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The study of ion-acoustic solitary waves in a magnetized plasma has long been considered to be an important research subject
and plays an increasingly important role in scientific research. Previous studies have focused on the integer-order models of ion-
acoustic solitary waves. With the development of theory and advancement of scientific research, fractional calculus has begun
to be considered as a method for the study of physical systems. The study of fractional calculus has opened a new window for
understanding the features of ion-acoustic solitary waves and can be a potentially valuable approach for investigations of magnetized
plasma. In this paper, based on the basic system of equations for ion-acoustic solitary waves and using multi-scale analysis and the
perturbation method, we have obtained a new model called the three-dimensional(3D) Schamel-KdV equation. Then, the integer-
order 3D Schamel-KdV equation is transformed into the time-space fractional Schamel-KdV (TSF-Schamel-KdV) equation by
using the semi-inverse method and the fractional variational principle. To study the properties of ion-acoustic solitary waves, we
discuss the conservation laws of the new time-space fractional equation by applying Lie symmetry analysis and the Riemann-
Liouville fractional derivative. Furthermore, the multi-soliton solutions of the 3D TSF-Schamel-KdV equation are derived using
the Hirota bilinear method. Finally, with the help of the multi-soliton solutions, we explore the characteristics of motion of ion-
acoustic solitary waves.

1. Introduction For simplicity, 1D and 2D nonlinear partial differential
equations have been used to describe the evolution of
nonlinear ion-acoustic solitary waves. For the simplest 1D
geometry where the ion-acoustic solitary waves become
solitons, Washimi and Taniuti [6] derived the KdV equation
by using the reductive perturbation method. Kako and
Rowlands [7] derived the 2D KP equation based on the results
of Washimi and Taniuti. However, in the real magnetized

plasma environment, 1D and 2D models cannot solve some

Ion-acoustic solitary waves are well-known to be an impor-
tant example of nonlinear phenomena in modern plasma
research [1-3]. Many researchers have studied ion-acoustic
solitary waves in different plasma systems such as thermal,
magnetized, and unmagnetized plasmas. Among the different
plasma systems, magnetized plasma systems have attracted
intense interest. Many authors have studied ion-acoustic
solitary waves in magnetized plasma based on the quantum

hydrodynamic (QHD) model [4, 5]. The QHD model is
derived from the basic system of equations of ion-acoustic
solitary waves and is one of the macroscopic mathematical
models used to describe the hydrodynamic behavior of
quantum plasmas.

of the problems encountered in the motion of ion-acoustic
solitary waves. Thus, it is necessary to introduce higher-
dimensional theories for the nonlinear ion-acoustic solitary
waves. Therefore, in this paper, we discuss a new 3D model
for nonlinear ion-acoustic solitary waves.
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Most of the QHD models, such as the KdV model, mKdV
model, and KP model, are integer-order models. Fractional
order models have rarely been considered. Fractional calculus
is a generalization of integer calculus. Many of the physical
processes that have been explored to date are nonconserva-
tive. It is important to be able to apply the power of frac-
tional differentiation [8-10]. However, because of its nonlocal
character, fractional calculus has not been used in physics
and engineering. With the development of nonlinear science,
fractional calculus theory has been continuously developed
to date. Researchers have discovered that the derivatives and
integrals of fractional order models are suitable for describing
various physical phenomena. In recent years, the application
of fractional differential equations has attracted increasing
attention in plasma physics [11]. Thus, research on fractional
order models is necessary.

The solution of the integer equation is a research hot spot
in the field of research and development of various models
[12-14], and similarly, the solution of fractional models has
been a focus of our research [15, 16]. Thus, many solution
methods have been found and used to solve the fractional
order equation. For instance, the iterative method [17-19],
Hirota bilinear method [20, 21], trial function method [22],
Homotopy perturbation [23], and other methods have all
been developed in the recent decades. In the past, researchers
solved integer-order models by using the Hirota bilinear
method. Recently, the Hirota bilinear method has been
used to solve fractional models. In this paper, using the
Hirota bilinear method, we obtain soliton solutions for the
new model. Various phenomena can be explained via the
application of the solutions given by the above methods [24-
26]. Additionally, the use of these methods enables a better
understanding of various magnetized plasma phenomena.
Therefore, based on the solutions derived by the abovemen-
tioned methods, we seek to determine the properties of ion-
acoustic solitary waves. The properties of the model include
conservation laws [27, 28], boundary value problems [29, 30],
and integrable systems [31, 32].

The research on conservation laws plays an important
role in the study of the physical phenomena in nonlinear
magnetized plasma. Conservation laws are a mathematical
formulation, and they indicate that the total amount of
a certain physical quantity remains the same during the
evolution of a physical system [33, 34]. In 1918, Noether
[35] proved that each conservation law is associated with
an appropriate symmetry and can be derived from the
Lagrangian function and the invariance principle. In 1996,
Riewe [36] introduced the Lagrangian function for the
fractional derivative. In the past two decades, many different
types of fractional Euler-Lagrangian equations have been
generalized. Based on these conclusion, some fractional gen-
eralizations of Noether’s theorem were proved [37], and many
fractional conservation laws were obtained [38]. To study the
conservation laws of the fractional differential equations, we
use Lie symmetry analysis to construct the conserved vectors
(39, 40]

In this paper, applying the basic system of equations of
ion-acoustic solitary waves [41], we develop a new 3D model.
Using the new model, we study the conservation laws and
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the solution of ion-acoustic solitary waves. The rest of the
paper is structured as follows: In Section 2, based on the
basic system of equations of ion-acoustic solitary waves, we
obtain a new 3D Schamel-KdV equation by using multi-scale
analysis and the perturbation method [42]. A new 3D TSF-
Schamel-KdV equation is obtained in Section 3 according
to the new integer-order model and by using the semi-
inverse method and the fractional variational principle [43,
44]. In Section 4, applying the Riemann-Liouville fractional
derivative [39, 40], we discuss the conservation laws of
the new fractional model. In Section 5, according to the
Hirota bilinear method, we obtain the soliton solutions
of the 3D TSF-Schamel-KdV equation. The propagation
of solitary waves is important because it describes the
characteristic nature of the interaction of the waves and
the plasmas. Therefore, using soliton solutions [17, 18], we
study the characteristics of motion of ion-acoustic solitary
waves.

2. Derivation of the 3D Schamel-KdV Equation

We use the basic system of equations of ion-acoustic solitary
waves given by

on  Od(mu) J(nv) 0(mw)
o ox oy oz

ou Ou Ou ou op A
— tU— +V— tw— = o
dy 0z 0x

0)

ot ox

L LN LA L .
ot  Ox Oy 0z Jy

ow Oow OJdw Jdw 0P 4

—_— —_— —_— —— =_r Qe.,

5t +uax+vay+waz Bz+w e,
¢ ’¢ ¢
o T T

where # is the ion number density, and u, v, w are the ion
fluid velocities in the x-, y-, and z-directions, respectively.
¢ is the electric field potential, n, is the electron number
density, and Q is the uniform external magnetic field. Ion-
acoustic solitary waves are assumed to propagate in the x-
direction, and the direction is specified by the unit vector
e,.

We consider the propagation of ion-acoustic solitary
waves in 3D space (x,y,z) and introduce the following
independent stretched variables:

T = 63/4t,
X=el/4(x—t),
(2)
Y = el/4y,
Z = 61/42,
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where € is a small parameter characterizing the strength of
the nonlinearity. Thus, we can obtain

2 =€3/4i_€1/4i
ot oT )
9 _apu0
ox ox’
3)
9 _ano
dy Y’
9 _anl
0z oz’

The dependent variables are expanded in the following form:
n(X,Y,Z,T)=1+en (X,Y,Z,T)
+e3/2n2 XY, Z,T)+ -,

¢ (XY, Z,T) = ed, (X, Y, Z,T) + €%¢, (X, Y, Z,T)
b

u(X,Y, Z,T) = eu; (X,Y, Z,T) + €*u, (X,Y, Z,T)
P

v(X,Y, Z,T) =", (X,Y, Z,T) "
+20, (XY, Z,T) + -+,

w(X,Y,Z,T) = e *w, (X,Y, Z,T)
+w, (XY, Z,T) + -+,

n,(X,Y,Z,T)=1+¢(X,Y,Z,T)

- §b¢3/2 (X,Y,Z,T)

+ %¢2 (X,Y,2,T),

and the boundary conditions are given by

u=v=w=¢=0, (5)

as X — oo.

Substituting (3) and (4) into (1), we can obtain the
approximate equations for € in the following form:

€1y :‘/)1’ (6)
Oy _ 0w _9m
09X 0X o9Xx’
et % = vaex = Owy, (7)
9 A

57 - W Qe, = —0vy,

3
oM _ 0w
gY 0z’
e 8_;/1 = v} Qe, = —Ow,, (8)
% = —wé\Qex = 0v,,
(O Oy QU OV, 0wy
oT 0X 09X oY 0Z
duy _ Ouy _ 9%,
74, ) 0T 09X 09X’
e’ % ) % 9)
0X oy’
dwy _ 94,
0X oz’
According to (6) and (7), we can obtain
¢y =u; =ny,
_10¢,
1T g5y (10)
_10¢;
"= "9%z"

Substituting (10) into (8) and (9) and eliminating ¢,, u,, v,,
w, and n,, we can obtain

¢ ¢ ¢ 120¢; 0Py
2bp P L 421 =, (1D)
o T axoy? T axoz2 TP ox T 2ar

Letting ¢, (X, Y, Z,T) = A(X,Y, Z, T), (11) can be rewritten as

Ap+aVAAx + a,A xxx + 3 A xyy + 4 A xy, =0, (12)

wherea, =b,a, =1/2and a; =a, = (1/2)(1 + 1/6%).

Remark 1. Because of the nonlinear term VAA y, when a, #
O0anda; = a, = 0, (12) can be reduced to the 1D Schamel-KdV
equation. When a; = a, # 0, (12) is a 3D equation. Therefore,
(12) is called the 3D Schamel-KdV equation. Compared to
the KdV and mKdV models [6], the nonlinearity of the 3D
Schamel-KdV equation is relatively weak. Therefore, the 3D
Schamel-KdV equation presents a new research direction for
the study of ion-acoustic solitary waves.

3. Derivation of the 3D
TSF-Schamel-KdV Equation

In Section 2, we have obtained a new 3D integer-order
Schamel-KdV equation. To learn more about ion-acoustic
solitary waves, we seek to obtain the 3D TSF-Schamel-KdV
equation by using the semi-inverse method and the fractional
variational principle. First, we introduce some definitions as
follows.

Definition 2 (see [44]). The left Riemann-Liouville fractional
derivation of a function A(X,Y, Z, T) is defined as

L& JT (T-0)"“" Adt
I'(n—w)dT" Jo ’ (13)

n—-1<w<n.

oDrA



Definition 3 (see [45]). The Riemann-Liouville fractional
derivation of a function A(X,Y, Z,T) is defined as

D;A:%‘
;a—nJTO(T—s)"_w_lAds n-l<w<n, (14)
_ I'(n-w)dT" Jo ’ - ’
oA ©=-n
o™’ o

According to the integer-order 3D Schamel-KdV equa-
tion,

Ap+a, VAA ¢ + A yxx + G A xyy + a4A 5y, =0, (15)
assuming A(X,Y, Z,T) = Bx(X,Y, Z,T), where B(X,Y, Z,T)

is a potential function, and therefore, the potential equation
of the 3D Schamel-KdV equation can be written in the
following form:

Byxr + a1\BxBxx + a,Bxxxx + @3Bxxyy + @4Bxxzz

(16)
=0.

Then, the function of the potential equation (16) can be
described as

J(B) = mvdx dy dz JT* T [B (X,Y,Z,T) <b1 By

+b,a,\[BxBxx + by, Byxxx + b3 Byxyy (17)
+ bsa4BXXZZ)] >
whereb,,i = 1,2, 3,4, 5, are Lagrangian multipliers which can

be obtained later.
Using integration by parts for (17) and taking By|p =

Bylg = Bzlr = Brlr- = Bxxlg = Bxylr = Bxzlr = 0, we
obtain

J(B) = mvdx dy dz JT* T [—bl B;By

2
"3 2‘11B§</2 +ba, (Bxx)2 +ba, (BXY)Z (18)

2
+bsa, (Bxz) ] :
Using the variation of the above function, integrating each

term by parts and applying the variation optimum condition,
we obtain

F(X,Y,Z,T,B, By, By, Byx, Bxy, Bxz)

oSy (o)

0B 0T \0B;/ 0X \0By
+i< oF >+ ) ( oF >
0X2 \0Byy/ 0X0Y \ 0Byy

49 (a_F>
9X0Z \ 0By,
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5 1/2
=2¢Bxr + Ebzale/ Bxx +2b3a, Byxxx

+ 2b,a;Bxxyy + 2bsayBxxz, = 0.
(19)

Comparing (19) with (16), we obtain the following
Lagrangian multipliers:

b=,
b=
b=, (20)
b=,
b=

Therefore, the Lagrangian form of the integer-order 3D
Schamel-KdV equation is given by
L(Br, Bx, Bxx» Bxy> Bxz)

1 4 5/2
=--BBy—- —a (BX)

1 2
2 15 + Eaz (BXX) (21)

1 2 1 2
+ 5“3 (Bxy)” + 5“4 (Bxz)".

Similarly, the Lagrangian form of the 3D TSF-Schamel-
KdV equation is given by

L (DB, D%B, DB, DD} B, DD}, B)

1 4

s 1 2
- L DRBDYB - La (D5B) + 10, (OFB) (22

1 2 1
+2ay (D%DEB) + Sa (DLDYB),

where DB = D$,(D%B). Thus, the function of the 3D TSF-
Schamel-KdV equation can be obtained as

_ o o y w
Ji (B) = L (dX) L (@) L (dz) L* S
-F (D$B, DB, DB, DD, B, DS D),B).

According to the Agrawal’s method [46, 47], the variation
of functional Eq. (23) can be written as

575 (B) = JR (dX)* JR (dy)* JR (dz)" L* (dT)*

. a_F 8D$B+ a_F 8D§‘(B
aD$B aDg‘(B
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oy SD“B + _9F SDDEB
oD%'B oD% DY B

+ (a—Fy) 8DYDVB |,
oD%DYB

(24)

where
T . T .
J (dr) f(7) = ]J dx(T-7) f (7). (25)

Using the fractional integration by parts,

Iwﬁwag@

b . .
=r(1+j)[g<z>f<z>|i—j <dz>fg<z>D;f(z)], (26)

f(2),9(2) € [a,b],

we can obtain

(dv)* j (dzvj (dT)*

875 (B) —j (dX)* L
OF
' OD%B D"‘B
. ) (27)

( oDY*B < oD%DLB

+ D D a—F
oD%DB

Optimizing the variation Eq. (24), 8]z(B) = 0, we can obtain
the Euler-Lagrange equation of the 3D TSF-Schamel-KdV

equation as
e 9P\ e OF ), e OF
oD$B 0D$B oD$B

oF oF
+ DD (—l3 > + DYDY, (—“ .
0D%DLB oD$D;B

=0.

Substituting (22) into (28), we obtain

DYD%B + a, (D%B)"” DB + a,D%***B o)
+a, DD B + 4, D*DY'B = 0.

Letting DSB(X,Y,Z,T) = A(X,Y,Z,T) and substituting
D$B(X,Y, Z,T) into (29), we can obtain

DYA + a, VADL A + a,D** A + a, DS DEF A
(30)
+a, DYDY A = 0.

Eq. (30) is the 3D TSF-Schamel-KdV equation.

4. Conservation Laws of the 3D
TSF-Schamel-KdV Equation

4.1. Lie Symmetry Analysis. In the previous section, we have
obtained the 3D TSF-Schamel-KdV equation. To learn about
the properties of the new model, we study the conservation
laws [48, 49]. First, we convert (30) to the following fractional
partial differential equation form:

DYA = Q(X,Y, Z, T, Am, D} A, Dy A, D{™* A,
(31

D;‘(Df,ﬁA, DSDYA, .. ) , wafBy>0.

We assume that (31) is invariant under a one parameter
Lie group of point transformations in the following form:

X' =x+e(X,Y,Z,T,A) +O(¢),

r_ 2
Y =Y +el (X, Y, Z, T, A) + O (),

r_ 2
Z'=Z+ey(X,Y,2,T,A) + O(e),

r_ 2
T'=T+er(X,Y,Z,T,A) +O(€),
A'=x+en(X,Y,Z,T,A) +O(€),

(32)
DYA" — D¥A+en’ +0 (62) ,
DYA" — DYA +ermy +O(€),
DA — DY A+ e + 0 (62) ,
DYDY A" — DYDIF A +enl s +O(¢%),
DYDY A" — DYDY A+emy’ +0(e),

where &, {, y, 7, and # are infinitesimal functions, and 175, qf ,
XXX | XYY XZZ
170( > rloc,y 4 and ’7

functions defined as

are the prolongations of infinitesimal

n, = DY (n) + D7 (Ax) - D (EAx) + (DY (Ay)
- D7 ((Ay) +yDr(Az) - D1 (yAy)
D} (Dr (1) A) - DY (zA)
+ TD;“ (A),
ny = D (1) + D% (A) Dy (§) - D§ (A4) Dy (O)
— D} ADy (y),
e = D () = AxxxD% () = Axxy D (€)
— AxxzDz (¥) - AxxrDx (1),
Mg =D (15") = Axxy D (€) = Axyy D% (©)

- Axy,D% (v) - AxyrD% (1),



’lfgz = D (sz) ~ AxxzD% (§) = AxyzDx (0)

- AxzD% (¥) = AxzrD% (1),
(33)

where Dy and Dy are the total derivative operators given by

d d d d
O AL AT A
or " ATor TATTGA, T AXTHA

0 d
+AYT£+AZT£+“"
Y Z

Dy =

d d d 0 (34)
DX = ﬁ +Axa +AXXE +ATX£T

0 0
Y

Applying the generalized Leibnitz rule as given by

T(fOgm) =) (n> DY f (1) Dig(t),

n=0

where

(-1)" ' wl (n - w)
Frl-w)Im+1)’

(36)

(+)-

k—

—

>y

M8

||
(8]

n

Therefore, (38) can be rewritten as

T awl’] a“’A
D

O w aerA_ w n+1 wn
+;[(n> 572 ()]

X [ w
-2 () (D56 DY (Ax) + D) D™ (Ay)

_A 0“1

+ Dy (y) Dy "A] + Ra.

Similarly, using the generalized Leibnitz rule and the
chain rule for a compound function, we also obtain the

following equation:

=
S
1]

S

118
ANgE
|38

bl

ANk
= =
i} |
o —
| o——}
/-~
I R
~
—
S =
~—
—
S
~—
>T'|._.

w\ [n\ [k 1 . N
m—Zk_2r—0|:(n)(m)<r) 'r(n+1_w) 4 m

(41)
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and the chain rule for a compound function defined as
1) T« . (t)
dti ) Zz [ ()k] f(g ) (37)
k=0r=0
we can obtain the following equation:

T w w awA
= D% (y) - wD® (1) —
Ho T (77) w T(T) oT®

-y (w) D) DY Ay - Y (w) D Q)
n=1 n n=1 n

(38)

wW—Hn i w 1 wW—Hn
" Dr AY_Z " Dy (y) D7 A,

n=1

© w n+1 w—n
-y )P @DrTA
n=1

For the chain rule given by (37), when f(t) = 1, we obtain

0 awf’] awA awVIA
Dr =31 Hagre =~ 4510
. (39)
NA ~w-n
+n;( ) 57 D} "A+Ra,
where
Tn—w aA s anfmwkk}/l
—_— . 40
(-4) e (40)
a"‘ o*
My = 5o + (114 —aDx (E)) axvc -A a)?j
< | (%) N4 a Dl ]
+ —
> [(n) e )ore
(42)
— @ 1 x—n 1 a—n
- Z " (D} (§) DF "Ay + D (y) DY " (A7)
n=1
+ DD " (Ag)] + R,
where
X« (_ ) [(A)kfr] anfmwkkrl (43)
Tn+1-a) axm oXnmAk |
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The infinitesimal generator M can be defined as follows:

0

44
ar tiax @Y

sza_ C_ l”az

Under the infinitesimal transformations, the invariance of the
system (31) leads to the following invariance condition:

Pr(”)M(A)|A:O =0, n=1203,...,
A =D{A+a,VADYA + a, DA (45)
+a,DADEF A + a,DEDY A.
According to (42) and (43), we can obtain

o o~ P o
(waﬁy4 _.Y v v v
M@) =155 + 853 v Vo
o r 0 x 0
+”aA+’7VaD§ "“aD“A

XXX 0
Tl Gpssan

vv_ 0
P oDDEF A

+ ;1XZZ 0
%Y oD% DYY A
X~z

(46)

’1a

Then, we can obtain the following invariance criterion:

XYY
nD% A+a1\/_17 +a2;1a +a3r]aﬁ

V_ (47)

XZZ
tag,),” = 0.

1
+a1

Substituting (33), (34), (41), and (42) into (47) and
equating the coeflicients of alike partial derivatives, fractional
derivatives and powers of A, the set of determining equations
can be obtained as

w ayﬂA w n+1
()3 =)o
a\ o', [ « Dl
(n) oX« <n+ 1) ©=

EA=ET=0’
(A=(T=0’

Tx =Ty = 0,
n=A(3¢x - wrr),
Naa =0,

aly —wtp =0,

awrl a(4)’7A
2l 4
or, ot ©

Oy o
“IVZ(aXZ _Aa;gf)

+a,DF () + a, DD (1) + a,DDY (1) = 0.
(48)

By solving the above equations, we can obtain a series of Lie
algebra of point symmetries as

T=6aTl +¢,
E=qwX +q,
(=YY +¢Z +cs, (49)

v=aBZ-¢Y +
n=-6a(3-w)A.

Hence, a series of Lie algebra of point symmetries can be
written as

)
Mo
_ 90
2T x’
B
3 = S0
oY
5 (50)
M=oz
) ) ) 0
M: = wX— Y /— + ol —
s=wXox tV oy tBZ5 telon
)
_ A—.
a(3-w) A

4.2. Conservation Laws. We have obtained the Lie symmetry
generator in Section 4.2. In this section, we will discuss
conservation laws of the 3D TSF-Schamel-KdV equation
based on the obtained Lie symmetry generator. We know that
the conservation laws of (30) satisty the following equation:

Dy (C7) + Dy (C¥) + Dy (C*) + D, (C%) =0, (5D

where CT, C¥X, CY and C? are the conserved vectors.
A formal Lagrangian for the 3D TSF-Schamel-KdV equa-
tion can be presented as

Z =5(X.Y,Z,T) (DA + a, VADYA + a, D A
(52)
+a, DYDY A +a,DEDY A),
where s(X,Y,T) is a new dependent variable. According to
the formal Lagrangian, an action integral is defined as

L L JR JT* Z(X.Y,Z,T, A5, DA, DS A, DY A, DD A, D$ DY A) dX dY dZ dT. (53)



Therefore, we can obtain the adjoint equation of (30) as the
Euler-Lagrange equation

F*:(S;Sf

A 0, (54)

where §/8m is the Euler-Lagrange operator defined as

S (DY) S (DR)
54~ aa tPr 8D“’ X oD% A
- Dgc(owc)* o(?ococ _(Dgc( f’ﬂ)* BB (55)
oDX™A oD D A
.0
- (DYDY)" ——=
(PxDZ) oD$DY A

where (D), (D)*, (D%%)*, (D%XD4F)", and (D%DY))" are
the adjomt operators of the Riemann- L10uv1lle fract1onal
differential operators D%, D%, D%, DSDAF, and DEDY,
respectively. These are given by

(DY) = (~1)" I3 (D}) = D,
(56)

— C o
= (D" 177" (DY) = xD,»

(DX)
where I;™ and I7"™* are the right-sided fractional integral
operators of orders n — w and m — f3, respectively. TD“’
and }C(Dg are the right-sided Caputo fractional differential

operators of orders w and «, respectively. Therefore, the
adjoint equation (54) can be rewritten as

F* = (DY) s+a,VA(D%) s - a, (DY) s
. (57)
- a, (Dg‘(Dﬁﬁ) s—a, (DYDY) s =0.

Based on Section 4.1, we obtain infinitesimal symmetry
of (30). We assume that the Lie characteristic function W is
given by

W=n-1tAr-§Ax - (Ay —yA,. (58)

Applying this on the M; of the symmetry (50), we obtain

W, =Ay,
W, = Ay,
W, =A,, 50
W4 S AT’

Ws;=-a(B-w)A-aTAr —wXAyx —yYAy
- BZA,.

Complexity

Using the Riemann-Liouville fractional derivative, the
components of the conserved vectors of (30) are defined as

0
cl =+ Y (DD  w)ph—"=—
e Ty

n n 0
-(-1"J (WDTW> >

0Z 0Z
+ D?(a oD% A
X

-D, (W) [ DY (W)

— |t
“0D$ DY A ]

0
oD% DEF A

152

BB
0D A Hhr W)

+ DI (W) [ oL ]

144
aDDY) A

CY=CI+W[ <D;;a+g>

oD*DPP A
[ : ( o )
oD% DEF A
[ ﬁ( = )
Y (e4
aD%DEF A
( = )
oD DL A
0
c? =(I+W[D (D”—)] - DL (W)

ZoD%DY A

o ag o
D% ———— )| -D* (W
[ X(aDg;D?m)] x (W)

0Z o
. [ D) (—aD‘;(D?A )] +D$ DY (W)

(9L
oD%DYYA )’

where n = [w] + 1, and ] is the integral given by
J (a,b)

(60)

-DEw)

- DY (W)

-|D
D

+ D%DE (W)

_ 1 T f(n,XY)g(uX,Y) (61)
a T (11 - a)) JO J ([/l _ T)w+1—n d."l dT’



Complexity

with the property that

DrJ (f.9) = leqnjyg - gol;iyf- (62)

The conservation laws of the 3D TSF-Schamel-KdV equation
are explained in detail below (see the appendix).

5. Multi-Soliton Solutions for the 3D TSF-
Schamel-KdV Equation

The solution of the model is a relatively broad research area
in science [50, 51]. In this section, using the simplified Hirota
bilinear method [24, 52], we seek multiple soliton solutions of
the 3D TSF-Schamel-KdV equation.

First, we introduce the following fractional transforms:

’_ piT”
I(l+w)
r_ P X"
Irl+a)’
_ psY* )
r(1+p)
Z’: p4Zy
r(1+y)

where p;, p,, p; and p, are constants. Using the above
transformations and omitting the apostrophe, we can convert
the derivatives into classical derivatives,

9°A _ 0A
are ~Pigp
A _ oA
ax Py
(64)
#a_ on
avF ~ Pigy
d"A _0A
oz ~Pagz

Then, (30) can be described as
Ap+ayVAAy + @A xxx + A xyy + @A x,, = 0. (65)
We assume that the solution of (65) has the form
A(X,Y,Z,T) = V2D, (66)
where
0, X,Y,Z,T) =k X +1Y +qZ—-uT. (67)

Substituting (66) and (67) into the linear term of (65), we can
obtain the following dispersion relation:

u; = azki3 + a3k,-ri2 + a4kiqi2. (68)
Hence, 0; can be written as

0, X.Y,Z,T)=kX+1Y +qZ
(69)
- (%k? + a3kiri2 + a4kiqi2) T.

5.1. Single-Soliton Solution. We assume that the single-soliton
solution of (65) has the following form:

AXY,Z,T)= R(lnf)XX, (70)
where f(X,Y, Z,T) is the auxiliary function defined as

f (X) Y: Z, T) =1+ eel(X,Y,Z,T)

(71)
-1+ ele+r1Y+qIZ—(a2k§+a3k1rf+a4quf)T.
Substituting (70) into (65), we obtain
18a, \?
R:( %>. 72)
a,

Substituting (71) and (72) into (70), we obtain the following
single-soliton solution:

182, \2 0,(X.Y.Z.T)
MXKZD=< %)ﬁ : ;
a, (1 + B X¥ZT))
18a,\* »
=(=2) &
<%)1 (73)

eleJrr1 Y+qu—(a2k?+a3klrf+u4klq%)T

. 5
(1 + eklX*ﬁY+‘11Z*(a’zk%+“3k1”f+a4k1q%)T)

The above equation can be rewritten as

2
AXY,ZT)= <18a2> k%sech2<w>, (74)
a, 2
where
0, =k X +r 44 + Z!
AT T+ f) BTy
(75)
—(aqk3 +azk, T + ak qz) T—w
1 171 4™1M1 r(1+w)

5.2. Two-Soliton Solution. We assume that the two-soliton
solution has the following form:

fGY,Z,T) = 14 HXTAD 4 HOE2D
(76)

0,(X.Y,Z,T)+0,(X.Y.Z.T
+ayp,e i )46, ( )

where 6, and 0, are defined in (69). We know that

18a,

2
Ammzn:( >Owhw 77)

a,

and substituting this expression into (65), the coefficient a,,
can be obtained as

12+ 12— kk,

= . 78
27 22 2k k, 78)

Therefore, the two-soliton solution for (65) has the following
form:
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22 + K3e% + [ay, (K3e™ + K2e™) + ayy (ky +ky)* + (ky — ky)?] €702

Complexity

A(X,Y,Z,T)=(18a2>

a

where

kXt rYP . aZ
TT(+a) T(1+B) T(1+y)

- (azk‘;’ + a3k1rf + a4k1qf) T¢

I'l+w)

>

. (80)
« y
0, k, X . r,Y N "4

I'(l+a) T(1+pB) T(1+y)

(azkg + a3k2r§ + a4k2q§) T

I'(l +w)

5.3. Three-Soliton Solution. To investigate the three-soliton
solution of (65), we assume that the auxiliary function
f(X,Y, Z, T) has the following form:

fXY,Z,T)=1+ e re® e+ (112e61+62a13e61+93
(81)

6,+6 6,+6,+0
+aye " +ane T,

where
~ K+ k? —kik; (82)
TR 2k
Substituting (77) and (81) into (65), we find the following
pattern:
A1z = 0150130, 3. (83)

According to the pattern obtained in Section 5.3, the
N-soliton solutions for the 3D TSE-Schamel-KdV equation
can be obtained, where N > 1. Based on the single-
soliton solution and the two-soliton solution, we can study
the characteristics of the motion of the ion-acoustic solitary
waves.

In this section, we describe the interaction of two small
ion-acoustic solitary waves with finite amplitude in a weakly
relativistic 3D magnetic plasma. Then, we can study the
characteristics of motion of the solitary waves by changing
the coefficients. Based on the single-soliton solution of ion-
acoustic solitary waves, we obtain the evolution plots of the
ion-acoustic solitary waves (see Figure 1). Figure 1 shows that
the solitonic amplitude increases with an increase in the a, /g,
ratio, and the initial superimposed solitons travel different
distances over a period of time for the different choices of g,
and a,. Therefore, we conclude that the soliton moves along
the positive x-axis with constant amplitude and velocity.

Examination of Figure 2(a) shows that the propagation
trajectory of the soliton exhibits a periodic oscillation.

, (79)
(1+e% +e% + q,,e070:)?

Figure 2(a) shows the curve propagation trajectory with
constant amplitude and constantly changing velocity, where
the velocity changes with time. Furthermore, Figure 2(b)
shows the two-soliton interaction with constantly changing
velocity. When T — 0, the trajectory is sinusoidal with
periodic oscillation. Otherwise, when T is far from the origin,
the trajectory is parabolic-like. It can be seen from Figure 2(c)
that the soliton generates a peak at the time of the interaction.
Based on this, we conclude that, in addition to the periodic
oscillation of the solitons in the local region, the large-scale
propagation trajectories for such a structure show parabolic-
type curves. Thus, if the variable coefficients are taken to
have other forms, the corresponding characteristic curves
will present different behaviors.

Remark 4. The present study describes the propagation and
interaction of two small but finite amplitude ion-acoustic
solitary waves in a weakly relativistic 3D magnetized plasma.
Our conclusions can be considered as a generalization of the
model suggested by Nejoh [53] and Pakira and Chowdhury
[54] by including the effect of different coefficients. It has
been found that the initial superposed solitons travel different
distances over a period of time for the different choices of
a, and a, and that the solitonic amplitude increases with an
increase in the a, /a, ratio. Moreover, the time fractional order
w and space fractional orders «, f3, and y play an important
role in higher-order perturbation theory in the variation of
the soliton amplitude. We believe that our research may be of
basic interest for particle trapping experiments. Compared to
other solitary waves, the unique features of the ion-acoustic
solitary waves are the existence of an ultra-low frequency
regime for wave propagation and the high charging of the
grains, which can fluctuate because of the collection of plasma
currents onto dust surfaces. It is difficult to carry out a
reasonable comparison between previous studies and the
present work. Nevertheless, due to the flexibility provided
by the nonextensive method, we suggest that the quantita-
tive discrepancies between the theory and experiment can
be reduced. Thus, the application of our model may be
particularly interesting in some plasma environments, such
as space-plasmas, laser-plasma interactions, and the plasma
sheet boundary layer of the earth’s magnetosphere.

6. Conclusions

In this paper, based on the basic system of equations of
ion-acoustic solitary waves, we have obtained a new 3D
Schamel-KdV equation by applying multi-scale analysis and
the perturbation method. Then, based on the newly devel-
oped model and using the semi-inverse method and the
fractional variational principle, a new 3D TSF-Schamel-KdV
equation is obtained. We study the conservation laws and



Complexity 1

(c)

FIGURE 1: Plots for the evolution of the one-soliton solution of ion-acoustic solitary waves with (a): t = 1,4, = 1,a; = 0,a, = 1, k; = 1,
r=04,9, =04,a=08B=1Ly=Lw=2(b):t=3,a4 =1a=0a=1,k =11r=049g =04a=08=1y=1w=15

(c):t=5a=1a=0,a,=1k =11 =049 =04,a=08,=1,9 =1, 0 = 15and a, = 0.1 (solid line), a, = 0.09 (dotted line),
a, = 0.08 (dashed line).

FIGURE 2: Interaction of the two solitons of ion-acoustic solitary waves with (a): g, = 1,a, = 0.1,a; = 1,a, = 1,k; = 1.6,r, = 1,q; = 1
ky=-191r=1,¢4=1,a=09,=08,y=09,w=19 (b):ag =1,4,=01,a,=1,a, =1L,k =16,r, =1,9q, = 1,k, =-19,1, =

g =1La=07B=1y=1L,w=28()a =1a,=01,a,=1,a,=1,k =16,r=1,9, =1k, =-19,1r,=1,¢4, =1, =08, =1
y=1Lw=28.
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soliton solutions of the 3D TSF-Schamel-KdV equation. By
theory and image analysis, the following conclusions can be
obtained:

(1) Based on the basic system of equations and using
multi-scale analysis and the perturbation method, we have
obtained a new 3D Schamel-KdV equation. This equation is
more suitable than other models for the study of ion-acoustic
solitary waves. Furthermore, based on the new integer-order
model and using the semi-inverse method and the fractional
variational principle, we obtain the 3D TSF-Schamel-KdV
equation. The fractional model opens the door to the study
of ion-acoustic solitary waves.

(2) Using the Riemann-Liouville fractional derivative, we
study the conservation laws of the 3D TSF-Schamel-KdV
equation. Then, we discuss the soliton solutions of the new
fractional model. Using the multi-soliton solutions, we study
the characteristics of motion of ion-acoustic solitary waves.

Appendix

When w € (0,1) and n = 1, we can obtain the following
components of the conserved vectors:

0Z
o( 0D¥””)

)) = Dy (Wy)s

Cl =<1+ (13D " (W) DS —(-1)!

0Z
](W,,DTa( D
0

+J (W, Dys),

cr=¢+w, 0= +D§* 0L
0D A ODE* A

pg 0L yw 0L

+D
Y oDDEF A Z 9DSDY A

)—me,-)

0% 07
DY — W. P
[ *oDgeA ] Dy (1) [ YapaD A

0%

L) |0 “aDr DA

[+ ow)

0L
oD% DEF A

0< BB
. Dy (W,
|:aD¢}x(¢xoc A ] + Y ( 1)

0Z
oDYDY A

Ciyzcnw,.[p <Dﬁa+5“;ﬁ>
oD% DPP A
. 0
. [DX ( oD" DﬁﬁA)
XY

0L
oD% DL A

+ D' (W) [

- D (W)

- D (W)

+ DYD5 (W)

Complexity

( 0F >
aDiDA )

0Z
Cl =TI+ W, [D (%m)] Dy, (W)

0F
DY ——=— )| - D% (W,
[ X(aDg‘(D;Ym)] x (W)
0F
DV ———— || + DSDY (W,
[ Z(aDg‘(D?A)] XDz (W)

(2L
oD%DYA )’

Wheni = 1 and W, = Ay, we can obtain the following
components of the conserved vectors:

(A1)

Cy = oDy (Ax)s+T(Ax Drs),
Cl=Ay (a VAs +a,D¥'s + a3D€B5 + a4D?/s)
- a,Dy (Ax) Dys - a3D€ (Ax) D€5

—a,D}, (Ax) Dys + DS (Ax) + DY (Ax)
+ DY (Ay)]s, (A2)
C) = ay[AxDDfs — D§ (Ay) Diys
- D% (Ax) Dgs + D?<D1€ (Ax) 5] »
f (Ax) Ds

DY (Ax) Dls+ DYDY (Ax)s|.

C) =a,[AxD{D}s-D

When i = 2 and W, = Ay, we can obtain the following
components of conserved vectors:

Cy = oDy (Ay) s+ (Ay, Drs),
Cy = Ay (aVAs+a,DY's + a,DFs + a,DY’s)

~a,D (Ay) Dys — Dy (Ay) Dys

- a4D£ (Ay) DES + [Dgc(“ Ay)+ D ( v)
+ DY (AY)] S, (A3)
C) = ay [AyDDls — Dl (Ay) Dys

- Dk (Ay) Dés + D?(Diﬁz (Ay) 5] >

Dé (Ay) Ds

- D5 (Ay) Dls + DYDY (Ay) s] )

C) =a, [AYDg(Dés



Complexity

When i = 3 and W, = A,, we can obtain the following
components of the conserved vectors:

Z)s+](AZ,D1Ts),

CX=4, (a VAs + a,DYs + a3D€ﬁs + a4D?s)

Cg = och‘ii1 (A

—a,D (Az) Dis - a3D€ (Az) Dﬁs

- a,D}, (A,)Dls + [D;x(a (Ag) + Dgﬁ (Az)

+DY) (AZ)] s, (A4)
CY = a; [A,D}Dfs — D (A ) D§s
- Dk (Az) Diﬁzs + D?(Dg (Az) 5] ,
CY = a,[A,D%DYs — Db (A,) Ds
— D% (A7) Ds + DYDY (A7) 5] .
When i = 4 and W, = A, we can obtain the following
components of the conserved vectors:
Cy = oDy (Ar)s+7(Ag, Dys),
CY=Ar (a VAs +a,D¥'s + a3D€ﬁs + a4D?’s)
- a,D (Ar) Dis - “3D€ (Ar) Dﬁs
—a,Dy (A7) Dys + [Dg(a (Ar) + foﬁ (Ar)
+ DY (AT)] S, (A5)

CY = ay [ArD§Dls - Db (Ay) Dis
- D% (Ag) Ds+ DEDE (A) s]
X T Y X=T X >
C¥ = a, [ArD}DYs - Dl (A7) Ds
- D$ (A7) Dys + DYDY (Ar)s].
Wheni = 5and Wy = —a(3 - w)A — aTA; — XAy -

yYAy — BZA ,, we can obtain the following components of
the conserved vectors:

Cl= DY (~a(3-w)A—aTAr - wXAx
—YYAy - BZA,)s+] (-a(3-w) A —aTA;
BZA,, D;s) ,

CY=(-a(3-w)A-aTA; - wXAy - yYAy

- wXAx - yYAy -

- BZA,) (a VAs +a,D%s + a;DEPs + a4D?’s)
—a,D% (—a(3-w)A-aTA; - wXAx — yYAy

- BZA,)Dys - a3D€ (—a(3-w)A-aTAy

13
~ wXAy - yYAy - BZA,) - Dis - a, DY, (-« (3
~w)A-aTA; - wXAy —yYAy - BZA,) DYs
+[D¥ - (~a(3-w) A-aTA; - XAy
—YYAy - BZA,) + DY (Ay) + DY
(~a(3-w)A-aTA; - wXAyx - yYAy
~BZA,)]s.

CY =a, [(—oc B-w)A-aTAr - wXAx —yYAy
~ BZA,)D%DEs - Db - (~a (3 - w) A — aTA
- wXAy - yYAy — BZA,) Ds
DS [-a(3-w)A—aTA; - wXAy —yYAy
— BZA,] Dbs+ DD (~a (3 — w) A — aTAy
- wXAy —yYAy - BZA,) s] ,

CY =a, [(—(x B-w)A-aTAr - wXAx —yYAy
~ BZA,) DSDYs - Df - (- (3 — w) A - aTA
- wXAy - yYAy — BZA,) D§s
-DS(~a(3-w)A—aTA; - wXAy —yYAy
- BZA,)Dls + DYDY (-a (3 — w) A— aTAy
~ wXAy - yYAy - BZA,)s].

(A.6)

When w € (1,2) and n = 2, we can obtain the following
components of the conserved vectors:

0
Cl =1l +(-1)gDy  (W;) Dy ——— — (-1)"
i ( )0 ( ) Ta(ODT ) ( )
1%
W, D; ~1)iD; (W,
3 (1Pl )+ 080T )
oL 0Z
. D! — (-1 DA
raps ”(' 3,08 >)
= oDy (W) s+ ] (W, Dps) = oDy (W) sy
~J (W, Dis),
C,-X=£I+Wi( by 92
oD% A oD% A
07 0Z o
oY s P g ) RO
xy X~z
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.[D“ 0

5 o
- Dy (W; —_—

aD“ DA

0%

- DL (W) [ Z—aD“ oA

|+ o)

0L
oD DEF A

| oz
dD A

|+ ot

0
oD%DY A

+ Dy (W) [

C,»Y=U+w,-[D <Dﬁ D (w)

[+(eeon)
s
(o)

A_CI+W[ <Dya+3ﬂ)] D) (W)

0F >
oD A

- D5 ()

+ DDy (W)

Z2oD* D" A

0Z
-| DX (a—>]—Da W)
[ X E)DXD?}m X
0Z
. D"<—>]+D“DV (W)
[ Z\oD%DY) A Xz
(9L
oDSDYA )’

(A7)

When i = 1 and W, = Ay, we can obtain the following
components of the conserved vectors:

Cl = oDy (Ax) s+ (Ax, Dps) - oD (Ax)

-sp—J (Ax, Dis),

Cy = Ax(aVAs+a,D¥'s + a, D + a,DY’s)

- a,D% (Ax) Dys — a3D€ (Ay) Dﬁs
~a,D}, (Ax) Dys + [D§ (Ax) + DI (Ay)
+ Dy (AX)] 5

C) = ay [AxDDfs - D§ (Ay) Dys

— D% (Ay) Dbs+DSDE (A

X)S]’

Complexity

- D} (Ax) Dis

X)s].

C) = a,[AxDyD}s

- D% (Ax)D)s+ DD}, (A
(A.8)

When i = 2 and W, = Ay, we can obtain the following
components of the conserved vectors:

Cy = oDy (Ay)s+T(Ay,Dps) — oD (Ay) sy
~J(Ay,Dis),

Cf =Ay (a\/zs +a,DY's + a3Df,ﬁs + a4D2ys)
- @Dy (Ay) Dys - 4Dy (Ay) Dys
-a,D}, (Ay)Dl)s + [Dl;(a (Ay) + Dgﬁ (Ay)

Y)] S

CY = ay [AyDDls

+ DY (A (49
Z

Dﬁ(AY)Dg(S
~ D% (Ay) Dfs + DD} (Ay)s],
D} (Ay) Dis

- D§ (Ay) Dys+ DYDY (Ay)s|.

Cy =a,[AyD{Dls

When i = 3 and W, = A,, we can obtain the following
components of the conserved vectors:

C3T = oD(;_l (Ag)s+] (AZ’DITS) - 0D¥_1 (Ay)

“ ST — ](AZ,D;S) R
CX=4, (a VAs + a,D's + a3D€ﬁs + a4D?s)

—a,D% (A,) D%s —a, D5 (A,) Dbs
- a4D£ (Az) DES + [D?(a (Ay)+ Diﬁ/ﬁ (Ay)
(A.10)

+ Dy (Az)] S
CY = a; [A,D}Dfs — D (A ) Dys

- Dy (Az) Dgs + D?(Dg (Az) 5] ’
C¥ = a,[A,DyDYs — Db (A,) Dys
— D% (Az) Dys + DYDY (Az) 5] .

When i = 4 and W, = A}, we can obtain the following
components of the conserved vectors:

CZ = 0D¥_1 (Ap)s+] (AT, DlTs) - OD;’,_I (A7) sy

-J(ApnDzgs),
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Cf =Ar (a\/Xs +a,D¥'s + a3D€ﬁs + a4D?'s)
- a,D% (Ar) Ds - ‘13D€ (A7) D€5
-a,D, (Ar)Ds + [Dggx (Ar)+ Dgﬁ (Ar)
+ DY (Ar)]s,

Bo_ b «

Cy = a; [ArDyDys — Dy (Ax) Dis
~ D% (Ar) Dys + DDE (Ay)s],

Y _ oY B o

Cy = ay[ArDyD}s - D, (Ar) Dgs

DS (Ar) Dys + DYDY (Ar)s].
(A1)

Wheni = 5and Wy = —a(3 - w)A — aTA; — wXAy -
yYAy — BZA ,, we can obtain the following components of
the conserved vectors:

Cl= DY (~a(3-w) A~ aTAs - wXAx
—YYAy - BZA,)s+] (2 (3 - w) A — aTA;
- wXAyx - yYAy - BZA,, Dys)
~ DY (~a(3-w)A-aTAp - wXAy
~yYAy -~ BZAz) st - ](
BZA . Dss),

B-w)A-aTApr —wXAx —yYAy

—-a(3-w)A-aTA,
- wXAx - yYAy -
= (_
- BZA,) (a VAs + a,DY's + a3D€ﬁs + a4D?s)
—a,D% (—a(3-w)A-aTA; - wXAy
- yYAy — BZA,) Ds - a3D€ (—ra(3-w)A
— aTAp — wXAy - yYAy - BZA,) - Dhs
—a,D} (~a(3-w)A-aTA; - wXAy
—yYAy - BZA,) Dys+ [DY - (~a (3 - w) A
—aTA; - wXAy —yYAy - BZA,)
+ D (Ay)+ DY - (~a(3-w) A-aTA;
- wXAy - yYAy - ﬁZAZ)] S,
Ci =ay[(-a(3-w) A-aTA; - wXAx - yYAy
— BZA,)D%DEs— Db . (~a (3 - w) A — aTAy
- wXAy - yYAy - BZA,) Dys

DY [-a(3-w)A-aTA; - wXAy —yYAy

15
~ BZA,] Dis+ DD (~a (3 — ) A — aTAy
~wXAx - yYAy - BZAy)s),

CY=a, [(—oc (B-w)A-aTA; — wXAyx —yYAy
- BZA,)D}Dls - Dg (~a(3-w)A-aTAy
- wXAy - yYAy — BZA,) Dis
-DS (~a(3-w)A-aTA; - wXAyx —yYAy
- BZA,)Dls+ DYDY (-a (3 - w) A— aTAy
- wXAy —yYAy — BZAy) s] .
(A12)
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