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by restricting attention to subclasses of topological spaces: in particular, S5 is logic
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temporal connectives, next and henceforth. DTL interprets the extended language in
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Topology function used to interpret the temporal connectives. In this paper, we axiomatize four
Temporal logic conservative extensions of S5, and show them to be the logic of continuous functions
Dynamic topological logic on almost discrete spaces, of homeomorphisms on almost discrete spaces, of continuous

functions on trivial spaces and of homeomorphisms on trivial spaces.
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1. Background
1.1. S5 in the topological semantics

Let £° be a modal propositional language with a set PV = {p1, ..., pn, ...} of propositional variables, parentheses,
Boolean connectives & and —, and a unary modal connective 0. We assume that the Boolean connectives Vv, D and =, and
the unary modal connective <> are defined in the usual way. The McKinsey-Tarski topological semantics' interprets .£7 in
topological spaces, interpreting O as topological interior. The resulting modal logic, S4, can thus be seen as the modal logic
of topological spaces.

Formally, a topological model is an ordered pair M = (X, V), where X is a topological space and V : PV — £ (X). The
function V is extended to all formulas of £ as follows, where Int(Y) is topological interior of Y, for any Y C X:

V(—A) =X —-V(A)
V(A&B) =V(A) NV (B)
V(DA) = Int (V(A)).
We define four validity relations, where M = (X, A) and where 7 is a class of topological spaces:
MEA iff V@A) =X
XEA iff (X,V)EAforeveryV :PV — X

TEA iff XEAforeveryX € 7
EA iff X E A, for every topological space X.

The main theorem of [9] is as follows: = Aiff A € S4.

E-mail address: philip.kremer@utoronto.ca.
URL: http://individual.utoronto.ca/philipkremer.
1 see [8,9]. This semantics predates the Kripke semantics of [6,7].
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Any class 7 of topological spaces determines a modal logic, namely {A : A is a formula of £” and 7 & A}. In particular,
the modal logic S5 is determined in this way by the class 4D of almost discrete spaces,? and the class 7R of trivial spaces.>
That is, for any formula A in the language .£7, we have the following*:

AeS5
AeS5

iff
iff

AD EFA
TREA.

AP and T R are not the only classes of topological spaces that determine S5, but each of AD and 7 R is noteworthy:

AD. The class AD is the largest class of topological spaces that determines S5: thus 4D not only determines S5 but
is, in a clear sense, determined by S5.

T R.Suppose that for a topological model M = (X, V), we think of the points in X as possible worlds and of a formula
A as true in the world x iff x € V(A). Then the trivial topological spaces are distinguished by the simplicity of the
interpretation of the truth of DA and <A in a world x: OA is true in x iff A is true in every world, and <A is true in x iff
A s true in some world.

Thus, below, the classes 4D and 7 R will figure prominently.

1.2. Dynamic topological logic

The Dynamic Topological Logic (DTL) programme of [5] extends the language £" to a modal-temporal language £ with
two additional connectives: the unary temporal connectives o (next) and #* (henceforth).”> This language is interpreted in
dynamic topological systems rather than topological spaces: a dynamic topological system (DTS) is an ordered pair (X, f), where
X is a topological space and f is a continuous function on X. We interpret the temporal connectives of the modal-temporal
language £ by means of the function f: oA will be true at a world x iff A is true at fx; and %A will be true at x iff A is true at
each of x, fx, ffx, fffx, and so on. More precisely, a dynamic topological model is an ordered triple M = (X, f, V), where (X, f)
is a topological space and V : PV — £ (X). The function V is extended to all formulas of £ as follows:

V(-A) =X —V(A)
V(A&B)=V(A)NV(B)

V(OA) = Int(V(A))

V(eA) =" (V(A)

V(xA) = [ f'Int(V(A)).

ieN

Here, for any set Y C X, the set f~1(Y) is the inverse image of Y,i.e. f~1(Y) = {x € X : f(x) € Y}; we also define fO(Y) =Y,
and f~0FD(y) = f1(F(Y)).

We define six validity relations, where M = (X, f, V), where 7 is a class of topological spaces, and where F is a class of
continuous functions:

MEA
X.fYEA
XEA
T A
T,FEA

EA

iff
iff
iff
iff
iff

iff

V(A) =X

(X,f,V)EA foreveryV : PV — X

(X, f) E A, for every continuous f on X

X EA foreveryX € T

(X, f) E A, forevery X € 7 and every continuous
function f on X such thatf € &

X E A, for every topological space X.

Our main project in the current paper is to axiomatize the following four logics, where # is the class of
homeomorphisms®:

1. The logic of continuous functions on almost discrete spaces: {A : AD F A}.
2. The logic of homeomorphisms on almost discrete spaces: {A : AD, # F A}.
3. The logic of continuous functions on trivial spaces’: {A : TR k A}.
4. The logic of homeomorphisms on trivial spaces: {A : TR, ¥ F A}

Given our remarks in Section 1.1, each of these logics is a conservative extension of the logic S5 formulated in the

language .£°.

2 topological space is almost discrete iff every open set is closed. An alternative definition: a topological space X is almost discrete iff there is a family ©
of pairwise disjoint nonempty open sets such that X = (_J ©. Note that this family forms a basis for the topology.

3a topological space is trivial iff there are exactly two open sets: the empty set and the whole space.

4

The claims which follow are immediate consequences of the work of [6].

5 See [5] for some motivation of the DTL programme and for references. A similar programme was independently initiated by [1] and [2].
6 A function on a topological space is a homeomorphism iff it is a continuous bijection with a continuous inverse.
7 of course, every function on a trivial space is continuous.
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2. Four axiom systems
2.1. The systems

Suppose that we formulate a purely temporal logic in the purely temporal language £°%, i.e. the language £ without
the modal connective O. The function-based interpretation of o and * gives us the linear time logic LTL, determined by the
following axioms and rules®:

Axioms: Classical tautologies
S4 axioms for *: *(A D B) D (xA D *B)
*ADA
*A D *k*A
o commutes with =, Vv, %:  o—A = —0A
o(AV B) = (cA V oB)

o%A = *0A
* implies o: *A D oA
The induction axiom: A& *(ADoA) D*A
Rules: Modus Ponens: (ADB),A/B
Necessitation for x: A/*A.
We define S5C as the logic in the modal-temporal language £ given by the following axioms and rules:
Axioms: Classical tautologies
S5 axioms for O: O(A D B) D (0A D OB)
ODADA
UA D ODA
OA D OOCA
LTL axioms for o and x: *(A D B) D (%A D *B)
*A DA
*A D kkA
0—A = —0A
o(AV B) = (cA V oB)
o%A = *0A
*A D oA
A& *(A D oA) D A
The continuity axiom: o0A D OoA
Rules: Modus Ponens: (ADB),A/B
Necessitation for x: A/*A
Necessitation for O: A/DA.

If we take the three rules as given, we can think of S5C as follows:

S5C =S5+ LTL + (o0A D O0A).
S5C is the logic of continuous functions on almost discrete spaces (see Section 3.5). The logic of continuous functions on
trivial spaces, can be axiomatized in a similar way (see Section 3.2):

S5Ct = S5 + LTL + (0A D Oo0A).
The logic of homeomorphisms on trivial spaces can be axiomatized by converting the distinctive conditional axiom of S5Ct
into a biconditional (see Section 3.3):

S5Ht = S5 + LTL + (TOA = 00A).
In order to axiomatize the logic of homeomorphisms on almost discrete spaces, we add an additional rule, the rule of next
removal:

Next removal: cA/A.
And we define S5H as follows (see Section 3.6):

S5H = S5 + LTL + (oDA = OoA) + oA/A.

Note that each of S5C, S5Ct, S5H and S5Ht is a conservative extension of the logic S5 formulated in the language £". To

see this, given any formula A of ., let A’ be the result of deleting all occurrences of o and *. Then for any formula A of .£, if A
is a theorem of S5C [S5Ct, S5H, S5Ht], then A’ is a theorem of S5. In particular, if A has no occurrences of o or *, then if A is a

theorem of S5C [S5Ct, S5H, S5Ht], then A itself is a theorem of S5. By a similar argument, each of S5C, S5Ct, S5H and S5Ht is
a conservative extension of the logic LTL formulated in the purely temporal language £°*.

8 See [10] for an introduction to and history of LTL.
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Our main theorem is the following soundness and completeness theorem:
Theorem 2.1.1. For every formula A,

(1) AeS5C iff ADEA

(2) AeS5H iff AD,HEA

(3) AesSsCt iff TREA

(4) AeS5Ht iff TR,HEA

The (=) directions of the biconditionals in Theorem 2.1.1 correspond to soundness, and are left to the reader. In Section 3
we prove the (<=) directions of the biconditionals, i.e. completeness, for S5Ct, S5Ht, S5C and S5H, in that order. We will also

prove the decidability of these four logics, despite the failure of the finite model property for S5H and S5Ht (see Sections 3.3
and 3.6).

Remark 2.1.2. After seeing a first draft of this paper, Frank Wolter noted that the logics considered here are closely related
to the many-dimensional modal logics considered in [3]. In the notation and terminology of [3], S5C = LTL x S5, the product
of LTL and S5. [3] considers a temporal logic PTL, slightly different from LTL: rather than our unary henceforth connective,
PTL has a unary always in the future connective, a unary always in the past connective, and a binary until connective. Though
both the motivation for the semantics and the perspective of [3] are quite different from ours, [3]’s semantics for its logic
PTL x S5 is (more or less) a notational variant of our semantics in the special case where the class of topological spaces
is the class of almost discrete spaces and the class of functions is the class of all continuous functions on almost discrete
spaces. [3] presents an axiomatization of PTL x S5, together with completeness and decidability proofs. Our completeness
and decidability results for S5C (Theorem 2.1.1, (1), and Corollary 3.5.5) follow from the results in [3], though our proofs
are quite different.’ Analogues of our our semantics in our other three cases (represented by Theorem 2.1.1, (2)-(4)) are not
considered in [3], nor are the concomitant logics S5H, S5Ct and S5Ht: these logics do not spring as quickly to mind from the
perspective in [3] as they do from the perspective of DTL.

2.2. Some useful facts

We use the facts proved in this subsection to establish further results. These facts also give a feel for the interaction
between the topological modality and the temporal modalities in our logics.

Fact 2.2.1. Suppose that L is one of S5C, S5H, S5Ct and S5Ht. And suppose that (A D oA) € L. Then (A D *A) € L.

Proof. Giventhat (A D oA) €L, we also have x(A D oA) € L. Given the induction axiom of LTL, we have ((A& %(A D oA)) D
#A) € L. Therefore (x(A D oA) D (A D %A)) € L. Thus (A D %A) € L, as desired. O

Fact 2.2.2. Suppose that L is one of S5C, S5H, S5Ct and S5Ht. Then (oxA & A D *A) € L.

Proof.
(1) o)AD([ADo0A) € L Axiom of L
(2) *¥0A D x(ADoA) € L by (1)
(3) #%*cA&ADA&*(ADoA) € L by (2)
(4) A&%x(ADoA)DxA € L Axiom of L
(5) *0A&AD*A € L by (3), (4)
(6) oxA&ADxA € L o commutes with x. O
Fact 2.2.3. (OA D o0OA) € S5Ct.
Proof.
(1) (DA D ooA) € S5Ct Axiom of S5Ct
(2) (DDA D OobA) € S5hCt Axiom of S5Ct
(3) (OoDADomA) € S5Ct Axiom of S5Ct
(4) (DA D oDA) € S5Ct by (1),(2),(3). O
Fact 2.2.4. (o0OA D DA) € S5Ct.
Proof.

S5Ct Axiom of S5Ct
S5Ct by (7),(8). O

(GDA D TA)
(o0A D TA)

(1) (o—DA D oo—DA) € S5Ct by Fact 2.2.3

(2) (0—0A D —-0A) € S5Ct Axiom of S5Ct

(3) (oO—DADo—DA) € S5Ct by (2)

(4) (0—0A D o—DbA) € S5Ct by (1), (3)

(5) (0—0A D —o0A) € S5Ct o commutes with —
(6) (o0OA D —O—-D0A) € S5Ct by (5)

(7) (oDA D QOOA) € S5Ct by (6)

(8) IS

(9) €

9 [3] presents refined decidability results for PTL x S5, for example that its decision problem is EXPSPACE-complete (p. 268).
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Fact 2.2.5. (oOA D 0O0A) € S5Ct.
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Proof. See Fact 2.2.4 and the distinctive axiom of S5Ct. O

Fact 2.2.6. (00A D oOA) e S5Ht.
Proof. Clearly, S5Ct C S5Ht. So (DA D oOA) € S5Ht, by Fact 2.2.3. Also, (DA = OoA) is an axiom of S5Ht. So (0oA D oUA)

e S5Ht. O

2.3. More facts

The facts in the current subsection are stated and proved in order to give more of a feel for the interaction between the
topological modality and the temporal modalities in our logics. We could have waited until completeness was proved for
our four logics, and then given semantic proofs of the facts in this section. But we believe that it is instructive to give the

syntactic proofs here.
Fact 2.3.1. ($oA D GA) € S5hCt.

1) (0—A D Oo—A)
2) (—Oo—A D —O—-A)
3) (—O—0A D —O—A)
4) (GoA D QA)
Fact 2.3.2. (DA D x0A) € S5Ct.

Proof. See Facts 2.2.3 and 2.2.1.

Fact 2.3.3. (0%A D *0A) € S5H.

Proof.

1) *xA D oxA
2) *A D *%A
3) *A D oxA
4) OxA D Oo*A
5) oO%0A = OoxDA
6) OxA D oOx%A
7) O%A D *O*A
8) *A DA
9) OxA D DA
0) *0OxA D *x0A
1) OxA D *DA

—_ e~~~ o~ — — —

Fact 2.34. (x0A D 0OxA) € S5C.
Proof.

mM MMM

MMMMMMMMMMM

) *0A D DA
) Ox0A D OUA
) <OA D DA
) Ox0A D DA
) ODADA
) Ox0A DA
) oxA&A D %A
) Oo*A & OA D Ox*A
) oO%A D Oo%*A
) oO*xA & DA D Ox*A
) —0xA & OA D —oO*A
) —0%A & OA D o—DO%A
) —O%A & OxO0A D o—O%A
) $*x0A D o*xDA
) *0A D **x0A
) *0A D oxDA
) $#0A D GoxDA
) $O*x0A D —O—ox0A
) OxOA D —Oo—%D0A
) oO—*OA D Oo—%D0A

S5Ct
S5Ct
S5Ct
S5Ct

S5H
S5H
S5H
S5H
S5H
S5H
S5H
S5H
S5H
S5H
S5H

MMMMMMMMMMMMMMMMMMMM

Axiom of S5Ct
by (1)
o commutes with —
by (3). O
Axiom of S5H
Axiom of S5H
by (1), (2)
by (3)
Axiom of S5H
by (4), (5)
by Fact 2.2.1
Axiom of S5H
by (8)
by (9)
by (7),(10). O
S5C  Axiom of S5C
S5C  by(1)
S5C  Axiom of S5C
S5C by (2),(3)
S5C  Axiom of S5C
S5C by (4),(5)
S5C by Fact 2.2.2
S5C by (7)
S5C Axiom of S5C
S5C by (8),(9).
S5C by (10)
S5C o commutes with —
S5C by (4),(12)
S5C  Axiom of S5C
S5C  Axiom of S5C
S5C by (14),(15)
S5C by (16)
S5C by (17)
S5C o commutes with —
S5C  Axiom of S5C
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(21) Ox0A D —oO—x0A € S5C by (19),(20)

(22) Ox0A D o—O—%0A € S5C o commutes with —
(23) Ox0A D o>x0A € S5C by (22)

(24) —O*A&<O*0A D o—OxA&oOx0A € S5C by (13),(23)

(25) —O%A& O*x0A D o(—OxA & Ox0A) € S5C o commutes with &
(26) —OxA&<O*0A D *(—OxA&Ox0A) € S5C by Fact 2.2.1

(27) (—OxA & Ox0A) D Ox0OA € S5C  propositional tautology
(28) #(—OxA & Ox0A) D *Ox0A € S5C by (27)

(29) —0xA & Ox0A D *Ox0A € S5C by (26), (28)

(30) Ox0A D OxAV xOx0A € S5C by (29)

(31) OoxA D xA € S5C Axiom of S5C

(32) Ox0A D *AV xOx0A € S5C by (29)

(33) *Ox0A D *xA € S5C by (6)

(34) OxkOA D %A € S5C by (32),(33)

(35) OOx0A D OxA € S5C by (35)

(36) *0A D OOx0A € S5C  Axiom of S5C

(37) *0ADOxA € S5C by(35),(36). O

2.4. Relations among our logics

The facts in the current subsection help spell out the relations among our four logics. Their proofs rely on the soundness
claims in Theorem 2.1.1, which we are taking as proved.

Fact2.4.1. (Op D odOp) € S5Ct - S5H.

Proof. Given the soundness of S5H for homeomorphisms on almost discrete spaces, it suffices to find a dynamic topological
model M = (X, f, V), where X is almost discrete and f is a homeomorphism and M ¥ (Op D odp). Let X = {0, 1} with
open sets @, {0}, {1} and X; f(0) = 1and f(1) = 0; and V(p) = {0}. It is easy to check that M & (Op D oOp). O

Fact 2.4.2. (Oop O oOp) € S5H - S5Ct.

Proof. Given the soundness of S5Ct for trivial spaces, it suffices to find a dynamic topological model M = (X, f, V), where
X is trivial and M ¥ (Oop D oOp). Let X = {0, 1} with open sets @ and X; f(0) = f(1) = 1; and V(p) = {1}. It is easy to
check that M & (Qop D oOp). O

Theorem 2.4.3. Our four logics are related as follows:

S5C C S5Ct C S5Ht
S5C C S5H C S5Ht
S5Ct Z S5H
S5H & S5Ct.

Proof. S5C C S5Ct, by Fact 2.2.5. And clearly S5Ct C S5Ht, by Fact 2.2.5.

Clearly S5C C S5H. By Fact 2.2.5, (ocOA D OoA) € S5Ct C S5Ht. And by Fact 2.2.6, (0oA D o0OA) € S5Ht. So (o0OA = 00A) €
S5Ht. So S5H C S5Ht.

S5Ct Z S5H, by Fact 2.4.1. Thus S5Ct € S5C and S5Ht & S5H.

S5H & S5Ct, by Fact 2.4.2. Thus S5H & S5C and S5Ht Z S5Ct. O

2.5. The rule next removal

Next removal is a peculiar rule. Some basic facts concerning it are as follows:

1. Next removal is admissible in S5Ht (Fact 2.5.1).

2. Next removal is admissible in S5C (Theorem 3.5.6).

3. S5Ct + oA/A = S5Ht (Fact 2.5.2).

4. Next removal is not admissible in S5Ct, since S5Ct C S5Ht (Theorem 2.4.3).

In this subsection, we give a syntactic proof of (1). It would be nice to have a syntactic proof of (2), but we do not know of
one. Instead, we give a semantic proof after we prove completeness for S5C (Section 3.5, Theorem 3.5.6). We prove (3) in
this subsection, from which (4) follows.

Fact 2.5.1. If oA € S5Ht then A € S5Ht.
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Proof. Suppose that oA € S5Ht. Then we have the following:

(1) OoA € S5Ht Necessitation for O
(2) (CA=00A) € S5Ht Axiom of S5Ht

(3) OA € S5Ht by (1), (2)

(4) (bADA) € S5Ht Axiom of S5Ht

(5) A € S5Ht by (3),(4). O

Fact 2.5.2. S5Ct 4- oA/A = S5Ht.

Proof. Clearly S5Ct C S5Ht. Also, S5Ht is closed under the rule of next removal, by Fact 2.5.1. So S5Ct + oA/A C S5Ht. To
show that S5Ct + oA/A = S5HY, it suffices to show that (DA = 0OoA) € S5Ct + oA/A. Given that (DA D OoA) € S5Ct, it
suffices to show that (0oA D 0A) € S5Ct + oA/A. Here goes:

(1) (oOoA D OoA) € S5Ct by Fact 2.2.4

(2) (0oA D oA) € S5Ct Axiom of S5Ct

(3) (oO0A D oA) € S5Ct by (1), (2)

(4) o(docA DA) € S5Ct o commutes with D
(5) o(0DcADA) € S5Ct+o0A/A by(4)

(6) (A D A) € S5Ct+o0A/A by(5)

(7) (00oA D OA) € S5Ct+o0A/A  by(6)

(8) (0OoA D> oooA) e S5Ct+o0A/A  Axiom of S5Ct

(9) (0cA D DA) € S5Ct+o0A/A Dby(7),(8). O

We do not know whether we can axiomatize S5H without next removal. We conjecture that we can:

Conjecture 2.5.3. S5H = S5 + LTL 4 (oDOA = O0A).

3. Completeness
3.1. Common elements

The completeness proofs for our four logics have many elements in common. We recycle some of the ideas used in the
literature to prove the completeness of LTL, but we do not proceed exactly as elsewhere. In particular, we have to be attentive
to the topological connective 0. With S5Ct and S5Ht, we are dealing with trivial spaces, so we do not have to be especially
attentive to topological issues. The interaction, in S5Ct and S5Ht, between O and the temporal connectives is very tractable,
as is evidenced by the following theorems of these two logics: (DA D OoA), (DA = o0A), and (DA = *0A). We will have to
be more attentive when it comes to S5C and S5H, since then we will be working with nontrivial spaces.

Suppose, then that L is one of the logics S5C, S5H, S5Ct and S5Ht. A signed formula is an ordered pair +C = (+, C)
or —C = (—, C). We identify any set of signed formulas with the corresponding formula: the formula corresponding to
{+A, —B, —C}, for example, is A & =B & —C. The formula corresponding to the empty set (of signed formulas) is (p vV —p).
We say that a formula A is consistent iff —=A ¢ L. The notion of consistency and all notions defined in terms of consistency
depend on which logic L we are working with: we will let context determine L. The points in the current subsection do not
depend on L.

Suppose that @ is a finite set of formulas. A @-atom (we often just say atom) is a set « of signed formulas such that,

1. « is @-complete, in the following sense: for each formula C, C € @ iff either +C € o or —C € «; and
2. o is consistent.

A formula is modal iff it is of the form OA or —OA. Otherwise it is nonmodal. Here we note that, if A is modal, then (A D DA) €
L and (—A D 0—A) € L: this follows from the S5 axioms used to define L. Given an atom «, we define the modal part of «
as follows:

ay =¢r {£A € o : Ais a modal formula}.

Note that (o D Oay) € L.
Given a finite set @ of formulas, we define some relations on @-atoms:

O[R,B iff ay = IBM
aSB  iff (o &op) is consistent
asS’8  iff a=p
aS™18 iff Sy and yS™B, for some @-complete consistent ®-atom y
aS*B iff  «S"B,for somen > 0.

Ris clearly an equivalence relation on the @-atoms. We will denote the equivalence class determined by « as |« |g. The next
few lemmas concern R and S.
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Lemma 3.1.1. Suppose that @ is a finite set of formulas closed under subformulas, that DA € @ and that « is a @-atom «. Then
+0A € « iff, forevery B € |a|g, +A € B.

Proof. Note that A € @, since 0A € @. We consider both directions of the desired biconditional.

(=) Suppose that +0A € « and that 8 € |a|g. Then @RB. So ap; = By. So +0A € B.So +A € B, since B is @-complete
and consistent.

(<) Suppose that +0A ¢ «. Then —OA € «. First, we claim that (—A & «y) is consistent. Suppose not. Then («y D A) €
L. So (Oay, D OA) € L. Recall that (o D Oaryy) € L. So (o D DA) € S5Ct. But this cannot be, given that —0OA € « and that
« is consistent. Given that (—A & «y) is consistent, there is some atom S such that oy U {—A} € B. Note that Sy = oy, so
that 8 € |a|g. O

Lemma 3.1.2. Suppose that @ is a finite set of formulas closed under subformulas with oA € ®; and that o and 8 are ®-atoms
with aSB. Then 4-0A € « iffA € B.

Lemma 3.1.3. Suppose that @ is a finite set of formulas closed under subformulas and that « is a @-atom. Then there is some
@-atom B such that aSB.

Proof. Let At be the set of @-atoms, and let \/At be the disjunction of all the (formulas corresponding to) the @-atoms. Note
that \/At is an instance of a propositional tautology. So o\/At € L. Suppose, for a reductio, that (¢ & o) is inconsistent, for
each B € At. Then (¢ & o\/At) is inconsistent. So « is inconsistent, since o\/At € L. But this contradicts the fact that « is a
d-atom. O

Lemma 3.1.4. Suppose that @ is a finite set of formulas closed under subformulas, that o and B are ®-atoms with oS8, and that
+*A € a. Then +%A € B.

Proof. We need only note that (*A D oxA) e L. O

Corollary 3.1.5. Suppose that @ is a finite set of formulas closed under subformulas, that o and B are ®-atoms with «S*g, and
that +%A € «. Then +%*A € B.

Lemma 3.1.6. Suppose that @ is a finite set of formulas closed under subformulas, that « is a @-atom, and that —xA € «. Then
there is some ®-atom B such that «S*8 and —A € B.

Proof. (We adapt the third clause of the proof of Lemma 1 in [4]. The same idea is used in [5] to a slightly different end.)
For any atom v, let I“ys = {§ : yS&} and let Ff = {8 : yS"8}. For any set I" of atoms, let \/I" be the disjunction of all
the (formulas corresponding to) atoms in I". Then (y D o\/I7}) €L, for any atom y. Also, if y € I}, then I'; C I}}.So
(y Do\/I}) el foranyatomy € I'!.So (\/T} D o\/T}) € L.So (\/T} D %\/T}) €L, by Fact 2.2.1. Also, @ € I/, so
(@D \/TI¥)elSo(aD>x*\/I}) el

Now suppose that —xA € o, but (for a reductio) that there is no 8 such that «S*8 and —A € B.Then A € B, for every
B € I’.So(\/I} DA €L So(x\/T} D *A) €L.So (¢ D *A) € L. So« is inconsistent, since —xA € «. But « is
consistent. O

For our completeness proofs, we will build models out of sequences of @-atoms and other objects. For our purposes, a
finite sequence is a sequence (x;)_; indexed by the set {0, ..., n} for some n € IN; an infinite sequence is a sequence (x;);>o
indexed by the natural numbers; and a bi-infinite sequence is a ‘sequence’ (x;);cz indexed by the integers. We can also use
the following notation for infinite sequences: (x;);cn. A natural number k is a periodic point of an infinite sequence (x;);>o iff
for some | > 1we have x;;; = x; for every i > k. Note that, if k is a periodic point, then so is any j > k. An infinite sequence is
eventually periodic iff it has a periodic point. A bi-infinite sequence (x;);c is bi-eventually periodic iff both infinite sequences
(xi)i=0 and (x_;)i>o are eventually periodic. An object x is cofinal in an infinite sequence (x;);>o iff for each i > 0 there is a
Jj = isuch that x = x;. A natural number k is a cofinality point of an infinite sequence (x;);>¢ iff x; is cofinal for every i > k.
Note that, if k is a cofinality point, then so is any j > k. Note also that any periodic point is also a cofinality point.

Suppose that @ is a finite set of formulas. A finite sequence (o;)_, [an infinite sequence («;);>o, a bi-infinite sequence
(a)icz] of @-atoms is an S-sequence iff o;Sa; 11, for eachi > 0 and < n [for each i > 0, for each i € Z]. An infinite sequence
(ai)i=o [a bi-infinite sequence («;)icz] of ®-atoms is x-complete iff for every i > 0 [i € Z] and every formula A, if —%A € o;
then there is some j > i such that —A € «;. A finite sequence (o;)_, witnesses the signed formula —xA iff if —%A € «o then
—A € a,.

Lemma 3.1.7. Suppose that @ is a finite set of formulas closed under subformulas, that « is a @-atom, and that xA € @. Then
there is a finite S-sequence (o;)_, of @-atoms, with oy = «, that witnesses the signed formula —x*A.

Proof. If —xA ¢ « then it is easy: just let @y = « and let our sequence be (oz,-)?zo. If —xA € « then, by Lemma 3.1.6, there is
a @-atom B such that «S*B and —A € B. Since «S* 8, there is a finite S-sequence (i) ig with g = o and @, = B. Note that
this sequence witnesses the signed formula —xA. O

Lemma 3.1.8. Suppose that & is a finite set of formulas closed under subformulas, and that « is a ®-atom. Then there is a
x-complete infinite S-sequence («;)i>o, such that og = a.
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Proof. If @ contains no formulas of the form A, then it is easy: just choose any S-sequence (¢;);>o, such that &g = «. The
existence of such a sequence is guaranteed by Lemma 3.1.3.

Otherwise, @ contains some formula(s) of the form *A. List the set {—*A : *A € ®} as follows: {—*Ag, ..., —xA,_1},
where v > 1. For any j, k > 1, let rem(k, j) be the remainder of k divided by j; for example rem(47, 7) = 5. And, for each
k > 0, define —*Ay = —*Arem k). Thus, the sequence (—x*A;);>o looks like this:

—*Ao, P —*Av_1, —*Ao, ey —*Av_], —*Ao, ey _*Av—la P

For each k > 0, we will define by induction on k a finite S-sequence (af‘)?;"o, for some my, that witnesses the signed

formula —*A. By Lemma 3.1.7, we can choose a finite S-sequence (a?)ﬂ’o that witnesses the signed formula —xAg, with
af = a. Assume that we have defined a finite S-sequence (f)7%, that witnesses the signed formula —xA. Let af™' be

any &-atom such that a,’j,kS(xg“. By Lemma 3.1.7, we can choose a finite S-sequence (af*l)Z‘g ! that witnesses the signed

formula —xAy .
Now define the sequence («;)i>o by gluing together the sequences (a}<>;2<0 as follows:

0 0 1 1 2 2 3 3

Oy ey Qs Oy vy Oy s O ey O s Ol ey Qs e

To be more precise, for each k > 0, let n, = k+ ZLO my. Foreachi > 0, let k; = min{k : i < n,}. Finally, leto; = aﬁ_mk‘_nk_.
1 1
Note the following:
Unye-my, = &g
Opp-m+i = @ 5 ifi < my
Op, = @
ank"’l = ¢y

Clearly (e;)i>0 is an infinite S-sequence whose first member is «. We must still show that this sequence is x-complete.
Suppose not. Then there is some [ > 0 and some —%A € ¢; such that

+A € a; foreveryj> L. (1)
We claim that
—*A € o foreveryj > I. (1)

To see (1), suppose not. Choose the smallest j > I such that +*A € «;. In fact,j > |, since —*A € ;. So —*A € aj_1. Also
+A € aj_q,sincej — 1 > L Also, (—+A & A D o—xA) € L. So (¢j_1 D o—*A) € L. So j_; is not consistent with oc;, since
+*A € «;. But this contradicts the fact that («;);~o is an S-sequence.

Now that we have established (1), choose k > I'so that —*A = —x*A,. Note that | < k < ny — my. SO0 —*A € oy, by
k

(1). Also, as noted above, oty —m, = ozg. So —xAy € oz’é. Recall that the sequence (c; )2‘0 witnesses the signed formula —xAy.
So—A e ozf"k. As noted above, oy, = oefnk. So —A € ay,.Butl < k < ny, so that +A € ap,, by (). A contradiction. O
We can improve on Lemma 3.1.8:

Lemma 3.1.9. Suppose that @ is a finite set of formulas closed under subformulas, and that « is a ®-atom. Then there is an
eventually periodic x-complete infinite S-sequence (;)i>o, such that cp = c.

Proof. By Lemma 3.1.8, there is an *-complete infinite S-sequence (f;);>o, such that 8y = «. Let I" be the set of ®-atoms
cofinal in (B;)i>o. Since there are only finitely many @-atoms, there is a cofinality point, say k. Note that, for every j > k,

Bi:izj}={Bi:izk}=T.
So, for everyj > 0,
Birizjy={pi:j=i<kiUr.
Choose the smallest | > 1 such that 8y = By Define the new sequence («;)i>¢ as follows:
a = p; fori<k
Qigm = Bi fori>k,i<k+1,m=>0.
Note first that g = «. Also note that the sequence («;)i>o is an S-sequence and is periodic. Finally note that, for everyj > k,
{aitizjl={o:izk}=T.
So, for everyj > 0,
laitizjl={o:j<i<kBUTl ={B:i>j}.

So the sequence («;);>o is *-complete, like the sequence (f;)i>o. O
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3.2. Completeness of S5Ct

The proof of completeness for S5Ct relies on the particular Lemma 3.2.1.

Lemma 3.2.1. Suppose that & is a finite set of formulas closed under subformulas, and that o and B are ®-atoms. Then if aS
then aRp.

Proof. For a reductio, suppose that oS but that «p; # By. We consider two cases.

(Case 1) for some OA € &, we have +0A € « and —0A € S. Since oS g, the following is consistent: (OA & o—DA). But
this contradicts Fact 2.2.3, which says that (0A D o0A) € S5Ct.

(Case 2) for some OA € @, we have —OA € « and +0A € B. Since aSp, the following is consistent: (—OA & oOA). But
this contradicts Fact 2.2.4, which says that (c0OA D 0A) € S5Ct. O

Definition 3.2.2. Suppose that @ is a finite set of formulas closed under subformulas, and that « is a @-atom. We will define
afinite trivial topological space, X, ; a continuous function, f, on X, ; and a valuation function V,, : PV — £ (X,).In particular,
X, will be a finite subset of IN x IN.

First, enumerate all of the atoms in |«|, starting with « itself: °, ..., &", with «® = «. For each o™, let {(a/")i>0 be an
eventually periodic %-complete infinite S-sequence with o' = «™: such a sequence exists by Lemma 3.1.9. Thus we have n
eventually periodic sequences,

o @ o o of

1 1 1 1 1
ay, o a, o3 oy

n n n n n
o2} oy o, (0%} oy

Since each of these sequence is eventually periodic, for eachm = 0, ..., n we have the following: there is a k;; > 0 and an
I, > 1 such that, for every i > k,, we have a}’}rlm = o]". We cut each sequence off at (ky, + I;,) — 1:
0 0 0 0 0 0
oy @y Qe O O e O g
1 1 1 1 1 1
oy 0 Qe O Oy e O g

oy of o op Qg - a?lanrln)ﬂ
We define X, as follows:
Xy ={(a,b) e NxN:0<a<nand0<b < (k;+ 1) — 1}.
We impose the trivial topology on X,,. We define the function f,, : X, — X,, as follows:
(a,b+ 1), ifb< (kg+1)—1

fa((a. b)) = {(a, k), ifb = (ky+1lo) — 1.

We define the valuation function V,, as follows:
Vo) = {(a,b) € X, : +p € ap}, for each propositional variable p.
Finally, we define the dynamic topological model, My =4 (Xo, fo, Vo).
Shortly we will prove the following:

Theorem 3.2.3. Suppose that @ is a finite set of formulas closed under subformulas, and that « is a ®-atom. And suppose that
X, fo, and V,, are defined as in Definition 3.2.2. Then, for each A € &:

foreach (a, b) € Xy, (a,b) € V,(A) iff+A € .
But first we state a lemma about f,.

Lemma 3.2.4. Suppose that @ is a finite set of formulas closed under subformulas, and that « is a &-atom. Suppose that
(a,b) € Xy, thati > 0 and that (a,b’) = f,({a, b)). Then o}, = e} ;. (Note that the ordered pair {a, b + i) need not be
inX,.)

Proof of Theorem 3.2.3. By induction on the structure of A. We will use all the notation, terminology and so on in
Definition 3.2.2.

(Case 1) A € PV.The result is given by the definition of V,,.

(Case 2) A is of the form —B. Choose (a, b) € X,. Then note: (a, b) € V,(A) iff (a, b) € V,(—B) iff (a, b) & V,(B) iff
+B ¢ aj (by the inductive hypothesis) iff —B € «f (since «jj is @-complete) iff +—B € o} (since «f is ¢-complete and
consistent) iff +A € o,
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(Case 3) A is of the form (B & C). Choose (a, b) € X,. Then note: (a, b) € V,(A) iff (a, b) € V,(B& C) iff (a, b) € V,(B)
and (a, b) € V,(C) iff +B € af or +C € «j (by the inductive hypothesis) iff +-(B & C) € o (since «j is @-complete and
consistent) iff +A € aj.

(Case 4) A is of the form OB. Choose (a, b) € X,. First, we note that

aRaj  for each (i, j) € X,. )
This follows from the following: Lemma 3.2.1, the fact that «Ro}, and the fact that aésﬁa}. Second, we note that,
for each ®-atom B,  if «RB then, for some (i, j) € X,. B = o (1)

Now note: (a, b) € V,(A) iff (a, b) € V,(OB) iff (a, b) € Int(V,(B)) iff (i, j) € V,(B) forevery (i, j) € X, iff+B € a} for every
(i,J) € Xy (by IH) iff +B € B for every @-atom g with «Rg (by (1) and (1)) iff +0B € o (by Lemma 3.1.1) iff +A € .

(Case 5)Ais of the form oB. Choose (a, b) € X,,. We consider two cases: (5.1)b < (k,+1;) —1,and (5.2) b = (ko + 1) — 1.
(Case 5.1): (a, b) € V4 (A) iff (a, b) € V,(oB) iff fu((a, b)) € V,(B) iff (a, b+ 1) € Vo (B) iff +B € o, (by IH) iff +0B € oy
(by Lemma 3.1.2) iff +A € «j. (Case 5.2): (a, b) € V,(A) iff (a, (ks + ;) — 1) € V4 (oB) iff fy ({a, (kq + l) — 1)) € V,(B) iff
(a, kq) € Vo(B) iff +B € o (by IH)iff +B € oy ,, (since oy = o ,, )iff +B € oy, iff +0B € o (by Lemma 3.1.2) iff
+A € af.

(Caseb 6) A is of the form *B. Choose (a, b) € X,,. We consider both directions of our biconditional separately.

(=)We prove the contrapositive. So suppose that +A ¢ «j. Then +*B & af.So —*B € «jf. So, since (af);q is *-complete,
we have —B € oy, for some i > 0. Let (a,b’) = fi({a, b)). By Lemma 3.2.4, ay = ap . S0 —B € aj.So+B ¢ ay,. So
(a,b') & Vy(B), by IH.So fi({a, b)) & V,(B).So (a, b) & V,(*B).So (a, b) & V,(A).

(«<=) We prove the contrapositive. So suppose that (a, b) & V,(A). Then (a, b) & V,(*B). Sofoi((a, b)) & V,(B) for some
i > 0.Let (a,b') = fi({a, b)). Then (a, b’) & V,(B).So +B ¢ oy, by IH. So +B ¢ oy ;, by Lemma 3.2.4. So +x*B ¢ o ;. Now
note that «jS*aj ;. So +*B ¢ af, by Lemma 3.1.5.50 +A ¢ orf. O

Corollary 3.2.5. Suppose that A ¢ S5Ct. Then there is some finite trivial topological space X such that X  A.

Proof. Suppose that A & S5Ct. Let @ be the set of subformulas of A. Choose a @-atom « with —A € «. Define the topological
model M, = (X,, fx, V) as in Definition 3.2.2. By Theorem 3.2.3 and the fact that ag = «, we have (0, 0) € V,(A).So X, +A.
And X,, is a finite trivial topological space. O

The completeness of S5Ct for trivial topological spaces follows directly from Corollary 3.2.5. Indeed, this Corollary is
stronger than completeness: it also entails that S5Ct has the finite model property. Thus:

Corollary 3.2.6. S5Ct is decidable.

3.3. Completeness of SSHt

The completeness proof for SSHt proceeds in much the same way as the completeness proof for S5Ct, with a couple
of extra bells and whistles. There is a major glitch: SSHt does not have the finite model property. To be more precise, the
formula (oxp D *p) is not a theorem of S5Ht, but is validated by every model (X, f, V) where X is a finite topological space
(trivial or not) and f is a homeomorphism.

To see that (oxp D *p) is not a theorem of S5HY, it suffices to define a trivial topological space X, a bijection f on X, and
a functionV : PV — £ (X) such that (X, f, V) ¥ (oxp D =p). Here goes: X = 7, i.e. the set of integers, with the trivial
topology; f(z) = z + 1 for each z € Z; and, for each propositional variable p, we have V(p) = {1, 2, 3, .. .}. It is easy to
check that 0 & V(o*p D *p).

Now we show that (oxp D *p) is validated by every model (X, f, V) where X is a finite topological space (trivial or not)
and f is a homeomorphism. Consider any finite topological space X, any homeomorphism f on X, and any V : PV — 2 (X).
Suppose thatx € X butx & V(o%p D #p). Then,x € V(o%p) and x & V (xp).So fi(x) € V(p) foreveryi > 1;and fi(x) & V(p)
for some i > 0.So fi(x) € V(p) for everyi > 1; and x ¢ V(p). But since X is finite and f is a bijection, we have x = f¥(x) for
some k > 1. Since k > 1, we have f¥(x) € V(p). So x € V(p), which contradicts x & V (p).

Onto the proof of completeness for S5Ht. Suppose that @ is a finite set of formulas. A finite sequence (c;)L, [an infinite
sequence («;)i>o] of @-atoms is a backward S-sequence iff i1 1S, for eachi > 0 and < n [for eachi > 0].

Lemma 3.3.1. Suppose that @ is a finite set of formulas closed under subformulas, and that « and 8 are @-atoms. Then if «Sf
then oRp.

Proof. The same as the proof of Lemma 3.2.1. O

Lemma 3.3.2. Suppose that @ is a finite set of formulas closed under subformulas, and that « is a @-atom. Then there is some
@-atom B such that BS«. (Compare Lemma 3.1.3.)

Proof. Since « is a @-atom, « is consistent. So —« ¢ S5Ht. So o—« ¢ S5Ht, by Fact 2.5.1. So —oa ¢ S5Ht. So o« is consistent.
So there is some @-atom S such that the following is consistent: (8 & o). O
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Corollary 3.3.3. Suppose that & is a finite set of formulas closed under subformulas, and that « is a ®-atom. Then there is some
infinite eventually periodic backward S-sequence whose initial member is .

Proof. The existence of an infinite backward S-sequence whose initial member « is guaranteed by Lemma 3.3.2. The
existence of an eventually periodic infinite backward S-sequence whose initial member « is guaranteed by the former remark
and the fact that there are only finitely many @-atoms. O

Lemma 3.3.4. Suppose that @ is a finite set of formulas closed under subformulas, and that « is a ®-atom. Then there is a bi-
eventually periodic x-complete bi-infinite S-sequence (;)icz, such that «g = c.

Proof. By Lemma 3.1.9, there is an eventually periodic x-complete infinite S-sequence («;);>o, such that ¢p = «. And by
Lemma 3.3.3, there is an eventually periodic backward S-sequence («]);>o, such that oy = «. Foreachi < 0, define o; = /.
Then the bi-infinite sequence («;);cz is bi-eventually periodic and x-complete, and ¢p = @. O

Definition 3.3.5. Suppose that @ is a finite set of formulas closed under subformulas, and that « is a @-atom. We will define
a trivial topological space, X,,; a homeomorphism, f, on X,; and a valuation function V,, : PV — £ (X,). In particular, X,
will be an infinite subset of Z x Z.

First, enumerate all of the atoms in |o|, starting with « itself: «°, ..., «®, with «® = «. For each ™, let (o) iez be a
bi-eventually periodic *-complete infinite S-sequence with oy’ = «™. Thus we have n bi-eventually periodic bi-infinite
sequences,

0 0 0 0 0 0 0 0 0
a, a; o, o oy o oy O3 Oy

1 1 1 1 1 1 1 1 1
a, o5 o, o, 0Oy o 0O, O3 0O

of, o ol o o o o o af
We define X, as follows:
Xy, ={0,...,n} x Z.
We impose the trivial topology on X,,. We define the function f, : X, — X, as follows:
fa({a, b)) = (a,b+1).
We define the valuation function V,, as follows:
Vo) ={{a,b) : 0 <a<nand +p € o5}, foreach propositional variable p.
Finally, we define the dynamic topological model, My, =4 (X, fu, Va)-
The proof of the following theorem is similar to the proof of Theorem 3.2.3:

Theorem 3.3.6. Suppose that @ is a finite set of formulas closed under subformulas, and that « is a @-atom. And suppose that
X fo, and V,, are defined as in Definition 3.3.5. Then, for each A € &:

for each (a, b) € X,, (a, b) € Vo (A) iff+A € .
And we thus get an analogue (without the finiteness condition) of Corollary 3.2.5:

Corollary 3.3.7. Suppose that A ¢ S5Ht. Then there is some trivial topological space X and some homeomorphism f : X — X
such that (X, f) ¥ A.

The completeness of S5Ht for homeomorphisms on trivial topological spaces follows from Corollary 3.3.7.
What about the decidability of SSHt? We do not get it through any finite model property. But decidability does follow
from the fact that each model X,, is of a kind that can be finitely represented. To be more precise.

Definition 3.3.8. A premodel is an ordered quartuple M = (X, g, h, V) satisfying the following:
1. For some n > 0 and some my, ..., My, My, ..., M, € Z,
X ={(a,b):0<a<nandm, <b<m}.

2.g,h:{0,...,n} > Z.

3. mg = g(a) =0 < h(a) <my.

4,V :PV - PX).

Note that (a, g(a)) € X and (a, h(a)) € X. Given a premodel M = (X, g, h, V), we define ny = max{a : 3b, (a, b) € X}.

And for each a € {0,...,nx}, we define mq = min{b : (a,b) € X} and m;, = max{b : (a,b) € X}. Note that
mg < g(a) <0 < h(a) < m, for each a < nx. Also note that every premodel is finite.
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Definition 3.3.9. Given a premodel M = (X, g, h, V), we define the dynamic topological model M’ = (X', f', V') generated
by M as follows:

X' =1{0,...,nx} x z, with the trivial topology
f'({a,b)) = {(a,b+1), fora={0,...,nx}andb € Z
V'(p) = V(p) U

{{a,b—k((g(a) —mg) + 1)) : (a,b) e V(p)and b < g(a) and k > 1} U
{{a, b+ k((m, — h(a)) + 1)) : {a, b) € V(p) and b > h(a) and k > 1}.

Definition 3.3.10. If M is a premodel and A is a formula, we say that M & A iff M’ £ A where M’ is the dynamic topological
model generated by M.

Theorem 3.3.11. A € S5Ht iff M E A, for every premodel M.

Proof. The (=) direction of the biconditional is soundness of S5Ht for premodels. This follows from soundness of S5Ht for
dynamic topological models (X, f, V), where X is trivial and f is a homeomorphism, because every dynamic topological
model generated by a premodel is of this kind. The (<) direction of the biconditional follows from Theorem 3.3.6 and the
fact that the model M,, defined in Definition 3.3.5, is generated by some premodel. O

Corollary 3.3.12. S5Ht is decidable.

3.4. Completeness of S5C and S5H: Common elements

The completeness proofs for S5C and S5H have some elements in common. They also require modifying the approach we
have taken so far in important ways. For starters, for some of our results it will not suffice that the set @ be closed under
subformulas: we will add an additional closure condition, which we explain presently. For this subsection, we assume that
the logic L is either S5C or S5H.

Suppose that @ is a finite set of formulas (closed under subformulas or not). We define the modal part of @ as follows:

Py =4 {A € @ : Ais a modal formula}.
And we define the nonmodal part of @ as follows:
Dy =4y @ — Dy
Suppose that « is a @-atom. We have already defined the modal part of « as follows:
ay =g¢r{+A € a : Ais amodal formula}.
We define the nonmodal part of « as follows:
ANM =df& — QM-
Notice that if « is a @-atom then oy, is a @yp-atom.

Suppose that @ is a finite set of formulas (closed under subformulas or not). Suppose that A € @y and that « is a
@-atom. We say that A nonmodally dominates « iff A is consistent and (A D ayy) € L. Finally, we say that @ is closed iff both

1. @ is closed under subformulas; and
2. for every @-atom «, there is some A € @y that nonmodally dominates ¢, and such that ¢A € @ (i.e. such that
—0—A € Q).

Lemma 3.4.1. For every formula A there is a finite closed set & of formulas such that A € ®.
Proof. Suppose that A is a formula. First, let ¥ be the set of subformulas of A. And let Y5y = {Bi, ..., B;}. We will now
define a large number of conjunctions of the members of Wyy,. To define these, let § be the set of sequences of Os and 1s of
length between 1 and n. For s € 4, let In(s) be the length of s, and if In(s) < n, then let sO [s1] be s concatenated with 0 [1].
We define A, for each sequence s € 4§:
Ap = —B4
A =B
Aso = (As & =Biys)+1)
Asi = (As & Bp(s)+1)-
Thus, for example A11001 = ((((B1 & B;) & —B3) & —B,4) & Bs). Now we define the set @ as follows:
& =Y U{By,...,By, 7By, ..., 7By} U{As :s € §}
U {—A; : s € $and In(s) = n}
U {0—A; : s € S and In(s) = n}
U {—0—A; : s € S and In(s) = n}.
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Our set @ is clearly both finite and closed under subformulas. We still have to show that for every @-atom «, there is
some A € ®yy that nonmodally dominates «, and such that <A € @. So suppose that « is a @-atom. Let ’ be the following
subset of w: o' = {&;B; : B; € Wny and *;B; € «}. Here =£;B; is either + B; or —B; depending on which of these two is in
« (exactly one is). Note that o’ is a Wyy-atom. Let s, be the member of 4 determined as follows: the ith member of s, is 1
if +B; € o and is 0 if —B; € «. Note that GA;, € @, by the definition of @. It now suffices to show that A;, nonmodally
dominates . First, notice that A, is consistent, since « is consistent. So now it suffices to show that for every signed formula
+B € any we have (A;, D +B) € L. Here £Bis +Bif +-B € any and —B if —B € any.

So choose £B € ayy. Then B € @yy. So,

B €{Bi,...,By,—Bq,...,— By} U{A; : s € 8)
U {—A; : s € $and In(s) = n}.

We consider four cases.

(Case 1) B = B, for some i. If +B; € «, then B; is one of the conjuncts of A,,. And if —B; € «, then —B; is one of the
conjuncts of A, . In either case, the formula corresponding to the signed formula B is a conjunct of As,,. So (A;, D £B) € L.

(Case 2) B = —B;, for some i. If +—B; € «, then —B; € «, so that B is one of the conjuncts of A;,. And if ——B; € «, then
+ B; € «, so that —B is the double negation of one of the conjuncts of As,. In either case, the formula corresponding to the
signed formula £B is a conjunct, or the double negation of a conjunct, of A,,. So (A;, D £B) € L.

(Case 3) B = A; for some s € 4.If s is an initial segment of s,, then Ay is a conjunct of A;, and +A; € «. Thus 4+-B € o and
(As, D +B) € L.If sis not an initial segment of «, then —A; € o and (A;, D —A;s) € L.So —B € @ and (A;, D —B) € L.

(Case 4) B = —A, for some s € 8 with In(s) = n.If s = s,, then +A; = +A,, € a sothat —B € « and (A;, D —B) € L.If
S # Sy, then —A; € e sothat +B € wand (A, D B) e L. O

Lemma 3.4.2. Suppose that @ is a closed finite set of formulas, that « is a @-atom, that A € @y and that A nonmodally
dominates . Then A € a.

Proof. Suppose not. Then —A € «. So (A D —A) € L. So —A € L. But this contradicts the consistency of A. O

Suppose that @ is a closed finite set of formulas. Recall the relation S and the equivalence relation R defined on @-atoms,
and recall that we are using the notation |« | for the equivalence class determined by the @-atom «.

Lemma 3.4.3. Suppose that @ is a closed finite set of formulas. Suppose that «, B and y are ®-atoms such that «SB and «Ry.
Then there is a ®@-atom § such that SRS and y S$. Thus the bottom right corner of the square on the left can be filled in as indicated:

a S B a S B
R R == R R
y S 7 y S §

Proof. Suppose that «, 8 and y are @-atoms such that @SB and «Ry . Since aS g, the formula (¢ & of) is consistent. So the
formula (o & ofly) is consistent. Since ¢Ry, we have ay; = yy. So the formula (yy & oBy) is consistent. We claim that

(y & ofy) is consistent. (1)

To see this, suppose not. Let yny = ¥ —Yum- S0 (¥nm & v & 0By) is inconsistent. By the closure of @, we can choose a formula
A such that A nonmodally dominates y. In other words, A is consistent, G)A € @ and (A D ynu) € L.So (A& yy & ofy) is
inconsistent. So ((yy & oBy) D —A) € L. So ((Oyy & DoBy) D 0—A) € L. So ((Oym & o0fy) DO —<A) € L. Recall that
(ym = Oyy) €Lland (By = 0By) €L .So ((yy & oBy) DO —<GA) € L. So (A & yu & ofy) is inconsistent. But since A
nonmodally dominates y, we have +A € y.So +<A € y, since GA € @. S0 +<A € yy. So, (Ym & offy) is inconsistent. But
we have already noted that (y & ofy) is consistent. This proves (1).

Given the consistency of (y & ofy), we can add signed nonmodal formulas to the set 8, until we get a ®-atom § with
Sy = Bu and with (y & o) consistent. O

Suppose that @ is a finite set of formulas. A @-cluster is a function § : |«|g — |B|r, for some « and some S such that
y S f(y) for each y € |a|g. Given a @-cluster §, we use the notation dom(f) and range(f) for the domain and range of f. The
@-cluster f coheres with the @-cluster g iff range(f) C dom(g).

A finite sequence (f;)[L, [an infinite sequence (f;);>o, a bi-infinite sequence (f;)icz] of @-clusters is coherent iff f; coheres
with fiq, for eachi > 0 and < n [for eachi > 0, for each i € Z]. Suppose that § = (i)l [§ = (fi)i=0, § = (fi)iez]isa
coherent finite [infinite, bi-infinite] sequence of @-clusters, thati > 0and < n[i > 0,i € Z], thatj > iand < n[j > i] and
that o € dom(;). We define g~ (a) as follows:

gi%i(a) -
F @) = HE (@)
Note that 3/ : dom(f;) — dom(f;). An infinite sequence § = (fi)i>o [a bi-infinite sequence (f;)icz] of @-clusters is
x«-complete iff for every i > 0[i € Z], for every @« € dom(f;) and for every formula A, if —xA € « then there is some

j > isuchthat —A € 7 (a). A finite sequence § = (fi)lo witnesses the signed formula —=A iff for every o € dom(fo) if
—%A € « then there is some m < n such that —A € 3%~ («).
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We have not shown that there are any @-clusters, let alone any eventually periodic x-complete coherent infinite
sequences of @-clusters. But we will.

Lemma 3.4.4. Suppose that @ is a closed finite set of formulas, and that o and 8 are @-atoms with 'S 8. Then there is a @ -cluster
f:lalg — |Blr with f(a) = B.

Proof. This is a direct consequence of Lemma 3.4.3. O

Lemma 3.4.5. Suppose that @ is a closed finite set of formulas, and that o and B are ®-atoms with aS® B. Then there is a coherent
finite sequence § = (f;)i_, of @-clusters such that dom(fy) = |« |z and dom(f,) = |B|r and 3" (a) = B.

Proof. Since aS*B, there is some S-sequence ay, . .., o, of atoms with og = « and @, = B. Choose some a1 so that
anSant 1. For each k < n, choose a @-cluster fy : |og|g = |@it1|r With f(ax) = ap41. Then the finite sequence § = (f;)[, of
@ —clusters is as desired. O

Lemma 3.4.6. Suppose that @ is a finite set of formulas closed under subformulas, that « is a @-atom, and that *A € &. Then
there is a coherent finite sequence § = (fi)[., of @-clusters, with dom(fo) = |c|, that witnesses the signed formula —xA.

Proof. List |x|g as follows: {1, ..., ap}. We will define n increasingly long coherent finite sequences of @-clusters, §; =
(fi)T:lO, e Sn = (fi);'lo. Foreach k € {1, ..., n}, we will ensure the following:

if1 <j<kand — *A € o; then thereisani < my suchthat — A € Sgai(a]‘). (1)

$ will then be the last of these sequence, i.e. F.

Define §; as follows. Find a ®-atom B; such that «15*8; and if —*A € «; then —A € B;. By Lemma 3.4.5, there is
a coherent finite sequence §; = (f,');”:]O of @-clusters such that dom(fp) = |o1lg = |alg and dom(fn,) = |B1lr and
51 (o) = B

Suppose that the coherent finite sequence §, = (f;)ﬂ‘o has been defined so that (1) holds, and that k < n. Define §1 as
follows, consider two cases.

(Case 1) Suppose that there is an i < my such that if —%A € o, then —A € Sg_’i(oz,<+1). Then let my; = m; and let

Sk+1 = Bk .
(Case 2) Suppose that there is noi < my such that if —xA € o4 then —A € Sg”‘(akﬂ). Then —%A € a1 and for every

i < my, we have +A € 3V (ay41). We claim that
—*A € 3} (ar1), foreveryi < m. €

The argument for (1) is pretty much the same as the argument, in the proof of Lemma 3.1.8, for the claim labelled ()
there: we do not repeat that argument here. Given (f), we have —%A € qum" (ak+1) € dom(fm,). Indeed, we have
—%A € §i(Fy ™ (2y1)) € range(fy,). It will simplify things if we let &’ = f(3y ™ (ctk1)). S0 —%A € o’ € range(fm, ).
Find a ¢-atom g’ such that &'S*8" and —A € p’. By Lemma 3.4.5, there is a coherent finite sequence & = (g;)i’, of
@ -clusters such that dom(go) = |o’|g and dom(g,) = | 8’|z and 8°~¥(a’) = B’. We define the sequence Ty = (fi)m"a’l by

i=l
gluing & at the end of §. More precisely, let my 1 = my +u+ landfori e {m+ 1, ..., My}, let i = giomyt1)-

In either Case 1 or Case 2, note that 11 = (fi)Z‘J‘ is a coherent finite sequence and that

if1 <j<k+1land — *A € o then there is ani < my; such that — A € 3077 (). (1)

Given that §1 was built from §y so as to ensure (11), we conclude that we have successfully ensured (1) for each k. Now
let § = §,. Note that § is a coherent finite sequence of @-clusters and that dom(fp) = |a|z. Also, since (1) holds for k = n,
the sequence § witnesses —xA. O

Lemma 3.4.7. Suppose that @ is a closed finite set of formulas and that « is a @-atom. Then there is a «-complete coherent
infinite sequence (f;)i>o of @ -clusters, such that « € dom(fo).

Proof (This Proofis Very Similar to the Proof of the Analogous Lemma 3.1.8). If @ contains no formulas of the form %A, then it
is easy. First, by Lemma 3.4.4, we can choose a @-cluster fo with @ € dom(fg). For each n > 0, if we have a @-cluster f,,
then, by Lemma 3.4.4, we can choose a @-cluster f,1 with range(f,) € dom(fn+1). The sequence (f;);>o of @-clusters will
be infinite, *-complete, and coherent.

Otherwise, @ contains some formula(s) of the form *A. List the set {—%A : %A € @} as follows: {—*Ay, ..., —xA,_1},
where v > 1. For any j, k > 1, let rem(k, j) be the remainder of k divided by j; for example rem(47, 7) = 5. And, for each
k > 0, define —%Ay = —*Arem k). Thus, the sequence (—x*A;);>o looks like this:

—*Ao, ey —*Av_1, —*Ao, ey —*Av_], —*Ao, ey _*Av—la P

For each k > 0, we will define by induction on k a coherent finite sequence §, = (ff.‘)?l‘o, for some my, that witnesses the

signed formula —*A. By Lemma 3.4.6, we can choose a sequence §p = (f?)ffo that witnesses the signed formula —*Ag, with

dom(fg) = |a|g. Assume that we have defined a sequence F; = (ﬂ‘)g‘o that witnesses the signed formula —:#Ay. Choose any
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B e range(f’,‘nk). By Lemma 3.4.6, we can choose a sequence i1 = ( ;‘“)Z‘a’] that witnesses the signed formula —*Ay, 1,

with dom(f¢*") = | B|r. Notice that range(j¥, ) < dom(fg™").
Now define the infinite sequence § = (fi)i>o by gluing together the sequences §j as follows:

0 0 1 1 2 2 3 3
F TR SO A SUSUUE LS - SORURE A AP AP

To be more precise, for each k > 0, let n, = k + Zf:o my. For eachi > 0, let k; = min{k : i < n.}. Finally, let f; = f:':iLmk,—nk.‘

Note the following:

k
fre-m = To
k e
fnk—mkﬂ' - fi ) ifi = my

_ ¢k

fnk - fmk

_ k1

1 = fo -

Also notice that,
ifl < (n —my) andm < myand y € dom(f;), then gg " (F~ ™™ (y)) = MmOy, (%)

Clearly § = (fi)i>o is a coherent infinite sequence whose first member is o. We must still show that § is x-complete.
Suppose not. Then there is some | > 0 and some y € dom(f;) and some —*A € y such that

+A € (y) textrmforeveryj > I. )
We claim that
—%A € §7(y) foreveryj > I. (1)

The argument for (1) is pretty much the same as the argument, in the proof of Lemma 3.1.8, for the claim labelled (1) there:
we do not repeat that argument here.

Choose some k > [ for which —¥A = —sA,. Note that | < k < m — my. So —xA; € F =™ () by (). Let
§ = =M (). So —xAy € § € dom(fu.-m,)- Also, as noted above, fy,_m, = fk. S0 —#A, € § € dom(f¥). Recall that
the sequence §, = (ff.‘)?l‘o witnesses the signed formula —#Ay. So there is some m < my such that —A € 32_""(8). Sos
—A € Fm(F M (1)), So —A € F kMKHM (1) by (%), above. But this contradicts (f). O

We can improve on Lemma 3.4.7:

Lemma 3.4.8. Suppose that @ is a closed finite set of formulas and that « is a @-atom. Then there is an eventually periodic
x-complete coherent infinite sequence (f;)i>o of @-clusters, such that o« € dom(5y).

Proof. By Lemma 3.4.7, there is a x-complete coherent infinite sequence & = (g;);>o of @-clusters, such that o € dom(go).
We will now define five natural numbersa <b <c<d <e.

Foreachk > 0, Let I, = {8 : B € dom(g;) for somei > Osuchthati < k}.Andlet I" = {8 : B € dom(g;) for some
i > 0} = Ui T. Note that I is finite, since there are finitely many @-atoms. So we can let a be the smallest natural number
suchthat I, =1T".

g0, 915 - - - Ba> Ga+1> Ba+2, - - -
N——

every member of I”
is in the domain of
one of these clusters.

Since there are finitely @-clusters, the sequence (g;)i>0 has a cofinality point. Let b be the smallest cofinality point greater
than a. So for each i > b, the @-cluster g; is cofinal in the sequence (g;)i>o.

90,915 ---> 0b—1,  Ob> Bb+15 Bb+25 - - -
every member of I” every cofinal @-cluster
is in the domain of is among these clusters

one of these clusters.

Foreach k > b,et X, = {8 : B € dom(g;) for somei > bsuchthati < k}. Andlet ¥ = {8 : B € dom(g;) for some
i > b} = Uy T}. Note that X is the set of all @-clusters cofinal in the sequence (g;);>o. So we can let ¢ be the smallest natural
number greater than b such that ¥, = X

90, 915 -+ -5 8b—1,  Bbs Ob+15 Bb+25 -+ -5 B¢ Get+15 - - -

every member of I” every cofinal @-cluster
is in the domain of is among these clusters
one of these clusters.
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Suppose that —xA € 8 e dom(g;) where i < c. Since & is x-complete, there is aj > i such that —A € &~J(8). Since
there are only finitely formulas in @ and since there are only finitely many @-atoms, there is a number d > c¢ with the
following property: For each formula A and each @-atom 8 and eachi < c, if —%A € 8 € dom(g;) then thereisaj > i such
that bothj < d and —A € &/ (B).

90,815 ---50b—1>  Bb> Ob+15> Bb+25 - - -5 Bc»  Bc+15 -+ -5 Bd—1»  Gds Bd+15 - - -
every member of I" every cofinal @-cluster VA)(YB)(Vi <)

is in the domain of is among these clusters (if -*A € B € dom(g;)
one of these clusters. thenJj(j>i&j<d

&-Ace'I(p))

Finally, since the @-cluster gy, is cofinal in the sequence &, there is an e > d such that g.; = gp. Note: for each formula
A and each @-atom $ and eachi < c,if —%A € B € dom(g;) then thereisaj > isuch thatbothj < e+ 1and —A € &/ (f).
Also note: for every i > e thereisajsuchthatj > bandj < c and g; = g;.

g0, 91, ---5 8b—1,  Bb, Ob+15 Ob+25 - -5 By Bc+15-- -5 He—1,8er  Het1 = by - - -
every member of I” every cofinal @-cluster VA)(YB)(Yi <)

is in the domain of is among these clusters (if -*A € B € dom(g;)
one of these clusters. then 3j(j>i & j<e+1

&-Ac eI (p))

We define our new infinite sequence § of @-clusters as follows:

90,915 - -+ 0b—1,  Obs -5 08c> Bc+15 -5 8er Bbs oo Bes Bet1s -+ -5 By
initial repeating repeating
segment segment segment

More precisely, let § = (f;)i>o, where fori > 0,
fi = gi, ifi < b;and
fitm(ite—b) = @i, ifi>bandi<eandm > 0.

Note that § is an eventually periodic coherent infinite sequence. § is also x-complete. To see this, suppose that —xA € 8 € f;
for some A and some S and some i. We want to show that

—AeFI(B) forsomej > i. (%)
Suppose that (%) is false. Then

+A € FI(B) foreveryj > i. )
We claim that

—xA € §7U(B) foreveryj > i. (1)

The argument for (1) is pretty much the same as the argument, in the proof of Lemma 3.1.8, for the claim labelled (1) there:
we do not repeat that argument here.

Let m be the smallest natural number such thati < b+m(1+e—b).Andletb’ = b+m(1+e—b)andlety = i B).
By (1), we have —xA € y € dom(fy). Note also that fy = gp. So —xA € y € dom(gp). So, since b < c, for some j we have
j>bandj <eand —A € &"i(y).Letj =j+ m(1 + (e — b)).

Now, forany k € {b, ..., j} we have fiym+e-p) = gk. SO

S(b+m(1+e—b))—> (j-+m(1+e-b)) ()/) — @b—)j(y) )

That is, 3 =7 (y) = &"i(y). Therefore —A € §'~7 (y) = 3”7 (F Y (B)) = §7 (B). But this contradicts (1). O

3.5. Completeness of S5C

Definition 3.5.1. Suppose that @ is a closed finite set of formulas, and that « is a ®@-atom. We will define a finite almost
discrete topological space, X, ; a continuous function, f, on X, ; and a valuation function V,, : PV — £ (X,).
First, choose an eventually periodic x-complete coherent infinite sequence (f;);>o of @-clusters, such that « € dom(fo).
Choose k > 1and [ > 1 so that for every i > k, we have f;;; = f;. We cut the sequence ¥ off at (k + ) — 1:
va f15 ceey fka fk+‘lv ceey fk-H—]'
We define X, as follows:

Xo={(i,B):0<i<(k+1—1)and B € dom(j;)}.



P. Kremer / Annals of Pure and Applied Logic 160 (2009) 96-116 113

Foreachi < (k41— 1), define the set O; as follows: O; = {(i, B) : B € dom(j;)}. The topology we impose on X,, is as follows:
a set is open iff it is either empty or a union of some of the O;’s. In other words, the O;’s form a basis for our topology. Since
our topology has a basis of pairwise disjoint open sets, the space X,, is almost discrete.

We define a function f, : X, — X, as follows:

(i+1,5B), ifi<@k+D—1
k, 1(8)), ifi=k+1—1.

The function f, is continuous, since the inverse image of every basis set O; is open. In particular, fojl (0g) = fojl Oy) =
Ok-1 U Oyny—1; and ifi = O and i # k thenf;l(o,») = 0ji_1. We define the valuation function V,, as follows:

fa (i, B) = {

Vu(p) = {(i, B) € X, : +p € B}, foreach propositional variable p.
Finally, we define the dynamic topological model, My =45 (Xu, for, V).
The following lemma is analogous to Lemma 3.2.4.

Lemma 3.5.2. Suppose that & is a closed finite set of formulas and that o is a ®-atom. Suppose that (i, B) € X, thatj > 0 and
that (i', y) = fL({i, B)). Then fy = fi1j and y = '~ (B). (Note that the ordered pair (i + j, y) need not be in X,.)

Theorem 3.5.3. Suppose that @ is a closed finite set of formulas, and that « is a @-atom. And suppose that X,, f,, and V,, are
defined as in Definition 3.5.1. Then, for each A € &:

foreach (i, B) € Xy, (i, B) € V,(A) iff+A € B.

Proof. By induction on the structure of A. We will use all the notation, terminology and so on in Definition 3.5.1.

(Case 1) A € PV. The result is given by the definition of V.

(Case 2) Ais of the form —B. Choose (i, 8) € X,.Then note: (i, 8) € V,(A)iff (i, 8) € V,(—B) iff (i, B) & V,(B)iff +B & B
(by the inductive hypothesis) iff —B € B (since 8 is @-complete) iff +—B € S (since § is @-complete and consistent) iff
+A € B.

(Case 3)Ais of the form (B & C). Choose (i, 8) € X,.Then note: (i, 8) € V,(A) iff (i, B) € V,(B&C) iff (i, 8) € V,(B) and
(i, B) € Vu(C) iff +B € B or +C € B (by the inductive hypothesis) iff +(B & C) € B (since g is @-complete and consistent)
iff +A € B.

(Case 4) A is of the form OB. Choose (i, 8) € X,.So 8 € dom(f;) = |S|z. By Lemma 3.1.1, we have

+0OB € g iff, forevery y € |Blr, +B € y.
Thus,

(1) +0OB e giff, forevery y € dom(f;), +B € y.

(2) +0OB e giff, forevery y € dom(j;), (,i,y) € V(B) byIH.

(3) +40OBe Biff O; C Vy(B) by the def'n of O;.
(4) +0OB e Biff0; C Int(V,(B)) since O; is open.

Now note that O; is the smallest open set containing (i, 8). Thus, forany Y C X,, we have 0; C Oiff (i, 8) € O. In particular,
0; C Int(V,(B)) iff (i, B) € Int(V,(B)) = V,(OB).So +0OB € B iff (i, B) € V,(OB).

(Case 5) A is of the form oB. Choose (i, 8) € X,. We consider two cases: (5.1)i < (k+ 1) — 1,and (5.2)i = (k+ 1) — 1.
(Case 5.1) (i, B) € V,(A) iff (i, B) € V,(oB) iff f, ((i, B)) € Vu(B) iff (i + 1, fi(B)) € Vy(B) iff +B € §;(B) (by IH) iff +0B € B
(by Lemma 3.1.2, since 8 S ;(B)) iff +A € B.(Case 5.2) (i, B) € V,(A) iff (k+1—1, B) € V,(oB)iff f, ({(k+1—1, B)) € V4 (B)
iff (k, §;(B)) iff +B € §;(B) iff oB € B (by Lemma 3.1.2, since 8 S §;(8)) iff +A € B.

(Case 6) A is of the form xB. Choose (i, ) € X,. We consider both directions of our biconditional separately.

(=) We prove the contrapositive. So suppose that +A ¢ B.Then +x*B & 8.So —*B € 8 € dom(f;). So, since the sequence
¥ = (fi)i=0 is *-complete, we have —B € §~/(B), for some j > i. Let (i, y) = fi'((i, B)). Then fy = fjand y = F/(B), by
Lemma 3.5.2.S0 +B & y.So (i, y) & V,(B), by IH. Sofg;"'((i, B)) € V,(B).So (i, B) & V,(xB).So (i, B) & V,(A).

(«<=) We prove the contrapositive. So suppose that (i, 8) & V,(A). Then (i, ) & V,(*B). So fg;((i, B)) & Vy(B) for some
j>0.Let (i, ¥) = fl((i, B)). Then (i, y) & V4 (B).So +B ¢ y,by IH.So +B ¢ §~"(B), by Lemma 3.5.2. So +x*B ¢ . Now
note that 8 S* 3~ (B).So +*B & B, by Lemma 3.1.5.S0 +A ¢ 8. O

Corollary 3.5.4. Suppose that A & S5C. Then there is some finite almost discrete topological space X such that X & A.

Proof. Suppose that A ¢ S5Ct. By Lemma 3.4.1, there is a finite closed set @ of formulas such that A € @. Choose a ®-atom
o with —A € «. Define the topological model M, = (X, fy, V) as in Definition 3.5.1. By Theorem 3.5.3 and the fact that
o € dom(fo), we have (0, o) & V,(A).So X, i A. And X, is a finite almost discrete topological space. O

The completeness of S5C for almost discrete topological spaces follows directly from Corollary 3.5.4. Indeed, this Corollary
is stronger than completeness: it also entails that S5C has the finite model property. Thus:

Corollary 3.5.5. S5C is decidable.
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In Section 2.5, we promised a proof of the following:
Theorem 3.5.6. Next removal is admissible in S5C.

Proof. Suppose, for a reductio, that oA € S5C, but A & S5C. Since A ¢ S5C, there is an almost discrete topological space X, a
continuous function f : X — X, and a valuation function V : PV — £ (X) such that V(A) £ X. Choose some b € X — V(A).
Define a new topological space X’, a new continuous function f’, and a new valuation function V' as follows. Choose any
objecta ¢ X, and let X’ = X U {a}, where the following subsets of X are open: the sets O C X that are open in X, and the sets
of the form O U {a} where O C X is open in X. Note that X’ is an almost discrete topological space. Define f’ by extending
f to X’ as follows: f’(a) = b. Note that f’ is continuous. And define V’ as follows: V'(p) = V(p). It is easy to prove that
V/(B) N X = V(B), for every formula B. Thus b & V'(A). Thus a ¢ V’(cA). Thus X’ & oA. Thus, by the soundness of S5C for
almost discrete spaces, oA ¢ S5C. But this contradicts our original assumption. O

3.6. Completeness of SSH

The completeness proof for SSH borrows ideas from both the completeness proof for SSHt and the completeness proof
for S5C. Two things must be noted right away. The first thing is that S5H fails to satisfy the finite model property in the same
sense that S5Ht fails: the formula (oxp D *p) is not a theorem of S5H, even though it is validated by every model (X, f, V)
where X is a finite topological space (almost discrete or not) and f is a homeomorphism. The second thing is that it will
suffice to prove that S5H is complete for open onto continuous functions on almost discrete spaces.'°

Lemma 3.6.1. Suppose that M & A where M = (X, f, V), where X is an almost discrete topological space, and where f is an
open continuous function from X onto X. And suppose that M & A. Then there is some almost discrete topological space X', some
homeomorphism f’ : X’ — X’ and some valuation function V' : PV — £ (X') such that M’ & Awhere M’ = (X', f', V').

Proof. Say that an infinite sequence (x;);>o is a backwards f-sequence iff x; = f(x;41) for eachi > 0. Since f is onto, every
x € X is the initial member of some backwards f -sequence, perhaps many. Let X’ be the set of backwards f -sequences. Let the
open subsets of X’ be the sets of the following form: {(x;)i~o € X’ : X0 € 0}, where O is open in X. Note that these open sets
form an almost discrete topology on X’. And define f” as follows: f'({X;)i>0) = (f (X;))i>o. Note that f" is a homeomorphism
on X'. Define V'(p) = {{xi)i=0 € X' : X0 € V(p)}. It is a straightforward matter to show that, for each formula A, we have
V'(A) = {{xi)i=0 € X" : X0 € V(A)}. Thus M’ ¥ Asince M #A. O

Our canonical model (see Definition 3.6.9) will use an open onto continuous function, which will not necessarily be one-
one.

Recall that a @-cluster is a function f : |a|g — |B|r for some @-atoms « and 8. We will say that a @-cluster f is an onto
@-cluster iff f is a function from |« | onto | 8| for some @-atoms « and 8. We will want our sequences of @-clusters to be
sequences of onto @-clusters. The following Lemma, similar to Lemma 3.4.3, helps with this:

Lemma 3.6.2. Suppose that @ is a closed finite set of formulas. Suppose that «,  and § are ®-atoms such that «SB and BRS.
Then there is a @-atom y such that «Ry and y Sé. Thus the bottom left corner of the square on the left can be filled in as indicated:

a S B a S B
R R - R R
7”7 S 4 y S &

Proof. Suppose that o, 8 and § are ®@-atoms such that @SS and BRé. Since oSS, the formula (« & o) is consistent. So the
formula (ap; & ofly) is consistent. Since SRS, we have 8y = 8. So the formula (o & ody) is consistent. We claim that

(crm & 08) is consistent. ()

To see this, suppose not. Let Sy = 8§ — 8y So (e & o(Sny & 8y)) is inconsistent. By the closure of @, we can choose a formula
A such that A nonmodally dominates 4. In other words, A is consistent, A € @ and (A D Syy) € S5H. So (o & o(A & yy))
is inconsistent. So (o) & oA & odyy) is inconsistent. So ((opy & 0dy) DO —oA) € S5H. So ((ODay & Oody) D O—0A) €
S5H. So ((Oaypy; & 0ody) D Oo—A) € S5H. Recall that (c0—A = Oo—A) and (o088 = Ood) are axioms of S5H. So
(Do & 0O8y) D oO—A) € S5H. So ((Day & 0oO8y) D —oPA) € S5H. Recall that (yy = Oyy) € S5H and (§y = 0Oéy) €
S5H. So ((ay & 0dy) D —oQA) € S5H. So (o & o8y & o<QA) is inconsistent. But since A nonmodally dominates §, we have
+A € §.50+<A € §,since GA € .50 +<A € Sy.So (o & o8)yy) is inconsistent. But we have already noted that (o), & o8y)
is consistent. This proves ().

Given the consistency of («y & 08), we can add signed nonmodal formulas to the set oy, until we get a @-atom y with
ym = o and with (y & o§) consistent. 0O

The following Lemma is a strengthening of Lemma 3.4.4:

Lemma 3.6.3. Suppose that @ is a closed finite set of formulas, and that o« and 8 are ®-atoms with S B. Then there is an onto
@-cluster § : |a|g — |B|r with f(a) = B.

10 e say that a function on a topological space is open iff the image of every open set is open.
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Proof. List the members of || as follows: 81, ..., B,, with 81 = B. By Lemma 3.6.2, there are a1, ..., ®; € |o|g, with
aq = o, such that o;SB; for each i € {1, ..., n}. Define f(o;) inductively as follows:
floe) = B
Bir1, ifaip F# a5, foranyj<i
flativ1) = . a .
flo), ifaipr =ojandj <i.
If ||lg = {a1, ..., @y}, then we are done: f is a @-cluster from |« |g onto |B|g with f(a) = B.
Otherwise, list the members of ||z — {«1, ..., @y} as follows: y1, ..., ¥m. By Lemma 3.4.3, there are 81, ..., 6m € |BIr
such that y;Sé; for eachi € {1, ..., m}. Define {(y;) = §;. Now fis a @-cluster from |«|g onto |B|g with (@) = . O

Given Lemma 3.6.3, we get stronger analogues of Lemmas 3.4.5-3.4.7, with onto @-clusters and sequences of onto
&-clusters: the proofs are virtually the same. In particular, we get the following:

Lemma 3.6.4. Suppose that @ is a closed finite set of formulas and that « is a @-atom. Then there is an eventually periodic
x-complete coherent infinite sequence (f;)i>o of onto @-clusters, such that « € dom(fo).

Recall that the proof of completeness for S5Ht relied on backwards S-sequences of @-atoms, so that we could build bi-
infinite S-sequences. For S5H, we need backwards coherent sequences: a finite sequence (f;)[_, [an infinite sequence (f;)i>o]
of @-clusters is backwards-coherent iff f;;1 coheres with f;, for eachi > 0 and < n [for eachi > 0]. We start with the
following analogue of Lemma 3.3.2:

Lemma 3.6.5. Suppose that @ is a closed finite set of formulas, and that « is a ®@-atom. Then there is a ®-atom S such that BSc.

Proof. Since « is a @-atom, « is consistent. So —« & S5H. So o—«a ¢ S5H, since S5H is closed under the rule of next removal.
So —oa ¢ S5Ht. So o« is consistent. So there is some @-atom S such that the following is consistent: (8 & o). O

Corollary 3.6.6. Suppose that @ is a closed finite set of formulas, and that « is a ®@-atom. Then there is an onto cluster § such that
o € range(f).

Proof. This follows from Lemma 3.6.5 and Lemma 3.6.3. O

Corollary 3.6.7. Suppose that @ is a closed finite set of formulas, and that { is an onto @-cluster. Then there is an infinite eventually
periodic backwards-coherent sequence (f;)i>o of onto ®@-clusters with fo = f.

Proof. The existence of an infinite backwards-coherent sequence (fo)i>o of onto @-clusters with fo = f is guaranteed by
Corollary 3.6.6. The existence of an eventually periodic infinite eventually periodic backwards-coherent sequence (fo);>o of
onto @-clusters with fy = fis guaranteed by the former remark and the fact that there are only finitely many @-clusters. 0O

Lemma 3.6.8. Suppose that @ is a closed finite set of formulas and that « is a @-atom. Then there is a bi-eventually periodic
x-complete coherent bi-infinite sequence (f;)icz of onto clusters such that og € fo.

Proof. By Lemma 3.6.4, there is an eventually periodic x-complete coherent infinite sequence (f;);>o of onto @-clusters,
such that « € dom(jo). And by Lemma 3.6.7, there is an infinite eventually periodic backwards-coherent sequence (f;)i>o
of onto @-clusters with f; = fo. For eachi < 0, define f; = f/;. Then the bi-infinite sequence (f;)icz of onto clusters is
bi-eventually periodic, coherent and x-complete; and « € fo. O

Definition 3.6.9. Suppose that @ is a closed finite set of formulas, and that « is a ®-atom. We will define an almost discrete
topological space, X, ; a continuous open onto function, f, on X, ; and a valuation function V,, : PV — £(X,).

First, choose a bi-eventually periodic *-complete coherent bi-infinite sequence (f;)icz of onto ®-clusters, such that
o € dom(fo). We define X,, as follows:

Xe ={(i, B) :i € Zand B € dom(j;)}.

For each i € 7, define the set O; as follows: O0; = {(i, 8) : B € dom(f;)}. The topology we impose on X, is as follows: a set
is open iff it is either empty or a union of some of the O;’s. In other words, the O;’s form a basis for our topology. Since our
topology has a basis of pairwise disjoint open sets, the space X, is almost discrete.

We define a function f, : X, — X, as follows:

fa (i, B) = (i+1,§i(B)).

Note that both the image under f, and the inverse image under f,, of any basis set O; is open: the image is 0;; 1 and the inverse
image is O;_1. So the function f, is continuous and open. The function f, also maps X, onto X, : suppose that (i, ) € X,;
then B € dom(j;); and since fi_; : dom(ji.;) — dom(j;) is onto, there is a y € dom(fi_1) such that f;_1(y) = B; thus
fi—=1,v) = B).

We define the valuation function V, as follows:
Vo(p) = {(i, B) € Xy : +p € B}, for each propositional variable p.
Finally, we define the dynamic topological model, My =45 (Xa, fo, Vo).
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The proof of the following theorem is similar to the proof of Theorem 3.5.3:

Theorem 3.6.10. Suppose that @ is a closed finite set of formulas, and that « is a @-atom. And suppose that X, f,, and V,, are
defined as in Definition 3.6.9. Then, for eachA € @:

foreach (i, B) € X, (i, B) € V,(A) iff +A € B.
And we thus get an analogue (without the finiteness condition) of Corollary 3.5.4:

Corollary 3.6.11. Suppose that A & S5H. Then there is almost discrete topological space X and some continuous open onto
function f : X — X such that (X, f) # A.

The completeness of S5H for continuous open onto functions on almost discrete spaces follows from Corollary 3.3.7. The
completeness of S5H for homeomorphisms on almost discrete spaces follows from Corollary 3.3.7 and Lemma 3.6.1.

What about the decidability of SSH? We do not get it through any finite model property. But, as in the case of S5Ht,
decidability does follow from the fact that each model X,, is of a kind that can be finitely represented: using a method of
finite premodels similar to that used at the end of Section 3.3, we can prove the following:

Theorem 3.6.12. S5H is decidable.
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