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Volume 54, Number 3, Sept. 1989

I1} BOREL SETS
ALEXANDER S. KECHRIS, DAVID MARKER, AND RAMEZ L. SAMI

§0. Introduction. The results in this paper were motivated by the following
question of Sacks. Suppose T is a recursive theory with countably many countable
models. What can you say about the least ordinal o such that all models of T have
Scott rank below «? If Martin’s conjecture is true for T then a < w - 2.

Our goal was to look at this problem in a more abstract setting. Let E be a Z}
equivalence relation on “w with countably many classes each of which is Borel.
What can you say about the least « such that each equivalence class is IT? This
problem is closely related to the following question. Suppose X < “w is IT] and
Borel. What can you say about the least « such that X is I12?

In §1 we answer these questions in ZFC. In §2 we give more informative answers
under the added assumptions ¥ = L or IT}{-determinacy. The final section contains
related results on the separation of I13,, , sets by Borel sets.

Our notation is standard. The reader may consult Moschovakis [ 5] for undefined
terms.

Some of these results were proved first by Sami and rediscovered by Kechris and
Marker.

§1. Borel IT}-sets.

DEFINITION 1.1. If X € oy, let X = {w € WO:|w| € X}. If X is IT} we say that X
is IT! in the codes. An ordinal « is a basis for subsets of w, which are IT in the codes
iff whenever X < w,, X # & and X is IT}, there is f € X such that f < o. We let 7}
be the least such ordinal.

In [1] Kechris showed that, assuming PD, 73,4, = 03,4+, forn > 1.

LEMMA 1.2.If X < “w is I1} and Borel, then X is II} for some B < y3.

PRrOOF. Let F be a recursive function such that x € X if and only if f(x) e WO. For
n <o, let X, = {x e X:|f(x)| <n}. Since X is Borel, f(X) is a X subset of WO.
Thus there is 77 < w; such that X = X,. Let Z = {we WO: Vx € X|f(x)| < |wl}.
Then Z is IT3, so there is w € Z such that n = |w| < y3. Thus X is Wadge reducible to
WO, , but by Stern [9] WO, is 29, . Hence since 7} is closed under ordinal addition X
is I§ for some f < y3. |
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916 ALEXANDER S. KECHRIS, DAVID MARKER, AND RAMEZ L. SAMI

We will next see that 91 is the least such ordinal. Suppose X is a nonempty
bounded initial segment of w, and XisZ 1. Thereis a tree  on w X w, such that
={xe®w: 30> w{x,fY>e[T]}. For « <w, and x€“w, let T = {t:n
—oa:newand (x|n,1) e 7 }. Then there is a recursive function f such that if w
€ WO and x € “o, then f(w,x) is a code for 7 ¥ and x e X iff Iwe WO f(w,x)
¢ WF. Let R € w; x w; x “ be defined by R(a, [3 x) if and only1f|9' | € B A Vo
€ a<?|(7%),| # . Thenx € X < Ja, f < w; R(, B, x). Let R* € IT} and R** € =1 be
such that for u, v e WO and x € “w

R*(u,v,x) <> R**(u,v,x) < R(|ul,|v],x).
Let

A, w',w) < w, w,ve WO A |w| = |w| A Ing, ny R*(v|ng,v|ny,w')

AVV([v'] < [o] > YWH(Iw*| = [w] = Vng, ny 71 R**('[no, v'|ny, w¥))).

Then A is IT}.
Foralla € X wecanfind B, = ufIw e WO|w| = a A I ¢ WF. Let w, be chosen
such that 7 % ¢ WF. Let y, = uyR(B,,7,w,) and let 5, = sup{p, + 1, 7, + 1}. Then

A= UX{(U, wiw)wl=a A o] =0, A |w|=|w]A R(ﬁa’ya’w,)}‘
ae
Since X is bounded, A is a countable union of Borel set and hence Borel. - -

For all « € X there are V and w’ such that {w: A(v, w’,w)} = {we WO:|w| = a}.
Thus, for all « € X, A has Borel rank greater than or equal to a.

LEMMA 1.3 (STERN [9]). Suppose o = w”. Then {x:x € WO, |x < a} is X9.; and
{x e WO: |x| < o} is not £9.5.,. In particular, {x e WO: |x| = a} is not I3 . ;.

THEOREM 1.4. y} = sup{a: 3X < “w X is I1}, Borel and o is the least ordinal such
that X is 12}

PrOOF. In view of Lemma 1.2 we need only show that if § < y3, thereisa IT} Borel
set A which is not IT9.

Let X < w, be nonempty, bounded and X} in the codes such that, for all « < 6, o
eX. LetX*={f:3dae XVy <aye X A f < o*}. Thereis arecursive f such thatif
x € WO, then f(x) e WO and |f(x)| = »™. Thus X* = {we WO:Jve X Vnew
v|ne X A |w| <|f(v)l}. Then X* is a proper initial segment of w, containing °
which is X1 in the codes. By the above construction we can find a I1} Borel set 4
which has {w € WO:|w| = @} as a section. By Lemma 1.3, 4 is not IT3, O

COROLLARY 1.5. For all o < y3 there is a X! equivalence relation with countably
many classes such that each class is Borel but at least one class is not IT2. 7

PROOF. Let 4 be IT} and Borel but not IT 2+ ,.Let ¥: A - w, be a I1}-norm. Since
Ais Borel, there is § < w, such that Vx € 4 ¥(x) < . Define an equivalence relation

xEy<(x¢ AAny¢ A v ¥(x)=P().

If each E class is IT3, then A would be X3, ,, a contradiction. O

If Eis a 2! equivalence relation with countably many equivalence classes each of
which is Borel, then there is « < y} such that all E-classes are IT2. In fact the
following stronger theorem is true.
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THEOREM 1.6 [6]. If E is a X} equivalence relation with Borel equivalence classes
and there is a bound on the ranks of the classes, then there is o < 7y} such that every E
class is I?. -

PROOF. Let f be a recursive function such that xEy <> f(x, y) ¢ WO. Forn < w,,
say

xE,y < (f(x,y) € WO A f(x,y) < 7).

Then E = (), <., E,. For any x, since { y: yEx} is Borel, by boundedness we can find
a7, < o, such that Vy xEy — xE,_y,so xEy <> xE, y. If each E class is I12, then for
each fand x we can separate {y: xEy} from { y: xE,y} by a I? set. On the other hand
if for all B we can separate { y: xEy} from { y: xEzy} by a II{ set, then since eventually
{y:xEy} = {y: xEgy}, {y: xEy} is II;.

Suppose v, w € WO. Since {y: yEx} is Z{(x) and {y: yE,,,x} is 41(x, w), if they can
be separated by a IT}, set, by Louveau’s separation theorem [3] they can be
separated by a IT,, set with code hyperarithmetic in v, w, x).

Thus if Z = {w e WO: every E class is I{,;}, then

weZ<we WO A Vx,v(ve WO - 3z <, (x,v,w) z is a [T),-code
A VY((XxEy = y € B(2)) A (xE 1y = y ¢ B(2)))),

where B(z) is the Borel set coded by z. Since the quantifier 3z <, (x,v, w) is really
universal, Z is IT}. Thus there is w € Z with |w| < y3.

Question. Suppose G is a Polish group acting on “w with countably many orbits.
What can we say about the least a such that every orbit is IT2? By results of Sami [7],
o< 8l

§2. Bounds on y}.

LemMA 2.1. 61 <y,

PROOF. If X = {o:o < 81}, then X = {ye WO:3x e 4} xe WO A |x| = |y|}.
Since X is X}, there is & € , — X such that 61 < & < 1.

THEOREM 2.2 [5]. If V = L, then y} = 61.

PrOOF. If V = L, then 4} is a basis for 2. Thus every nonempty I1} set contains a
A} member. So y} < 63.

Suppose y e WO is 43. Say y(n) = m<>3Ir A(r,{(n,m)) and y(n) #m < 3Ir
B(r, {n,m)), where 4 and B are I1}. Then

X =y < 3IrVn, m((x(n) = m - A(r,, {n,m))) A (x(n) # m — B(r,,, {n,m)))).

Thus x = y <> 3r C(r, x), where C is IT} and x is recursive in every element of C.
Let Z={ze WO:L,;EKP A Ir,xe L, (r,x)e C}. Since V=L, Z is non-
empty. Thus

Z' ={ze WO:VxeL,(xe WO - x| <|z]) A Ir,xe L, (rnx) e C)} 2 Z # &.
But “xe L,”is 4{ and if r, x € L, then r, x <, z, 0
zeZ' <= Vx((xe Ly A xe WO)— |x| <|z]) A r, x <pyp2 (r,x) € C.

So Z'is IT}. Thus there is z € Z’ such that |z| < y} and y € L. Thus |y| < |z| < y}.
O
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We will see that under the assumption of I71-determinacy y} is quite large in L but
much smaller than §3.

THEOREM 2.3. Suppose, for all & <y}, R¢ < R,. Then, for all & <y}, R} < y}.

PrOOF. Pick & < y).Let X < w, be a bounded initial segment of w, containing &
which is 2} in the codes.

Suppose (o, E) is a transitive, well founded model of KP + V = L. If w e WO and
f:dom(w) » @ we say that f is a w-chain in (o, E) if and only if for all n € dom(w) if
f(n) =m, then (w, E) = “m = R,,,,;.”

Claim. Foralla < y3,RL = sup{RE: (w, E) is a transitive, well founded model of
KP + V =L, < On(w, E) and (w, E) = R, exists}.

(=) Clear since, for some f, (w, E) ~ (L ,).

(<) Let(w, E) ~ (L, ,¢); then R{™>® = KL Thisis possible since o + 1 < y},s0
wzs1 < Ny

Let Z = {v e WO: 3E, f, w, g(w, E) is a transitive well founded model of KP +
V=L, weX, f:dom(w) - w is a w-chain for (w, E) and g: dom(v) - {m € w: In
€ dom(w) (w, E) = “misan ordinaland m < f(n)”} is order preserving}. Then Z is 2}
and Z = {ve WO:36 € X |v| < N}}. Let ze WO — Z be such that |z| < y}. Then
Nf <73 O

COROLLARY 2.4. (VxR < R)RE =93,

PROOF. ¥, is inaccessible in L. Thus N, =Ng,. So N L < Ny O

On the other hand y} will always behave reasonably well in L.

THEOREM 2.4. 7} is definable in L and cf(y}) =

PROOF. In[2] Kechris and Moschovakis show that every subset of w, whichis IT}
in the codes is constructible. In fact if U S w x R is an w-universal I} set and U
={(n,x):x € WO A Vye WO |y| = [x| > (n,y)e U}, then Y = {(n,0) € ® x wy:3Ix
€ WO« = |x| A (n,x) € U} isconstructible. Thus in L we can define a,:n € ) € L,
where

+1°

_j0 Va<w(no)¢y,
" |least a(n,0) € Y otherwise.

Then y} = sup,a,. [We thank the referee for pointing out this simple argument.]
O
COROLLARY 2.5 (I1}-AD). y} is less than the first Silver indescernible, so y} < 63.

§3. A separation theorem for I1},, -sets. We assume projective determinacy. Let
U be an w-universal I1}, , , set. Let ¢: U - 63,,, be a I1},, ,-norm. Let 4 and B
be disjoint 113, sets, and let ey, e; € w be such that 4 = {x:(e,,x) e U} and B
= {x:(e;,x) € U}. For n < 03,44, let 4, = {x:p(ey,x) < n} and B, = {x: ¢(e,, x)
<n}.

The following is a generalization of a weak version of a theorem of Stern [10].

THEOREM 3.1. Suppose, for alln < 83, ,, A, and B, are I1¢-separable. Then A and
B are IT2-separable.

The proof uses the analysis of certain Wadge-like games from [8]. If X, n X,
=Y, n Y, = &, consider the game G({X,, X, >,<Y,, Y;>) where if I plays « € “w
and II plays f € “w, then II wins if and onlyifa € X, > fe Yyandae X; - e Y;.
We write {X,, X;) < (Y,, Y;) if and only if II has a winning strategy.
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LEMMA 3.2. Assume all X; and Y, are projective. If {X,,X,) % {Y,, Y;), then
Yo, Yy) < <Xy, Xo)-

Proor. By PD, I has a winning strategy ¢ in G({X,, X, ), (Y, Y;)). Suppose 11
plays G({ Yy, Y;>,<{X;, X, ) using o (and ignoring I’s last move). If I plays « and II
plays f, then I wins G({(X,, X, >, (Y,, Y; D) on the play S, a. So either f € X, and
¢YoorfeX anda¢Y,. ThusaeY,—»> feX, andae Y, » feX,.So thisis a
winning strategy for Il in G({ Yy, Y; ), <X}, Xo)). O

LeMMA 3.3. Let € be any Wadge class. If {Xo,X,) < (Yo, ;) and Y, Y can be
separated by some D €%, then X, and X, can be separated by some De%.

PROOF. Let D be the inverse image of D under the winning strategy. O

LemMA 3.4. If X, and X, are projective and C is complete II?, then {X,, X,
<<C,C) if and only if X, and X, are I12-separable.

PROOF. (=) Clear by 3.3.

(<) Let D € H? separate X, and X,. Then D is Lipschitz reducible to C. Il can win
G(X,, X, ),<{C,1C>) by playing the winning strategy in the Lipschitz game. [

PRrOOF OF 3.1. Suppose A and B are not IT¢-separable. Then (4, B) £ (C,—1C),
where C is complete IT?. Thus, by 3.2, <—1C,C) < (A4, B). Let ¢ be II’s strategy in
G((™C,C>,{A4,B)) and let f, be the continuous function it determines. Then
f(1C) < Aand f(C) < B.Since f(—1C)and f(C)are X} sets, by boundedness there
is n < 8},,, such that f(—C) < 4, and f(C) < B,. Thus, using o, II also wins
G({C,C),<A,,B,). So {C,C) < {A,,B,>. Since 4, and B, are I13-separable,
(A,,B,> <<C,1C). But then (1C,C) < {C,M1C). But then —1C is Lipschitz
reducible to C, a contradiction. O

This proof also works if we replace IT? by a Wadge class of 43, ., sets containing
a complete set.

Question. Suppose X and Y are disjoint 2}, , sets, A and B are IT},,  sets such
that n(4) =X and n(B) =Y and, for n <83,.+,, X, =mn(4,) and Y, = n(B,).
Suppose, for all #, X, and Y, can be separated by a IT 9set. Can X and Y be separated
by a IT%-set? Stern [10] showed the answer is yes if n =0 (using the weaker
assumption VxNi < R)).

COROLLARY 3.5. If A and B are Borel separable I1},, | sets, then A and B can be
separated by a IT1? set for some o < 7%, . ,.

PROOF. Let Z = {w € WO: A and B are II{,-separable}. Then

weZ <V <83, (z(zis a ITf,-code A Vx(x € A, - x € B(z))
A Vy(y € B, -y ¢ B(2)),

where B(z) denotes the Borel set coded by z. By Louveau and Saint Raymond ([3]
and [4]), 4,and B, are IT le-separable if and only if for any (e, s) € U with ¢(e, s) =
there is a H ] Set separatmg A, and B, with code in A3, 4 1(w,s). Thus
weZ < Ve, sl(e,s)e U
—3ze A}, (w,s)(zis a IT},-code A Vx(p(ey, x) < @(e,5) = x € B(2))
A Vy(pler,y) < @le,s) = y ¢ B(2)).

Thus ZisI1%,, ,. O
The next result shows this is best possible.
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PROPOSITION 3.6. Foreacho < y3,. ,therearelIl}, . | sets A and Bwhich are Borel
separable but not separable by a I1? set.

PROOF. As in 1.4 we can find a bounded initial segment X of N; containing w*
such that X is 2%, , and if U is a universal I1},,, setand ¥: U — 8., isa Il},.,
norm, we can find a IT{,, , A= U x X x X such that the following conditions
hold: :

(i) If A(v,w’,w), then |w| = |w'|.

(i) For all w € X there is a unique v such that for some w’, w"”

w| = |w’| = |w| A A(v,w',w").
! " | A( 7 "

(iii) If A(v,w’,wyand |w"| = |w|, then A(v, w’, w").

Let B(v, w',w) < A(v,w’,w’) A |w| # |w'|. Then Bis IT},,, and A n B = (. Let
C = {(v,w’,w): |w'| = |w| € X }. Then since X is bounded, C is Borel. Clearly 4 = C
and B n C = (, s0 A and B are Borel separable. But if D separates 4 and B, then
{z € WO:|z| = w*} is a section of D. Thus D is not IT?. O

REFERENCES

[1] A.S. KEcHRIS, Countable ordinals and the analytical hierarchy. 1, Pacific Journal of Mathematics,
vol. 60 (1975), pp. 223-227. ‘

=+ A. S. KecHrIs and Y. MOSCHOVAKIS, Two theorems about projective sets, Israel Journal of
Mathematics, vol. 12 (1972), pp. 391-399.

[3] A.LOUVEAU, 4 separation theoremfor £+ sets, Transactions of the American Mathematical Society,
vol. 260 (1980), pp. 363—-378.

[4] A. LouviAau and J. SAINT RAYMOND, Borel classes and closed games: Wadge-type and Hurewicz-
type results, Transactions of the American Mathematical Society, vol. 304 (1987), pp. 431-467.

[5] Y. MoscHovakis, Descriptive set theory, North-Holland, Amsterdam, 1980.

[6]1 R. Sami, On X} equivalence relations with Borel classes of bounded rank, this JOURNAL, vol. 49
(1984), pp. 1273-1283. .

[7] , Polish group actions and the Vaught conjecture (preprint).

[8] J. STEEL, Determinateness and the separation property, this JOURNAL, vol. 46 (1981), pp. 41-44.

[9] J. STERN, Evaluation du rang de Borel de certains ensembles (preprint).

[10] , On Lusin’s restricted continuum problem (preprint).

DEPARTMENT OF MATHEMATICS
CALIFORNIA INSTITUTE OF TECHNOLOGY
PASADENA, CALIFORNIA 91125

DEPARTMENT OF MATHEMATICS, STATISTICS, AND COMPUTER SCIENCE
UNIVERSITY OF ILLINOIS AT CHICAGO
CHICAGO, ILLINOIS 60680

DEPARTMENT OF MATHEMATICS
CAIRO UNIVERSITY
CAIRO, EGYPT

UER DE MATHEMATIQUE
UNIVERSITE PARIS-VII
. 75251 PARIS, FRANCE

This content downloaded from 131.215.71.79 on Mon, 20 May 2013 12:56:39 PM
All use subject to JSTOR Terms and Conditions


http://www.jstor.org/page/info/about/policies/terms.jsp

	Article Contents
	p. 915
	p. 916
	p. 917
	p. 918
	p. 919
	p. 920

	Issue Table of Contents
	The Journal of Symbolic Logic, Vol. 54, No. 3 (Sep., 1989), pp. 689-1120
	Front Matter
	An Independence Result in Quadratic Form Theory: Infinitary Combinatorics Applied to ε-Hermitian Spaces [pp.  689 - 699]
	On Generic Elementary Embeddings [pp.  700 - 707]
	Saturating Ultrafilters on N [pp.  708 - 718]
	The Cofinality of Cardinal Invariants Related to Measure and Category [pp.  719 - 726]
	The ∑<sup>1</sup><sub>2</sub> Theory of Axioms of Symmetry [pp.  727 - 734]
	Lattice Embeddings into the Recursively Enumerable Degrees. II [pp.  735 - 760]
	A Cardinality Version of Biegel's Nonspeedup Theorem [pp.  761 - 767]
	Bad Groups of Finite Morley Rank [pp.  768 - 773]
	Nonabsoluteness of Elementary Embeddings [pp.  774 - 778]
	Extensions of Arithmetic For Proving Termination of Computations [pp.  779 - 794]
	Near-Equational and Equational Systems of Logic for Partial Functions. I [pp.  795 - 827]
	On the Cofinality of the Smallest Covering of the Real Line by Meager Sets [pp.  828 - 832]
	Isols and the Pigeonhole Principle [pp.  833 - 846]
	Generix Strikes Again [pp.  847 - 857]
	A Note on Subgroups of the Automorphism Group of a Saturated Model, and Regular Types [pp.  858 - 864]
	Two Results on Borel Orders [pp.  865 - 874]
	Diverse Classes [pp.  875 - 893]
	A Borel Reducibility Theory for Classes of Countable Structures [pp.  894 - 914]
	Π<sup>1</sup><sub>1</sub> Borel Sets [pp.  915 - 920]
	Non ∑<sub>n</sub> Axiomatizable Almost Strongly Minimal Theories [pp.  921 - 927]
	Definable Equivalence Relations on Algebraically Closed Fields [pp.  928 - 935]
	A Note on the Multiplicative Semigroup of Models of Peano Arithmetic [pp.  936 - 940]
	Decision Problems for Differential Equations [pp.  941 - 950]
	Nonfinite Axiomatizability Results for Cylindric and Relation Algebras [pp.  951 - 974]
	On the Ranked Points of A Π<sup>0</sup><sub>1</sub> Set [pp.  975 - 991]
	A New Proof of Sahlqvist's Theorem on Modal Definability and Completeness [pp.  992 - 999]
	Nonstandard Set Theory [pp.  1000 - 1008]
	A Note on Direct Sums of Friedbergnumberings [pp.  1009 - 1010]
	Digital Simulation of Analog Computation and Church's Thesis [pp.  1011 - 1017]
	Finite Axiomatizability for Equational Theories of Computable Groupoids [pp.  1018 - 1022]
	Creativeness and Completeness in Recursion Categories of Partial Recursive Operators [pp.  1023 - 1041]
	A First Approach to Abstract Modal Logics [pp.  1042 - 1062]
	Propositional Proof Systems, the Consistency of First Order Theories and the Complexity of Computations [pp.  1063 - 1079]
	Groups of Finite Morley Rank with Transitive Group Automorphisms [pp.  1080 - 1082]
	Time Polynomial in Input or Output [pp.  1083 - 1088]
	Reviews
	untitled [pp.  1089 - 1090]
	untitled [pp.  1090 - 1092]
	untitled [pp.  1092 - 1094]
	untitled [pp.  1094 - 1095]
	untitled [pp.  1095 - 1098]
	untitled [pp.  1098 - 1100]
	untitled [pp.  1100 - 1102]
	untitled [pp.  1102 - 1104]
	untitled [pp.  1104 - 1105]
	untitled [pp.  1105 - 1106]
	untitled [pp.  1106 - 1107]
	untitled [pp.  1107 - 1108]
	untitled [pp.  1108 - 1109]
	untitled [pp.  1109 - 1111]
	untitled [pp.  1111 - 1112]
	untitled [pp.  1112 - 1113]
	untitled [pp.  1113 - 1114]
	untitled [pp.  1114 - 1115]
	untitled [pp.  1115 - 1118]

	Notices [pp.  1119 - 1120]
	Back Matter



