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Abstract

This thesis is intended to help develop the theory of coalgebras by, first, taking
classic theorems in the theory of universal algebras and dualizing them and, second,
developing an internal logic for categories of coalgebras.

We begin with an introduction to the categorical approach to algebras and the
dual notion of coalgebras. Following this, we discuss (co)algebras for a (co)monad
and develop a theory of regular subcoalgebras which will be used in the internal
logic. We also prove that categories of coalgebras are complete, under reasonably
weak conditions, and simultaneously prove the well-known dual result for categories
of algebras. We close the second chapter with a discussion of bisimulations in which
we introduce a weaker notion of bisimulation than is current in the literature, but
which is well-behaved and reduces to the standard definition under the assumption
of choice.

The third chapter is a detailed look at three theorem’s of G. Birkhoff [Bir35,
Bir44], presenting categorical proofs of the theorems which generalize the classical
results and which can be easily dualized to apply to categories of coalgebras. The
theorems of interest are the variety theorem, the equational completeness theorem and
the subdirect product representation theorem. The duals of each of these theorems
is discussed in detail, and the dual notion of “coequation” is introduced and several
examples given.

In the final chapter, we show that first order logic can be interpreted in categories
of coalgebras and introduce two modal operators to first order logic to allow reasoning
about “endomorphism-invariant” coequations and bisimulations internally. We also
develop a translation of terms and formulas into the internal language of the base
category, which preserves and reflects truth. Lastly, we introduce a Kripke-Joyal style
semantics for £(&g), as well as a pointwise semantics which reflects the intuition of
coequation forcing at a point or subset of a coalgebra.
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Introduction

The theory of universal algebras has been well-developed in the twentieth cen-
tury. The theory has also proved especially fruitful, with early results (like Birkhoft’s
variety theorem) providing a basis for model theory and other results providing an
abstract understanding of familiar principles of induction, recursion and freeness.
The theory of coalgebras is considerably younger and less well developed. Coalgebras
arise naturally, as Kripke models for modal logic, as automata and objects for object
oriented programming languages in computer science, etc. Hence, one would like a
unified theory of coalgebras to play a role analogous to that of the theory of algebras.
This goal is aided by the duality between algebras and coalgebras. Statements about
categories of algebras yield dual statements about categories of coalgebras. One can
then investigate whether there are reasonable assumptions about the categories of
coalgebras that yield the dual theorems.

Algebras, in their commonest form, can be understood as a set together with some
operations on the set. In other words, algebras are structures for a signature. The
term algebras are examples of free algebras, where freeness is easily expressed in terms
of adjoint functors. Such free algebras (which are initial objects in a related category
of algebras) come with the proof principle of induction, which can be understood in
terms of minimality. That is, the principle of induction is equivalent to the property
that an algebra has no non-trivial subalgebras. The property of definition by recursion
is exactly the property that an algebra is an initial object. Thus, these familiar topics
of universal algebra are well-suited for a categorical setting. We can use the tools
of category theory to investigate freeness, induction and recursion as special cases
of adjointness, minimality and initiality, respectively. In particular, these algebraic
properties can be represented as standard categorical properties applied to categories
of algebras (in which the structure of the category leads to the well-known algebraic
properties).

Coalgebras can also be regarded as a set together with certain operations on it,
but with a key difference. Where an algebra is intended to model combinatorial op-
erations, a coalgebra models a set with various unary operations whose codomain is a
(typically) more complex structure. These operations can be viewed as “destructors”
which take an element of the coalgebra to its constituent parts. Compare this view
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with the notion that an algebras operations give a means (not necessarily unique) of
“constructing” an element out of a tuple.

Consider, for instance, a set S of A-labeled binary trees' which is closed under
the “childOf” relation. That is, if x € S, then both the left and right subtrees of x
(if they exist) are also in S. Then S has a natural coalgebraic structure consisting
of three destructor functions. Given any x € S, we may ask for the label of x. We
may also ask for the left child or right child of x, assuming that there is an “error
state” which can be returned if  has no such child . These three structure maps
define a signature > for a category of coalgebras in the same way that a set with
some combinatorial operations define a signature for a category of algebras (i.e., a
similarity type). Any set X, together with three operations,

a:X——=A,
[ X—X +1,
rX—sX+1,

is a Y-coalgebra. Equivalently, any set X with a single map
(a, [, ry: X—=AXx (X +1)x (X +1)

is a coalgebra of the same type as our set S of binary trees. Indeed, any such
structured set can be regarded as a set of trees itself.

We can use the theory of algebras in order to develop the theory of coalgebras.
The duality is apparent in the distinguished initial algebra/final coalgebra. The
initial algebra is the initial (i.e., “least”) fixed point of the associated functor, while
the final coalgebra is the final (i.e., “greatest”) fixed point. The initial algebra comes
equipped with principles of recursion and induction, while the final coalgebra satisfies
the principles of corecursion and coinduction, that is, principles which are appropriate
to collections of non-well-founded structures. Intuitively, the elements of the initial
algebra are those which can be constructed from some set of basic elements in a finite
number of steps, while the elements of the final coalgebra are all of those structures of
the appropriate signature, including those for which no finite construction is apparent
(think of the distinction between well-founded binary trees and non-well-founded
binary trees). Of course, the extent to which this intuition is appropriate depends
on the functor (i.e., signature) at hand. But the point of this comparison remains:
To construct a theory of coalgebras, one may take the theory of algebras and dualize
the central theorems. One then interprets the result in order to make sense of it —
the traditional statement of the principle of coinduction, for instance, does not make
apparent its duality with induction. Similarly, the description of a cofree coalgebra

'In this example, we do not require that a tree have both a left and a right child if it has any
children.
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bears little superficial analogy to the corresponding view that free algebras are term
algebras. Instead, some work was required to give a useful description of cofreeness,
apart from the categorical task of “turning the arrows around”.

The categorical task can be non-trivial as well. Classical results in universal
algebra theory were proved in a fairly narrow (from a categorical perspective) setting.
In order to dualize these classical theorems, one must first translate the proof into
categorical terms, in order to see which properties of Set and polynomial functors
are relevant to the theorem. Then, one may dualize these properties — and hope that
the result yields reasonable assumptions for the category of coalgebras! If not, then
a bit more work may be required to ensure that the proof goes through.

This method has special difficulties when the algebraic proof intrinsically involves
elements of algebras. Unfortunately, the dual of “global elements” yields nothing
worthwhile and one must find other means of proving the dual theorem. This prob-
lem can be seen in the proof of Birkhoff’s “co-subdirect product” theorem in Sec-
tion 3.7.1. The proof of this theorem bears no real resemblance to the proof of its
algebraic counterparts. Furthermore, the statement of the theorem required assump-
tions beyond those in the original theorem. These differences reflect the difficulty of
dualizing a theorem whose proof involves reasoning about elements of algebras.

This thesis is largely an extended exercise in the program of dualizing algebraic
results in order to understand categories of coalgebras. The main result in this
direction is the dual of Birkhoff’s variety theorem, which we treat in considerable
detail in Chapter 3. In addition, we consider his deductive completeness theorem and
dualize this theorem, yielding a modal operator on categories of coalgebras which is
the dual of closing sets of equations under deductive consequence, and his subdirect
product theorem.

One may hope, as well, that as the theory of coalgebras matures, developments
in the theory may lead to corresponding results for algebras. This thesis features two
modest steps in that direction. First, the modal operator for bisimulations dualizes
to a closure operator on relations over coproducts of algebras — but it’s unclear what
applications this closure might have. Second, in Section 3.9.3, we consider classes of
algebras defined by equations with no variables (just constants) and show that these
are exactly the varieties closed under codomains of homomorphisms. This theorem
may be well-known (although a search turned up nothing), but illustrates the way in
which a coalgebraic topic (covarieties closed under bisimulation) can, when dualized,
yield natural algebraic results.

Birkhoft’s variety and completeness theorems are fundamental to the theory of
algebras, establishing equational reasoning as the “right” logic for algebras. Hence, it
is natural to suppose that “coequations” will play an important role in understanding
categories of coalgebras. The work in proving the “co-Birkhoft” theorems yields a
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definition of coequation which is easily understood: A coequation over C'is a predicate
on the cofree coalgebra over C' (where “cofreeness” now requires some explanation,
of course!). Then, to the extent that coequations are central to reasoning about
coalgebras, one can infer that the “right” logic for coalgebras is a predicate (not
“equational”) logic.

This inference helps motivate the final chapter, in which we develop a logic which
can be interpreted in categories of coalgebras (i.e., an “internal” logic). In addition
to the first order core of the logic, we introduce a modal operator arising from the
dual of Birkhoff’s completeness theorem. Furthermore, we make use of a translation
of statements in the logic of the category &g of coalgebras to the base category £.
This translation allows “transition” rules which take as premises statements in £(&)
and form conclusions in £(&g) (and wvice versa). We also give a Kripke-Joyal style
semantics which arises naturally from pointwise satisfaction of equations.

Throughout, we work to develop results which apply to as broad a setting as pos-
sible. While most research in categories of coalgebras take the base category Set as
the starting point (and perhaps even limit discussion to an inductively specified set
of functors), we work to develop results which apply to a wide number of categories
and functors. One topic in which the difference is most apparent is the notion of
bisimulation. Because we do not assume choice, the traditional notion of bisimula-
tion is too restrictive — two elements which are behaviorally indistinguishable need
not be “bisimilar” under that definition. Consequently, we offer a new definition of
bisimulation in Section 2.5. We show that the new definition reduces to the tradi-
tional definition under the axiom of choice. Regardless of the axiom of choice, the
new definition is reasonably well-behaved (although without choice or preservation
of pullbacks, it’s not clear the bisimulations compose), which cannot be said for the
old definition.

In summary, then, this thesis has three primary goals. First, help develop a theory
of coalgebras by dualizing results in algebra theory and, when appropriate, dualizing
new coalgebraic results and interpret them as theorems about algebras. Second,
develop an internal (modal) logic for categories of coalgebras in which coequations
play a central role and in which there is an interplay between derivations in the
base category and derivations in the category of coalgebras. Third, do the above
in as general a setting as practicable, modifying previous definitions, if necessary,
to be suitable for the general setting (always ensuring that they reduce to familiar
definitions in the familiar setting).

Chapter synopsis

Chapter 1: In this chapter, we introduce the categorical definitions of algebra
and coalgebra. We discuss some basic structural features of the category
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of algebras, £, and the category of coalgebras, &r. We spend some time
discussing subalgebras, congruences and exactness properties in ' as an
exercise in applying categorical reasoning to this generalization of universal
algebras. Finally, we discuss the initial algebra and final coalgebra. Each
of these come equipped with certain proof principles. The initial algebra
satisfies the proof principles of induction and definition by recursion, while
the final coalgebra satisfies the dual principles of coinduction and definition
by corecursion. We highlight the duality when presenting these principles.

Chapter 2: We discuss the relationship between algebras for a monad and free
algebras for an endofunctor and the dual result involving coalgebras for a
comonad and cofree coalgebras. Following this, we introduce subcoalgebras
and discuss a left and a right adjoint to the subcoalgebraic forgetful functor.
We use the right adjoint to prove that, in the presence of cofree coalgebras,
the category &r is as complete as £. The presence of products in & leads
to a discussion of relations over coalgebras. In Section 2.5, we introduce a
new definition of bisimulation — one which is appropriate to coalgebras in
categories without the axiom of choice. We close with a discussion of the
relation between coinduction and bisimulations.

Chapter 3: In this section, we primarily discuss Birkhoff’s variety theorem
[Bir35] and its dual. To begin, we discuss a generalization of equation
satisfaction that is more suitable for a categorical analysis — namely, orthog-
onality conditions. This leads to an abstract proof of Birkhoft’s theorem
which applies to a wide range of categories, and in particular applies to cer-
tain categories of algebras. This approach naturally dualizes to provide the
“co-Birkhoft” theorem for covarieties of coalgebras. In addition, we consider
Birkhoff’s deductive completeness theorem, ibid, and show how its dual leads
to a natural modal operator on coalgebraic predicates. In addition, we dis-
cuss the dual of Birkhoft’s subdirect product theorem, extending the work
in [GS98].

Chapter 4: We show that, given some reasonably weak assumptions on £ and
I, the category & can interpret first order logic. We provide a translation
from the internal language of £t to the internal language of £ which preserves
entailment. This translation explicitly involves augmenting the language &
with the modal operator [J from Chapter 2. We close with a brief discussion
of Kripke-Joyal semantics and pointwise semantics which are suggested from
the coequation-as-predicate viewpoint.






CHAPTER 1
Algebras and coalgebras

In this chapter, we present some preliminary definitions and results for categories
of algebras and coalgebras. We begin by developing the theories side by side, using
the natural dualities to derive results for coalgebras by dualizing results for algebras.
In Section 1.2, we discuss limits and colimits in categories £ and &p, focusing on
those (co-)limits which are created by the respective forgetful functor. We also discuss
factorizations in E' and Ep which are inherited from the base category. In Section 1.3,
we discuss subalgebras, postponing the dual notion until Chapter 2. Similarly, in
Section 1.4, we present the standard (categorical) development of algebraic relations
(i.e., pre-congruences), while postponing the introduction of coalgebraic relations
and bisimulations until the following chapter, when we have already constructed
products. We conclude with a discussion of initial algebras and final coalgebras
and the characteristic properties (induction/recursion and coinduction/corecursion,
respectively).

1.1. Algebras and coalgebras for an endofunctor

We start with the definitions of I'-algebras and I'-coalgebras for endofunctor I'.
Note that this is not the same definition as (co)algebras for a (co)monad, which we
discuss in Chapter 1.1. Essentially, a category of (co)algebras for an endofunctor is
equivalent to a category of (co)algebras for a (co)monad just in case there are (co)free
(co)algebras for each object in the base category.

1.1.1. Definitions. We briefly state the definitions of I'-algebra, I' algebra-
homomorphism and £ and then dualize. The aim is that the reader, who is likely
familiar with universal algebras in some form, should find the definition of coalgebra
familiar and natural as the dual of an algebra. In Section 1.1.3, we will give some
examples of coalgebras to show that coalgebras arise naturally.

DEeFINITION 1.1.1. Let £ be any category. Given an endofunctor I':£—=&, a I'-
algebra consists of a pair (A, a), where A is an object of £ and a:I"'A—A an arrow
in £. We call A the carrier and « the structure map of the algebra

Given two [-algebras, (A, a) and (B, (), a I'-algebra homomorphism,

f{A, a)—=(B, ),
7
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is a map f:A—B in £ such that the following diagram commutes.

r4—Lrp

S
A—f>B

The I'algebras and their homomorphisms form a category, denoted ET.

The concept of I'-coalgebras is formally dual to the definition of I'-algebra above.
Specifically, the category & of coalgebras arises formally as the category ((£°P)I™ )P,
Of course, interest in coalgebras comes from the fact the these structure arise inde-
pendently as well, from computer science semantics, Kripke frames and models, and
other sources.

DEFINITION 1.1.2. A T'-coalgebra is a (A, o), where a: A—I"A. Again, A is the
carrier and « the structure map of the coalgebra. A I'-coalgebra homomorphism is
again a commutative square:

ra—lrp

o| E

A—f>B

The I'-coalgebras and their homomorphisms again form a category, denoted &Er.

Note: We often refer to I'-algebra homomorphisms as I'-homomorphisms or just
homomorphisms. We do the same for coalgebra homomorphisms. The kind of homo-
morphism we mean should be clear from the context.

For each of these categories, there is an evident forgetful functor, U, taking a
(co)algebra (A, a) to A. Properly, we should write

Ut eF—=¢,
UFZ€F—>5,

to indicate that these are different functors, depending on whether we are interested
in algebras or coalgebras and also depending on the functor I'. Of course, we will
avoid such complications and the meaning of U should be clear from context.

In Section 1.2, we will give some of the features of the categories €' and &r.
In particular, the forgetful functor creates limits (colimits, resp.) in categories of
algebras (coalgebras, resp.). Before exploring these features, we give some examples
of categories of algebras and coalgebras.
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REMARK 1.1.3. The notation for a I'-algebra is the same as that for a I'-coalgebra.
Namely, each is a pair (A, «), where

a:lT'A—sA
in the algebraic case, and
a:A——-=TA

in the coalgebraic case. Most often, whether we mean (A, ) to be an algebra or a
coalgebra will be clear from context. However, we sometimes use this ambiguity of
notation to our advantage. For example, in Section 1.3, we note that a subobject in
E' is a monic algebra homomorphism

(B, B) (A, a) .
Also, a subobject in & is a monic coalgebra homomorphism
(B, B) —=(A, a) .
Since the notation for each is the same, we can draw the diagram just once and say
A subobject of a I'-(co)algebra is a monic homomorphism
(B, B) (A, a) .

1.1.2. Some examples of algebras. In this section, we begin with some ex-
amples of algebras for various functors. We will, in each case, make clear what the
homomorphisms in £ are.

ExXAMPLE 1.1.4. Consider the functor I':Set—Set given by
r'MA=1+AxA.
An algebra for this functor consists of a set A together with a structure map
a:Ax A+1—A.
Such a map « is equivalent to a pair of maps
‘0 AX A——=A, and
a:1—=A

In other words, a I'-algebra is a triple (A4, -,, a), where -, is a binary operation on A
and a is a distinguished element of A. This is also called a X-model or Y-structure
for the signature

2= {0 O,

See Example 1.1.5 for details.
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Given another I'-algebra, (B, -3, b), a I-homomorphism (A4, -,, a) —=(B, -3, b)
is a map f:A—B such that the following diagram commutes:

id
AxA—i—lfﬁ;BxB—l—l

('a7a>l l('ﬁ’w

A B

This entails that

f(s-at) = f(s)-5f(t), and
f(a) =b.

In other words, a homomorphism is a map that respects the binary operation and
constant. The next example generalizes this result to arbitrary universal algebras.

EXAMPLE 1.1.5. Much of this dissertation is devoted to taking well-known results
in universal algebra, translating them to a categorical setting and dualizing. This
approach relies on the fact that the categorical notion of algebra for an endofunctor
is a proper generalization of the notion of universal algebra. In particular, given
any signature Y, there is a polynomial functor P such that the category Set® is
the category of universal Y-algebras. This result is well-known, but it is useful to
work through the details here, in order to gain some familiarity with the categorical
notions.

These definitions can be found in [MT92], [Gra68] and elsewhere.

A signature ¥ is a set of function symbols together with associated (finite) arities.
We write f™ to indicate that f is a function symbol of arity n. If the arity of a
function symbol ¢ is 0, then we call ¢(© a constant symbol.

A Y-algebra is a pair

8= (8, {f{":5"—=8|f™ e }),
where S is a set (called the carrier of the algebra). Notice that the interpretation of
a constant symbol is an element of S.

Given two X algebras & and 7, we say that a set function ¢:S5—T is a X-
homomorphism if, for every function symbol f™ in 3, and every sq,...,s, € S,

D Bs1), - b(50) = S(FS (51, 1 50)).
0)

In particular, this means that for every constant symbol ¢(®, (b(cfgo)) =cy .
Given a signature X2, consider the polynomial functor P:Set—Set given by

PS = ]_[ s,

fmex
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Of course, if ¥ is infinite, then this functor involves an infinite coproduct, so perhaps
the term “polynomial functor” is misleading here. It is easy to show that the category
of Y-algebras, Alg(X), is isomorphic to the category of P-algebras, Set”. For each
Y-algebra S and each f™ € X, we have the interpretation of f™ in S,

fosn——s.

Hence, there is a unique P-algebra structure map o:PS—S making the diagram
below commute.
S [ mex ™
P

18N
S

Conversely, any (S, o) in Set” corresponds to a Y-algebra with fé") given by
Sn >_>Hf(”)62 Sn —a>S

It’s easy to see that X-homomorphisms are P-homomorphisms, and vice-versa, so
that this correspondence is an isomorphism of categories

Alg(¥) = Set”.

Besides providing motivation for the approach of this dissertation, this example
should convince the reader that algebras for an endofunctor are familiar territory.
Sets and operations on sets are familiar enough, and these structures gave rise to the
notion of universal algebras. The categorical notion of algebras for an endofunctor is
simply a generalization of universal algebras, as we’'ve seen here.

ExXAMPLE 1.1.6. Let Z be a set and consider the Set functor
TA=7xA+1.

An algebra for this functor consists of a pair (A, o) where a:Z x A+1—A. We
decompose « into two maps,

*q:1 4 X A—=A, and
(Ja:1—A.
A homomorphism from the I'-algebra (A, a) to (B, [3) is a set function
f:A——=B
such that, for all z € Z and a € A,
f(zxa a) = 2 x5 f(a),
f(Qa) = (-
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We will see in Example 1.5.6 that the initial algebra for this functor is the collec-
tion of all finite streams over Z, which we denote Z<%. We can see now that Z<% is
a ['-algebra, with the structure map given by

push:Z x Z<¥——=7<% and
():l—Z<v,
where push returns the result of pushing a new letter onto a stream and () returns
the empty stream. More specifically,
x itk=0

h m——=2) = Mk.
push(z, o:n ) {a(k;— 1) else

and () is the unique map 0 —=2 .

1.1.3. Some examples of coalgebras. The dual category of coalgebras for
an endofunctor may seem less familiar. In this section, we will give a few common
examples of Setr for a variety of endofunctors on Set. In many these examples, the
reader should notice that the structure map a: A—I"A acts as a destructor. It takes
an element of the coalgebra and decomposes the element into its constituent parts.
This is a common feature of coalgebras and this point of view is dual to the point of
view that algebras are objects together with combinatory principles. However, the
examples of Kripke models (Example 1.1.10) and topological spaces (Example 1.1.12)
show that one can take talk of destructors too seriously.

ExAMPLE 1.1.7. Consider the set functor
rA=2xA
for a fixed set Z. A coalgebra for this functor consists of a set A and a structure map
a:A——=7 x A.
Equivalently, a coalgebra is given by a set A and two maps
he :A——Z7, and
to: A—=A.

Given any such coalgebra, each a € A gives rise to an infinite stream over Z, namely
the stream

ho(a), ho otola), he o t2(a),. ..

So, for any I'-coalgebra (A, «), we can define a mapping ! from A to the collection
of streams over Z, Z“, by defining

(a) = An.hyoth(a).
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It is worth noting, however, that this map is not necessarily one-to-one. Distinct

elements of A may give rise to the same stream. For instance, consider the coalgebra
(A, a) where

A ={a,b,c}
and
al) = (17, 0
a(b) = (17, ¢),
ale) = (17, ¢).

Then, one can see from the above definition of !, that

I(a) =!(b) =!(c).

Indeed, each of the elements of A maps to the constant 17 map.

We will see in Example 1.5.19 that the function ! is defined by corecursion on the
collection of streams Z%.

A homomorphism between two I'-coalgebras, (A, (ha, ta)) and (B, (hg, tg)) is a
map f:A—B satisfying

ha(a) = hg(f(a)),
f(ta(a)) = ts(f(a)).

The map ! is an example of such a homomorphism.

ExAMPLE 1.1.8. Consider again the functor
FrA=7ZxA+1

from Example 1.1.6. A coalgebra for this functor consists of a set A together with a
map
a:A——=7 x A+ 1.

So, each element a of such a coalgebra (A, ) either maps to *, the unique element
of 1, or to an ordered pair (z, a’), where z € Z and o’ € A. We can again interpret
the coalgebras as collections of streams over Z if we allow each stream to be finite or
infinite (above, we mapped coalgebras to collections of infinite streams). If a(a) = x,
then we take a to represent the empty stream. Otherwise, a(a) = (z, a’) for some z
and a’. Let ¢’ be the stream represented by a’. We say that a represents the stream
push(z,a’), where push is the stream with head z and tail a’. In this way, we define
a mapping
I A——s 7<%
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satisfying
K@={O if aa) = *
push(z,!(a’)) else
This map is again defined corecursively and is described in detail in Example 1.5.21.
We mention it here to give the reader an intuition for the ['-coalgebras. A I'-coalgebra
is a collection of finite and infinite streams over Z.

A homomorphism between two I'-coalgebras must satisfy the same equations as
in Example 1.1.7, if a(a) € Z x A, and, if a(a) = *, then (f(a)) = *.

ExaMPLE 1.1.9. Let P be a polynomial functor on Set, which we’ll write as
P(A) =[] 2 x A".
1<w
A P coalgebra consists of a set A, together with a structure map a: A—P(A). Given
such a coalgebra (A, «), for each a € A, define br(a) to be the unique 7 such that

ala) € Z; x A
We call the elements of 74: o a(a) the children of a. We denote the jth child,
m; 0 Tai © afa),

by child;(a). We call 74, o a(a) the label of a, denoted label(a). In this way, we think
of a I'-coalgebra as a collection of labeled trees. Each element a € A is the root of
a tree, where the immediate subtrees have the children of a as roots. The number
of children is given by br(a), and the set of valid labels of a is given by Zy(,). Take
this description of coalgebras as trees as purely motivational for now — there will be
more discussion on this in Example 1.5.22.

Examples 1.1.7 and 1.1.8 give a detailed account of two polynomial functors. In
the former example, each node of the “tree” is labeled with an element of Z and has
exactly one child. In the latter, each node has either 0 or 1 child. If it has 0 children,
it is unlabeled (or, if you prefer, labeled with ). If it has 1 child, it is labeled with
an element of Z, as before.

ExAMPLE 1.1.10. Given a set of atomic propositions AtProp, we can define an
infinitary modal language £L(AtProp) to be the least class containing AtProp and
closed under the rules

e T € L(AtProp).
o If » € L(AtProp), then so is =¢ and Q¢.
o If S C L(AtProp), then A S € L(AtProp).
A Kripke model for the language L£(AtProp) is given by a pair 2 = (A, «), where

A is a set and
a:A—P(A) x P(AtProp).
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The idea is that the first component of «(s) is the set of worlds accessible to s and
the second component is the set of atomic propositions that hold in s. Accordingly,
one defines a satisfaction relation =g by the following:

aby T.

a =g ¢ for ¢ € AtProp iff ¢ € my 0 a(a).

a o ¢ iff a o ¢.

a =g Q¢ iff there is some b € m; 0 a(a) such that b =y ¢.

a g \Siff a g ¢ for each ¢ € S.

So, we see that Kripke models can be viewed as coalgebras for a particular functor in

a straightforward manner, and that the resulting satisfaction relation comes directly
from the coalgebraic structure map.

This example is covered in detail in [BM96, Chapter 11]. In the case that
AtProp is empty, so the functor is just A — P(A), the coalgebras are called Kripke
structures or Kripke frames. These are discussed in detail in [Jac00, Che80, HCG68].

ExXAMPLE 1.1.11. Fix a set of “inputs”, Z and let I':Set—Set be defined by
I'S = (PanS)7,

where Py, is the covariant finite powerset functor. A I'-coalgebra (S, o) can be
regarded as a non-deterministic automaton over Z, where the structure map gives
the transition function. Explicitly, for each state s € S and each input ¢ € Z, we
write

just in case s’ € o(s)(7).

ExAMPLE 1.1.12. We take this example from [GumO1b].

Let A be a set. A filter on PA is a collection U C PA if U is closed under finite
intersections and supersets. In other words, i/ is a filter on PA just in case

o If ST elU, then SNT €U, and
elf Seldand SC T, then T € U.

We define a functor F:Set—Set taking each set A to the collection of filters on A.
If f:A—B is a map in Set, then for each S € PA, Ff(S) is the filter generated by
Pf(S). See [GumO1b| for details on the functor F.

Each topological space (A, O4) gives rise to an F-coalgebra, as follows. We define
the structure map a: A—F A on elements a € A by

afa)={SCA|FU€Os.aeUCS}.
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In other words, a(a) is the neighborhood filter' of a. It is easy to see that, if (A, a)
and (B, (3) are F-coalgebras arising from topological spaces (A, O4) and (B, Op),
respectively, then a map f:A—B is a coalgebra homomorphism just in case f is an
open, continuous map. Thus, we have an inclusion

open

Top°P*" ——=Set ,

open

where Top is the category of topological spaces and open, continuous maps.

ExAMPLE 1.1.13. Consider the functor I'A = Z x A on the category Top, where
Z is a fixed Tj space (so points are topologically distinguishable). A T'-coalgebra
consists of a pair (A4, «) where A is a topological space and ov: A—T"A is continuous.
We will consider some carrier spaces for I'-coalgebras and describe the I'-structure
map that can be imposed on the space.

Let I be the unit interval [0, 1]. Then a I'-coalgebra with carrier I is just a path
in the space Z x I.

Let 2 denote the Sierpinski space and let 0:2—R x 2 be continuous. Let m; o
0(0) = 2 and 7 0 6(0) = 2. For every open U containing 2o, m; /(U x 2) is open
and so z; € U. Hence, zyp = 2z;. So, a ['-coalgebra with carrier 2 is specified by an
element of Z and a map 2—2.

1.2. Structural features of £' and &

The categories ' and & inherit much of the structure from the underlying cat-
egory £. In particular, £' has whatever limits £ has, and & has whatever colimits
€ has. If the functor I' preserves colimits, then these are available in €', and the
dual result holds for &r. All of this is well-known and can be found in, for instance,
[Bor94, Volume 2, Chapter 4], where these results are presented for algebras for a
monad. The same proofs imply the following results for algebras for an endofunctor?.
We present the main theorems here, without proof.

1.2.1. Creating (co)limits in categories of (co)algebras. The following def-
initions can be found in most standard category theory texts, including [Lan71].

DEFINITION 1.2.1. Let G:C—C’ be a functor. We say that G preserves D-limits
if, for every diagram J:D—C, whenever

T A—J

is a limiting cone, then

Gr:GA=—Go J

LA neighborhood of a is any set S C A containing an open set which contains a. We do not
require that S itself is open.

2The key step is showing the existence of a structure map for the (co)limit. This step is
essentially the same for both algebras for an endofunctor and algebras for a monad.
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is a limiting cone for G o J.
We say that G reflects D-limits if, for every J:D—C, whenever
Gr:GA=—G o J
is a limiting cone for G o J, then
T A=—J

is a limiting cone for J.

Similarly, we define the statements G preserves/reflects D-colimits.

If a functor preserves/reflects all (co)limits (regardless of the diagram category),
we say the functor preserves/reflects (co)limits.

DEFINITION 1.2.2. We say that G:C—C’ creates D-limits if, whenever
J:D——=C
and
7 A=—=GoJ
is a limiting cone in C’, then there is a unique limiting cone
T A=—J
in C such that GA = A" and Gt = 7'.

Similarly, we define the statements G creates D-colimits and G creates (co)limits.

So, if a functor G:C—C’ creates D-limits, then C has “as many” D-limits as C’
does. It is easy to see that if G creates D-limits, then G reflects D-limits. Also,
if G creates D-limits and C’ has all D-limits (is D-complete), then G also preserves
D-limits and C is D-complete.

DEFINITION 1.2.3. Additionally, we say that G preserves reqular epis if, whenever
p is a regular epi, then G(p) is a regular epi.

Similarly, we define G reflects reqular epis.

More generally, we define G preserves/reflects maps of type ©, where © is some
class of arrows (say, regular monos, isomorphisms, etc.)

It is worth noting that preservation of regular epis is weaker than preservation of
coequalizers. If G preserves coequalizers, then any coequalizer diagram

f
B—=A —Q
is taken to a coequalizer diagram

Gf
GB==GA Y60 .
g
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If G preserves regular epis, however, we can only conclude that Gq is a coequalizer
for some pair of maps. We cannot conclude that Gq is the coequalizer of G f and Gg.

THEOREM 1.2.4. Let £ and I"':E—E be given. The algebraic forgetful functor
U.E'—=¢&
creates limits. Dually, the coalgebraic forgetful functor
U.:Er——¢&
creates colimits.

We interpret this theorem as saying that £' has whatever limits £ has, and that,
furthermore, these limits are computed in £. We apply this result in Section 1.5, for
instance, to conclude that the initial coalgebra (final algebra, resp.) are trivial if £
has an initial object (final object, resp.).

ExAMPLE 1.2.5. Let & have all k-indexed products and let {(A;, o;)}iex be an
r-indexed collection of I'-algebras. Then the product

1ER

is defined in £ and is given by

(TT A4 (asdiex),

€K
where
<ai>i€l€ T Hien Ai—>Hi€n Al

is the unique map such that, for all i € k,

i 0 (i) ien = Q.

This is a generalization of the statement that products of universal algebras are
the products of the underlying sets, with operations determined pointwise.

EXAMPLE 1.2.6. Dually, let £ have all s-indexed coproducts and let {(A;, a;) }iex
be an k-indexed family of I'-coalgebras. We have a family of maps

I'k;

Ai i)FAZ —T Hie;-; AZ ’

inducing a structure map
Hief@ AZ —T HiEn AZ :

It is easy to confirm that this coalgebra is a coproduct in Er.
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1.2.2. Colimits in &', limits in &r. Again, this theorem can be found in
[Bor94, Volume 2, Chapter 4], where the result is proved for categories of algebras
for a monad.

THEOREM 1.2.7. Let D be a category and I':E—E. If I preserves D-colimits
then the forgetful functor U:EY—E creates such colimits. Similarly, the coalgebraic
forgetful functor U:Er—E creates any limits preserved by I'.

So, for instance, if I" preserves coequalizers, then £' has all coequalizers and these
are created by U. Unfortunately, the preservation of coequalizers seems a strong
condition. However, we will get considerable mileage out of a weaker condition:
preservation of regular epis.

In the coalgebraic setting, one often wants that the forgetful functor preserves
pullbacks along regular monos. Other authors have ensured that this condition holds
by assuming that I' preserves weak pullbacks, We take the shorter path to the goal
and assume that I preserves the appropriate pullbacks, since other weak pullbacks do
not play a central role in this thesis. Applying Theorem 1.2.7, we have the following
useful corollary.

COROLLARY 1.2.8. IfT" preserves pullbacks along (regular) monos, then U creates
pullbacks along (regular) monos.

1.2.3. Factorizations of (co)algebras. In this section, we show how a category
of (co)algebras can inherit a factorization system from its base category (see Appendix
for a brief discussion of factorization systems). Explicitly, if £ has regular epi-mono
factorizations and kernel pairs and if I' preserves regular epis, then the category of
algebras £ also has regular epi-mono factorizations, created by U. Furthermore,
the forgetful functor preserves and reflects regular epis, monos and exact coequalizer
sequences. Since every functor I':Set—Set preserves regular epis, this implies in
particular that Set' has regular epi-mono factorizations.

Dually,we learn that if £ has epi-regular mono factorizations and cokernel pairs,
and [' preserves regular monos, then & has epi-regular mono factorizations, created
by U.

The following lemma and its dual are useful in verifying that certain maps in £
are homomorphisms.

LEMMA 1.2.9. Suppose that p: (A, a)—(B, ) be a I'-algebra homomorphism and
let f:B—C be given, where C = U{(C, ). Suppose further that Up is epi. If fop is
a homomorphism, then so is f.

In particular, if T preserves epis (takes regular epis to epis, resp.) and p is an epi
(reqular epi, resp.) in £, then f is a homomorphism whenever f o p is.
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PRrROOF. Consider Figure 1. A simple diagram chase confirms that
yol'fol'p=fofolp.

Since I'p is an epi, f is a homomorphism. U

rA—% 1L e

FiGUrE 1. If f o p is a homomorphism, then so is f.

COROLLARY 1.2.10. Leti: (B, )—(C, v) be a coalgebra homomorphism, and let
f:A—=B be a map in £, where A = U(A, «). If I'i is monic and i o f a coalgebra
homomorphism, then f is a coalgebra homomorphism.

In particular, if T' preserves monos (takes regular monos to monos, resp.) and i
is mono (reqular mono, resp.) in &, then f is a homomorphism whenever i o f is.

PrROOF. By duality. 0

If T preserves epis, then U:E"—E reflects strong epis, as can easily be verified.
Lemma 1.2.11 gives the analogous claim for regular epis, which we will use to prove
that £ has regular epi-mono factorizations given certain conditions on £ and I" (see
Theorem 1.2.13).

Throughout, we will prefer regular epi-mono factorization systems over strong
epi-mono factorization systems, but this is largely a matter of choice. As one can see
in explicitly in [Kur00, Kur99], the basic theorems go through just as easily with
strong epis in the place of regular epis. We stick with the regular epis because of the
connection between coequalizers and sets of equations in Chapter 3. For the sake of
duality, we also stress regular monos in the coalgebraic cases.

LEMMA 1.2.11. Let £ have kernel pairs and I':E—E take reqular epis to epis.
Then
U:Eh—=¢&

reflects regqular epis.

PROOF. Let p: (A, a)—(B, 8) be a map in ' and suppose that p is a regular

epi in €. Let
k
(K, k) =—=(4, a)
ko
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be the kernel pair of p and suppose f:(A, a)—(C, ) coequalizes the kernel pair (see
Figure 2). Since U preserves kernel pairs, p is the coequalizer of k; and ky in €. Hence,

I'B
7N
Tk1 ‘
'K A rc
Tko ‘(
o B o
7 X
k1
K A C
ko f

FIGURE 2. U reflects regular epis.

there is a unique map ¢g: B—C' in & such that gop = f. Apply Lemma 1.2.9. O

The next theorem (about factorizations in V) proves especially useful, as we will
see. Thus, it is worthwhile to attach a name to the conditions that we assume on
E. That these conditions are part of the definition of regular category suggests the
following definition.

DEFINITION 1.2.12. A category C is almost reqular if C has kernel pairs and
regular epi-mono factorizations (we don’t require that kernel pairs have coequalizers
or that regular epis are stable under pullbacks).

Dually, a category with cokernel pairs and epi-regular mono factorizations is al-
most co-reqular.

THEOREM 1.2.13. Let £ have be almost reqular and let I':E—=E preserve requ-

lar epis. Then EY has regqular epi-mono factorizations, preserved and reflected by
U:EF—=¢€.

PROOF. Let f:(A, a)—(B, ) and take the regular epi-mono factorization, f =
iop, in € (as in Figure 3). Because I'p is regular and hence strong, there is a structure
map 7, as shown making both ¢ and p homomorphisms. Since the forgetful functor
reflects regular epis and monos, we see that i o p is a regular epi-mono factorization
in T, obviously preserved by U.

Since regular epi-mono factorizations are unique up to isomorphism, this is suffi-
cient to conclude that U preserves all regular epi-mono factorizations. O

The following definition is found in [Bor94, Volume 2, Chapter 2|, where exact
sequences in regular categories are described in detail.
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r4a—2src--rB

al ’Y l,@
v

A~ C—B

FIGURE 3. Regular epi-mono factorization in ET.

DEFINITION 1.2.14. A diagram of the form
K=—=A-"-0
€2

is an exact sequence if q is the coequalizer of e; and e, and ey, ey is the kernel pair
of q.
We also call a diagram of the form

i “
c2
an exact sequence if 7 is the equalizer of ¢; and ¢y and ¢y, co the cokernel pair of 7.

COROLLARY 1.2.15. Let £ be almost regular and let I':E—E preserve regular
epis. Then U:EV—E preserves and reflects reqular epis, monos and exact sequences.

ProOOF. By Theorem 1.2.13 and uniqueness of regular epi-mono factorizations,
U preserves regular epis and monos.

Because U preserves and reflects kernel pairs and regular epis, and regular epis
are coequalizers of their kernel pairs, U preserves and reflects exact sequences. 0

REMARK 1.2.16. It is important to note that all of these theorems dualize for
categories of coalgebras in an obvious way. Explicitly, if £ is almost co-regular and
I' preserves regular monos, then &r inherits epi-regular mono factorizations from &.

1.3. Subalgebras

We have a notion of subobject for any category: namely, a subobject of A is an
equivalence class of monics with codomain A (see Appendix). This definition applies
to the categories £' and &p to yield:

A subobject of a I'-(co)algebra (A, o) is an equivalence class of
monic homomorphisms

(B, ) —=(4, a) .
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In categories of algebras, we are most interested in those subobjects of (A, a) which
are preserved by U. These can be understood as subobjects of A which are closed
under the algebraic operations.

We postpone the discussion of subcoalgebras until Section 2.2. There, we take the
position that subcoalgebras are best understood as the dual of quotients of algebras.
Consequently, we are interested in reqular subobjects of a coalgebra.

DEFINITION 1.3.1. Let (A, a) be a I'-algebra. A subalgebra of (A, «) is a subob-
ject
i:(B, By—=(A, «a)
such that Ui: B—A is a subobject of A (Ui is a mono in &).

For each I'-algebra, there are three related posets. First, there is the poset
Subgr ((A, «)). This consists of equivalence classes of monos

(B, B)—~(4, a)
in ', We also have the poset Subg(A) of subobjects of the carrier of (A, ). Lastly,
we have the poset SubAlg((A, «)) of subalgebras of (A, «). This poset has, as objects,
equivalence classes of monos
(B, B)=—~(4, a)
such that Ui is mono in €. Evidently,
SubAlg((A, a)) C Subgr((A, a)).

In the categories in which we are most interested, this inclusion is an isomorphism.

THEOREM 1.3.2. If £ is almost reqular and I' preserves reqular epis, then
SubAlg((A, a)) = Suber((A, a)).

PROOF. If I preserves regular epis, then U preserves monos (Corollary 1.2.15).
O

We note that any Set functor I' preserves regular epis and so
SubAlg((A, a)) = Suber((A, a)).

We turn our attention to the relationship between SubAlg({A, «)) and Subg(A)
(hereafter, denoted Sub(A)). In order to determine the structure of the category
SubAlg((A, a)), we look at the structure of Sub(A). We will show that SubAlg({A, «))
inherits much of the structure of Sub(A). In order to make this clear, we define a
functor

U, :SubAlg({A, a))—— Sub(A).

This functor takes a subalgebra (B, ) to its carrier B as a subobject of A.
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REMARK 1.3.3. The functor U, is a component of a natural transformation be-
tween contravariant functors

U :SubAlg=——=>Sub,

but we will not make use of this fact.

THEOREM 1.3.4. The functor U, is an injection. In particular, for any B-5A =
U(A, «), there is at most one structure map 3:1'B—B making i a homomorphism.

PRrROOF. Let (B, ) and (C, v) be subalgebras of (A, «) and suppose

Ua((B, B)) = Ua((C; 7))-

Then B and C' are equal as subobjects of A. Without loss of generality, assume B = C'
and let the inclusion be given by i: B—A. By assumption, i is a homomorphism, so

tof=aoli=107,
so 8 =1. O

THEOREM 1.3.5. U, creates meets. Thus, if Sub(A) is a complete lattice, then so
is the category SubAlg((A, a)).

PRrROOF. This follows from the fact that U:ET—& creates limits (Theorem 1.2.4).
U

1.3.1. Subalgebras generated by a subset. Let (A, ) be a I'-algebra and P
a subobject of A (in &). In this section, we discuss the least subalgebra containing
P, which we denote (P), or just (P). As we will see, this subalgebra exists under
fairly weak assumptions. We give two constructions of (P). The first construction
(Theorem 1.3.6) requires that Subg(A) is a complete lattice. The second construction
requires that £ is almost regular and I' preserves regular epis. Further, we assume
that the algebraic forgetful functor U:EV—& is monadic (equivalently, U has a left
adjoint). See Section 2.1.2 for a discussion of the left adjoint of U.

We understand the functor (—), in terms of adjointness. Specifically, if each
subobject P of A is contained in a least subalgebra (P), of (A, «), then we have
an adjoint pair (=), 4 U, (dropping the subscript when convenient). We call the
subalgebra (P),, the subalgebra generated by P.

THEOREM 1.3.6. Let (A, a) be a I'-algebra and suppose that Sub(A) is a complete
lattice (say, if € is complete and well-powered). Then the functor

Uy, :SubAlg((A, a))— Sub(A)

has a left adjoint
(—)a:Sub(A)——= SubAlg((A, a)).
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PrOOF. We will explicitly construct (—). Let i: P>>~A be a subobject of A. We
take the intersection of all the subalgebras containing P,

(P)= A\ (Q. p).

PcQ
U

The following theorem is an alternate construction of (P) that applies in the
categories in which we are most interested. We also include it because the resulting
construction is very natural: (P) arises as the factorization of

FP —><A> Oé),
where F' 4 U. See Section 2.1 for a discussion of such adjoint functors.

THEOREM 1.3.7. Suppose & is almost reqular, I' preserves reqular epis and that
U has a left adjoint F' (i.e., I is a varietor, in the sense of [APO1]. Let (A, o) be a
I'-algebra and P be a subobject of A. Then we have an adjoint pair
(e
Sub(A) i SubAlg((A, a)) .
Ua
PROOF. Let € be the counit of the adjunction F© 4 U. Let i: P>>A be the
inclusion of P into A and take the regular epi-mono factorization j o p of £, o Fli,
shown in Figure 4.

FQ
SN
FP L FA
p 7(@, ) ) €a
. ~
(P) (A, )

FIGURE 4. The construction of (P) as a regular epi-mono factorization.

We first show that P < U(P). It suffices to show that joponp =i (see Figure 5).
One calculates

joponp=Ue,oUFionp

=Uec,0ongo0i =1.
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The inequality P < U(P) is the unit of the adjunction, of course.

UFP

S
\/

P>a

FIGURE 5. P is contained in U(P).

Let k:(Q, v)>>(A, a) be a subalgebra of (A, a) and P < @ (with inclusion ).
We wish to show that (P) < (Q, v). We have

kog,oFl=¢c,0FkolFl
=&q© F] - j op,
and so, since p is strong, we have the factorization desired. O

As we will see, in the dual category &r, given a coalgebra (A, a) and a subobject
P < A, the natural construction yields the greatest subcoalgebra contained in P. In
other words, we have a right adjoint to the analogous forgetful functor

U, :SubCoalg({A, a))—Sub(A).
We discuss this adjoint pair in Section 2.2.
The adjoint pair (—), 4 U, gives rise to a closure operator
Ua(—)a:Sub(A)——= Sub(A)
on the subobjects of A. This operator takes a subobject P and closes it under the
operations (structure map) of the algebra. The unit of the monad is the inclusion
P <UL (P),.
The multiplication is the identity
Ua(Ua(P)a), = Ua(P)q.

As Theorem 1.3.5 showed, if Sub(A) is complete, then so is SubAlg({A, «)). Gen-
eral results in order theory tell one how to define joins on SubAlg((A, «)), but it is
worth stating the result explicitly: Given a collection

{<Bu ﬂz) }iel

of subalgebras of (A, «), their join is given by

V(B 5) = {V/ Bia.
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1.4. Congruences

We generalize the notions introduced above to binary relations here. It should
be clear that these notions generalize to n-ary relations, but we do not do so ex-
plicitly. Binary relations deserve special attention since they arise as the kernels of
homomorphisms.

Recall that a relation on (A, «) and (B, ) is a triple ((R, p), r1, o) where

r1: <R7 p>—><A7 a) ’

T2:<R7 p>—><B7 ﬁ)
are jointly monic (see the Appendix for a brief review of relations). This definition
works whether we are speaking of algebras or coalgebras, of course. Again, we will
want to pay particular attention to those relations of £ which are preserved by U.

We postpone the discussion of relations in &r until Section 2.5, where we introduce
bisimulations.

DEFINITION 1.4.1. Let (A, ) and (B, 3) be I'-algebras. A relation
((R, p), r1, T2)

on (A, a) and (B, ) is a pre-congruence if (R, r1, r3) is a relation on A and B.

Let PreCong((A, «), (B, (3)) be the poset of pre-congruences on (A, a) and (B, ().
We will often abbreviate this category as PreCong(c, 3). Again, we relate this cate-
gory to the related posets of relations, Relgr (o, §) and Relg(A, B).

We also often abbreviate the product of two (co)algebras,

(4, @) x (B, B),

as a X f3.

THEOREM 1.4.2. If £ is almost reqular, has binary products and I' preserves
reqular epis, then
PreCong(a, 5) = Reler (a, ) = Subg(a x ).
PROOF. A relation (R, p) on (A, a) and (B, () is a subalgebra of the algebra

(A, a) x (B, ). Because U preserves both products and monos, we see that R is a
subobject of A x B and hence a relation in £. Thus, R is a pre-congruence. 0

In Section 1.3, we defined a forgetful functor taking subalgebras of (A, «) to their
carrier as a subobject of A. We analogously define a forgetful functor here

U, :PreCong(a, 5)—Rel(A, B),

taking a pre-congruence (R, p) to its carrier R as a relation on A and B.
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In fact, U, g is just
Uaxp:SubAlg(a x 3)—— Subg(A x B).

Thus, from Theorems 1.3.4 and 1.3.5, we have the following corollaries.

COROLLARY 1.4.3. The functor U,g is an inclusion of PreConger(a, 3) into
Relg (A, B). In other words, the structure map on an algebraic relation is unique.

COROLLARY 1.4.4. The functor U, g creates meets. Hence, if Rel(A, B) (that is,
Sub(A x B)) is complete, then so is PreCong(a, ) (= SubAlg(a x 3)).

REMARK 1.4.5. Again, we have a natural transformation (natural in both com-
ponents) between the contravariant bifunctors

U :PreCong=——> Rel.

The functor
(—)axp:Sub(A x B)—— SubAlg(a x ),
if it exists, gives a construction of least pre-congruences. That is, given any relation
R on A and B (any subobject of Ax B), (R)axs is the least pre-congruence on (A, «)
and (B, () containing R (i.e., the least subalgebra of o x 3 containing R). When we
view (—)axpg as a functor

Rel(A, B)— PreCong(a, 3),

we will sometimes write (—), 3. We drop the subscripts entirely if the meaning of
(—) is clear from context.

We are often interested in pre-congruences on an algebra (A, «) by itself — that
is, in the category PreCong(c, ). These pre-congruences can be viewed as sets of
equations (see Remark 1.4.7), which will play a central role in Chapter 3. The
following principle is useful for reasoning about (R), -

THEOREM 1.4.6. Let & be finitely complete, and I':E—E be given. Let (A, o) be
a I'-algebra and R a relation on A. Let f:(A, a)—(B, ) be a I'-homomorphism.
Then the following diagram (in £) commutes

(1) R—=A-1-B
iff the diagram (in EY) below commutes.
f

PRrOOF. If (2) commutes, then the fact that R is contained in U(R) ensures that
(1) commutes.

Suppose, conversely, that (1) commutes and take the kernel pair (K, k) of f in
E'. Because the forgetful functor U:E'—& creates kernel pairs, K is the kernel pair
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of fin &, so R is a subrelation of K. Since (R) is the least pre-congruence containing
R, (R) is contained in (K, k). Thus, f coequalizes (R) —=(A, «) . O

REMARK 1.4.7. Let (A, ) and R be given as in the statement of Theorem 1.4.6.
We can view R as a set of equations on A — namely, R corresponds to the set of
equations

{ri(x) = ry(x) | x € R}.
We say that B satisfies the equations in R under the assignment f if f equalizes 7,
and ry. That is,

B fEaR
just in case the diagram
rR==A-L-B
comimutes.
In these terms, we can restate Theorem 1.4.6 as follows: For any homomorphism
f+(A, a)—=(B, ),
B, fEa Rift (B, B), [ Fa,a) (R).

See Chapter 3 for a proper development of equations for categories ET.

1.4.1. Exact categories of algebras. Throughout this section, we assume that
£ is finitely complete and has regular epi-mono factorizations, so that £ is, in partic-
ular, “almost regular”. We also assume that [':£—E& preserves regular epis, so that
ET inherits regular epi-mono factorization from & (Theorem 1.2.13).

A congruence is a pre-congruence which is an equivalence relation. Because pre-
congruences are relations in two different categories (both £ and &), there is apparent
ambiguity in this definition. We will show that the ambiguity is illusory — a pre-
congruence which is an equivalence relation in £ is also an equivalence relation in £,
and vice versa.

Because U:E"—E& creates limits and regular epi-mono factorizations, one has the
following theorem.

THEOREM 1.4.8. The forgetful functor U, g preserves the following structure of
PreCong(a, ).

(1) For any composable pre-congruences (R, p) € PreCong(a, 3) and (S, o) €
PreCong(/3, 7).,

Ua,’Y(<SJ 0> o <R7 p>) = S o R.
(2) For any pre-congruence (R, p) on (A, o) and (B, (),
Us.al(R, p)°) = R
(where RY is the twist of relation R — see the Appendiz).
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(8) For any algebra (A, o),
Un,aDa,a) = Aa
(where A 4 is equality on A — see the Appendix).

PRrOOF. 2 and 3 are obvious. For the first, we use the fact that U creates pull-
backs and finite regular epi-mono source factorizations. It creates the latter because
it creates regular epi-mono factorizations and products (and because £ has finite
products). O

DEFINITION 1.4.9. A pre-congruence on (A, «) which is also an equivalence rela-
tion is a congruence.

The following corollary shows that it is enough for (R, p) to be a pre-congruence
such that R is an equivalence relation (in &).

COROLLARY 1.4.10. Let (A, a) be a I'-algebra and let (R, p) be a pre-congruence.
Then (R, p) is a congruence iff R is an equivalence relation in &.

PROOF. By Theorem 1.4.8 and the fact that U, , is full. ]

The remainder of the section is intended to give an example of reasoning about
algebras in a categorical setting. We present a generalization of a standard theorem in
the study of universal algebras. It states that one can take coequalizers of congruences
in ET (i.e., that £ is exact — see Definition A.4.4). We will prove that this theorem
holds in a variety of categories and for a variety of functors — namely, it holds in any
exact category if the endofunctor I' preserves exact sequences. The standard theorem
about algebras over Set is an easy corollary.

THEOREM 1.4.11. Let £ be an exact category with binary products and I':E—E
preserve exact sequences (coequalizers of kernel pairs). The category EY is also exact.

PROOF. Let p be a regular epi in £. Take the kernel pair of p,
e —<e —(>p o,

Since I' preserves exact sequences, we see that I'p is again a regular epi, so I' pre-
serves all regular epis. Hence, U preserves and reflects monos, regular epis and exact
sequences (Theorem 1.2.15 — note that any regular category has regular epi-mono
factorizations [Bor94, Proposition 2.2.1]).
Let
(R, p) ==(4A, o)

be an equivalence relation in E'. Since

PreCong((A, a)) = Reler ((A, a)),
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(R, p) is a congruence, and so R is an equivalence relation in £. Since £ is exact and
R is an equivalence relation, R is the kernel pair of a regular epi ¢, as shown below.

R—=A-1+Q

This diagram is an exact sequence (in an exact category, an equivalence relation is
always the kernel pair of its coequalizer), so its image under I' is again an exact
sequence.

Hence, the top row of the diagram below is a coequalizer.

IR—=TA—%T1Q

[

R:;A—qb@

A simple diagram chase shows that there is a unique v making the right hand square
commute. Because U reflects regular epis, ¢ is a regular epi in L. U

THEOREM 1.4.12. Let £ be a exact category with binary products and suppose &
satisfies the weak axiom of choice. The category E' is also ezact.

PROOF. It is easy to show that every exact sequence is an absolute coequalizer
(see the proof of [Bor94, Volume 2, Theorem 4.3.5], for instance), and so is preserved
by every functor. O

1.4.2. Least congruence constructions. Given an algebra (A4, a) and a rela-
tion R on A, one is often interested in the least congruence R containing R. These
is the least relation on A such that the quotient A/R can be taken in £T. In this
section, we will show that, if £ is exact with binary products and I' preserves exact
sequences, then we can define a functor

Rel(A, A)—— Cong(a)

(where Cong(a) is the category of congruences on (A, o)) taking a relation to its
least congruence. This material is included just to complete our development of
congruences. It is a well-known result.

THEOREM 1.4.13. Let £ be exact, with binary products, and I' preserve exact
sequences (and, hence, reqular epis). Then the inclusion functor

Uq.o:Cong(a)— Rel(A, A)

has a left adjoint.
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PRrOOF. We know from Theorem 1.4.11 that £' is exact. We construct a functor
K :PreCong(a, a)— Cong(a), left adjoint to the evident inclusion functor. This con-
struction works in any exact category, just by taking a relation to the kernel pair of
its coequalizer. Now, given a relation R on A and a congruence (S, o) on (A, o), we
see that

R<S & (R) < (S, 0) = K(R) < (S, o).

1.5. Initial algebras and final coalgebras

In categories of algebras and coalgebras, the presence of initial objects and termi-
nal objects, respectively, plays an important role. Initial algebras satisfy the induction
proof principle and definition by recursion, while final coalgebras enjoy the analogous
principles of coinduction and definition by corecursion. In this section, we discuss
these principles and the nature of initial algebras and final coalgebras as least and
greatest fixed points, respectively, for the endofunctor I'.

Recall that in a category C, an initial object A is an object such that, for any
Y € C, there is exactly one arrow A ——=Y . Dually, a final or terminal object Z

has the property that each Y € C has exactly one arrow Y —=Z7 . Any two initial
(final) objects are clearly isomorphic. If C is a poset, then an initial object is just L
and a final object is just T.

For algebras, the initial algebra is an important object, coming equipped with
certain “proof principles”. However, the final algebra is typically dull. If £ has a
final object, 1, then, for any functor I', there is a final I'-algebra, namely (1, !),
where !y is the unique map I'l ——=1 . This is a corollary to the fact that U creates
limits (Theorem 1.2.4). For Set, for example, this means that the one point algebra
is always the final algebra. Dually, if £ has an initial object, 0, then (0, !o) is the
initial coalgebra, where lo:0—TI'0. In Set, then, the empty coalgebra is always the
initial coalgebra (whatever the endofunctor I':Set—Set).

1.5.1. Fixed points for a functor. Given a functor [':£—&, we can consider
the collection of fixed points of I'; i.e., those C' € £ such that 'C = C. Such
objects can be regarded as both I'-algebras and I'-coalgebras. Let Fix(I") be the full
subcategory of £ consisting of those algebras for which the structure map is an
isomorphism. Equivalently, we could take the same full subcategory of &r, since I’
algebra homomorphisms between fixed points are I' coalgebra homomorphisms and
vice-versa. Lambek’s lemma [Lam70]| states, first, that the initial algebra (final
coalgebra), if it exists, is in Fix(I'). It easily follows that the initial algebra is also
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FIGURE 6. Initial algebras are fixed points.

initial in Fix(I"), and the final coalgebra is final in Fix(I') (See Section 1.5.4 for a
discussion of the unique homomorphism between the two).

LeEMMA 1.5.1 (Lambek’s lemma). If (A, «) is an initial I'-algebra, then a is an
isomorphism. Dually, the structure map of a final coalgebra is also an isomorphism.

PROOF. Because (A, «) is initial, there is a unique homomorphism ! from (A, a)
to the algebra
(TA, Ta:T?A——=TA).
In Figure 6, the bottom composite is the identity, by the uniqueness condition for
initiality. Because ! is a I'-homomorphism, the left hand square commutes. Conse-
quently,
loa=Taol'! =idry.
O

This result brings out a central fact about initial algebras/final coalgebras —
namely, they are the same thing as initial fixed points/final fixed points for an
endofunctor. In many cases (though, not all cases), they are in fact least fixed
points/greatest fixed points for the endofunctor in the usual sense. In this respect,
at least, initial algebras should seem familiar objects of study. Languages specified
by a syntax are given as a least fixed point for an endofunctor on Set, for instance.
In particular, the modal language £(AtProp) was described earlier as a least fixed
point. Hence, we may regard this and similar languages as initial algebras for suitable
functors.

Lambek’s lemma also gives us a negative result regarding initial algebras and final
coalgebras. If a functor has no fixed points, then it has no initial algebra or final
coalgebra. Of course, the power set functor, P:Set—Set, has no fixed points (due
to Cantor’s theorem). Consequently, there is no initial algebra/final coalgebra for
this functor as a functor on Set.

However, there is a closely related functor for which the initial algebra and final
coalgebra both exist and are well known. Consider the category SET of all sets
and classes (without the axiom of foundation). We can extend the functor P to a
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functor (also denoted P) on this category taking each class to its class of subsets
(note: subsets, not subclasses). See [BM96] for details on the extension of set-based
functors to the category SET. The initial algebra for this functor is the class WF
of well-founded sets, with identity as the structure map. The final coalgebra for
this functor is NWF, the category of sets with the anti-foundation axiom, again
with identity as the structure map. For additional reading on fixed points for P, see
[BM96], [Acz88] and [Tur96|.

For existence theorems for both initial algebras and final coalgebras, see [Bar92].
James Worrell extends this discussion in [Wor00].

1.5.2. Induction and recursion. See also [JR97] for a nice exposition of this
material.

The principle of definition by recursion is an explicit application of the property
of initiality. Given any I'-algebra (B, ), there is a unique homomorphism from the
initial [-algebra (I, ¢) to (B, B) (just by definition of initiality). This categorical
property leads to familiar principles in application.

ExXAMPLE 1.5.2. For instance, consider the successor functor S:Set—Set taking
a set X to the set X + 1 (the disjoint union of X and {*}). The initial algebra for
this functor is (N, [s, 0]), where
s(n)=n-+1,
0(x) = 0.
Indeed, the initial algebra for S in any category with + is called the natural numbers
object (NNO).
To justify this terminology, consider the usual statement of definition by recursion
on N. Namely, given any set A together with an element a € A and a map f:A—A,
there is a unique map !:N—A such that
1(0) = a,
(n+1) = F(1(m).
(We'll ignore the apparently stronger statement of definition by recursion with pa-
rameters for now.) But, specifying a and f is just the same as specifying a map

[f,a]:A+1—=A.

Also, the equations above exactly require the diagram below

N4+1—% 441

[,0] J/ l [fa]

N A
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to commute, i.e., require that ! is an S-homomorphism.

ExAaMPLE 1.5.3. In Example 1.5.2, we showed that the statement that N is an
initial algebra for the successor functor is equivalent to the statement that for each
a € Aand f:A—A, there is a unique map !:N—A such that

1(0) = a,
n+1) = f({(n)).

Of course, one usually wants to define more complicated functions recursively. In this
example, we will show that the statement that N is an initial algebra for S allows the
recursive definition of functions with parameters. Specifically, given two functions,

g:A——A, and
h:Ax A—=A

we will show that there exists a unique f:N x A—A such that

(3) f(0,a) = g(a),
(4) f(s(n),a) = h(f(n,a),a).

Initiality guarantees maps with domain N, so we will define a map f:N—>AA and
show that its transpose is the map f we desire. To define such a f by recursion,
we must find a structure map a: A4 + 1—=A44 such that the unique homomorphism

N —= A4 | guaranteed by initiality, is the fwe desire.
Let a be defined by

a(x) =g:A—=A,
a(k) = Xa.h(k(a),a) for all k:A——A.

Then, by initiality, there is a unique fsuch that

f(0) =g,

f(n+1) = Xa.h(f(n)(a),a).

Consequently, the transpose of f satisfies (3) and (4).
In a similar manner, we can show that there is a unique f:N—A such that

£(0,a) = g(a),
f(s(n),a) = h(f(n,a),n,a).
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For this, we must define a structure map a for (A x N)# so that the unique map f
making the square below commute

N+1ﬂl>(AxN)A+1

[s,O]L \La

N (A x N)4

a

satisfies the appropriate equations. This is left as an exercise for the reader.

ExAMPLE 1.5.4. In the category Poset, the natural numbers object (initial al-
gebra for S) is again the algebra (N, [s,0]). As a poset, we take the trivial ordering:
r<yiff x =y.

The natural numbers with the standard ordering (which we denote w) is also
an initial algebra in Poset, but for a different functor. Consider the lifting functor
— 1 :Poset—Poset that takes a poset and adjoins a new bottom element. The initial
algebra for this functor is w. The structure map

Ww| —=w
takes L to 0 and takes each n € w to s(n).

ExAMPLE 1.5.5. Example 1.5.2 shows that N is an initial algebra for the polyno-
mial functor S. Here, we examine the general case.

Let IP be a polynomial functor and define a signature X so that IP is the polynomial
functor for ¥, i.e., so that

P(A)= ] A"
fmex

Let £(X) be the collection of all ¥-terms. Explicitly, £(X) is the least set such that
the following holds:

o If fMeYandr,..., 7 € LX), then fM(ry,...,7) € L(D).

Of course, this entails in particular that any constants (that is, zero-ary function
symbols) of ¥ are in £(X). One should also notice that, if 3 has no constants, then
L(Y) is empty.

We impose an algebraic structure on £(X) in the obvious manner. For each
f™ €%, we must define a map

LX) —L(X) .

Let 7i,...,7, be in £(X) and define the interpretation of ™ to be

(T1y ooy Tn) = (11,000 Th)-

It is routine to check that L£(X) together with this structure map is an initial P-
algebra.
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There is another description of the initial P-algebra. Namely, we consider £(X)
as a family of finitely branching, ¥-labeled trees, subject to the condition:

e If a node is labeled f™, then the node has exactly n children (consequently,
a node labeled with a constant c(©) is a leaf).

We have, then, that £(X) is the least collection of trees such that

e For each f € Y and each 71,... ,7, € £L(X), the tree with root labeled f™)
and with children 7,... .7, is in £(X).

Again, we stress that, in particular, for each constant ¢(?) in 3, the tree consisting of
a node (with no children) labeled ¢(© is in £(X).

EXAMPLE 1.5.6. We show now that (Z<“, [push, ()]) is an initial algebra for ' A =
Z x A+1 (see Example 1.1.6). Let (A, (x4, ()a)) be any I'-algebra. Define a sequence
of maps !": Z"— A as follows:

(0)

push(z,0))

(Oa

1 2401(0).

We take |1 Z<¥—A to be | J;_,!". It is easy to see that ! is a [-homomorphism and
that it is unique.

The principle of definition by I'-recursion can thus be stated: For any set A,
element a € A and map f:Z x A—A, there is a unique !: Z¥—A such that

l(push(z,0)) = f(z,1(9)).

We also have a least fixed point definition of Z<%, arising from the discussion of
Section 1.5.1. Namely, Z<“ is the least collection such that
° ()eZ™
o If z€ Z and 0 € Z<¥, then push(z,0) € Z<¥.

This description of Z<“ agrees with the description of an initial algebra for a polyno-

mial functor from Example 1.5.5 (allowing that the terms are interpreted as elements
of Z<v).

This concludes our discussion of recursion. We now turn to the related property
of induction.

The principle of induction allows one to conclude that a particular property P
holds of all of the elements of an initial algebra if P is closed under the operations of
the algebra. We will show in this section how the principle of induction is a minimality
condition which follows from initiality. We will include some explicit examples of how
the minimality condition leads to a familiar induction principle.



38 1. ALGEBRAS AND COALGEBRAS

LEMMA 1.5.7. Let (I, 1) be an initial I'-algebra. Then any map into (I, 1) is a
reqular epi.

PROOF. Let f: (A, a)—(I, ¢) be given and let !: (I, t)—=(A, a) be the homomor-
phism guaranteed by initiality. Then, by the uniqueness part of initiality, fo! is the
identity, so f is a regular epi. O

As one can see, Lemma 1.5.7 is not about initial algebras, per se, but rather is
true of any initial object in any category. The next theorem is an abstract statement
of the principle of induction. Again, it is a corollary to a general statement about
initial objects.

THEOREM 1.5.8. If (I, ¢) is an initial T'-algebra, then (I, 1) is minimal, i.e.,
SUbEF(<Ia L>) = {<Iu L>}

So, in particular, (I, 1) has no proper subalgebras (subobjects preserved by U ).

PROOF. Let (P, p) be a subobject of (I, ), with homomorphic inclusion
i:<P7 p>—><[7 L>'
By Lemma 1.5.7, ¢ is a regular epi and so is an isomorphism. O

Let (A, a) be an algebra. We say that a subobject P-%A of Ais closed under a
if there is a structure map
p:I'P——P

such that
i:<P7 p>—><A7 Oé>
is a homomorphism. In other words, P is closed under « just in case
P=U,(P),

(that is, P is closed under the closure operator U,(—),). The property of minimality
ensures that any predicate closed under «o exhausts the entire algebra. It is useful to
see a couple of explicit examples.

We also say that a subobject P closed under « is an inductive predicate.

REMARK 1.5.9. The category of all subobjects of A closed under « is isomorphic
to SubAlg((A, a)), so we aren’t really introducing a new concept here. Instead, we
introduce new language that allows one to see that the principle of induction for
initial algebras is the usual principle of induction for the familiar examples of initial
algebras. When discussing induction, it is conventional to speak of predicates which
are closed under certain operations, rather than to speak of subalgebras. We follow
that convention, although there is no practical difference between the two.
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ExAMPLE 1.5.10. As discussed in previously, (N, [s,0]) is an initial algebra for
the successor functor S. A subset P of N is closed under [s, 0] just in case there is a
p: P+ 1—P making the diagram below commute.

P+1 U N1

Pl l[s,O]

P - N
This means that
iop(x) =0,
iop(n)=s(n) for each n € P.

In other words, P is a subalgebra of N just in case 0 € P and whenever n € P, also
s(n) € P. From Theorem 1.5.8, we see that if P contains 0 and is closed under s,
then P = N. So, Theorem 1.5.8 yields induction on the natural numbers in the usual
sense.

ExAMPLE 1.5.11. Consider again the initial algebra £(X) for a fixed signature 3
(see Example 1.5.5). One can confirm that minimality on £(X) entails the following
proof principle: If, for each f™ € ¥

V1, oo (@) A A D(T)) — (f(T1, -, 7)),

then ®(7) for all 7 € 3. Note that, as usual, if a predicate ® is closed under function
application, then, in particular, ® holds for every constant.

Call a tree well-founded if the relation “is a descendant of” is well-founded in the
usual sense — that is, if there are no infinite paths in the tree. Then, one can show,
using the above principle of induction, that every element of £(X) (viewed as trees
— see Example 1.5.5) is well-founded. We omit this proof, since it requires a more
explicit representation of trees than we give here.

EXAMPLE 1.5.12. Let P C Z<%. Then, P is inductive just in case

0)ep
push(z,0) € P if z € Z and o in P.

If P satisfies these conditions, then P = Z<%.

ExaMPLE 1.5.13. As mentioned previously, the class WF of well-founded sets
with identity is an initial algebra for the functor P:SET—SET. It is useful to
see what the principal of induction yields for this algebra. A predicate on WF is a
subclass of WF. A predicate ® is inductive iff whenever ®(S) for all S € T, then
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® (7). Thus, induction says, for each predicate ®,
VI'(VS € T®(S) — &(T)) — VT &(T),

where the quantifiers here range over WF. Equivalently, we have, for each ®,
ATO(T) — IT (P(T) AVS € T=P(9)).

In other words, the principle of induction on WF as an initial algebra is the usual
foundation axiom. Put another way, the foundation axiom is equivalent to the as-
sumption that the class of all sets is an initial algebra for P (although here, we've
only shown one implication — see [Tur96]| for the other).

It is worth mentioning that the property of minimality isn’t unique to initial
algebras. On the contrary, any algebra which is a quotient of the initial algebra is
also minimal, and so satisfies an inductive proof principle. Conceptually, if (A, «)
is a quotient of the initial algebra, then each element of A can be picked out by a
term (not necessarily uniquely). So, if the atomic elements (the interpretations of
constants) satisfy a predicate and if the predicate is closed under term formation,
then all of A satisfies the predicate.

THEOREM 1.5.14. Let £ be almost reqular and I' preserve reqular epis and sup-
pose that EY has an initial object (I, 1). An algebra (A, ) is minimal iff the map
(I, 1)—(A, a) is a reqular epi.

PROOF. Suppose (A, o) is minimal. Take the regular epi-mono factorization
'=1¢o0p. Then i is an isomorphism and so ! is a regular epi.
On the other hand, suppose that

VAT, o) —>(A, )
is a regular epi and
i:(P, p)—=(A, a)
is a mono. Then ¢o!, =!,, so i is a regular epi and hence an isomorphism. O

COROLLARY 1.5.15. Let €, T be as in Theorem 1.5.14. If (A, «) is minimal, then
a is a reqular epi.

PRrROOF. Since aol'! =!o. and the right hand side is the composite of two regular
epis (¢ is an isomorphism), « is a regular epi. 0]

REMARK 1.5.16. The converse of Corollary 1.5.15 does not generally hold. That
is, if o is a regular epi, then (A, a) need not be minimal. Let (F, ¢) be the final
[-coalgebra. Then (F, ¢~!) is a ['-algebra in which the structure map is a regular epi.
Typically, however, (F, ¢~!) is not minimal. Indeed, it is common that the initial
algebra is a proper subalgebra of (F, ¢~ !).
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1.5.3. Corecursion and coinduction. Dually, the unique homomorphism into
the final coalgebra is said to be defined by corecursion. Definition by corecursion
resembles a kind of “baseless recursion”. However, it is important to keep in mind
that corecursion gives a map into, not out of, the final coalgebra.

ExaMPLE 1.5.17. In Example 1.5.2, we showed that N forms an initial algebra
for S. We can also describe the final coalgebra for the successor functor S. Take N
and adjoin a point co. Call this set N. Define a S-coalgebra structure p:N—N + 1
on N by

x ifx=0
plx)=qn ifz=n+1
oo if x = o0.
The intuition here is that p is the predecessor function, taking oo to itself, n + 1 to
n and 0 to the “error condition”, .
If (A, ) is any S-coalgebra, then we define |: A—N by

() = pun . a™(a) = * if this is defined
I Re% else

The proof that ! is a coalgebra homomorphism and that it is unique is left to the
reader. It is worth noting that N is not the greatest fixed point for S (under inclusion).
Of course, S doesn’t have a greatest fixed point, since any infinite set is a fixed point.

EXAMPLE 1.5.18. Just as w is an initial algebra for the lifting functor
— | :Poset——=Poset,

w + 1 is the final coalgebra for L. Similarly, the set N is the final coalgebra for S.

ExaMpPLE 1.5.19. In Example 1.1.7, we claimed that coalgebras for the functor
I'A = Z x A could be regarded as collections of infinite streams over Z. Here, we will
make precise what we meant by that claim. We first take the collection of Z-streams,

Z*, and impose a coalgebraic structure on it. Specifically, we consider the coalgebra
(2%, (h, t)), where

h(c:w——=Z7) = o(0),
t(oc:w——=2Z)=An.o(n+1).
Let (A, (hq, ta)) be a '-coalgebra. We define a mapping,
lA——27Y,

as in Example 1.1.7, by
ar— An.hgoth(a).
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Then one can easily confirm that ! is a homomorphism. Furthermore, any map
f:A—Z% satisfying

must agree with !.
The principle of definition by I'-corecursion can be stated thus: Given any set A
and any pair of maps,

jA—=Z,
k:A——=A,

there is exactly one map !: A—Z% such that, for all a € A,

j(a) = h(!(a)),
\(k(a)) = t(!(a)).

REMARK 1.5.20. We have not discussed the initial algebra for A — Z x A. There
is good reason for this: it is trivial. That is, the initial algebra for this functor is just
the algebra

(0, Z x0>—>0).

ExAMPLE 1.5.21. In Example 1.5.19, we made precise the claim that each coalge-
bra for A — Z x A could be considered a collection of streams over Z, as mentioned
in Example 1.1.7. In this example, we will clarify the claim of Example 1.1.8, that
every coalgebra for the functor 'A = Z x A + 1 can be regarded as a collection
of (finite and infinite) streams over Z. In particular, we will impose a coalgebraic
structure on Z=<* and prove that the resulting coalgebra is final.

We define (: Z5%—7 x Z=* + 1 by

PR ifoeZ(ie,o0=():0—2)
o) {(‘7(0); An.o(n+1)) else

Notice that, if ¢ € Z%, then An.o(n+1) € Z¥, but if 0 € Z"™!, then An.o(n+1) €
Z". In other words, if o € Z%, then the “tail” of ¢ is again in Z%, while if o0 € Z"*!,
then the tail of ¢ is in Z".

Let (A, a) be any I'-coalgebra. We define h,, and t, as m; o @ and 7 o o, when
these are defined. We define a map !: A—Z7<% by

(a) = {() if a(a) =

An.hgot!(a) else.
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Notice that, in the second case, the resulting function may be defined only for certain
n. More precisely, !(a) may as a function whose domain is an initial segment of w,
i.e., an element of Z" for some n.

We omit the details of confirming that ! is a homomorphism and that it is unique.

ExXAMPLE 1.5.22. Let P be a polynomial functor,

P(A) =[] z:A'
i<w

on the category Set. From Example 1.5.11, we saw that the initial algebra for P
can be viewed as a collection of well-founded labeled trees. The final coalgebra can
similarly be viewed as the collection of all labeled trees (well-founded or not) with
the same branching behavior as the initial algebra. To make this description precise,
one needs a model of this collection of trees. While such a model can be described
as a collection of sets of finite sequences, representing paths through the tree, closed
under appropriate conditions, the details of such a description are more technical
than illuminating and will be skipped here.

Alternatively, one could use Aczel’s non-well-founded set theory to describe the
final coalgebra as the (necessarily unique) set 7' such that

T =PT),
and use the identity as the structure map, an approach made popular by [BM96].

The dual of the principle of induction for initial algebras is that final coalgebras
are coalgebralsimple, i.e., that they have no proper quotients. This property is best
expressed as a property about the relations on final coalgebras.

REMARK 1.5.23. In fact, final coalgebras satisfy a stronger condition. If (A, a)
is a final I' homomorphism and

pZ<A, Oé>—»<B, ﬂ>

is any (not necessarily regular) epi, then p is an isomorphism. We find that the
condition of simplicity suffices for most of our purposes, however, and use it instead.

Just as any quotient of a minimal algebra is again minimal, any subcoalgebra
of a simple coalgebra is again simple. Furthermore, if there is a final I'-coalgebra
(F, ¢), then any simple coalgebra is a (regular) subobject of (F, ¢), as the following
corollary shows. Hence, a coalgebra (A, a)satisfies the principle of coinduction iff
(A, a)is simple iff (A, a)is an open object of &, in the sense of [LM92, Chapter
IV.6].
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COROLLARY 1.5.24. Let € be almost co-reqular factorizations and I' preserve reg-
ular monos and let (F, ¢) be the final T'-coalgebra. A coalgebra (A, ) is simple iff
(A, a)y—(F, ¢) is a reqular mono.

PROOF. This is the dual of Theorem 1.5.14. O

Typically, we view coinduction as a proof principle that says, if two elements of
a simple coalgebra are related by a coalgebraic relation, then they are equal. This
next theorem is a step to that proof principle, which we return to in Section 2.6.

THEOREM 1.5.25. Let £ have all coequalizers. The following are equivalent:
(1) (A, a) is simple.
(2) For any coalgebra (B, [3), there is at most one map

(B, 8) —=(4, a) .

(3) (If € has kernel pairs of coequalizers and I preserves weak pullbacks) the

equality relation Aa o) is the largest relation on (A, o), i.e., the mazimal
element of Relg. ((A, ), (A, a)).

PROOF. We prove that (1) and (2) are equivalent and that they imply (3). Then,
we assume that I" preserves weak pullbacks and prove that (3) implies (1).

(1) = (2): Let f, g:(B, B)—(A, a) be given and take the coequalizer of f
and g (since &r has all coequalizers). This coequalizer is again (A, ), and
so f=g.

(2) = (1): Let

(B. ) ==(A, a) (@, v)
be a coequalizer diagram. Then b; = by, so (Q, v) = (A, a).

(2) = (3): Let (R, p) be a relation on (A, a), with projections r; and 7o.

Then, r; = r9, and so we have the factorization shown below.

r1=ro
Rp/—\A

\/

(3) = (1): Let q: (A, a)—(Q, 1/> be a regular epi, and take the kernel pair of
qin &,

k1 q
K=—=A—=Q.
ko
Because I" preserves weak pullbacks, there is a structure map for K,

ki K——TK,
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making k; and ko homomorphisms. Because U reflects jointly monic families,
(K, k) is a relation on (A, ), with projections k1 and ks. Since Ay 4 is
the largest relation, the following diagram commutes.

<K7

K) Aa,a)
N A
k1 4 id
Hence, k; = k5 and so, since every coequalizer is the coequalizer of its kernel

pair, (@, v) = (A, a).
U

DEFINITION 1.5.26. We say that a coalgebra (A, «) satisfies the principle of coin-
duction if A4 oy is the largest relation on (A, a).

COROLLARY 1.5.27. Any simple coalgebra satisfies the principle of coinduction. If
E has kernel pairs of coequalizers and I preserves weak pullbacks, then any coalgebra
satisfying the principle of coinduction is simple.

We will return to the topic of coinduction in Section 2.6, where we will show how
it leads to a proof principle for simple coalgebras.

1.5.4. The comparison map. Let I':£—E& be given and suppose that ' has
an initial object, (I, ¢), and &r a final object, (F, ¢). From Lambek’s lemma, we know
that the structure map ¢ is an isomorphism and the same holds for ¢. Consequently,
we can view the initial algebra as a coalgebra, namely, the coalgebra (I, :™!). By
finality, there is a unique map ! from (I, :7!) to (F, ¢). That is, there is a unique
map ! in £ such that the diagram below commutes.

(5) r—>TF

-] E

[—!>F

On the other hand, we can view the final coalgebra as an algebra, (F, ¢~!). As
such, there is a unique homomorphism from the initial algebra (I, ¢) to (F, ). Tt
is easy to see that this is simply two descriptions of the same map. The map ! in (5)
clearly makes the diagram (6), below, commute.

(6) 7 —-TF

| e

]—!>F
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In fact, the map ! is just the unique map from the initial object to the final
object in the category Fix(I'). The point is that this map is a homomorphism in both
relevant senses.

In the examples that we’ve seen thus far, this comparison map ! is precisely what
one expects: it is an inclusion of the initial algebra into the final coalgebra. For
instance, the initial algebra for the functor 'A = Z x A + 1 for a fixed X is the
collection of finite streams over Z.

In [Bar93], Michael Barr shows that the initial algebra is often a dense subspace of
the final coalgebra (under a natural topology), with the comparison map an inclusion.
In [Ad&a01], Jiff Addmek extends these results.



CHAPTER 2
Constructions arising from a (co)monad

In this chapter, we focus on categories of (co)algebras which come with a left
(right, resp.) adjoint to the forgetful functor. These categories are equivalent to cate-
gories of (co)algebras for a (co)monad, a stricter notion that categories of (co)algebras
for an endofunctor. We begin the chapter with a review of (co)monads and their
(co)algebras.

Following this, we introduce subcoalgebras. We view subcoalgebras as dual to
quotients of algebras, and so take a subcoalgebra to be a regular subobject of the
coalgebra. Theorems about subcoalgebras, then, are dual to theorems about quotients
of algebras, or, equivalently when £ is exact, theorems about congruences.

Given a I'-coalgebra (A, «), we introduce a modal operator (J on Sub(A), taking
a subobject P < A to the largest subcoalgebra (B, () such that B < P. We show
that [J is an S4 modal operator. Furthermore, we discuss a left adjoint < taking P
to the least subcoalgebra containing P. This closure operator exists if I' preserves
non-empty intersections.

We revisit the topic of limits in categories of coalgebras (and colimits in categories
of algebras) and show that we may construct all limits (colimits, resp.) if the forgetful
functor is comonadic (monadic, resp.). However, these constructed limits are not
typically preserved by U.

We close the chapter by introducing the definition of bisimulations, which we take
to be the image of a coalgebraic relation. This definition differs from the familiar
definition in many texts, but we take our definition to be a reasonable expansion of
the term for settings in which the axiom of choice is unavailable. We show, in fact,
that the definition offered here coincides with the more traditional definition, given
choice, and so feel that this generalization is suitable.

We discuss coinduction in terms of the introduced notion of bisimulation and also
briefly generalize to n-simulations, to facilitate the development of the internal logic
in Chapter 4.

2.1. (Co)monads and (co)algebras

A central notion in the study of universal algebras is the concept of a free algebra.
Such algebras can be viewed as term algebras over a set of variables. Hence, from free

47
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algebras, one comes to a notion of equation (a pair of elements of the free algebra)
and the definition of equation satisfaction. Categorically, such free algebras are easily
understood in terms of adjoint functors. In particular, as we will see in Section 2.1.2,
an algebra (A, ) is free over X if (A, o) = F X, where F is the left adjoint to the
forgetful functor.

Such adjoint functors give rise to monads in a natural way, which we discuss in
the Appendix. One may ask whether every monad comes from a pair of adjoint
functors. In fact, this is the case. Moreover, starting with a monad 7', one can
show that there are (at least) two methods of constructing an adjoint pair of functors
that give rise to 7. One method, the Kleisli construction, will not concern us much
in what follows. Instead, we will focus on the Eilenberg-Moore construction. This
construction considers the category of algebras for a monad T and shows that this
category comes with a pair of adjoint functors F' < U such that T'= UF.

We begin by going into some detail on the definition of the category of algebras
for a monad and sketch the proof of the Eilenberg-Moore theorem. This naturally
leads into a discussion of (co)free (co)algebras in Section 2.1.2.

2.1.1. (Co)algebras for a (co)monad. In this section, we will define algebras
for a monad and state the Eilenberg-Moore theorem. This theorem says that every
monad arises as the monad for an adjunction. Moreover, every monad T = (T, n, u)
arises as the monad for an adjunction F' 4 U where U is the forgetful functor for the
category of T-algebras. Here, however, we mean algebras for the monad T. This is
not the same as algebras for the endofunctor 7" — it is a narrower definition.

See Section A.5 for a brief review of monads.

In Section 2.1.2, we will discuss the situation in which the category of I" algebras
for an endofunctor I' is equivalent to a category of algebras for a monad.

DEFINITION 2.1.1. Let T = (T, n, u) be a monad over £. A T-algebra is an
algebra (A, a) for the endofunctor 7" such that the following diagrams commute.

T2A 25T A A—2TA

SR N

TAT>A A

We refer to the commutativity of these diagrams as the associativity and unit con-
ditions for T-algebras. A T-homomorphism is just a T-homomorphism in the sense
of homomorphisms between algebras for an endofunctor (Definition 1.1.1). That is,
a T-homomorphism

f{A, a)—=(B, )
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is a map f:A—B in &£ such that the diagram below commutes.

Tf
TA—TB

.| £

A== b

The T-algebras and their homomorphisms form a full subcategory of the C”, the
category of algebras for the endofunctor 7. We denote this category as CT (note the
different font for the endofunctor 7" and the monad T = (T, n, p)).

Theorems 1.2.4, 1.2.7 and 1.2.13 hold in categories of coalgebras for a monad
as well. That is, the forgetful functor creates limits, creates whatever colimits T
preserves and £ inherits the regular epi-mono factorizations from an almost regular
€ if T also preserves regular epis. The first two facts can be found in [Bor94, Volume
2]. That ET has regular epi-mono factorizations is easily verified. In fact, £T is closed
under quotients and subalgebras as a subcategory of £ — indeed, it is a variety of
ET (see Section 3.2.1).

Dually, we define a G-coalgebra for a comonad G. This definition is a straight-
forward exercise in turning the arrows around in Definition 2.1.1, but we include it
for reference.

DEFINITION 2.1.2. Let G = (G, ¢, §) be a comonad over £. A G-coalgebra is a
G-coalgebra (A, «) such that the following diagrams commute.

@A GA A< A
G“T T” \ T”
GA~— A A

A G-homomorphism is just a G-homomorphism between G-coalgebras. The category
of G-coalgebras and their homomorphisms is denoted Eg. It is a full subcategory of
the category & (indeed, a covariety).

The theorem below originally appeared in [EMG65]. It can be found in any basic
category theory text, including [Bor94, Volume 2] and [BW85]. We take it from
the latter.

THEOREM 2.1.3 (Eilenberg-Moore theorem). Let T = (T, n, p) be a monad over
E and let U :ET—E be the evident forgetful functor. Then there is a functor F:£—ET
such that F' 41U and T s the monad associated with the adjunction F' 4 U.

PROOF. We define F:£—ET on objects C' € &€ by
FC=(TC, pc:T*C—=T1C).
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One must check that F'C is a T-algebra, i.e., that it satisfies the associativity and
unit conditions for T-algebras. This follows just from the associativity and (one of
the) unit conditions for the monad T itself.

Let C € £ and (A, a) € ET. One must show

Hom(&,C)A =2 Hom(ET, FC)(A, a).
The isomorphism takes a map f:C—A to
aoTf:FC——=(A, a).
The inverse takes a homomorphism ¢g: FC—(A, «) to
gonc:C——=A.

Clearly, we have that T = UF, as desired. One must check that the unit of the
adjunction F' 4 U is n, the unit of T, and that the multiplication p of T, is given by
Uep, where ¢ is the counit of the adjunction. This is easy.

It is worth noting that the counit of the adjunction arises naturally enough: If
(A, a) is a T-algebra, then €4 4) = o O

So, given any monad T, we can “factor” T into an adjoint pair via the Eilenberg-
Moore construction. This factorization is not unique, however. Indeed, every monad
has at least one other factorization: the factorization given by Kleisli in [Kle65].
However, the Eilenberg-Moore factorization is distinguished: It is final among all
such factorizations'. We state the theorem more precisely here, but it will not play
a significant role in this thesis.

THEOREM 2.1.4. Let T = (T, n, u) and

L
P ¢
R

be given such that

e I'=RolL

o The unit of the adjunction L 4 R is n, the unit of the monad.

o The multiplication of the monad, 1, is equal to Rey,, where € is the counit of
the adjunction Ro L.

IThe Kleisli construction is initial among all such factorizations. See [Bor94, Volume 2] or
[BW85].
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Then, there is a unique J:D—ET such that the following diagram commutes.

J
D Er
X 7
N\
&
The Eilenberg-Moore construction dualizes in a natural way. Given a comonad
G = (G, ¢, §) over &, the forgetful functor

Uig@—>g

has a right adjoint,
H:E——&;,

such that the comonad G is induced by the adjunction U - H. The functor H takes
an object C' € & to the coalgebra (GC, ¢).

2.1.2. Free algebras. A basic notion in the theory of universal algebras is that
of the free algebra over a set of variables. Let ¥ be a signature and X a set of
variables. The free Y-algebra over X, denoted F'X, can be described informally as
the collection of all terms that can be constructed from the variables of X using the
function symbols of ¥. This informal description can be stated more precisely in
terms of least fixed points, but we do not take these descriptions to be the definition
of a free algebra over X. Instead, the property of freeness is defined in terms of
homomorphic extensions of maps.

Specifically, the property of freeness says: for every Y-algebra (A, a) and every
assignment o of the variables of X to the carrier A, there is a unique homomorphism
0:FX—(A, a) extending the assignment 0. An assignment of the variables of X to
A is just a map 0:X—A. Thus, the defining property of F.X can be stated: there
is a map

nx: X—UFX
(called the insertion of generators) such that, for every
o: X——A,

there is a unique
c:FX——=(A, «)

making the following diagram commutes:

UFX

=

X——4
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This condition should look familiar. If, for every X € Set, there is a free algebra
over X, then the operator F' taking each X to its free algebra extends to a functor
which is left adjoint to the forgetful functor U.

This allows us to state quite abstractly what it means for a [-algebra to be a free
algebra over some object X. Namely, (K, k) is free over X just in case there is a
left adjoint F':E—ET to the forgetful functor U and (K, k) = FX. Notice that an
initial I"-algebra is free over the initial object of &, if it exists.

The universal mapping property of the free algebra gives another description of
it. Let FX = (K, k) be the free I'-algebra over X. We have a pair of maps, then,

X P K<"TK,

and so we can consider the X + I'-coalgebra, (K, [nx, K]).

By the adjunction F' < U, we have, for all I'-algebras (A, o) and maps 0: X —A,
there is a unique I'-homomorphism & such that conyx = . Any such I'-algebra (A, «)
and assignment o corresponds to an X + I-algebra, namely (A, [0, ]). Furthermore,
by the conditions of the adjunction, the diagram below, commutes.

K<~—TK
A
o I'c
X 5 A ~a A
But, this is exactly the condition needed to show that ¢ is an X + I'-homomorphism,
i.e., that the following diagram commutes.

X+TKY Yy 114

[nx k] l l [0,0]

K A

o

Thus, we see that (K, k) satisfies the following condition: For every X + I'-algebra
(A, [0, a]), there is a unique X + ['-homomorphism (K, [nx, k|]) —=(A4, [o,a]) . In
other words, (K, [nx, k|) is the initial X + T"-algebra.

This observation leads to an alternative definition of free algebra over X, one that
does not require that every object of € has a free algebra. Namely, we say that (K, )
is a free I'-algebra over X just in case there is a map f: X —K such that (K, [f, &])
is an initial X 4 I algebra. We have, then, the following fact:

THEOREM 2.1.5. Let £ have binary coproducts, I':E—E be given and U:EY—E
be the forgetful functor. Then U has a left adjoint F iff, for each X € &£, the initial
X + I'-algebra exists.

As an immediate corollary, we have
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COROLLARY 2.1.6. Let I':E—E be given and let F:E—E be the left adjoint to
the forgetful functor U:EV—E , with n the unit of the adjunction. Then, for every
X eg,

nx,k]: X +TUFX—UFX

1s an isomorphism, where k. TUF X —-UFX 1is the structure map of the algebra F'X
(so FX = (UFX, K)).

ProOOF. Lambek’s lemma (Lemma 1.5.1). O

Thus, the existence of a free functor F' depends on whether an initial X 4+I'-algebra
exists for every X € £. So, one can use existence theorems for initial algebras to
prove that U has a left adjoint. For instance, if I' is co-continuous, then, for every
X, the functor X + I is also co-continuous and so has an initial algebra (from a well-
known fixed point theorem, generalized in [Bar92]). For the most part, we will not
be concerned here with the question of the existence of a functor F', any more than
we are concerned with the existence theorems for initial algebras and final coalgebras.

We can apply the results of Section 1.5.2 to free algebras. Since a free I'-algebra
over X is an initial X + I'-algebra, it comes with the proof principles common to all
initial algebras: induction and recursion. We have seen the principle of recursion. It
is the principle that, for every I'-algebra (A, ) and every map o: X —A, there is
a unique homomorphism 7 : F X —(A, a) extending o. This gives a nice description
of €, the counit of the adjunction F' - U, namely, £x ¢ is the extension of the
assignment idy : X —=X.

The principle of induction for free algebras should be familiar as well. This prin-
ciple commonly occurs in proof theory, for instance — it is the principle of structural
induction for terms. After all, the term algebras for a language are just P-algebras
for some polynomial functor P. If P is a polynomial, then X + P is also a polynomial.
Thus, structural induction for terms over a set of variables is just a special case of
Example 1.5.11.

Induction for free algebras for other functors is similar. It states that, for each
property P, if P holds of the elements of X, and if P is preserved under “term
formation” (whatever that means for the functor at hand), then P holds for all of
FX.

ExAMPLE 2.1.7. Consider the Set-functor 'A = Z x A+ 1, from Example 1.1.6.
The forgetful functor U : Set' —Set has a left adjoint, F':Set—Set' . The functor I’
takes a set X to the initial X + Z x — 4 1 algebra. We can understand this object as
the initial algebra for a polynomial functor. Hence, we can think of it as a collection
of terms for a signature (Example 1.1.5). The signature includes a constant for each
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x € X and also a constant * for the unique element of 1. Also, for each z € Z, we
have a unary function symbol z(). Thus, the free I-algebras are easily understood.

But, this characterization isn’t very useful for the interpretation of Set! we’ve
chosen. We’ve said that the initial algebra for Set' is the collection of finite streams
over Z, denoted Z<“. So, we would like to describe the free algebras in these terms
as well. Of course, the initial algebra itself is a free algebra — it is the free algebra
over the empty set, F'0. So, we also want our description of free algebras to coincide
with our description of the initial algebra.

Let X € Set. We consider the elements of UF X as finite streams over Z again,
with one important difference. In the initial I'-algebra, there is a single object that
represents an empty stream, which we denote (). In the I'-algebra F X, there are
many “empty streams”. In addition to (), we have an empty stream for each z € X.
Let

lpushy, ()x]: Z x UFX +1—=UFX

be the structure map for FX and n the unit of the adjunction ¥ 4 U. The map
%, 0: X +1—=UFX

picks out these empty streams, while the map pushy constructs a new stream from
an element of Z together with an element of UF X.
More concretely, the free I'-algebra over X is given by

UFX = (X +1) x Z<.

The X 4+ 1 component denotes the “type” of the end of the stream. The structure
map
lpushy, )x]: Z x UFX +1—UFX

is defined by

Ox = (= (),
pushy(z, (a, o)) = (a, push(z,0)),

where z € Z, a € X +1 and 0 € Z<“. The functions () and push here were defined
for the initial algebra

(Z=, [push, ()])
in Example 1.5.6.

2.1.3. Monadicity. We now return to the topic of algebras for a monad and
show how it relates to free algebras for an endofunctor: Specifically, if the forgetful
functor U:ET—& has a left adjoint F', then ' is isomorphic to £T, where T is the
triple induced by the adjunction F' 4 U. Moreover, the isomorphism commutes with
the respective forgetful functors. Thus, U is monadic in the sense below.
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DEFINITION 2.1.8. Let G:C—D be given. We say that G is monadic if there is
a monad T on D and an equivalence of categories J:C—DT such that the following
diagram commutes.

C//ﬂ>2)T

N, A

The functor U, above, is the forgetful functor for the category of algebras for the
monad T.

One can learn about monadic functors in the standard category theory texts. This
definition and Theorem 2.1.10, below, come from [Bor94, Volume 2]. They can also
be found in [BW85]. Before stating Beck’s theorem, we must have a definition, also
from [Bor94, Volume 2.

DEFINITION 2.1.9. A diagram of the form

f g
T T
A v B _Q
a2 q

is a split coequalizer if the following hold:

qoa; =qoa

gog=idg
&10!f::idB
azo f=goq

It is easy to check that split coequalizers are indeed coequalizers and moreover
are absolute (preserved by every functor). Split coequalizers naturally arise in the
context of algebras for an monad T = (T, n, u) since, for any T-coalgebra (A, «), the
diagram below is a split coequalizer.

NnrA nA
T2AZ_m_ZTAT T Q

—~— =T T e~ 7
Ta a

It is this fact which is crucial in the characterization of monadic functors, first due
to J. M. Beck [Bec67].

THEOREM 2.1.10 (Beck’s theorem). Let G:D—C be given. The following are
equivalent.
(1) G is monadic.
(2) (a) G has a left adjoint.
(b) G reflects isomorphisms.
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(c) For any pair
f
A—=B
g
such that Gf and Gg have a split coequalizer in C, f and g have a
coequalizer in D which is preserved by G.

COROLLARY 2.1.11. Let I':E—& be given. The forgetful functor U:EV—E has
a left adjoint iff U is monadic.

PROOF. Let I' be given. Because U is faithful, it reflects isomorphisms. If homo-
morphisms f, g: (A, a)—(B, () have a split coequalizer in £, then I" preserves the
split coequalizer (since it is an absolute coequalizer). Hence, U reflects and preserves
the split coequalizer. Thus, applying Theorem 2.1.10 completes the proof. 0J

In [APO1], a functor I is called a varietor if the forgetful functor U:E'—=E& is
monadic.

We can strengthen the results of this corollary. First, we put the corollary in
the context of results from Section 2.1.2. Let I':£—E& be given and suppose that
U:EY—E& has a left adjoint F:E—ET. Let T = (T = UF, n, Uer) be the monad
induced by the adjunction F' 4 U, and let

FT
e L ¢t

UT
be the adjoint functors given in the Eilenberg-Moore theorem (Theorem 2.1.3). One
can show that there is an isomorphism (rather than a mere equivalence) &% = £7T

that commutes with the forgetful functors.
A nice presentation of this fact is given in Daniele Turi’s dissertation [Tur96].
The reader should look there for the details, but it is worth describing the action of

J and its inverse. We map a ['-algebra,
(A, a:TA——=A),
to the T-algebra
(A, Uey:TA—A).
On the other hand, suppose we start with a T-algebra,
(C, v:TC—=C).

Recall that we have an isomorphism C +I'T'C>+TC (Corollary 2.1.6). The left
component C'—TC' is the unit of the monad (and of the adjunction F - U). Call
the right component . Then, we map (C, ) to the I'-algebra with structure map

I'nc

rc 2<rrc ere Lo
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We omit the proof that these operators extend to functors that are inverses of each
other.

This concludes our discussion of free algebras and the associated category of
algebras for a monad. We have covered this well-traveled ground in order to consider
the dual case. In Section 2.1.4, we will put the algebraic theorems to work in order
to learn about cofree coalgebras.

2.1.4. Cofree coalgebras. An early discussion of cofree coalgebras occurs in
[Rut96]|. There, Rutten gives the now familiar discussion of cofreeness in terms of
colorings. This interpretation of cofreeness arises naturally from dualizing the work
in Section 2.1.2. We follow this approach.

Previously, we saw that a I'-algebra (A, «a) is free over X just in case there is a
map 7x : X —A such that (A, [nx,a]) is the initial X + [-algebra. We dualize this
observation to define cofreeness.

DEFINITION 2.1.12. Let I':£—E& be given and let C be an object of £. A T-
coalgebra (A, «) is cofree over C just in case there is a map ¢ : A—C' such that the
C' x I'-coalgebra (A, (¢, «)) is final (in the category Ecxr).

Let (A, a) be cofree over C' and let (B, ) be a I'-coalgebra. Then, for any
p:B—C, we have a C' x I'-coalgebra, namely, (B, (p, #)). Thus, there is a unique
map f:B—A such that the diagram below commutes.

A—>TA

Ak

C~;~B—TB.

We understood free algebras over X by considering X to be a set of variables.
The free algebra over X, then, was the collection of I'-terms over a set of variables.
When considering cofree coalgebras over ', we imagine C' to be a set of colors. We
interpret maps p: B—C' as colorings of the elements of B by the colors C (i.e., as
a C-coloring of B). To each element of B, the coloring p assigns a color from C.
The map e¢ is also a coloring: It colors the elements of the cofree coalgebra (A, «).
Thus, we can state the principal of cofreeness as follows: (A, «) is cofree over C' iff
there is a C-coloring e¢ of A such that, for every I'-coalgebra (B, ) and C-coloring
p of B, there is a unique homomorphism f:(A, a)—(B, ) “consistent” with the
coloring p. By consistent, we simply mean that the following diagram commutes, so
that elements of B are mapped to elements of A of the same color (under p and e,
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respectively).

f/” lac

B—p>C

ExXAMPLE 2.1.13. Consider the Set-functor 'A = Z x A from Example 1.1.7 and
let C' be a set. Then, (A, ) is cofree over C' just in case there is a coloring e¢: A—C'
such that (A, (e¢, a)) is the final C' x I-coalgebra.

A C x I'-coalgebra is just a coalgebra for the functor

A— CxZ x A

Thus, the final C' x I'-coalgebra is the collection of all streams over C' x Z. Therefore,
the cofree coalgebra over C' exists and is given by (C'x Z)¥, with the evident structure
map and coloring (counit).

Let € and I' be given and suppose that, for every C' € £, there is a cofree coalgebra
over C'. Then, there is a

Hig—>€p

such that H is right adjoint to the forgetful functor U:Er—&. Namely, we take HC
to be the cofree ['-coalgebra over C'. Indeed, the principal of cofreeness leads directly
to the adjunction conditions: For every

p:U(B, B)—=C,

there exists a unique

such that the following diagram commutes.

UHC

y lac

B——C

Notice that the C-coloring - of the cofree coalgebra HC' is the component at C' of
the counit of the adjunction U 4 H. This is analogous to the result in Section 2.1.2
that the insertion of variables arose from the unit of the adjunction F 4 U.

We can also dualize the monadicity results from Section 2.1.3. Accordingly, we
define comonadic functor below and show that, if U:Ep—& has a right adjoint, then
U is comonadic. We do this directly, without discussing the dual of Beck’s theorem,
since split equalizers do not play a significant role either in the literature or in the
remainder of this thesis.
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DEFINITION 2.1.14. Let K:C—D be given. We say that K is comonadic if there
is a comonad G on D and an equivalence of categories J:C—Dg such that the
following diagram commutes.

C/_\DG

N, e

The functor Ug, above, is the forgetful functor for the category of coalgebras for the
comonad G.

THEOREM 2.1.15. Let £ and I' be given such that the forgetful functor U :Er—E
has a right adjoint H:E—Ep. Then U is comonadic.

Proor. We simply sketch the proof here, since the dual construction was dis-
cussed in Section 2.1.3. The category & is isomorphic to the category Eg of coalgebras
for the comonad

G=(G=UH, ¢, Uny)
where € and 7 are the counit and unit, respectively, of the adjoint U 4 H. The
isomorphism takes a I'-coalgebra (A, «) to the G-coalgebra

(A, Uny: A——=GA).
The inverse takes a G-coalgebra (C, 7) to the I'-coalgebra
(C, yo&coTleg),
where {¢:GC'—I'GC' arises from the isomorphism

(ec,éc)

GC C xGC.

O

In [APO1], a functor I' is called a covarietor just in case the coalgebraic forgetful
functor U:Ep—& is comonadic (equivalently, has a right adjoint).

This next theorem is dual to the well-known fact that, if I': Set—Set is a varietor,
then an algebra (A, a)is the quotient of F'A.

THEOREM 2.1.16. Let £ be almost co-regular and let I preserve reqular monos.
Suppose further that U:Er—E has a right adjoint H. Then, each I'-coalgebra (A, «)
s a reqular subcoalgebra of HA.

PRrROOF. Let n and € be the unit and counit, resp., of the adjunction U 4 H.
Then, it is a basic fact of adjunctions that ey o Un = idg (see, for instance, [Bor94,
Chapter 4, Volume 2] or any other introduction of monads). Thus,

€AOU’I7<A70(> = idA
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and so Una,q) is a regular mono. Since U reflects regular monos (by the dual of
Corollary 1.2.15), we have

77<A,a) :(A, O./>>—>HA
]

REMARK 2.1.17. The dual of this is worth mentioning: If £ satisfies the conditions
of Corollary 1.2.15, and the algebraic forgetful functor U:E"—& is monadic, then
each algebra (A, a) is a quotient of the free algebra F'A.

2.1.5. Covarietors and inheritance. In the remainder of this section, we
sketch an application of covarietors which has not, apparently, been explored in the
literature. As is well-known, categories of coalgebras over Set can be used to model
objects in an object oriented programming language (at least certain objects — we
ignore here constructors and other complications found in [PZ01]). Typically, the
functors one uses for the categories of coalgebras are polynomial functors and hence
are covarietors.

For our purposes at present, a class specification consists of a list of methods
(together with their signatures). For example, consider the specification below:
begin Counter

operations

inc: X—X

val: X —=N
end Counter
This specification describes a class Counter with two methods, inc and val. It should
be clear that any (— x N)-coalgebra provides a set of such Counters, and so we call
such coalgebras interpretations of the specification Counter. (We do not intend here
to give a rigorous presentation of coalgebraic semantics for class specification, but
rather a reasonable sketch of this topic. See [RTJ01] for a development of this topic.)
Of course, most (— x N)-coalgebras do not behave like a proper counter — certainly,
we have not required that val(inc(x)) = val(z) + 1 here. The name Counter is meant
to be suggestive, but for the purposes of this example, a specification merely gives
the signatures of the methods, without any assertions about the behavior of these
methods. See, however, Example 3.6.16 for a discussion of such assertions and their
relation to coequations.

Often, given such a class specification, one extends the specification to a new class,
which is augmented with additional methods. For instance, given the specification
of Counter above, we may wish to specify a counter which comes with a decrement
method (in addition to the increment and value methods of Counter). Thus, we may
wish to give a specification as shown below:
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begin DecCounter extends Counter
operations
dec: X—=X +1

end DecCounter

We could model DecCounter by (— x N x (— + 1))-coalgebras, and this is what
is typically done. However, there is a sense in which this interpretation neglects
the relation between DecCounter and Counter. Since DecCounter arises by adding
methods to Counter, it seems natural to consider interpretations of DecCounter to
be coalgebras over Set(_.n), the category of interpretations of Counter. Thus, we
would like to find a functor

A Set(_xN) —>Set(_><N)

such that (Set(_xn))a = Set(_xnx(—+1))-

One would be tempted to take A to be the obvious functor, AX = X + 1, since
we are adding a method of type X —X + 1. However, this will not work, since we do
not expect the structure map dec to be a (— x N)-homomorphism. Instead, it suffices
to take A to be the composite H o (— + 1) o U, as the following theorem shows.

THEOREM 2.1.18. Let € be a category with binary products, I':E—E be a covari-
etor and A:E—E any endofunctor. Then

Erxa = (Er)uav.

PROOF. Let (A, a:A—(I' x A)A) be a I" x A-coalgebra. Then (A, ma) is a
[-algebra. Let
o' (A, ma)—=HAU(A, ma)
be the adjoint transpose of mea: A—AA. Then ((A, ma), o) is an HAU-coalgebra
(over &r). It is easy to check that this construction is functorial and yields the
isomorphism desired. 0

2.2. Subcoalgebras

In Sections 1.3 and 1.4, we introduces subalgebras and congruences. A subalgebra
of (A, ) is a subobject of A which is closed under the structure map «. A pre-
congruence on (A, o) and (B, [3) is a relation on A and B which is similarly closed
under the operations of & and 3. The attractiveness of these definitions come from the
view that subobjects and relations on £ are familiar concepts, so we focus attention
on subobjects and relations in £ which are also subobjects and relations in £ (that
is, are mapped to subobjects and relations by the forgetful functors U, and U, g,
respectively).

Our definition of the corresponding notions, subcoalgebra and bisimulation, will
be similarly motivated. A subcoalgebra of (A, a) is a subobject of (A, o) which
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is preserved by the forgetful functor. A bisimulation R on (A, a) and (B, () is a
relation on A and B — so, it is a relation in a familiar sense. However, the definition
is a bit more complicated than the definition of a pre-congruence. We will not require
that

R = Uaxs({5, 0))

for some relation (S, o) on (A, a) and (B, 3). Instead, we require that R is the
image of some U,x5((S, 0)). We discuss bisimulations in detail in Section 2.5.

For subcoalgebras, we have a separate motivation which determines our definition.
In categories of algebras, regular epis play a central role in the development of the
theory. Indeed, the correspondence between regular epis and congruences can be
viewed as a key reason that congruences are an important concept for categories of
algebras. As we will see in Chapter 3, when reasoning about congruences (in this
case, deductively closed sets of equations), it is convenient to reason about their
quotients and translate the results into theorems about congruences. If congruences
play a more central role in the theorems than quotients, it is because relations seem
a more familiar concept than their coequalizers.

If we take the straightforward approach and define a subcoalgebra as a subobject
in Sub((A, «)) which is preserved by U, then we lose the structural advantage that
regular epis have in categories of algebras over epis in general. Just as regular epis?
are central in £, one expects that their dual, regular monos, will play a central role
in the dual category, &r. Thus, we offer the following definition.

DEFINITION 2.2.1. Let (A, a) be a I'-coalgebra. A subcoalgebra of (A, a) is a
[-coalgebra (B, ) together with a regular mono homomorphism

i:(B, B)—=(A, a).
The category of (equivalence classes of) subcoalgebras of (A, «) is denoted

SubCoalg((A4, a)).

EXAMPLE 2.2.2. Let (A, O4) be a topological space and (A, «) the associated
F-coalgebra (see Example 1.1.12). Then (B, () is a subcoalgebra of (A, «) iff B
is (isomorphic to) an open subset of (A, a) and (3 is the neighborhood filter on the
subspace (B, Op).

Throughout this section, we assume that I' preserves regular monos. Thus, if
(B, B) is a subcoalgebra of (A, «), then B is a regular subobject of A, so subcoal-
gebras are regular subobjects in £. In a more general setting, we would make a

?In fact, it would be just as well to work with strong epis and monos, and alter the theorems

accordingly, but we would lose the connection between quotients and congruences in the algebraic
setting.
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distinction between the category of regular subobjects of (A, o) and their images
under U,,, corresponding to the definition of bisimulation in Section 2.5.
We also will assume that £ is regularly well-powered throughout.

REMARK 2.2.3. If £ is a topos, then every mono is regular. So our definition of
subcoalgebra coincides with the usual definition of subcoalgebra: Namely, (B, 3) is
a subcoalgebra of (A, a) just in case there is a monic homomorphism

i:(B, B)==(A, a).
In other words, if £ is a topos, then
SubCoalg((A, «a)) = Sub((A, a)).
Let RegSub(A) be the poset of regular subobjects of A. We define a functor
U, :SubCoalg({A, or))——= RegSub(A),

taking a regular subcoalgebra

to the regular subobject

(again, using the assumption that I" preserves regular monos).

THEOREM 2.2.4. The subcoalgebra forgetful functor U, is full and injective on
objects. In other words, SubCoalg({A, «)) is a full subcategory of RegSub(A).

PROOF. U, is full by Corollary 1.2.10 (a map into a mono is a homomorphism
when the composite is).

Let U,((B, ) = Us((B, ') = B and let

1:B—A
be the regular mono homomorphic inclusion for B. Then, I'i is a regular mono (and
hence a mono). Since
lNNiof=aoi=T%0f,

g=p. O

THEOREM 2.2.5. Let £ be cocomplete and almost co-reqular and I' preserve reqular
monos. The functor U, creates joins and commutes with 3.

PROOF. The join of regular subcoalgebras (P;, p;) of (A, «) is given as the epi-
regular mono factorization of the map

1 pi)—=(4, a).
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Because coproducts are created by U and U preserves regular epi-mono factorizations,
U, preserves the join \/, P;.
Let f:(A, a)—(B, ) and i:(P, p)>>(A, a) be given. Then
Us3(P, p) =Uglm(foi) =ImU(f oi) = 3y Us(P, p).
O

THEOREM 2.2.6. If, in addition to the assumptions of Theorem 2.2.5, I' preserves
pullbacks of regular monos, then U, also creates finite meets. Furthermore, U, com-
mutes with pullback of subobjects, i.e., for every f:(A, a)y—(B, (),

Uyo f*=(Uf) oUs.
ProOOF. By Corollary 1.2.8, U creates pullbacks along regular monos. 0

2.2.1. About the functor [—|,. In universal algebras, one can construct a least
subcoalgebra containing a subset of the carrier of an algebra. This construction was
discussed in Theorem 1.3.6, where we showed that the functor

(=), :Sub(A)——=SubAlg((A, a))
was left adjoint to the forgetful functor

Uy, :SubAlg((A, a))— Sub(A)

The functor (—) was constructed under the assumption that Sub(A) had all meets.
Using the fact that the meet of subalgebras again yields a subalgebra, (P) is defined
as the meet of all subalgebras containing P.

In this section, we will carry out the analogous construction for regular subcoal-
gebras. Here, we use the fact that the join of regular subcoalgebras is again a regular
subcoalgebra.

THEOREM 2.2.7. Let € be cocomplete, reqularly well-powered and have epi-reqular
mono factorizations and let I' preserve reqular monos. Then the forgetful functor

U, :SubCoalg({A, a))— RegSub(A)
has a right adjoint,
[—]o :RegSub(A)—— SubCoalg((A, a)).

PROOF. The proof is a straightforward construction following the proof of Theo-
rem 1.3.6, but we include it nonetheless.
Let P> RegSub(A) be given. Define [P], to be the join of the collection

P ={(B, fl>—=(A, o) | B< P}.
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PROOF.
3r
SubCoalg((A, «)) Z SubCoalg((B, ))
I
Ua [ | []a Us |4 [-]s
Jus
RegSub(A) 1 RegSub(B)
U
FIGURE 1. [—] commutes with pullback

Then, if (@), v) is any regular subcoalgebra of (A, «) such that @ < P, then (Q, v) €
B and so (Q, ) < [P],. On the other hand, if (Q, v) < [P],, then

Q < Uu[Plo < P.
0

For each of the three corollaries which follow, we work under the assumptions of
Theorem 2.2.7.

COROLLARY 2.2.8. For any homomorphism f:(A, a)—(B, 3),
[~lgoUf" = f"o[-]a

In Figure 1, the left adjoints commute by Theorem 2.2.5, and so the right adjoints
commute as well. O

In Theorem 1.4.6, we showed that a homomorphism equalizes a relation R just
in case it equalizes the least pre-congruence [R] containing R. Our definition of
subcoalgebra is dual to quotient of an algebra (which is, under certain assumptions,
equivalent to congruences). Thus, it is theorems about congruences which yield
theorems about subcoalgebras, rather than theorems about subalgebras?®.

COROLLARY 2.2.9. Let (A, a) be a I'-coalgebra, with P a reqular subobject of A.
Let (B, () be a I'-coalgebra and f:(B, B)—(A, o) a I'-homomorphism. Then U f
factors through P iff f factors through [P),.

3Theorem 2.2.7 can be viewed as the dual of the theorem that we can construct least congruences
containing a relation. In this sense, it is the dual of a theorem about congruences, rather than a
theorem about subalgebras. One simply looks at the corresponding theorem regarding quotients of
a congruence to see this.
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PROOF.
Im(Uf) =U,Im(f) < Piff Imf < [Pl,.
O

COROLLARY 2.2.10. Let (A, o) and (B, ) be given, with f:(A, a)—(B, ) a
homomorphism. Let (D, ) < (A, a) and P < B. Then

dusD < P iff 35(D, §) < [P]s.
Proor. Follows immediately from Corollary 2.2.9. U

The next theorem gives some equivalent constructions of [P],. The requirement
that U be comonadic is only necessary for those constructions which explicitly use
the right adjoint H — namely, for (3) and (4).

THEOREM 2.2.11. Let € be regularly well-powered, cocomplete and have pullbacks
and epi-reqular mono factorizations. Let T' be a covarietor that preserves reqular
monos with U 4 H. Let

(B, B)="=(4, a)
and
Pr'>A
be given. The following are equivalent.
(1) (B, B) = [Pla-

(2) Let Ps>=A be the equalizer of A=—=2C and let (A, a) —HC be the
. €2 . €2
adjoint transposes of ¢1 and co, respectively. Then

(B, §) ~"~(4, a) ==HC
Cc2
1$ an equalizer.
(8) There is a (necessarily reqular mono) map k:(B, B)>=HP such that the

following diagram is a pullback, wheren:1=HU s the unit of the adjunction
U-H.
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4

(B, B) #> HB v HP

by AHK X
alfa e e
HC=————HC

FIGURE 2. The construction of [P] as a pullback along the unit.

(4) (If € has a regular subobject classifier ) Let 7 be the classifying map for 1,
so the diagram below is a pullback.

pP——1
_

ZI Itrue
Q

A—

Then, the diagram below is also a pullback,

(B, )~ H1

bI LHtrue

(A, a) — HQ
where 1 is the adjoint transpose of 7.

PROOF. (1)=-(2): Let g:(D, §)—=(A, a) be given, and suppose that g
equalizes

(A, a) —=HC'.

Cc2
Then,
(10g=ECcO0CI0g=EcOC20g=C0(
and so g factors through P. Hence, g factors uniquely through [P] (Corol-
lary 2.2.9).
(2)=-(3): Let (B, ) be the equalizer of ¢; and 3, as in (2). We claim that
the top rectangle in the Figure 2 forms a pullback. Let (D, ), f and g be
given so that Figure 2 commutes. Then, g equalizes ¢; and ¢; and so factors

uniquely through b, as shown. It is easy to show that the upper triangle also
comimutes.
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P

[P} HU[P)

FIGURE 3. The construction of [P] as a pullback along Hi.

(3)=(1): In Figure 3, the right hand triangle commutes because U[P] < P.
The diagonal square commutes by naturality of the unit . Hence, we have
a unique map [P|>=(B, [3), as shown, making the diagram commute. Thus,
[P] < (B, B). N
On the other hand, let k: B—P be the adjoint transpose of

k:(B, 3)——=HP.
Because
HioH%onﬁzHiok
=1n,0Db
= Hbong,

we see that koi = b. In other words, B < P. Hence, (B, 8) < [P] and so
(B, 8) = [P].

(3)<(4): The right adjoint H preserves pullbacks. Consequently, the left hand
square in Figure 4 is a pullback iff the whole rectangle is a pullback [Bor94,
Proposition 2.5.9, Volume 1].

FIGURE 4. [P] as a pullback along Htrue.
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REMARK 2.2.12. In the proof of (3)=-(1), above, we assumed the existence of
[P]. This is not necessary. With a bit more work, one can loosen the assumptions of
Theorem 2.2.11 (removing the assumption of coproducts) and replace (1) in with

(1)" [P] exists and [P] = (B, [).

REMARK 2.2.13. In Theorem 2.2.11, the construction of [P] found in (3) is es-
sentially the same construction one finds on [BW85, p. 216].

2.2.2. The associated modal operator. Let £ be regularly well-powered, co-
complete and almost co-regular and let I' preserve regular monos and pullbacks along
regular monos. Let (A, a) be a I'-coalgebra. The adjunction U, - [—], yields a
comonad in the usual way. We will denote the functor part of this comonad,

Uqa|—]a :RegSub(A)—— RegSub(A),
by O, (sometimes dropping the subscript).

REMARK 2.2.14. The associated monad
[—]aUa :SubCoalg((A, a))— SubCoalg((A, a))
yields the trivial closure operator

1:SubCoalg((A, a))— SubCoalg((A, a))

on subcoalgebras.

Because [, is a functor on a poset, it is monotone. The counit and comultiplica-
tion transformations yield, for every P,
O,P<P
O,.pP<0,0,P

Furthermore, because U, preserves finite meets, so does O, = U,|—].. Hence, we
have shown that [J is an S4 modal necessity operator.

DEFINITION 2.2.15. An operator [1: P—=P on a Heyting algebra P is an S4
operator if it satisfies the following:
(1) O is monotone (i.e., is an endofunctor);
(2) O is deflationary (i.e., O < 1);
(3) O is idempotent (i.e., OO = 0O);
(4) O(A— B) <UA — OB;
() T <0OT.

In other words, an S4 operator is just a left exact comonad on a Heyting algebra.

THEOREM 2.2.16. [, :RegSub(A)— RegSub(A) is an S4 operator.
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PRrOOF. (4) follows from the fact that [J preserves meets. The argument for (4)
from this is standard, but we include it here.
By (1), we have
O — ) Ap) E D,
and, hence,
O(p — ) AQp - Ovp.
Therefore, O(¢p — ¢) F Op — 0.
The top element T of RegSub(A) is just A itself. Clearly, J,A = A, and so (5)
holds. 0

THEOREM 2.2.17. Let f:(A, a)—(B, ) be given. Then
Oao (Uf) = (Uf)" oUp.
In other words, [ is a natural transformation
[J:RegSub(—) o U== RegSub(—) o U.

ProOOF. Both U, and [—], preserve pullbacks along regular monos. See Figure 5.
The front, right and rear faces are pullbacks and the bottom face commutes, so the

left face is also a pullback. O
UgP UHP
Onf*P > T UHf*P
B UHB
k \
A UHA

FI1GURE 5. [J commutes with pullback.

ExaMPLE 2.2.18. In Example 1.1.10 we discussed coalgebras for the set functor
I' = P(AtProp) x P — .

Such coalgebras are Kripke models for the modal language L£(AtProp). Given a
[-coalgebra (A, (aq, as)), we consider the elements of A to be worlds. The first
component,

a;: A—"P(AtProp),
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of the structure map picks out those atomic formulas which are true in a world, while
the second component,

(6] A—>P(A) s
gives the accessibility relation. A world b is accessible to a (written @ — b) just in
case b € ay(a).

Let ¢ € L(AtProp) and 2 = (A, (a1, as)) a I'-coalgebra. Let Modg(¢) be the
collection

{ac Al alad}
We can characterize Modg(¢) by induction on the structure of ¢ as follows.
e Mody(T) = A.
e Mody(¢) = a;'(¢) if ¢ € AtProp.
e Mody(—¢) = A\ Modg(¢).
* Mody(0¢) = {a € A| az(a) N Mody(¢) # 0}.
e Mody(/\ S) = ﬂ¢gs Modg(¢).

Thus, for each ¢ € L(AtProp), we have Modg(¢) C A. We calculate Oy Modgy (o),
the (carrier of the) largest subcoalgebra of Modg(¢). Note: this predicate over A
should not be confused with the proposition (¢, where [ is defined as —~)—¢ in
L(AtProp). As we will show, despite the syntactic similarity,

Uy Modg () 7# Modgy(Ug),

although the two are related.

Let —* be the reflexive and transitive closure of —. We extend the language
L(AtProp) by adding a new modal operator . We extend the semantics to include
this operator by adding the rule:

e a =y [¢ iff, for all b such that a —* b, b = ¢. In particular, a o B¢
implies a =y ¢.
The proposition ¢ represents the condition that, not only is ¢ necessary, but ¢ is
necessarily necessary and so on. Indeed, one can easily show

a oy B¢ iff a =y \ O'¢.
1<w
If the accessibility relation for 2l is reflexive and transitive, then ¢ is equivalent to
Oo.
We claim that
Og Mody (¢) = Mody (E¢).
First, suppose a € Mody(E¢) and a — b. Then, clearly, b =g ¢ as well, so

az(a) € Mody(E19).
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In other words, Modg(E¢) is (the carrier of) a subcoalgebra of (A, (a1, as)). So,
since

Modg(F1¢) C Modgy(¢),
we have

Modg (E1¢) C Ty Modgy ().

To prove equality, one must show that Mody(E¢) is the greatest subcoalgebra of
(A, (a1, ag)) contained in Modg ().

Let (B, (f1, f2)) be a subcoalgebra of (A, (ay, ag)) such that B C Modg(¢).
To complete the proof, it suffices to show that B C Modyg(E¢). Let b € B and
suppose that b —* ¢. Then ¢ € B C Mody(¢), so ¢ o ¢. Hence, b =9 ¢ and so
b € Mody([¢), as desired.

ExaMPLE 2.2.19. Let (A, O4) be a topological space and (A, «) the associated
F-coalgebra (see Examples 1.1.12 and 2.2.2). Then U,[—], is the interior operator.
That is, if S C A, then U,[5], is the largest open subset of S.

2.2.3. The structure of SubCoalg((A, «)). In this section, we will show that,
if RegSub(A) is a complete Heyting algebra, then so is SubCoalg({A, «)). This is an
indication that subcoalgebras are the “right” objects to consider as unary predicates
in the category &r. We extend this result to bisimulations in Section 2.5.

Throughout this section, we assume that &£ is regularly well-powered, almost co-
regular and cocomplete and that I':£—& preserves regular monos. Thus, by Theo-
rem 2.2.7, the subcoalgebra forgetful functor

U, :SubCoalg({A, o))——= RegSub(A)

has a right adjoint, [—],. We further assume that I' preserves pullbacks of regular
Monos.

DEFINITION 2.2.20. A complete Heyting algebra is a complete lattice (S, A, \/)
which satisfies the infinitary distributive law

iel iel
THEOREM 2.2.21. If RegSub(A) is a complete Heyting algebra, then so is the
category SubCoalg((A, a)).

PROOF. The subcoalgebra forgetful functor U, creates joins and finite meets, so
SubCoalg((A, «)) inherits the infinitary distributive law from RegSub(A). O

DEFINITION 2.2.22. A Heyting algebra is a lattice with T and L such that A has
a right adjoint —.
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REMARK 2.2.23. Definition 2.2.20 is equivalent to the statement that S is a com-
plete lattice which is a Heyting algebra.

THEOREM 2.2.24. If RegSub(A) is a Heyting algebra, then so is SubCoalg((A, «)).

PROOF. We need to show that A in SubCoalg((A, o)) has a right adjoint. Let
(B, B) and (C, 7) be subcoalgebras of (A, a). We calculate

(B, B)y N(C,v) < (D, )it BAC <D since U, creates meets,
fB<C—D since —ANC H4C — —,
iff (B, B) <[C — D], since U, = [—]a-

O

REMARK 2.2.25. Theorem 2.2.24 implies that the negation for SubCoalg({A, «))
is given as

~(B, ) = [~Bla-

EXAMPLE 2.2.26. The category SubCoalg((A, «)) is not usually boolean, even if
RegSub(A) is boolean. Consider the functor I'A = N x A and the coalgebra (A, a)
where A = {a,b} and

a(a) = (17, b),
a(b) = (17, b).
Let (B, (3) be the subcoalgebra B = {b} and 3(b) = «(b). Then

~(B, B) = [{a}la = (0, ),
s0 (B, B) V (B, B) # (4, a).

2.3. Subcoalgebras generated by a subobject

Let (A, ) be a T-algebra and P C A. If RegSub(A) is a complete lattice, then one
can construct (P), the least subalgebra of (A, a) containing P (see Theorem 1.3.6).
This construction yields a left adjoint to the forgetful functor for subalgebras:

(=)

Sub(A) SubAlg((A, a)) .

U
As we’ve shown, the coalgebraic analogue for (—) is [—], a right adjoint to the sub-
coalgebra forgetful functor. Whereas, in categories of algebras, a closure operation
naturally arises (by closing a subobject under the algebraic operations), in categories
of coalgebras, an interior operation is the “natural” operation.
Nonetheless, for certain functors I':£—&, there is a left adjoint

(—) o :Sub(A)— SubCoalg({A4, a))
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to the forgetful functor, taking a subobject to the least subcoalgebra containing it.
We describe the operation here.

The following theorem is almost an immediate corollary of Theorem 1.2.7 (U cre-
ates whatever limits I" preserves). The weakening of the assumption that I" preserves
intersections to just I' preserves mon-empty intersections requires a bit of work to
ensure that it goes through, but as one can see, the work is really just the proof of
Theorem 1.2.7 again.

The use of non-empty intersections for categories of coalgebras first appears in
the work of Gumm and Schréder, as seen in [GumO1b].

THEOREM 2.3.1. If ' preserves regular monos non-empty k-intersections, then
Uigp—>g
creates k-intersections of reqular subcoalgebras.

PRrROOF. Let {(Ci, vi)}icx be a family of regular subcoalgebras of (B, 3). If
N C; = 0, then clearly
((Ci, 7) = (0, ).

Otherwise, let C' be the intersection of the C}’s, with inclusions
C;: C>—>CZ .

Then, I'C' is the limit of the ['C;’s, with the I'¢;’s forming a limiting cone. Since the
maps
v; o ¢;: C——=I'C}

form a cone for C' over the I'C};’s, there is a unique structure map 7—C>F C' such that
each ¢; is a homomorphism.

It is routine to check that, for any regular subcoalgebra (A, «) of (B, [3) contained
in each of the (C;, v;)’s, the inclusion

Aﬁmci

is a homomorphism. For this, we use the fact that [" preserves regular monos. 0

ExaMPLE 2.3.2. The filter functor F doesn’t preserve non-empty intersections.
Indeed, from Example 1.1.12, we learn that the category of topological spaces and
open, continuous maps is a subcategory of Setr. The open subsets of a space form
the subcoalgebras when we view the space as a filter coalgebra, but open sets are
typically not closed under intersection.

THEOREM 2.3.3. Let £ be almost co-reqular, reqularly well-powered and have co-
products and let T' preserve reqular monos. Let (A, o) € Ep. The following are
equivalent.
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(1) U, :SubCoalg({A, a))— RegSub(A) creates intersections.
(2) U, has a left adjoint, (—),.
(8) (Assuming & is well-pointed) For each global element a € A, there is a least

subcoalgebra containing a (denoted (a), ).

PROOF. We prove that (1) and (2) are equivalent. Clearly, ( 2) implies ( 3). We

complete the proof by assuming that £ is well-pointed and show that ( 3) implies (

2).

(1) =( 2): Let P < A and define (P), to be the meet
N\ (B, B)
P<B

in SubCoalg({A, «)). The proof that (=), - U, is essentially the same as
that in Theorem 1.3.6.
( 2)=(1): Let {(By, ;) }icr € SubCoalg((A, «)). We will show that

/\<Bi> Bi) = </\ Bi)a,

i€l el
el el

Since \,c; Bi < B;, we have

(/\ B;)a < (Bi)a = (Bi, Bi).
Now, let (C, v) < (B;, ;) for alli € I. Then C < A\
(€7} = (Ca < (A Bo:

iel

B;. Hence,

el

and so (7) holds.
For (8), we use the unit of the adjunction (—), - U, to conclude

/\ Bi S Uoc</\ Bi>a'
iel iel
Since (N, Bi)a < (Bs, Bi) for all i, we have Uy (A
Hence, Uy (\;c; Bi)a < Nics Bi-
(3)=(2): Let P < A. We define (P), =\ ,cp(a)a (Where each a is a global
element of P). Because £ is well-pointed,

P=\/a<\/ Usla)a =0, \/(a)a.

acP acP a€P

B;)o < B; for all i.

iel

Hence, if (P), < (C, ), then P < U,(P), < C.
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Let (C, v) < (A, a) and P < C. We must show that (P), < (C, 7). For
each global element a € P, also a € C. Thus, for each a, (a), < (C, v) and
S0 VaeP <a>oc S <Cv ’Y>

U

THEOREM 2.3.4. Let (=), 1 U,. The composite
(=)aoUs
is the identity SubCoalg({A, a))— SubCoalg((A, a)).

PrROOF. By the adjunction (—), - U,, we have (=), o U, < 1. Also by the
adjunction, we have
Ua S Ua o <_>a o Ua

and U, is full (Theorem 2.2.4). O

On the other hand, U() is a non-trivial closure operator, which we denote <,
taking a subobject A < U(B, [3) to its closure under the structure map (5. We see
that we have another adjunction, <1< [J. This closure operator is also discussed in
[GumO1b, Jac99|.

EXAMPLE 2.3.5. Let I":Set—Set be the functor A — Z x A (see Example 1.1.7).
Let (A, a) be a I'-coalgebra and a € A. Then it is easy to see that
Unla)e = {t', | i < w}.

In other words, we close {a} under the tail operation, ¢.
More generally, if P is any polynomial functor,

P(A) =[] 2 = A,
1<w
we can define (a), to be the collection of all b € A such that there is a path from a
to b via the structure map «. To make this precise, define a relation — on A by
b—c iff a(b) € Z; x A" and 3j < i(m; o a(b) = ¢).
Let —* be the reflexive and transitive closure of —. We claim that
Us(a)e = {b | a =" b}.

We show that (a), (by this definition) is a subcoalgebra of (A, a). Let a —* b
and
ab) = (z, (b1, ..., bi_1)).
Then a —* b for each b; (j <), so (z, (b1, ..., bi—1)) € I'(a),. In other words, (a),
is closed under the structure map «a.
It is easy to check that (a), < (C, v) iff a € C for all (C, v) < (A4, «).
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EXAMPLE 2.3.6. Let I' = P(AtProp) x P— from Examples 1.1.10 and 2.2.18. In
Example 2.2.18, we defined —* as the transitive and reflexive closure of the accessi-
bility relation, —. It is easy to see that, for any I-coalgebra 2A = (A, (), a1)as,

Un(a)s = {b [ a =7 b}.

This operation doesn’t yield a “natural” operation on Modg/(¢) like Cg did. One
calculates

Ug(Mody(¢))s = {b | Ja.a | ¢ and a —" b},

which seems a less interesting collection — one which is not expressible in terms of
the modal operations of the language L(AtProp).

One has the impression that (—), is often definable as a closure of a relation —
like those found in Examples 2.3.5 and 2.3.6. It is difficult to make this intuition
precise, since it involves defining an accessibility relation for a class of functors. In
Example 2.3.5, we use the inductive definition of polynomial functors for the definition
of —. We can extend this class to include functors which are built from P in addition
to constant and identity functors by + and X, as in Example 2.3.6. It is unclear how
to do this for a class of functors generally® — the inductive construction of the functor
seems to play a key role in the definition of —.

2.4. Limits in categories of coalgebras revisited

The presence of a right adjoint to the coalgebraic forgetful functor allows one to
construct limits in the category of coalgebras, £, given that the corresponding limits
exist in £. We present here essentially a generalization of the proof that Setr is
complete if I" is a covarietor, as found in [GSO01].

While developing limits in categories of coalgebras, we also sketch the correspond-
ing proofs that categories of algebras have colimits. However, we sometimes prefer
to strengthen the assumptions on the algebraic theorems, so that we may reason
about congruences (rather than a closure operator on quotients). This preference
comes from a desire to explicitly see how reasoning about T comes directly from
proofs about universal algebras, and categories of universal algebras do satisfy these
stronger assumptions. In any case, we make clear that the theorem holds under the
weaker assumptions as well, and also present the basic concepts necessary to prove
it there.

4For similar reasons, Bart Jacobs focuses on inductively specified classes of functors in [Jac99]
and elsewhere.
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2.4.1. Equalizers in &£r, coequalizers in £''. Equalizers of coalgebras was first
discussed in [Wor98]|, where Worrell proves that equalizers exist when one-generated
subcoalgebras exist and I' is bounded (see Definition 3.7.20). The theorem below is
a generalization of [GS01, Theorem 5.1], where it is proved for coalgebras over Set.
A general proof of the completeness of &r, given that £ is complete and certain other
assumptions, can be found in [JPT198] as well as [GS01].

THEOREM 2.4.1. Let £ be regularly well-powered, cocomplete, have equalizers and
epi-reqular mono factorizations and let I preserve reqular monos. Then Er has all
equalizers.

PROOF. Let

(A, 0) ==(8B, )

be given and take the equalizer P>>A of Uf and Ug in €. Then, [P], is the equalizer
of f and ¢ in &r. Indeed, if h is a homomorphism that equalizes f and g, then Uh
factors through P. From Corollary 2.2.9, we conclude that h factors through [P],.
Uniqueness easily follows. O

THEOREM 2.4.2. Let £ be reqularly co-well-powered, complete and have all co-
equalizers and reqular epi-mono factorizations and let I' preserve reqular epis. Then,
E' has all coequalizers.

PROOF. We sketch the proof. Let Quot(B) denote the category of quotients of
B, i.e., Quot(B) consists of equivalence classes of regular epis. Let Quot({B, 3)) be
the corresponding category of quotients in €Y. Show that there is a functor

0:Quot(B)—=Quot((B, 3))

left adjoint to the evident inclusion Quot({(B, ())>>Quot(B). Specifically, given
B—>@Q be given. Define O to be the regular epi-mono factorization of the evident
map (B, f)—(Q’, v), where (@', v) is the limit of

{(B, B)—=(P, p) | P € Quot(Q)}.

This is the formal dual of the construction of [—], of course.

Show that, if @) is the coequalizer of U( (A, o)y —=(B, ) ), then Q) is the
coequalizer of (A, a) —=(B, ) .

An equivalent proof in a more restrictive setting may seem more familiar. Sup-
pose, in addition to our other assumptions, that £ is exact and that ' preserves exact
sequences. Given

(A, a) == (B. )

g
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take the kernel pair K of the coequalizer of f and ¢ in &£, and then take the least
congruence K containing K, according to Theorem 1.4.13. Since £T is also exact (by
Theorem 1.4.11), we can take the coequalizer (Q, v) of K. It is little work to show
that (@, v)is also the coequalizer of f and g. O

2.4.2. Products in &, coproducts in £'. We find Theorems 2.4.3 and 2.4.6
in [GS01], where they are proved for coalgebras over Set. We extend the theorems to

categories £ which have a suitable structure inherited by &, for appropriate functors
I.

THEOREM 2.4.3. Let £ be cocomplete, k-complete, reqularly well-powered and have
epi-reqular mono factorizations and let T preserve reqular monos. Let {(A;, a;)}ick
be I'-coalgebras and assume that [[(A;, oy) exists. We'll denote this product (D, 0)
with projections
Let

{ci:{Ci, 7i)o—=(Ai, i) bick
be a family of regular subcoalgebras of the (A;, a;)’s. Then the product [](C;, i)
exists in Ep.

PROOF. Let P be the pullback (in £) shown below.

P2 oD

-
p1 \L \L<dz>

[1C: DH—?H A
We will show that [P]s, the largest regular subcoalgebra of (D, ) contained in P, is
the product of the (C;, v;)’s. We claim that the projections
ri:[Pl—=(Ci, %)
are given by the composite
[P o= P LT[ G-,
but we must first establish that this composite is a coalgebra homomorphism. For
this, we refer to Figure 6. We want to show that the front face of this diagram
commutes. We use the fact that I'c;: I'C;—T'A; is a (regular) mono and show that

I'c;ol(mioprojop)=Tcgoy0mop oy,

where p is the structure map for the coalgebra [P]. The squares on each end and
the rectangle in back commute because the maps along the bottom (c¢;, py o j and



80 2. CONSTRUCTIONS ARISING FROM A (CO)MONAD

I'D [T A T A,
e B
[P] >—=TP INgge I'C;
’ V//; / /
[P] v P [1C; C;

FIGURE 6. The projection r;:U[P]—C; is a I'-homomorphism.

m; 0 {d;) = d;, respectively) are coalgebra homomorphisms. The right hand square on
the bottom face commutes by naturality, while the left hand square is a pullback.

To show that [P] is a product, let (B, [3) be a I'-coalgebra and let a family of
homomorphisms {f;: (B, 5)—(C;, Vi) }i<x be given. Then, by the definition of P,
there is a unique map B— P so that the diagram below commutes.

[ICim =114

By Corollary 2.2.9, we get a factorization of B—P through [P]. Uniqueness easily
follows. O

For many functors of interest, the step of applying [—] to P is unnecessary. The
following theorem shows that, if I' preserves non-empty intersections, then [P] = P.
In particular, for finite products, if I' preserves weak pullbacks, then the carrier for
the product [[(C}, vi) is just P.

COROLLARY 2.4.4. Let £, T', {(A;, ay)}, etc., be given as in the statement of
Theorem 2.4.3 and suppose, further, that I' preserves pullbacks along reqular monos



2.4. LIMITS IN CATEGORIES OF COALGEBRAS REVISITED 81

JfJD—)%2J—>CI2
P1J>—>D—>A2
Cll>—>A1

FIGURE 7. P is an intersection of the P;’s.

and non-empty k-intersections. Then, the pullback

PJDL)D

o
[1C: DI_E)H A;
is invariant under [—] ([P] = P). In fact, there is a (necessarily unique) structure
map
p:P——=I'P
such that

PRrOOF. For each 7, let P; be the pullback shown below.
P, >—D
_
I

Because I' preserves pullbacks along regular monos, U creates such pullbacks. Hence,
each P, is invariant. One can show that P is the intersection of the P,’s (see Figure 7
for an illustration of the case k = 2). Theorem 2.3.1 completes the proof. OJ

The following theorem dualizes the result of Theorem 2.4.3.

THEOREM 2.4.5. Let £ be complete, k-cocomplete, reqularly co-well-powered and
have regular epi-mono factorizations and let T preserve reqular epis. Let {{A;, ;) }ick
be I'-algebras and assume that [[(A;, o) exists. Let

{ (Ai, ai) —>(Ci, %) ticw
be a family of quotients of the (A;, ay)’s. Then the coproduct [ [ (Cy, i) exists in Er.
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ProOOF. The proof of the theorem as stated is just the dualization of Theo-
rem 2.4.3, using the functor © defined in the proof that £ has coequalizers (Theo-
rem 2.4.2). Instead of explicitly dualizing the theorem, we prefer to sketch the proof
using congruences in the case that £ is exact and I' preserves exact sequences, so that
ET is also exact (Theorem 1.4.11). We also restrict our interest to the case k = 2,
just to simplify notation.

By assumption, we have a pair of regular epis

pZ<A, Oé>—|><C, 7>7
q:<B> 6>—'><D7 5)

and the coproduct (A, a) + (B, 3) exists in EY. Let K be the kernel pair of p + g,
shown below.

K=—=A+BX%C+D
We would like to take the smallest congruence containing K, but K is not necessarily
a relation on U((A, a) + (B, (). So, we first take the coequalizer
U((A, a) + (B, B))—+R
of the diagram below.
K—=A+B—U({A, a) + (B, ))
Then, we take the kernel pair of r,

L—=—=U((A, o)+ (B, 3)).

We claim that (C, v) + (D, ¢§) is the coequalizer of the least congruence containing
L, but we omit the proof. O

THEOREM 2.4.6. Let £ be cocomplete, k-complete, reqularly well-powered and have
epi-reqular mono factorizations. Let I preserve reqular monos. Suppose further that
U:Er—E has a right adjoint H (i.e., I is a covarietor). Then Er has k-products.

PROOF. Let H be the right adjoint to U and let {(A;, a;)}i<, be a k-family of
coalgebras. Then, from Corollary 2.1.16, each (A;, «;) is a regular subalgebra of the
HA;. Because H is a right adjoint, it preserves limits and so

H(JA) =[] HA:

Hence, [[ HA; exists in & and we can apply Theorem 2.4.3. 0

COROLLARY 2.4.7. If £ is cocomplete, k-complete, reqularly well-powered and has
epi-reqular mono factorizations, I' a covarietor that preserves reqular monos, then Er
s Kk-complete.
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Theorem 2.4.6 shows that, given a right adjoint to the coalgebraic forgetful functor
(and the conditions of Theorem 2.4.3), the category &r has products. The algebraic
analogue to Theorem 2.4.6 states that, if free algebras are available, then &' has
coproducts. This fact is well-known in the study of universal algebras. We state the
theorem in the same generality as Theorem 2.4.6.

THEOREM 2.4.8. Let £ be complete, k-cocomplete, reqularly co-well-powered and
have regular epi-mono factorizations and let I' a varietor that preserves regqular epis.
Then EY is k-cocomplete.

PROOF. Essentially the same as Theorem 2.4.6. We have coproducts of free
algebras, and each algebra is the quotient of a free algebra. O

The next theorem shows some equivalent constructions of the product of coalge-
bras.

THEOREM 2.4.9. Let £, I' and H be given as in Theorem 2.4.6 and let
{<Ai, O‘i>}i<n

be a k-family of coalgebras. Then the following are equivalent.

(1) (B, B) = [[(Ai, o)
(2) (B, B) = [Pl[pua,, where P is the pullback shown below.

(9) P "= UH([] 4)

p1l l<UH7TZ>

ITA; o Unal-H UHA;

(3) (B, ) is the largest reqular subcoalgebra of H [ [ A; such that, for everyi € I,
I

Bo—UHT] A 24774, Z - 4,

18 a I'-homomorphism.

(4) (B, B) fits into a pullback as shown below.
(B. )1 HA

e

HA,;

(5) (B, B) = [Elfpua,, where E is the equalizer of the diagram below.

[TUna;0eqy 4,
——=TIUHA

Ux

U(ITHA)

PRrROOF. We prove (1)<(2), (1)<(3), (2)<(4) and (2)<(5).
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(1)<(2): This was proven in Theorem 2.4.6, as a corollary to Theorem 2.4.3.
(1)< (3): Let (B, 3) be the product [[(A;, ;), with projections b;. Then

Ub;, =¢€4,0Un,, oUb;
=cy4, OUHWiOUHnai

= T; O €[] 4, oUHnai,

so, since each 7,, is a regular mono, (B, () is a regular subcoalgebra of
H ] A, with the composite

a homomorphism.

Let j:(D, §)>=H [] A; be given and assume that, for each i € I, the
composite m; 0 €774, © Uj is a homomorphism. Then, because (B, 3) is the
product of the (A;, a;)’s, there is a unique homomorphism

k:(D, 6)—=(B, )
such that, for each i,
UbjoUk = m; 0o eqpa, o Uj.
Using the previous calculation, we see
TriogHAioUH/r/OCi oUk =m;oeqa, oUj.

Hence, [[ 7, o k = j, and (D, §) < (B, [3), as desired.
(2)<(4): Suppose that (B, ) = [[(A:, a;). By the proof of Theorem 2.4.6,
we see that (B, ) = [P][ma,, where P is the pullback shown in (9).
In Theorem 2.2.11, we showed that the left hand square in Figure 8 is a
pullback. Because the right hand square is just H applied to (9), it is also a
pullback and so the rectangle is a pullback.

Hp1

(B, B) ——HP HITA

b2I HP2I IHHUUCMZ‘

FIGURE 8. [](A4;, ;) as a composite of two pullbacks in &r.
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A simple calculation confirms that the composite along the bottom is
[17ma,
H(UHm;) onura, = (HUHT; 0 iy a,)
= (Nua, o H;)

= [T w0 Hm) = [ naa.-

Conversely, if (B, () is the pullback of [ [ nga, along [[ HUn,,, then there
is a unique b; making the diagram in Figure 8 commute. Since the rectangle
and the right hand square are pullbacks, so is the left hand square. Hence,
(B, ) = [P] and thus (B, 8) = [[(Ai, a).

(2)<(5): Let P be the pullback of (UHm;) along [[Un,,, and let E be the
equalizer of (UHm;) and [[ Una, o e[y 4,. To show that P = E, it suffices to
show that p, equalizes (UHm;) and [[ Un,, o €14, (see Figure 9).

p1

[MAT— T TJIUHA
Tea,

FIGURE 9. J][(A;, ;) as an equalizer.

For this, we use the fact that, for every i € I,
mioeqa, = e, o UHm; =m0 [[ea, o (UVHT),
and, hence, epa, = [[ €4, o (UHm;). Thus, we have

[TUne, ocria opt = [ Una, o [ 2a, 0 (UHm) 0 p1

= HUnai OH€A1' OHU%Z- O P2

= HUnai opy = (UHm;) o py.

ExXAMPLE 2.4.10. We consider the functor
Pﬁn :Set——Set

which takes a set A to the set of finite subsets of A. This functor preserves weak
pullbacks and hence it preserves regular monos. We will calculate the product of two



86 2. CONSTRUCTIONS ARISING FROM A (CO)MONAD

)
a b

]

O

FIGURE 10. A graph representation of (A, a) and (X, x).

Co—eD

simple Pr,-coalgebras. Although we do this in considerable detail here, in practice it
is often quite simple. In particular, if a functor preserves pullbacks, then the product
is easily calculated. This extended example will show how one actually uses many of
the tools we've developed (embeddings into cofree coalgebras, the [—] operator, etc.)
to reason about coalgebras.

Recall that the product of coalgebras is constructed as a regular subcoalgebra
of the product of the corresponding cofree coalgebras. Accordingly, in order to cal-
culate this product, we first discuss the cofree Pg,-coalgebras. In order to ease the
presentation, we use non-well-founded set theory. In the terms of NWF, it is easy
to describe the cofree Py,-coalgebra over A: It is the set UH A such that

UHA = A x Pyn(UHA).

The structure map for this coalgebra, as usual, is the identity function. In particular,
the final Pg,-coalgebra is the set of hereditarily finite (non-well-founded) sets.

We consider two uncomplicated coalgebras. Let A be the set {a, b, c and X the set
{w, z,y,z}. We define the structure maps o: A—Ps, A and x: X —P5, X as follows:

a(a) =0, x(w) =0,

a(b) = {b}, x(z) = {z},

a(c) = {b, c}, x(y) = {z,y},
x(2) = {w, z}

na(a) = (a, ), M (w) = (w, 0),
Na(b) = (b, Sb), (z) = (z, Su),
na(c) = {c, Se), () = (v, Sy),
M (2) = (z, S.),
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where

The evident map
(ea, ex):UHAXx HX)2UH(Ax X)—UHAxUHX
is also easily described. The set UH (A x X) satisfies the equation
UH(Ax X)=AX X X Psin(UH(A x X)).
Let (s, t, S) € Ax X X Pgn(UH(A x X)). Then,
{ea; ex)({s, 1, 5)) = (s, Sa), (L, Sx)),

where S, is the image of S under ey, and Sx the image of S under ex. In other
words,

Sa = Piinea(S),

SX = PfinfBX(S).

Recall the definition of the set P from the proof of Theorem 2.4.3. From the
definition of P as a pullback, we see that

P={(s,t,S)y e UH(A x X) | (ea, ex)({(s, t, S)) € Im(na x nx)}.

Because A and X are such small sets, it is not difficult to calculate P directly.
Suppose, for some t € X, S C UH(A x X), the triple (a, t, S) is in P. Then,

6A(<CL, 2 S>> = <CL, PfineA(S» = Ua(a) = <CL, ®>7

and so, S is empty. Since this entails that y(¢) = 0, we conclude that ¢ = w. Similarly,
the only triple of the form (s, w, S) is the triple (a, w, 0).

Suppose that (s, z, S) is in P for some s € A and S C UH(A x X). Then, with
a little work, one can show that (a, w, 0) is in S. This entails that a € a(s), yielding
a contradiction. Thus, there is no triple of the form (s, z, S) in P.

Let S CUH(A x X) be given. Then, (b, z, S) is in P iff

Piinea(S) = Sy = {{b, Sp)},
Prinex(S) = Sy = {(x, Sa)}
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These equations hold just in case S # () and, for all (u, v, T') in S,
eA(<u, v, T>) = <b, Sb>,
ex((u, v, TY) = (z, S).
Thus, (b, z, S) € P iff S # () and, for all (u, v, TY € S, u=0b, t =2 and (u, v, T) €
P. We will use this fact to show that there is only one set S such that (b, z, S) € P.
We do this by using the principle of coinduction for the cofree coalgebra® H(A x

X). We will show that, if (b, z, S) and (b, z, S’) are in P, then there is a coalgebraic
relation

<R= p> € RelEAxXxPﬁn (H(A X X))
relating (b, z, S) and (b, x, S’). Since H(A x X) is the final A x X x Pg,-coalgebra,
we may conclude (b, x, S) = (b, x, S’) (since equality is the largest relation on H (A x
X)).

We discuss relations on coalgebras and the related notion of bisimulation in more
detail in Section 2.5. For now, it suffices to note that a relation R on UH (Ax X) is the
carrier for a relation on H(A x X) (in Eaxxxp,,) if, whenever (s, ¢, T) R(s', t', T"),
then

o s=3s

ot =1,

e for each u € T', there is a v/ € T” such that v Ru’ and

e for each v’ € T’, there is a u € T such that u Ru'.

Let R be the relation such that (s, ¢, T') R (s’, ¢, T") holds iff

e s=5 =0,

ot =1t =1z and

e (b, z, Ty and (b, z, T") are in P.
Then, one may show that R is (the carrier of) a coalgebraic relation. Thus, there is
at most one set S such that (b, x, S) € P.

Let S, satisty the equation
Spe = {(b, z, Sp)}.
A simple calculation verifies that (b, =, S ) is in P.
A similar argument shows that (b, y, S) € P iff S = S}, where
Sy = (b @, Spa)s (s Yy Spy) }-
Also, (¢, z, S) € P iff S = S, ., where

Sc,:c = {<b7 z, Sb,:c>7 <C7 x, SC@‘)}'

®0ne could also use the principle of coinduction for NW F to show that, if (b, z, S) and (b, z, S’)
are in P, then S and S’ are P-bisimilar. The relation one defines to show S ~ S’ is more complicated,
however.
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Finally, we consider triples of the form (c, y, S). Such triples are in P just in case
S satisfies the equations

(10) Prinea(S)
(11) Pﬁnfjx(S)
Consider the set

= {<b7 Sb>v <C7 SC>}7
= {(ZL‘, SSL‘>7 <y7 Sy>}
Sc,y = {<b7 Z, Sb,x>7 <C, Y, Sc,y)}‘
Then one can show that S, satisfies (10) and (11), so (¢, y, S,) is in P. However,
the set

V= {<C7 Z, Sc,x>7 <b7 Y, Sb,y>}
also satisfies (10) and (11). Indeed, there are many sets which satisfy these two
equations: Any set S such that
VCSCVUS,, orS., CSCVUS.,.

satisfies (10) and (11), and one can show that these are the only sets which satisfy
these equations.
Thus, we have characterized the set
P={(s,t,S) €c UH(A X B) | {ea, ex)({s, t, S)) € Im(na x nx)}.
Namely, P is the set

{<(I, w, ®>7 <b7 x, Sb,:c>7 <b7 Y, Sb,y>> <Cv Z, Sc,:c)}
joined with the set

{{c,y, ) |VCSCVUS, ,orS.,CSCVUS.,}

By Corollary 2.4.4, the set P (with the projection m3 as a structure map) is the
product (A, a) x (X, x). The projections are just the obvious projections:

7r0¢(<57 t, S>) =3,
m((s, t, 5)) =t.

2.5. Bisimulations

We now turn our attention to bisimulations — relations on coalgebras which in
some sense respect the coalgebraic structure. We had postponed our discussion of
bisimulations until we had shown how one defines products of coalgebras. This al-
lows a simple definition of regular relations in the category &r. We focus on regular
relations for the same reasons that we restricted our attention to regular subobjects
when defining subcoalgebras. Namely, since & inherits epi-regular mono factoriza-
tions, under our usual assumptions on £ and I', the regular relations come with a
richer set of construction principles. These are the relations that are well-behaved,
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both in £ and in &-. A bisimulation will be a regular relation in £ that is the image
of a regular relation in &g.

Compared to the definition of bisimulation we find in other works on coalgebras,
the definition we adopt may seem a bit complicated. There are two reasons for the
apparent complexity of our development. The first reason is that we stress the impor-
tance of regular relations and in the usual setting (coalgebras over Set), every relation
is regular, thus removing the distinction. Secondly, in Set, one has the advantage of
the axiom of choice. This simplifies the definition of bisimulation considerably (The-
orem 2.5.8). So, one finds that, in the category Set, our definition coincides with the
definition of bisimulation found in [JR97], [BM96], etc. The additional complexity
of the definition of bisimulation found here seems a necessary effect of generalizing
the setting in which we are interested.

Because the theory of bisimulations has not been well developed outside of Setr,
we feel justified in offering an alternative definition for categories & which reduces
to the familiar definition when £& = Set. What one wants, however, is a compelling
example of a category of coalgebras for which the two definitions differ, and for
which the definition offered here is demonstrably preferable. Unfortunately, because
of the results in Section 2.5.2 (which show that, if G preserves regular relations, then
again Definition 2.5.4 reduces to the definition of bisimulation found elsewhere), such
examples are difficult to come by. One would like to look at power object coalgebras
over a topos which does not satisfy choice and see how the class of bisimulations
discussed here differ from the class of coalgebraic relations preserved by U. This is
an obvious area for future research.

DEFINITION 2.5.1. Let C be a category with finite products. A relation R on A
and B is a regular relation if the inclusion

R——AXx B
is a regular mono.

REMARK 2.5.2. The notion of a regular relation doesn’t really require that C has
finite products. One could say that R is a regular relation on A and B just in case,
for every C' € C, the map

Hom (A, C) x Hom(B,C) —— Hom (R, C)

is a regular epi. See the definition of regular epimorphic family in [BW85] for details.
We won'’t require that kind of generality here.

REMARK 2.5.3. In a category in which every mono is regular (say, a category
with a subobject classifier), every relation is regular.



2.5. BISIMULATIONS 91

Let £ be almost co-regular and let I' be a covarietor that preserves regular monos,
with H the right adjoint to U. Let (A, «) and (B, ) be I'-coalgebras. Then there
are two evident categories of regular relations to consider. On the one hand, there
are the regular relations on A and B in &, that is,

RegSubg(A x B).
On the other, there are the regular relations on (A, «) and (B, () in &r,
SubCoalg((A4, o) x (B, )),
which we abbreviate as SubCoalg(a x 3). We define a functor
Us.5:SubCoalg(ar x 3)—— RegSub(A x B)

as follows: Given a regular relation (R, p) over (A, a) and (B, (3), with projections
ry, o, we factor

(Uny, Umg) o U(ry, 12)

(i-e., we factor (Ury, Ura)), as shown in Figure 11. In other words, Ua g = 3(t7x,, Ung) ©
Uaxﬁ.

lf Uas(R, p)
Ulax B) ——pm A x B

FIGURE 11. The definition of U, s.

We define the category Bisim(«, 3) of bisimulations over (A, ) and (B, ) to
be the image of U, in the category of regular relations over A and B (that is,
RegSub(A x B)). Explicitly, Bisim(«, ) is the full subcategory of RegSub(A x B)
consisting of U, g(R, p) for (R, p) € SubCoalg(a x 3).

SubCoalg(a x f3) RegSub(A x B)

\ /

Bisim(«, [3)

FIGURE 12. The definition of Bisim(a, 3).
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DEFINITION 2.5.4. Let (A, o) and (B, ) be I'-coalgebras. A regular relation R
on A and B is a bisimulation on (A, o) and (B, ) just in case there is a regular
relation (S, o) on (A, a) and (B, ) such that R is the image of

Se—U(ax ) —AXxB.

In other words, R is a bisimulation just in case R = 3<UM’U7TB>S for some relation
(S, o) on (A, a) and (B, ).

This definition of bisimulation differs from the definition one finds in [JR97], etc.
Typically, one defines a bisimulation over (A, ) and (B, ) as a relation R on A
and B such that R can be augmented with a structure map making it a relation in
Er. This simpler definition is well-suited for coalgebras over Set, but is not well-
behaved when the base category does not satisfy the axiom of choice. For instance,
the simpler definition does not, in general, define a class of relations closed under
joins. Definition 2.5.4 is a proper generalization of the definition of bisimulation in
ibid, since it reduces to the more familiar definition of bisimulation in the presence
of choice, as the following theorem shows (it also reduces to the simpler definition if
" preserves regular relations — see Corollary 2.5.27).

The next few theorems give standard examples of bisimulations, which can be
found in most introductions to coalgebras. One important construction of bisimula-
tions does not seem to hold in this setting generally, however. It is apparently not
the case that if R and S are composable bisimulations, then R o S is a bisimulation.
From [JR97|, we have a proof that R o S is a bisimulation, given that £ satisfies
the axiom of choice. In Section 4.2.6, we prove (using the internal logic of & and
& developed in Chapter 4) that R o S is a bisimulation if I' preserves regular rela-
tions. In both of the cases in which we have proofs that bisimulations compose, the
bisimulations consist of those relations in £ which can be augmented with structure
maps, making the projections homomorphisms. More general results would be nice,
but the situation is unclear.

THEOREM 2.5.5. For any coalgebra (A, ), A4 is a bisimulation.
PROOF. U, A, is the image of
(Ury, Uma) o U{id,, idy) = (Uidy, Uid,) = (ida, ida),
and so Uy oA = Ay, O

THEOREM 2.5.6. Let f:(A, a)—(B, 3) be a I'-homomorphism. Then the graph
of Uf is a bisimulation.

PRrROOF. The graph of f in & is the relation ((A, «), id,, f). Hence, U, s graph(f)
is the image of
(Una, Umg) o U(ida, f) = (ida, Uf).
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Therefore, U, g graph(f) = graph(U f). OJ

The next theorem is well-known, first appearing in [Rut96]. Since our definition
of bisimulations include all those relations which are the carrier for some subcoalgebra
of a x 3, the result also holds in our setting. We include the proof nonetheless.

THEOREM 2.5.7. If I' preserves weak pullbacks, then for any pair of homomor-
phisms

f:<Av CJ./>—><B, ﬁ>7
g:<c7 ,}/>—><B7 ﬁ)?
the pullback of f along g (properly, Uf along Ug) is a bisimulation.

PROOF. Let E be the pullback of f along g, as shown in Figure 13. Since, by
assumption, I' preserves weak pullbacks, the top face is a weak pullback. Hence, there
is a structure map ¢: F—I"E making the two projections homomorphisms. Therefore,
the inclusion E»>A x C factors through U(a x f)—=A x B and thus (E, €) is a
regular relation in &p. It is easy to verify that U, g(E, €) = E.

FAE\FA P]C\FB
\
\ A \ B

F1GURE 13. Pullbacks of homomorphisms are bisimulations.

O

THEOREM 2.5.8. Let (A, o) and (B, 3) be I'-coalgebras and suppose that £ sat-
isfies the axiom of choice. Then a relation R on A and B is a bisimulation iff there
18 a structure map

p:R—TR

such that the projections r1 and ry are I'-homomorphisms.

Proor. Clearly, if R has a structure map making r; and r, homomorphisms,
then R is a bisimulation.
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Suppose that R is a bisimulation. Let (S, o) € SubCoalg(cr x ) such that R =
Ua (S, o), with p: S—R the (necessarily regular) epi part of the factorization, as
shown in Figure 14, and ¢ the right inverse of p. Then it is easy to see that I'pocg o
suffices as the desired structure map. O

IS —'~TR>TAxTB

A
UT Toaxﬁ
P 5

ST _SR———>AxB

)

FIGURE 14. Definition of a structure map for a bisimulation, given choice.

2.5.1. The right adjoint to U, g. In Section 2.2.1, we saw that the subcoalge-
bra forgetful functor U, has a right adjoint. We generalize that result to the functor
U, g here.

REMARK 2.5.9. In what follows, we write « x  as an abbreviation for (A, o) X
(B, ). This is not to be confused with the morphism

ax f:Ax B—s=T'AxTIB
in &.
THEOREM 2.5.10. U, g has a right adjoint.

PROOF. By definition,

Ua,ﬁ = El(UWa,UWﬁ) O Uaxp-

Since Uaxp  [~Jaxs and Jyr,, vng)y = (UTa, Ung)™ (pullback along (Un,, Umg)), the
composite

[“Jas = [“laxg © (U, Umg)”
is a right adjoint to U, g. O

COROLLARY 2.5.11. U, g preserves colimits.

THEOREM 2.5.12. Given R < Ax B, A=U(A, o), B=U(B, ), the coalgebraic
relation [R]a.p is the pullback shown below, where the arrow on the bottom is the
adjoint transpose of (Un,, Umg).

[Rlop>—— HR

QI IH<T1,7‘2>

ax f>—=H(Ax B)
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[p*@] Hp*R HR

I I T

o x 85— HU(a x ) == H(A x B)

FIGURE 15. Alternate definition of [—], 5

PROOF. Let p = (Umy, Umg):U(a X §)—A x B. By Theorem 2.2.11 ( 3), [p*R]
is the pullback on the left hand square of Figure 15. The right hand square is also a
pullback, since H preserves pullbacks. Hence, the composite is a pullback. O

The adjoint functors U, 3 and [—]., g give rise to a monad on RegSub(A x B) and
a comonad on SubCoalg(a x 3), that is, an interior operator O, 3 = U, g[—|a,p and a
closure operator V, 5 = [~]a,sUa,p. In the case of subcoalgebras, the comonad [—],U,
is just the identity on SubCoalg((A, a)), but for relations, this is not generally the
case, as the following example shows. Instead, the closure of a coalgebraic relation
(R, p) on (A, a) and (B, () is the largest relation (S, o) such that

Ua,5<R, p) = Ua7g<5, O’>.
We return to a discussion of [, 3 in Section 2.5.2.

EXAMPLE 2.5.13. Consider again the Pg,-coalgebras (A, «) and (X, x) from Ex-
ample 2.4.10. Recall that A is the set {a,b,c} and X the set {w,z,y,z}. The
structure maps a: A—=Ps, A and x: X —P5, X are given by:

: x(w)
I3 (z)
,chy X(y)

x(2)

=

b
b

a 0 0,

a(b) ={ {z},
a { {z,y},
{w, z}.

z

We calculated their product as the set

{<(I, w, ®>7 <b7 x, Sb,:c>7 <b7 Y, Sb,y>> <Cv xZ, Sc,:c)}
joined with the set

{{c,y, S)|VCSCVUS. ,orS.,CSCVUS.,},
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where
Sva = {(b, ©, Sp)},
Sby = {0, 2, Spz)s (b, Y5 Shy)
Sew ={(b, &, Spu), (¢, x, Scu)}s
Sey = b, &, Sp)y (¢, ¥, Sey)
Vi ={{c, z, Sc), (b, Y, Soy)}-

We consider a relation (R, p) on (A, o) and (X, x) where

R = {(CL, w, @>7 <b7 Z, Sb,:c>7 <b7 Y, Sb,y>7 <C7 z, Sc,x)a <Cv Y, Sc,y>}'

The structure map p on R is the projection 73.
One sees that U, R is the relation {(a, w), (b, ), (b, v), (¢, =), (¢, y)}. In other
words, U, R is the largest bisimulation on (A, ) and (X, x). Consequently,

Vo (B, p) = ax x Z (R, p).
The following observation is a standard fact about Galois correspondences.
THEOREM 2.5.14. The following posets are isomorphic:

Fix(Oa ) 2 FiX(Va,ﬁ) = Bisim(a, ),

(where Fix is the poset of fixed points of the operator).

Let f:(A, a)—(B, 3) be given. We saw, in Corollary 2.2.9 that Uf factors
through a subobject P of B just in case f factors through [P]. We prove an analogous
result here for pairs of homomorphisms into o x 3. First, we prove a lemma.

LEMMA 2.5.15. Let
fC, )

be I'-homomorphisms. Then
Uaslm(f, g) = Im{Uf, Ug).
PROOF. We use the facts that

(Uf, Ug) = (Unq, Ung) o U(f, g),
Ulm(f, g) = ImU(f, g).

The commutative diagram in Figure 16 completes the proof. U
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o — > UIm(f, g) — a,6|m<f7 g>

U({f.9) I I

U(a x () Ax B

(Una,Ung)
FIGURE 16. U, g commutes with Im.

THEOREM 2.5.16. Let
f:<C> 7>—><A7 a>>
g<C7 7>—><Ba 6>

be I'-homomorphisms and R a relation on A and B. Then (f, g) factors through
[R]ap just in case (U f, Ug) factors through R.

PROOF.
Im(f, g) < [Rlap iff Usglm(f, g) < Riff Im(Uf, Ug) < R.
O

COROLLARY 2.5.17. Let the left hand square of Figure 17 be a pullback. Then the
right hand square is also a pullback.

\\

T—HT \_ [Plas— <le )
A—f>C' (A, a>—f><C, v)

FIGURE 17. [P] is a pullback.

PROOF. Let h and k be homomorphisms making the right hand square commute.
Then the left hand square, which is just the image of the right hand square under
U, also commutes, and so there is a unique factorization of (h, k) through P. Apply
Theorem 2.5.16 to conclude that (h, k) factors through [P]. O

REMARK 2.5.18. Example 2.5.13 also shows that the functor U, s is not generally
full. In this example, U, g(a x 3) < Uyp(R, p), but a x f £ (R, p). This is a
difference between the subcoalgebra functor U, and the bisimulation functor U, g.
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The functor [—], 3 is a natural transformation between contravariant bifunctors.
In order to make that precise, we define the functors RegRel({A, «), (B, (3)) (abbre-
viated RegRel(«, 3)) and RegRel(A, B) as bifunctors. Their definition is clear from
the preceding discussion. Namely,

RegRel(a, ) = SubCoalg(a x ) and
RegRel(A, B) = RegSub(A x B).
Thus, the effect of RegRelg, say, on a pair of maps
f{A; a)—=(C, 7)
9:(B, B)—=(D, 9)
is a functor
RegRel(f, g) :RegRel(y, ) — RegRel(«, ).
Namely, it takes a relation (R, p) on (C, ) and (D, ¢§) to the pullback shown below.

(f x 9)"(R, p) — (R, p)

I I

ax v X0

fxg

THEOREM 2.5.19. [—]:RegRelc oU x U= RegRel¢. is natural. Ie., for every pair
of maps, f and g, as above,

(1o (Uf xUg)" = (f xg) 0[]

PROOF. Let f:(A, a)—(C, v) and g:(B, f)—(D, ) be given. Let R be a reg-
ular relation over C' and D and S = (Uf x Ug)*R. We will show that [S], 5 =
(fv g)*[R]%(S'

[S]aﬂ HS\
[R]WS TL HR
a X HAXx HB
S
Fx HUfxHU
N ~L
v X8 p—— HC x HD

FIGURE 18. [—] is natural.
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In Figure 18, the front and rear faces are pullbacks by Theorem 2.5.12. The right
hand face is also a pullback, since H preserves pullbacks. The bottom commutes by
naturality. The arrow

[S]a,s—=1]5.6
is the unique map making the top and left hand squares commute (due to the pullback
in front).
Because the composite of the left and front faces is a pullback, and so is the front
face itself, we see that the left face is a pullback. O
For each pair of maps,
f:<A7 a>—><c> 7>
9:(B, B)—=(D, 0)
the functor (f x ¢g)" (i.e., RegRel(f, g)) has a left adjoint
3¢ ,:RegRel(a, 3)—— RegRel(7, ).
Namely, given a regular relation (R, p) on (A, ) and (B, ), we take the epi-regular
mono factorization shown below.

(R, p) —== T 4(R, p)

I |

axﬁwvxé

The same fact holds in £ as well. That is, for any pair of maps h and k, the pullback
functor (h X k)" has a left adjoint, 3 4.

3.9
RegRel(o,3) 1~ RegRel(v,0)
(fxg)"

Ua,ﬁ - [_}a,ﬁ Uw,é - [_}'y,é
Jusug
RegRel(A,B) 1 RegRel(C, D)
(UfxUg)*

FIGURE 19. U, s commutes with 3J

The following corollary is found in [JR97, Lemma 5.3|, where it is proved for
coalgebras over Set. Of course, the proof offered here differs inasmuch as it uses our
definition of bisimulation, but the basic approach is the same.
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| Name | Category | Description |

Subalgebra SubAlg | A subobject of (A, «) preserved by U.

Pre-congruence PreCong | A relation on (A, a) and (B, [3) preserved
by U

Congruence Cong A pre-congruence equivalence relation

Subcoalgebra SubCoalg | A regular subobject of (A, a) (necessarily
preserved by U).

Bisimulation Bisim The image of a regular relation over
(A, a) and (B, )

Bisimulation equivalence | BisimEq | A bisimulation which is an equivalence
relation

TABLE 1. A summary of predicates and relations.

COROLLARY 2.5.20. U, 3 commutes with 3. In other words, for any pair of ho-
momorphisms f:(C, v)—=(A, a), g:(C, v)—(B, B), the image of (f, g) is a bisim-
ulation over (A, o) and (B, ().

PRroOF. The right adjoints in Figure 19 commute by Theorem 2.5.19, and so the
left adjoints also commute. Thus,

JurvgoUap =Uys50 3y,
]

2.5.2. [, 3 and relation-preserving functors. In Section 2.2.2, we saw that
the operator [0, = U, 0o[—], is an S4 modal operator. The situation for the analogous
bisimulation operator is more difficult. The operator

O, 5:RegRel(A, B)—— RegRel(A, B)
defined by O, 3 = Uq g[—]a,p easily satisfies certain of the properties of S4 operators,
namely

e [ is monotone;
e [ is deflationary;
e []is idempotent.

These properties are satisfied by any comonad on a poset. Nonetheless, it is not clear
that [ is a normal modal operator, that is, that

(12) DaﬂR A DaﬂS < Daﬂ(R A S)

Indeed, even over Set, bisimulations need not be closed under finite meets, and so
[J need not be normal. Worse, even if [J does preserve binary meets, it does not
generally preserve T, so [ simply won’t be S4 typically.
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In this section, we give sufficient conditions that [ preserves binary meets, namely
that the endofunctor I' preserve regular relations. This is a fairly strong condition
and is not met by some functors of interest. In the following example, we will show
that the [J operator for Pg,-coalgebras is not normal.

EXAMPLE 2.5.21. Consider the finite powerset functor and the coalgebra (A, «)
represented by the graph in Figure 20. Let

R ={{a, a), (b, b),{c, o)},
S = {(a, a), (b, ¢, (c, b)}.

Then OR = R, [0S = S and O(RAS) = O{{(a, a)} = 0. (Thanks to Tobias Schroder
for this example.)

a
b C
FIGURE 20. Pj,-bisimulations are not closed under A.

As we will see, if I" preserves regular relations, then the category of bisimula-
tions Bisim(a, #) inherits much of its structure from the category RegSub(A x B)
of relations in €. In fact, in this case, the category Bisim(c, 3) is isomorphic to
SubCoalg(a x ) and is a full subcategory of RegSub(A x B), with the inclusion a
complete Heyting algebra homomorphism. Such a close connection between these
three categories requires a correspondingly strong assumption on I'.

From [GSO01], we learn that a functor I" preserves pullbacks iff I" preserves weak
pullbacks and mono 2-sources (i.e., binary relations). Indeed, the same claim holds
if we replace mono 2-sources with regular mono 2-sources (regular relations). We
include this and other proofs from ibid here, replacing mono 2-sources with regular
relations.

DEFINITION 2.5.22. A functor I' preserves reqular relations if, for every regular
relation (R, 1, ro) on X and Y, the triple ('R, I'rq, I'rg) is a regular relation on
I'X, Y, ie., (I'ry, I'rqy) is a regular mono.

As Gumm and Schroder showed, it is sufficient that I" take binary products to (in
our setting, regular) relations.

LEMMA 2.5.23. T preserves reqular relations iff, for every X, Y,
(I'(X xY), I'nx, I'my)

1s a reqular relation.
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Proor. Clearly if I' preserves regular relations, then it preserves the regular rela-
tion X X Y. Suppose, conversely, that for every X, Y, I'(X xY') is a regular relation,
i.e., (I'mx, I'my) is a regular mono. Then, for any regular relation R>>X x Y, the
composite

FR—T(X xY)r—TX xTY

is a regular relation. O

THEOREM 2.5.24. T" preserves pullbacks iff I' preserves weak pullbacks and reqular
relations.

PRroor. If I' preserves pullbacks, then I' takes the pullback square
XxY—Y

.

X——1
to a pullback, so (I'my, I'my) is a regular mono. Apply Theorem 2.5.23 to conclude
that I' preserves regular relations.

For the converse, notice that pullbacks are both regular relations and weak pull-
backs, and that a weak pullback which is a regular relation is also a pullback. 0]

On the one hand, as the following theorems show, preservation of regular relations
is the “right” condition to ensure well-behaved bisimulations. On the other hand,
preservation of regular relations is an unfortunately strong condition, not satisfied by
many functors of interest (such as Pg,). Nonetheless, there seems to be no reasonable
middle ground. If one wants O to be well-behaved as a modal operator (although,
even here, we will typically not preserve the final subobject), then one must restrict
interest to pullback-preserving functors (or some similarly suitable domain).

THEOREM 2.5.25. If ' preserves reqular relations, then U preserves reqular rela-
tions. In other words, for any relation ((R, p), r1, 12) on (A, a), (B, 3),

Uag((R, p), 71, 72) = (R, 71, T2).

PrOOF. It suffices to show that, for every pair of coalgebras (A, a) and (B, 3),
U(a x f)—A x B is a regular mono. We sketch how to do that here, leaving details
to the reader.

First, one shows that U creates epi-regular mono 2-source factorizations. That is,
for each pair of homomorphisms,



2.5. BISIMULATIONS 103
there is a unique epi p: (C, v)=>=(D, §) and pair

h:(D, §)—=(A, a),
k:<D7 5>—><Bv ﬁ>7

such that hop = f and kop = g and (Uh, Uk) is regular mono in .

Say that a regular relation (S, s1, s3) on A and B is «, f-invariant if there is a
structure map o:S—I'S such that s; and sy are homomorphisms. Let R be the
join of all «, f-invariant relations S. Using the fact about epi-regular mono 2-source
factorizations above, one can show that R is itself «, f-invariant, with unique struc-
ture map p: R—I'R. Moreover, one can show that the coalgebra (R, p) is, in fact,
the product of (A, ) and (B, (3). Hence, U(a x [3) is a regular relation over A and
B. O

The categories RegRel(«, ) and RegRel(A, B) are both complete Heyting algebras,
since they are simply categories of subobjects of a x 3 and A x B, respectively. The
forgetful functor U, s is not, however, a Heyting algebra homomorphism in general,
since it does not preserves meets (Example 2.5.21). By Theorem 2.2.6, we know that
Uaxp preserves meets, but the functor

(1, Umy) :RegSub(U(ar x 3))— RegSub(A x B)

generally does not preserve meets. Assuming that [' preserves regular relations,
however, J(r,, rr,) does preserve meets, and hence we have the following corollary.

COROLLARY 2.5.26. If I preserves reqular relations, then [ distributes over A.
In other words, if I' preserves reqular relations, the meet (in E) of two bisimulations
s again a bisimulation.

PROOF. Let (A, a) and (B, ) be given, R and S be relations over A and B, and
suppose I' preserves regular relations. Then, by Theorem 2.5.25, U also preserves
regular relations and, hence,

p = <U7T1, U7T2> ZU(O& X 6)!>—>A x B
is a regular mono. Thus, 3, distributes over A and so
Oes(R A S) = 3,0axsp”
= HpDaXﬁ(p*R A p*S)
= 3p(Oaxpp™ R A Ouxpgp™S) (by Theorem 2.2.16)
= F,00xsp" R A Fp0axpp™S = Lo s R ALy 5S.
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As we saw in Theorem 2.5.8, assuming the axiom of choice, bisimulations are
relations which can be augmented with structure maps, making them relations in &r.
The following corollary shows that, assuming I' preserves pullbacks, the same result
holds. Thus, under this (reasonably strong) assumption, the definition of bisimulation
found in [JR9T7], etc., again coincides with our definition of bisimulation.

COROLLARY 2.5.27. If U preserves reqular relations, a relation R on A and B

is a bisimulation iff there is a (necessarily unique) structure map p: R—I'R making
(R, p) a relation on (A, ) and (B, ).

PROOF. Let p = (Um, Umy) and let R be a bisimulation, R = 3, o Uyxg(T, 7)
for some (T, 7) € RegRel(«, 3). Since p is a regular mono, 3,7 = T and so the result
follows. O

2.5.3. The algebraic dual of bisimulations. A bisimulation is a relation be-
tween the carriers of two coalgebras which, loosely speaking, respects the structure
maps of the coalgebras. In this way, a bisimulation is analogous to a pre-congruence.
There is another structure on algebras which is related to the notion of a bisimulation
— namely, the dual structure. For this, we explicitly dualize Definition 2.5.1 (regular
relation).

DEFINITION 2.5.28. Let A, B be objects in a category C with finite coproducts.
A regular epi
p:A+ B——C

is called a regular co-relation on A and B.

REMARK 2.5.29. A more general definition of regular co-relation can be found in
[BW85], where one does not assume the category C has finite coproducts. See also
Remark 2.5.2. We will not use this approach, but instead assume conditions sufficient
to ensure that our category of algebras has coproducts.

Throughout the remainder, we assume that £ is complete, exact, regularly co-
well-powered and finitely cocomplete, that ' preserves exact sequences and that the
algebraic forgetful functor U is monadic. By Theorem 2.4.8, then, £" has coproducts
and by Theorem 1.4.11, T is exact. While we do not require exactness to dualize
the preceding development of bisimulations, it does allow the dual theorems to be
stated in familiar terms (i.e., in terms of equivalence relations instead of regular
co-relations).

Let (A, o) and (B, ) be I'-coalgebras. Let RegCoRel(A, B) be the category of
regular corelations over A and B (in &), and RegCoRel(«, ) the category of regular
corelations over (A, o) and (B, (). Then, there is a forgetful functor

U..3:RegCoRel(c, 3)—— RegCoRel(A, B)
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which takes a regular co-relation
b + ﬁ—‘><07 7)

to the regular epi-mono factorization of Up o [Uk,, Ukg| (where k, and kg are the
co-projections of the coproduct). See Figure 21.

A+ B0+ B)
T
Uaﬂ <C, 7> C

FIGURE 21. The definition of U, 3:RegCoRel(«, 7)— RegCoRel(A, B).

Because both £ and £ are exact, we have isomorphisms
RegCoRel(A, B) = EqRel(A + B),
RegCoRel(«, 3) = Cong(a + ).

We state the effect of U, g in terms of congruences on a+ 3 and equivalence relations
on A+ B. Let (R, p) be a congruence on a + 3. Then U, g(R, p) is given by the
pullback of R along [Uk,, Ukg. In other words, elements = and y of A+ B are related
by U, (R, p) if and only iff x and y are related by R as elements of o+ 3.

2.6. Coinduction and bisimulations

The principle of coinduction from Section 1.5.3 is often expressed in terms of
bisimulations. We follow that tradition in this section by restating the results of
Theorem 1.5.25 in terms of bisimulations. To begin, we define what it means for
elements of two coalgebras to be bisimilar. Then, we prove the usual statement of
coinduction, namely, any two bisimilar elements of the final coalgebra are equal. The
material found here differs from the standard presentation (say, in [JR97]) inasmuch
as the definition of bisimulation (and, hence, bisimilar) differ from the standard
definitions. As before, if £ satisfies the axiom of choice, the definitions agree.

DEFINITION 2.6.1. Let (A, a) and (B, ) be I'-coalgebras and let (a, b) € A x B.
We say that a and b are bisimilar, denoted a ~q, g b or just a ~ b, if

<a, b> S Daﬁ(A X B)
(Note that [0, 5(A x B) is just U, gl x 3).)

Two elements are bisimilar just in case there is a bisimulation relating them, as
the following theorem shows.
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THEOREM 2.6.2. a ~ b iff there is a bisimulation R such that {a, b) € R. lLe.,
a ~ b iff there is a coalgebraic relation (R, p) on (A, o) and (B, ) such that (a, b) €
Ua,ﬁ<R7 p>

PROOF. If a ~ b then (a, b) is an element of the bisimulation O, 5(A x B). On
the other hand, if (a, b) € R, where R is a bisimulation, then

<a, b> €cER= DaﬁR < DaﬁA x B.
0

Recall from Section 1.5.3 that a coalgebra is simple if it has no proper quotients.
THEOREM 2.6.3. If (A, a) is simple, then O, o(A X A) = A4.

PROOF. By Theorem 1.5.25, if (A, «) is simple, then A, is the largest relation
on (A, «). Hence, [(Jo.aAd X A) = A, and so (by Theorem 2.5.5)

Doa(A x A) = UpoAg = Ay
0

COROLLARY 2.6.4. If (A, a) is simple then, for every element {(a, a’) of A x A,
a~d iffa=d.

Theorem 2.6.2 and Corollary 2.6.4 provide the proof principle of coinduction: To
prove two elements of a simple coalgebra are equal, it suffices to show that there is a
bisimulation relating them.

The notion of bisimilarity is intended to capture the informal notion of obser-
vational indistinguishability (see [JRO7] for another presentation of this viewpoint).
A bisimulation is a relation that is preserved by applications of the structure maps.
Think of the structure map for a coalgebra as a number of destructor operations that
allow one to take a data structure apart and look at the substructures. For instance,
the structure map for an A — Z x A coalgebra consists of two destructor functions:
a head function, h,, that gives the head of a stream, and a tail function, t,, which
returns the rest of the stream. We treat the elements of A as the internal state of the
coalgebra, and so view them as unobservable, while the elements of Z are viewed as
observable output. Hence, these destructors give a means of observing the behavior
of the coalgebra A, by applying ¢, some number of times, followed by h,. This intu-
ition regarding observable behavior can be made explicit for polynomial functors and
similar inductively given classes of functors, but we do not do so here. See [Jac99]
for an idea of how this is done, and see [Cir00] for a more formal (and sophisticated)
notion of a coalgebra observer.

With this informal notion of observations of a coalgebra, two elements of a coal-
gebra are bisimilar just in case they “look the same.” The principle of coinduction,
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in this perspective, says that two elements of a simple coalgebra that look the same
are the same. In order to justify this informal interpretation of coinduction, we will
look at a few examples.

REMARK 2.6.5. The examples below involve coalgebras over Set. Consequently,
we make use of the fact that, thanks to the axiom of choice, a relation R on A and B
is a bisimulation iff there is a structure map p: R—I'R such that (R, p) is a relation
on (A, a) and (B, 3). See Theorem 2.5.8.

ExAMPLE 2.6.6. Consider the functor 'A = Z x A above (see also Example 1.1.7).
Let (A, a) and (B, ) be I'-coalgebras, and a € A and b € B. Then a is bisimilar to
b just in case

= hg(b),
(14) ta(a) ~ ts(b).

Indeed, to prove that a and b satisfying (13) and (14) are bisimilar, we define a
relation R on A and B by

cRd « 3n.t3(a) = c Nt5(b) = d.

Then, it is easy to confirm that R is a bisimulation.

Bisimilarity for the functor 'A = Z x A + 1 is very similar. Let (A, ) and
(B, B) be I'-coalgebras (see Example 1.1.8). We can show that a ~ b iff a(a) = *
and ((b) = * or if a(a) # *, B(b) # x and a, b satisfy (13) and (14).

EXAMPLE 2.6.7. Let P be a polynomial functor, and (A, «) and (B, (3) be two
P-coalgebras (see Example 1.1.9). Then an element a € A is bisimilar to an element
b € B just in case

(15) label(a) = label(b),
(16) br(a) = br(b),
(17) child;(a) ~ child;(b) for all j < br(a).

ExAMPLE 2.6.8. Let AtProp be a collection of atomic propositions and consider
the functor

'A = P(AtProp) x P(A).

A T'-coalgebra is a Kripke model for the language £L(AtProp) (see Example 1.1.10).
Let % = (A, a) and B = (B, ) be two such coalgebras, and a € A, b € B. We have
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a~ bift

Va' € myoa(a) I € mpoB(b).d ~V,

VU € myo0B3(b)Ja’ € myoala).a ~V,

Ty 0 a(a) = my 0 B(D).
One can confirm, using these conditions, a ~ b iff, for all ¢ € L(AtProp),
a o ¢ iff b =g ¢

See [BM96, Theorem 11.7] for the proof of this.

ExXAMPLE 2.6.9. Recall from Example 1.1.11 that coalgebras for the functor
I'S = (PnS)*

can be viewed as automata taking input from Z. These are rather basic automata
here, simply moving from one state to another, without giving any “output”, and
so the notion of bisimilarity is trivial. Namely, given any two coalgebras (A, a)and
(B, B)and any a € A, b € B, we have a ~ b.

To dress these automata up a bit, we will add a set of outputs, O, and add a map
taking each state to its output. In other words, we wish to consider coalgebras for
the functor

AS =0 x (PﬁnS)I.
One can show that, given a € U(A, (a,, as)) and b € U(B, (B,, (s)) that a ~ b just
in case

* ao(a) = B,(b);
e for all 7 in 7 and all ¢’ such that a—>a’, there is a &’ such that b—=b':
e for all 7 in Z and all & such that b—i>b’, there is an @’ such that a—>a'.
We will discuss the relationship between bisimulations and maps into the final

coalgebra in more detail in Section 3.9. For now, we state a simple fact: bisimilar
elements are mapped to the same element of the final coalgebra.

THEOREM 2.6.10. Let (A, ) and (B, ) be I coalgebras, and a € A, b € B be
global points. Let

lo: (A, a)—=H1,
ly:(B, B)—=H1

be the coalgebra homomorphisms into the final coalgebra. If the terminal object 1 in
E is projective with respect to epis, then

a ~ b implies 1, (a) =!5(b).

If " preserves weak pullbacks, then the converse also holds.
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PROOF. Let a ~ b. Then (a, b) € U, g(a x 3), shown below.

(a,b)

1

Ula x ()

Because 1 is projective with respect to epis, there is an element ¢ € U(a x () such
that p(c) = (a, b). Now,

Uaﬂ(a X ﬁ)

p

Ax B

!a(a) =l, oma({a, b))
lo 0 Ta(c)
6O7Tﬁ(0) (D).

Under the assumption that I" preserves weak pullbacks, then so does U [JPT 198,
Lemma 2.8]. Thus, the diagram below is a weak pullback.

Ulax f) ——=A

"

B UH1

Hence, if |, o m4({a, b)) =!3o7mp({a, b)), then (a, b) factors through U(« x [3) and so
a~b. O

2.7. n-simulations

One can generalize bisimulations to include n-simulations. This allows a more
uniform treatment of these distinguished relations in an internal logic in Section 4.1.2.
We briefly present the definitions and main theorems here.

A regular nary relation@regular n-ary relation over Aq, ..., A, is a regular sub-
object of J] A;.
For each finite family (A;, a1), ..., (A,, a,) of coalgebras, we define a map

Uai.....a, : SubCoalg (] [ ;) — RegSub([ ] 4:),

by Ua,,...an = Jm,... ) © UTas- We define the category n-sim(aq, ..., o) to be
the image of this functor.

The functor Uy, . ., has a right adjoint, [—]a, . a,, defined by

_________

[_]Oll,---,an = [_]Hai © <U7Tl> oo 7U7Tn>*-

This gives rise to a comonad [,, . ., on RegSub(]] A4;), and a monad {/ on

ALy..0,Qn

SubCoalg(] ] a;), that is, an interior operator and a closure operator, respectively.
The [ operator takes a relation to the largest n-simulation contained in it, while the
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V operator takes a coalgebraic relation to the largest relation with the same image
(under Uy, . a,)-

In Section 2.5.2, we showed that the bisimulation modal operator is normal if
the endofunctor I' preserves regular relations. The following theorems shows that
the same assumption suffices to conclude that the n-simulation modal operate is also

normal (for any n).

THEOREM 2.7.1. If ' preserves regular binary relations and reqular monos, then
I’ preserves reqular n-ary relations.

PrRoOOF. By induction on n. The case for n = 1, 2 is by assumption. Suppose that
I" preserves regular n-ary relations. It suffices to show that, given a family {A;}i<pi1,

'] A; is a regular subobject of [[T'A;. By inductive hypothesis, I'[],_,, 4; is a
regular subobject of [],_,, I'4;. Hence, we have

F(H2<n Az X An) > Hi<n Az X FAn >— Hi<n FAZ X FAn ,
completing the proof. O

THEOREM 2.7.2. If I':E—E preserves regular relations and pullbacks along regu-
lar monos, then, for any finite family

<Ala al))' .- 7<Ana an)a

Dal,... ,Q
typically not S4).

is a normal necessity operator (although it need not preserve T and so is

n

PROOF. As before, it suffices to show that [J distributes over A. One uses the
fact that U preserves regular n-ary relations and thus (Umy,...,Umr,) is a regular
mono. Hence, J(yr, ... vr,) distributes over A. By assumption, U preserves pullbacks
along regular monos, and hence, intersections, and so, since

Dal,...,an = EI(U7r1,...,U7rn>UHai[_]Hai<U7rl> BRI U7Tn>*>
the result follows. U

The following theorem and corollary are obvious generalizations of Theorem 2.5.19
and Corollary 2.5.20. We omit the proof of these theorems, and prove a related
theorem and corollary hereafter (Theorem 2.7.5 and its corollary).

THEOREM 2.7.3. Let {fi:(A;, ai)—(By, 5;) }1<i<n be homomorphisms. Then
[_]0617---706'n © (H Uf'l) = (H fl) [_]617---76n'
COROLLARY 2.7.4. Under the same conditions as Theorem 2.7.3,

Usy...5. 311 = n1vsi © Vo -
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The same facts hold when we replace the products of maps in Theorem 2.7.3 and
Corollary 2.7.4 with projections.

THEOREM 2.7.5. Let (Ay, aq),...,(A,, an) be given. Then

[_]m,---,an om" =" 0 [~]a

(where m; on the left hand side is the projection in E, while on the right hand side, it
1s the projection in Er.

PROOF. In Figure 22, the left hand face is a pullback by (the generalization of)
Theorem 2.5.12, and the rear face is a pullback because H preserves pullbacks. The
right hand face is a pullback by Theorem 2.2.11. To confirm that the front face
is a pullback, and hence [7fR] = n}[R], it suffices to show that the bottom face
comimutes.

Hr!R HR
o N
|7 R [ R
HITA HA

N N

[T (Ai, )

FIGURE 22. [—| commutes with pullback along a projection.

The map (A, a)—=HA is the adjoint transpose of the identity, i.e., 7,, and the
map [[a;—H ][ A; is (up to the isomorphism H [[A; = [[ HA;) the unit [] 7.,
Thus, we see that the bottom face commutes by naturality. U

oo

REMARK 2.7.7. Theorem 2.7.5 and its corollary also apply when we replace 7;
with a tuple of projections

(Tiyy ooy mi) [ Jai—= [T oy, .

Since, in this case, the [—]| operator for the image is the n-simulation operator (and
not merely the subcoalgebra operator), this is a non-trivial observation.
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This last theorem will be useful in Chapter 4, where we introduce an internal ver-
sion of the [ operators from this chapter. The theorem will be used in Theorem 4.2.3
to yield an axiom for [J in the internal logic.

THEOREM 2.7.8. Let (Ai, o), (B, () be given, and mp:B x [[ Ai— [ A be the
evident projection (here, we’ve subscripted the projection with the object that we’re
projecting out). Then Org* < mp*0.

PROOF. Let m3:0 x [[ a;—[] s be the corresponding projection in &r, and let
pU(ﬂ X HO&Z)—>B X HAZ,
q: U H oy—> H Az

be the evident maps, so that g op = go Umz. We omit the subscripts for U, U and
[—] in the following calculation, but these should be clear from context.

drpo0omp" =3;,03,000p  omp”
=3,03ys, 000 (Urp)* o q*
=d,03yr,oUoms"o[~]og" (by Corollary 2.2.8)
=d,o0Uo03 ,0mg"o[~]oq" (by Theorem 2.2.5)
<J,oUo|—]oqg"=0.
Hence, by the adjunction 3,, 4 mp*, the result follows. O



CHAPTER 3
Birkhoff’s variety theorem

In this chapter, we give an extended example of the categorical approach to clas-
sical theorems in universal algebra. The Birkhoff variety theorem [Bir35] relates
closure conditions on classes of universal algebras (for a fixed signature) to defining
equations for the class. We begin by stating the classical theorem. Following this,
we translate the relevant ideas to the categorical setting that has been developed in
the preceding chapters.

We give two versions of the variety theorem: In the first, we ignore the features of
categories of algebras and prove an abstract theorem that applies to many categories.
This abstract theorem doesn’t discuss equational definability explicitly, since a cat-
egory requires a certain amount of structure before the notion of equations makes
sense. Instead, we state the abstract version of the variety theorem strictly in terms
of orthogonality conditions.

We can then apply the abstract theorem to categories of algebras, where we do
have a suitable notion of equation (assuming that the algebraic forgetful functor is
monadic). This allows us to recover the classical theorem, assuming the traditional
setting. We conclude our discussion of equations in categories of algebras with a pre-
sentation of Birkhoff’s deductive completeness theorem in terms of closure operators
on equations over X.

Following this, we dualize the previous work to prove, first, an abstract covariety
theorem, and then a covariety theorem for categories of coalgebras. Because the
variety theorem was proved for categories of algebras over an abstract category, the
real work for the covariety theorem has already been done — although one must still
confirm that the dual setting (a co-Birkhoff category) is a reasonable setting. One
still must interpret the terms of the dualized theorem, which yields definitions of
coequations and covariety. The strengthening of the variety theorem to the classical
result (where each variety is equationally definable over a single set of variables — see
Section 3.4 on “uniformly Birkhoff categories”) does not directly dualize, however.
Some work is required to capture the similar result for categories of coalgebras.

Following our presentation of the covariety theorems, we present the dual of the
deductive completeness theorem, which states that a coequation ¢ is the minimal

113
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coequation satisfied by some class of coalgebras just in case ¢ is an endomorphism-
invariant subcoalgebra. We conclude the chapter with a discussion of a distinguished
class of covarieties, the behavioral covarieties. These covarieties were first studied in
[GS98], where they were called “complete covarieties”. We present a similar account,
while relating Gumm and Schréder’s work to Grigore Rosu in [Rog01], where the
same class of covarieties are called “sinks”.

3.1. The classical theorem

We fix a signature ¥ and consider classes of »-algebras. Birkhoff’s variety the-
orem says that a class V of Y-algebras is closed under products, subalgebras and
homomorphic quotients just in case it is equationally definable. In this section, we
define these terms and state the theorem.

In order to present the theorem in its historical form, we will use the language of
universal algebras (algebras for a signature of function symbols). In Section 3.2, we
will restate the definitions in the terms of ['-algebras and explore the role of equations
in greater detail. Accordingly, in this section, we state the definitions and theorems
in the notation of Example 1.1.5 (X-algebras). Thus, recall that a 3-algebra is a pair,

S = (S, {f{V:5"—=S|f™ e n}),

consisting of a set S together with interpretations for the function symbols of ». A
subalgebra of S is a Y-algebra,

T = (T, {f":T"—=T|f™ e x}),
such that 7" C S and each f;") is the restriction of fé") toT. If
Si = (i, {f8):Sr——=5:|f™ € x})

is a family of Y-algebras, then the product [[S; exists and has as carrier [[S;. The
interpretation of f™ on [[S; is given by

[[78 sy —1Is:
(via the isomorphism ([]5;)" = [[(S:;)™). In other words, the interpretation is given
component-wise.

DEFINITION 3.1.1. Let V be a class of X-algebras. We say that V is closed under
subalgebras if, whenever S is in V and 7 is a subalgebra of S, then 7 is in V. If,
whenever each S; is in V, then [[S; is in 'V, we say that V is closed under products.
We say that V is closed under quotients if, whenever a homomorphism

p:S—>T
is a regular epi and S € V, then 7 € V.
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DEFINITION 3.1.2. Let V be a class of Y-algebras. If V is closed under subalge-
bras, products and homomorphic quotients, then V is called a Birkhoff variety.

We now turn to equational definability. We use the fact that X-algebras have
free algebras in order to define an equation. Given a set (of variables) X, the free
algebra over X (denoted F'X with carrier UF X) is the collection of ¥-terms over the
variables in X (Section 2.1.2). Thus, we can view an equation 7, = 75 over X as a
pair of elements of UF X.

Let

8= (S, {f):Sp—=5i| " e £})

be a Y-algebra. The property of freeness states that, for every assignment o of the
variables of X to S (i.e., for every Set map o: X —S5), there is a unique homomorphic
extension

0. FX——=S.
An algebra S satisfies the equation 71 = 75 (denoted S = 71 = 73) just in case, under
every such assignment o, we have

00T =00Ts.
Given a set E of equations over X, we write

SEE
just in case S |= 1 = 7 for every equation 71 = 75 in . We define
Mod(E) ={S | S E E}.

The set notation in this definition should not be taken literally. In general, Mod(E)
is a proper class.

DEFINITION 3.1.3. Let V be a class of ¥-algebras. We say that V is an equational
variety just in case there is a set of variables X and a set E of equations over X such
that

V = Mod(E).

THEOREM (Birkhoft’s variety theorem). Let 'V be a class of ¥-algebras. Then V
s a Birkhoff variety iff V is an equational variety.

3.2. A categorical approach

We now translate Birkhoff’s variety theorem to categorical terms. As we’ve seen,
the category of algebras for a signature, Alg(X) is isomorphic to the category Set” for
a related polynomial functor P (see Example 1.1.5). In this section, we translate the
remaining terms of Section 3.1 into categorical terms and prove an abstract version
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of the variety theorem, which holds in a wide variety of categories (and not just
categories of algebras).

3.2.1. Birkhoff categories. We begin by describing some of the properties of
Alg(X) that are relevant to Birkhoff’s theorem. In particular, we want to pay close
attention to those properties that lead to natural definitions of Birkhoff variety and
equational variety in abstract categories. We will call any category which has the
requisite structure a Birkhoff category. We can then prove an abstract version of
the variety theorem. It is just a little work to show that, for a wide variety of base
categories and a wide variety of functors, the category €' is a Birkhoff category. In
particular, we will show that, for polynomials PP, the category Set”™ (and hence Alg(%))
is a Birkhoff category, and so the abstract Birkhoff theorem applies. This does not
immediately lead to the classical theorem, however. Rather, the direct consequence
of the abstract variety for categories of algebras is that every variety is defined by a
class (not a set) of equations. In order to show that a set of equations suffices, we
need to show that Set® is uniformly Birkhoff (see Section 3.4).

Recall that a category is regularly co-well-powered just in case each object has only
set-many quotients (Definition A.3.1). We say that an object A is regular projective
if it is projective with respect to regular epis, so that, for every regular epi B—C'
and map A—C', there is a (not necessarily unique) map A—B making the diagram
below commute.

A category has enough reqular projectives just in case every object is a quotient of
some regular projective.

DEFINITION 3.2.1. A quasi-Birkhoff category is a category that is regularly co-
well-powered, complete and has regular epi-mono factorizations. A Birkhoff category
is a quasi-Birkhoff category with enough regular projectives.

The Birkhoff categories have the structure necessary for a notion of Birkhoff vari-
ety. We postpone the generalization of equational variety until we examine equational
definability in €' in more detail.

DEFINITION 3.2.2. Let C be a quasi-Birkhoff category and V a full subcategory
of C. Then V is a quasi-Birkhoff variety (or just quasi-variety)iff V is closed under
products and subobjects. V is a Birkhoff variety if C is a Birkhoff category and V is
a quasi-Birkhoff variety closed under quotients (codomains of regular epis).
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REMARK 3.2.3. Any quasi-variety is closed under isomorphisms, since it is closed
under subobjects.

One may define these closure conditions in terms of fixed points for operators on
subcategories of C. One defines the operator H:Sub(C)— Sub(C) to take a class V
to

HV =VU{CeC|3IK e Vig: K—+C}

(abusing set notation here). Similarly, one defines operators S and P taking V to
the classes

SV=Vu{CeC|IKeVIig:K—=C},
PV ={]]JCi| CieC, I € Set}.

iel
Then V is a quasi-Birkhoff variety ifft V.= SPV and a variety just in case V =
HSPV. We don’t make use of these operators hereafter, but see [GS98] for a
presentation along these lines.

3.2.2. Equations in E'. In Section 3.1, we discussed equations for universal
algebras. We now use that work to give an account of equations for I'-algebras
generally. Our goal is to find a categorical property that generalizes the notion of
equational definability to a wider class of categories — including categories which
are not monadic over some base category. As we will see in Section 3.2.5, equational
definability is generalized by orthogonality to a regular epi with regular projective
domain.

In order to interpret equations over X in £', we require that I is a varietor (i.e.,
the algebraic forgetful functor

U:'—=¢&
is monadic). Also, for this section, we assume that & is a Birkhoff category that
has all coequalizers. Thus, by Theorem 2.4.2, £ has all coequalizers. This assump-
tion isn’t necessary for the final proof of Birkhoff’s variety theorem, but is useful in
understanding the role of equations in £T.

Let X be a set of variables. Then an equation over X is a pair of elements of
UF X, written 71 = 75. Equivalently, an equation is a pair of maps

1 =—=UFX .
T2
Similarly, a set of equations F is given by a pair of jointly monic maps

E—=UFX .
€2
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Recall the definition of satisfaction from Section 3.1. A P-algebra (A, «) satis-
fies the equations in E just in case, for all o: X—A, the extension 7: FX—(A, «a)
equalizes e; and ey. That is,

(A, o) E Eifffor all 0: X——=A, Ugoe; =Ud o ey,
Let e; and e; be the adjoint transposes of e; and ey, respectively. Let
qg: FX—>(Qp, vg)

be the coequalizer of €; and €,, shown below.

FE —;FX —o(Qp, vp)

€2

We note that o equalizes e; and ey just in case Uco equalizes e; and es. Thus,
(A, @) E E just in case, for every homomorphism

c:FX——=(A, a),
there is a unique homomorphism
E:<QE> I/E>—><A, O./>

such that the diagram below commutes.

FX —2 (4, )

(QE, vE)

We take this property as central to a generalization of equation satisfaction. We recall
the definition of orthogonality, which can be found in [Bor94] and other introductory
texts.

DEFINITION 3.2.4. A map f:A—B is called orthogonal to an object X (written
f L X)if, for every map a: A—X, there is a unique map b: B—X such that a = bo f.

Thus, (A, a) = Eiff ¢gg L (A, ).
This leads to the following definition of equational variety:

DEFINITION 3.2.5. Let £T be a quasi-Birkhoff category and let V be a full sub-
category of EY'. We say that V is an equational variety if

V={{4 a)[q¢L{A a}
for some regular epi ¢ with domain F'X (for some X € &).

'We could instead consider the coequalizer of (E), the pre-congruence containing E (see Sec-
tion 1.4.2) The coequalizer of (E) is isomorphic to the coequalizer of €; and €2, though we omit the
proof.
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Equivalently, following the presentations of [AN81a, BH76, AR94], etc., one
could say that an equational variety is just the injectivity class of some quotient
FX—-(). The author discovered these alternative approaches after developing the
theory in terms of orthogonality, and we present that development here.

3.2.3. Orthogonality. Definition 3.2.5 indicates the basic approach that we
take: orthogonality is a generalization of satisfaction of a set of equations. In this
section, we introduce some notation for discussing orthogonality and state some basic
results.

If S is a collection of arrows of C, we write S L C'if f L C' for all f € S. Similarly,
if V is a collection of objects (equivalently, a full subcategory) of C, we write f L 'V
if f L C for each C' € V. We define the notation S L V in the obvious way.

Given a category C and a collection of maps S in C, S+ is the collection of all
objects C of C such that S L C. Similarly, given a collection of objects V of C, V+
is the collection of all arrows f in C such that f 1 V.

In these terms, V is an equational variety just in case V = {q: FX e} for
some regular epi q.

The class of all collections of maps of C forms a poset, Sub(Cy), taking inclusion as
the ordering. Similarly, the class of all full subcategories of C forms a poset, Sub(Cy).
Thus, the | operators are maps between posets. Since S C T implies S+ D T+,
and likewise for the L operator with domain Sub(Cy), we can view these operators as
functors

Sub(C1) == (Sub(Cy))°”

It is easy to see that, given a collection of maps S and a full subcategory V, S+ C'V
iff S O V+. Thus, the two L functors form a Galois correspondence (see [Bor94,
Volume 1, Example 3.1.6.m]) and so L is a closure operation.

Given a collection of arrows, S, we say that S spans the collection of arrows S++.
In particular, if S* = V, then S spans V*. Because the L functors form a Galois
correspondence, S+ = S+, Thus, if ST =V, we have V = V4. In this case, we

say that 'V 1is closed.

REMARK 3.2.6. The subcategory S+ is denoted Inj(S) by some authors, to denote
the collection of objects which are injective with respect to S.

3.2.4. An abstract version of Birkhoff’s theorem. In this section, we prove
a quasi-variety theorem for abstract categories. This theorem is essentially found in
[BH76| and is generalized in various articles by Andreéka and Németi, but was
independently proven by the author before being referred to these articles?.

2Thanks to Jiff Addmek and an anonymous reviewer for [Hug01] for these references.
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THEOREM 3.2.7. Let C be a quasi-Birkhoff category and 'V a full subcategory of
C. The following are equivalent.

(1) V s closed under products and subobjects (i.e., V is a quasi-variety).

(2) V is a reqular epi-reflective subcategory of C. That is, a subcategory whose
inclusion UY :V—C has a left adjoint FV such that each component of the
unit nV UV FV —1¢ is a reqular epi.

(3) V is closed. Le., V =S for some collection S of reqular epis.

Proor. We prove each implication in turn.

(1)=(2): We first show that the inclusion UV has a left adjoint. Since V
is closed under limits, it suffices, by the adjoint functor theorem ([Bor94,
Volume 1,Theorem 3.3.3]), to show that for each C' € C, there is a set of
objects ©¢ C V such that for each K € V and each f:C—K in C, f
factors through some K’ € O¢.

Take ©¢ to be the collection of quotients of C' in V. This is a set, since
C is regularly co-well-powered. Given any f:C'—K with K € V| we take
the regular epi factorization of f, shown below.

oK

/7

K/
Then K’ is in V, since V is closed under subobjects. Thus, we may take K’
to be an object of O¢.
Because V is closed under subobjects, the reflection is a regular epire-
flection ([Bor94, Volume 1, Proposition 3.6.4]).

(2)=(3): We will show that (pV)* = V. That V C (nV)* is obvious from the
characteristic property of nV:1=UVFV. We will show the other inclusion.
Accordingly, suppose that nV L C. Then nY¥ L C in particular and thus,
there is a map id:UY FCC—C such that the diagram below commutes:

C=——=C

d
UVFV(C
Since nY is thus both regular epi and mono, it is an isomorphism. Since V
is closed under isomorphisms (Remark 3.2.3), C' € V.

(3)=(1): Let S be a collection of regular epis and V = S+. It is easy to see
that V is closed under products. Suppose that K/ € V and i: K>=K'. Let
f:A—+B € St and g: A—K be given, as in Figure 1. Then, since f 1 K’,
there is a unique map 70 g: B—~K’ such that 70go f = i 0 g. Since f is



3.2. A CATEGORICAL APPROACH 121

regular and hence strong, there is a unique map g, as shown, making the
diagram commute.

A—2 K
fl 9 Iz
B— K'

iog
FIGURE 1. St is closed under subobjects.

O

COROLLARY 3.2.8. Let C be a quasi-Birkhoff category and V a quasi-variety of
C. Then
(1) V.=n")"
(2) For each C € C, C € V iff nY L C, where nV is the unit of the adjunction
FV HUV.
(3) The counit ¥V :FYUY —1y is an isomorphism.
(4) The corresponding monad, TV = UV FV, is idempotent.
(5) The monad TV preserves reqular epis.

ProoOF. We sketch each item in turn.

(1) See the proof of (2)=-(3) in Theorem 3.2.7.

(2) If C € V, then C L nY by (1). On the other hand, if C' L nY, then
C = TVC by the proof of (2)=(3) in Theorem 3.2.7.

(3) The functor UV is full and faithful, so [Bor94, Proposition 3.4.1, Volume 1]
applies.

(4) This follows from [Bor94, Volume 2, Theorem 4.2.4], and can also be seen
directly in the proof of (2)=(3).

(5) Let g: A—Q be a regular epi. Since TVqony = 1y o ¢ and the right hand
side is a regular epi, so is TV q (see Figure 2).

TVA—TVQ
WXT T”Ez’

A= @

FIGURE 2. TV preserves regular epis.
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U

ExXAMPLE 3.2.9. Set is quasi-Birkhoff. However, the only quasi-varieties of Set
are trivial. Let V be a quasi-variety. If 2 € V| then 2% is in Set for every ordinal «.
Since V is closed under subobjects, we have that V = Set. If 2 ¢ V| then V must
consist of just 0 and 1.

ExaMPLE 3.2.10. The category of monoids, Mon, is complete, regular and well-
powered. Hence, Mon is a quasi-Birkhoff category. Let V be the subcategory of
Mon consisting of all those monoids satisfying

Vo€ M(2* =e — x =e).

Then V is clearly closed under subalgebras and limits. Thus, by Theorem 3.2.7, V
is a regular epi-reflective subcategory of Mon.

3.2.5. The generalized Birkhoff variety theorem. The following may be
seen as a generalization of Birkhoff’s variety theorem. Recall from Section 3.2.2 that
a class V of I'-algebras satisfies a set F of equations over a set X of variables just
in case V is orthogonal to a certain regular epi with domain F'X. In the following
theorem, we show that V is a Birkhoff variety iff V is orthogonal to a collection of
regular epis with regular projective domains. The regular projective objects play the
role of X (which is regular projective if X is regular projective) in this theorem.

Once we have proven this theorem and shown that it applies to categories of
algebras £ (for appropriate base £ and functor I'), we have still not quite recovered
the classical theorem. In particular, we will have shown, essentially, that any variety
of algebras V is definable by a class of equations (i.e., V. = S for a class of arrows S),
rather than by a set of equations. This property is the distinction between Birkhoff
categories and uniformly Birkhoff categories, which we discuss in Section 3.4.

THEOREM 3.2.11. IfC is a Birkhoff category, then a full subcategory V is a variety
iff V& is spanned by a collection of reqular epis with reqular projective domains.

PROOF. Suppose that V is a variety. Then V is a regular epi-reflective subcate-
gory of C. Let FV 4 UV with unit nV, as in Theorem 3.2.7. For each C € C, pick a
regular epi po: Ac—C', with Ac regular projective, and let S be the collection of all

nXC :Ac—>UVFVAeq.

Then S C (nY) and so S+ 2 (nV)t = V. To see that V = S+, suppose that
S 1L C and we will show that C' € V. Since S L C, there is a map pc such that
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—_— v _
pc o 77AC - pC

ACLDC

anl -

UVFEYAq
Since p¢ is a regular epi, so is po. Thus, C is a quotient of UV F'Y A¢ and hence is in
V.

Suppose conversely that V+ is spanned by a collection S of regular epis with
regular projective domains. Then V is closed under subobjects and limits (Theo-
rem 3.2.7), so it suffices to show that V is closed under quotients. Let K € V and
p: K—K' be given. We wish to show that S L K'. Let f:A—+B € S and g:A—K'’
be given.

!

A—2sK

N

B—K'

Since A is regular projective, there is a ¢': A—K such that po ¢’ = ¢g. Since f L K,
there is a unique §: B—K such that go f = ¢’. Thus,

pogof=pog =g
Because f is epi, p o g is the unique map with this property. U

ExAMPLE 3.2.12. Consider the full subcategory Ab of Mon consisting of abelian
monoids. That is, a monoid M is in Ab just in case for every m, n in M,

This subcategory is a variety of Mon. It is easy to see that, if M is abelian and N
is the homomorphic quotient of M, then N is abelian.

Ab*' is spanned by a single regular epimorphism with regular projective domain.
Let F'2 be the free monoid generated by two elements, a and b. Let ab, ba:1—UF?2
be the obvious constant maps. These correspond under adjoint transposition to maps

F1=2:F2.
ba

Take the coequalizer q: F2—-() of these homomorphisms. Then a monoid M is
evidently in Ab iff ¢ L M.

ExampPLE 3.2.13. Consider again the full subcategory V of Mon consisting of
monoids where no non-unit element is its own inverse (from Example 3.2.10). This
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TV/f

v 4

¥
Tvk‘l
TVK —=TVA—+TVQ

TV ko Tvq
WXT WXT WXT
k1 -

K A——Q

ko

FIGURE 3. TV preserves coequalizers.

subcategory is not closed under quotients. For instance, the map
p:N——>2
taking even numbers to 0 and odd numbers to 1 is a regular epi in Mon, but 2 € V.

In Corollary 3.2.8, we saw that, if V is a quasi-variety, then TV preserves regular
epis. We can strengthen that result if V is a variety.

COROLLARY 3.2.14. If V is a variety, then the monad TV :C—C preserves co-
equalizers.

PROOF. Let
ky q
K—=A—Q
ko
be a coequalizer. Suppose that f:TVA—=B coequalizes TVk; and TVk,. Take the
regular epi-mono factorization of f, f =i op (see Figure 3). Then
ponXok;l :poTvklon}(f
=poTVkyomy
=po nX o ko,
so there is a unique map g:Q—B such that ponY = gogq. Since TYA/f € V, the
map ¢ factors uniquely through TVQ, say gony = g. This factorization gives the
desired map

TVQ-LoTV/f B,

Since goTVq = p and p is a regular epi, so is §. By the uniqueness of regular epi-mono
factorizations, i o g is the unique map such that iogoTVq = f. U
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3.3. Categories of algebras

In this section, we will show that Theorem 3.2.11 (the abstract variety theorem)
is a generalization of the classical variety theorem. To this end, we must first show
that categories of algebras £ are Birkhoff categories, for suitable base categories £
and endofunctors I'. It will follow, then, that any Birkhoff variety V of &' satisfies
V = S+ for some collection S of regular epis with regular projective domains.

The classical theorem says that any variety is an equational variety for some set
E of equations. If we apply Theorem 3.2.11 to categories E', we learn only that each
variety is definable by some class of equations. To recover the classical theorem, some
more work is needed. In Section 3.4.1, we will discuss further conditions on £ and T’
that allow one to conclude that any Birkhoff variety is an equational variety.

The work in this section is similar to work found in [BH76]| and extended by
Andréyka and Németi. A similar approach is also found in [AR94].

3.3.1. Categories of algebras are Birkhoff categories. We will first look
at some conditions that are sufficient to ensure that a category of algebras is a
Birkhoff category, in the sense of Definition 3.2.1. Throughout this section, let £
be an arbitrary category and let I' be an endofunctor on €. As we will see, it is
sufficient that & is quasi-Birkhoff and I" preserves regular epis to conclude that &' is
quasi-Birkhoff.

THEOREM 3.3.1. If £ is quasi-Birkhoff and T preserves reqular epis, then EV is
quasi-Birkhoff. The same claim holds for categories ET of algebras over a monad T
that preserves reqular epis.

PRrooOF. We need to show that £ is regularly co-well-powered, complete and has
regular epi-mono factorizations.

e &V is complete by Theorem 1.2.4 (U creates limits).

e & has regular epi-mono factorizations by Theorem 1.2.13.

e &' is regularly co-well-powered since £ is regularly co-well-powered and U
preserves regular epis (Corollary 1.2.15).

Since each of the above facts also holds for categories of algebras over a monad, so
does this theorem. d

The additional requirement that ensures that £ has enough regular projectives
(so that £' is a Birkhoff category) is natural enough. Given that £' is quasi-Birkhoff,
we need only the additional assumption that I' is a varietor (that is, that U is
monadic). This assumption is useful for our interpretation of equations and so is
reasonable in this setting. However, recent work in [APO1] shows how to define
equational varieties for categories of algebras without free algebras.
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COROLLARY 3.3.2. If £ is Birkhoff, I' preserves reqular epis and U has a left
adjoint, F, then E' is Birkhoff. The same claim holds for categories ET of algebras
for a regular-epi-preserving monad T'.

PRrROOF. Given (C,~) in £, let p: A—C be a regular projective covering of
C. We will first show that F'A is regular projective. Let f:FA—(D,J) and
q:(B, B)—(D, ¢) be given (see Figure 4). Because A is regular projective, there

ufs
UFA——D
nA Uf# Ugq
=
A——B
f

F1GURE 4. The free algebra over a regular projective object is regular projective.

is a map f making the square commute. This ensures the existence of f# making
both triangles commute. Hence, F'A is regular projective.

All that remains is to show that F'A covers (C, 7). By the adjunction F' - U,
there is a unique map p#: FA—=(C, ) such that the diagram below commutes.

UFA

e

A—p>C

Because U reflects regular epis, p” is a regular epi.

Since only the characteristic property of freeness was used in the above reasoning,
and categories of algebras over a monad always have free algebras, the claim holds
for T as well. (Alternatively, prove the claim for categories £T and use the fact
that, given the hypotheses, U is monadic, i.e., ET = ET for the monad T induced by
FAU.) O

Thus, if £ is Birkhoff, ' preserves regular epis and is a varietor, then Theo-
rem 3.2.11 applies. Hence, a full subcategory V of &' is a Birkhoff variety iff V
is closed, and V* is spanned by a collection of regular epis with regular projective
domains. This is not quite sufficient to imply the classical variety theorem, however.
For that, we need to show that there is a projective X such that

V is a Birkhoff variety iff V = {¢: F X —(Q, v)}* for some regular epi q.
In other words, we need to show that V is “definable” by a single regular epi ¢ with

regular projective domain, not a collection of such arrows. For this, we introduce the
notion of “uniformly Birkhoff categories” in the next section.
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We close this section with a proof that, if V is a variety over £T, then V is also
monadic over £. Together with Corollary 3.2.14 (TV preserves coequalizers), we see
that V = ET for a regular-epi-preserving monad T’ and so is again a Birkhoff cate-
gory. Hence, the variety theorem again applies, and subvarieties of V are equationally
definable (by, perhaps, a proper class of equations).

THEOREM 3.3.3. Let V be a variety of ET. Then V is monadic over €, via the
evident forgetful functor.

PROOF. We apply the special adjoint functor theorem (see [Bor94, Theorem
4.4.4,Volume 2]). Of course, UoUY has a left adjoint and reflects isomorphisms since
both U and UV do. The functor U creates split coequalizers (since it is monadic) and
UV creates all coequalizers (an easy consequence of Corollary 3.2.14), the composite
creates split coequalizers. O

3.4. Uniformly Birkhoff categories

We have shown that, if £ is Birkhoff, I" preserves regular epis and is a varietor,
then €' is Birkhoff. Thus, any variety V is defined by a collection of regular epis with
regular projective domains. In terms of equations, this means that any variety V is
defined by a class of equations over a class of variables. Birkhoff’s variety theorem
[Bir35] says something stronger. Namely, that any variety V is defined by a set of
equations over a countable set of variables.

Categorically, then, we must show that there is a regular projective X € & such
that, for any variety V, there is a regular epi p with domain X such that V = {p}+.
We state this condition in general terms in the following definition.

DEFINITION 3.4.1. A Birkhoff category C is uniformly Birkhoff if there is a regular
projective object X € C such that for any variety V, V = {p}* for some regular epi
p with domain X. The object X is called the equational domain for C.

From Theorem 3.2.7, we know that any variety V satisfies
V=n")"
In a uniformly Birkhoff category, any variety satisfies a stronger condition: namely,
that
V= {n: X—TVX},
where X is the equational domain for C.

THEOREM 3.4.2. Let C be uniformly Birkhoff and let X be the equational domain
for C. Let 'V be a variety of C, with nV the unit of the evident adjunction F¥ 4 UV.
Then V = {nY}+.
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PROOF. Let V be a variety of C and let p: X =Y be given such that V = {p}+.
It suffices to show that, for all A € C, if Y L A, then p L. A. This is clear, since nY.
factors through p. O

The remainder of this section will be devoted to a discussion of conditions that
ensure a category of algebras is uniformly Birkhoff. These conditions will be suggested
by the original proof of the variety theorem. The conditions are also influenced by
the work of [AR94], in which the theory of locally finitely presentable categories
is developed. It appears, however, that a locally finitely presentable category isn’t
sufficient for this goal. In one sense, we need a stronger condition: that regular
projective objects are colimits of finitely presentable retracts. On the other hand, we
don’t require that every object has a presentation. Instead, it suffices that certain
regular projective objects have a retractable presentation in order to show that the
category is uniformly Birkhoff.

We recall the following definitions from ibid.

DEFINITION 3.4.3. An object K in C is finitely presentable if the functor
Hom (K, —):C——Set
preserves filtered colimits.

DEFINITION 3.4.4. A category C is locally finitely presentable if it is cocomplete
and there is a set A of finitely presentable objects of C such that every object is a
filtered colimit of objects of A.

The remaining work is technical and abstruse. This section is self-contained —
there are no later results in this thesis that require the definitions and theorems that
follow. The casual reader may wish to skim what remains here.

REMARK 3.4.5. Throughout this section, we use finitely presentable objects and
prove facts about filtered colimits in C. This work can be generalized, so that the ob-
jects of interest are k-presentable and the colimits are colimits of x-filtered diagrams.
We avoid the more general statements and proofs in order to present this work in a
simpler form.

As we will see, a key step in showing that a category C is uniformly Birkhoff is
showing that every variety of C is closed under filtered colimits. We first consider the
case in which V = {nY}+ where X is finitely presentable. In the classical setting,
this corresponds to a variety of algebras which are defined by a set of equations over
a finite set of variables. Such varieties are easily shown to be closed under filtered
colimits. This fact will be used in Theorem 3.4.9, in which we prove that every variety
(in a suitable category) is closed under filtered colimits.
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LEMMA 3.4.6. Let f:X=Q be given with X finitely presentable. Then {f}+ is
closed under filtered colimits.

PROOF. Let A € C and K:E—C be a filtered diagram such that A = colim K
with colimiting cocone
kE:K=——A.

Assume, further, that for each £ € E, f 1. KE. We will show that f 1 A, so that
Ae{f}
Let g: X—A be given. Since X is finitely presentable, there is an £ € E and a
map
7. X—KE
such that ¢ = kg 0. Hence, there is a unique
J:Q——=KFE
such that g =go f and so g = kpogo f (see Figure 5). Uniqueness follows from the

FIGURE 5. {f}* is closed under filtered colimits.

fact that f is epi. O

We now turn our attention to a special case of a presentation by finitely pre-
sentable objects. In this case, we assume that an object is the filtered colimit of
finitely presentable retracts, and so this is a stronger condition than that required
by a locally presentable category. However, we will not require that every object has
such a presentation (see Definition 3.4.8).

The notion of “retractably presentable regular projective” and Theorem 3.4.9 are
due to Steve Awodey.

DEFINITION 3.4.7. Let X € C. We call a filtered diagram J:D—C a retractable
presentation of C'if J satisfies the following:

e colim J = X with cocone j:J=X;
e FEach JD is finitely presentable;
e Each JD is aretract of X (i.e., for each jp, there is a pp: X —>JD such that

PpOJp = idJD)-
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If there is a retractable presentation of X, then we say that X is retractably pre-
sentable.

DEFINITION 3.4.8. A category C has enough retractably presentable regular pro-
jectives if each object of C is a quotient of a retractably presentable regular projective
object.

It is easy to check that, in a Birkhoff category C with enough retractably pre-
sentable regular projectives, any variety is determined by regular epis with retractably
presentable regular projective domains. In fact, if B is any class of regular projectives
such that each object of C is covered by an object in B, then any variety is defined
by regular epis with domains in B. Moreover, to confirm that an object A is in a
variety V, it suffices to check that nY L A for some X € B covering A.

In a category with enough retractably presentable regular projectives, every va-
riety V is closed under filtered colimits. This implies that the monad TV preserves
filtered colimits.

THEOREM 3.4.9. Let C have enough retractably presentable reqular projectives.
Let 'V be a variety of C. Then 'V 1is closed under filtered colimits.

PROOF. Let A € C and K:E—C be a filtered diagram such that A = colim K
with colimiting cocone

kL K=—A.

Assume, furthermore, that each KE € V. We will show that A € V.

Let X be a retractably presentable regular projective which covers A and let
X = colim J with cocone j and retractions p, as in Definition 3.4.7. It suffices (by
the proof of Theorem 3.2.11) to show that nY L A to prove A € V. Let ©X be the
kernel pair of nY¥ — so ©X is the “set” of equations satisfied by TV X.

For each D € D, take the pullback © D as shown below.

@%>—> 0X
JD x JDr>— X x X
JDXJ)D

Because D is filtered, ©X is the colimit of the ©D’s. Define a functor ):D—C by
taking QD to be the coequalizer of ©D, as shown in Figure 6. Because colimits
commute with coequalizers, TV X is the colimit of Q.

We next show that

{nx}" € {ap | D e D}
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A\
OX —= X o vy

ﬁDl pDijD foo

©D == JD —(—+ QD
FIGURE 6. TV X is the colimit of Q.

Let nY L B and let f:JD—=B. Let x1, x5 (dy, do, resp.) be the projections of ©X
(©D, resp.). Then,

fodi=foppoxiodp
=foppoxyolp (since ny L B)
= fods
and so gp L B.
Thus, since each nY. 1 K E by hypothesis, for each D € D, we also have ¢p | KE.
Now, by definition, each JD is finitely presentable. Thus, by Lemma 3.4.6, A is

orthogonal to each ¢p. It is routine to check that, since colim @ = TV X and each
qp L A, then also nY L A. O

THEOREM 3.4.10. Let C be a quasi-Birkhoff category and let V be a quasi-variety
of C closed under filtered colimits (i.e., the inclusion V—C creates such colimits).
Then the monad

TV.C——=C
preserves filtered colimits.

ProOF. Let E be filtered and let A be the colimit of K:E—C, with colimiting
cocone k: K=>A. Let j:TVK=>B be a colimiting cocone. We wish to show that
B=TVA.

ny v
A‘DT A

KE—~5+TYKE —= B
JE

kE
Because B € V, nY L B. Hence there is an m:TV A—B such that j = m o TVk.
Because j is colimiting, there is an n: B—~TV A such that noj = TVk. It is routine
to check that m and n are inverses. O

Let A = colim J:D—C, where D is a filtered category and let V be a variety closed
under filtered colimits. Then, in order to check whether an object C' is orthogonal to
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nY, it suffices to check that it is orthogonal to each nYp. In the traditional setting,
where C is a category of algebras and A = FX and each JE = FY for some finite
Y, this means the following: an algebra (C, ~) satisfies each of the equations (for
V) over X just in case it satisfies each of the equations (for V) over a finite set of
variables. We prove this claim in a general setting presently.

COROLLARY 3.4.11. Let C be quasi-Birkhoff and D be filtered. Let J:D—C be
giwen and X = colim J with colimiting cocone j:J=-X. Suppose, further, that V is
closed under filtered colimits. Then

{nYp | D e D} C {ny}".

PROOF. Let {nY} L A and f:X—=A be given. Then, for each D € D, there
is a map fp:TVD—A such that fponY, = fojp. The fp’s form a cocone over
TV J. Since the colimit of TV.J is TV X, we have the factorization of f through ny,
as desired. O

Thus far, we have discussed a condition that ensures that every Birkhoff variety is
closed under filtered colimits. While this is a step towards proving that a category is
uniformly Birkhoff, there is still some work to be done. Specifically, given a Birkhoff
category C with enough retractably presentable regular projectives, we must pick out
a particular object X that will serve as an equational domain. The theorem below
shows sufficient conditions for X to be an equational domain. These conditions are
attained in Set, for instance, with X = N.

The following lemma is the dual of Lemma 3.7.21. We prove it in Section 3.7.2.

LEMMA 3.4.12. Let V be a variety in the Birkhoff category C and let A be a
quotient of B. Then

{my}- < {ny}"
THEOREM 3.4.13. Let C be Birkhoff and have enough retractably presentable reg-
ular projectives and let X satisfy the following:
o X s reqular projective;
e The set of non-empty, finitely presentable objects is a retractable presentation
for X.

Then C is uniformly Birkhoff and X s the equational domain for C.

PROOF. Let B be the set of non-empty, finitely presentable objects, so that B is
a retractable presentation of X.

Let V be a variety of C. Let A € C and Y 1 A. We will show that A € V.
It suffices to show that ny L A for a retractably presentable regular projective
Y covering A. Let J:D—C be a retractable presentation for Y. Then, for each
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D € D, JD is a quotient of X and so Y, L A (Lemma 3.4.12). Thus, ny L A
(Corollary 3.4.11). O

3.4.1. Uniformly Birkhoff categories of algebras. The preceding section
demonstrated sufficient conditions for an abstract category to be uniformly Birkhoff.
In this section, we show that, if £ satisfies these conditions and I' preserves reg-
ular epis and filtered colimits (more generally, x-filtered colimits), then &' is also
uniformly Birkhoff. This will conclude the reconstruction of the classical Birkhoff
variety theorem in a categorical setting.

In particular, the category Set satisfies the conditions of Theorem 3.4.13 (so Set
is uniformly Birkhoff). Thus, if I':Set—Set preserves filtered colimits, then Set’ is
uniformly Birkhoff. Moreover, the free algebra over a countable set is an equational
domain for Set". In other words, if T' preserves filtered colimits, then any variety of
Set! is definable by a set of equations over a countable set of variables (which is, of
course, just the classical Birkhoff theorem as found in [Bir35]).

We begin by showing that if X is finitely presentable and I preserves filtered col-
imits, then the free algebra F' X is finitely presentable. Hence, applying Lemma 3.4.6,
we see that any V defined by a set of equations E over finitely presentable X is closed
under filtered colimits.

LEMMA 3.4.14. Let I':E—E preserve filtered colimits and be a varietor with F' left
adjoint to U:EV—E . If X € &€ is finitely presentable then FX is finitely presentable.

PROOF. Let (4, a) = colim K:E—&' | E filtered, and f: FX—(A, a). Then
UA = colim UK

and so the adjoint transpose J?:X —A of f factors through some UK FE. Thus, f
factors through KF. O

Lemma 3.4.14 ensures that £ inherits the relevant structure (for Theorem 3.4.13)
from £. In particular, one shows that if X is a retractably presentable regular projec-
tive, then so is F'.X (under the assumptions of Lemma 3.4.14). From this, it follows
that &' has enough retractably presentable regular projectives whenever £ does. We
show this in Theorem 3.4.15, which directly implies Birkhoff’s variety theorem for
universal algebras. This completes the categorical approach to the 1935 theorem.

THEOREM 3.4.15. Let £, X satisfy the conditions of Theorem 3.4.13. Let I' be
preserve reqular epis and filtered colimits. Then EY is uniformly Birkhoff and FX is
an equational domain for EL.

PROOF. Let B be the category of non-empty, finitely presentable objects of &, so
X = colim B. Then FX is the colimit of F5 (left adjoints preserve limits), and for
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each B € B, F'B is finitely presentable. Furthermore, each F'B is a quotient of F X,
since F' preserves coequalizers.

For each (A, a) € ', there is a retractably presentable regular projective Y, such
that F'Y4 covers (A, a). Furthermore, each F'Y, has a retractable presentation using
the objects of FB. Now, F'B is not the collection of all finitely presentable algebras.
Nonetheless, a simple alteration of the proof of Theorem 3.4.13 using the above facts
shows that F'X is an equational domain (for our purposes, F'B is a sufficient collection
of finitely presentable algebras). O

EXAMPLE 3.4.16. If I':Set—Set preserves filtered colimits (for instance, if T" is
a polynomial), then FN is a presentational domain for Set". Consequently, FN is
an equational domain for Set". In other words, every variety in Set! is defined by a
set of equations over a countable set of variables.

We finish this section by showing that Theorem 3.4.17 does indeed yield the
traditional statement of Birkhoff’s theorem. To do this, we first recall the definitions
from Section 3.2.2

An equation over X is a pair of global elements

1=—=UFX
of UF X and that a set of equations over X is given by a pair of maps

E==UFX .
€2
An algebra (A, ) satisfies F just in case, for every homomorphism
c:FX—(A, a),

U coequalizes e; and ey. Equivalently, (A, a) = FE just in case ¢ L (A, a), where ¢
is the coequalizer of
FE—=FX .

With these definitions in mind, it is easy to see that Birkhoft’s variety theorem is
a corollary to Theorem 3.4.15.

THEOREM 3.4.17. Let € be a Birkhoff category and I' preserve regular epis and is a
varietor. Suppose, further, that the category E' is uniformly Birkhoff, with equational
domain FX. A full subcategory V of E' is a variety iff there is a set E of equations
over X such that

(A, a) e Viff (A, a) = E.

PROOF. Let V be a variety and nV the unit of the adjunction FV 4 UV. Let
©X be the kernel pair of V. Then

(A, a) € Viff (4, ) = UOX.
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3.5. Deductive closure

We continue developing the results of Section 3.4.1. Consequently, throughout we
assume that £ is a Birkhoff category, I' preserves regular epis and is a varietor. Also,
we fix a regular projective X € £. For another presentation of this material and the
material of Section 3.8, see [Hug01].

Birkhoft’s variety theorem may be viewed as showing an equivalence between
equational definability on the one hand and closure under the operators H, S and P
from Section 3.2.1 on the other. When we say that a class V is equationally definable
(over the fixed set X of “variables”), we mean that there is a set E of equations over
X such that V consists of just those algebras which satisfy E. This suggests an
operator

Satx:Rel(UF X, UFX)——s Sub(EY),
taking a set E of equations to the variety
Satx(E) = {{A, a) € E' | (A, o) = E}
(hereafter, we omit the subscript). In other words, if ¢ is the coequalizer of the
diagram
FE—=FX,

then Sat(E) = {¢}*. In these terms, Theorem 3.4.17 says that, for any class V of
algebras,

V=HSPV
just in case there is some F < UFX x UF X such that
V = Sat(FE).

One may ask whether there is an analogous result for sets of equations. That is, given
a set E of equations, when does F consist of exactly those equations which hold in
some variety V7

More precisely, we define an operator

Zdy :Sub(ET)——=Rel(UFX,UFX)
(hereafter, omitting the subscript) taking a class of algebras V to the set of equations
{e1 =e3 | VIEe =ea}.
In terms of the | operators from Section 3.2.3,

ZdV = | J{ker(f:FX——=e) | f € V*}.
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Notice that the operators Zd and Sat form a Galois correspondence. That is, for all
classes of algebras V and sets of equations F, we have

V < Sat(E) iff Zd(V) > E.

REMARK 3.5.1. The operators Sat and Zd could be defined for any algebra (A, «),
of course, and not just the free algebras F'X. We focus on the free algebras here for
their importance in the completeness and variety theorems.

We would like to find conditions on E that ensure £ = Zd(V) for some class V
of algebras. Birkhoff’s completeness theorem [Bir35] provides that condition.
Classically, given a signature X, a set E of equations over X is deductively
closed closed!deductively — if it satisfies the following:
(i) Foreach zx € X, vz =z € E;
(ii) If 4 =m € E, then , =1, € E;
(iii) If 4 = € Eand 75 =73 € E, then 4 = 13 € E;
(iv) If f® € Sand 1, = vy, 7y = v, ..., Th = Uy arein E, then fO) (7,75, ... ,7,) =
f™ (v, v9,... ,0,) €E.
(v) For any assignment of variables 0: X—=UFX, if = 7 € E, then o(n) =
5(’7‘2) e F.

THEOREM (Birkhoff’s completeness theorem). Let E be a set of equations. Then
E =7Zd(V) for some class of algebras V iff E is deductively closed.

We can restate the definition of deductive closure in categorical terms (and, in
particular, eliminate the reference to function symbols in (iv)). For this, we require
a definition.

DEFINITION 3.5.2. Let F —=UFX be a set of equations over X. We say that
E is endomorphism-stable (or just stable) if, for every homomorphism

o FX—FX,
there is a (necessarily unique) map v : F—FE such that the diagram below commutes.

) D d} ....... > F

.

UFX ——UFX

More generally, if
€1

E—>
€2

is a relation over the carrier of a algebra (A, ), we say that E is stable if, for every
[-endomorphism ¢: (A, a)—(A, «a), there is a map 1: E—FE such that ¢poe; = ej 01
and ¢ o ey = ey 0.
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Let E be a relation over UFX. Then E is closed!deductively —deductively closed
just in case the following hold.

(i

(i") E is symmetric;

<77X7 77X> factors through F;

(i
(

'} E is (the carrier of) a pre-congruence;
/

)

)

(iii’) E is transitive;
V')

V') E is stable.

We first show a couple of easy theorems about the relationship between deductive
completeness and stable congruences. The first theorem relates orthogonality to
stability, and so ties up some of the previous work with this section. The theorem
thereafter shows that stable congruences over F'X just are the sets of deductively
closed equations — an easy consequence. Following this, we show that, given an
equationally defined variety V, the set of equations Zd(V) is exactly the kernel of

ﬁ}fx-
THEOREM 3.5.3. Let
E=—=UFX
be a set of equations over reqular projective X, and q: F X —(Q, v) the coequalizer of
FE—=FX.

If E is stable then q L (Q, v). Conversely, if E is the kernel pair of ¢ and q¢ L (Q, v),
then E s stable.

PROOF. Suppose that E is stable and let f: FX—(Q, v) be given. Because F'. X
is regular projective, there is a map o: F X —F X such that f = goo. Let ¢p: E—F be
given as in Definition 3.5.2. Then, a simple diagram chase through Figure 7 confirms
that g o 0 coequalizes e; and ¢, yielding the desired map ), as shown.

FE=—=%FX —%(Q, v)

Fé:

FE=—sFX —(Q,v)

€1
€2

FIGURE 7. E is stable iff ¢ L (Q, v).

Conversely, suppose that F is the kernel pair of ¢ and ¢ L (@, v). Let
o FX—FX
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be given. Since ¢ L (@, v), there is a unique

Vi@, v)—=(Q, v)
such that goo = 1 oq. Hence, g coequalizes o oe; and o oey and so, there is a unique
map
¢:E——=F
as desired. 0

THEOREM 3.5.4. A set of equations E is deductively closed iff E is a stable con-
gruence.

PROOF. F is a stable congruence if and only if, in addition to Conditions (ii’)
- (v), E is reflexive (i.e., the diagonal arrow Aypx:UFX—UFX x UFX factors
through E>=UFX x UFX. If E is reflexive, then clearly (nx, nx) factors through
E and so Condition (i) is satisfied.

UFX 22X UPX x UFX

X =)

F1GURE 8. If F is deductively closed, then it is a stable congruence.

On the other hand, suppose that E is deductively closed. By (i’), (nx, nx) fac-
tors through F, as shown in Figure 8. By (iv’), there is a structure map ¢: E—I'F
such that (E, ) is a relation over F.X in £''. Consequently, there is a unique homo-
morphism FX—(FE, ¢) making the lower triangle commute, as shown. It is easy to
confirm that the upper triangle also commutes and thus that E is reflexive.. O

As one would expect, if V is defined by a set of equations over X, then 1y is just
the coequalizer of Zd(V). This shows the connection between the work in previous
sections and the current approach in terms of deductive completeness.

LEMMA 3.5.5. For any variety V of the form V = Sat(E) for some set of equa-
tions E over X, Zd(V) = kernyy.

PROOF. Since nYy € V*+ and ZdV = J{ker(f: FX—e) | f € V1} we see
kern¥y < Zd(V). Conversely, since TYFX € V, it is orthogonal to each f € VL.
Consequently, each ker f factors through ker nYy and, hence, so does Zd(V). O

Theorem 3.5.6 is the categorical version of Birkhoff’s deductive completeness the-
orem.
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THEOREM 3.5.6. Let I' preserve exact sequences, so E¥ is exact. Let
E—=UFX
€2

be a set of equations over X. Then E = Zd(V) for some class V of algebras iff E is
a stable congruence.

PROOF. Let E = Zd(V) for some class V of algebras. By the Galois correspon-
dence Zd - Sat, we know that £ < ZdSat(F). Since V < Sat(FE), we also have
ZdSat(E) <Zd(V) = E. Thus, E = ZdSat(F). Since Sat(FE) is a variety, we can
make use of the work of the preceding sections. Let T¥:ET—=& be the associated
monad, with unit n%.

By Lemma 3.5.5, E = kernZ,. Hence, in particular, F is a congruence. Let
0:X—UFX be given. Since TPFX € Sat(F), nEy coequalizes the composite 7o e,
and 7 o e5. Because E is the kernel pair of nEy, we have the factorization E—FE, as
desired. Hence, E is stable.

Let E be a stable congruence and let ¢q: F X—(Q, v) be the coequalizer of
FE—=FX.

Let V = ¢t (i.e., V = Sat(F)). Because E is stable, ¢ L (Q, v), so (Q, v) €
V. Hence, (Q,v) =2 TVFX. Since E is a congruence, it is the kernel pair of its
coequalizer. Thus, by Lemma 3.5.5, Zd(V) = E. O

REMARK 3.5.7. Theorem 3.5.6 applies more generally than stated. If E is a
relation over A = U(A, a) (not necessarily free), then £ = Zd(V) for some class
V of algebras iff E is a stable congruence. In this more general case, Sat(FE) is, of
course, a quasi-variety rather than a variety.

COROLLARY 3.5.8. For any set E of equations over regular projective X,
Zd(Sat(E)) = kernpy,
where n¥ is defined as in the proof of Theorem 3.5.6.

THEOREM 3.5.9. Assume that E' is uniformly Birkhoff, with FX an equational
domain. Let Var be the collection of varieties of E', ordered by reverse inclusion
and let Ded be the collection of stable congruences over FX (an equational domain),
ordered by inclusion. Then Ded = Var.

PROOF. Var is the collection of fixed points of Sat o Zd, while Ded is the collection
of fixed points of Zd o Sat. The functors Zd and Sat are isomorphisms when restricted
to Fix(Sat 0 Zd) and Fix(Zd o Sat), respectively. O
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The isomorphism between varieties and stable congruences is a result of the iso-
morphism between congruences and coequalizers in £'. We stated Theorem 3.5.9
in terms of stable congruences (i.e., deductively closed sets of equations) in keeping
with the historical motivation and with the traditional notion of “equationally de-
fined class”. However, one has the same result, more or less, in an abstract uniformly
Birkhoft category. We sketch the theorem here.

Let C be a uniformly Birkhoff category with equational domain X (i.e., for any
variety V, V = {nV}1). Call a quotient ¢: X—Q stable if ¢ L Q. In other words,
q is stable just in case Q € {q}*. If V = {¢}*, then, ¢: X—Q is stable just in case
Q= TVX (and ¢ = nY).

The quotients of X may be partially ordered by @ < @’ if there is a (necessarily
regular epi) Q—>Q’ in X/C. The resulting order StQ of stable quotients of X is
isomorphic to the collection Var of varieties in C, ordered by reverse inclusion. The
isomorphism takes a stable ¢ to {¢}*, while the inverse takes a variety V to the unit

ny -

3.6. The coalgebraic dual of Birkhoff’s variety theorem

We now consider the dual of Birkhoft’s theorem in categories of coalgebras. To
begin, we dualize the definitions of Birkhoff, variety, etc., to prove the dual of The-
orem 3.2.11. Following this, we show how this theorem applies to categories of coal-
gebras.

The co-Birkhoff theorem has been a hot topic lately, beginning with Jan Rutten’s
co-Birkhoff theorem for Set ([Rut96]). Peter Gumm and Tobias Schroder contin-
ued developing the co-Birkhoff theorem over Set in [GS98]. The following material
essentially dualizes the work done in the previous sections, so coequation satisfac-
tion is again an orthogonality condition (formally dual to equation satisfaction). It
can be seen as an extension of the work in [BH76], further developed in the papers
of Andréyka and Németi [AN83, Ném82, AN8la, AN81b, AN79a, AN79Db,
ANTS8|, discovered by the author after this work was completed independently. The
same approach was taken by Alexander Kurz in his dissertation [Kur00], again in-
dependently of the author.

3.6.1. The dual definitions. Here, we give the dual of the relevant definitions
in Section 3.2.1. This is straightforward, but we will explicitly state the definitions
here.

An arbitrary category is a quasi-co-Birkhoff category if it is regularly well-powered,
cocomplete and has epi-regular mono factorizations. Recall that a category has
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enough reqular injectives if every object is a regular subobject of an regular injec-
tive object. If, in addition, the category has enough regular injectives, then it is a
category!co-Birkhoff .

EXAMPLE 3.6.1. Any co-complete topos £ is co-Birkhoff. That it is regularly well-
powered and has epi-regular mono factorizations is clear. Because each object C' € £

has a mono C'—=PC and PC is regular injective, £ has enough regular injectives
[LM92, Corollary IV.10.3].

EXAMPLE 3.6.2. Top is a co-Birkhoff category. It is obvious that Top is regularly
well-powered, since monos in Top are regular injective functions. Also, every space
(X, O) is a regular subobject of an regular injective space. Namely, we can take
the space X and adjoin a single point whose singleton is open. This new space is
regular injective. That Top is cocomplete and has epi-regular mono factorizations is
well-known (a regular mono in Top is an embedding).

In Theorem 3.6.7, we will show that, given the category £ is co-Birkhoff and that
I' preserves regular monos, then the category &r is also co-Birkhoff.

The dual of Birkhoff’s (quasi-)variety theorem will state an equivalence between
subcategories satisfying certain closure conditions and class of objects that are or-
thogonal to some collection of arrows. The closure conditions are easily found: they
are the dual of the defining properties of (quasi-)varieties. Consequently, we say that
a full subcategory is a quasi-covariety if it is closed under codomains of epimorphisms
and coproducts and it is a covariety if it is also closed under regular subobjects.

An object X is orthogonal to a map f:A—B (written X 1 f — sometimes
this condition is stated as, f is co-orthogonal to X) if, for each b: X —B, b factors
through f. In particular, if f is an equalizer for e, es: B—C', then X L f iff every
map X —B equalizes e; and ey. If S is a class of arrows and V is a full subcategory,
we define the notations X L S,V L fand V L S, as before. The class of arrows
V| consists of all maps f such that V L f and the full subcategory S, consists of
all those objects X such that X 1 S. These operators form a Galois correspondence.

3.6.2. The abstract dual to Birkhoff’s theorem. We can now dualize the
theorems of Section 3.2.5, providing quasi-covariety and covariety theorems for ab-
stract co-Birkhoff categories. These theorems will then be interpreted in categories
of coalgebras & for co—Birkhoff £ and covarietor I' that preserves regular monos,
leading to a definition of coequation for such categories.
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Recall that G = (G, €, J) is a comonad just in case G is an endofunctor and &
(the counit) and 0 (the comultiplication) are natural transformations

€ZG—>10,
0:G—GG,

respectively, satisfying eqod =idg = Geoe and dgod = Gd o J.
The following theorem is the dual of Theorem 3.2.7.

THEOREM 3.6.3. Let C be a quasi-co-Birkhoff category and V a full subcategory
of C. The following are equivalent.
(1) V is a quasi-covariety.
(2) The inclusion UY :V—C has a right adjoint HY such that each component
of the counit e¥:1c—~UY HY is a regular mono.
(8) V. =S, for some collection S of regular monos.

ExAMPLE 3.6.4. Top has no interesting quasi-covarieties. Let V be a quasi-
covariety of topological spaces and suppose that there is a non-empty space A in V.
Then, since the space 1 is the codomain of an epi out of A, 1 € V. Hence, so is every
discrete space (as a coproduct of 1) and hence every topological space (since injects
into the discrete space with the same underlying set).

Unfortunately, we don’t have any good examples of covarieties or quasi-covarieties
outside of categories of coalgebras yet.

COROLLARY 3.6.5. Let C be a quasi-co-Birkhoff category and 'V a quasi-covariety
of C. Then
(1) The inclusion UV :V—C has a right adjoint H" .
(2) The unit n¥ :1y—=HYUY is an isomorphism.
(3) For each C € C, we have C € V iff C L €Y, where €V is the counit of the
adjunction UV 4 HV.
(4) The corresponding comonad, GV = (UVHY, eV, §V), is idempotent.
(5) The comonad GV preserves reqular monos.
Thus, if V is a quasi-variety of C, we have an adjunction,
UV
—T T
v T —c,
HV
where UV is full and faithful and every component of the counit
eV:UVHY—1
is a regular mono, while every component of the unit

77V:1—>HVUV
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is an isomorphism ([Bor94, Proposition 3.4.1, Volume 1]). Also, we have that any
object C' € Cis in V iff C' L €Y, in which case £Y is an isomorphism. From this, it
follows that the comonad GV is idempotent. In addition, the comonad GV preserves
regular monos, by the dual of Corollary 3.2.8, Item (5).

Theorem 3.6.3 provides a quasi-variety theorem which we will interpret in terms
of conditional coequations in Section 3.6.4. The following theorem is the formal
dual of the abstract Birkhoff theorem, Theorem 3.2.11. This is the theorem which,
when interpreted in categories &, yields the co-Birkhoft theorem for categories of
coalgebras.

THEOREM 3.6.6. If C is a co-Birkhoff category, then V is a covariety iff V=85
for some collection S of regqular monos with regular injective codomains.

3.6.3. Covarieties of coalgebras. The formal dualities of Sections 3.6.1 and
3.6.2 provide the basic background for the co-Birkhoff theorem, but our work is not
complete. In this section, we will show that categories of coalgebras over co-Birkhoff
categories are again co-Birkhoff, and also provide a definition of coequation and
coequation satisfaction to provide an interpretation of the co-Birkhoff theorem in Er.

That categories Er are co-Birkhoff follows, as before, by duality (of Theorem 3.3.1).

THEOREM 3.6.7. Let € be co-Birkhoff and I':E—E be a covarietor (so that U has
a right adjoint H ) that preserves reqular monos. Then Er is co-Birkhoff.

It is worth noting that, if £ and I" satisfy the conditions of Theorem 3.6.7, then
each coalgebra (A, «) is a regular sub-coalgebra of H A, which is injective if A is. We
will use this fact in interpreting the covariety theorem.

In what follows, we assume that £ is co-Birkhoff and I' preserves regular monos.
Under these assumptions, we notice that U preserves and reflects epis, regular monos
and colimits (by the dual to Corollary 1.2.15), so that U preserves structure relevant
to covarieties.

The regular subcoalgebras of HC play a role in the co-Birkhoff theorem that
is analogous to the quotients of F'X in Birkhoft’s variety theorem. This analogy
suggests the following definition.

DEFINITION 3.6.8. A coequation over C'is a regular subobject of UHC'. That is,
a coequation K is a(n equivalence class of) regular monos

K—UHC.

We take a coequation here to be a regular subobject. This is not the literal dual
of sets of equations in £'. There, the set of equations F is taken as a binary relation
on UFX. So, to dualize a set of equations, one would consider corelations on UHC.
Since these are less familiar objects, we prefer to consider the regular subcoalgebras
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themselves, which are dual to the quotients of F X by the pre-congruence generated
by E. For a discussion of corelations over coalgebras, see [Kur00].

There is also a sense in which the variety theorem is “really” about quotients
and orthogonality classes (rather than relations), and this motivates our definition
of coequations. Sets of equations arise in the classical setting, but as we saw in
Section 3.2.4, the variety theorem can be proved in terms of quotients in a wide variety
of categories in which one may not have a natural notion of “equational satisfaction”
(apart from orthogonality to a regular epi with regular projective domain, of course).

Some authors (notably, Peter Gumm in [GumO1la]) distinguish between single
coequations and sets of coequations, a distinction which we do not introduce. In order
for this distinction to arise, one states coequation satisfaction in terms of avoidance of
certain behaviors. We prefer the more straightforward definition given below (which
is equivalent for categories of coalgebras over Set), partly because it stresses the
coequation-as-predicate view which we exploit later.

Each coequation K=UHC' gives rise to a canonical subcoalgebra, of course, via
the [—]gc operator of Section 2.2.2. By Corollary 2.2.9, we know that any homo-
morphism f:(A, a)—HC factors through [K|y¢ just in case U f factors through K.
This fact, together with our work on equation satisfaction previously, suggests the
following definition.

DEFINITION 3.6.9. Let K=HC be a coequation over C' and i:[K|>=HC the
evident inclusion. We say that a coalgebra (A, ) forces K (written (A, a) k¢ K,
with the subscript sometimes omitted) just in case (A, a) L i.

In other words, (A, o) IF¢ K just in case, for every map p: A—C', the adjoint
transpose of p factors through K. Intuitively, this means that, no matter how one
“colors” the elements of A (with colors chosen from C'), each element of A is behav-
iorally indistinguishable (in the sense of I'-coalgebras) from an element of K of the
same color.

REMARK 3.6.10. In some ways, the forcing terminology here does not fit well
with the definition, since coequation forcing is really derived from the usual notion
of predicate satisfaction (not forcing). Nonetheless, we use the forcing terminology
in order to keep the distinction between equation satisfaction (orthogonality to a
quotient) and coequation satisfaction (co-orthogonality to a subobject) clear.

ExXAMPLE 3.6.11. Again, let 'A = X x A and suppose x € X. Let C' = 2, so
HCis (2 x X)“. Let

o, T:w—=2x X
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be defined by

for all n € w, and let K = {0, 7}, so K is a coequation over C.
Consider the coalgebras (A, o) and (B, 3), where A = {a} and a(a) = (z, a) and
B ={b, ¢} and

B(b) = (z, ¢)
B(e) = (z, b)

Then it is easy to see that (A, ) IF K, while (B, 3) |¥ K. Moreover, one can show
that (C, v) IF K just in case, for each ¢ € C, y(¢) = (z, ¢).

This example should support the view that coequational satisfaction says some-
thing about the internal structure of the coalgebra. Bisimilarity tells one about the
behavior of a coalgebra — what sorts of output the structure maps can generate.
In Section 3.9, we will see that coequation satisfaction is a finer way to distinguish
between coalgebras than bisimilarity classes. Example 3.6.11 suggests that coequa-
tion satisfaction gives some ability to distinguish the internal composition of distinct
coalgebras.

We now have a natural definition for coequational variety. A coequational variety
is the class of all coalgebras which satisfy some collection of coequations. That is,
V is a coequational covariety iff there is a collection S of regular monics with cofree
codomains such that V.= S;. With the new terminology, the following theorem is
an easy consequence of Theorem 3.6.7.

THEOREM 3.6.12. Let £ be co-Birkhoff and I':E—E preserve reqular monos. Sup-
pose also that U:Er—E is comonadic (i.e., I' is a covarietor) and let V be a full
subcategory of Er. Then 'V is a Birkhoff covariety iff V is a coequational covariety.

In Theorem 3.6.7, we showed that any covariety is the co-perp of some collection
of regular monos with regular injective codomains. Here, we simply note that each
object is a regular subobject of HC' for some regular injective C'. The dual of this
was shown in the proof of Corollary 3.3.2.

EXAMPLE 3.6.13. In [GS98], it is shown that the category Top®™" of topological
spaces and open maps is a covariety of Setr (where F is the filter functor).

EXAMPLE 3.6.14. Fix a set Z and let I':Set—Set be the functor
NrA=27xA,
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so that any I'-coalgebra (A, o) can be viewed as a collection of streams over Z (see
Example 1.1.7).

The cofree coalgebra HN is the final N x Z x — coalgebra — i.e., HN = (Nx Z)“.
Given an element 0 € HN, we can define

Col(o) ={moo(i) | i <w}

(equivalently, Col(c) = {enot'(c) | i < w}, where ¢ is the tail destructor). In other
words, Col(o) is the set of all colors that occur in the stream o. Define a coequation
@ over N by
¢ ={o | card(Col(0)) < Ro},

(where card(X) is the cardinality of X) so o € ¢ just in case only finitely many
colors occur in o.

One can check that, for any I'-coalgebra (A, «), we have (A, a) IF ¢ just in case,
for all a € A, there is n > 0, m > 0 such that

(@) = £""(a),

(where av = (h, t)). In other words, (A, a) IF ¢ iff each stream in A has only a finite
number of “states”.

EXAMPLE 3.6.15. Fix a set Z and let I': Set—Set be the functor
r's = (PﬁnS)I.

In Example 1.1.11, we learned that I'-coalgebras (S, o)may be regarded as non-
deterministic automata, where the elements of S are the states of the automata. We
say that, on input i € Z, there is a transition s—>s' just in case s’ € o(s)(i).

The deterministic automata are those automata (S, o) such that, for each s € S
and each i € Z, there is at most one s’ such that s->s'. Let Det denote the class of
deterministic automata, so Det C Setr. Then it is easy to see that Det is a covariety
in Setr.

In fact, one can show that there is a coequation K over 2 colors that defines Det.
Namely, define K C UH2 by

K={xe€UH2|ViecIVy,zei(z)(i).c2(y) =e2(2)},
where §:UH2-I"U H2 is the structure map for H2. Then, it is easy to show that
(A, a) IF K iff (A, a) € Det .
EXAMPLE 3.6.16. In this example, we will use an coalgebraic specification syntax
for object oriented programming languages adopted from Bart Jacobs (see [Jac99,
RTJO01], for instance). In Section 2.1.5, we discussed a simple specification in which

we gave the signature of certain methods, thus determining a category Setr of models
of the class. In this specification, we extend the previous example to include such
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assertions, thus restricting the coalgebras in which we are interested to a subclass of
Setr. In fact, these assertions determine a covariety of Setr (and so, in fact, the
models form a category of coalgebras for a comonad).

Typically, in coalgebraic specifications, one allows assertions about the “observ-
able” behavior of methods, so that the class of coalgebras which serve as models
for the specifications is closed under bisimulations. We extend the usual class of
assertions to allow for equations between states of the coalgebras, in order to fully
utilize the expressive power of coequations, ignoring the usual conceptual reason for
restricting attention to observable behavior.

We consider the class DecCounter introduced in Section 2.1.5, although we view
it as a basic class (rather than a class which inherits from Counter). We add to the
previous specification two assertions, as shown here.

begin DecCounter
operations
inc: X—X
val: X —N
dec: X—=X +1
assertions
V. val(inc(x)) = val(z) + 1
Vx. dec(inc(x)) ~
V. dec(x) = * iff val(z) =0
end DecCounter
Here, ~ indicates the bisimilarity relation. Thus, the class of models of DecCounter
is intended to be the class of — x N x (— + 1)-coalgebras (A, a)such that, for every

a€ A,
Vg 0 tg(a) = va(a) + 1,

dy 0ig(a) ~ a,

where a = (iq, Vq, do). Note that d,o0i,(a) ~ a just in case lod, 0i,(a) =!(a), where
l'is the unique homomorphism from (A, «) to the final — x N x (— + 1)-coalgebra.

It is easy to see that the class of models of DecCounter is a variety for a co-
equation K over 1 color (i.e., a subset of the final coalgebra, H1). In fact, this is a
corollary to the discussion of behavioral covarieties in Section 3.9, but we explicitly
give the coequation here. Indeed, let (i,, vy, dy) :UH1>UH1 x N x (UH1 + 1) be
the structure map for the final coalgebra and define sets

Ky ={x € UHI1 | v, 0i,(x) = v,(x) + 1}
Ky={x € UH1 | d, oi,(x) =z}
K3 ={x € UH1 | dy(z) = * iff v,(x) =0}



148 3. BIRKHOFEF’S VARIETY THEOREM
Let K = K1 N KN K3. Let (A, a) be given, a = (iq, Va, do). Then, for any a € A,
Vg 0 l(a) == v, 0 1,0!(a) and
Vo = v50l(a) + 1,

so (A, a) IF K just in case (A, a) satisfies the first assertion. Similarly, one checks
that (A, a) forces Ky, K3 resp., just in case (A, «) satisfies the second, third resp.,
assertion.

If, on the other hand, we want the result of applying dec oinc to return an object

to the same state, rather than to a “merely” indistinguishable state®, then we may
replace the second assertion with the related assertion

V. dec(inc(x)) = .

In this case, a coequation over one color does not suffice, again for reasons that we
present in Section 3.9. However, there is a related coequation over two colors that
defines the class of models for this specification. Namely, we define again three sets
as follows:

K ={x € UH2 | v, 0i,(x) = v,(x) + 1}

Ky={x€UH2 | ey0d, 0i,(x) =ey01}

K, ={x € UH2 | d,(x) = * iff v,(z) =0}
(We implicitly require that the equation in the definition of set K} is well-typed, so
that d, oi,(x) € UH2.) We define K’ C UH?2 to be the intersection of K1, K} and
K. We assert that (A, a) IF K’ just in case K’ satisfies the requisite assertions. In
particular, (A, o) IF K just in case, for every a € A,
(18) dy 0in(a) = a.

Indeed, suppose that, for every a, Equation (18) holds, and let p: (A, a)—~H2 be
given. Then, for every a € A,
gr0d, 00, 0p(a) =e30pod,oisla)=ez0p(a),

and so p(a) € K.
On the other hand, suppose that there is an a € A such that Equation (18) does
not hold. If d, o i,(a) = *, then it is easy to show that (for any p: (A, a)—=H2),

pla) & Ky,

and so (A, o) If K'. Suppose, then, that d, oi,(a) € A. We may define a coloring
p:A—2 such that

plda 0 ia(a)) # pla).

3Again, we do not justify this desire here, although one has the idea that the strengthened
assertion regarding equality of states is related to assertions describing final methods.
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Let p: (A, a)—H2 be the adjoint transpose of p. Then

€20 dy 0y 0 p(a) = p(da 0 ia(a)) # Pla) = e3(a),

and so again (A, «a) If K'. Consequently, if (A, a) IF K’, then every a € A satisfies
Equation (18).

3.6.4. Quasi-covarieties of coalgebras. We interpreted the covariety theorem
in categories of coalgebras by introducing a notion of coequations. In this section,
we revisit the quasi-covariety theorem (Theorem 3.6.3) and interpret it in terms of
conditional coequations. Conditional coequations arise as an obvious generalization
of coequations, by relaxing the condition that the codomain of the regular mono is
cofree. We hope to motivate the use of the term “conditional” by showing that the
natural forcing definition for these regular subobjects is equivalent to a conditional
forcing of a “proper” coequation.

A similar presentation of conditional coequations (in terms of modal rules) can
be found in [Kur00, Kur99|). The material of this section covers much of the
same ground as Andréyka and Németi covered for the dual (algebraic) theorems in
[Ném82, AN8la, AN81b, AN79b|. This material was developed independently
prior to the author’s discovery of the related research.

A coequation over C' is just a regular subobject of the cofree coalgebra UHC'.
More generally, we could consider regular subobjects of the carriers of arbitrary coal-
gebras. This suggests the following definition, although we postpone justifying the
use of the term “conditional”.

DEFINITION 3.6.17. A coequation!conditional — (over (A, «)) is just a regular
subobject

Kr——A

of A =U(A, o). We sometimes subscript a conditional coequation by « to indicate
its codomain.

Recall that [K] is the largest subcoalgebra of (A, ) whose carrier is contained in
K. We say that (B, () Ik, K just in case (B, 3) L i, where

i:[K]—=(A, «a)
is the inclusion.

Hence, a coequation K over C'is just the same as a conditional coequation over
HC|, and so the conditions (B, ) IF¢ K and (B, ) lFyc K are really just the same
statement. Nonetheless, we hope no confusion arises from the notational differences
between coequations and conditional coequations.

In terms of conditional coequations, Theorem 3.6.3 yields the following theorem.
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THEOREM 3.6.18. Let £ be quasi-co-Birkhoff and I" preserve reqular monos. Then,
for any class V of I'-coalgebras, V is a quasi-covariety iff there is a collection S of
conditional coequations such that

(B, B) €V iff VK, € 5. (B, B) IFo K

EXAMPLE 3.6.19. Let G = (G, ¢, ) be a comonad over £, and assume that G
preserves regular monos. Then, the category £g of coalgebras for the comonad is a
variety in the category £ of coalgebras for the endofunctor. Indeed, it is easy to
check that &g is closed under epis, regular subcoalgebras and coproducts.

If G is not a covarietor?, then Theorem 3.6.12 does not apply — so, we cannot
guarantee a collection of coequations defining £g. However, we may apply Theo-
rem 3.6.18 in this case, to conclude that there is a collection S of conditional coequa-
tions defining the covariety £g.

Indeed, it is not hard to explicitly give a collection S which suffices. For each
(A, a) € &g, let @, be the equalizer shown below.

gA0Q

b, —A A

ida
That is, ®,, is just the equalizer of the counit diagram from Definition 2.1.2. Similarly,
let ¥, be the equalizer of the co-distributivity diagram, shown below.

daoa

v, —=A G%A

Gaoa

Let S be the collection (abusing set notation)

{Pa AN, | (A, a) € Eq}
Then it is easy to show that, for any (B, ) € &g,

(B, B) € & iff (B, B) I S.

In the remainder of this section, we will focus on a special class of quasi-covarieties:
those that are defined by a single conditional coequation. Our purpose is to show
that the so-called conditional coequations really do reflect a notion of conditional
forcing. Namely, given a conditional coequation i: K>=U(A, a), we may view A as a
coequation as well — namely a coequation over the object A of colors (or, if A is not
projective, then a coequation over some projective of which A is a regular subobject).

“Note: The fact that G is the functor part of a comonad does not seem sufficient to infer that
U:Eq——E€
has a right adjoint — although the related forgetful functor
U:E——=E

certainly does have a right adjoint.
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We will show that a coalgebra (B, ()forces K just in case (B, () IF A = K (although
we still owe a definition of this latter condition).

Given a pair of coequations K, L over a common object of colors, C, we call
K = L an =-coequation. We say that a coalgebra (A, a) forces K = L (written
(A, a) IF¢ K = L) just in case, for every homomorphism p: (A, a)—HC, if Up
factors through K, then Up factors through L. In other words, (A, a) k¢ K = L if,
whenever p: (A, a)—HC and Imp < [K], then Imp < [L].

REMARK 3.6.20. The condition that
(A, o) IF K= L

is not the same as
(A, a) IF K — L

, where K' — L is defined in terms of the Heyting algebra structure of RegSub(UHC').
In fact, one can show that, for any K, L, (A, «a), if (A, a) IF K — L, then (A, a) IF
K = L, but the converse does not hold.

For example, let I'’X = X x X. Let

(€9, I, r):UH20—>2 x UH2 x UH?2
be the structure map for H2. Define coequations K, L over 2 by
K={oceUH2|o=I(0)}
L={ce€UH2|o=r(0)}
Let A = {a,b} and o = (l, 70): A—A X A be defined by
a(a) = (b, b),
a(b) = (b, a).
We will first show that (A, ) IF K = L. Let
p:A——2

be given such that Imp < K, where p is the adjoint transpose of p. Then, since
pla) € K, it follows that p(a) = p(b). Hence, Imp < L.
However, it is not the case that (A, o) IF K — L. Let p(a) = 0 and p(b) = 1.
Then, p(b) € K but p(b) ¢ L. Hence,
ImpANK £ L
and so Imp £ K — L.

We wish to show that conditional coequations (in the sense of Definition 3.6.17)
coincide with =--coequations. More precisely, given any conditional coequation M
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over (A, «v), there is an =-coequation K — L over C, for an appropriate projective
object C', such that

(B, B) IFq M iff (B, ) IF¢ K = L.
Also, given any =-coequation K = L, there is an (A, ) and M < A such that the
same equivalence holds. This fact motivates the terminology “conditional coequa-
tion”, since each conditional coequation can be expressed as a coequation of the form

K= L.

THEOREM 3.6.21. Let £ be a Birkhoff category, I' a varietor the preserves reqular
monos. Let (A, a) € Er and C an injective object such that A < C. Then, for any
conditional coequation M over (A, «), there is an =-coequation K = L over C such
that

(19) (B, B) ko M iff (B, B) ke K = L.

Conwversely, if £ has binary intersections, for any =-coequation K = L over C, there
is a (A, a), with A < C and a conditional coequation M over (A, o) such that (19)
holds.

PROOF. Let m: M>>A, where A = U(A, o) and C injective with i: As>C. We
claim that (B, ) Ik, M just in case (B, ) IFc A = M.

Indeed, suppose that (B, () I M, so that every homomorphism (B, §)—(A, «)
factors through M. Let f:(B, 8)—=HC be given and suppose that f factors through
A (as in Figure 9), f = i o g for some g: B—A. Then, by Corollary 1.2.10, g is also
a homomorphism and so g factors through m. Hence, (B, §) IF A = M.

UHC

il

B—s— A

RN¢

M

FIGURE 9. (B, §) Ik, M iff (B, f) IF¢ A= M

Conversely, suppose that (B, §) IF A = M and let g:(B, §)—(A, a) be given.
Then 7 o g factors through A and hence factors through M, iog =14i0omok. Since i
is monic, we see that g factors through M.

On the other hand, let K, L < UHC. Let [K]gc = (A, a) (so (A, a) is the
largest subcoalgebra of HC' contained in K). We claim that (B, ) I, LN A just in
case (B, ) IF¢ K = L.
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Suppose that (B, 8) Ik, LN A. Let f:(B, 8)—HC be given and suppose that
ImUf < K. Then, by Corollary 2.2.9, Im f < [K] = (A, a) andso ImUf < LNA<
L. Hence, (B, ) k¢ K = L.

Suppose now that (B, ) k¢ K = L, and let g:(B, #)—(A, a) be given. Since
A < K, the map g factors through L and hence through AN L. Thus,

(B, B)IFo AN L.

3.7. Uniformly co-Birkhoff categories

In Section 3.4, we considered those categories in which every variety V is of the
form V = {p: A—e}, for some regular epi p, regular projective A. In the case of
categories of algebras, we could take A to be free over some projective object X
“of variables”. Thus, if €T is uniformly Birkhoff, then there is some X such that
every variety is definable by a set of equations over X. In the classical setting of
Set”, where P is a polynomial functor, we could take X to be any infinite set, in
accordance with the 1935 Birkhoff variety theorem.

We wish to consider the analogous conditions for categories of coalgebras and
their covarieties. Namely, what conditions suffice to conclude that there is an regular
injective C' such that every covariety V of &r is definable by a coequation over C'7 In
more detail, we want conditions that ensure that, for every V, there is a Ke=UHC
such that

V = {<A, OZ) € &r | <A, O./> IFo K}

As we shall see in Section 3.8, K can always be taken to be the carrier of a sub-
coalgebra. Thus, the question is when V = {i:ex>H(C}, for some regular mono
['-homomorphism .

DEFINITION 3.7.1. A co-Birkhoff category C is uniformly co-Birkhoff just in case
there is an regular injective C' € C such that, for every variety V, there is a regular
mono i: K>=C' such that V = {i},. In this case, we call C' a coequational codomain.

3.7.1. Conjunctly irreducible coalgebras and conjunct sums. Here, we
prove an analogue to Birkhoff’s subdirect representation theorem ([Bir44]). The so-
called conjunct representation theorem was first proved by Gumm and Schréder for
categories of coalgebras over Set (see [GumO1lb, Gum98, Gum99]). We generalize
their work here. We begin by stating the relevant definitions for the classical theorem
as well as the theorem itself, which we take from [Gra68]. For the classical theorem,
we work in Set® for a polynomial functor P.
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Call an algebra (A, «)subdirectly irreducible just in case, whenever {©;};cs is a
family of congruences on (A4, a)with A\ ©; = A,, the diagonal on (A, «), then one of
the ©; equals A,.

THEOREM 3.7.2 (Subdirect representation). For any (A, a) in Set”, there is a
family {(A;, a;) bier such that each (A;, «;) is a quotient of (A, a) and

(A, o) < J[{Ai, o).

The material that follows is a good example of the limitations of formal dualities.
The proof of the conjunct representability theorem given here does not follow from
a simple dualization of the proof of the subdirect representability theorem. The
classical theorem relies on finding, for each a # b in an algebra (A, a), a congruence
R, such that ~R,;(a,b) and taking the product of the A/R,; for pairs of distinct
a, b. This approach does not easily dualize to yield the coalgebraic theorem, and
so a different approach is used. Nonetheless, an analogous result is obtained — the
conclusion of the theorem is dual to the subdirect representation theorem, but the
assumptions required and the methods used are not dual.

Throughout this section, we assume that £ has epi-regular mono factorizations,
finite limits and all coproducts and that I' preserves regular monos.

The following definition is dual to subdirect products in the classical theorem.

DEFINITION 3.7.3. Let A € C. A conjunct covering of A is a collection of regular
MONos

{CivisAliel}
such that the map
Hie] Ci @A
is a regular epi.
The requirement that [[ C;—A is a regular epi, instead of just epi, is necessary
only so that conjunct covers are stable under pullbacks. In what follows, we may
replace regular epis with epis if we also require that all epis are stable under pullback,

rather than just requiring that C is a regular category.
Next, we dualize the notions of subdirect irreducibility and representability.

DEFINITION 3.7.4. We say that an object A € C is conjunctly irreducible iff,
whenever we have a non-empty conjunct covering of A,

Hie] c, [Cih‘eIA

Y

then one of the ¢;’s is an epi (and hence an isomorphism).
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DEFINITION 3.7.5. We say that a conjunct covering
{ei:Ci—=A}icr

of A is a conjunct representation of A if each C; is conjunctly irreducible. We say
that C is conjunctly presentable if each object A € C has a conjunct representation.

An object A is, by definition, conjunctly irreducible just in case, for every family
{Ci}ier of regular subobjects of A, if [[C; covers A, then one of the C; covers A.
The following theorem shows that whenever A is conjunctly irreducible, then, for any
family {C;};e; which covers A, one of the C;—A is epi.

THEOREM 3.7.6. Let C be a category with epi-reqular mono factorizations. An
object A € C is conjunctly irreducible iff for every collection of maps (not necessarily
monic)

{C;2=Aliel}
such that the induced map
HzeI C [Cl—lEiA

15 a reqular epi, there is some © € I such that c; is epi.

PROOF. Suppose that A is conjunctly irreducible. For each i, take the epi-regular
mono factorization, as shown below.

C/\A

N,

Then, it is easy to see that the d;’s form a regular cover of A, and so there is some ¢
such that d; is an epi. Hence, ¢; is also an epi. O

For the remainder of this section, we will be interested in categories in which
coproducts commute with pullback, a generalization of distributive categories. Such
categories are called extensive. We present the definition here and state without
proof a theorem (found as Theorem 5.5.8 in [Tay99|) giving an equivalent definition
of extensive. See also [Coc93] for a discussion of extensive categories, a subject we
return to in Section 4.1, where we show that &r is extensive, given that £ is extensive
and I" preserves regular monos and pullbacks along regular monos.

DEFINITION 3.7.7. A category with finite coproducts is extensive if, in the dia-
gram in Figure 10, the squares are pullbacks just in case the top row is a coproduct
diagram.

Any extensive category with finite limits is distributive.
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X Y
A B

FiGureE 10. In an extensive category, the squares are pullbacks iff
Z=X+Y.

KA A B KB

THEOREM 3.7.8. Let C have all pullbacks. C is extensive just in case

e C has a strict initial object, i.e., any map e—0 is an isomorphism;
e coproducts are disjoint, i.e., the diagram below is always a pullback;

0 A
N
B—A+B

e coproducts are stable under pullback, i.e., if the squares in Figure 10 are
pullbacks, then Z = X +Y.

In particular, then, every topos is extensive.

We use the property that coproducts commute with pullbacks to ensure that the
pullback of a conjunct covering is again a conjunct covering. This, in turn, will ensure
that a coalgebra is conjunctly irreducible just in case it is generated by a conjunctly
irreducible subobject.

THEOREM 3.7.9. Assume C is a reqular, extensive category. Let f: A—B be given
and let

{Civ2=B|iel}

be a conjunct covering of B. Then pulling each C; back along f yields a conjunct
covering of A. In other words, pullbacks preserve conjunct coverings.

PRroOF. For each i, take the pullback
d

il

)

C

i~ B

(20)

0

Pullbacks preserve regular monos, so all that remains is to show that the map from
the coproduct of the D,’s is also a regular epi. But, since pullbacks commute with
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coproducts, the following square is a pullback.

[ Di — A
) l
UﬁC——TbB

By regularity, the top arrow is a regular epi. U

THEOREM 3.7.10. Let C be reqular and extensive. Let A be conjunctly irreducible
and suppose f:A-=B is an epi. Then B is conjunctly irreducible.

PROOF. Let
{Civ2sB|iel}
be a regular covering of B and take the pullbacks as in the proof of Theorem 3.7.9.
Since A is conjunctly irreducible, there is an ¢ such that D; = A. Because of the

commutativity of the pullback square (20), ¢; is an epi and hence is an isomorphism.
O

DEFINITION 3.7.11. Let (A, a) be a I'-coalgebra and S a regular subobject of A.
We say that S generates (A, a) if no proper regular subcoalgebra of (A, a) contains

S.

Recall that in Section 2.3, we showed that whenever I' preserves non-empty in-
tersections, the subcoalgebra forgetful functor U, :SubCoalg (A, o) — RegSub A has
a left adjoint, (),:RegSub(A)— SubCoalg (A, ). In this case, it is easy to see that
S generates (A, «) just in case (S), = (4, ).

THEOREM 3.7.12. Let £ be a regular, extensive category. Suppose further that
E is conjunctly presentable. Let (A, o) be a I'-coalgebra. Then (A, &) is conjunctly
irreducible (in Er ) iff there is some reqular subobject S of A such that S is conjunctly
irreducible (in ) and S generates (A, a).

PROOF. Suppose that there is some conjunctly irreducible S which generates
(A, o) and let

{{Cis vy (4, ) | i € I}
be a conjunct covering of (A, a). Then
{CivisAliel}

is a conjunct covering of A in & (since U preserves regular monos and regular epis).
Consequently, when we pull it back to S, as shown below, we have a conjunct covering
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of S.
II,C;—> 5

r]
[[,Ci— A
Hence, for some i, C! is isomorphic to S, and so we have S < C; and so, since S
generates (A4, a), (A, a) = (C}, 74).

For the converse, assume that, for every conjunctly irreducible C' in A, there is a
proper regular subcoalgebra (D, d) containing C'. Pick a conjunct representation of
A,

{CivisAliel}

For each C}, pick a proper regular subcoalgebra (D;, ¢;) of (A, a) that contains C;.
Then the (D;, d;)’s form a conjunct cover of (A, @) and none of the (D;, ¢;)’s are
isomorphic to (A, a). Consequently, (A, ) is not conjunctly irreducible. O

Hence, if I' preserves non-empty intersections, so that we have () - U, the category
Er is conjunctly presentable if £ is. This is because every coalgebra (A, a)can be
conjunctly covered by (C;), where {C;};cs is a conjunct representation of A.

THEOREM 3.7.13. Let £ be reqular, extensive and conjunctly presentable and let
I’ preserve non-empty intersections. Then Er is conjunctly presentable.

PROOF. Let (A, a) be a I'-coalgebra and let
{Ci : CZI>—>A}

be a conjunct representation of A (in £). Then, by Theorem 3.7.12, each (C}), is
conjunctly irreducible. Because the diagram below commutes (in £), and because U
creates colimits, the (C;)’s form a conjunct representation of (A, ).

[HU(Ci) == A

|
[1C
Il

In the remainder of this section, we give sufficient conditions to ensure that the
base category £ is conjunctly presentable. As a corollary to this, Set is a conjunctly
presentable, but that fact is easy enough that one would prove it directly. We offer
this discussion to indicate that other categories are also presentable — although the
assumption we use (that £ is well-pointed) is a strong assumption. In a sense, we
show here that sufficiently “Set-like” categories are conjunctly presentable.
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DEFINITION 3.7.14. Let C be a cocomplete category. A set {U,};er of objects of
C is a (regular, resp.) generating family if, for every C' € C, there is a J C I such
that there is (regular, resp.) epi

[Lie, Ui—C.

It is immediate that, if £ has a regular generating family of conjunctly irreducible
objects, then & is conjunctly presentable. It is almost as obvious that, if £ has a
regular generating family in which each object is conjunctly presentable, then £ is
conjunctly presentable, as the following theorem shows.

THEOREM 3.7.15. Let € have a set {U;}ier of reqular generators and assume that
each U; has a conjunct representation. Then & is conjunctly presentable.

PROOF. Let S; be the set of conjunctly irreducible objects in the conjunct repre-
sentation of U;. Then (J,.; S; is a regular generating family of conjunctly irreducible
objects. 0

The following definition is stated in terms of toposes with all colimits just for
consistency with the definition of generating families above. Both definitions are
more general than we have stated here, but we are at present interested only in
generating families in cocomplete categories, as it is in these categories that the
concept is closely related to conjunct coverings.

DEFINITION 3.7.16. A topos & with all colimits (equivalently, limits) is well-
pointed if 0 # 1 and 1 is a (regular) generator for £ (i.e., {1} is a generating family).

See any good topos theory book for a discussion of well-pointed toposes, including
[LM92, BW85] or [Bor94, Volume III]. In what follows, we use the fact that, in a
topos, every epi is regular.

Cram 3.7.17. In a well-pointed topos, any A # 0 has a global point.

PROOF. If A # 0, then the classifying maps for 0 < A and A < A are distinct.
Hence, there must be a map 1—=A which distinguishes them. O]

THEOREM 3.7.18. Let £ be a well-pointed topos with all colimits and suppose that
& 1s reqular. Then & is conjunctly presentable.

ProoF. We first show that 1 is conjunctly irreducible. Let
{¢;:Ci—>1}

be a conjunct covering. Then [[C; # 0 and so, for some i, C; # 0. Hence, C; has a
global point z. Since the composite

A SN |
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is the identity, ¢; is an isomorphism.
Since every object is covered by a coproduct of 1’s, the result follows. O

As a final aside, we point out that in a well-pointed topos with all colimits, the
only conjunctly irreducible objects are 0 and 1.

COROLLARY 3.7.19. An object C' in a well-pointed topos with all colimits is con-
gunctly irreducible iff C =1 or C' = 0.

ProoF. Clearly, 0 and 1 are irreducible. Let C be given, and suppose C' is
conjunctly irreducible. Suppose also that C' is not initial. Then C' can be written
as a non-empty coproduct of 1’s. Hence, since C' is assumed irreducible, C' must be
isomorphic to 1. 0

3.7.2. Bounded functors. Throughout this section, we assume that £ is co-
Birkhoff and that I' is a covarietor that preserves regular monos. We use some of the
terminology of the preceding section in order to define the relevant terms here — in
particular, in order to define bounded functor. It should be noted that Jiri Adamek
recently showed that bounded Set functors are just the accessible functors (JAPO1]),
although we do not exploit this discovery in what follows.

DEFINITION 3.7.20. Let £ be conjunctly presentable and let I':£—&. We say
that I' is a bounded by C' € £ just in case for each I'-coalgebra (A, a), there is a
conjunct representation

{c;:Ci—=At}icr
of A such that, for each i, there is a regular subcoalgebra
(D, 0:;) < (A, )
such that C; < D; < (.
The lemma below is the dual of Lemma 3.4.12.

LEMMA 3.7.21. Let V be a covariety in the co-Birkhoff category C and let A be a
reqular subobject of B. Then

{ep}e C{eX)
PROOF. Let C L €Y and let f:C—A be given. Let
Av—B—=F

be an equalizer diagram. Because GV preserves equalizer diagrams (the dual of
Corollary 3.2.14), the bottom row in Figure 11 is an equalizer. The vertical arrows are
counits for the comonad (GV, €Y, 6V). Because C' L €%, we have a map C—~GV B,
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c—1 A B E

GVA—>=GVB—=GVE

FIGURE 11. If A < B then {e%}, C{e¥}..

as shown. By naturality, the diagram
Cv—GVYB=—=GVE
commutes, yielding the factorization of f through GV A, as shown. U

The next theorem is another example of a “dual” theorem which is not proved
“by duality”. The algebraic analogue to Theorem 3.7.22 is Theorem 3.4.15, in which
we showed that, if £ is Birkhoff with enough retractably presentable regular projec-
tives and a regular projective X satisfying certain properties and I" preserves filtered
colimits and regular epis, then £ is uniformly Birkhoff. These assumptions do not
dualize in a reasonable way (since the dual of the conditions on X, say, involves dual-
izing finitely presentable objects, and the result of that is unfamiliar and apparently
uncommon). Hence, we offer a separate proof of the uniformly co-Birkhoff theorem
here, one which is apparently simpler than the algebraic version, but again does not
dualize in an obvious way.

The reader should note that in the following theorem, we do not suppose that £ is
uniformly co-Birkhoff. Again, this is a different approach to reach a result analogous
to that of Theorem 3.4.15.

THEOREM 3.7.22. Let £ be conjunctly presentable. If I':E—E is bounded by C,
then Er is uniformly co-Birkhoff.

PROOF. Let D be a regular injective object of € such that C' < D (€ has enough
regular injectives). Clearly I' is bounded by D. We already know V C {e¥p}..
We will prove the other inclusion, in order to conclude that HD is a coequational
codomain.

Let (A, o) L eY, and let

{Ci . CZI>—>A}
be a conjunct representation of A. For each i, choose a regular subcoalgebra (D;, d;)

of A such that C; < D; < D. Because {€};p} is closed under regular subobjects, we
see that (D;, &;) L eyyp for each (D;, §;).
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Each Uns, is a regular mono (since ey o Un = 1), and U reflects regular monos.
Hence, since U and H also preserve regular monos, we see that

(D;, ;) < HD; < HD.

We apply Lemma 3.7.21 to conclude that each (D;, 6;) L ). Hence, each (D;, §;) €
V (Corollary 3.6.5), and so [[(D;, d;) € V. Because U creates coproducts and
reflects epis,

H <Dia 5Z>—»<A> CY)
is an epi, and so (4, a) € V. O

3.8. Invariant coequations

In Section 3.5, we presented Birkhoff’s deductive completeness theorem in terms
of closure operators on sets of equations, that is, subsets of UFX x UFX. In this
section, we present the dual theorem, which we call the invariance theorem. As we will
see, the dual of deductive closure leads to two S4 necessity operators for coequations.
The first operator is just the subcoalgebra operator [ from Section 2.2.2. The second
operator, X, was first introduced in [Hug01], in which this material is also covered.
It takes a coequation to the largest endomorphism-invariant sub-coequation.

Throughout this section, we assume that £ is a co-Birkhoff category and I' is a
regular-mono-preserving covarietor, so that the coalgebraic covariety theorem applies.

The deductive completeness theorem says that a set E of equations is the equa-
tional theory for some class V of algebras just in case E is deductively closed. Pre-
viously, we introduced a closure operator

Tdyx :Sub(E7)—= Rel(UF X, UFX),

taking a class V to the largest set of equations over X which V satisfies. This
operator forms a Galois correspondence with the operator

Satx :Rel(UFX,UFX)——=Sub(&Y),

taking a set of equations to the variety it defines. Dually, we may define operators,
for each injective C,

CoZd¢:Sub(Er)— RegSub(UHC),
Free:RegSub(UHC)—— Sub(&r),

in the obvious way. Namely, if V is a class of coalgebras, and K < UHC, then
(abusing set notation in the second definition)

CoZd(V) = N\{L <UHC | V I+ L},
Fre(K) = {(4, a) | (4, o) IF K}.
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Again, of course, we have a pair of adjoint functors, CoZd - Fre. Note, however,
that both of these functors are covariant. That is,

CoZd(V) < K it V < Fre(K).

In ibid, the coequation CoZd(V) is called a generating coequation , since it gives
a measure of the “coequational commitment” of the class V. In particular, whenever
V Ik K, then CoZd(V) < K.

Our goal, then, is to find conditions on K < UHC such that K = CoZd(V) for
some class V of coalgebras. As before, the conditions should be “syntactic” terms,
without reference to the coalgebras which force K. We begin by introducing the
notion of endomorphism-invariance.

The notion of an endomorphism-invariant coequation arises as the dual to a stable
set of equations, that is, a set of equations closed under substitutions of terms for
variables. More accurately, endomorphism-invariant coequations are dual to stable
quotients, and the invariance operator plays the role of closure under substitution.

DEFINITION 3.8.1. A coequation K over C is endomorphism-invariant just in
case, for every homomorphism

p:HC——=HC,
the image of K under p is contained in K, i.e.,
3,K < K.

Sometimes, we write endo-invariant, or possibly just invariant, for endomorphism-
invariant. However, the reader should be aware that other authors say that a sub-
object K of U(A, ) is invariant (or “a-invariant”) just in case K is the carrier of a
subcoalgebra of (A, «). Indeed, we use a similar terminology (“«, S-invariant”) in the
proof of Theorem 2.5.25. This is a different concept than endomorphism-invariant.

An endomorphism HC—HC' is equivalent to a

4

‘re-painting” of the elements of
UHC, again drawing colors from C. A coequation K is endo-invariant if, under every
such re-painting, the elements of K are behaviorally (including color) indistinguish-
able from elements that were already in K before the re-painting.

REMARK 3.8.2. The definitions of endomorphism-invariant, CoZd and Frc could
be stated for arbitrary coalgebras, rather than just cofree coalgebras. We ignore the
generality here in favor of focusing on the problem at hand, but see [Hug01].

REMARK 3.8.3. Coequations over 1 are always endomorphism invariant, and so
X, is just the identity.
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Let Inv(C') denote the full subcategory of RegSub(U HC') consisting of the invariant
coequations over C' and let
I :Inv(C)—— RegSub(UHC')
be the inclusion functor.

THEOREM 3.8.4. Ic has a right adjoint.

PrOOF. Let K < UHC and define
PBx ={L<UHC |Vp:HC——HC(3,L < K)}.
We define a functor Jo:RegSub(UHC)— RegSub(UHC) by
Jo(K)="\/ L,
LePx

omitting the subscripts on I and J when convenient.
We first show that JK is invariant. Let

r-HC——=HC

be given. In order to show that 3,JK < JK, it suffices to show that 3,JK € L, i.e.,
for every homomorphism p: HC—HC', we have 3,(3,JK) < K. A quick calculation
shows
33 JK =3 \/ L=\ Fl<K.
LePk LePk
Next, we show that I - J. Let L be invariant. If L < K, then, for every

endomorphism p,
3,L<L<K,
so L € Pk and hence L < JK. On the other hand, if L < JK, then
L<JK <K.
O
The adjoint pair I - Jo yields a comonad Ko = IoJo. We will prove that X

is an S4 necessity operator, just as we showed in Theorem 2.2.16 that [J is an S4
operator. First, some examples calculating XK for a coequation K.

EXAMPLE 3.8.5. Let 'S = (P5,5)%, as in Example 3.6.15. Recall that the class of
deterministic automata Det forms a covariety of Setr, where the defining coequation
K over 2 is given by

K={x€eUH2|VieZIVy,z€o(x)(i).ea(y) =e2(2)}
It is easy to show that
XK ={x€eUH2|VicIVy,z€o(x)(i).y==z},



3.8. INVARIANT COEQUATIONS 165
or, more simply,
XK ={xecUH2|VieTI.card(o(x)(i)) <2}.

ExaMPLE 3.8.6. Recall the functor 'A = Z x A and the coequation ¢ over N
defined by

¢ = {0 | card(Col(o)) < Ro},
from Example 3.6.14. For each 0 € UHN, let
St(o) = {t"(o) [ n € w},
where (e, h, t):UHN>>N x Z x UHN is the structure map for HN. Then
Ky = {0 | card(St(0)) < Ro}.

In other words, o € Wy just in case the coalgebra [0] < HN generated by o, as in
Section 2.3, forces .

THEOREM 3.8.7. X is an S4 necessity operator.

PROOF. Again, since X is a comonad, it suffices to show that X preserves finite
limits. It is obvious that T is invariant (so T < XT). We now show that

XKANXL <X(KAL).
Let p: HC—HC be given (where K, L are coequations over C'). Then
J,(KKAKL) <3, KK <K

and, similarly, 3,(XK AXL) < L. Hence, 3,(KK AKL) < K A L. Since p was an
arbitrary endomorphism, XK AKL < X(K A L). O

REMARK 3.8.8. Unlike [, the operator X does not commute with pullbacks along
homomorphisms. Let [':Set—Set be the identity functor. We will consider a co-
equation K over 2 colors, that is, a subset of UH2 = 2%, the set of streams over 2.
Specifically, let

K ={0,1},

where 0 and 1 are the constant streams. Note that K is invariant.
Let p: H3—H?2 be the homomorphism induced by the coloring p:3—2, where

p(0)=0, p(1)=0, p2)=1
(i.e., p= H(p)). Then p*K is the set
{0 €3“|Vnoa(n) <2} U{2}.
It is easy to check that
Mp*K = {0, L, 2} # p"(KK) = p"K.
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In terms of substitutions, then, it is not the case that, for every homomorphism
f(B, B)—=(A, a),
(RE)[f(y)/2] = R(K[f(y)/z])-

Next, we show that, for any coequation K over C, JK and KK define the same
covarieties as K. Dually, then, we are proving that, given a set of equations E, the
varieties defined by taking the least congruence containing £ and by closing £ under
substitutions are the same as the variety that E defines.

THEOREM 3.8.9. Let C be given, K a coequation over C'.
CoZd(K) = CoZd(XK).

PROOF. Since XK < K, clearly CoZd(XK) < CoZd(K). For the other inclusion,
suppose that (B, () IF K. Let

p:(B, f)—=HC
be given. To show that Im(p) < XK, we will show that, for every endomorphism
rHC——HC,
3, Im(p) < K. But, 3, Im(p) = Im(r o p) < K, since (B, () IF K. O
THEOREM 3.8.10. Let C' be given and K a coequation over C.
CoZd(K) = CoZd(OK).
PROOF. Again, trivially, CoZd(OK) < CoZd(K). Let (B, ) IF K and let
p:(B, B)—=HC

be given. Then Ulm(p) = Im(Up) < K and so, by the adjunction U 4 [—], Im(p) <
[K]. Thus,
Im(Up) = Ulm(p) < U[K]| = UK.
O
Recall the [—| functor from Section 2.2.1, which takes a regular subobject of

A =U(A, a) to the largest subcoalgebra contained in A. Hence, if K is a coequation
over C, then [K]|yc is a subcoalgebra of HC'. Since it is a coalgebra, in particular,
one may ask whether the coalgebra [K]| forces the coequation K. In general, this
is not the case. However, if K is invariant, then [K]| IF K, as the following lemma
shows.

LEMMA 3.8.11. Let K be a coequation over injective C. Then [KK] IF K.
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PROOF. Let p:[XK]—HC be given. Because HC' is regular injective, p extends
to a homomorphism HC—HC', as shown in Figure 12. Hence, because

UOX K <XK

and XK is invariant, there is a unique map X K— X K making the square and
thus the lower triangle commute, as desired. O

UHC ............ >UHC
| ]
OX K o > XK

FIGURE 12. [XK] IF K.

The final lemma shows the relationship between [ and XK. One has the idea that
(] and X “ought” to commute, but at this point we have not found a general proof
of that claim. See, however, Theorem 3.8.14 for a proof that X commutes with [J
when I' preserves non-empty intersections.

LEMMA 3.8.12. For any injective C,

LX< XL

PROOF. By definition of K, it suffices to show that, for every endomorphism
pHC—HC,3,0X K <OK. We know that, for every p, 3,0K K < 3,KX K < K.
Thus, since U commutes with 3,

U3,[REK] e = 3,URK]ye < K,
and so 3,[XK|ge < [K]ue. Thus,
3,08 K = U3, [RK]ye < UK ye = OK.

These lemmas allow a simple proof of the invariance theorem.

THEOREM 3.8.13 (Invariance theorem). Let C' be injective, K < UHC. Then
K = CoZd(V) for some class V of coalgebras just in case K = 0K K.

PROOF. Let K =0 KX K and define
V={(B.8)| (B, ) IF K}.
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Then, clearly, V I K. We will show that, if V I L, then K < L. From
Lemma 3.8.12, we see that

K=0OXK=UOXKXK <KXUXK =K

so K = XK. From Lemma 3.8.11, we know that [XK]| = [K] is in V. Consequently,
[K] IF L and hence
K=3,0X K < L.
O

As we said previously, one suspects that [J ought to commute with . Instead, we
have shown (by Lemma 3.8.12) the weaker claim that OX < X[O. We have neither
a proof that, in general, [JX = X[ nor a counterexample. However, the following
theorem gives some progress to the goal. It shows that, if the forgetful functor

Unc :SubCoalg HC—— RegSub(UHC)

has a left adjoint, as discussed in Section 2.3.
THEOREM 3.8.14. If Ugc has a left adjoint, (Yo, then KO = OX.

PRrROOF. To show that X[ < OX, it is sufficient (by the adjunction U() 4 0) to
show that U() X O < X.

Let K < UHC. We will show that, for every homomorphism p: HC—-=HC,,
3,U() K OK < K and conclude (by definition of X) that U() X OK < XK. By
Theorem 2.2.17 (O commutes with pullback along homomorphisms), it suffices to
show that

XOK <Op*K =p'UK,
or, equivalently, 3, X OJK < UK. This is immediate from the definition of X. |

3.9. Behavioral covarieties and monochromatic coequations

In typical applications of coalgebras in computer science, one is concerned with
behavior “up to bisimulation”. That is, if two coalgebras behave the same (according
to bisimulation equivalence), then we do not distinguish the two, regardless of differ-
ences in “internal structure”. Thus, one is often concerned with covarieties which are
closed under total bisimulations. In this section, we discuss such covarieties, which
were first studied in [GS98]. For another description of the same class of covarieties,
see [Rog01]. The material covered here is also found in [AHOO].

DEFINITION 3.9.1. A total relation is a relation for which each projection is epi.

DEFINITION 3.9.2. A behavioral covariety is a covariety which is closed under
total bisimulations. That is, a covariety V such that, whenever (A, a) € V and
there is a total bisimulation relating (A, a) to (B, (), then (B, ) is also in V.
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We differ from Gumm on terminology here, as he refers to covarieties closed under
total bisimulations as complete covarieties.

The following theorem ensures that total bisimulations are the images of total
relations in &r.

THEOREM 3.9.3. If (S, o) is a relation on (A, ) and (B, 5). Then U, (S, o)
is a total bisimulation iff (S, o) is a total relation.

PROOF. Let R = U, g(S, o), with epi projections r; and ry and let p:S=R be
the epi part of the epi-regular mono factorization, (Usy, Usy) = (r1, r9) o p. Then
Usy =riopand Usy = 1y 0p, so Usy, Usy are epis iff rq, ry are epis, respectively.
By Theorem 1.2.13, U preserves and reflects epis. U

Gumm shows that behavioral covarieties over Set are definable as coequations
over 1. We generalize that result to this setting and show some further equivalences.
In particular, the following theorem shows that the behavioral covarieties are exactly
the covarieties which are sinks, in the terminology of [Rog01].

THEOREM 3.9.4. Let 'V be a covariety of Er. The following are equivalent.

(1) V s closed under total bisimulations.

(2) V s closed under domains of epis.

(8) V s closed under domains of arbitrary homomorphisms.
(4) V s definable by a coequation over one color (i.e.,

V= {Z cop——>H1 }J_
for some regular mono i).

ProoOF. We prove 1=2 =3 =1 and 3 <4.

1 = 2: The graph of epis are total bisimulations.

2= 3: Let f:(A, a)—(B, ) be given, (B, ) € V, and take the epi-regular
mono factorization, f = i o p. The domain of 7 is in V as a regular subcoal-
gebra of (B, (3). Hence (A, a) € V.

3 = 1: Let (A, o) and (B, ) be given and let (R, p) be a total bisimulation on
(A, o) and (B, ). Suppose, further, that (A, a) € V. Then, (R, p) € V,
since it is the domain of the projection

(R, p)—=(A, ).

Since V is closed under codomains of epi homomorphisms, (B, ) € V.

3 = 4: Since V C {&)};} .1, it suffices to show the other inclusion. Let (A, o) be
given and suppose that (A, a) L €}};. Then !: (A, a)—H1 factors through
eYy, and so (A, a) is the domain of an arrow into UY HY H1, which is in V.
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4 = 3: Let V = {i},, where i is a regular mono into H1. Let
p:{A, o)—=(B, )

be given and suppose (B, #) € V. Then lg:(B, 3)—H]1 factors through i,
say, g = i o f. Consequently, !, =io fop. Since !, is the only map from
(A, a) to H1, it follows that (A, a) L 4.

L]

REMARK 3.9.5. In the proof of 3 = 1, we see that if (4, a) in V and (R, p) is a
bisimulation on (A, ) and (B, 3) such that

is epi, then (B, ) € V. We do not require that both projections are epis.

ExXAMPLE 3.9.6. Very often, the initial I'-algebra can be realized as a regular
subcoalgebra of the final I'-coalgebra, via the comparison map of Section 1.5.4 (see
[Ad401, Bar93| for development of this topic). In these cases, the initial algebra
can also be viewed as a coequation ¢ over 1 color.

This provides a useful coequation in the standard examples, allowing one to dis-
tinguish between coalgebras consisting of well-founded trees, say, and those which
also contain non-well-founded trees.

It is instructive to compare Theorem 3.9.4 to its dual, which says that a variety
of algebras is closed under codomains of monos iff it is definable by a set of equations
with no variables. See Section 3.9.3 for details.

3.9.1. A covariety closure operation. We can also consider a covariety clo-
sure operation, taking a covariety to the least behavioral covariety containing it.
Specifically, we define an operator

CoVar(&g)—— CoVar(&g)

taking a covariety V to the collection V, where (A, o) € V iff there is some map
f:(A, a)—(B, f) with (B, ) € V, thus closing V under domains of arbitrary
homomorphisms.

It is easy to show that this closure produces another covariety. Hence,

THEOREM 3.9.7. If V is a covariety, then V is a behavioral covariety.

The next theorem states in coequational terms how to obtain V. We know that
V is defined by a collection of coequations, in the sense that V is exactly the class
of coalgebras co-orthogonal to a collection of regular monos with cofree codomains.
In fact, we can say more about the collection of regular monos — namely, that
the regular monos are the components of the counit of a regular mono co-reflection
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(Corollary 3.2.8). We show that this counit also gives a defining coequation for V. Of
course, since V is a behavioral covariety, the only component one needs to consider
is that of the final coalgebra.

THEOREM 3.9.8. Let V be a variety and €V :UYHY—1g, be the counit of the

associated adjunction

UV
VI L T
HV

Then V = {e¥ }1.

PROOF. Let (A, a) € V. Then there is an f:(A, a)—(B, ) such that (B, 3) €
V. Since (B, ) € V, clearly (B, ) L ey;,. Consequently, (A4, o) L &¥,.

On the other hand, if (A, a) L £}, then the factorization of (A4, a)—H1 through
€Y, is a homomorphism into a coalgebra in V. Hence (A, a) € V. U

Note that behavioral covarieties are defined by a single coequation, regardless of
any boundedness conditions on I'.

3.9.2. An example of a non-behavioral covariety. We have given a couple of
examples of non-behavioral covarieties previously, including Examples 3.6.11, 3.6.14,
3.6.15 and 3.6.16. We provide an example here that arises from a comparison of
categories of streams.

Consider the functors N x — and 1 + N x — on the category Set. As usual, we
think of coalgebras for these functors as collections of streams over N (see [JR97],
for instance). In particular, a coalgebra for N x — can be thought of as a collection
of infinite streams, closed under the tail destructor. A coalgebra for 1 + N x — can
be understood as a collection of finite or infinite streams over N, again closed under
the tail destructor (when defined).

It is clear that the category Setyy._ is a full subcategory of Set; n._. What is
less obvious is that one can regard Set;,n«_ as a full subcategory of Setyy_, and it
is this perspective on which we will focus. Define a functor Set;,nx_—Setynx_ as
follows. If (A, a) is a 1 + N x — coalgebra, then I((A, a)) = (A, )’ will be a N x —
coalgebra. Specifically, let o/ be defined by

o/(a) = {(0, a) if a(a) = *
(hala) +1, ta(a)) else

(where h,(a) = m oa(a) and t, = moa(a) when a(a) € N x A). Intuitively, I takes
infinite lists to the list one gets by applying successor in each position. For finite lists,
I again applies successor in each position and then tacks on 0’s at the end. However,
the 0’s are tacked on in a particular manner — once we hit 0 in the list, the “state”
never changes. We stay at the same element of A and continue outputting 0’s. This
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description should lend plausibility to the claim that V is not behavioral, which we
will later prove. The property that a coalgebra stabilizes at a particular state is not
a property closed under total bisimulation.

It is routine to check that this defines a functor and, furthermore, that it is full,
faithful and regular injective on objects. Let V be the image of Set; nx_. One
could check directly that V is a covariety, but we prefer to explicitly give a defining
coequation (over 2 colors) instead. In keeping with the coloring metaphor, we denote
the elements of 2 by red and blue.

Let (h, t) be the structure map on H2 and define ¢ < UH2 by

p={0c€UH2|h(o) =0—e3(0) =ey0t(0)}.
We will show that V = Fre(p).
Suppose that a € A and h,(a) = 0, but t,(a) # a (i.e., assume (A, ) & V).
Then, we define a coloring p on A by
red ifa=5b
p(b) = {

blue else
Then, let p be the adjoint transpose of p. We see that
h(pla)) = ha(a) =0,
but e5(p(a)) = red and

e(t(p(a))) = e(p(t(a))) = p(t(a)) = blue.
Hence, p(a) & ¢, and so (A, a) I ¢.
On the other hand, suppose that (A, a) € V and let p: A—2 be given. Let
a € A and we will show that p(a) € ¢. Accordingly, assume that h(p(a)) = 0. Then,
ho(a) = 0 and so t,(a) = a. Consequently, e3(p(a)) = e3(tp(a)) and so pla) € .
Since this holds for any a € A, we see that p factors through ¢ and so (A, a) IF ¢.

REMARK 3.9.9. While this coequation defines the covariety V, it is worth noting
that ¢ is not itself an element of the covariety. Instead, there is a proper regular
subcoalgebra of ¢ which is in the covariety and which also defines V, namely U X [¢],
where X is the modal operator from Section 3.8 which takes a coequation to its
largest invariant subcoalgebra. This coequation is given by

UR [p] ={oc € UH2 | ¥nht"(c) = 0 — t""}(a) = t"(0)}.

3.9.3. The dual to behavioral covarieties. In this section, we relate the
discussion of behavioral covarieties to categories of algebras. Throughout this section,
we assume that & is a Birkhoff category and I' preserves regular epis and is a varietor,
so that U:E'—& is monadic.
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DEFINITION 3.9.10. Let V be a full subcategory of £E'. We say that V is an
elementary variety if V.= {p}* for some regular epi p: F0—>e.

Clearly, if V is an elementary variety, then it is a variety.

In the traditional setting, then, a variety is elementary just in case it is definable
by a set of variable-free equations. Of course, if the signature has no constants, then
this means that the only elementary variety is trivial.

DEFINITION 3.9.11. We say that two I'-algebras (A, o) and (B, 3) are con-

structibly equivalent just in case (0), = (0)5 (i.e., just in case the least subalgebra of
(A, @) is isomorphic to the least subalgebra of (B, [3)).

We call this constructible equivalence because it requires that the “constructible”
parts of (A, a) and (B, ) are isomorphic. That is, it requires that those elements
of (A, ) and (B, ) which can be specified by a variable-free term (i.e., by terms
in F0) satisfy the same equations. This description hints at the relation between
constructible equations and elementary varieties. We make the relation explicit in
the following theorem.

THEOREM 3.9.12. Let V be a variety of EL. The following are equivalent.

(1) V is closed under constructible equivalences.

(2) V s closed under codomains of monos.

(3) V is closed under codomains of arbitrary homomorphisms.
(4) V is elementary.

PROOF. This theorem is the dual of Theorem 3.9.4. However, we have not du-
alized closure under total bisimulations directly, since corelations are not familiar
objects of study. Instead, we’ve replaced that condition with the closure under con-
structible equivalence. We provide the relevant steps.

1 = 2: Let (A, a)>>(B, ) be given. Then, by Theorem 1.3.7, (0)
as the factorization of !, as shown below.

. 1s given

FO o (A, a)
\@ e

By the uniqueness of regular epi-mono factorizations, (0), = (0)s, so (4, «)

(B, B)

and (B, () are constructibly equivalent.
4 = 1: Let

V = {p: F0—(Q, 1/)}l



174 3. BIRKHOFF’S VARIETY THEOREM

and let (A, o) and (B, (3) be constructibly equivalent, with (A, o) € V.
Then, !, factors through p, as shown in the diagram below.

FO—— <O>a>j <Av Oz>

7
(@, v)
Because p is regular (and hence, strong), we have the factorization of

<Q= V>—><A7 Oé>
through (0),, = (0)4, as shown. This gives a factorization of !5 through 7Y,
as desired.

0



CHAPTER 4
The internal logic of &g

It is well-known that, if £ is a topos and a comonad G:E&—E is left exact, the
category of coalgebras &g is also a topos [BW85, Theorem 6.4.1]. Furthermore,
Johnstone, et al, strengthened this result in [JPTT98] by showing that, if G preserves
pullbacks (but not necessarily all finite limits), then &g is again a topos. One corollary
to these theorems is that there is a natural logic for at least certain categories of

coalgebras, the
In this chapter, we weaken the conditions on £ and G, so that &g is not necessarily

‘internal logic” associated with a topos.

a topos, while retaining sufficient structure so that we can define an internal logic
for £&;. In particular, in this section, we show that if £ is a locally complete logos,
with regular epi-regular mono factorizations and coproducts, and G nearly preserves
pullbacks, then & is a locally complete logos. Consequently, we can define a logic
L(Eg) which can be interpreted in ;. We discuss the internal logic of a an arbitrary
locally complete logos in Section 4.1.2.

Since, by assumption, the base category £ is also a locally complete logos, there is
an internal logic, £(E), for it as well. We introduce types for the carriers of coalgebras
and a modal operator for the largest subcoalgebra construction in Section 4.2. We
also introduce a translation of formulas from £(Eg) to L£(£) which preserves and
reflects valid sequents.

We conclude the chapter by relating the Kripke-Joyal semantics for £(E€) to the
definition of coequation forcing given in Chapter 3, and offering a definition of point-
wise forcing of coequations which we relate to the comonad associated with a coequa-
tion.

Throughout this chapter, we develop the theory for categories of coalgebras for a
comonad, rather than coalgebras for an endofunctor. We do this so that the internal
logic we develop can be applied to the covarieties from Chapter 3. In fact, the
presence of a right adjoint to the forgetful functor plays little role otherwise.

4.1. Preliminary results

We begin with a result found in [GHS01]. One could develop the internal logic of
&g without requiring that the category is extensive, although this would preclude our
definitions for coproduct types. We want to exploit coproducts in &g by introducing

175
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the appropriate types and terms in £(&g), and so we begin with a proof that, if
G preserves pullbacks along regular monos, &g inherits extensiveness from the base
category £. A similar result can be found in [JPT*98, Lemma 3.8].

THEOREM 4.1.1. If £ is extensive, with epi-reqular mono factorizations, and G
preserves reqular monos and non-empty pullbacks along reqular monos, then Eg is
extensive.

PROOF. Let the commutative diagram in Figure 1 be given. Since co-projections

<X7 X) <Z> C) <}/, U>

| | |

(4, @) b= (A, @) + (B, f) << (B, )

Ka Kg

FIGURE 1. &g is extensive.

in extensive categories are regular monos [Tay99, Lemma 5.5.7] and U reflects regular
monos, the co-projections x, and kg are also regular monos.

Hence, U creates pullbacks along co-projections. Since U also creates coproducts,
the result follows. l

Until now, we have been satisfied with epi-regular mono factorizations without
assuming that these factorizations are stable under pullback. To develop a reasonable
internal logic, one wants this stability condition. Without stable factorizations, we
would lose basic structural features in the language, including that existentials and
joins commute with substitutions.

One way to ensure stable factorizations is to ensure that our epi-regular mono
factorizations involve epis which are stable under pullbacks. This is the approach we
take here, exploiting results from [JPT198]|, in which they show that, if G nearly
preserves pullbacks, then &g inherits regularity from &.

DEFINITION 4.1.2. A functor F:C—D mnearly preserves pullbacks if, for each
pullback A x¢ B, F(A x¢ B) covers FA Xpc F'B, i.e., the canonical isomorphism
F(Ax¢c B)—=FAXxpc FB
is a regular epi.
In ibid, they show that, if F' nearly preserves pullbacks, then it preserves pull-

backs along monos and hence it preserves monos. Using this, they prove that, if the
comonad G nearly preserves pullbacks and € is regular, then &g is regular ([JPT198,
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Lemma 3.9]). We adapt that result to our setting, in which regular monos are of spe-
cial interest. Hence, we will assume that the category & has regular epi-regular mono
factorizations. First, we note that this implies that every mono is regular (and every
epi is regular, too). While this seems a somewhat strong restriction, it is true in any
topos.

LEMMA 4.1.3. In a category € with reqular epi-reqular mono factorizations, every
mono (epi,resp.) is reqular.

PROOF. Let i: A>==B be given and take the regular epi-regular mono factoriza-
tions ¢ = j o p. Since p is both regular epi and mono, it is an isomorphism. Dualize
to conclude that every epi is regular, too. O

THEOREM 4.1.4. If £ is regqular, with regular epi-reqular mono factorizations
(equivalently, € regular and every mono regular) and G nearly preserves pullbacks,
then &g is reqular, with reqular epi-reqular mono factorizations created by U.

PROOF. Essentially that from [JPT*98]. There, they assume that U preserves
monos. Here, we use the fact that G preserves monos and every mono is regular to
conclude that G preserves regular monos. Thus, we may apply Corollary 1.2.15 to
conclude that U preserves regular monos. The rest of the proof goes as in ibid. [J

COROLLARY 4.1.5. Under the assumptions of Theorem 4.1.4, every mono in Eg
is reqular and hence U preserves and reflects monos.

We adopt the material that follows from [Tay99]. See also [F'S90].

A logos is a category in which one may interpret first order logic. We sketch how
this is done in Section 4.1.2. In the remainder of this section, we show that if £
is a “locally complete” logos (a logos with arbitrary, stable unions), and G nearly
preserves pullbacks, then &g is also a locally complete logos.

DEFINITION 4.1.6. A regular category in which finite unions of subobjects exist
and are stable under pullbacks and each subobject pullback functor

f*:Sub(B)—— Sub(A)
has a right adjoint is called a logos.

DEFINITION 4.1.7. A regular category in which arbitrary unions of subobjects
exist and are stable under pullbacks is called a locally complete logos.

From [Tay99, Definition 5.8.1] and [Tay99, Theorem 3.6.9]:

THEOREM 4.1.8. In a locally complete logos, for each f:A—=B, the subobject

pullback functor
f*:Sub(B)——Sub(A)
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has a right adjoint (i.e., a locally complete logos is, in particular, a logos).

The following theorem is the main theorem justifying the rest of the chapter. We
show that & is a locally complete logos, assuming that £ is (together with some
other assumptions). This allows the definition of a first-order internal logic for &g.
Since, by assumption, &£ is also a locally complete logos, it, too, has a natural internal
logic. We exploit these two logics in Section 4.2.

THEOREM 4.1.9. Let £ be reqular, with regular epi-reqular mono factorizations
and G nearly preserve pullbacks (and, hence, G preserves monos), and suppose further
that £ s a locally complete logos with all coproducts. Then Eg is also a locally complete
logos.

PRrOOF. The forgetful functor creates unions and pullbacks along monos. Thus,
if {(Ai, ;) }ier is a family of subcoalgebras of (B, ) and f:(C, v)—(B, ) is a
G-homomorphism, then
Uf* U<Ai, ;) = f*UAz = Uf*Az = UUf*<Ai, i),
and so f*|J(A;, ay) = U f*(4;, ). O
We can give an explicit definition of the functor Vy in terms of [—], U and the

functor Vi in €. Since we need this characterization in Theorem 4.2.5, we include
it here.

THEOREM 4.1.10. For any homomorphism f:(A, a)—(B, [3),
Vi =[=lsoVusoUa.

PROOF. Because f*V; <1 and [—] commutes with pullbacks of homomorphisms
(Corollary 2.2.8), we have, for every (C, v) < (4, «),

Fl¥sCle = [ Cla < [Cla = {C, ).

Hence, [V;Clg < V,(C, 7).
Conversely,

FrUYHC, ) = Uaf V4 (C, 7) SULC, 7) = C,
and so V¢ (C, v) < [V;C]p. O

We summarize the results of Theorems 2.2.5, 2.2.5 and 2.2.6 in the following
corollary.

COROLLARY 4.1.11. The forgetful functor U, :RegSub((A, a))— RegSub(A) pre-
serves A, V, 3, L and T (but not ¥, — or —=). That is, for any subcoalgebras
(P, p)(Q, v) < (A, a), we have

(1) Ua((P, p) N(Q, V) = PAQ
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(2) Ua((P, p) V(Q, v)) =PV Q
(3) For every homomorphism f:(A, a)—(B, ), 3;(P, p) = 3y sP.
(4) U (A, a) = A and U,(0, !) = 0.

In other words, U, “almost” preserves geometric logic (see [LM92, Chapter
X]). The situation is complicated by the fact that U, does not, in general, pre-
serve finite limits. Thus, it doesn’t preserve the interpretation of contexts I' =
x1: 11, ... ,x,: T,, which complicates the translation of formulas in the internal logic
of &g into formulas in the internal logic of £. Also, it doesn’t preserve equalizers, so
equations in &g are not translated to equations in £. We will see how to avoid these
difficulties in Section 4.2, where we define a translation of formulas from £(Eg) to
related formulas in £(E).

4.1.1. A weak regular subobject classifier. In this section, we show that
if £ has a weak regular subobject classifier, then so does £z. This section is self-
contained, in the sense that we do not exploit the weak regular subobject classifier
when we develop the internal logic. Throughout, we assume that £ is almost co-
regular and G preserves regular monos.

DEFINITION 4.1.12. Let Q € & and true:1— be given. We say that Q (or the
pair (€, true)) is a weak reqular subobject classifier if, for every regular mono P>>A,
there is a (not necessarily unique) A—{) such that the diagram below is a pullback.

P—1
J

s

A—Q

THEOREM 4.1.13. Let €2 in £ be a weak regular subobject classifier. Then HS) is
a weak reqular subobject classifier in Eg.

PROOF. Let (P, p) < (A, ). We will show that there is a homomorphism
(A, a)—HS) such that the front face of Figure 2 is a pullback.

Let r: A= be a classifying map for p in € and let 7: (A, a)—H{2 be the adjoint
transpose of 7, as in Figure 2. A quick diagram chase confirms that the front face of
the prism commutes.

Suppose that g: (B, )—(A, «) satisfies 7 o g = Htrueo!. Then

rolUg=ceqolU(rog)=¢cqoUHtrueo U! = trueo!,

and so Im(g) < P. Corollary 1.2.10 ensures that the factorization of g through P is
a homomorphism. 0]

COROLLARY 4.1.14. Suppose & is regular and every mono of € is reqular. Further
suppose that G nearly preserves pullbacks. Then Eg has a weak subobject classifier.
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FIGURE 2. HS) is a weak regular subobject classifier

Proor. Apply Corollary 4.1.5. O

The presence of a regular subobject classifier (not weak) in £ is not sufficient to
ensure that &g has a regular subobject classifier in general. To see this, consider a
homomorphism 7: (A, a)—H, and let r: A— with P the subobject of A charac-
terized by 7, as in Figure 2. Then P is the pullback of UHtrue along Ur. It is easy
to check that [J, P is the pullback of Htrue along 7. Thus, for any homomorphisms

p:(A, a)—=HQ,
q:<A7 a>—>HQ>

we see that p and ¢ classify the same subcoalgebra just in case LJP = [, where
£q o p classifies P and eq o ¢ classifies Q).

This observation does give a canonical choice for a characteristic map for a sub-
coalgebra. Given (P, p) < (A, a), as in Theorem 4.1.13, let 7 be the transpose of
the (unique) characteristic map of P in £. Then, 7 is minimal in the sense that, if s
is any other characteristic map for (P, p), then (the object classified by) eq o UT is
smaller than (the object classified by) eq o Us.

4.1.2. The internal logic of a logos. Given a locally complete logos C, one
can define a first order language £(C) which can be interpreted in C. The first order
intuitionistic logic is sound under this interpretation. Applying this result to the
current setting, this leads to two first order languages. On the one hand, the base
category & is, by assumption, a locally complete logos and thus we may define a
language £(£) and an interpretation of the language in the category £. On the other
hand, &; is also a locally complete logos and so we may define a language £(Eg) over
Eg. In Section 4.2, we will translate formulas in the language £(&g) to formulas in

L(€)
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In this section, we will show how one defines a first order language L(C) for
any distributive, locally complete logos C with coproducts (for the coproduct types
below). This construction applies to the categories £ and &g, yielding the languages
E((‘:) and E(c‘:@)

See any of [But98, Bor94, LM92, Tay99, LS86| for presentations of the in-
ternal logic of a category.

The language £(C) is a typed first order language. We write z: 7" to indicate that
x is a variable of type T' (we assume a countable set of variables). A context I is a
finite list of such declarations. We write I', z: T to indicate the context I' with a new
declaration for x. Whenever we write this, we assume that x does not already occur
in I. We write I' | ¢: T to indicate that, in context I', the term ¢ is of type 7. This
notation presumes that the free variables of ¢ appear in I'. We write I" | ¢ to indicate
that ¢ is a well-formed formula in context I'.

For each object C' € C, we define a type C in L(C). For each pair of types S and
T, we define types S x T and S +T'. The types are interpreted as objects in C in the
obvious way. Le., [C] = C, [S x T] = [S] x [T1], etc. The type formation rules and
interpretation of types are summarized in Table 1.

Type formation rule | Interpretation
C C

SxT [S] x [T]
S+T [S] + 7]

1 1

TABLE 1. The inductive definition of types.

A context inherits its interpretation from the terms, so that
[[1'11 Tl,l’gi TQ,... , L - Tn]] = [[Tl]] X [[TQ]] X ... X [[Tn]]

The empty context is, of course, interpreted as 1, the final object of C. We want to
treat the contexts as unordered, so that we don’t differentiate between the contexts

F=xz:Sy:Tand A=y: T z:S.

We may do this by assuming an ordering on the types, so that there is a canonical
representative for each equivalence class of contexts (and so that a context is inter-
preted as its representative is). None of this is crucial in what follows, but it simplifies
the presentation.

A term t: T in context I' is interpreted as a function

[T]t: T] = [t]:[T]—=[T7]-
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We omit the types and write [T"|¢], or just [t], when convenient. For each type T,
and each variable x, we have the term formation rule

Dya:T|x: T.
We interpret variables as the projection
[1] x [T]—~[7].
For each arrow f:[S]—[T], we have also a term formation rule
Cox: S|fx: T,
and an interpretation
[V x| fa] = follz|z]:[I] x [S]—[TT.

In addition to variables and terms for each function symbol, we include the following
term formation rules in Table 2. In what follows, we let t[s/x] denote the result of
substituting the term s for the variable x in term ¢, where this operation is defined
inductively as usual. Similarly, ¢[s/x] denotes the substitution of s for = in the
formula ¢, where this is defined as usual.

Term formation rule Interpretation
Coo:T|x: T mr:[T] x [T]—[T1]
Cyx: S| fx: T folz]
F|*: 1 ![[F}]:[[F]]%[[l]]
Loz Siy: T (x,y): SXT ([=1, [yD)
Cyo: SxT|maz: S m o [2]
Cox: SXT|moxw: T 7o 0 [[2]
C,z: S|inlz: S+ T k1 o [7]
C,y: Tlinry: S+ T k1 o [7]
[e: S|s: U Dy:T|t: U

F,z:S+T||casezofa::>s,|y:>t:U [Is1. 10}
Dye: S|t: T I'fs: S .

| 1“||t[8/x]:T| [#]  idmry, [sD

TABLE 2. Term formation rules for £(C).

REMARK 4.1.15. In the interpretation of the case statement in Table 2, we im-
plicitly use the isomorphism

[FT > [S + 7T = (I < [ST) + (IX] x [TT).
REMARK 4.1.16. It is easy to verify that, if I' | ¢: T, then I', A | ¢: T'. Furthermore,
HF,A|t]] = [[F\t]] O7T[[F}]-
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A formula ¢ in context I' is interpreted as a subobject of [I']. We give the
inductive definition of the class of formulas of £(C) together with their interpretations

in Table 3.

Formula formation rule | Interpretation
x: T |pp(x) P=[T]
Ty T|z=y AV
(T [T]-*[7]
r|L 00=[T7
r 'y
e 1A 1]
r r
e Il - [4]
Cyz: T
RAER Frin 4]
Cyz: T
I | \V/:c: TP VW[F] [[SD]]
Nx: T rye:T | .. *
TP TN
r *
FA'*@ ()" []

TABLE 3. Formula formation and interpretation

The following theorem is standard. We omit the proof.

THEOREM 4.1.17. For any z: S|t: T and any formula x: S| ¢,

ly: T| 3. s(t(z) = y Ap(z))] = 3alel,
ly: TV s(t(z) =y — @(x))] = Vg lel-

We use a Gentzen-style proof system, although we allow only a single formula as
the antecedent of the sequent. A sequent comes in context, where the context applies
to both the antecedent and consequent. Thus, a sequent

ok

is understood as the assertion that I'| ¢ entails I'| 4.
Accordingly, a sequent I'|¢ b 1 is wvalid (written = I'|p F ) just in case
[T]e] <[T|¢] (as subobjects of [I']).
The following are sound rules of inference for £(£). We just write the sequent for

axioms, and we write

ok
Al x
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to indicate a rule that, from ¢ 9, one can infer ¥ - y. We denote equivalences
with a double underline, so that

Lok
Al9Ex

means that from ¢ - ¢, one can infer ¥ - y and also from ¥ - x, one can infer ¢ - 1.
Structural rules:

(Strl) T'|pF o
Llokd g9
(Str2) TTor o
Cox:T|eFy L|t:T
Ul glt/x] = o[t/x]

Logical rules:

(Str3)

(Logl) T'|p =T
IN R Lok

(Log2) =7 7T~ v
Lok IRV

TlpVUF o
ClokFY—9
CleAnYED
LoV ¢
Dox:TlpkEy
['|3.rp 9
Coo: Tk

(Log3)

(Log4)

(Logb)

(Log6)

Equality:

(Eq) T| TRz =2

(Eq2) I'|zy =20 F 20 =1

(Eq3) T'|z1 =29 Ao =23 F 21 = 23

(Eq4) I'|xy = 29 F t(z1) = t(x2)

(Eq5) For each atomic formula pp, I'| 21 = 22 A @p(x1) b @p(22)

Y, 1| ThHx=x
Pr2) I'|zy = y1 Aoy = y2 = (21, 22) = (Y1, ¥2)
YD, 2: SXT|THE z=(mz, mz2)
) T Sy: T TEm(z, y) =z Am(z, y) =y
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As usual, one introduces tupling and projections 7} for arbitrary finite products
and shows that rules (Pr3) and (Pr4) generalize to theorems

Doz x oo x T | TEz=(nlz, ..., 72)
ooy Ty, xn: Ty | TE TN, o, @) =

Co-pairing:

(CoPrl) T',z: S| Tt (case inlz of . = s, y = t) = s[z/x]
(CoPr2) I',z: T'| T F (case inrz of x = s, y = t) = t[z/y]
(CoPr3) I',z: S+ T| Tk (case z of z = inlz, y = inry) =z

4.1.3. An example using the internal logic. In this section, we use the
internal logic to offer an alternate approach to some of the results in Section 3.9.
In Theorem 3.9.4, we showed that, (A, «) and (B, ) are related by a coalgebraic
relation (R, p) such that the projection r,: (R, p)—(A, «) is epi just in case (A, «)
forces any coequations over 1 that (B, ) forces. Now, there is a relation (R, p)
whose projection to (A, «) is epi if and only if the projection

m: (A, a) x (B, f)—=(A, «)
is epi. Also,
{o <H1|(B,B)IFe} C{po < HL| (A a)lF ¢}

just in case Im(!,) < Im(!g). Thus, we could restate this part of Theorem 3.9.4 as
follows.

THEOREM 4.1.18. The projection 71 : (A, a) x (B, 3)—(A, «) is epi just in case
Im(!s) < Im(lg).

It is easy to show (see [LS86]) that, in any locally complete logos, a map f: A—B
is epi just in case
FEy:B|THEd . afr=y.
Similarly, it is immediate from the definition of the semantics that Im(!4) < Im(!p)
just in case
= 3e. 4T H 3, BT.
So, we can regard this fact more generally as a fact about locally complete logoses’

(rather than a fact about categories of coalgebras). Stated in the internal logic,
Theorem 4.1.18 can be expressed as follows.

THEOREM 4.1.19. z: S| Tt 3,. gxr(mz = x) just in case 3. s T+ 3. 7 T.

'We can actually weaken the requirements on the category, since the proofs don’t involve uni-
versal quantification. A prelogos (see [Tay99]) should suffice.
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PROOF. From z: S,z: S xT|3,.7T F 3,. 7T, we infer
x: S,y: Tz SxT|TH3,. rT.
Since any formula proves T, by the cut rule (i.e., (Str2)) we have
x: S,y T,z: SxT|(mz=2)F 3, rT.
Substituting myz for y (which does not appear free in the sequent), we infer
r: S,z SxT|(mz=x)F3,. 77T,
and hence z: S| 3,. gxr(mz =) F 3,. 7 T. Now, assuming
x: S| TF3,. sxr(mz =1),

we see x: S| T HF 3y, ¢ T and hence 3,. s T F 3. ¢ T.
For the other direction, we use the axiom

z: S,y Toz: SxT|z=(x,y) ANmi{z, y) =xt (m2z=1x) (Egb)
and the theorem z: S;y: T, z: S X T|(mz=z)F 3,. sxr(mz = x) to infer
z: S,y Toz: SxT|z=(x,y) Ami{z, y) =t 3., gxr(mz =)
and thus
x: S,y Tz, y) =(z, y) Ami{x, y) =z F 3,. sxr(mz = x).
Since T proves the antecedent, an application of cut yields
x:S,y: T|TF3,. gur(mz=1x)

and hence z: S |3,. v T F 3. sxr(mz =2). Under the assumption that 3,.sT F
3,. 7T, we see that z: S| T F 3,. 7T and so another application of cut completes the
proof. O

4.2. Transfer principles

Throughout this section, we assume that £ is an extensive, well-powered, locally
complete logos with regular epi-regular mono factorizations and all coproducts. We
also assume that G nearly preserves pullbacks, so that the category &g is also an
extensive, locally complete logos with all coproducts.

Given a locally complete logos £, Section 4.1.2 constructs a first order logic that
can be naturally interpreted in £. More generally, given a first order language £, an
interpretation of £ in a locally complete logos £ consists of an assignment [—] which

e assigns to each type T" an object [T7] of &;
e assigns to each term I' |¢: T an arrow [t]: [I']—[T];
e assigns to each formula I' | ¢ a regular subobject [¢] of [I'] (= [T1] x ... X

[T.0)-
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4.2.1. Translation of types. We augment the language £(€) by adding types
"7 for each type T in L£(Eg). The interpretation of "7 is given by

[[T7] = U[T].

Thus, we have the following interpretations. Notice that by introducing new types for

Translation type | Interpretation
Ta:A—=GA™ A

TS x T7 U([S] < [TT])
TS+ T UlST + U[T]
1! UH1

TABLE 4. The interpretation of translated types.

each type T in L(&g), we can distinguish between coalgebras with the same carrier.
That is, if

a:A——=GA,
o A—~GA

are distinct structure maps for A, then we have two types "a' and "o/7 in L(E),
both of which are interpreted as A.
The translation of a context I' = x1: 11, ... ,x,: T, is given by

MT=z:TTy x ... xT,".

We add the variable z of type "T7 x ... x T,," because the forgetful functor U does
not, in general, preserve products. This translation is motivated by the observation
that, given x1: T3, ... ,2z,: T, | t: T, then we have

z2: Ty X oo x Ty | tfmz/x] .. [mpz/x,]: T,

and that this term is provably equivalent to the original ¢ (in the sense that, if we
substitute (xy,...,xz,) for z, then the result is equal to the original term t).
For readability, we abuse notation and denote the translated product

Mx..xT, (=U(M"x...x"T,7)
by "I"", where the meaning of """ should be clear from context. Thus, we write
M=z,

where the translation on the left is the translation of the context and the translation
on the right is the translation of the associated product.
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4.2.2. Translation of terms. For each homomorphism f in g, we define " f 1 =
Uf. We refer to Table 5 for the translation of terms. We write "¢ for the translation

of a term t. So, for instance,
Tx: T|fe ' =2:"T,T7|" fonmg 'z,

where the "—7 on the right hand side refers to the function symbol for U(f o 7;) in
L(E). For each term-in-context I' | t: T of L(Eg), there is a corresponding translation
|—F_| ‘ |—t—|: |—T—|.

Term formation rule Translation
Dox:T|ax: T 2 TD, T T 2 TT
Cox: S| fx: T 2: "0, ST T fomgz: TTT
INES Z: T TP
F'ﬁ'(jt):;'Xt'TT 2T (s, ]2 TS X T
Dox: SXxT|mx: T 2: "D, S, TV "y omger '2: 7T
Fox: S|inlz: S+ T 2: "0, ST inlTmg z: TS+ 7T
Coy: Tlinry: S+ T z: "D, T infTp 2 ST 7T
Loz: S|s: U Lyy:T|t: U See bel

[z: S+Tlcase zof v = s,y =1t: U ce betow
Cox: S|t: T  Tls: S

See below

U|t[s/x]: T
TABLE 5. Term translations rules for £(&g).

Notice that for pairing, we use the function symbol "[(s, )] (that is, U[(s, t)] in
L(E)). Since [(s, t)] is a homomorphism in &g, U[(s, t)] is an arrow in €. Hence, it
makes sense to translate the term (s, t) this way, because every arrow in € corresponds
to a function symbol in £(€). Unfortunately, this translation hides the relevant
features of the term (s, t) — namely, that it is a term built by pairing. Also, it is the
only translation rule which relies on the semantics of our logic to translate a term of
L(Eg). Nonetheless, this translation or something like it is necessary, to ensure that
arbitrary terms of £(&) cannot be substituted for x (say) in ™ (z, y) .

In the translation of the case statement, we use the fact that &g is distributive.
Thus,

Tyx .. xT,x(S+T)=(Tyx...xT, xS+ Ty x...xT,xT).

Since U preserves coproducts, we may take "I',) S +T' ="', S"7+ "', T". Conse-
quently, we translate a case statement constructed thus
Fox: S|s: U Loy:T|t: U
[z: S+Tlcase zof v = s, y=>1t: U
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to a construction
x:T0,ST| T TUT y: "0, T T TUT
2: T, ST+, TV |case zof z = Ts y="t1: TU"
We next discuss the translation of a term constructed by substitution. Suppose
that I',x: S|t: T and I'| s: S. The translation of the former is a term

Zz: 0,87 Te T

We will construct a term that allows a substitution for z. Let

£ = {idgry, [sl)<[0]—11  [S1.
Then the translation of f (in the context I') is given by
y: "I T f My T, S
Thus, we can now use the substitution constructor in £(€) to construct
Z: 0,87 y: T Mg T y: T T fy: 0,87
Tk [_]_—‘—I | [_tj[l—ij/z] : I_T_l
(note the use of weakening in the term "t7). We take this term to be "t[s/x]™.
By the definition of the translation of terms, it is easy to confirm the following.

(21)

THEOREM 4.2.1. For any term U |t: T,
"¢ = U 4]
ProoOF. By induction on the construction of the term. For variables,
Ma:T|e: T '=z2:"I'x T rgz: TT7,
and so
['T,z|27] =Ungo[z] =Ung =U[l', x| x].
Other cases are proved similarly, while pairing is trivial. We include the proof for

case and substitution.
Given a case term,

[z: S4+Tlcase zof v = s, y=1t: U,
its translation is
2: TS+ T |case zof x = TsT, y="t:TU™.

This term in £(€) is interpreted as [["s7], [t 7]] = [Uls], Ultl] = Ulls], [t]]-
As in (21), a substitution I' | t[s/x]: T is translated to the term

y: TOT T f Ty 2] T,
where f = (idpry, [s]). Thus, one calculates the interpretation of "t[s/z|" as

["t7] o mprr sy o (idprry, [T YD) = Ultl o U[f] o [yl = U([t] o (idry, [s1))-
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O

4.2.3. The internal [J operator in £(&). Before defining the translation of
formulas in £(&g) to L£(E), we must introduce an internal OJ operator. This operator
takes formulas ¢ over one variable z of type "' to the largest subcoalgebra of [¢].
Given this operator for unary predicates over coalgebra types, we can then define
the [J operator for bisimulations and n-simulations generally, by using the work of
Sections 2.5 and 2.7, although these extended operators are not S4. We will show
that, if G preserves regular relations, the n-ary [J operator is “almost” S4 — that
is, it will preserve binary meets, but still one does not expect [ to preserve T. In
Section 4.2.6, we will show that if the bisimulation [J operator preserves binary meets,
then bisimulations compose, using the internal logic.

In order to give this translation, we must first augment the language £(€) with a
modal operator [J representing the “greatest subcoalgebra” construction. Thus, we
add the formula formation rule

z: T
z: T O
Notice that this modal operator is only defined for formulas over one variable of type
"I'7 for some context I' in £(Eg). The interpretation of O is defined by

[z: "7 O] = Oryfe]-
In other words [[¢] is the carrier of the largest subcoalgebra of [I'] contained in
[]-

Theorem 2.2.16 stated that [J is an S4 modal operator. Consequently, we add
the standard S4 axioms, together with an axiom for substitution of homomorphic
terms (justified by Theorem 2.2.17).

(o) 2: T ok

z: T Op F Oy
(02) z: "T7Op ke
(33) z: "T7| O F OO
(04) z:

(0I5)

(22)

O

04 T O Ay FO(p AY)
[05) For any term I'|¢: T'in £(&g) and formula z: "7 ¢,

w: T (Oe(2)[7/ 2] A= DO(e(2)[7¢7/2])
(06) z: "I THDOT
Because [J does not commute with arbitrary substitutions, in general,
[Oelt/x])] # (Cep)[t/x].

In fact, the formula on the left is defined only if the domain of [¢] is the carrier of
a coalgebra, while the right hand formula requires that the codomain of [[t] is the
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carrier of a coalgebra. Hereafter, we will write Oy|t/z], or just Oe(t), to denote
[O(¢[t/x])]. Similarly, when we write

z: "TUA | Op(x),

we mean the formula obtained by weakening the context of x: "T'"| Og. Notice that,
in general,

(Op(a))[t/x] # De(t).

In Section 2.7, we saw that there is a modal operator [J taking n-ary relations R
on U(Ay, ay), ..., U(A,, a,) to the largest n-simulation contained in R, which is
“almost” S4 (in particular, it is normal, but 0 does not typically preserve T) if G
preserves regular relations. This modal operator is defined in terms of 3, U and the
subcoalgebra operator [1. Thus, we can explicitly define the n-simulation [] operator
in our internal logic. To simplify notation, let I' be the context x1: 11,... ,x,: T, in
L(&) and

p={(Umy,..., Um):["Ty7] x ... x [T, ]—=["T7].
More precisely, we want the interpretation of x1: "177, ... ,x,: "1, | 0¥ to be
[O9] = 3,0 y<.xrr1p [P
Accordingly, we define [Jv to denote the formula

(23) LY AL Y A I o rpﬂ(/\ Cmlz =w, ANOY(Tmy 2,00, T, '2))

)

Here, the formula Oy ("m 'z,... "7, 2) stands for the formula constructed by ap-
plying OJ to ¢("m 'z,... , m,2), that is, it denotes

Z: "D O m 2 2] .. [T 2 xy]).

Since the [J operator for variables z: """ was previously defined, this formula is
well-defined. Next, we show that this definition does what it is supposed to.

THEOREM 4.2.2. For any formula x1: "T17, ... ,x,: "1, | O,
[[DSO]] = D|[T1]],...,[[T7L]][[<P]]
PROOF. One uses the fact that

z: [T, zo: [T, - - s xn: [T0] /\’_ﬂfz =x; ("m0 T 2) = (3, ).
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By definition of [y in (23), we have
[O¢] = [3:. (/\ iz =2, AOe("Tm 2, ..., T, 2))]

=[3.. 0 (("m 2, T 2y = (T, an) AOe(Tm 2, T '2))]
= 3prmz,. e [Be(Tm 2, L T 2)]
= HPD ng(rﬂ-lj'% R ,_ﬂ-n—lz)]]

O

The axioms (J1) - (O 5) generalize to axioms of the analogous formulas for the
n-simulation [J operator — assuming that the comonad G preserves regular relations
for the normality axiom. Some of these axioms are easily provable in the internal logic
(for instance, the deflationary axiom Oy b ¢), and perhaps all of them are provable
with sufficient work (although it appears the normality axiom would require some
semantic argument to use the assumption that G preserves pullbacks). Nonetheless,
we rely on the work of Sections 2.5 and 2.7 to justify each of the following, which we
take to be axioms.

Notably, axiom (J6) does not typically hold for the n-ary O operator. Instead,
OT is properly contained in T — that is, the largest bisimulation of (A, o) and
(B, () is typically a proper subobject of A x B.

Let ' =y1: 11, ... ,yn: T, (in L(Eg)) and A =x1: "T1 7, ...z, "1, (in L(E)).
(o) Aot

A|Op FDOY
(O2) A|Op k¢
(03) AlOpF OO
(04')
(005')

/

U

04") (If G preserves regular relations) A |Op A Oy F O(e A )
[05") For any term y: S|¢: T in £(&g) and formula A, z: "T7| ¢,

A,y DS (B)["7 ] A D[ 17/2])

That the axioms ([J1) - ((03) are sound follows from the fact that (the interpretation
of) O is a comonad, the soundness of ([(J4) was proved in Corollary 2.5.26, and
of (O5) follows from Theorem 2.5.19, in which we proved that O commutes with
pullback along products of homomorphisms.

The next theorem is provably equivalent to Theorem 2.7.8, in which we showed
that On* < 7*[J. The following theorem can be understood as stating that, if R is
an n-simulation, then 3, R is also an m-simulation (where 7 is a projection — and
for suitable m). The statement of the theorem is an internal version of this claim.
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THEOREM 4.2.3. If G preserves reqular relations, then for any formula ¢ over
context x: TSV y: TV L Ly TT,T,

): Hx: SDQO |_ Dﬂx SSO-

PROOF. Let 7w denote the projection ["S7] x [[["Z:']—=1I["Z:"]- Then, by
Theorem 2.7.8,

Ofe] <Or3:e] < 703 [¢]
and so 3,0]¢] < O3,¢. Thus, 3,. sOe F O3, 5. O

Thus, in case G preserves regular relations, then we may add another [] axiom:

(306") E .. sOp - 0O3,. se.

4.2.4. Translation of formulas. We next give a translation of formulas in
L(&g) to formulas in £(€). The inductive definition of the translation is given in
Table 6.

Formula formation rule | Translation

z: T pp(x) z: T pp(x)

x:Ty:T|x=y 22T x T OCm 2 ="m '2)

I z: T T

rL z: T L

oAt Z: TDT T AT

I'le—1 Z: MO =Ty

I Je: 70 2T e (T () = 2 A T ()
UV 1o z: "I OVy. o (Trp e = 2 — T ()
| [t/ 2: T Tz, ..., x, t) W]
LA z: T AT T Trr 2/ 2]

TABLE 6. Formula formation and interpretation

REMARK 4.2.4. One could add a closure operator {/ to the language of &g as
well, where the interpretation comes from the closure operator in Section 2.7. The
standard axioms for closure operators would apply, as well as the following axiom
(taking its premise from L£(E€), its conclusion is in L(&g)):

TN x X T3 m(pr =2 ATYN(2)) F D rm(pr =2 AT (2))
yEVe
We translate the formula I' | V¢ into £(€) as

z: T | D(Hy: rpﬂ(/\[—ﬂ'ijy = rﬂi—lz A I_SO“I(y)))

%
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One can show (as an extension of the following theorem) that

["Vel = UV,

but we omit the details.

THEOREM 4.2.5. For every formula T | ¢ of L(Eg),
[T = Ul ]

PROOF. As in the proof of Theorem 4.2.1, we prove the result by induction, but
present only a few of the cases here.
For formulas of the form I'| ¢ — 1, we see that

[ — ¥] = [e] — [¥]
= [Ule] — Ul¥]] (by Theorem 2.2.24)
=[] —["¥] (by inductive hypothesis)
On the other hand,
"¢ — 7] =[O~ 7]
=0[("" — "7)]
=0(["eT=[vD=Ul"%T—-1["T1-
We next consider formulas of the form I'|V,.rp. We use the fact that, in any
logos, for any f,
[Vo: 7(f(z) =y — oz, y))] = Vi[o(z, y)],
and also that, for any homomorphism f, V; = [—] o Vs o U (Theorem 4.1.10).
Consequently,

U[[Vm TQO]] = U(VWF[[SO]]) = DVUWP [[l—QO—l]] = [[l:lvw FRT'l(l—’YTF—lZZ}' = Z — I—QO—l)]].

We translate substitutions
Cox: T L|t:T

I'[lt/]
to substitutions
w: FF,T—l|[—SO—| z: [_1—‘—||[_t7: |_T7
w: "I 2 T T 22 T2y, oy, t) T T

2: T o[z, .oz, ) 7/ w]
The interpretation of "[t/z]|7, then, is calculated as
[“lt/2]] = 1" [ e, -y m, )/ w]]
=M@y, )T
= (Ul(z1, - 20, ])" (U ])
= UL, ItD)[v]) = Ulelt/]].
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U

Thus, we have constructed a translation from the language £(Eg) to the language
L(E) which takes a formula I'| ¢ to a formula of £(€) which is interpreted as the
carrier of [[]. This translation is “truth-preserving” in the sense that ¢ - 1 is valid
in Eg just in case "' Ty Tis valid in £.

THEOREM 4.2.6. For every sequent I'| o b ¢ in L(Eg), E T T F "7 iff
FLlek.

PROOF. Suppose =T'| ¢ F 1. Then
[T N =UIl ¢l <UIIT¢) = [T
Conversely, suppose |="T7|T¢ 7+ "¢ Then
Ul el =TT e T < [T 797 = U | 9]
Corollary 1.2.10 completes the proof. 0

Hence, we may add a rule of inference

'k

(Tr1) T[T F T

4.2.5. Coinduction. We will use the internal logic to prove a formula intended
to represent the principle of coinduction. The principle of coinduction for the final
coalgebra H1 states that the largest coalgebraic relation on H1 is equality, i.e.,

AHI == Hl

Equivalently, coinduction says that the largest bisimulation Ogy g1 T s just Aym
(see Theorem 2.6.3). In what follows, recall that the type 1 in £(&g) is interpreted as
H1, the final coalgebra, so that "17 is interpreted as UH1. Thus, we wish to prove
the formula

x: "1y "1 OT (z,y) Fax=y.
By definition of O (in the formula (23)), this is the formula
(24) M1 y: "1 3, e (Tm 2= ATm 2=y AOT) Fa=y.
Since (T F T, it is sufficient to prove the simpler formula
(25) "1y "1 3, r(Tm 2= AT 2 =y) o =y.

Indeed, since T + OT (for the unary O which appears here), (24) and (25) are
equivalent.
In L(&g), the formula

x:Ly: 1| Thax=y
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is provable, using (Prl) and the equality axioms. Hence, by Theorem 4.2.6, its
translation

22T x 1 THEOMm 2 ="mg '2)
holds in £(€). Again, we apply the deflationary axiom (J2) to conclude
22T X 17| ThETm 2 ="m 2.

From this, it is a simple exercise to prove (25).

We may prove a stronger claim regarding coinduction. From Theorem 1.5.25, we
know that, if G preserves weak pullbacks, then a coalgebra (A, «)satisfies coinduction
iff (A, a)is simple. From (the dual of) Theorem 1.5.14, we know that, if G preserves
weak pullbacks, then (A, a)is simple iff !: (A, a)—H1 is a regular mono. We will
now present this connection in the internal logic.

By assumption, £ has regular epi-regular mono factorizations, so every mono is
a regular mono. Thus, we can represent the claim that ! is a regular mono by the
familiar sequent

(26) o TT Ny "I T e ="1y oz =y.

Here, we use the fact that U preserves regular monos, and so ! is a regular mono in
&g iff I'is a mono in €. Hence, the theorem we wish to prove is that (26) is equivalent
to (25) (replacing 1 with 7" in the latter). We do this by proving the antecedents are
equivalent. This has the advantage that it makes clear that two elements are mapped
via ! to the same element of UH1 just in case the elements are bisimilar.

First, we must see how to represent the assumption that G preserves weak pull-
backs. We use it in the proof by applying Theorem 2.5.7, to conclude that the
pullback of two G-homomorphisms is a bisimulation. This fact suggests the following
internal formula for each term s, ¢ in £(&g)

(27> z: TSy T ’ TsTr ="ty b D('—s—'x — I—t—ly)'
We treat this formula as an axiom in the following proof.

THEOREM 4.2.7. Suppose that G preserves weak pullbacks. For any type T in
‘C(&G);

x:TT oy "T e =Ty A 3, rpurm(Tm 2 =2 ATm 2 = y).
PROOF. By (27), we have
o TT y: P77 P e =Ty = O(T 1 e = T1y).
By definition of [J, the consequent is the formula

(28) x:TTy:"T 3, e (Tm 2 =2 ATm 2z =y AO(Tlm 2 = Tl '2))
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In the language of &g, one can prove that
(29) 22T xT|TE*(mz) = *(m2),

and O("!m 7z = Tlmy '2) is the translation of that consequent. Hence, (28) is provably
equivalent to

(30) o Ty "T 3, rpur (T 2 =2 ATy 2 = y).
Hence, we have shown
x:TT y:TT MM e =T 3, crem(Tm 2= ATm T =y).

For the other direction, we again translate (29) and apply ((J2) (O is deflationary)
to yield the sequent
22T x Tz ="lmy 2

Using the axioms for equality, we get
22T X TN T y: "TT | Tm 2= ATm 2=y Tz ="y,
An application of existential introduction (i.e., (Str6)) completes the proof. O

COROLLARY 4.2.8. Let G preserve weak pullbacks. Then, for any type T,
’: g TT 7, y: T ’ [ I—!—Iy L=y
just in case
Eao: T y:"T 3, . rrxrm(Tm z2=2ATm 2=y)Fx=y.
In other words, the internal principle of coinduction is valid just in case ™! is monic.

4.2.6. Composition of bisimulations. We offer an example of the internal
logic at work in the following theorem, in which we prove that, if G preserves regular
relations, then the composition of two bisimulations is again a bisimulation. From
[JRI7], one finds the well-known theorem that, if £ satisfies the axiom of choice,
then bisimulations compose. These two theorems suffice to prove that bisimulations
compose in a variety of familiar settings, but in both theorems, the category of
bisimulations consists of relations which come with a structure map (as opposed to
bisimulations in the sense of Definition 2.5.4, which is more general). We know of no
results for categories in which bisimulations are not “merely” relations which come
with a structure map.

THEOREM 4.2.9. If G preserves reqular relations, then bisimulations compose.
That is, for any x: "R, y: TS| w and y: "S7, z: TT | ¢ such that

x: "R y: TS ek Op andy: "S7, z: "T7| ¢+ O,
we have x: "R, z: TR [y o F O(Y o).
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ProOF. By the assumption, one infers that ) A p F Ui A Ogp. Hence, ¢ A ¢
O(v A ). Applying the cut rule to this sequent and to the sequent

D@ Ap) 3y s8W A )

yields ¥ Ao + 3. sO( Ap) and thus 3y, (¢ A ) F 3. sO(W Aw). By Theo-
rem 4.2.3, 3,. sO(¢Y A ) F O3, s(¥ A ), and so 3. (¥ Ap) F O3, s(¢¥ A ), as
desired. U

REMARK 4.2.10. This proof really doesn’t require all of the assumptions on &g
that we’ve made in this chapter. Rather, it holds whenever £ has epi-regular mono
factorizations, is cocomplete and finitely complete and G preserves regular relations.
In fact, G may be an endofunctor, rather than a comonad. Thus, it holds under
the same assumptions that applied in Section 2.5.2, where we discussed relation-
preserving functors.

4.3. A Kripke-Joyal style semantics

Throughout this section, we continue with the assumptions from Section 4.2.
That is, we assume that £ is an extensive, well-powered, locally complete logos with
all coproducts and regular epi-regular mono factorizations. We also assume that G
nearly preserves pullbacks.

One of the motivations for considering the internal logics £(Eg) and £(€) is that,
given an injective object C, a coequation over C' is just a regular subobject of UHC,
where H is right adjoint to U:Ez—&. In other words, a coequation over C' is the
interpretation of some formula x: "THC™| ¢.

A coalgebra (A, «) forces the coequation ¢ just in case, for every p: (A, a)—=HC,
the image of p (more precisely, Up) is contained in the interpretation of ¢. Thus,
(A, @) IF ¢ just in case, for every element p of HC' centered at (A, a), we have
Im(p) < [v]. This suggests that the standard Kripke-Joyal semantics can be used to
express coequation satisfaction in a simple, familiar way:.

In this section, we first introduce Kripke-Joyal semantics for a locally complete
logos and state (without proof) the Kripke-Joyal semantics theorem. We adopt this
semantics for the category L£(€), in which certain formulas represent coequations.
Namely, those formulas "I'"| ¢ are interpreted as subobjects of [TT'] = U[I'], and
hence as conditional coequations over [I']. We complete this section by proving
a couple of theorems about coequation forcing in terms of the internal logic, first
introducing an internal version of the S4 modal operator X from Section 3.8.

Let I" be a context in £(€) and ¢ a formula in context I'. Let A be given and a
an element of [I'], centered at A, i.e.,

a: A—=IT7.
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Then we say that A IF ¢(a) just in case Im(a) < [¢], i-e., pa €4 [¢]-

The following theorem (which can be found, essentially, in [LS86, Bor94], etc.)
can be proved in any locally complete logos. As it is a well-known theorem (the
Kripke-Joyal theorem — sometimes called Beth-Kripke-Joyal), we omit the proof
but include the statement for completeness.

THEOREM 4.3.1. Let T'| ¢ be given and p €4 [T]. In each of the clauses below,
the context of the formula is I, unless stated otherwise.

(1) Al-T(p) always.

(2) Ak L(p) iff A=0.

(5) AlE (o A)(p) iff AlF o(p) and Al ¢(p).

(4) A IF (¢ — ¥)(p) iff, for every b €g A such that B I+ p(pb), then also
B I 9 (pb).

(5) Ak 3, ro(x,p) iff there is a reqular epi b:B—A and a ¢ € [T] such that
B - o(c, pb).

(6) AlFY.. ro(x,p) iff, for allb ep A and c € [T], B IF ¢(c, pb).

(7) A= plt/al(a) iff Al o([t]a).

(8) (Weakening) Al- AT |p(a) iff AIFT | p(mprya).

Let "T'7| ¢ be given. The [¢] is a conditional coequation over ["I"7]. A coalge-
bra (A, a)forces [¢] just in case, for every homomorphism p: (A, a)—[I'], we have
Im(Up) < [i7], equivalently, Im(p) < [Ci].

THEOREM 4.3.2. Let "I ¢ and (A, a) be given. Then (A, o) Iy [w] (over
[T]) just in case, for every element p €a.qy [I'], that is, every homomorphism
p:(A, a)—[IT,

AlF p(Up).

We next show that a coalgebra forces ¢ at Up just in case it forces g at Up. This
is an easy corollary to Corollary 2.2.9. It also implies that the quasi-covariety defined
by ¢ is the same as that defined by Oy, i.e., Theorem 3.8.10. In Theorem 4.3.4, we
present a similar theorem for the X operator.

THEOREM 4.3.3. Let "I'"| ¢ and (A, a) be given, and p:(A, a)—[I'] a homo-
morphism. Then Al o(Up) iff AlFOe(Up).

PRrOOF. Corollary 2.2.9 states that Up factors through [] just in case p factors
through [[¢]] (the largest subcoalgebra of [¢]). Hence, Up factors through [¢] iff it
factors through Of¢] = [He] (see Corollary 1.2.10). O

For the next theorems, we augment the language £(£) with another S4 modal
operator, X. The interpretation of My is K[¢], that is, the largest invariant subcoal-
gebra of [¢] (see Section 3.8).
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THEOREM 4.3.4. (A, a) IF ¢(p), for every p €4,y [I'], just in case we also have
<A7 Oé> I &QO(])) fOT’ every p E(A,a) IIF]]

ProoOF. This is just a restatement of Theorem 3.8.9 in terms of the Kripke-Joyal
semantics. 0

THEOREM 4.3.5. Let "T'""| ¢ be given. If [I']| is injective (say, I' = x: HC), and
P Eaa) [I], then
AlFKe(p)

iff, for every homomorphism g:[U]—[I'], Ak ¢(gp).

PRrOOF. Let A IF Kg(p), where p is a homomorphism, and g:[I']—[I'] be given.
Then, by definition of X, 3,[K¢] < [¢] and thus,

Im(gp) = 35 Imp < [].

Conversely, suppose that for every such g, A I+ ¢(gp). Then, for every homomor-
phism g:[I']—[I], we have 3,Im(p) < [¢]. But X[¢] was defined to be the join of
all those subobjects K of U[T'] such that, for every homomorphism g:[I']—[I'], we
have 3,K < [¢] (see Section 3.8). Hence, the result follows. O

4.4. Pointwise forcing of coequations

Again, throughout this section, £ is an extensive, well-powered, locally com-
plete logos with all coproducts and regular epi-regular mono factorizations and that
G:£—E& is a comonad that nearly preserves pullbacks.

Let I' be a context in L(&g), and ¢ a formula over "I'7, so that [¢] is a condi-
tional coequation over [I']. As we saw in the previous section, a coalgebra (A, «)
forces ¢ just in case, for every element p of [I'] centered at (A, a), A IF o(Up). In
other words, the Kripke-Joyal semantics give a means of stating that (A, a) forces a
coequation under a particular coloring, where (A, «) forces the coequation (with no
qualifications) if it forces it under every coloring.

Alternatively, we could consider the elements of A and ask which elements satisfy
. That is, which elements are mapped into [¢] under every mapping p: (A, a)—[I']?
Clearly, (A, «) iff for all p: (A, a)—[I'] and all a € A, pa € [¢]. In Section 4.3,
we stripped away the quantifier ranging over colorings and defined “(A, «) forces ¢
under p.” In this section, we strip away the quantifier ranging over elements of A

and define “(A, a) forces ¢ at a,” where a is an element of A (i.e., a € A for some
Bef).

DEFINITION 4.4.1. Let "T'"| ¢ and (A, «) be given, with a € A (i.e., a:e—A in
€). Then we say
(A, a) IF ¢la]
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iff, for every homomorphism p: (A, a)—[I'], we have Im(pa) < [¢].

We use the square brackets for pointwise forcing to distinguish the notation from
AlF o(p), where p €4, qy [I']. Clearly, (A, a) I pla] iff, for every p €4, 4y [I'],

B Ik o(pa)

(where B is the domain of a, i.e., a €g A).

THEOREM 4.4.2. Let "T'7| ¢ be given. If C is a generating set for £, then

(4, a) IFpry [#]
gust in case (A, a) I pla] for each a €c A, C € C.

PROOF. Let (A, a) IF [¢], so for every p:(A, a)—[I'], we have (A, a) IF ¢(p).
Clearly, for every a €¢c A, C € C, then, C' |- p(pa), so (A, a) Ik ¢|a].

On the other hand, suppose that (A, a) IF ¢[a] for all a €c A, C € C. Let
p: (A, a)—[I'] be given. Then, for each a € A, C € C, we have C IF ¢(pa).
Hence, p o a equalizes Coker([¢]>=["T"]) for each a:C—A, C' € C and thus (by
the assumption that C is a generating set for &), p equalizes Coker([]s=["T7]),
too. Hence p factors through [¢]. Since p was an arbitrary homomorphism, we see

<A, a) H—[[p]] [[QO]] D

It is natural to ask whether this semantics comes with a Kripke-Joyal style the-
orem, similar to Theorem 4.3.1. Unfortunately, we do not have any such theorem
relating the condition that (A, «) IF ¢la] and the structure of .

The motivation for this section is the intuition that, in order to show that a
coalgebra (A, «) forces a coequation [¢], one checks that, for each element of a € A
and homomorphism p: (A, a)—[I'], p(a) € [¢]. In other words, in practice, one may
verify that (A, «) forces [¢] at each a € A.

Supposing that, in fact, (A, a) does not force [¢], one may still be interested in
those elements a € A that do force ¢. In what remains, we will define an functor J,,
taking coalgebras (A, «) to the subobject B < A consisting of all those elements of A
which pointwise force p. We conclude by showing that if [i] is a coequation over an
injective [T'] (i.e., a proper coequation, rather than a conditional coequation), then
we can define the comonad G¥ in terms of J, and [—].

Given "T'7| p and (A, o) € &g, we define

Jo(A, a) = \/{S < A | ¥p:(4, a)—=[I] . 3,5 < [¢]}.
It is easy to check that for all p: (A, a)—[I'],
FpJo (A, a) <[]
In other words, 3,J,(A, a) < J (A, a).
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THEOREM 4.4.3. J,(A, o) is invariant, in the sense of Section 3.8. That is, for
every homomorphism p: (A, a)—(A, «a),

EIP‘]90<A> a) S ‘]90<A7 O./>.

PROOF. Let p: (A, a)—(A, o) be given. It suffices to show that, for every
r:(A, a)y—[I],
3 HJo(4, a) < [¢],
i.e., JropJuo(A, @) < [¢]. This follows, since J,(A, ) is a join of subobjects S such
that 3,,,5 < [¢] and joins commute with 3. O

We still must show that J, defines a functor. Let f:(B, 3)—(A, a) be given.
We will show that 37J,(B, ) < J,(A, o). This allows one to define J,f to be the
composite along the top row of Figure 3.

FIGURE 3. Definition of J, on arrows.

To show that 37J,(B, ) < J,(A, ), it suffices to show that, for every homo-
morphism p: (A, a)—[I'],

Fp31Jp(B, B) = FporJo(B, B) <[]
But this is clear, since p o f is a homomorphism.

THEOREM 4.4.4. Let a €g A. Then a € J,(A, a) just in case (A, o) IF ¢lal.

PRrROOF. Clearly, if (A, a) IF ¢[a], then a € J,A.
On the other hand, suppose that a € J,A and let r: (A, o)—[I'] be given. Then

3, A= \/{3:5 < A|Vp:(A, a)—"T7.3,5 < [¢]} < [¢].
Hence, ra € [¢]. 0
From Chapter 3, we know that there is a comonad
G*:&—Eg,

G¥ = (G¥, ¥, 0¥), such that (A, a) IF [¢] just in case (A, a) L £%. In fact, G¥(A, «)
is the greatest subcoalgebra (B, ) of (A, «) such that (B, 3) IF [¢]. Hence, there
is some similarity between G¥(A, a) and our definition of J,(A, ). The following
theorem makes the relationship between the two clearer.
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THEOREM 4.4.5. If [T'] is injective (so that [] defines a covariety, rather than

a quasi-covariety), then
G'A, a) = [J,(4, a)]a.
In other words, G¥(A, a) is the largest subcoalgebra of J,(A, a).

PROOF. Since G‘A, a) I [¢], it follows that for every p: (A, a)—[I], we have
3,UG?(A, a) < []. Hence, by definition of J,, UG¥(A, o) < J,(A, a) and so
G?(A, a) < [J (A, a)].

On the other hand, to prove the reverse inclusion, it suffices to show that the
coalgebra [J,(A, a)] forces the coequation [¢]. That is, for every homomorphism

p: [JSD<A7 O./>] —>|IF]] )
Imp < [[¢]. Since [I'] is injective, p extends to a homomorphism
ﬁ: <A7 a>—>[[r]:| :
Since 35J,(A, a) < [¢], the conclusion follows. O






Concluding remarks and further research

In this thesis, we had three main goals in mind. First, we wanted to develop the
theory of coalgebras alongside the theory of algebras in a general setting. Second,
we wanted to apply the principle of duality to some well-known and fundamental
theorems of universal algebra to learn their implications in the theory of coalgebras.
Lastly we wanted to provide an internal logic for categories of coalgebras which is
appropriate for representing relevant constructions and for expressing the relation
between &£ and &£g via certain transfer principles.

The first task yielded sufficient conditions for a category of coalgebras to be well
enough behaved for the development of basic results like the co-Birkhoff theorem.
Among other results, we found that a category &g of coalgebras for a comonad G
inherits much of the relevant structure from £ presuming £ has epi-regular mono
factorizations and cokernel pairs and G preserves regular monos. If we further assume
that £ has enough injectives, then so does &g, and these injectives provide a natural
interpretation of coequations. We also showed that &g is “as complete” as & is,
although the limits in £g are not created by the forgetful functor. Supposing that £
is a locally complete logos with regular epi-regular mono factorizations, and G nearly
preserves pullbacks, then &g is also a locally complete logos and thus interprets first
order logic.

We further contributed to the theory of coalgebras by offering a new definition
of bisimulation which is, we hope, more natural in settings in which choice is not
available. This definition preserves the intuition behind bisimulation — two elements
are bisimilar just in case there’s a coalgebraic relation (R, p) such that they are
related by the image of R. Furthermore, while it allows for greater structure than
the traditional definition in categories without choice, it also reduces to that definition
if choice is available (or if G preserves pullbacks).

The second task is closely related to the first. In order to dualize familiar theorems
from universal algebra, one must first state and prove these theorems in categorical
terms. In this stage, one sees what is really relevant, categorically speaking, for a
theorem like, say, the variety theorem and this in turn helps guide the development
of the theory of coalgebras. To the extent that we are interested in the duals of such
fundamental algebraic theorems, we are committed in assuming the dual conditions

205
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(with certain exceptions — the proof of the subdirect product theorem is an example
of a proof which is not easily dualized. Our approach, following [GS98], involved
finding an alternate proof.).

Once a classic theorem has been stated and proved in terms which are easily
dualized, the dual theorem must still be interpreted. For the variety theorem, this
meant understanding coequations as predicates over the carrier of a cofree coalgebra,
and coequation forcing as an assertion about the images of a coalgebra under the
various colorings. This in turn led to an understanding of the invariance theorem.
Namely, it allowed a definition of a modal operator which takes a coequation to the
largest subobject which is invariant under all colorings. Without interpretations such
as these, the result of dualizing a theorem is largely formal — we receive a provable
statement but are at a certain loss for what it means.

The final task, too, relied on the first task for establishing the inheritance in
&g of the relevant structure in £. This established that an internal logic for &g
could include full first-order logic. The work on bisimulations suggested a closure
operator for the language £(&g), in which the closed propositions correspond to n-
simulations. The work on the invariance theorem suggested an interior operator as
well, taking each proposition (i.e., conditional coequation) to its largest invariant
subcoalgebra. For each of these operators, however, there were important properties
which are semantically verifiable but not expressible in the internal logic — unless &g
has exponentials.

The relation between £ and &g suggested the addition of certain transfer rules
which allow one to make inferences in £(Eg) based on derivations in £(&) and vice
versa. These transfer rules allowed the characteristic property of cofree coalgebras to
be expressed in a natural way in the join of the logics involved.

The work presented here can be extended in several ways. First, one may be
interested in base categories with less structure than we’ve assumed. For instance,
if one considers coalgebras over various categories of posets, then the assumption of
“enough injectives” is unreasonable. Hence, it would be worthwhile to investigate
what structural properties may be lost in such settings and to try to understand
what the appropriate notion of a coequation is in these settings.

Related to this concern is a question that has, unfortunately, largely remained
unanswered in this thesis. Namely, what applications are there for coalgebras over
categories other than Set and related categories? There is a notable lack of examples
of such coalgebras — although, one should stress that the broad approach developed
here does not depend on mathematical applications for its justification. Rather, it
is motivated by a desire to make clear which theorems of universal algebra can be
dualized in a straightforward way. Since we are not interested in coalgebras over
Set°P, this means that we must make clear what properties of Set are relevant in
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the classical theorem, so that we can see whether these properties are reasonable for
categories of coalgebras as well. Nonetheless, compelling examples of coalgebras over
other categories would be most helpful in understanding the basic theory.

The project of dualizing theorems in universal algebra is still in its infancy.
One can go through any standard text in universal algebra and find candidates
for dualization. One needs, however, to develop a few methods for dualizing cer-
tain common assertions in algebra. A survey of the work of Andréka and Németi
[AN83, Ném82, AN8la, AN81b, AN79b, AN79a, ANT8| shows great promise
in this direction. In the early 1980’s, they extended the work of Herrlich and Ba-
naschewski [BH76] to give an analysis of “cone-injectivity” and classes of algebras
defined by an extension of equational logic. This work was unknown to the author
until an anonymous reviewer for CMCS 2001 brought it to his attention. A review
of these earlier results, with an eye towards applications of their coalgebraic dual,
seems most promising.

The development of the internal logic in Chapter 4 should lead to clean proofs
of certain claims about coalgebras. One would certainly like more examples of such
proofs. To begin, it is reasonable to take well-known properties of (certain) coalgebras
and prove them in the internal logic, as we did with the property of coinduction for
the final coalgebra and also the proof that bisimulations compose (given that G
preserves regular relations). However, time did not permit as broad a development
of these proofs in the internal logic as one would like, and in particular, we did not
attempt to represent the property of corecursion and prove that it holds in the final
coalgebra. The aim of using the internal logic to re-prove well-known results is two-
fold: First, it gives a measure of the practical strength of the logic and shows how the
transfer principles can be used, and second, it allows one to develop skills of reasoning
internally, much simplifying (and formalizing) proofs, and this skill can be applied
for “real” advances to the theory as well.






APPENDIX A

Preliminaries

A.1. Notation

We adopt the following notation conventions for morphisms in a category.

Morphism Arrow

Monos 1:A>=>B
Epis p:A==B
Regular monos i:A=B
Regular epis p:A—+B
[somorphisms i:Av>B
Natural transformations | 7: F =G
Cones T:A=G

TABLE 1. Notation conventions

A.2. Factorization systems

This section gives a brief review of factorization systems with a special emphasis
on the factorization systems of special interest here: regular epi-mono factorizations
(for categories of algebras) and epi-regular mono factorizations (for categories of
coalgebras). For a more thorough treatment of factorization systems, see [Bor94,
Volume I] or [AHS90]. First, we review the definition of regular epi/regular mono.

DEFINITION A.2.1. We say that a map p: A—>B is a reqular epi if there is a pair
of maps e; and e, such that
€1
° ? A —pl> B
is a coequalizer diagram. Dually, a regular mono is a map that is an equalizer of

some pair of arrows.

Throughout, we will often use the fact that regular epis are strong, so we include
a definition and proof of this connection.

DEFINITION A.2.2. An epi e is strong just in case, whenever the square below
commutes, with m mono, then there is a (necessarily unique) map d making each

209



210

A. PRELIMINARIES

triangle commute.

A strong mono is a mono m as in the diagram above such that, whenever the square
commutes and e epi, then again there is a unique d making the triangles commute.

THEOREM A.2.3. Every regular epi is strong (and, dually, every regular mono is

strong).

PROOF.

FI1GURE 1. Every regular epi is strong.

Let e be the coequalizer of ki, ko as shown in Figure 1 and let m be a mono

making the diagram commute. Then it is easy to see that (because m is monic),

f also coequalizes ki and ko and so there is a unique d making the upper triangle

commute. The lower triangle also commutes, since e is epi. O

(€,

DEFINITION A.2.4. A factorization system for a category C consists of a pair
M) where £ and M are class of morphisms of C satisfying the following:
(1) Every isomorphism is in £ and M;
(2) € and M are closed under composition;
(3) Whenever e € E and m € M such that the square below commutes, there is
a unique d as shown, making each triangle commute.

(4) For each f:A—B in C, thereis an e:A—C in £ and a m:C—B in M such
that f = moe (as shown below).

f

A B

NG
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Note that our definition of factorization system does not require that £ be a
subclass of the epis of C or that M be a subclass of the monos. Nonetheless, the
common examples of factorization systems do have this property, and certainly the
factorization systems in which we are interested are no exception.

THEOREM A.2.5. Let (€, M) be a factorization system for C. Factorizations
f=moe, wheree € £ and m € M, are unique up to isomorphism.

PROOF. If moe =m’oe€’, where e, € € £ and m, m’ € M, then there are unique
d, d', as shown in Figure 2, making the triangles commute. The uniqueness part of
Condition 3 from Definition A.2.4 implies that the composites d o d’ and d' o d are
the identity. O

e
—_—

A—C
e’l -d/.. lm

S
hE

e

N

y

FIGURE 2. (£, M)-factorizations are essentially unique.

For the remainder of this section, let £ denote the epis of C and M,, the monos.
Also, let &, denote the regular epis and M, the regular monos. We complete
our review of factorization systems by introducing the notion of regular epi-mono
factorizations and its dual, epi-regular mono factorizations. We show that, if every
map factors by a regular epi followed by a mono, then (&, M,,) is a factorization
system (and the dual result as well).

DEFINITION A.2.6. Let £ be a category. We say that & has regqular epi-mono
factorizations if every arrow f:A—B can be factored into a regular epi followed by

a mono.
f

A B
N

The codomain of the regular epi is denoted A/ f, as shown above.

Dually, we say that & has epi-regular mono factorizations if every arrow f:A—B
can be factored into a epi followed by a regular mono.
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The domain of the regular mono is denoted Im(f), as shown above.

THEOREM A.2.7. If £ has regular epi-mono factorizations (epi-regular mono fac-
torizations, resp.), then (Ere, M) ((Ec, Mym), Tesp.) form a factorization system.

PRrOOF. Conditions (1) and (2) are obvious, and (4) is by hypothesis. The diago-
nal condition (by (3)) is just the fact that regular epis (monos, resp.) are strong. [

As we can see in the proof of Theorem A.2.7, the strong epis provide most of
the properties we require. Indeed, throughout this thesis, the assumption of regular
epi-mono factorizations in £ could be largely replaced by strong epi-mono factor-
izations, weakening some assumptions while strengthening others in the process. We
nonetheless prefer to stick with the regular epis, since in the algebraic setting, they
correspond to deductively closed sets of equations. We also use epi-regular mono
factorizations in &r in keeping with the duality.

We close this section with a categorical definition of the axiom of choice.

DEFINITION A.2.8. We say that an epi p (a mono i, resp.) splits if there is a map
f such that po f =id (f o4 = id, resp.) Such epis (monos, resp.) are necessarily
regular.

DEFINITION A.2.9. Let € be given. We say that £ satisfies the axiom of choice if
every epi splits. That is, if for every epi p, there is a (necessarily monic) ¢ such that

poi=id

We say that & satisfies the weak axiom of choice if every regular epi splits.

THEOREM A.2.10. If £ satisfies the weak axiom of choice, then every endofunctor
[':£E—=E preserves reqular epis.

PROOF. Let p be a regular epi in £. Then p splits, and hence I'p splits. U

A.3. Predicates and Subobjects

We very briefly present the basic construction of the category Sub(A) and show
how to define A and V in Sub(A). This material is not intended to be complete. In
particular, we simply show the constructions here without bothering to verify that our
construction of A (say) really does define a meet operation. For a proper introduction
in lattice theory, see [DP90], and for a discussion of the Heyting algebra Sub(A) in
a topos &, see [LM92].

Let C be a category and A € C. We form the category, Subc(A) or just Sub(A), as
follows: Take the full subcategory of the slice category C/A consisting of the monos

P—A.



A.3. PREDICATES AND SUBOBJECTS 213

Then, take the quotient of that subcategory by the relation = that holds if two objects
are isomorphic. In other words, we consider the skeleton of the category of monos
into A. We call the elements of Sub(A) the subobjects of A. It is easy to see that
Sub(A) is a poset.

We define the intersection of two subobjects P and @) as the pullback,

PANQ=—P
]
Q A

if it exists. More generally, the intersection /\ P; of a collection of subobjects P; of A
is the generalized pullback of the P;’s.

In a category with + and a factorization system (£, M), £ a subclass of the
epis and M a subclass of the monos, the join (or union) of two subobjects as the
factorization of the induced map P+ (Q —=A :

/\
P+Q—+PVQ—=A.

More generally, in a category with arbitrary coproducts, one can define an infinite
join, \/, P; of subobjects P;.

DEFINITION A.3.1. A category C is well-powered if each object has set-many
subobjects. C is reqularly well-powered if each object has set-many regular subobjects.

Dually, C is (regularly, resp.) co-well-powered if, for each object C, there are
set-many (regular, resp.) epis out of C', up to isomorphism.

In a well-powered category C with pullbacks, we have a contravariant functor
Sub:C°"——=Poset.
We must describe the action of Sub on arrows f:A—B, which we write as
f*:Sub(B)——=Sub(A).
Take a subobject P >—=B to the object making this square a pullback:

f(P)—=r
|
B

L
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If C has regular epi-mono factorizations, then f* has a left adjoint, denoted 3
and defined by taking the factorization shown below.

P—l>E|fP

|

A——B

See Section 4.1 for a discussion of a right adjoint to f*.
We complete our brief review of subobjects by showing that a regularly well-
powered category is also regularly co-well-powered, given kernel pairs.

CrAmM A.3.2. If C has kernel pairs and is reqularly well-powered, then C is requ-
larly co-well-powered. Dually, a regularly co-well-powered category with cokernel pairs
1s reqularly well-powered.

PROOF. Assume C is finitely complete and regularly well-powered and C' € C.
Then, we map quotients of C' to regular subobjects of C' x C' by taking a regular
epimorphism ¢ to its kernel pair. This mapping is injective. U

A.3.1. Regular subobjects. The categories of coalgebras in which we are in-
terested do not, in general, have regular epi-mono factorizations. Rather, they have
epi-regular mono factorizations. Consequently, the corresponding category of subob-
jects is not well-behaved: we cannot define the join of arbitrary subcoalgebras.

If C is a category with epi-regular mono factorizations, it is natural to consider
the regular subobjects of A as predicates over A. In the category RegSub.(A) of
regular subobjects, one can define meet, join, etc., as before and view the collection
of regular subobjects as the predicates over A.

A.4. Relations

We briefly introduce the basic definitions for relations on a category. Since we
are concerned with categories with finite products, for the most part, we simplify
this material by assuming finite products exist whenever convenient. See [Bor94,
Volume 2, Chapter 2] for a more complete discussion of this topic.

DEFINITION A.4.1. A collection of maps {f;: A—B;}; € I are jointly monic if,
whenever g, h:C'— A satisfy, for all 1 € I,

fiog:fioh

then g = h.
If I =1, then jointly monic is just monic.
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DEFINITION A.4.2. Let C be a category, A and B objects of C. A (binary) relation
on A and B is a triple (R, r1, r9) such that

ri:R——A,
ry:R——=B

and r; and ro are jointly monic. This definition generalizes in the obvious way to
n-ary (or I-ary) relations. A unary relation is a subobject.

If A= B, we say that (R, rq, r9) is a relation on A. Also, we often refer to a
relation (R, 71, ro) by just its carrier R, if no confusion will result.

If C has finite products, then a relation (R, 71, 73) on A and B is just a subobject
(R, (r1, m3)) of A x B. Also, any pullback (and so, any kernel pair) is a relation.
In particular, Ay = (A, idy, id4) is a relation on A (sometimes called the equality
relation or the diagonal) and, more generally, given a map f: A—B, then (A, id4, f)
is a relation on A and B, called the graph of f (denoted graph(f)).

The category of relations on A and B forms a partial order, where (R, 1, 19) <
(S, s1, S$2) just in case there is an arrow f:R—S such that

1 =510 f, 12 =550 f.

Given finite products, this ordering is just the same as the ordering on Sub(A x B),
of course.

In a category C with finite products and epi-regular mono factorizations, we can
define the composition of two relations easily. Namely, let (R, r1, r2) be a relation on
A and B and (S, s1, s9) arelation on B and C. Take the pullback shown in Figure 3.
In general, this will not be a relation, so take the regular epi-mono factorization of
P—=AxC.

[
y \/Y
R S
N N
A B C
FiGUuRrE 3. Composition of relations

If R is any relation on A, we say that R is reflexive if A < R.
Given any relation (R, 11, 79), the triple (R, ro, r1) is also a relation, called the
opposite relation of R and denoted R’. We say that R is symmetric if R® < R.
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Because —°

R’ =R.
A relation R on A is said to be transitive if Ro R < R. If R is reflexive, then
R < Ro R. Thus, if R is reflexive, then R is transitive iff Ro R = R.

is monotone and (R%)? = R, we have that a relation R is symmetric iff

DEFINITION A.4.3. A relation R on A is an equivalence relation if it is reflexive,
symmetric and transitive.

Notice that a kernel pair of an arrow is always an equivalence relation. We say
that an equivalence relation is effective if it is the kernel pair of its coequalizer.

RoR~ ™

Ay R RO

R

r10
FIGURE 4. The defining conditions for equivalence relations.

The equality relation A is an effective equivalence relation, and is obviously the
least equivalence relation. Also, in Set, for instance, every equivalence relation is
effective.

DEFINITION A.4.4. A category C is regular if it satisfies the following:

e Every arrow has a kernel pair.

e Every kernel pair has a coequalizer.

e The pullback of a regular epi is a regular epi (regular epis are stable under
pullbacks.

A regular category in which all equivalence relations are effective is called ezact.

A.5. Monads and comonads

This section is a brief reminder of the basic definition of monad and how a pair
of adjoint functors give rise to a monad. See any basic text on category theory for
more details. We take this material largely from [BW85, Bor94|.

DEFINITION A.5.1. A monad (also called a triple) is an ordered triple T =
(T, n, p) where

T:C——=C
is an endofunctor,
n:le=="T and

w:T*==T
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are natural transformations such that the following diagrams commute.

73 =2 2 T£>T2<LT
1?°==T T

The first diagram is called the associativity condition and the second the unit condi-
tion.

Rather than give explicit examples of monads, let us show how any adjoint pair
gives rise to a monad. In Section 2.1, we state the Eilenberg-Moore theorem showing
that every monad arises from an adjoint pair. In fact, it arises from (at least) two
different pairs of adjoints, but we will not discuss the Kleisli construction. See any
of [Bor94, Lan71, BW85| for a more thorough development of this topic.

Let L:C—D and R:D—C be given, with L 4 R. Let n:ide=RL and ¢: LR=>idp
be the unit and counit of the adjunction, respectively. It is easy to show that

<RL7 7, REL)

is a monad on C. The associativity condition

RerrL
RLRLRIL =———= RLRL

RLR&L\H, \H/REL

RLRL ————— RL
39

holds just by the naturality of €. The unit condition

RL

RLn
RL=—= RLRL <— RL

N

RL

holds just because of the identities
nNr o Re = id¢ and
Lnoep =idp.
A comonad in C is a monad in C°P. We state the definition explicitly, nonetheless,
since comonads play such an important role for categories of coalgebras.
DEFINITION A.5.2. A comonad (also called a cotriple) is a triple G = (G, ¢, ¢)
where G:C—C is a functor and
£:G=——=id¢ and
§:G=—=G"?
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are natural transformations such that the following diagrams commute.

GS&@Q G<€:GG2é>G2
G&ﬂ W& \W&/
G?=—=0G G

)

One sees, by duality, that an adjoint pair also gives rise to a comonad. Explicitly,
let L 4 R, with unit n and counit €. Then one easily shows that

(LR, e, LnR)
is a comonad.

ExampPLE A.5.3. Consider the adjoint pair

U:Grp——Set and
F:Set——=Grp,

where U takes a group to its underlying set and F' takes a set to the free group on
that set. We have that F' 4 U. This yields a familiar monad on Set, (UF, 1, ). The
unit of the monad,

n:idset=—=UF",

is the insertion of generators X ——=UF X . The multiplication is a natural trans-
formation

1 UFUF==UF.

It can be described componentwise as follows: Given a set X, UF X is the set of group
terms over X, which we can regard as finite strings over X. The set UFUF X, then,
is the collection of group terms taking elements of U F'X as variables. Thus, UFUF X
is the collection of finite strings over the “alphabet” UFX. The multiplication px
takes such a string and concatenates its elements, yielding a string over X.

The comonad (FU, ¢, §) over Grp can be easily described too, although it may
seem less familiar. The functor part of the comonad takes a group G to the free
group over UG. The counit

I¥el FUG——G
takes a term over G and multiplies it using the multiplication of G. The comultipli-
cation
0q: FUG——FUFUG
is given by F'ny¢g, where n is the insertion of generators described above. Thus, it is
the group homomorphism extending this insertion to all of FUG.
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