INTERSECTION NUMBERS OF FAMILIES OF IDEALS
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ABSTRACT. We study the intersection number of families of tall ideals. We
show that the intersection number of the class of analytic P-ideals is equal
to the bounding number b, the intersection number of the class of all meager
ideals is equal to h and the intersection number of the class of all F}, ideals is
between h and b, consistently different from both.

1. INTRODUCTION

In [16] S. Plewik proved that the intersection of less that h non-meager ideals
is a non-meager ideal and he showed that there exists a family of size ? of non-
meager ideals which has empty intersection. In [15] the same author proved that the
intersection of less that ¢ ultrafilters is a non-meager filter. In [18] M. Talagrand
proved that the intersection of countably many non-measurable filters is a non-
measurable filter and in [3] T. Bartoszyniski and S. Shelah proved that it is consistent
with ZFC that the intesection of a family of less than ¢ ultrafilters has measure
zero.

In this paper we investigate how many tall ideals from a given class I' of ideals
on w are needed so that their intersection is not tall.

The first result of this sort is essentially due to Balcar, Pelant and Simon [1],
who showed that there is a base tree of height b in P(w)/fin and, in effect, showed
that h is the minimal size of a family of tall ideals on w whose intersection is fin
(equivalently, not tall).

Definition 1. Let I' be a class of tall ideals on w such that (\I' = fin (that is, for
all A € [w]* there is .# € T such that A & .#). The intersection number of T’ is
defined as hr = min{|Q|: Q C T (N Q is not tall )}.

We consider the intersection number for several naturally occurring classes of
ideals. In particular, we show that the intersection number of the class of analytic
P-ideals is equal to the bounding number b, the intersection number of the class
of all meager ideals is equal to  and the intersection number of the class of all F,
ideals is between h and b and is consistently different from both of them.

We assume knowledge of the method of forcing as well as the basic theory of
cardinal invariants of the continuum as covered in [2]. Our notation is standard
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and follows [2] and [11]. In particular, for a cardinal x and a set A, [A]" denotes
{X C A:|X| = k}. For any given function ¢ we denote by ¢”A and ¢~ ![A]
the sets {¢(x) : © € A} and {x : p(x) € A}, respectively. For any two sets A
and B, we say that A is almost contained in B, in symbols A C* B, if A\ B is
finite. For functions f,g € w* we write f <* g to mean that there is m € w such
that f(n) < g(n) for all n > m. An interval partition is a partition of w into
finite intervals Z = {I,, = [in,in+i) : 1 € w}. We say that the interval partition
Z ={I, : n € w} dominates another interval partition J = {J,, : n € w} if there
exists m € w such that for all n > m there is k € w such that J, C I,,. Recall that
the bounding number b is the least cardinal of a <*-unbounded family of functions
in w¥. Equivalently, it is the least cardinality of a family F of partitions of w in
intervals, such that there is no partition that dominates every element of F (see
[4]). A family S C P(w) is a splitting family if for every infinite A C w there is
an S € S such that both SN A and A\ S are infinite. The splitting number s is
the minimal size of a splitting family in P(w). We say that a family D of infinite
subsets of w is dense in [w]* if for all A € [w]* there is D € D almost contained in
A. D is open if it is downward closed under C*. The distributivity number b of
P(w)/fin is the smallest size of a family of dense open sets with empty intersection.

An ideal on X is a family of subsets of X closed under finite unions and subsets.
We assume throughout the paper that all ideals contain all singletons {z} for all
x € X. An ideal .# on w is tall if for all X € [w]¥ there is an I € .# such that
I'NX is infinite. All the ideals that we consider are tall. A filter F on w is a family
of subsets of w such that {X Cw:w\ X € F} is an ideal on w and an ultrafilter
is a maximal ultrafilter, that is, for all X C w, either X € F or w\ X € F.

Ideals and filters on w, as subsets of P(w) can be seen as subsets of the Cantor’s
set 2¥ (equipped with the product topology), by identifying each subset of w with
its characteristic function. When we speak about analytic complexity or some
topological property of a filter or an ideal we refer to this topology. In particular,
recall that a set is meager if it is the countable union of nowhere dense sets. Thus,
an ideal .# is meager if it is meager seen as subset of the Cantor’s set.

The uniformity of the null ideal non(N) is the least cardinality of a subset of
the real line which is not not of Lebesgue measure zero. The additivity of the
meager ideal add(M) is the least x such that the meager ideal is not x-additive.
The covering number of the meager ideal cov(M) is the smallest size of a family of
meager sets wich cover the real line.

2. ZFC (IN)EQUALITIES

Let T be a class of tall ideals. We say that I' is closed under restrictions and
traslations if given & € T', X ¢ ¢ and f a bijection between X and w, the set
F 1y X ={flINX]:Ie #}is an ideal of the class I'. It is easy to see that all
classes that we consider are closed under restrictions and translations.

Let T" be a class of tall ideals closed under restrictions and translations. Suppose
that Q@ C T satisfies ()2 is not tall and X € [w]¥ is a witness of that, then
O ={SF |y X: 7 € Q}is asubclass of I" and (' = fin. Therefore, the
intesection number of I' can be defined as min{|Q2| : @ CT A Q = fin}.

We will use the following simple fact several times in the paper.

Lemma 2. Let I', A be classes of tall ideals on w. If for each & € T' there is
F € A such that # C 7, then ha < br. In particular, if I' C A, then ha < br.
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Proof. Let H ={F, : a < hr} C T be a family such that (\H = fin. For each a,
let 7, C 7, such that #, € A. Then H' = { Zo : a < bhr} C A and (\H' = fin,
therefore ha < br. O

A family A of infinite subsets of w is an almost disjoint family if for any A, B € A,
AN B is a finite set. A mazimal almost disjoint (MAD) family is an infinite almost
disjoint family of subsets of w, maximal with respect to inclusion.

As it has already been mentioned, §j is the smallest possible value of the intersec-
tion number. The following theorem shows that the families of MAD and meager
ideals realize the same intersection number .

Proposition 3. hmap = Omeager = 0.

Proof. 1t is sufficient to prove that hyap < b and Bmeager < Bmap. For the first
inequality, let .# be a tall ideal. Then .# is a dense open family. It follows from
proposition 6.18 of [4], that there is a MAD family A such that the ideal generated
by A, I(A) ={X Cw:3IB e [A<¥(X C*|JB)} is a subset of .#. From lemma
2 we have the inequality. For the second inequality, recall that in [12] A. Mathias
proved that the ideals based on MAD families are meager (that is, MAD C meager).
The result follows from lemma 2 again. O

Let max denote the class of mazximal ideals. Recall that an ideal .# is mazximal if
its dual filter is an ultrafilter. The following proposition shows that the intersection
number of the class of maximal ideals is the greatest possible.

Proposition 4. hx=¢

Proof. 1t suffices to show that the intersection of less than ¢ maximal ideals is a
tall ideal. Let x < ¢ be given and let {#, : @ < Kk} be a family of maximal ideals.
Given an A € [w]¥, let {A¢ : £ < ¢} be an almost disjoint family of infinite subsets
of A. First observe that for a fixed a < &, [{Ae : € < ¢} \ Fu| < 1. To see this,
pick € < ¢ such that A¢ & .7,. If x # & then AcNA, =*0, A, C* w\ Ae. We have
w\ A¢ € F, since the ideal is maximal. Therefore, A, € #,. It easily follows from
the observation that there is a £ < ¢ such that A, € F, N[A] for all « < k. O

Recall that an ideal .#; is summable if there is f : w — (0,00) such that
limy, 400 f(n) =0, >, f(n) =coand & = {ACw: ) _,f(n) <oo} An
ideal .7 is a P-ideal if for any sequence (I, : n € w) C & there is I € .# such that
I, C* I'foralln € w. Anideal .¥ is w-hitting if for any sequence (A,, : n € w) C [w]*
there is I € .# such that |4, N I| = Ry (equivalently, A, NI # ( for all n € w).

A lower semicontinuous submeasure on a set X is a function ¢ : P(X) — [0, 00]
satisfying ¢(0) = 0; ¢(A) < p(B) whenever A C B; p(AU B) < ¢(A4) + ¢(B)
and p(A) = lim, 00 (A Nn) for all A,B C X. If ¢ is a lower semicontinuous
submeasure on w then the ideals Fin(y) = {A C w : p(A) < oo} and Exh(p) =
{A Cw:lim, 0 p(A\ n) =0} are F, and F,s P-ideals, respectively.

In [17] S. Solecki showed that if .# is an analytic P-ideal, then there is a lower
semicontinuous submeasure ¢ on w such that .# = Exh(y) and K. Mazur in [13]
proved that if an ideal .# is F, then there is a lower semicontinuous submeasure ¢
such that .# = Fin(y).

An F, ideal .# is fragmented [10] if there is partition (I, : n € w) of w in
finite sets and submeasures ¢, : P(I,) — [0,00) on I, such that & = {A Cw :
W (pn(A N 1) < b))
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Since F, C --- C Borel C analytic and summable C analytic P-ideal C Borel w-
hitting C w-hitting, we have from lemma 2 the following inequalities.

PI‘OpOSitiOIl 5. (-Z) b < banalytic < hBoreI <. < hFa'
(2) b S bw—hitting S hBoreI w-hitting S banalytic P-ideal S bsummable~

Proof. (1) is obvious. For (2), if .y is a summable ideal then the lower semicon-
tinuous submeasure ¢ on w defined by ¢(A) = > 4 f(n) shows that .#; is an
analytic P-ideal as .# = Exh(y).

Let .# be an analytic P-ideal. Let us see that .# is Borel w-hitting. From
Solecki’s theorem we know that .# is an Fy5 ideal. Let (4, : n € w) C [w]¥. Since
& is tall, for every n € w there is I,, € .# such that I,, N A, is infinite. Let I € .
be such that I,, C* I for all n € w. Then I N A,, is infinite for all n € w. O

The next class of ideals that we consider is the class of eventually diferent ideals.
We consider this class for two reasons: the first one is because its intersection
number admits a simple combinatorial characterization and the second one is, it
allows us to relate the intersection number of the classes seen so far with the classical
cardinal invariants b, s and non(\).

Definition 6. Let f € w* be such that |ran(f)| = 8o and limsup,,_,. |f~(n)| =
oo. We define the (tall F,,) ideal EDy = {A C w : ImVI > m|AN f7H()] < m}.
The class of ED-ideals is defined as the class

ED = {ED; : f € w¥ A [ran(f)| = g Alimsup |~ (n)| = oo}

The class of ED ty,-ideals is defined by

EDfin = {EDy : f € w* A f is finite-to-one A limsup |f~!(n)| = oo}.

n—00

Note that
bep = min{|F|: F C w® AVA € [w]“3f € F(Vk 3°n(|f*(n) N A| > k))} and
bepy, = min{|F| : F C w” AVA € [w]¥3f € F finite-to-one
(v 3=n(| = (n) N A > k)}.

From lemma 2 and EDg, C ED C F,, we obtain the following inequalities.
Proposition 7. hr, < bhep < hep,, - O

We can estimate the values of hep and bhep,, .
Theorem 8. hep,, =b.

Proof. First we prove that hep,, < b. Let k < hep,, and (P, : a < k) be a family
of partitions of w in intervals where P, = (I¥ : n € w). Define f, : w — w by
fa(x) = n if x € I (that means that f,'(n) = I2 for all n € w). Since f, is
finite-to-one for all @ < x and x < bep,,, there is an A € [w]“ such that for each
a < k there are k,,m, € w such that |f;1(n) N Al < k, for all n > m,. Let
€4 : w — w be the enumerating function of A (e4(n) is the n-th element of A) and
define the following partition of w in intervals:

Jo = [0,€4(0));

Jn+1 = [ea(sn),ea(snt1)),
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where s, = > 4, for n > 1. Note that |J, N A| = n.

We claim that P = (J, : n € w) dominates P, for all & < k. Fix a < &, let
ka,ma € w be such that |f;1(n) N A| < k, for all n > m,. Let N € w such that
N > max{3kq,mo} and if sy_1 € I, then k > m,. Let us see that for each
m > N there is an r € w such that I C J,,.

For m > N, let ro = min{n € w: I N J,, # 0}. By the second condition on N,
ro > mq. If I, C J,, we are done. If not, we claim that I,,+1 C Jp,. Suppose not,
then J,,, C I2 U I . and therefore AN J,, € AN (I3 UI ., ) wich implies that
|ANT | < [AN(IZ VIR )| but [ANJTy,| = m > 3k, while |[AN (L, Ulr41)] < 2Ka,
which is a contradiction.

On the other hand, let k < b and (f, : @ < k) C w® be a family of finite-to-one
functions. For each oo < k we define a partition of w in intervals as follows:

I = [0, ko),
where kg = min{m € w: f;1(0) C [0,m)}, and

Ir?+1 = [kn, kn+1)7

where k1 = min{m € w: Vz € L,(f; [fa(x)] <m)} for n > 1. Put P, = (I :
n € w). Observe that f;!(m) is contained in at most two consecutive intervals of
P,, for all m € ran(f,). Let P = (J,, : n € w) be a partition dominating the family
(Py : o < k) (that is, for each o < k there is N, € w such that for all n > N, exists
r € w such that I& C J,) and let A be a selector of P. For a < &, consider N,
and r such that I C In_ . If mq = max{fo(z) : © € I¥}, then for each n > my,
|f1(n) N A| < 3, because f;!(n) is contained in at most two intervals of P,. This
proves that (f, : @ < k) is not a wintness for hep,,, and therefore b < hep,, . O

Recall that an ideal .# is a Q-ideal if for every partition (F), : n < w) of w into
finite sets, there is an .#-positive set X such that |X N F,| <1 for all n < w.
We use the following theorem [9].

Theorem 9. For each Borel ideal .%, the following are equivalent:
(1) 7 is not a Q-ideal,
(2) F is an w-hitting ideal. O

Lemma 10. (1) Bsummable < b.
(2) BeEDs, < BBorel w-hitting -
(3) bBoreI w-hitting < hfragmented~

Proof. For (1), we use the caracterization of b from [7], that is
b=min{|S|:SC ey AVX € [w]¥Ts € S(s | X & (1)},

where ¢y and ¢; denote the standard Banach spaces of sequences of reals.

Let £ < Bsummable and S = {so : @ < Kk} C ¢g, without loss of generality we
can suppose that > . s4(n) = oo. For each a < k, we define the summable
ideal 7, = {A Cw: ) c48a(n) < oo}. Since K < Bummable, there is an A €
Na<r Za N[w]¥. Then s, [ A € £, and therefore x < b.

Let us see (2). By the theorem 9, if .# is a Borel w-hitting ideal, then .# is
not a Q-ideal, that means that there is a partition (F;, : n € w) of w into finite
sets such that every selector of the partition belongs to .#. Consider the function
f 1w — wgiven by f(z) =n, where z € F,,, it is easy to see that f is finite-to-one
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and EDy C .7 (each element of £Dy is a finite union of selectors of (F, : n € w)).
Thus, lemma 2 gives the desired conclusion.

In order to show (3), let .# be a fragmented ideal, with (I,, : n € w) and (¢, :
n € w) witnessing it. Let us see that .# is an w-hitting ideal. Suppose not. Then by
theorem 9, . is a Q-ideal. That means that for (I, : n € w) there is an .#-positive
set X such that |[XNI,| <1lforalln € w. If XNI, # 0, let x,, € XNI,. Since X is
an .#-positive set, then sup{p,(XNI,) : n € w} = sup{en(z,) : X NI, # 0} = cc.
Then there is a Y C X infinite such that the n-th element of Y has submeasure at
least n. Therefore, .# is not a tall ideal, a contradiction. Again lemma 2 gives the
conclusion. O

Theorem 11. b = bhep,, = hBorel w-hitting = Danalytic P-ideal = Dsummable = Dfragmented -
Proof. Follows directly from 2 of proposition 5, theorem 8 and lemma 10. O
In order to simplify the calculations for hgp we introduce the following cardinal
v=min{|F|: F Cw* AVA € [w]*3If € F(¥n € w(|AN f1(n)] = No))}.

Obviously hep < v.
It is not known if hgp is equal to any of the known cardinal invariants, as in the
case of hep,,. However, we can bound it from both sides.

Theorem 12. min{b,s} < hgp < min{b, non(N)}.

Proof. Obviously bep < bep,, = b. Now we will prove that v < non(N). Consider
the measure pg on w given by puo(n) = 271% and let p be the product measure on
w?. Let Na={few”:Incw(ANf1(n) <N}

We show that u(N4) = 0. Observe that

Ny = U NA(nvF)v
new,Fe[A]<v

where Ng(n,F) ={f ew® : f~'(n)NA=F}.
Fix n € w and F = {ag,...,a,} € [A]=* (in increasing order). Let us see that
(N a(n, F)) =0, and therefore u(N4) = 0.

H(NA(, F)) = Tim (po(w \ {n1)* (mo({n) o @\ {n})) =~ o ({n})
(ol \ {n) " o () (o \ )™
= Tim (o \ {n})" " o ({n})) (e \ {n}))"

ar—r—1 r—1 m
. 1 " 1 1
=£&O—ﬁﬁ) (ﬁﬁ> @‘ﬁﬂ)zo

Take k < v and F C w* where |F| = k. Then, there is A € w* such that for all
f € F there is n € w such that [f~!(n) N A| < Rg. Then F C Ny, and therefore F
is a null set.

Recall that
min{b,s} = min{|X|:Vp € X(p: [w]*? = 2)AVAE€ [W]“Tp € X
Vn e w(p [A\n]? =2)}
(see [4], theorem 3.5).
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Let x < min{b,s} and F = {fo : @ < K} C w¥. For each o < k we define
0o 1 [W]? — 2 as follows: ¢, ({m,n}) = 0 if and only if f,(n) = fo(m). Since
k < min{b,s}, there is A € [w]* such that for every a < x exists n, € w such that
|0 [A\ na)?| = 1. Now the proof proceed by cases.

If ¢ [A\ na)? = {0} and m, = max{fa(k) : k < ng + 1}, then f~1(n)NA =0
for all n > my,.

If " [A\ na)? = {1} and my = max{fu (k) : k < no + 1}, then [f~1(n) N A] =1
for all n > mg,. Therefore, hep > min{b, s}. O

The relations that we have seen so far can be summarized in the following di-
agram (I' is any of the following classes of tall ideals: Borel w-hitting, analytic
P-ideal, summable or fragmented).

b = bep,, = br
\
min{non(\'), b}
bep / Bo-hitting
/

min{b, s} br,

BBorel

Banalytic
b

3. CONSISTENCY RESULTS

In this section we will show that each of the following statements is consistent
with ZFC:

(1) b < banalytic-

(2) br, = bep < Bu-hitting-
(3) BED = Bu-hitting < b
(4) bep < add(M).
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3.1. The consistency of ) < hanalytic. We use the following forcing notions (see
[2))-

The Laver forcing L: T € L if and only if T C w<% is a tree, there is sp € T
(called stem of T') such that for all ¢ € T either t C sy or sp C t and for all ¢ € T if
t D s, then sucer(t) = {n € w: ¢t~ n € T} is infinite. For T, 7" € L, define T" < T
ifT' CT.

The Mathias forcing M: (s, A) € M if and only if s € [w]<¥, A € [w]* and
max(s) < min(A4). If (s, A), (s', A"} € M define (s, A) < (s', A’) € M if and only if
sCs, ACA and s\ s C A"

The Mathias forcing asociated to an ultrafilter U, My: (s, A) € M if and only if
s € [w]<¥, A € U and max(s) < min(A). The same order as M.

LM denotes the two step iteration L * M, and for a forcing notion P, P,,, denotes
the countable support iteration of P of lenght wo.

We recall the following theorem due to A. Mathias [12].

Theorem 13 (Mathias, [12]). Let U be an ultrafilter on w. Then U is selective if
and only if U NI # O for each tall analytic ideal & . O

Lemma 14 (Folklore). M ~ P(w)/fin x M;;, where U is the selective ultrafilter
added by P(w)/fin.

Proof. Consider the mapping ¢ : M — P(w)/finxMy, given by ¢({(a, A)) = (4, (a, A)).
It is easy to see that ¢ is a dense embedding. O

As P(w)/fin adds a selective ultrafilter i and My, adds a pseudo-intersection of
U, if G is M-generic over V, then V[G] = V[U][A] where A is the pseudo-intersection
added by M,. If G is a L-generic over V and f¢ is the Laver real added by G, then
we write V[fg] instead of VI]G].

Theorem 15. It is consistent with ZFC that b = w1 and Banalytic = w2

Proof. Tt is shown in [6] that if V = CH and G a LM,,-generic over V, then
V[G] ': [’) = Wi.

Let us show that V[G] = Banalytic = wa2. Let (S, : @ < wi) € V[G] be a family of
analytic ideals on w.

Claim 1. There exists § < wa such that I, € V[Gg] for all o < wy.

Fix a < wy, since the ideal .Z, is analytic, it is the countinuous image of a
Polish space. As a continuous function from a Polish space is determined by the
values in a countable dense subset there is 8, < wa such that ., € V[Gg,]. Let
B =sup{fa:a <wi}. Then 8 < wy and .Z, € V[Gg] for all o < wy.

Having fixed such S note that, by Schoenfield’s absoluteness, V[Gj3] as well as
any larger model thinks that .7, is tall for every a < w;y, Now, from the previous
remark, V[Ggi1] =~ V[Gg][f][U][A], where f is the Laver real, U is the selective
ultrafilter added by P(w)/fin and A is the pseudo-intersection of . By the theorem
of Mathias, there is I, € U N Z, for each o« < wy. Since A C* I,, we have that
Ae Z, for all a < wy. Thus,AEﬂ(leUJ1 L. O

3.2. The consistency of hr, = hep < bu-hitting. The forcing notion that we use
is the Laver forcing. First we show that the range of a Laver real belongs to any
w-hitting ideal.
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Lemma 16. Let . € V be an w-hitting ideal. If G is L-generic over V, fq is the
Laver real added by G and A =ran(fg), then VIG]E A€ 4.

Proof. We show that the set {S e L : S|+ “A € .#7} is dense. Let T' € L be a
Laver condition. Since .# is w-hitting, there is I € . such that |I Nsucer(t)| = w
for all t € T with sy C t. Define T < T by recursion as follows: s = s,
succyr (s7v) = sucer(sp) N I. Suppose defined sucer (t) for [t| = |s/| + n. For
t € T with |t| = |sp/| + n + 1, let sucey () = sucer(t) N I. Hence, T” is a Laver
condition which for each ¢ € T”, sucer (¢t) C I. That means that 77 IF “fg(n) € I”
for all n > |sgv|, then T IF “ran(fg) = A C* I” and therefore TV IF “A € #7. O

Now we prove the consistency of the statement.
Theorem 17. It is consistent with ZFC that hep = w1 and b hitting = Wa.

Proof. Let V = CH and G be a LL,-generic over V. In [14] it shows that V[G] =
non(A) = wy, and from theorem 12, we have that V[G] = bep = ws.

It remains to verify that V[G] = Bu-hitting > w1. Let (S, 1 o < wy) € V[G] be a
family of w-hitting ideals. The following claim will be necessary to finish the proof.

Claim 2. There is v < wy such that V|G,] = I, N V[G,] is w-hitting for all
o< wi.

Proof of the claim. Start with ap < we. In V[G,,], enumerate all sequences
of infinite subsets of w, ((AS :n € w) : € < wy) (by CH, there are only w;). For
each ¢ < wy, let I§ € #, be such that (in V[G]) IS N AS # 0 for all n € w.
The set {I§ : a,& < wy} has cardinality wy, then there is ay < wy such that
I € V|G, ] Tterating this proccess wy times, we find ay,. Then v = ay,, works.
If (A, : n € w) € M[V,] there is £ < wy such that (A, : n € w) € M[V,,]. In

M([Va,.,,], we know that for each o < wy, there is I, € &, such that I, N A, # 0.
But M(V,,,] C M[V,]. m

Let v < wy obtained from the claim. Now, in V[G441] we have by the lemma 16
that the range A of the (y + 1)-st Laver real is an infinite set that belongs to each
I, that is A € o, o O

3.3. The consistency of hep = hu-hitting < b. For this consistency proof we use
the random forcing B(w;). Let p be the standard product measure on 2¢' and
Ny, = {X C 29 : u(X) = 0}. For A, B € Borel(2*?) let A ~ B if and only
if AAB € N, and denote [A]x the equivalence class of the set A with respect
this equivalence relation. Define B(wi) = {[A]x : A € Borel(2**)} with the order
[Aly < [Bly it A\ B € N,.

The random forcing B(w;) preserves b and non(N) (see [2]) and adds w; reals in
the following way: if G is B(w1)-generic filter and rg € 2%t is the generic function,
then the a-th real is defined by r4(n) = rg(a - w +n) for a < w;.

We can see V[G] as Vr, : @ < wy], where r, : w — 2 is the a-th random real
added by G.

Theorem 18. It is consistent with ZFC that hep = be-hitting = w1 and b = wo.

Proof. Start with a model V such that V | non(N) = w3 < b = wy = ¢ (for
example, the model obtained in theorem 17 works) and let G be a B(w;)-generic
over V. Then, V[G] = non(F) = w1 < b = ws, because, as already mentioned,
random forcing preserve it.
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Let us show that V[G] = Bu-hitting = w1. Let {rq : @ < w1} the wy random reals
added by G. For a, f < wy, let Jg = rgl(l) and Z, = (Jg: 8> a).

We claim that .7, is an w-hitting ideal (and therefore, tall) for each o < w1, and
Nacw, Yo = fin.

To see that .#, is w-hitting, let us see that if (4,, : n € w) € V[ry : v < ], then
Jz N A, #0 for all > « and for all n € w. For this, note that u[Jz N A, = 0] =
p{fe2r:Vke A, (f(B+k)=0)}) =0, for each n € w.

To check that (1, _,,, o = fin, note that if V[G] = A € [w]“, then there is o < w;
such that A € V[G,]. Now, pu[A C Jg] = w({f € 2“1 : Vk € A(f(B+k) =1)}) =0,
which implies A Z Jg for all 8 > a. (]

Remark. It follows that the cardinal invariant b, hitting is nOt tame.t As a conse-
quence of theorem 6.1.11 of [19] (under an appropriate large cardinal assumption),
we have that for every tame cardinal invariant j, if j < b holds in some forcing
extension, then it holds in V™2. Theorem 17 shows that Vw2 = Do-nitting = b.
On the other hand, theorem 18 shows that VB(w1) E Buhitting = w1 < b = wa.

3.4. The consistency of hep < add(M). We consider Lg,, Laver forcing associ-
ated to the Fréchet filter Fr (the filter of co-finite sets of w). It is defined as the
set of those trees T' C w<% for which there is sy € T (the stem of T') such that
forallt € T, t C s or sy C t and such that for all ¢ € T, wich t O s the set
sucer(t) = {n € w: t7n € T} € Fr. It is ordered by inclusion. It is well-known
that the forcing L, is o-centered.

Similar to the definition of an w-hitting family of sets, we say that a family
F C w¥ is w-hitting if given (A,:n € w) C [w]* there is a f € F such that
f~Y(m)N A, is infinite for all m and n. An important property of w-hitting families
of functions, which will be used several times in what follows, is that if an w-hitting
family is partitioned into countably many pieces, then at least one of the pieces is
w-hitting.

We now turn to the preservation of w-hitting for functions in iterations. The
argument is based on [5]. In order to do that, we introduce a stronger property:
We say that a forcing notion P strongly preserves w-hitting for functions if for
every P-name A for infinite subset of w there is a (A,: n € w) C [w]* such that
for any f € w¥, f~(m) N A, is infinite for all m and n then IFp “f~1(m) N
A is infinite for all m”. Clearly, every forcing notion that strongly preserves w-
hitting for functions preserves w-hitting for functions.

Lemma 19. Lg, strongly preserves w-hitting for functions.

Proof. Let A be an Lg-name for countable subset of w. Aiming towards a con-
tradiction, assume that for each (A,: n € w) C [w]¥ there is f € w* such that
f~'(m) N A, is infinite for all m and n, yet there are a condition Ty and natural
numbers ny, my such that

Ty IF “fil(mf) NnA Cng”. (%)

IRecall that a cardinal invariant j is tame (see [19]) if it is the minimum size of a set A C X,
where X is a Polish space, with properties ¢(A), and Vo € X3y € A 0(x,y) where ¢ quantifies
over natural numbers and elements of A only and 6 is a projective formula not mentioning the set
A.
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Let F be the family of all such f € w®, that is, the family of all f € w* such that
there is a condition T and natural numbers 7, m s such that Ty I+ “f~1(ms)NA C
ny”. By our assumption F is w-hitting.

Recall the standard rank analysis for Laver forcing. For s € [w]<%“, say s favors
k € A if there is no condition T € Lg with stem s such that T IF “k ¢ A”, or
equivalently, every condition T € g, with stem s has an extension 7’ such that
T' I+ “k € A”. Define the rank rk(s) by recursion on the ordinals by

cither 3K € [w]Vk € K (s favors k € A)
tk(s) =0« (or X € [w]¥, f: X — w finite-to-one
VI € X (s™1 favors f(1) € A)

and rk(s) < « if and only if there is a X € [w]* such that rk(s™1) < aforalll € X,
when o > 0.

Claim 3. rk(s) < oo for all s.

Proof of the claim. Assume rk(s) = co. So K = {k: s favors k € A} is finite.
Recursively build T' € Lg, with stem s such that for all ¢ € T extending s,
e 1k(t) = o0, and
o {k:tfavors k€ A} C K.
Let such t be given. First, there is Xy € Fr such that rk(¢™[) = oo for all [ € Xj.
Let X1 = {l € Xo: Ik ¢ K(t"1 favors k € A)}. If X, is infinite, then we can define
a function as in the definition of rk, and so rk(t) = 0, a contradiction. Thus X is
finite and X \ X3 € Fr. For t™1 with [ € X \ X1, both clauses above are satisfied,
and the construction proceeds.
Now find 77 < T and k ¢ K such that T' IF “k € A”. Then the stem of T in
particular favors k € A, a contradiction. m
Let sf be the stem of 7. By strengthening T, if necessary, we may assume that
rk(sy) = 0 for all f € F. Since F is w-hitting, there are s and natural numbers
n, m such that the family F,, ,, = {f € F:s = sy, n = nyand m = my} is
w-hitting. Fix such s, n and m.
We consider two cases, according to the definition of rk.

Case 1. 3K € [w]“Vk € K(s favors k € A)

Let f € Fsn,m be such that f~!(m) N K is infinite. So there is k > n such that
k € f~*(m) N K. Thus there is 7" < T with 7" I+ “k € A”, a contradiction to the
initial assumption ().

Case 2. 3X € [W]“, f: X — w finite-to-one ¥Vl € X (s~ favors f(I) € A).

Let g € Fspnm be such that g=!(m) Nran(f) is infinite. Since X C* sucer, (s),
there is a k € g~ (m) Nran(f) with & > n such that f~!(k) Nsuccr, (s) # 0. Let
l € f~!(k) Nsucer, (s). Thus s~ favors k € A. Hence there is T < T, whose stem
extends s such that T IF “k € A”, again a contradiction. (]

Lemma 20. Finite support iteration of forcings strongly preserving w-hitting for
functions strongly preserves w-hitting for functions.

Proof. This is a standard argument. We provide the details for the sake of com-
pleteness. Obviously, it suffices to consider limit stages of cofinality w.
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Let (P, Qp: k € w) be a finite support iteration of ccc forcing such that each Py,
strongly preserves w-hitting for functions.

Let A be a P,-name for an infinite subset of w. In the intermediate extension
V[Gg] find a decreasing sequence of conditions (p, r: n € w) and infinite subsets
Ay, i, of w such that

Dn,k Il—p[kw) “the first n elements of A, ; and A agree”

The A, i are approximations to A.

Now, as each Py strongly preserves w-hitting for functions, there is a (A? kiMmE
w) C [w]” such that for every f € w*, if f~'(i) N A}, is infinite for all i and m
then

ke, “f=1()N An,k is infinte for all ¢”
Consider (A7 : n,k,m € w) and let f € w* be such that f~'(i) N A", is infinite
for all n, k and m. To finish the proof, it suffices to show that

g, “f~1(i) N A is infinite for all i”.

If not, then there are a ¢ € P,,, i € w and m € w such that ¢ IFp, “f~1(i{)NA C
m”. Let k be such that q € Py.

Let Gy be a Pg-generic such that ¢ € G. As f~1(i) N A, is infinite, let [ > m
with [ € f~1(i) N A,, ;. For large enough n,

Pr by, “1€ A"

Since q € G, this contradicts the initial assumption about g. [l

Combining the previous two lemmas, we obtain the following consistency result.
Theorem 21. [t is consistent with ZFC that hgp = wy and add(M) = ws.
Proof. Start with a model of CH and iterate the forcing Ly, with finite support
wo times. To establish the first assertion, let x = min{|F|: F C w* is w-hitting}.
Then hep < k. By lemmas 19 and 20, the cardinal  is preserved along the iteration,
and hence VI#’ = bep = w1. On the other hand, it is well known that Lg, adds a

Cohen real and also adds an unbounded real, and since add(M) = min{cov(M), b}
(see [2]), it follows that VIF’ |= add(M) = ws. O

4. FINAL REMARKS AND QUESTIONS

In [8] the author asked which of the following inequalities can be consistently
strict: B < Banalytic < BBorel < -+ - < hF, < b. There is no known consistency result
that distinguishes between the intersection numbers of analytic ideals and that of
Borel (or even Fy) ideals. Note that a positive answer to the following question
provides an answer to the previous question.

Question 1. (8] Let & be a tall Borel (analytic) ideal. Is there a tall F, ideal 7
such that ¢ C 77

The author of [8] (the first listed author of this note) also claimed that “obviously
br, < min{b,s}”. We do not whether this is true, but definitely, it does not seem
obvious.

Question 2. Is hg, <s?

Question 3. Is hgp = min{b,s}?
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