1,1Rx2,1Px31Rx41 = x4, so by property (GR) exists a x s.t. x11PxRx,, and so
(x1, 1)P3((x, x12), (1)R3(x4, ia).

given a cs-frame (W, R, P) satisfying property (GR) with initial family I, (I, A")
is a globally right transitive reactive frame:

Let Aww’, ’w'w” € Al then there are I-initial paths ys; s, and y's3s4 (s; € W)
s.t. lj(ys1s2) = Aww’ and [;(y's3584) = A'w'Ww” (so siRs»Ps3Rs4). By property
(GR) there exists s € W s.t. s; PsRsy. By initiality of I, there is some y"” s.t. y"s
is an I-initial path and so y" ssa, thus [;(y" ss4) = A"ww” € A. Applying lemma
3.7 we conclude that 'w'w” ~ A"ww" .

So

Lf_f” = {¢ : ¢ is valid in every globally right transitive reactive frame}.

Given X C 11, L;‘(””' is not sound and complete for any class of reactive frames:

It follows from the proof in 3. for L;‘(’. In the first case we can also conclude that the
frame does not validate OGrOpOrp — OpOgp thus L;‘(” C L;‘(" it is not sound in relation
any class of frames containing a reactive frame with a path of the form Aw oyw;w, with
wo # wi. Neither it is complete with respect to the other two cases considered since
both reactive frames used in the proof are also globally right transitive.

3.2

Static and quasi-static

Proposition 3.12 We have that (O pOrp — Orpp) © (OrOpp — OpOrp) € Ly and
Lf( =Ly ® OpOrp — Or¥pp = Lx ® OrOpp — OpOgp is sound and complete with
respect to the class of X-reactive models over static reactive frames, i.e. satisfying:

w, W €A — aw ~ A'w
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Notice that if X = I, the new axioms are equivalent to & pp — p and that if we
impose this axiom instead we get a result limited to this case. This tell us that in the
other cases where we have this kind of restriction there may be better axiomatisations
valid for all X.

Proof. Let comp, = OpOrp — Op¥pp and chrpg = OrOpp — OpOrp.
e Using the equality L, x = Lx:

— chrpg implies com,
M, Aw E OpOgre, since ¢ — Opdpy of P we have M, Aw £ OpOrOpOpyp.
Applying chrpg we get M,Aw E OpOpOrOpy and, again from ¢ —
OpOpyY (equivalent to & pOpy — i), we obtain M, Aw £ OrOpep.

— conp, implies chrpg
M, Aw E OpOge, since ¢ — OpOpy, we have M, Aw | OpOrOplpy.
Applying com’,, we get M, Aw | ©pOpOr<py and, again from & pOpyy —
W, we obtain M, Aw £ OrOpy.

e Soundness of Li comes easily from the soundness of the new axiom:

Given a X-reactive model M = (W, A,v) over a static frame and Aw € A s.t.
M, Aw E OpOgry then there exists 'ww’ € A s.t. M, 'ww’ | ¢ thus Aww’ € A
(since Aw ~ A'w) and M, Aw = OrOpy (since t{Aww') = t(A’ww')).

o For completeness we proceed as before:

— OpOrp — OrOpp is a Sahlqgvist formula and so the canonical model F' =
(W,R, P) for L§( satisfies PR-commutativity:

¥xyzdy' xPyRz — xRy’ Pz

since it is the first-order correspondent to the new axiom.

— PR-commutativity is preserved by t;:
Let (x,1), (v, j), (z,k) € W’ s.t. (x,))P’'(y, ))R'(z,k). If i = = then (x,i) =
(O, j) and (x,)R'(z,k)P'(z,k). If i # = then xPyRz,i = j = (x’,a) and
k = (Z,b). So exists y’ s.t. xRy’ Pz, and so t’'(x,v) is defined for any v s.t.
vPz. Ori = j = k, so t'(x, x) is defined and (x, ))R’(¢'(x, x), k)P’ (z, k), or
i=j#k,sot'(x,7') is defined and (x, )R’ (t' (x,7'), k)P’ (z, k).

e Given a PR-commutative cs-frame with initial family I then (I, A") is a static
reactive frame:
Let 2w, ’w € Al so there is Bby and B’ I-initial paths s.t. [;(8b;) = Aw and
Li(B'b}) = A’'w. Let us see that for every y = wy...w, we have by iff exist
v =vi...v, s.t. Bbyy and v;Pw; fori = 1,...,n. By induction on n (we do it
only in one direction, the other is the same):

-n=1
Bbyw; is an I-initial path so by PR-commutativity exists v| s.t. boRvPw,
and so 8'b,v; is an I-initial path.
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-n+1
Bbiwi ... wywyy is an I-initial path so by PR-commutativity exists v, S.t.
VuRV,+1Pwyi1 and so B'byvy is an I-initial path.

Hence we conclude that Aw ~ A1'w.
]

A static frame is a reactive frame that does not react, that is, the accessible worlds
depend only on the current world and not on how you get there. It is clear that from
such a reactive frame (W, A) we can obtain a classic Kripke frame (W, R) where

R ={(w,v):wv e A} ={(w,v) : Awv € A}.

It is straightforward to see that in such a reactive frame all the variants of transitivity
and reflexivity on reactive frames coincide with the usual notions on the correspondent
Kripke frame.

It is easy to see that a Kripke model over general frame (W, R, P, A), where P is a
equivalence class, is a I1-shattered model iff A € 2" — the boolean algebra generated
by the P equivalence classes — is closed for the operators: mr(X) = {x € W : dy €
W s.t. xRy} and mp(X) = {x € W : dy € W s.t. xPy}. Being P an equivalence relation,
A is trivially closed under mp. It is easy to see that A being closed under mpy, means
that if a world is in mg(X) so it must be all its P-class, which is corresponds to PR-
commutativity. From the point of view of reactivity, the use of (shattered) general
frames to deal with the restrictions over the valuations (even if only in the case of X =
I1) does not help, it demands a very strict interaction between R and P, it corresponds,
in the reactive level to ask it not to react! See [16] for an equivalent presentation of
[1-shattered models (with only ¢ g) and its relation with general frames.

Proposition 3.13 Let L;S =Ly ®@ OrOpp — OpORp.
L?[S is sound and complete with respect to the class of (I1-shattered models over)
quasi-static reactive frames, i.e. that satisfy:

Aww’ AW e A — A Aw ~A"ww €A

IfX ¢l L;’(S is not sound and complete with respect to (all X-models over) any class
of reactive frames.

Proof.

e Soundness:

Given a [1-reactive model M = (W, A, v) over a quasi-static reactive frame and
Aw € A s.t. M, Aw E OrOpy then there exists Aww’, 'w’ € A s.t. M, AW E ¢
thus ’w" ~ A”ww’ € A and M, ”ww’ E ¢ (by lemma 2.5). Hence M, Aw [
OpOre (since tAww') = HA'ww')).

e Completeness:
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OrOpp — OpOgp is a Sahlqvist formula and so the canonical frame F =
(W, R, P) for Lg(s satisfies RP-commutativity:

¥xyzdy" xRyPz — xPy'Rz

since it is the first-order correspondent to the new axiom.

Given M = (W,R,P,V) a RP-commutative shattered frame, let M’ =
(W',R', P’, V") be defined by:

- W = (W U (W2 X {+}
- (a,b,0)R'(d',b',c")iffc=x& a=a or
c#+#c &ol@Ro(a") &
(aeW&ad =b=Cora¢g W&
b #ad £ &r(a)=d orr(a)=b" & a’ =c orr(a) =c &a’ =b"))
— (a,b,c)P'(d’,b', ") iff (b,c) = (b, ") & o(a)Po(a’)
- (a,b,c) e V'(p) iff o(a) € V(p),

where o(wy ... wp) = wi, twy...w,) =wyandr(wy ... w,) = wa ... W,.

We have that (W', R’, P’) is a RP-commutative cs-frame and the M’ is a bounded
morphic image of M:

- (W,R’, P’) is a RP-commutative Let (a,b,c)R'(a’,b’,c’)P'(a”,b"”,c"). If
¢ =x*thena = a’ and o(a) = o(a’)Po(a’’) thus

(a,b,c)P'(a”,b,c)R'(a”,b",c").

If ¢ # = # ¢’ then o(a)Ro(a’)Po(a”) so exists w s.t. o(a)PwRo(a""). We
have three possibilities:

orb' =b" #a” # " =c andso(a,b,c)P'(wa”,b,c)R' (a”,b”,c");

ora” =b" thus

(a,b,c)P'(wc”,b,c)R'(a”,b",c");

ora”’ =c¢"” and
(a,b,c)P’'(wb"”,b,c)R (a”,b",c").

— Clearly V' is admissible and that any choice of I picking one element from
each P-class and containing {(a, a, *) : a € W*} works as an initial family.

— Let us check that it is coherent. Let (a, b, c)R'(a’,b’, ¢"),(a, b, c)R'(a” ,b"”, ")
and (a’,b’,c)P'(a”,b”,c"”). From (a’,b’,c")P'(a’,b”,c”) we conclude
that (b’,c") = (b”,c"). If c = = thena’ = a = d”. If c # = # ¢’, then
ora€e Wanda' =b' =c¢ =c¢”" =b" =d"’; ora ¢ W, in which case we
have three subcases: orb’ + a’ # ¢’ andsor(a) =a’ =a"’;ora’ = b’, thus
ra@ =c¢ =c"anda” =b" =b' =d’;ora =c andr(a) = b’ = b" so
a’ =c"=c¢" =d.Inany case,(a’,b',c’) = (a",b",c").
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— Letf: (W)} = W be defined by f((a,b,c)) = o(a).
It is straightforward to see that f is surjective, let us see that it is actually a
p-morphism:
The condition in the valuation is trivial as before;
* f is a p-morphism in R
- (a,b,c)R'(a’, b, ") then f((a,b,c)) = o(a)Ro(a’) = f((a’,b', ")),
- f((a,b,)Rw,
if a € W then (a, b, c)R’'(w, w, w) otherwise (a, b, c)R'(w, r(a), w);
* f is a p-morphism in P
- (a,b,c)P'(d’, b, ") then f((a, b, c)) = o(a)Po(a’) = f((a’,b, ")),
- f((a, b, c))Pw then (a,b,c)P'(w, b, c);

e Given a PR-commutative cs-frame with initial family I then (I, A') is a such a
reactive frame:
Let Aaww’, A'w’ € Al so there isy,y’ € W* and s,s’,s"" € W s.t. yss’ andy's”
are I-initial paths, [;(yss’) = Aww’ and [;(y’'s”) = A’w’. So sRs’ Ps”, thus there
is t s.t. sPtRs”. Lety” be s.t. vt is an I-initial path, y”ts"” is I-initial too.
Furthermore, using lemma 3.7, we conclude that Aw’ ~ 2”"ww’ = [;(y"ts").

It is clear that if a reactive frame is static then it is also quasi-static. Furthermore
it is interesting to notice that if a frame is static all the variants of transitivity and
reflexivity coincide.

3.3 Open problem - symmetry

Our method seems not to be as fruitful with the notions of generalized symmetry. We
are unable to prove reactive frame completeness. To prove that it is sound to a certain
class of reactive frames and that it is complete to the correspondent class of shattered
frames is straightforward as before. However completeness cannot be proved in the
same way. We just cannot simply pass from the shattered to cs-frames. Let us look just
to the case of strong symmetry.

Conjecture 3.14 Let L§ =Ly ® p — OgOrp. Lﬁ is sound and complete with respect
to the class of reactive frames that are strongly symmetric, i.e. satisfying:

Aww € A = Aw ~ ww'w € A

Still we have not been able to prove it is not complete either. We present the positive
result as a conjecture and add a brief explanation on how our attempts failed.

We present a R-reflexive shattered frame that cannot be transformed into a cs-frame
using the classic backward truth preserving transformations.

If a shattered frame (W, R, P) with R # 0 satisfies for all w there is w’ s.t. wPw’,
there is now"" satisfying w'Rw"" or w”Rw’, then it does not admit an initial family.
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Let us assume the contrary, let I be its initial family and
A ={w: thereisnow’ s.t. wRw or w'Rw}.

Since I R-generates W, the isolated points must be in I, so A C I. From the fact that
I picks only one element from each P-class and for every w there is w’ € A s.t. wPw’
we have that I = A. As there is an element in W — A I does not R-generate all W.

It is also clear that a frame that has such a frame as generated subframe cannot have
an initial family. Or else the elements of the initial family of the bigger frame, present
in the smaller one, would be an initial family to the latest.

Furthermore, the operation of taking pre-images, ultrafilter extensions and ultra-
powers preserves this (bad) property.

The following shattered frame ({0, 1}, {(1, 1)}, {0, 1}?) is R-symmetric and satisfies
the bad property. Hence classical ways of generating new models from old preserving
modal satisfaction do not allow us to find a general recipe to convert the relevant shat-
tered frames into the correspondent cs-frames. In particular no variation of blow up
will work.

This may not be a limitation on the method, instead it may be that the conjecture is
not true and that the missing axiom would restrict us to a class of shattered frames that
do not have this property. We have not been able to prove either way.

In the presence of (strong) reflexivity this problem disappears and the blow up
method works:

Proposition 3.15 Let L)T(B = L)T( ®p — OrOrp = L§ ®p — Orp. LIT[B is sound and
complete with respect to the class of strongly symmetric reactive frames that are also
strongly reflexive.

Proof. Soundness is just as before obtained by checking that p — O r<Ogp is sound:
Given a strongly symmetric reactive model M = (W, A,v) and Aw € A s.t. M, Aw [
@ then givenv s.t. Awv € A then Awv ~ Awvw € A so, by proposition 2.5, M, iwvw = ¢
thus M, Awv £ Ore. Hence and M, Aw |E OrOrp
In this case we are able to prove completeness by applying the blow up method:
Given M = (W,R, P,V) a R-symmetric and R-reflexive shattered frame, let M’ =
(W',R’,P’, V) be defined by:

o W = Un<w W2+ x Un<w w2

o (x,y)R'(x',y)iff x =x"or
=y &wRW & (x=z& X =7 orx' =z&x=7)&
2=, ") &7 =W, w,w,7)

o (x,P(X,y)iffy=y & x=Ww,7) & x' =W ,v) & wPw’
e ((x1,...,x),w) e V'(p) iff x; € V(p).

where v = vy, ..., .

We have that (W', R’, P') is a cs-frame (where R’ is clearly symmetric and reflexive)
and the M’ is a bounded morphic image of M:
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e clearly V' is admissible and that any choice of I picking one element from each
P-class and containing {(x,y) € W’ : x = y} works as an initial family.

e let us check that it is coherent. Given (x,y),(x’,y"),(x",y") € W'. If (x',y" )P’
(x"”,y"”) then x’ = (v,v), x" = (', V) (so |x'| = |x”|) withwPw" andy’ =y”. Let
us assume that we also have (x, y)R’(x’,y’) and (x, y)R'(x”,y").

If x = x" and x # x”" then |x’| = |x| # |x”’| which contradicts (x’,y")P’'(x",y"), so
x = x"". The same applies if x = x” and x # x’.

If x # x’ and X’ # x” then or x = (w,v) and x’ = (W,w,w,v) = X", or
x=W,w,w,v)and x’ = (w,v) = x".

In any case: (x',y") = (x",y").

o let f: W — W be defined by f(((w, X),y)) = w.
It is straightforward to see that f is surjective, let us see that it is actually a
p-morphism:

The condition in the valuation is trivial as before;

— f is a p-morphism in R

% ((w, X), YR’ (W,X),y’) thenorw = w’ orwRw’, in any case f((w’, X),y)) =
wRw' = f(((W, %),Y")).
& F((Ow, B, IRW then (w, ), VIR'(W, W', w, ), 1);

— f is a p-morphism in P

* (W, X),y)P'(W', %),y) then f((W, X),y)) = wPw’ = f((W', X), ).
* f(((w, X),v))Pw’ then ((w, %), )P' (W', w, X), v)).

In proposition 3.8 we have checked that given a R-reflexive cs-frame with
initial family I then (I, A") is a strongly reflexive reactive frame. Let us see
now that if the cs-frame is also R-symmetric then (I, A') is also strongly
symmetric:

Let ww’ € A!, so thereis’y € W* and s, s’ € W s.t. yss’ is an I-initial path
and [;(yss’) = Aww’. Since F is R-symmetric we have thatyss’s is also an
[-initial path and clearly l;(yss’s) = Aww'w € A. Applying lemma 3.7 we
conclude that Aw ~ Aww’w.

This result tells us that if the above conjecture is not true, the formula valid in
all strong symmetric reactive frames that is not in L§ must be a Lx-consequence of
p — Orp.

4 Results and final comments
Table 1 summarizes the main results presented in this paper. One can read along its

lines the correspondence between logic, reactive frame property (including its depen-
dence on X) and the shattered frame unfolded property.
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For example, in the first line we see that the logic Lx corresponds to all shattered
frames and to the whole class of (X-models over) reactive frames, hence being the
smallest (minimal) “reactive” logic. In general there is a dependence on X, for instance
in the sixth line, we see that the completeness of L)T( = L& p — Op with respect to the
class of (all X-models over) strong reflexive reactive frames requires that X = II, i.e.
that all variables have to be fixed. We do not know if this dependence can be avoided by
a more inspired choice of axiom as in the case of static reactive frames, see proposition
3.12.

In section 3.3 we stated that the question of axiomatizing the generalized notions
of symmetry is still open. The same happens with many other completeness results.
It is not clear that the combination of the axioms corresponding to certain reactive
properties, will correspond to the combination of those properties. This is the case
in the classical setting when we add reflexivity to transitivity or symmetry. It may be
that the reactive properties interact and those classes satisfy formulas not captured by
the axioms. It certainly does not follow from the results we presented above. For that
to happen the (blow up) transformation would have to preserve the combination of all
properties in question. The fact is that we have been unable to find a transformation that
would work for all cases, in particular when considering generalizations of different
properties. In this sense our choice of transformations is very weak. By contrast, in the
strong symmetry plus strong reflexivity case we see how gathering properties may also
be helpful. The strong symmetry case alone is worse behavioured that the combined
one.

In this paper we have used classical tools to study completeness on a new inter-
pretation of modal logic. We have been successful in studying some of its subsystems
although we are aware that it may fail (see section 3.3) and we should not expect it to
work in every case. Furthermore it would be interesting to find some new methods that
would allow a more direct way of studying these logics, leading to a reactivisation of
modal techniques.
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