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Abstract

This paper explorers rationalizability issues for finite sets of observations of
stochastic choice in the framework introduced by Bandyopadhyay et al. (JET,
1999).Is is argued that a useful approach is to consider indirect preferences on
budgets instead of direct preferences on commodity bundles. Stochastic
choices are rationalizable in terms of stochastic orderings on the normalized
price space if and only if there exits a solution to a linear feasibility problem.
Together with the weak axiom of stochastic revealed preference the existence
of a solution implies rationalizability in terms of stochastic orderings on the
commodity space. Furthermore it is shown that the problem of finding suffi-
ciency conditions for binary choice probabilities to be rationalizable bears
similarities to the problem considered here.
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1 Introduction

Bandyopadhyay, Dasgupta, and Pattanaik (1999) (henceforth BDP) initiated a line of
investigation in which they explord choice behavior of a consumer who chooses in
a stochastic fashion from different budget sets. In BDP (2002) this approach was ex-
tended by an interpretation of tuples of deterministic demand functions of different
consumers as a stochastic demand function. They define a weak axiom of stochastic
revealed preference which is implied by but does not imply rationalizability in terms
of stochastic orderings on the commodity space.! In BDP (2004), the authors note
that

it is not at all obvious what would be a natural stochastic translation of
the familiar strong axiom of revealed preference and what would be the

implications of such a ‘strong axiom of stochastic revealed preference’

It is the purpose of this paper to explore rationalizability issues, provide a necessary
and sufficient condition for rationalizability in terms of stochastic orderings, and to
discuss related problems.

Suppose a consumer specifies a probability for each subset of a given budget such
that the probability assignments add up to unity. Suppose further that we observe
these probability assignments on a finite set of budgets. Can we find conditions on
the probability assignments such that, if these conditions are satisfied, we cannot
reject the hypothesis that the consumer has random preference orderings and, given
the budget set, optimizes on the basis of his realized preference ordering?

Alternatively, suppose we observe single choices of many anonymous consumers
on a finite set of budgets, such that we observe each individual decision but do not
know by which consumer the decision was made. Can we find conditions on the
choices such that, if these conditions are satisfied, we cannot reject the hypothesis
that the choices were made by a set of maximizing consumers?

The problem is complicated by at least two factors. Firstly, in the context of

stochastic revealed preference, budget sets are infinite sets of alternatives. The

'Formal definitions are given in Section 2.
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stochastic choice literature is usually confined to choices from finite sets.? Secondly,
even in the deterministic case we are not in general able to recover the entire rank-
ing of a consumer with only a finite set of observations. This is simply because a
consumer might choose a in a situation where b is not available, and chooses b in
a situation where a is not available. If there are no further observations which can
be used to deduce a relation between a and b via a chain of other choices, we do not
know if the consumer prefers a over b. In the stochastic case we are therefore only
able to deduce minimal choice probabilities; for example, we might be able to deduce
that the consumer prefers a over b in at least 30% of all cases and b over a in at least
20% of all cases.

It will be argued that a useful way to understand and analyze stochastic choices
on standard budget sets is in terms of indirect preferences on the price-income space
or the normalized price space. To this end Sakai’s (Sakai, 1977) conditions for indi-
rect preferences from which a utility function can be deduced are used. That is, the
problem of finding a probability measure on orderings over the available commodity
bundles is transformed into the problem of finding a probability measure on order-
ings over the budgets on which choices are observed.

Itis also shown that the rationalizability problem bears similarities to the problem
of finding necessary and sufficient conditions for rationalizability of binary choice
probabilities; this is specifically true for stochastic revealed preference conditions
based on partial relations between alternatives. That is, a set of conditions sufficient
for rationalizability is likely to also be applicable to the strand of literature concerned
with binary choice. No finite sets of necessary and sufficient conditions for each num-
ber of alternatives is known, and Fishburn (1990) showed that the set of conditions on
the choice probabilities that are sufficient for rationalizability regardless of the num-
ber of alternatives must be infinite. This poses some problems for the framework
considered here.

The remainder of the paper is organized as follows. Section 2 introduces the no-

tation, and recalls the relevant work by BDP and Sakai. Section 3 introduced a linear

*Falmagne (1978), who was the first to find conditions for rationalizability of stochastic choices
by a probability distribution over linear preference orderings, explicitly confines himself to choices
from finite sets of alternatives. Cohen (1980) extends Falmagne’s approach to the case of an infinite
overall set of alternatives, but again, all choice sets are finite subsets of the set of alternatives.



2.1

Stochastic Revealed Preference and Rationalizability 6

feasibility problem which is solvable if and only if the choices are rationalizable in
terms of stochastic orderings on the normalized price space. Combined with the
weak axiom of stochastic revealed preference it implies the existence of probability
distribution of orderings on the commodity space. Problems, in particular with con-

nection to binary choices, are discussed. Section 4 concludes.

Preparations

Notation and Basic Concepts

Let £ be the number of commodities, and let X = R¢ be the commodity space.3 The

normalized price space P is defined by

P={p:p=(pupa-..pe)and pi=pi/w (i=12,...,0)
for some (p1,p2,...,pesW) € R¢, ><1R++},

where p; denotes the price of commodity i and w denotes the consumer’s income;
for most of the paper we shall assume that we observe consumption decisions on a
finite set of n budgets. A budget set can then be defined by {x € X : px < 1}. We will
denote the budget sets as B! = B(p?) and the upper bound of budget sets as B! =
{x € X : pix? =1}, where superscripts index the observation. Furthermore B ¢ 2X
denotes the family of all budget sets, i.e. B=U{B(p) : p € P}.

Let h be a nonempty demand correspondence (function) on ‘B which assigns to
each B a nonempty subset /(B). For most of the paper, we shall assume that 4 is a
singleton, and denote x’ = (x{,x},...,x},) = h(B'). Furthermore we shall assume
that the entire income is spent, such that #(B?) = h(B?).

Let R € X x X be a binary relation on X. If pix? > pix then {x’,x} € R and we
say that the observation x’ is directly revealed preferred to x. For brevity, we write
xRx. The observation x' is revealed preferred to x, written x*R*x, if either x*Rx or

for some sequence of bundles (x/, xk,...,x™) it is the case that x!Rx/, xJRxk, ...,

3Notation: RY = {x e R®: x 20}, RY, = {x ¢ R®: x > 0}, where “ x > y ” means “ x; > y; for
alli”andx # y ,and “x > y ” means “ x; > y; for all i . Note the convention to use subscripts to
denote scalars or vector components and superscripts to index bundles.
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x™Rx. In this case R* is the transitive closure of the relation R, i.e. R* = |J; Ri. Let
R be the set of all orderings over X.4

The weak axiom of revealed preference (WARP) asserts that R is asymmetric: For
all x,x" € X, x # x/, xRx' implies —(x'Rx), where - means “not true”. The strong
axiom of revealed preference (SARP) asserts that the transitive closure of R, R*, is

asymmetric: xR*x’ implies =(x'R*x).

Indirect Revealed Preference and Revealed Favorability

There is a notion of indirect revealed preference due to Sakai (1977), Little (1979), and
Richter (1979).5 We will rely on Sakai’s definitions and use the concept of revealed
favorability in the following sense: Let F ¢ B x ‘B be a binary relation on B. If xJ € B
then there has to be an element x € Bf which is at least as good as x/, and we say that
budget B! is revealed more favorable than budget B/. Given a set of observations on
a consumer, we define the relation F' as B! F! B/ if xJ € Bf and B + BJ. Let F be the
transitive closure of the relation F. Let F be the set of all orderings on B.

The weak axiom of revealed favorability (WARF) asserts that F! is asymmetric:
For all B, B’ € B, BF! B’ implies —(B’ F' B). The strong axiom of revealed favorabi-
lity (sARF) asserts that the transitive closure of F1, F, is asymmetric: BF B’ implies
~(B'FB).

Stochastic Revealed Preference and its Weak Axiom

Next we recall the relevant part of the concepts used by BDP (1999, 2004).

A stochastic demand function (SDF) is a rule g, which, for every normalized price
vector p € P specifies exactly one probability measure g over the class of all subsets
of the budget set B = B(p). Let g = g(p), where g is an sDE, and let A be a subset

4We use the term “ordering” in the same sense as BDP. An ordering over IR¢ is binary relation R
over R satisfying: (i) reflexivity: for all x € R%, xRx; (ii) connectedness: for all distinct x, y € R,
xRy or yRx; and (iii) transitivity: for all x, y,z € R¢, [xRy and yRz] implies xRz.

>Sakai (1977) calls the relations on the price-income space revealed favorability relations and de-
fines weak and strong axioms of revealed favorability by analogy with warP and sarp. Little (1979)
calls his relations indirect preference relations and employs the Congruence Axiom due to Richter
(1966). See also Varian (1982), who explores the possibilities of ordinal comparisons between bud-
gets in empirical analysis.
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of a budget set B(p). Then g(A) is the probability that the bundle chosen by the
consumer from the budget set B(p) will be in the set A.

A stochastic demand function g is degenerate if and only if, for every normalized
price vector p € P, there exists x € B(p) such that, for every subset A of B(p), x € A
implies g(A) =1and x ¢ A implies q(A) = 0, where g = g(p).

A stochastic demand function g satisfies the weak axiom of stochastic revealed
preference (wasrp) if and only if, for all pairs of normalized price vectors p and p’,
and forall Ac Bn B’

q(B-B")>q'(A4)-q(4), (1)

where q = g(p), q' = g(p’), B = B(p) and B’ = B(p’).

A stochastic demand function which satisfies g(B) = 1is called tight (Bandyopad-
hyay et al., 2004). The analysis here is confined to tight demand.

A stochastic demand function g satisfies rationalizability in terms of stochastic
orderings (Rs0) if and only if there exists a probability measure r defined on R such

that, for every normalized price vector p and every subset A of B = B(p)

q(A) = r[{R € R : there is a unique R — greatest element in B

and that element is in A}] (2)

where g = g(p). BDP (1999) show that rso implies but is not implied by wAsrP.

Indirect Preferences and Stochastic Choice

To extend WASRP to a stronger condition analogous to SARP it seems necessary to
be able to utilize transitive closures of preference relations. But when we observe
probability measures over all subsets of given budgets it is difficult to interpret these
measures in terms of preference relations between elements of X. It is more obvious
how to interpret the observations in terms of indirect preference relations or revealed
favorability relations between elements of B: We can interpret g/(B/ n B?) as the
minimal share of the consumer’s indirect preference relations which rank budget B!

over budget BJ.
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Figure 1: An example

Consider Figure 1. Suppose on budget B the consumer assigns the probabilities
q(A;1) = % and q(A2) = % to the sets A; and A; respectively. On budget B’ he assigns
the probabilities g'(A]) = % and g'(A’) = 4. Clearly he reveals that at least % of
his preference orderings rank B’ over B, and at least % of his preference orderings
rank B oder B'.

Now suppose the indicated subsets of the budgets are singletons. The observed
probability assignments are consistent with a consumer who has three different pref-
erences Ry, Ry, R, such that A is the R,-greatest element of B and A’ is the R,-
greatest element of B’ and the preference R, is realized with probability 4%; A; is the
Rj-greatest element of B and A] is the R,,-greatest element of B’ and the preference
Ry, is realized with probability %; A, is the R -greatest element of B and A] is the
R.-greatest element of B’ and the preference R, is realized with probability %.

When considering indirect preferences, the only conditions imposed by the ob-
served probability assignments are that the consumer has an indirect preference
which ranks budget B over B’ and is realized with a probability of at least 4, and an
indirect preference which ranks budget B’ over B and is realized with a probability

of at least %. For example the consumer could have two different indirect prefer-
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ences F, and Fy, such that B is the F,-greatest element of { B, B’} and the preference
F, is realized with probability %; B’ is the F,-greatest element of {B, B’} and the
preference Fy, is realized with probability %.

Rationalizability

Rationalizability in Terms of Stochastic Orderings on the Normal-

ized Price Space

We say that a stochastic demand function g satisfies rationalizability in terms of
stochastic orderings on the normalized price space (RsoPp) if and only if there exists a
probability measure f defined on F such that this assignment over preferences could
have generated the observed stochastic choices. That is, we can use f to generate the

observed stochastic demand: For budgets B!, B%,...,B™
. m_l .
f[{FeF:{B}"'EB"}] > g™ (Bm N B’),
i-1

ie. the sum over all indirect preferences which rank all budgets in {B?}”;! higher
than B™ is greater than or equal to the choice probability assigned to the part of B™

that intersects with all {B}"!. Furthermore,

f[{FeF:B"F{B'}"'}] <q™ (Bm - @13"),

ie. the sum over all indirect preferences which rank all budgets in {B?};! lower
than B™ is less than or equal to the choice probability assigned to the part of B that
does not intersects with any B’ in {B7}7}.

Because the number of different indirect preferences is finite if the number of
observations is finite, it is straightforward to test, at least in principle, for RsoP. Let
N ={1,2,...,n} be the set of indices of the observed budgets. Let S(N) be the set of
all ordered n-tuples of indices in N, i.e. the set of the # = n! permutations of N. The

elements of S(N) will be indicated by ¢, and more explicitly as 0; = (a,b, ..., e) and
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0i(1) = a, 0i(2) = b, etc. Let 71; = 7(0;) be the probability assigned to the ordering
;.

We now define the following linear feasibility problem:

find I = (my, 72, ..., 71y) (Fp.1)
satisfying ;>0 foralli=12,...,7 (Fp.2)
n
Yomi=1 (p.3)
i-1

BFN BJ') (FP.4)

T 2 qk (
{iz0:(j)<0i(k)V jeM} jeM

;i < g~ (Bk -U Bj) (FP.5)
{i:0:(j)>0i(k)V jeM} jeM

forall1<i < #andall nonempty M c Nandallke N,k ¢ M

Note that (.5, (j)<a; (k)v jem) i denotes the sum over all probability assignments
over preferences which rank all j € M higher than k, excluding preferences which

rank one or more j € M lower than k.

Theorem 1 'The following conditions are equivalent:
(1) there exists a probability measure f over the set of all orderings on ‘B that
rationalizes the stochastic choices {q(B?)}}_;;

(2) the linear feasibility problem (rp) has a solution.

Proof. Follows immediately from the definition of RsoP. Note that the theorem
bears similarities to Block and Marschak (Block and Marschak, 1960, Theorem 3.1).
O

Rationalizability in Terms of Stochastic Orderings on the Commod-
ity Space

Sakai (Sakai, 1977, Theorem 6) shows that if the entire income is spent, the (deter-

ministic) demand at every normalized price vector is a singleton, and the demand
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function satisfies sARP, then a (direct) utility function can be deduced from the fa-
vorability relation.Because wARP implies single valued demand, SARF and wARP
together imply the existence of a utility function that rationalizes the demand. So it
is not surprising that analogously the existence of a solution to (FP) and satisfaction

of wasrP imply rRsO:

Theorem 2 'The stochastic demand function g satisfies rationalizability in terms
of stochastic orderings (on the commodity space) if the linear feasibility problem

(rP) has a solution and the weak axiom of stochastic revealed preference is satisfied.

Proof. Identify a deterministic demand function h with a degenerate stochastic de-
mand function. Under warP and sARF, xRx’ if and only if BF B, where x = h(B)
and x’ = h(B’). By virtue of Sakai’s (Sakai, 1977) Theorem s, there exists a function
v : B - R such that BF B’ implies v(B) > v(B’). When h is a one-to-one corre-
spondence, we can define a function A : X — B such that A(x) = h~!(x). Then there
exists a function u : X - R such that u(x) = v(A[x]) > v(A[x']) = u(x’), so u
rationalizes R (Sakai (Sakai, 1977, Theorem 6)).

In the stochastic case RsoP implies that there exist functions vg : B - IR such
that BF B’ implies vg(B) > vg(B’), for all F with f(F) > 0. Define a set of functions
gr: B — X for R € R such that gr(B) = {x € X : x is the R — greatest element in B}.
Note that wasrp implies that each ggr(-) is uniquely invertible. This is because for
two budgets B = B, wasrP excludes q(A) # g'(A) forall Ac B, B'.

Then under wasrP and RSOP, for every indirect preference preference F there
are direct preferences R such that x R x’ if and only if BF B/, where x = gr(B) and
x" = gr(B'). Define a set of functions yg : X — B such that ug(x) = gz'(x).

Then in analogy to Sakai’s Theorem there exist functions ug : X — R such that
ur (gr[B]) = ve (ur[gr(B)]) > ve (urlgx(B)]) = ur (gx[B']). O
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3.3 Problems and Open Questions

Consider the following construction: A budget B is revealed more favorable by degree
¢(i,j) than BJ if

o(i,j) = max{qj (Bj mBi) , q (BJ mBM(l))

N mf gM () (BM(K) gk
Pt

+gM(m) (BM(m) o BT — m}, (3)
where the maximum is over all sets of indices M ¢ N - {i, j}. Then obviously

o(i,j) +(j,i) <1 (4)

is a necessary condition for RsOP. It may seem to be a reasonable conjecture that the
condition is also sufficient, but unfortunately it is not, as will be shown below. But
first note the following:

Claim 1 Identify a deterministic demand function with a degenerate stochastic
demand function. For that demand function, condition (4) is equivalent to the strong

axiom of revealed favorability.

Proof. In the deterministic case, B! F B/ is equivalent to ¢(i,j) = 1. To see this,
note that (i) ¢(i,j) € {0,1}, (i) B'F' B/ is equivalent to ¢/ (B/nB') = 1, and
(iii) B'FBJ is equivalent to g/ (Bin BM()) = 1, gM1) (BM() n BM2)) = 1, ..,
gM(m) (BM(’") n BM(i)) =1for some M c N. So condition (4) is equivalent to asym-
metry of F. O

A “system of binary probabilities” [ocij v je{lL2,..., 0} i # jajt+aj= 1] is
said to be “induced by rankings” (rationalizable) if there is a probability distribu-
tion on the set of n! orderings of {1,2,...,n} such that, for all distinct i and j, a;; is

the sum of all probabilities attached to orderings which rank i over j (cf. Fishburn
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(1990)). The so-called triangular condition
ajj+ ot ag <2 (5)
and its generalization

AM(1) M(2) + AM(2) M(3) +...+ EM(m) M(1) <m-1 (6)

for all sets of indices M € N oflength m is a necessary condition for rationalizability.
It was also conjectured to be a sufficient condition for rationalizability by Marschak
(1959). In an unpublished paper, McFadden and Richter (1970) provided a counterex-
ample for n = 6.7 Later on, Fishburn (1990) observed that the set of conditions on
the choice probabilities that are sufficient for rationalizability regardless of n must be
infinite.

This poses some problems for the framework considered here. Consider the coun-
terexample of McFadden and Richter (1970) applied to the framework of stochastic

revealed preference: For n = 6, let

(12 = 04 = 034 = A36 = O56 = U052 = 1
0] = (41 = 043 = Kg3 = Ug5 = Ap5 = 0

ajj= 1/2 for all other i, j

where g/ (B/n Bf) = a;;. Then the triangular condition and its generalization are
satisfied, and so is condition (4); but (¢ ) has no solution. Indeed, with g/ (Bj n Bi) =

a;j, conditions (6) implies (4) because

o(i, j) + 9(j, i) = Eimi) Oy mi2) T Opri(m) i
+(XiMj(1)+06Mj(1)Mj(2)+...+0(Mj(m)j (7)

—mi —mi,

SFor the generalized form, see for example Cohen and Falmagne (1990). In the case of binary
probabilities, the generalized form can be deduced from the triangular condition.
7 A revision of the paper was later published as McFadden (2005).
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where M’ and MJ, |M| = m? and |MJ| = mJ, are the sets of indices used to construct

¢(i,j) and ¢(j, 1), and with (7) and condition (6) we obtain

o(i,j) + @(jyi) + m' + m/ < (m' +1) + (m/ +1) -1
< (i, j) +¢(j,i) <1

While it might also be possible that exploitation of the particularities of the frame-
work of BDP, e.g. linearities of budgets, helps to find finite sets of necessary and
sufficient conditions for stochastic revealed preference without applicability to the
binary probability problem8, the results of this section suggest that conditions for
RsOP based on definitions for a partial revealed favorability relation between budgets
suffer from similar problems as the conditions for rationalizability of binary proba-
bilities. Therefore a “strong axiom of stochastic revealed favorability” could possibly
also solve the problem of finding a finite set of necessary and sufficient conditions

for systems of binary probabilities for each particular .

Conclusion

The weak axiom of stochastic revealed preference, as introduced by Bandyopadhyay
etal. (1999), is a necessary but not sufficient condition for stochastic demand behav-
ior to be rationalizable in terms of stochastic orderings on the commodity space. It
was the purpose of this paper to explore rationalizability issues and to show how one
can, in principle, test whether or not a finite set of observations of stochastic choice
is rationalizable by stochastic orderings.

To this end the problem of finding a probability measure over orderings on the
commodity space was transformed into a problem of finding a probability measure
over orderings on the normalized price space. The advantage of this indirect ap-
proach is that it avoids the problems resulting from the infinity of the set of alter-

natives a consumer chooses from when facing a budget set defined in the usual way.

8Suppose the commodity space is restricted to the positive orthant of the two-dimensional Eu-
clidean space. Then, in analogy to deterministic revealed preference (see Rose (1958), Heufer (2007)),
WASRP might imply Rso.
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Furthermore, it is interesting to note that rationalizability in terms of stochastic or-
derings on the normalized price space and the weak axiom of stochastic revealed
preference together imply rationalizability in terms of stochastic orderings on the
commodity space.

In Section 3.3 similarities with binary probability systems were pointed out. In
particular it was shown that conditions based on partial revealed favorability rela-

tions are likely to suffer from similar problems as the conditions for rationalizability

of binary probabilities.
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