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Abstract

This paper aims to contribute to the analysis of the nature of math-
ematical modality and hyperintensionality and to the applications of the
latter to absolute decidability. Rather than countenancing the interpre-
tational type of mathematical modality as a primitive, I argue that the
interpretational type of mathematical modality is a species of epistemic
modality. I argue, then, that the framework of two-dimensional semantics
ought to be applied to the mathematical setting. The framework permits
of a formally precise account of the priority and relation between epis-
temic mathematical modality and metaphysical mathematical modality.
The discrepancy between the modal systems governing the parameters in
the two-dimensional intensional setting provides an explanation of the dif-
ference between the metaphysical possibility of absolute decidability and
our knowledge thereof. I also advance a topic-sensitive epistemic two-
dimensional truthmaker semantics, if hyperintensional approaches are to
be preferred to possible worlds semantics. I examine the relation between
two-dimensional hyperintensional states and epistemic set theory, pro-
viding two-dimensional hyperintensional formalizations of epistemic set
theory, large cardinal axioms, the modal axioms governing (2-logic, and
the Epistemic Church-Turing Thesis.

1 Introduction

This essay aims to contribute to the analysis of the nature of mathematical
modality and hyperintensionality, and to the applications of the latter to abso-
lute decidability. I argue that mathematical modality falls under at least four
types; the interpretational, the metaphysical, the non-maximally objective, and
the logical. The interpretational type of mathematical modality has tradition-
ally been taken to concern possible reinterpretations of quantifier domains (cf.
Fine, 2006, 2007; Linnebo, 2009, 2010, 2013; Studd, 2013), and the possible
reinterpretations of the intensions of the concept of set (Uzquiano, 2015,a). The
metaphysical type of modality concerns the ontological profile of abstracta and
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mathematical truth. Abstracta are thus argued to have metaphysically neces-
sary being, and mathematical truths hold of metaphysical necessity, if at all (cf.
Fine, 1981). Metaphysical modality is the maximal objective modality.! How-
ever, the phenomenon of indefinite extensibility of the ordinals, cardinals, and
reals is, I argue, possessed of two modalities whose interaction is captured by
a two-dimensional semantics, and which consist of an epistemic modality char-
acterizing reinterpretations of quantifier domains, and a non-maximal, hence
non-metaphysical, yet still objective modality characterizing ontological expan-
sion.2 Another candidate for the non-maximal objective mathematical modality
is the modal profile of forcing (cf. Kripke 1965; Hamkins and Lowe, 2008). In-
stances, finally, of the logical type of mathematical modality might concern the
properties of consistency (cf. Field, 1989: 249-250, 257-260; Rayo, 2013: 50;
Leng: 2007; 2010: 258), and can perhaps be further witnessed by the logic of
provability (cf. Boolos, 1993).

The significance of the present contribution is as follows. (i) Rather than
countenancing the interpretational type of mathematical modality as a primi-
tive, I argue that the interpretational type of mathematical modality is a species
of epistemic modality. (ii) I argue, then, that the framework of two-dimensional
hyperintensional semantics ought to be applied to the mathematical setting.
The framework permits of a formally precise account of the priority and rela-
tion between epistemic mathematical modality and metaphysical mathematical
modality. I target, in particular, the modal axioms that the respective inter-
pretations of the modal operator ought to satisfy. The discrepancy between the
modal systems governing the parameters in the two-dimensional setting pro-
vides an explanation of the difference between the metaphysical possibility of
absolute decidability and our knowledge thereof. (iii) I examine the application
of the mathematical modalities beyond the issue of indefinite extensibility. As a
test case for the two-dimensional approach, I investigate the interaction between
epistemic and metaphysical mathematical modalities and both large cardinal ax-
ioms and Orey sentences which are undecidable relative to the axioms of ZFC,
such as the generalized continuum hypothesis. The two-dimensional framework
permits of a formally precise means of demonstrating how the metaphysical pos-
sibility of absolute decidability and the continuum hypothesis can be accessed
by their epistemic-modal-mathematical profile. I argue that, in the absence of
disproof, large cardinal axioms are epistemically possible, and thereby provide a
sufficient guide to the objective mathematical possibility of determinacy claims
and the continuum hypothesis. (iv) Finally, I define a novel, hyperintensional,
topic-sensitive epistemic two-dimensional truthmaker semantics. I examine the
relation between epistemic truthmakers and the axioms of epistemic set the-
ory, large cardinal axioms, the Epistemic Church-Turing Thesis, as well as the
verification-profile of Q-logical consequence.

In Section 2, I discuss how the properties of the epistemic mathematical

IFor endorsements of this contention, see Kripke (1980: 99), Lewis (1986), Stalnaker (2003:
203), and Williamson (2016b: 459-460). For an argument in opposition, see Clarke-Doane
(2021).

2See Author (ms) for further discussion.



modality and objective mathematical modality converge and depart from previ-
ous attempts to delineate the contours of similar notions. In Section 3, I define
the formal clauses and modal axioms governing the epistemic and metaphysi-
cal types of mathematical modality. I also advance a topic-sensitive epistemic
two-dimensional truthmaker semantics, if hyperintensional approaches are to be
preferred to possible worlds semantics. Section 4 extends the two-dimensional
framework to the issue of mathematical knowledge; in particular, to the hyper-
intensional profile of large cardinal axioms and to the absolute decidability of
the continuum hypothesis. Section 5 provides concluding remarks.

2 Departures from Precedent

Shoenfield (1967) writes: ‘If we introduced symbols for new operations which
cannot be defined in ZFC, we would increase our ability to describe sets and
hence increase the power of the subset (and replacement) axioms. This appears
to be a natural approach; but so far no one has been able to propose any suitable
operations’ (304). ‘An approach which is more promising at the moment is to
make fuller use of our principle of existence of stages: if we can imagine a
situation in which all of the stages in a collection are completed, then there
must be a stage after all the stages in the collection’ (306).

Reinhardt (1974b) develops Shoenfield’s comments, and countenances the
following principle:

S If P is a property of stages, and if we can imagine a situation in which all
the stages having P have been built up, then there exists a stage s beyond all
the stages which have P’ (5).

Imagination is defined thus: ‘{Wle choose here to pursue the sense of "imag-
ine" according to which Existing = Real C Imaginary rather than that according
to which Imaginable = Visualizable C (mathematically) Existing. To choose the
latter would turn S into a tautology (or an exhortation to visualize!) and re-
quire for its usefulness a criterion of visualizability. One can read the axiom of
S as such criteria, taking V to be the visualizable sets. Then [principle S] gives
a condition under which ¢ will provide a "visualization" of a set. The axioms
so read may be plausible for some kind of "visualizability" (such a concept of
"visualizable" seems close to definable). However, I have trouble seeing that
each © C w is visualizable’ (6).

Reinhardt writes of the relation between the imagination that a set-theoretic
rank at which a property is satisfied and the existence of the rank at which the
property is satisfied that: ‘We remark at the outset that one can read S in
either (i) a more or (ii) a less constructive way, namely (i) that the stage s
exists mathematically because of ... the act of imagination, which is thus a
sort of construction of s, or (ii) that what can be imagined is but an indication
of what has mathematical existence, so that the latter can retain changeless
Platonic impregnability or Cantorian absoluteness’ (op. cit.).

Reinhardt develops the following theory for principle S. ‘The principle S dis-
tinguishes between "imagine" and "exist". We shall do this formally for sets by



treating "imagine" as the quantifier and "exist" as quantification relativized to a
certain predicate. (Consequently we should not call 3 the existential quantifier,
but a generalized existential quantifier. We keep the usual logic for 3, however.
We do not consider the possibility of a non-classical logic for "imaginary" ob-
jects.) We suppose that we can imagine the set of all existing sets; V' denotes
this imaginary set. We have yet to explain the term "property". Generally, for-
mulas correspond to properties of sets. Notice that the principle S only refers to
existing properties, not imaginary ones (taking "is" not in the scope of "imagine"
to have existential force). Formulas in which all parameters are existing sets
will correspond to existing properties (we do not assume the correspondence is
onto). Formulas involving merely imagined objects z, such as "t€z", will not in
general correspond to existing properties. Note in particular that we must not
assume that V exists, and consequently the property P such that teV <=

P(t) must not be assumed to exist either. / Our formalization of "there exists
a set x such that ..." is "Jz(zeV [A] ...) (7).

‘Imagine’ and ‘exist’ can, too, be defined relative to ranks, with ‘exists to
mean "exists at a higher level", and "imagine" to mean "exists, but possibly only
at higher levels" (9).

The theory for principle S has the following axioms:

With Jz interpreted as "z can be imagined", "x€V" as "z exists", and "¢(aq,

., an, t)" as "t has P", principle S is formalized as follows:

(i) (a1, «.. , an)€V A TaVt(d(aq, ... , an, t) — t€x) — Is[s€V A VE(o(aq, ...
, &, t) = t€s)], with ¢ a €-formula ‘(i.e. any formula of L) with free variables
a1, ... , an, t, and x is distinct from all these’ (8).

(ii) Vi(tex <= tey) - x =y;

(ili) tex A z€V — teV,

tCx N xeV — teV,

ze€V NtCV A t=x — teV;

(iv) JaVt(tex <= 6 A tex), where 0 is a formula not involving z (7-8).

Reinhardt (1974a: §6) proposes the use of imaginary sets and classes as
‘imaginary experiments’ (204), in order to define imaginary projections corre-
sponding to the universe of sets which define Reinhardt large large cardinals.
An objection to the foregoing is advanced by Maddy (1988) who objects to
the ‘use of counterfactual situations to distinguish these new entities from sets’
(754). Maddy writes: ‘I think even those with strong modal intuitions will have
trouble imagining how there might be more pure sets and ordinals than there
are. After all, V is supposed to contain all the sets and ordinals there could
possibly be’ (op. cit.).

The approach to mathematical modality, according to which it yields a repre-
sentation of the cumulative universe of sets, has been examined by Fine (2006),
Uzquiano (2015), and Linnebo (2018a). Fine argues that the mathematical
modality should be postulational and interpretational; and thus taken to con-
cern the reinterpretation of the domain over which the quantifiers range, in
order to avoid inconsistency. Uzquiano argues similarly for an interpretational
construal of mathematical modality, where the cumulative hierarchy of sets is



fixed, yet what is possibly reinterpreted is the non-logical vocabulary of the
language, in particular the membership relation.?

In the setting of unrestricted quantification, suppose, e.g., that there is an
interpretation for the domain over which a quantifier ranges. Fine writes that
an interpretation ‘I is exten[s]ible — in symbols, E(I) — if possibly some inter-
pretation extends it, i.e. ©3J(ICJ)’ (2006: 30). Then, the interpretation of the
domain over which the quantifier ranges is extensible, if ‘VI.E(I)’. The interpre-
tation of the domain over which the quantifier ranges is indefinitely extensible, if
‘OVIL.E(I) iff ‘OvIe3J(ICJ)" Fine’s interpretational modality is taken as postu-
lational and interpretational, although a natural thought might be to combine
it with the dynamic postulational modality which he also countenances. On
Fine (2005)’s approach, there are dynamic, postulational, and ‘prescriptive’ or
imperatival modalities. The prescriptive element consists in the rule:

‘Introduction: !x.C(x)’,

such that one is enjoined to postulate, i.e. to ‘introduce an object x con-
forming to the condition C(x)’ (2005: 91; 2006: 38).

Then, possible reinterpretations of quantifier domains are induced via the
prescriptive imperative to postulate the existence of a new object by the fore-
going ‘Introduction’ rule (2006: 30-31; 38). Fine clarifies that the postulational
approach is consistent with a ‘realist ontology’ of the set of reals. He refers to the
imperative to postulate new objects, and thereby reinterpret the domain for the
quantifier, as the ‘mechanism’ by which epistemically to track the cumulative
hierarchy of sets (2007: 124-125).

In accord with Fine’s approach, I will argue that epistemic mathematical
modality has a similarly representational interpretation, and perhaps the pos-
tulational property is an optimal means of inducing a reinterpretation of the
domain of the quantifier. However, the present approach avoids a potential is-
sue with Fine’s account, with regard to the the introduction of deontic modal
properties of the prescriptive and imperatival rules that he mentions.? It is suf-
ficient that the interpretational modalities are a species of epistemic modality,
i.e. possibilities that are relative to agents’ spaces of states of information.

Developing Parsons’ (1983) program, Linnebo (2013) outlines a modalized
version of ZF. ® Linnebo argues that his modal set theory ought to be governed

3Compare Godel, 1947; Williamson, 1998; and Fine, 2005.

4For an analysis of the precise interaction between the semantic values of epistemic and
deontic modal operators, see Author (ms).

5Linnebo (2018b) discusses the differences between Putnam’s and Parsons’ accounts of
the role of modality in mathematics. Berry (2022) also discusses the differences between the
foregoing. Linnebo (op. cit.: 265-266) avails of two-dimensional indexing for the relation
between interpretational and circumstantial modalities. In Linnebo (2018a), he characterizes
the relation between interpretational and circumstantial modalities via a bimodal product
logic, rather than a two-dimensional semantics. He countenances two commutativity princi-
ples — ‘Il <= MWD’ and ‘049 <= &¢’, with O a circumstantial modality and B an
interpretational modality — although details a counterexample to which they are susceptible.
The present approach occurs in the setting of epistemic two-dimensional semantics, such that
there is a one-way dependence of metaphysical profiles on epistemic profiles. The question of
whether there might perhaps be other fruitful interaction principles between epistemic and
metaphysical modality and hyperintensionality was raised in conversation with xx, and is a



by the system S4.2 —i.e. K [O(¢p — ¢) = (0o — Ov)], T (¢ — ¢), 4 (e —
0O0¢), and G (00¢ — O0¢) — the Converse Barcan formula, and a restricted
version of the Barcan formula. However — rather than being either interpreta-
tional or epistemic — Linnebo deploys the mathematical modality in order to
account for the notion of ‘potential infinity’, as anticipated by Aristotle.® The
mathematical modality is thereby intended to provide a formally precise answer
to the inquiry into the extent of the cumulative set-theoretic hierarchy; i.e.,
in order to precisify the answer that the hierarchy extends ‘as far as possible’
(2013: 205).7

Thus, Linnebo takes the modality to be constitutive of the actual ontology
of sets; and the quantifiers ranging over the actual ontology of sets are claimed
to have an ‘implicitly modal’ profile (2010: 146; 2013: 225). He suggests, e.g.,
that: ‘As science progresses, we formulate set theories that characterize larger
and larger initial segments of the universe of sets. At any one time, precisely
those sets are actual whose existence follows from our strongest, well-established
set theory’ (2010: 159n21). However — despite his claim that the modality is
constitutive of the actual ontology of sets — Linnebo concedes that the math-
ematical modality at issue cannot be interpreted metaphysically, because sets
exist of metaphysical necessity if at all (2010: 158; 2013: 207). In order partly
to allay the tension, Linnebo remarks, then, that set theorists ‘do not regard
themselves as located at some particular stage of the process of forming sets’
(2010: 159); and this might provide evidence that the inquiry — concerning at
which stage in the process of set-individuation we happen to be, at present —
can be avoided.

In response, a solution to this dilemma might be by distinguishing, as
above, between non-maximally objective and maximally objective modalities.
Maximally objective modalities are metaphysical and the most general type of

topic for future research. Roberts (2019) countenances four interaction principles in a bimodal
logic for interpretational and circumstantial modalities, similar to Linnebo’s (op. cit.), and
applied to the indefinite extensibility of possibilia. Vlach-operators in two of the principles
simulate two-dimensional indexing. The principles are a bimodal version of the converse Bar-
can formula: BOVve — YvBOg (1159); B(OA — OOA) (1161); 1*111 e1%2042*1 | 1 Ovx([E(x)
= 1F22B(x))] (1162); 1101 412012 L3 W[B(x) - F212E(x)] A Fx[E(x) A 41 B(x)]]
(op. cit.). T*A is a Vlach-operator on A selecting an interpretational modality from an w-
sequence comprising a set thereof which validates A, and TA is a Vlach-operator on A selecting
a metaphysical possibility from an w-sequence comprising a set thereof which validates A. The
appeal to epistemic two-dimensional semantics in order to account for interpretational as epis-
temic and circumstantial as objective modalities and their interaction in this essay was written
in 2015 and pursued prior to knowledge of Linnebo’s and Roberts’ accounts. My approach dif-
fers, as well, by countenancing a hyperintensional, topic-sensitive epistemic two-dimensional
truthmaker semantics and applying it to various phenomena in the philosophy of mathematics.

6Cf. Aristotle, Physics, Book III, Ch. 6.

"Precursors to the view that modal operators can be availed of in order to countenance
the potential hierarchy of sets include Hodes (1984). Intensional constructions of set theory
are further developed by Reinhardt (1974a,b); Parsons (op. cit.); Myhill (1985); Scedrov
(1985); Flagg (1985); Goodman (1985); Hellman (1990); Nolan (2002); and Studd (2013). (See
Shapiro (1985) for an intensional construction of arithmetic.) Chihara (2004: 171-198) argues
that ‘broadly logical’ conceptual possibilities can be used to represent imaginary situations
relevant to the construction of open-sentence tokens. The open-sentences can then be used to
define the properties of natural and cardinal numbers and the axioms of Peano arithmetic.



modality. Non-maximally objective modalities, such as those figuring in the two-
dimensional modal profile of indefinite extensibility, are not technically meta-
physical though are still non-epistemic and non-deontic, are interpreted so as to
concern reality, and are thus objective.

In his (2018a), Linnebo countenances both interpretational and metaphysical
modalitities, and he argues that the former also satisfy S4.2.

Another distinction to note is that both Linnebo (op. cit.) and Uzquiano
(op. cit.) avail of second-order plural quantification, in developing their prim-
itivist and interpretational accounts of mathematical modality. By contrast to
their approaches, the epistemic and metaphysical modalities defined in the next
section are defined with second-order singular quantification over sets.

Linnebo and Uzquiano both suggest that their mathematical modalities
ought to be governed by the G axiom; i.e. ¢l — [JO¢p. The present approach
eschews, however, the G axiom, in virtue of the following. Williamson (2009)
demonstrates that an epistemic operator which validates the conjunction of the
4 axiom of positive introspection and the E axiom of negative introspection will
be inconsistent with the condition of ‘recursively enumerable conservativeness’,
although positive and negative introspection are individually consistent with
r.e. (quasi-)conservativeness (30), where the conservativeness constraint defines
recursively enumerable theories ‘without reference to models’ (12). ‘A model M
is r.e. if and only if O07'M (which expresses what the agent cognizes in M) is
an r.e. (recursively enumerable) theory in [a language of propositional modal
logic,] Lg. In that sense, the agent’s cognition in an r.e. model does not exceed
the computational capacity of a sufficiently powerful Turing machine’ (10). A
theory is recursively enumerable if the valid strings in the theory can be enu-
merated by a Turing machine. A theory is recursive if the Turing machine halts
on every input. ‘Y is the logic of an application on which O"'M is a theory in
Lg for every intended model M’ (8). X is r.e. conservative if and only if for
every r.e. theory R in L, there is a maximal Y-consistent set X such that O0~'X
is r.e. and LNO7!X = R. ¥ is r.e. quasi-conservative if and only if for every
consistent r.e. theory R in L, there is a maximal Y-consistent set X such that
O-'X is r.e. and LNO71X = R’ (12). S5 is not r.e. (quasi-)conservative (14).
The G axiom is not r.e. quasi-conservative. K4 is r.e. conservative and GL is
r.e. (quasi)-conservative (Williamson, 2009: 13, 26-27, 29). It is, however, an
open question whether K4+GL is r.e. (quasi-)conservative.

My application of epistemic two-dimensional semantics to the epistemol-
ogy of mathematics departs from full-blooded platonism, as well. According
to full-blooded platonism, whatever mathematical objects can exist, do exist,
and every consistent mathematical theory describes either a different part of
the mathematical universe or distinct mathematical universes altogether (Bal-
aguer, 1998). Thus, ZFC+CH and ZFC+-CH both ‘truly describe collections
of mathematical objects’, holding in distinct albeit equally real mathematical
universes (Balaguer, 2001: 97: see also Hamkins, 2012).

Epistemic two-dimensionalism and full-blooded platonism differ, further, on
both the nature of their target possibilities and on the status of the actuality
of the possibilities. Epistemic two-dimensionalism avails of epistemic possibili-



ties, whereas full-blooded platonism avails of logical possibilities. Further, not
all epistemic possibilities are actual according to epistemic two-dimensionalism,
whereas the objects of any logically consistent theory actually exist according
to full-blooded platonism. One reason to prefer epistemic two-dimensionalism
to full-blooded platonism is that the former can be formalized, whereas Re-
stall (2003) has shown that there are significant challenges to formalizing the
latter. Another reason to prefer epistemic two-dimensionalism is that — unlike
full-blooded platonism — it avoids commitment to the existence of inconsistent
universes of sets where e.g. both ZFC+V=L and ZFC+V#L would obtain.

Waxman (ms) endeavors to account for the interaction between the imagina-
tion and mathematics. Whereas I avail in this paper of conceivability as defined
in epistemic two-dimensional semantics — which I refer to in the mathematical
setting as epistemic mathematical modality — in order to account for how the
epistemic possibility of abstraction principles and large cardinal axioms relates
to their metaphysical possibility, Waxman’s aim is to account for how imagining
a model of a mathematical theory entrains justification to believe its consistency
(op. cit.). Unlike Waxman, epistemic mathematical modality is ideal, whereas
imagination is, on his account, non-ideal (Waxman, op. cit.: 18; Chalmers,
2002), where ideal conceivability means true at the limit of apriori reflection
unconstrained by finite limitations. Unlike Waxman, I believe, further, that
imaginative contents are sensitive to hyperintensional subject-matters or topics
(cf. Berto, 2018; Canavotto, Berto, and Giordani, 2020).

Further applications of hyperintensional semantics to the philosophy of math-
ematics include availing of epistemic two-dimensional hyperintensions (func-
tions from topic-sensitive epistemic truthmakers to topic-sensitive metaphysi-
cal truthmakers to extensions) in order to capture the interaction between the
epistemic and objective or metaphysical hyperintensional profiles of abstraction
principles (Author, msl1), the access problem (Author, ms2), rational intuition
(Author, ms3), and indefinite extensibility (Author, ms4).

3 Mathematical Modality

3.1 Metaphysical Mathematical Modality

A formula is a logical truth if and only if the formula is true in an intended model
structure, M = <W, D, R, V>, where W designates a space of metaphysically
possible worlds; D designates a domain of entities, constant across worlds; R
designates an accessibility relation on worlds; and V is an assignment function
mapping elements in D to subsets of W.

Metaphysical Mathematical Possibility
[ed]"? =1 <= Tu'[o]"* =1
Metaphysical Mathematical Necessity
[Og]"™ = 1 <<= Yu'[o]"™ =1,
with ¢ := =[-



3.2 Epistemic Mathematical Modality

In order to accommodate the notion of epistemic possibility, we enrich M with
the following conditions: M = <C, W, D, R, V>, where C, a set of epistemically
possibilities, is constrained as follows:

Let [¢]¢ C C;

(¢ is a formula encoding a state of information at an epistemically possible
world).

The interpretation of epistemic possibility which will here be at issue defines
the notion in relation to logical reasoning (Jago, 2009; Bjerring, 2012), by con-
trast to a for all one knows operator (see MacFarlane, 2011) or as the dual of
epistemic necessity i.e. apriority (see Chalmers, 2006, 2011). Bjerring writes:
‘[Wle can now spell out deep epistemic necessity and possibility by appeal to
provability in n steps of logical reasoning using the rules in R. To that end, let
a proof of A in n steps of logical reasoning be a derivation of A from a set I' of
sentences — potentially the empty set — consisting of at most n applications of
the rules in R. Let a disproof of A in n steps of logical reasoning be a deriva-
tion of —A from A — or from the set I' of sentences such that A€l — consisting
of at most n applications of the rules in R. Similarly, let a set I' of sentences
be disprovable in n steps of logical reasoning whenever there is a derivation of
A and —A from T' consisting of at most n applications of the rules in R. For
simplicity, I will assume that agents can rule out sets of sentence that contain
{A,—A} non-inferentially. Finally, let ‘0J,,” and ‘0, be metalinguistic operators,
where ‘Q,,’ is defined as =[], —. Read ‘(J,," as ‘A is provable in n steps of logical
reasoning using the rules in R’, and read ‘¢,,’as ‘A is not disprovable in n steps
of logical reasoning using the rules in R’. We can then define:

(Deep-Necn) A sentence A is deeply,, epistemically necessary iff J,,.

(Deep-Posn) A sentence A is deeply,, epistemically possible iff ¢,,” (op. cit.).

The interpretation of epistemic possibility which will here be at issue de-
fines the notion as conceivability, the dual of epistemic necessity i.e. apriority
(see Chalmers, 2006, 2011), instead of consistent logical reasoning (Jago, 2009;
Bjerring, 2012) and a for all one knows operator (see MacFarlane, 2011). In
the hyperintensional setting outlined below, the box and diamond operators
are replaced by necessary and possible truthmakers which serve as verifiers for
propositions. On the consistent logical reasoning interpretation of epistemic
possibility, necessary truthmakers receive the same interpretation as [, i.e.
that a proposition A is provable in n steps of logical reasoning using the rules
in R. On their metaphysical interpretation, truthmakers verify the truth values
of propositions and are orthogonal to the logical reasoning which figures in the
interpretation of the epistemic truthmakers. The consistent logical reasoning in-
terpretation ties truthmaking to provability and is of relevance to the discussion
of epistemic possibility and hyperintensionality and their bearing on absolute
decidability, but will not be here examined.

Intensions
-pri(z) = Ae.[z] %%



(This is a primary, or epistemic, intension. The two parameters relative to
which x — a propositional variable — obtains its value are epistemically possible
worlds).

-sec(x) = Ac.fx] "

(This is a secondary intension. The two parameters relative to which x
obtains its value are metaphysically possible worlds).

-2D(z) = Adcdw[x]*" =1

(This is a 2D intension. A first parameter ranging over epistemic scenarios
determines the value of the formula relative to a second parameter ranging over
metaphysically possible worlds).

Then:

o Epistemic Mathematical Necessity
[Mg]ov =1 = V[g]¢ =1

(¢ is true at all points in epistemic modal space).

o Epistemic Mathematical Possibility
[#¢] #0 — [-W-¢] =1

(¢ might be true if and only if it is not epistemically necessary for ¢ to be
false).

Epistemic mathematical modality can be constrained by consistency, and
the formal techniques of provability and forcing. A mathematical formula is
false, and therefore metaphysically impossible, if it can be disproved or induces
inconsistency in a model.

3.3 Interaction

« Convergence
Vedw[gp]e® =1
(the value of x is relative to a parameter for the space of epistemically pos-
sible worlds. The value of x relative to the first parameter determines the
value of x relative to the second parameter for the space of metaphysical
possibility).

e Super-rigidity
[6]°Y =1 = Yw o] =1

(¢ is rigid in all points in epistemic and metaphysical modal space).

3.4 Modal Axioms

e Metaphysical mathematical modality is governed by the modal system
KTE, as augmented by the Barcan formula and its Converse (cf. Fine,
1981).
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K: O¢ — o] — [06 — 09

T:O¢p — ¢

E: -0O¢ — O-U¢

Barcan: odzFax — JdaxoFx
Converse Barcan: JzoFx — odzFx

« Epistemic mathematical modality is governed by the modal system, K4+GL.8

K: W) — ] — (M) — Wy

4: Hp — HlY

GL: H[l¢ — ¢] — Mo

Note that, if one prefers a hyperintensional semantics to an intensional se-
mantics, one can avail of the definitions of hyperintensions as functions from
states in a state space to extensions instead of from whole epistemically and
metaphysically possible worlds. See Chapter 2 for the relevant models and
definitions.

3.5 Topic-sensitive Two-dimensional Truthmaker Seman-
tics

If one prefers hyperintensional semantics to possible worlds semantics — in order
e.g. to avoid the situation in intensional semantics according to which all neces-
sary formulas express the same proposition because they are true at all possible
worlds — one can avail of the following epistemic two-dimensional truthmaker se-
mantics, which specifies a notion of exact verification in a state space and where
states are parts of whole worlds (Fine 2017a,b; Hawke and Ozgiin, forthcoming).
According to truthmaker semantics for epistemic logic, a modalized state space
model is a tuple (S, P, <, v), where S is a non-empty set of states, P is the sub-
space of possible states where states s and t comprise a fusion when s Ll teP, <
is a partial order, and v: Prop — (2% x 29) assigns a bilateral proposition (p*,
p~) to each atom peProp with p* and p~ incompatible (Hawke and Ozgiin,
forthcoming: 10-11). Exact verification () and exact falsification () are re-
cursively defined as follows (Fine, 2017a: 19; Hawke and Ozgiin, forthcoming:
11):

sk pifse[p]*t

(s verifies p, if s is a truthmaker for p i.e. if s is in p’s extension);

8For further discussion of the properties of GL, see Léb (1955); Smiley (1963); Kripke
(1965); and Boolos (1993). Lob’s provability formula was formulated in response to Henkin’s
(1952) problem concerning whether a sentence which ascribes the property of being provable to
itself is provable. (Cf. Halbach and Visser, 2014, for further discussion.) For an anticipation
of the provability formula, see Wittgenstein (1933-1937/2005: 378). Wittgenstein writes:
‘If we prove that a problem can be solved, the concept ‘solution’ must somehow occur in
the proof. (There must be something in the mechanism of the proof that corresponds to
this concept.) But the concept mustn’t be represented by an external description; it must
really be demonstrated. / The proof of the provability of a proposition is the proof of the
proposition itself” (op. cit.). Wittgenstein contrasts the foregoing type of proof with ‘proofs of
relevance’ which are akin to the mathematical, rather than empirical, propositions, discussed
in Wittgenstein (2001: IV, 4-13, 30-31).
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s 1 pif s€[p]~

(s falsifies p, if s is a falsifier for p i.e. if s is in p’s anti-extension);

skF-pifs-dp

(s verifies not p, if s falsifies p);

sH4-pifskp

(s falsifies not p, if s verifies p);

skFpAqifdvu, vEp,ukFqg,ands=vUu

(s verifies p and q, if s is the fusion of states, v and u, v verifies p, and u
verifies q);

sdApAqifsdpors-q

(s falsifies p and q, if s falsifies p or s falsifies q);

skFpVvqifskFporskq

(s verifies p or q, if s verifies p or s verifies q);

sdApVqifdvuy,vdp,udgands=vUu

(s falsifies p or g, if s is the fusion of the states v and u, v falsifies p, and u
falsifies q);

sk Vx¢p(x) if 3s1, ..., 8y, with 1 F @(a1), ..., s, F @(a,),and s = s U ...
U sy,

[s verifies Vx¢(x) "if it is the fusion of verifiers of its instances ¢(a1), ...,
¢(a,)" (Fine, 2017¢)];

s 1 Vxo(x) if s 4 ¢(a) for some individual a in a domain of individuals (op.
cit.)

s falsifies Vx¢(x) "if it falsifies one of its instances" (op. cit.)];

s F Ixo(x) if s F ¢(a) for some individual a in a domain of individuals (op.
cit.)

[s verifies Ix¢(x) "if it verifies one of its instances ¢(ai), ..., ¢(an)" (op.
cit.)];

s 1 3xp(x) if 3sy, ..., 8y, with s; 4 d(a1), ..., s, T é(ay),ands =s; U ...
U s, (op. cit.)

s falsifies TIx¢p(x) "if it is the fusion of falsifiers of its instances' (op. cit.)];

s exactly verifies p if and only if s I p if s€[p];

s inexactly verifies p if and only if s > p if 3’<S, s’ I p; and

s loosely verifies p if and only if, Vv, s.t. s U v F p (35-36);

s F A¢ if and only if for all ueP there is a u’€P such that v’ U ueP and v’
F ¢, where A¢ denotes the necessary truthmaker of ¢; and

s 1 A¢ if and only if there is a v€P such that for all ueP either v U u¢P or
u ¢

s F A(A¢) if and only if for all ueP there is a u’€P such that u’ U u €P and
u’ F ¢ and there is a u”€P such that v’ Ll u”€P and u” - ¢;

s F A(Vx¢(x)) if and only if for all ueP there is a W’ €P such that u F [u’ F
381, ..., sp, wWith s1 F @(ag), ..., sp F é(ay), and 0w =1 U ... L syl;

s F A(3x¢(x)) if and only if or all u€P there is a w’€P such that u - [u’ F
@(a)] for some individual a in a domain of individuals (op. cit.).

In order to account for two-dimensional indexing, we augment the model,
M, with a second state space, S*, on which we define both a new parthood
relation, <*, and partial function, V*, which serves to map propositions in a

12



domain, D, to pairs of subsets of S*, {1,0}, i.e. the verifier and falsifier of p,
such that [p]™ = 1 and [p]~ = 0. Thus, M = (S, S*, D, <, <* V, V¥). The
two-dimensional hyperintensional profile of propositions may then be recorded
by defining the value of p relative to two parameters, c,i: ¢ ranges over subsets
of S, and i ranges over subsets of S*.

(*) M,seS,s*eS* | p iff:
(i) Jes[p]@c = 1 if s€[p]™; and
(i) Jig[p]@? = 1if s*€[p]*

(Distinct states, s,s*, from distinct state spaces, S,S*, provide a multi-
dimensional verification for a proposition, p, if the value of p is provided a
truthmaker by s. The value of p as verified by s determines the value of p as
verified by s*).

We say that p is hyper-rigid iff:

(**) M,seS,s*eS* I p iff:
(i) Ve's[p]ec = 1 if s€[p]™; and
(ii) Vis«[p]% = 1 if s*€[[p]*

Epistemic (primary), subjunctive (secondary), and 2D hyperintensions can
be defined as follows, where hyperintensions are functions from states to ex-
tensions, and intensions are functions from worlds to extensions. Epistemic
two-dimensional truthmaker semantics receives substantial motivation by its
capacity (i) to model conceivability arguments involving hyperintensional meta-
physics, and (ii) to avoid the problem of mathematical omniscience entrained
by intensionalism about propositions®:

o Epistemic Hyperintension:

pri(z) = As.[x]®*, with s a state in the epistemic state space S

¢ Subjunctive Hyperintension:

secy, () = Aw.[z]"", with w a state in metaphysical state space W

In epistemic two-dimensional semantics, the value of a formula or term rel-
ative to a first parameter ranging over epistemic scenarios determines the value
of the formula or term relative to a second parameter ranging over metaphysi-
cally possible worlds. The dependence is recorded by 2D-intensions. Chalmers
(2006: 102) provides a conditional analysis of 2D-intensions to characterize the
dependence: "Here, in effect, a term’s subjunctive intension depends on which
epistemic possibility turns out to be actual. / This can be seen as a mapping
from scenarios to subjunctive intensions, or equivalently as a mapping from (sce-
nario, world) pairs to extensions. We can say: the two-dimensional intension
of a statement S is true at (V, W) if V verifies the claim that W satisfies S.
If [A]; and [A]y are canonical descriptions of V and W, we say that the two-
dimensional intension is true at (V, W) if [A]; epistemically necessitates that

9See Author (ms;) through (ms,) for further discussion.
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[A]y subjunctively necessitates S. A good heuristic here is to ask "If [A]; is the
case, then if [A]y had been the case, would S have been the case?'. Formally,
we can say that the two-dimensional intension is true at (V, W) iff 'O ([A]; —
Oz2([A]2 — S))’ is true, where ’0J;” and ’0s” express epistemic and subjunctive
necessity respectively".

o 2D-Hyperintension:
2D(z) = AsAw[x]®™ = 1.

Following the presentation of topic models in Berto (2018; 2019), Canavotto
et al (2020), and Berto and Hawke (2021), atomic topics comprising a set of
topics, T, record the hyperintensional intentional content of atomic formulas,
i.e. what the atomic formulas are about at a hyperintensional level. Topic
fusion is a binary operation, such that for all x, y, z€T, the following properties
are satisfied: idempotence (x @ x = x), commutativity (x ® y = y & x), and
associativity [(x @ y) ® z = x ® (y @ z)] (Berto, 2018: 5). Topic parthood is
a partial order, <, defined as Vx,yeT(x <y <= x @y =y) (op. cit.: 5-6).
Atomic topics are defined as follows: Atom(x) <= —Jy < x, with < a strict
order. Topic parthood is thus a partial ordering such that, for all x, y, z€T, the
following properties are satisfied: reflexivity (x < x), antisymmetry (x <y Ay
< x = x =1y), and transitivity (x <y Ay <z — x < z) (6). A topic frame can
then be defined as {W, R, T, @, t}, with t a function assigning atomic topics to
atomic formulas. For formulas, ¢, atomic formulas, p, q, r (p1, p2, ... ), and a
set of atomic topics, Uté = {p1, ... pPn}, the topic of ¢, t(¢) = ®Ut¢p = t(p1) &
... ® t(pn) (op. cit.). Topics are hyperintensional, though not as fine-grained
as syntax. Thus t(6) = t(~-6), t6 = H(~0), t(6 A ¥) = t(6) ® t(1) = t(6 V
¥) (op. cit.).

The diamond and box operators can then be defined relative to topics:

(M) I 0l iff (Ry)(0)

(M,w) IF O iff [Ry 4] (¢), with

(Rut)(9) == {weWH'ET | Ryy[w’, t] N ¢ # 0 and t'(¢) < t(¢)

[Rut](¢) == {WeWVET | Ry ¢ [w', t'] C ¢ and t'(¢) < t(¢).

We can then combine topics with truthmakers rather than worlds, thus coun-
tenancing doubly hyperintensional semantics, i.e. topic-sensitive epistemic two-
dimensional truthmaker semantics:

o Topic-sensitive Epistemic Hyperintension:
prii(z) = AsAt.[z]*757 with s a truthmaker from an epistemic state
space.

o Topic-sensitive Subjunctive Hyperintension:
secyont(x) = AwAt.[x] @M with w a truthmaker from a metaphysical
state space.

o Topic-sensitive 2D-Hyperintension:
2D(z) = AsAwAt[x]sMHwNt = 1.
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4

4.1

Hyperintensional Epistemic Set Theory

Two-dimensional Hyperintensional Set Theory

Following the presentation in Scedrov (1986: 104), an epistemic truthmaker set
theory can be defined as follows.
Logic

Equality axioms, x =y A ¢(x) = &(y)

All classical propositional tautologies

From ¢ and ¢ — o infer 1)

Alg) = ¢

A(¢) — AA(9)

A(g) N A — ) — A(p)

From ¢ infer A(g)

Vé(x) — ¢(y), where y is free for x in ¢(x)

From ¢ — 1(x) infer ¢ — Vip(x), if x is not free in ¢
o(y) — Jb(x), where v is free for x in ¢(x)

From 1(x) — ¢ infer Jh(x) — ¢, if x is not free in A

Non-logical Axioms

Epistemic Extensionality: A[Vz(z€x — z€y) — x =]

Foundation: Vx[Vyex¢(y) — ¢(x)] = Vxo(x)

Epistemic Foundation: A[[Vx[A[Vyexp(y) — ¢(x)]] — A[Vxo(x)]]
Pairing: 3zA(x€z A y€z)

Union: FzA[Vw(Iyexwey — wez)]

Separation: FzA[Vy[y€z <= yex A ¢(y)]], where z is not free in ¢(y)
Epistemic Power Set: JzA[Vw[A(Vyewyex — wez)]

Infinity: JA[FyA(ye€z)A YuezdvA(vez A uev)]

Collection: Vxeudyo(x, y) — JzVxeudyezg(x, y) where z is not free in
o(x, y)

Epistemic Collection: A[Vxeudyd(x,y) — FzAVxeuTdy[A(yez) A o(x,y)]],
where z is not free in ¢(x, y).
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Two-dimensional hyperintensions can then be defined for each of the forego-
ing axioms, such that each axiom would be defined relative to two parameters,
the first ranging over topic-sensitive epistemic truthmakers, which determines
the value of the axiom relative to a second parameter ranging over either non-
maximally objective or maximally objective i.e. metaphysical truthmakers.

4.2 Two-dimensional Hyperintensional Large Cardinals

A provisional definition of large cardinal axioms is as follows.

Jx® is a large cardinal axiom, because:

(i) Px is a Xo-formula, where ‘a sentence ¢ is a Xa-sentence if it is of the
form: There exists an ordinal « such that V,, IF ¢, for some sentence 1’ (Woodin,
2019);

(ii) if k is a cardinal, such that V = ®(k), then & is strongly inaccessible,
where a cardinal k is regular if the cofinality of k — comprised of the unions of
sets with cardinality less than x — is identical to k, and a strongly inaccessible
cardinal is regular and has a strong limit, such that if A < &, then 2} < x (Cf.
Kanamori, 2012: 360); and

(iii) for all generic partial orders PeV,, and all V-generics G C P, V[G] =
&x (Koellner, 2006: 180).

The truthmaker 2D-intension for large cardinal axioms is then Vs€S,i€l[®@x]**
= 1iff I’eS,iel[ex]*" = 1.

The intension states that the value of a large cardinal axiom relative to an
epistemic truthmaker determines the value of the axiom relative to a metaphys-
ical truthmaker.

4.3 Two-dimensional Hyperintensionality and the Epis-
temic Church-Turing Thesis

The Epistemic Church-Turing Thesis can receive a similar two-dimensional hy-
perintensional formalization. Carlson (2016: 132) presents the schema for the
Epistemic Church-Turing Thesis as follows:

With O interpreted as a knowledge operator, ‘Cvx3y[l¢ — JeOvxIy[E(e, x,
y) A 9],

‘where e does not occur free in ¢ and E is a fixed formula of Lp, [i.e the
language of Peano Arithmetic] with free variables vq, v1, vo such that, letting
N be the standard model of arithmetic,

‘N I E(e, x, y)[e, x, ¥ | a, m, 1

‘iff on input m, the at”® Turing machine halts and outputs n. For convenience,
we will write {t1}{t2} ~ t3 for E(t1, to, t3) when t1, to, t3 are terms’ Carlson
defines (x1, ..., X | (v1, --., y1) as denoting the ‘function which maps x; to
yi for each i =1, ..., n’ (op. cit.: 130). Hyperintensionally reformalized, the
Epistemic Church-Turing Thesis is then:

AVxIyA¢p — JeAVxIy[E(e, x, y) A @)
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The two-dimensional hyperintensional profile of the Epistemic Church-Turing
Thesis can be countenanced by adding a topic-sensitive truthmaker from a meta-
physical state space and making its value dependent on the value of the epis-
temically necessary truthmaker A(¢). Thus:

A)yxIy ANt g 5 JeA)YxIy[E(e, x, y) A @]

4.4 Two-dimensional Hyperintensionality and ()-logic

Finally, the hyperintensional formalization of Q2-logical consequence in set theory
can be defined as follows. For partial orders, P, let VP = VB, where B is the
regular open completion of (P).1% M, = (V,)™ and ME = (VE)M = (V,JIWB).
Sent denotes a set of sentences in a first-order language of set theory. TU{¢}
is a set of sentences extending ZFC. c.t.m abbreviates the notion of a countable
transitive €-model. c.B.a. abbreviates the notion of a complete Boolean algebra.

Define a c.B.a. in V, such that VE. Let V§ = 0; VE = [Jp<\VE, with X a
limit ordinal; V&, = {f: X - B | X C VE}; and V¥ = [Jseon V5.

¢ is true in VB, if its Boolean-value is 1%, if and only if

VB | o iff []® = 12,

Thus, for all ordinals, a, and every c.B.a. B, VE = (Va)V]B iff for all xe VB,
FyeVE[x = y]® = 1B iff [xeVE]E = 1B,

Then, VB = ¢ iff VB = 'V, | ¢.

Q-logical validity can then be defined as follows:

For TU{¢}CSent,

T |=q ¢, if for all ordinals, a, and c.B.a. B, if V® = T, then V2 |= ¢.

Supposing that there exists a proper class of Woodin cardinals and if TU{¢}CSent,
then for all set-forcing conditions, P:

T g ¢ iff VI T g @,

where T Eq ¢ =0 = 'T |Eq ¢

The Q-Conjecture states that V |=q ¢ iff VB =q ¢ (Woodin, ms). Thus,
Q-logical validity is invariant in all set-forcing extensions of ground models in
the set-theoretic universe.

The soundness of Q-Logic is defined by universally Baire sets of reals. For
a cardinal, e, let a set A be e-universally Baire, if for all partial orders P of
cardinality e, there exist trees, S and T on w X A, such that A = p[T] and if
GCP is generic, then p[T]¢ = RY — p[S]¢ (Koellner, 2013). A is universally
Baire, if it is e-universally Baire for all e (op. cit.).

Q-Logic is sound, such that V o ¢ — V E=q ¢. However, the completeness
of (2-Logic has yet to be resolved.

Leach-Krouse (ms) defines the modal logic of Q-consequence as satisfying the
following axioms. The interaction between hyperintensional necessary truth-
makers and the axioms is as follows:

For a theory T and with A(O¢) := for all teP there is a t’€P such that t’
Ut €Pand t’ ‘TS |- ZFC = TE IF ¢’, where O is interpreted as TE I ZFC
= T I- ¢,

10The definitions in this section follow the presentation in Bagaria et al. (2006).
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ZFCtE ¢ = ZFC - A(O¢)

ZFCH AlO(¢ — o) — (O¢ — Oy)]

ZFC+ A(O¢) — ¢ = ZFC I ¢

ZFC + A(O¢) — A(OO¢)

ZFC F A0 ¢ — ¢)] — A(Oo)

AO@¢ — ) v OOy A ¢ — ¢)], where this clause added to GL is the
logic of ‘true in all V; for all k strongly inaccessible’ in ZFC. As with the two-
dimensional hyperintensional profile of the Epistemic Church-Turing Thesis,
the two-dimensional hyperintensional profile of {2-logical consequence can be
countenanced by adding a topic-sensitive truthmaker from a metaphysical state
space and making its value dependent on the value of the epistemically necessary
truthmaker A(g).

5 Knowledge of Absolute Decidability

Williamson (2016a) examines the extension of the metaphysically modal profile
of mathematical truths to the question of absolute decidability. A statement
is decidable if and only if there is an algorithm for deciding it or its negation.
Statements are absolutely undecidable if and only if they are ‘undecidable rela-
tive to any set of axioms that are justified’ rather than just relative to a system
(Koellner, 2006: 153), and they are absolute decidable if and only if they are
not absolutely undecidable. In this section, I aim to extend Williamson’s anal-
ysis to the notion of epistemic mathematical modality that has been developed
in the foregoing sections. The extension provides a crucial means of witness-
ing the significance of the two-dimensional approach for the epistemology of
mathematics.

Williamson proceeds by suggesting the following line of thought. Sup-
pose that A is a true interpreted mathematical formula which eludes present
human techniques of provability; e.g. the continuum hypothesis (op. cit.).
Williamson argues that mathematical truths are metaphysically necessary (op.
cit.). Williamson then enjoins one to consider the following scenario: It is meta-
physically possible that there is a species which finds A primitively compelling
in virtue of their brain states and the evolutionary history thereof. Further,
the species ‘could not easily have come to believe —A or any other falsehood
in a relevantly similar way’. He writes: ‘In current epistemological terms, their
knowledge of A meets the condition of safety: they could not easily have been
wrong in a relevantly similar case. Here the relevantly similar cases include cases
in which the creatures are presented with sentences that are similar to, but still
discriminably different from, A, and express different and false propositions; by
hypothesis, the creatures refuse to accept such other sentences, although they
may also refuse to accept their negations ... Therefore A is absolutely provable,
because the creatures can prove it in one line’ (11). Williamson writes then that:
‘The claim is not just that A would be absolutely provable if there were such
creatures. The point is the stronger one that A is absolutely provable because
there could in principle be such creatures’
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One way that Williamson’s argument might be improved is by endeavoring to
accommodate epistemic possibilities in a two-dimensional setting, such that the
epistemic possibility of deciding Orey sentences such as CH can be a guide to the
metaphysical possibility of deciding Orey sentences. Woodin (2010) discusses
a number of results, e.g., with regard to the maximality of an inner model for
a supercompact cardinal, and takes such results to comprise evidence for the
axiom that the set-theoretic universe, V, is Ultimate-L.!! The axiom implies
the truth of CH. This is thus one case in which the evidence for the epistemic
possibility of CH can provide a guide to its metaphysical possibility.

The relation between the Epistemic Church-Turing Thesis and absolute un-
decidability is complicated, however, by there being results pointing to two
opposing conclusions.

The first result is by Leitgeb (2009). Leitgeb endeavors to argue for the
convergence between the notion of informal provability — countenanced as an
epistemic modal operator, K — and mathematical truth. Availing of Hilbert’s
(1923/1996: 918-42) epsilon terms for propositions, such that, for an arbitrary
predicate, C(x), with x a propositional variable, the term ‘ep.C(p)’ is intuitively
interpreted as stating that ‘there is a proposition, x(/p), s.t. the formula, that p
satisfies C, obtains’ (op. cit.: 290). Leitgeb purports to demonstrate that Vp(p
— Kp), i.e. that informal provability is absolute; i.e. truth and provability
are co-extensive. He argues as follows. Let Q(p) abbreviate the formula ‘p A
—K(p)’, i.e., that the proposition, p, is true while yet being unprovable. Let K be
the informal provability operator reflecting knowability or epistemic necessity,
with (K) its dual.'? Then:

L. 3p(p A —Kp) <= ep.Q(p) A ~Kep.Q(p).

By necessitation,

2. K[3p(p A =Kp)] <= Klep.Q(p) A =Kep.Q(p)].

Applying modal axioms, KT, to (1), however,

3. =K[ep.Q(p) A =Kep.Q(p)].

Thus,

4. =K3p(p N —=Kp).

Leitgeb suggests that (4) be rewritten

5. (K)vVp(p — Kp).

Abbreviate Vp(p — Kp) by B. By existential introduction and modal axiom
K, both

6. B — Jp[K(p — B) V K(p — —B) A p], and

7. -B — 3p[K(p — B) V K(p — —B) A p].

Thus,

8. Ip[K(p — B) V K(p — —B) A pl.

" The axiom states that ‘(i) There is a proper class of Woodin cardinals, and (ii) For
each Yg-sentence ¢, if ¢ holds in V then there is a universally Baire set A C R such that
HODZE(AR) |- ¢ where a set is universally Baire if for all topological spaces 2 and for all
continuous functions 7w : © — R", the preimage of A by 7 has the property of Baire in the
space ' (Woodin, 2019).

128ee Section 5, for further discussion of the duality of knowledge, and its relation to doxastic
operators.
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Abbreviate (8) by C(p). Introducing epsilon notation,

9. [K(ep.C(p) — B) V K(ep.C(p) — —B)] A ep.C(p).

By K,

10. [K(ep.C(p) — KB) V K(ep.C(p) — K-B)].

From (9) and necessitation, one can further derive

11. Kep.C(p).

By (10) and (11),

12. KB vV K—B.

From (5), (12), and K, Leitgeb derives

13. KB.

By, then, the T axiom,

14. Vp(p — Kp) (291-292).

Leitgeb takes the proof to demonstrate that formulas of epistemic logic and
the epsilon calculus are not logical truths (292). If they are, however, then
Leitgeb’s proof witnesses the collapse between informal provability and mathe-
matical truth.

The second result is by Marfori and Horsten (2016: 260-261), who prove
that if the Epistemic Church-Turing Thesis is true, then there are absolutely
undecidable propositions in the language of Epistemic Arithmetic. They prove
the following theorem:

‘If ECT restricted to II; arithmetical relations ¢(x, y) holds, then there are
absolutely undecidable I3 sentences of Lg .

They proceed by proving the contrapositive: If there are no I3 absolute
undecidable sentences of Lg 4, then ECT restricted to II; arithmetical relations
is false. They write: ‘Suppose that there are no absolutely undecidable I3
sentences in Lga:

‘0¥ <= VU for all [I3 YelLga.

‘Choose a Turing-uncomputable total functional IT; arithmetical relation
@(x, y); from elementary recursion theory we know that such ¢(x, y) exist.

‘Then, Vx3yo(x, y). But then we also have that VxJye¢(x, y). The reason
is that II; C I3, so for every m and n, ¢(m, n), being a II; statement, entails
O¢(m, n). However, VxIyOe(x, y) is now a I3 statement of Lg 4, so again from
our assumption it follows that Ovx3IyOeo(x, y).

‘Therefore, for the chosen ¢(x, y) the antecedent of ECT is true whereas its
consequent is false. Therefore, for the chosen ¢(x, y), ECT is false’

Leitgeb’s result demonstrates that informal provability converges with truth,
and thus corroborates that mathematical truths are absolutely decidable, whereas
Marfori and Horsten’s result demonstrates the inconsistency of the Epistemic
Church-Turing Thesis and absolute decidability. The consistency of these results
is innocuous, and vindicates Godel’s (1951) disjunction: ‘Either mathematics
is incompletable in this sense, that its evident axioms can never be comprised
in a finite rule, that is to say, the human mind (even within the realm of pure
mathematics) infinitely surpasses the powers of any finite machine, or else there
exist absolutely unsolvable diophantine problems of the type specified (where
the case that both terms of the disjunction are true is not excluded, so that
there are, strictly speaking, three alternatives)’ (Godel, 1951/1995: 310, §13).
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When epistemic possibility is interpreted as informal provability rather than as
a type of mechanism, mathematical truths are absolutely decidable. Epistemic-
modally constrained computability as in the Epistemic Church-Turing Thesis
is, however, inconsistent with absolute decidability.

Note that the two-dimensional intensions and hyperintensions of epistemic
two-dimensional semantics account as well for the linking between what Cantor
refers to as intrasubjective i.e. immanent reality and transsubjective i.e. tran-
sient reality (Cantor, 1883/1996: §8). Immanent reality concerns the reality of
mathematical objects relative to the ‘understanding’, whereas transient reality
concerns the reality of mathematical objects relative to the ‘external world’ (op.
cit.). Cantor attributes the relation between the two realities as owing to the
‘unity of the all to which we ourselves belong’ (op. cit.). However, the existence
of functions, i.e. hyperintensions, from topic-sensitive epistemic state spaces to
topic-sensitive objective or metaphysical state spaces to extensions provides a
more illuminating explanation of the relation between concepts and metaphysics
than does the contention that all entities can figure as members of sets or classes
in set theory.

The significance of the two-dimensional intensional framework outlined in the
foregoing is that it provides an explanation of the discrepancy between meta-
physical mathematical modality and epistemic mathematical modality. Meta-
physical mathematical modality is governed by the system S5, the Barcan for-
mula, and its Converse, whereas epistemic mathematical modality is governed by
GL.Thus, epistemic mathematical modality figures as the mechanism, such that
it can provide a guide to the metaphysical possibility of mathematical truth. In
the hyperintensional setting, the relation between epistemic and objective states
was defined by way of a 2D-hyperintensions.

6 Concluding Remarks

In this paper, I have endeavored to delineate the types of mathematical modality,
and to argue that the epistemic interpretation of topic-sensitive two-dimensional
truthmaker semantics can be applied in order to explain, in part, the two-
dimensional status of large cardinal axioms and the decidability of Orey sen-
tences. The formal constraints on hyperintensional conceivability adumbrated
in the foregoing can therefore be considered a guide to our possible knowledge
of objective mathematical truth.

21



References

Aristotle. 1987. Physics, tr. E. Hussey (Clarendon Aristotle Series, 1983), text:
W.D. Ross (Oxford Classical Texts, 1950). In J.L. Ackill (ed.), A New Aristotle
Reader. Oxford University Press.

Balaguer. M. 1998. Platonism and Anti- Platonism in Mathematics. Oxford Uni-
versity Press.

Balaguer. M. 2001. A Theory of Mathematical Correctness and Mathematical
Truth. Pacific Philosophical Quarterly, 82.

Berry, S. 2022. A Logical Foundation for Potentialist Set Theory. Cambridge
University Press.

Berto, F. 2018. Aboutness in Imagination. Philosophical Studies, 175.

Berto, F. 2019. The Theory of Topic-Sensitive Intentional Modals. In I. Sedlar
and M. Blicha (eds.), The Logica Yearbook, 2018. College Publications.

Berto, F., and P. Hawke. 2021. Knowledge relative to Information. Mind, 130:
517.

Bjerring, J.C. 2012. Problems in Epistemic Space. Journal of Philosophical
Logic, 43(1).

Boolos, G. 1993. The Logic of Provability. Cambridge University Press.

Canavotto, L., F. Berto, and A. Giordani. 2020. Voluntary Imagination: a Fine-
grained Analysis. Review of Symbolic Logic.

Cantor, G. 1883/1996. Foundations of a General Theory of Manifolds, trans. W.
Ewald. In Ewald (ed.), From Kant to Hilbert, Vol. 2. Oxford University Press.

Carlson, T. 2016. Collapsing Knowledge and Epistemic Church’s Thesis. In L.
Horsten and P. Welch (eds.), Gddel’s Disjunction. Oxford University Press.

Chalmers, D. 2002. Does Conceivability Entail Possibility? In T. Gendler and
J. Hawthorne (eds.), Conceivability and Possibility. Oxford University Press.

Chalmers, D. 2006. The Foundations of Two-dimensional Semantics. In M.
Garcia-Carpintero and J. Macia (eds.), Two-dimensional Semantics. Oxford
University Press.

Chalmers, D. 2011. The Nature of Epistemic Space. In A. Egan and B. Weath-
erson (eds.), Epistemic Modality. Oxford University Press.

Chihara, C. 2004. A Structural Account of Mathematics. Oxford University
Press.

Dummett, M. 1977/2000. Elements of Intuitionism. Oxford University Press.
Dummett, M. 1978. Truth and Other Enigmas. Duckworth.

Dummett, M. 1991. The Logical Basis of Metaphysics. Duckworth.

Field, H. 1989. Realism, Mathematics, and Modality. Blackwell Publishing.
Fine, K. 1981. First-order Modal Theories I — Sets. Nous, 15:2.

22



Fine, K. 2005. Our Knowledge of Mathematical Objects. In T. Gendler and J.
Hawthorne (eds.), Ozford Studies in Epistemology, Vol. 1. Oxford University
Press.

Fine, K. 2006. Relatively Unrestricted Quantification. In A. Rayo and G.
Uzquiano (eds.), Absolute Generality. Oxford University Press.

Fine, K. 2007. Response to Weir. Dialectica, 61:1.

Fine, K. 2017a. A Theory of Truthmaker Content I: Conjunction, Disjunction,
and Negation. Journal of Philosophical Logic, 46:6.

Fine, K. 2017b. A Theory of Truthmaker Content II: Subject-matter, Common
Content, Remainder, and Ground. Journal of Philosophical Logic, 46:6.

Fine, K. 2017c. Truthmaker Semantics. In B. Hale, C. Wright, and A. Miller
(eds.), A Companion to Philosophy of Language. Blackwell.

Flagg, R. 1985. Epistemic Set Theory is a Conservative Extension of Intuition-
istic Set Theory. Journal of Symbolic Logic, 50:4.

Godel, K. 1931. On Formally Undecidable Propositions of Principia Mathemat-
ica and Related Systems I. In Godel (1986), Collected Works, Vol. I, ed. S.
Feferman. Oxford University Press.

Godel, K. 1951. Some Basic Theorems on the Foundations of Mathematics and
their Implications. In Godel (1995), Collected Works, Volume III, eds. S. Fefer-
man, J. Dawson, W. Goldfarb, C. Parsons, and R. Solovay. Oxford University
Press.

Goodman, N.D. 1985. A Genuinely Intensional Set Theory. In Shapiro (ed.),
Intensional Mathematics. Elsevier Science Publishers.

Halbach, V. and A. Visser. Self-reference in Arithmetic 1. Review of Symbolic
Logic, 7:4.

Hale, B., and C. Wright. 2001. The Reason’s Proper Study. Oxford University
Press.

Hamkins, J. 2012. The Set-theoretic Multiverse. Review of Symbolic Logic, 5:3.

Hamkins, J., and B. Léwe. 2008. The Modal Logic of Forcing. Transactions of
the American Mathematical Society, 360:4.

Hawke, P., and A. Ozgiin. Forthcoming. Truthmaker Semantics for Epistemic
Logic. In F. Faroldi and F van de Putte (eds.), Outstanding Contributions to
Logic: Kit Fine.

Hellman, G. 1990. Toward Modal-Structural Interpretation of Set Theory. Syn-
these, 84.

Henkin, L. 1952. A Problem concerning Provability. Journal of Symbolic Logic,
17:2.

Hilbert, D. 1923/1996. 'The Logical Foundations of Mathematics’, tr. W.B.
Ewald. In Ewald (ed.), From Kant to Hilbert: A Source Book in the Foundations
of Mathematics, Vol. II.

23



Hodes, H. 1984. Logicism and the Ontological Commitments of Arithmetic.
Journal of Philosophy, 81:3.

Jago, M. 2009. Logical Information and Epistemic Space. Synthese, 167(2).

Kanamori, A. 2012. Large Cardinals with Forcing. In D. Gabbay, A. Kanamori,
and J. Woods (eds.), Handbook of the History of Logic: Sets and Eztensions in
the Twentieth Century. Elsevier.

Koellner, P. 2006. On the Question of Absolute Undecidability. Philosophia
Mathematica, (III), 14.

Kripke, S. 1965. Semantical Analysis of Intuitionistic Logic I. In J. Crossley and
M. Dummett (eds.), Formal Systems and Recursive Functions. North Holland.

Kripke, S. 1980. Naming and Necessity. Harvard University Press.

Leitgeb, H. 2009. On Formal and Informal Provability. In O. Bueno and 0.
Linnebo (eds.), New Waves in Philosophy of Mathematics. Palgrave Macmillan.

Leng, M. 2007. What’s There to Know? In Leng, A. Paseau, and M. Potter
(eds.), Mathematical Knowledge. Oxford University Press.

Leng, M. 2010. Mathematics and Reality. Oxford University Press.
Lewis, D. 1986. On the Plurality of Worlds. Basil Blackwell.

Linnebo, @. 2009. Bad Company Tamed. Synthese, 170.

Linnebo, @. 2010. Pluralities and Sets. The Journal of Philosophy, 107:3.

Linnebo, @. 2013. The Potential Hierarchy of Sets. The Review of Symbolic
Logic, 6:2.

Linnebo, @. 2018a. Thin Objects: An Abstractionist Account. Oxford University
Press.

Linnebo, . 2018b. Putnam on Mathematics as Modal Logic. In G. Hellmann
and R. Cook (eds.), Hilary Putnam on Logic and Mathematics. Springer.

Lob, M.H. 1955. Solution of a Problem of Leon Henkin. Journal of Symbolic
Logic, 20:2.

MacFarlane, J. 2011. Epistemic Modals are Assessment-Sensitive. In A. Egan
and B. Weatherson (eds.), Epistemic Modality. Oxford University Press.
Maddy, P. 1988. Believing the Axioms II. Journal of Symbolic Logic, 53:3.

Marfori, M.A., and L. Horsten. 2016. Epistemic Church’s Thesis and Absolute
Undecidability. In L. Horsten and P. Welch (eds.), Gddel’s Disjunction. Oxford
University Press.

Myhill, J. Intensional Set Theory. In Shapiro (ed.), Intensional Mathematics.
Elsevier Science Publishers.

Nolan, D. 2002. Topics in the Philosophy of Possible Worlds. Routledge.
Parsons, C. 1983. Mathematics in Philosophy. Cornell University Press.

Priest, G. 2009. Beyond the Limits of Knowledge. In J. Salerno (ed.), New
Essays on the Knowability Paradoz. Oxford University Press.

24



Putnam, H. 1981. Reason, Truth, and History. Cambridge University Press.
Rayo, A. 2013. The Construction of Logical Space. Oxford University Press.
Reinhardt, W. 1974a. Remarks on Reflection Principles, Large Cardinals, and
Elementary Embeddings. In T. Jech (ed.), Proceedings of Symposia in Pure

Mathematics, Vol. 18, Part 2: Axiomatic Set Theory. American Mathematical
Society.

Reinhardt, W. 1974b. Set Existence Principles of Shoenfield, Ackermann, and
Powell. Fundamenta Mathematicae, 84.

Restall, G. 2003. Just What is Full-Blooded Platonism? Philosophia Mathemat-
ica, Volume 11, Issue 1.

Rittberg, C. 2015. How Woodin Changed His Mind: New Thoughts on the
Continuum Hypothesis. Archive for History of Ezxact Sciences, 69:2.

Roberts, A. 2019. Modal Expansionism. Journal of Philosophical Logic, 48.

Routley, R. 1981/2010. Necessary Limits to Knowledge. In M. Edgar, N. Otto,
and Z. Gerhard (eds.), Essays in Scientific Philosophy. Comes Verlag. Reprinted
in Synthese, 173.

Scedrov, A. 1985. Extending Godel’s Modal Interpretation to Type Theory and
Set Theory. In Shapiro (ed.), Intensional Mathematics. Elsevier Science Pub-
lishers.

Shapiro, S. 1985. Epistemic and Intuitionistic Arithmetic. In Shapiro (ed.) In-
tensional Mathematics. Elsevier Science Publishers.

Shapiro, S. 1997. Philosophy of Mathematics. Oxford University Press.
Shoenfield, J. 1967. Mathematical Logic. Addison-Wesley.

Smiley, T. 1963. The Logical Basis of Ethics. Acta Philosophica Fennica, 16.
Stalnaker, R. 2003. Ways a World Might Be. Oxford University Press.

Studd, J. 2013. The Iterative Conception of Set: a (Bi-)Modal Characterisation.
The Journal of Philosophical Logic, 42.

Uzquiano, G. 2015. Varieties of Indefinite Extensibility. Notre Dame Journal of
Formal Logic, 58:1.

Vetter, B. 2013. ’Can’ without Possible Worlds: Semantics for Anti-Humeans.
Philosophers’ Imprint, 13:16.

Waxman, D. ms. Imagining the Infinite.

Williamson, T. 1998. Indefinite Extensibility. Grazer Philosophische Studien,
55.

Williamson, T. 2001. Knowledge and Its Limits. Oxford University Press.

Williamson, T. 2009. Some Computational Constraints in Epistemic Logic. In
S. Rahman, J. Symons, D. Gabbay, and J. van Bendegem (eds.), Logic, Episte-
mology, and the Unity of Science. Springer.

25



Williamson, T. 2016a. Absolute Provability and Safe Knowledge of Axioms. In
L. Horsten and P. Welch (eds.), Gddel’s Disjunction. Oxford University Press.

Williamson, T. 2016b. Modal Science. Canadian Journal of Philosophy , Volume
46, Issue 4-5.

Wittgenstein, L. 1933-1937/2005. The Big Typescript: TS 213, tr. and ed. C.
Luckhardt and M. Aue. Blackwell Publishing.

Wittgenstein, L. 2010. Remarks on the Foundations of Mathematics, 3rd ed.,
tr. G.E.M. Anscombe, ed. G.H. von Wright, R. Rees, and Anscombe. Basil
Blackwell.

Woodin, W.H. 1999. The Axiom of Determinacy, Forcing Axioms, and the Non-
stationary Ideal. de Gruyter Series in Logic and its Applications, Vol. 1.

Woodin, W.H. ms. The © Conjecture (slides).
Woodin, W.H. 2019. The Continuum Hypothesis (slides)

26



