ADDING A CLUB WITH FINITE CONDITIONS, PART II

JOHN KRUEGER

ABSTRACT. We define a forcing poset which adds a club subset of a given fat
stationary set S C wp with finite conditions, using S-adequate sets of models
as side conditions. This construction, together with the general amalgamation
results concerning S-adequate sets on which it is based, is substantially shorter
and simpler than our original version in [3].

The theory of adequate sets introduced in [2] provides a framework for adding
generic objects on wy with finite conditions using countable models as side con-
ditions. Roughly speaking, an adequate set is a set of models A such that for
all M and N in A, M and N are either equal or membership comparable below
their comparison point Bas,n. A technique which was central to the development
of adequate sets in [2], as well as to our original forcing for adding a club to a fat
stationary subset of wq in [3], involves taking an adequate set A and enlarging it to
an adequate set which contains certain initial segments of models in A.

In this paper we prove amalgamation results for adequate sets which avoid the
method of adding initial segments of models. It turns out that these new results
drastically simplify the amalgamation results from [3] for strongly adequate sets.
As a result we are able to develop a forcing poset for adding a club to a given fat
stationary subset of wo with finite conditions which is substantially shorter than
our original argument in [3].

Forcing posets for adding a club to ws with finite conditions were originally de-
veloped by Friedman [1] and Mitchell [5], and then later by Neeman [6]. Adequate
set forcing was introduced in [2] in an attempt to simplify and generalize the meth-
ods used by the first two authors. This new framework is also flexible as it admits
useful variations. For example, in a subsequent paper [4] we show that the forcing
poset for adding a club presented below can be modified to preserve CH, answering
a problem of Friedman [1].

1. BACKGROUND

For the remainder of the paper assume that (1) 2¢* = wq and (2) there exists
a thin stationary set ) C P,, (w2), which means that ) is stationary and for all
B <wa, |[{aNB:a e Y} < wp. Without loss of generality assume that for all a € Y
and 8 < wy, aN B € Y. By (1) we can fix a bijection 7* : wy — H(wz). Consider
the structure (H(w2), €,7*). The bijection 7* induces definable Skolem functions
for this structure. For any set x C H(ws), let Sk(z) denote the closure of z under
these Skolem functions.
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Let C* denote the set of o < wy such that Sk(a) Nws = a. Easily C* is a club.
Let A = C* Ncof(wy). Let X be the set of @ in Y such that Sk(a) Nwy = a. The
set X is the collection of side conditions which we use in our forcing posets. If
x and y are in X U A, a straightforward argument shows that Sk(z) = n*[z] and
Sk(xz) N Sk(y) = Sk(x Ny). It follows that if x € X and 5 € A, then zN B € X.

For M € X, define A as the set 8 € A such that AN [sup(M NpA),3) = 0. Note
that for 8 < wo, B € Ay iff B = min(A \ sup(M N fG)).

Lemma 1.1. The following statements hold:

(1) If B e A and M € P(B)N X, then M € Sk(B). In particular, if M € X
and B € A, then M N3 € Sk(B).

(2) If M and N are in X, then Ty NN has a mazimum element. Let Sy n :=
maX(FM N FN).

(3) (M Ulim(M)) N (N Ulim(N)) C Bu,n-

(1) follows from the thinness of ). See Proposition 1.11 of [2]. (2) is proved in
Lemma 2.4 of [2]. The maximum ordinal Sy n is called the comparison point of
M and N. (3) is proved as Proposition 2.6 of [2].

Definition 1.2. Let A be a subset of X. We say that A is adequate if for all M and
N in A, either MﬂﬁM,N S Sk(N), NﬂﬁM’N S Sk(M), OTMQBM’N = NﬂﬂM’N.

Suppose that {M, N} is adequate. If M NGy, v € Sk(N) then we write M < N.
If either M N Byr,v € SE(N) or M N Bar,ny = N N B, v then we write M < N.

Lemma 1.3. Let {M,N} be adequate. Then M < N iff M Nwy < N Nwy, and
MSNiffMNw < NNwy.

The lemma follows easily from the fact that wy < Bar,n. Therefore if {M, N}
is adequate, then the relationship between M and N is determined by their in-
tersections with wq. If A is an adequate set, then M € A is minimal in A if
MNw < NNuwy forall N € A. If M is minimal, then for all N € A, M < N.

Lemma 1.4. Suppose that M < N. Then Sk(M N Bu,n) is a member and a
subset of SE(N). Also every limit point of M N By n and every initial segment of
MnN ﬁM,N 18 in Sk(N)

This follows from the elementarity of Sk(N), the fact that Sk(M N Bu,n) =
7 [M N Bar,n], and M N Bas, v being countable.

Definition 1.5. Suppose that {M, N} is adequate. Define Ry;(N) as the set of 5
satisfying either:

(1) thereis vy € M\ Bam,n such that f = min(N \ ), or

(2) N<M and B =min(N \ Bu,n).

Note that if M < N then the ordinal min(N \ Sys,n) is not required to be in
Rpr(N). The elements of Ry (N) are called remainder points of N over M. The
set Rpr(N) is finite; for a proof see Proposition 2.9 of [2]. If A is adequate and
N € A, let RA(N) = U{Ru(N): M € A}. Let Ry = {Ru(K): M, K € A}.

For the purposes of adding a club to a fat stationary set, we need a stronger
version of adequate. The next property was called strongly adequate in [3].

Definition 1.6. Let S be a subset of wy such that S N cof(wy) is stationary and is
a subset of A. A set A C X is S-adequate if A is adequate and for all M and N
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If Ais S-adequate, N € X, and A C Sk(NN), then easily AU{N} is S-adequate.

Below we record some technical facts, most of which follow by elementary ar-
guments from the definitions. The reader would benefit by proving these results
as a warm up before proceeding. Any difficulties in doing so can be remedied by
reading Sections 1-3 of [2].

Lemma 1.7. Let K, L, and M be in X.
(1) IfM - L then A]\/[ - AL. Hence ,BKJ\/[ < BK,L-
(2) If LC B and B € A, then A, C B+ 1. Therefore Sk 1, < f.
(3) If B < Bk, and B € A, then KN [B3, Bk.1) # 0.
(4) Suppose that K N B € L. Then Br.vm < Broy-

Proof. (4) By definition Bx,an € Apm. By our assumptions, sup(K N Sx m) <
sup(L N B, m). Since Sx v € Ak, Brx,m = min(A \ sup(K N Bx ). So clearly
Br.m = min(A \ sup(L N Bk a)). Hence Bx ar € Ap. Since B p is maximal in
AL N A, Brom < Brom- O

Lemma 1.8. Let M and N be in X and assume that {M, N} is adequate.
(1) If there is ¢ € M\ N with ( < Bm,n, then N < M.
(2) If M < N then MNByNn=MNN.
(3) If B < Bm,n and € A, then (M NN)\ S #0.

2. AMALGAMATION OF S-ADEQUATE SETS

The basic method for preserving cardinals when forcing with side conditions is
the amalgamation of conditions over elementary substructures. In this section we
prove general results for amalgamating S-adequate sets over countable structures
and structures of size w;. This material is a simplification of the analogous results
from [3].

Lemma 2.1. Let A be an adequate set. Let ( € Ry and K € A with K \ ¢ # 0.
Then min(K \ ¢) € Ra.

Proof. The proof splits into a large number of cases. Fix M and L in A such that
¢ € Ry(L). Let o := min(K \ ¢) and we will show that ¢ € R4. If ( = o, then
we are done since ¢ € R4. So assume that ( < 0. Then ¢ ¢ K. If Sk, < (, then
since ¢ € L, 0 € Ry (K) and we are done. So assume that {( < g . As¢ € L\ K,
it follows that K < L.

If Br,r < o, then 0 = min(K\ Bk, 1), so 0 € Ry (K) and we are done. So assume
that o < Bk, . Since K N Bk, C L, it follows that o0 € L and K No C L.

Case 1: L <M. Then K < M. Since ¢ € Ry (L), B, < C. Soo € L\ 8L m, and
hence o ¢ M. Therefore 0 € K \ M. Since K < M, this implies that Sk p < 0.
Hence Kﬂﬁ]@M C L. By Lemma 1.7(4), /BK,M < /BL,M~

Subcase 1.1: ¢ = min(L \ v) for some v € M \ Br nm. Since Brm < Br.,
v € M\ Br,m and easily o = min(K \ 7). So 0 € Ry (K).

Subcase 1.2: ¢ = min(L \ B m). Let ¢/ := min(K \ Sk am), which is in Ry (K).
We claim that ¢/ = . Since KN ¢ C L, KN [Br,m,¢) = 0. Soif o’ < o, then
o' < Br,m. But then ¢/ € LN B and hence o' € M since L < M. Hence
o' € (KN M)\ Bk, which is impossible.
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Case 2: M < L. Then there is v € M \ B » such that ¢ = min(L \ 7). Since
Kno CL, o =min(K\~7). Soif Bg.pm <7, then 0 € Ry(K). Assume that
Br.a > 7. Thensincey € M\ K, K < M. If Bg pr < 0, then 0 = min(K \ Bk ar)
and hence 0 € Ry (K). Assume that Sx a > 0. Then o € M. But then o €
(LN M)\ Br,m, which is impossible. O

For the rest of the section assume that S is a subset of wg such that SN cof(w)
is stationary and is a subset of A.

The next result describes the amalgamation of adequate sets over countable
models, and replaces the material of 2.2-2.11 of [3].

Proposition 2.2. Let A be adequate and let N € A. Let B be adequate and assume
that AN Sk(N) C B C Sk(N). Suppose that:

(1) for all M < N in A, there is M’ € B such that M N By.n = M’ N BN
(2) there is N’ in B such that R4(N) C Rg(N');
(3) forall M < N in A, M' < N’ and By,n = By N7 -

Then AUB is adequate and Raup = RaURp. Therefore if A and B are S-adequate,
then so is AU B.

Proof. Let M € A and L € B. We will prove that either M < L or L < M, and
Ry (M) and Rys(L) are subsets of R4 U Rp.

First suppose that N < M. Since L € Sk(N), Br,m < Bu,n, and so LN B p €
Sk(N) N Sk(Bu,n) = SE(N N Bar,v) € Sk(M). This proves that L < M. Let
¢ € Rp(M). Then there exists v € L\ B, m such that ¢ = min(M \ «). Since
vy€N\M and N <M, By,ny <7. So (is in Ry(M).

Now consider ¢ € Rps(L). Then ¢ is equal to either (a) min(L \ B ), or (b)
min(L \ ) for some v € M \ Sr,am. Since ( € N\ M and N < M, Bu,n < ¢. So
ﬁL,M < ﬁM,N < (. Let € := min(N\BMyN). Since N < M, £ € RM(N) So by
property (2), £ € Rp. (a) If ( = min(L \ B a), then clearly ¢ = min(L \ £). Since
¢isin Rp, ¢ € Rp by Lemma 2.1. (b) If v < BN, then again ¢ = min(L \ &) so
¢ € Rp. Otherwise v > By, n. Then v € M \ Bar,v. Let 7 := min(N \ ). Then
T € Ry (N) and hence 7 € Rp. Clearly ¢ = min(L \ 7), so { € Rp by Lemma 2.1.

Assume now that M < N. Since L C N, Br.m < Bun. As M N PBun =
M ﬂﬁM’N, MﬂﬂL’N[ C M. By Lemma 17(4), BL,M < BL,M“ We claim that
either 8 v = B,y or Br, v > B, n. Suppose that Bp v < B av. Since {L, M'}
is adequate, by Lemma 1.8(3) fix € (LNM')\Br,pm- Then 6 < By IF0 < B,
then 6 € M' N Byn = M N Bun. So 8 € (LNM)\ Br,m, which is impossible.
Hence Sy,n <0 < Brm-

Since B is adequate, either M’ < L or L < M’. Suppose that M’ < L. Then
M’ N Br,me is either equal to L N Br pe or is in Sk(L). Since Br.m < Brmv,
M’ N Br,m is either equal to L N B a or is in Sk(L). But as Sr.m < Bm,n,
M' N Brv =MnNBram. So MNP is either equal to LN Sy ar or is in Sk(L).
Therefore M < L. Note that L and M compare the same way as do L and M’.

Consider ¢ € Rp(M). Then ( is equal to either (a) min(M \ Sr.ar) or (b)
min(M \ ) for some v € L\ B am. First assume that ¢ < Bayn. Then ¢ €
MnNBuny = M N Byn. Since M’ < L and ¢ € M’ \ L, we must be in the
case that S a = Br.mv. In case (a), clearly ¢ = min(M’ \ B am/), and in case
(b), v € L\ B and ¢ = min(M’ \ 7). In either case, ( € R (M’). Now
assume that Sy v < (. If (a) holds or if (b) holds and v < B, n, then clearly
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¢ = min(M \ Bua,n) and hence ¢ € Ry(M). Otherwise (b) holds and Sar,n < 7.
Since v € N, ¢ € Ry(M).

Now let ¢ € Rps(L). Then either (a) LNBr p = MNP v and ¢ = min(L\ 5L ar)
or (b) ¢ = min(L \ ) for some v € M \ B . Assume (a). Then LN By =
M' N Brm- X B = Brvr, then ¢ = min(L \ B p) and hence is in Rz (L).
Otherwise Byr,n < Br,m. Note that ¢ cannot be below B,n, because otherwise
it would be in L QBMN =M mﬂM,N =M ﬂﬂMJ\/, and hence in (Lﬂ M) \BLM’
which is impossible. Therefore ¢ = min(L \ Sy, n). By Lemma 1.8(3), L N M’
meets the interval [Sar v, Br,ar). Hence ¢ < B ar. Then ¢ = min(M'\ Bum.n).
But BM,N = BMQN’ and M’ < N'. So (e RN/(M/).

Now assume (b). First suppose that 8r ar = Br,mv. Then v € M\ B ar. If
v < Bm,N, then v € M’. So ( =min(L \ v) and v € M’ \ S, m, and hence ¢ is in
Ryr(L). Otherwise v € M \ By n. Let € := min(N \ ). Then £ € Ry (N) and
hence € € Rp. Clearly ¢ = min(L\ £), so ¢ € Rp by Lemma 2.1. Now assume that
5]\/[,]\[ < ﬁL,M’- We claim that v > 5M,N~ Otherwise v € MQBM,N =M mﬁj\/j,N.
So v € M'N B m, and since M’ < L, this implies that v € L. But then v €
(LN M)\ Br,m which is impossible. Since v € M \ Sar,nv, € := min(NV \ ) is in
Ry (N) and hence in Rg. Clearly ¢ = min(L \ £), so ( € R by Lemma 2.1.

In the final comparison, suppose that L < M’. Then LNy € Sk(M'). Since
Br.v < Brovr, B,y LN Brar € SE(M')NSk(Bar,n) = SE(M' N Bar,n) = Sk(MN
Ba,n) € SkE(M). So L < M. Let ¢ € Rr,(M) be given. Then ¢ = min(M \ ) for
some v € L\ Br.m. If v > BN, then ¢ € Ry(M). Suppose that v < B n. If
Br,mr > Bar,n then since L < M', v € M'. But then v € M' N By,v =M N Bu,N.
So v € (LN M)\ Br,am which is impossible. Therefore 51, ar = Br,mr. If ¢ < Bar,w,
then clearly ¢ = min(M’\v), and ¢ is in Ry (M’). Otherwise v < Sy v < ¢. Then
clearly ¢ = min(M \ Sp,n). Since M < N, ¢ € Ry(M).

Consider ¢ € Rp(L). Then ¢ is equal to either (a) min(L\Bg ar) or (b) min(L\7)
for some v € M \ B a. First assume that B ar = Br,mv. Then (a) implies that
¢ € Ry (L). Suppose (b). If v < Barn, then y € M N By vy = M' N Barn, soy €
M’ \ Br.a. Therefore ¢ € Ry (L). Assume that Sy v <. Let £ := min(N \ 7).
Since y € M, € € Ry (N) and hence £ € Rp. Clearly ¢ = min(L \ ), so ¢ € Rp by
Lemma 2.1.

Now assume that Sy,n < fBr,mr. We claim that ¢ > Sa,n. Otherwise since
L<M,¢eMnpBun=MnNpBun. But then ¢ € (LN M)\ B m, which
is impossible. In case (a) or in case (b) when v < By n, ¢ = min(L \ Sa,n)-
By Lemma 1.7(3), ¢ < Br.m. Recall that Sy v = By v and M’ < N’. Let
7 = min(M’ \ B n), which is in Ry/(M’). Then ¢ = min(L \ 7), so ( € Rp
by Lemma 2.1. Suppose case (b) and v > By n. Then v € M\ Bun. Let
¢ := min(NV \ v), which is in Rp;(IN) and hence in Rp. Then clearly ¢ = min(L\ §),
so ( € Rp by Lemma 2.1. (I

The next proposition decribes the amalgamation of adequate sets over models
of size w; and replaces 2.12-2.15 of [3].

Proposition 2.3. Let A be adequate and * € A. Let B be adequate and assume
that ANSk(B*) C B C Sk(8*). Suppose that there is 8 < * in A such that for all
M € A, there is M’ in B with MNB* = M'NB. Let ra = {min(M \ 8*): M € A}
and rg = {min(K \ 8) : K € B}. Then AU B is adequate and Ra,p € R4URpU
raUrg. In particular, if A and B are S-adequate, r4 C S, andrg C S, then AUB
is S-adequate.
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Proof. Let M € A and L € B. Note that MNpB* C fand M NS = M Ng.
Since L C B*, fr.m < S* by Lemma 1.7(2). We claim that 8z ar < 5. Otherwise
B8 < Br.m, which implies that M N [8,08L.m) # ® by Lemma 1.7(3). But then
MnN[B,5*) # 0, which is false. Since S p < 8, MNPy € M'. So Br.m < Br.m
by Lemma 1.7(4).

We claim that either ﬁL,M = /BL,M’ or ,BL,M/ > 3. Assume that /BL,M’ > 6L,M~
Since {L, M’} is adequate, by Lemma 1.8(3) we can fix 6 € (LN M’)\ B . Then
0By O <P, thenbe M NB=MNG,sod e (LNM)\ SBL ., which is
impossible. Hence 8 < 6 < B ar.

Since L and M’ are in B, either M’ < L or L < M’. Assume that M’ < L.
Then M’ N Br mv is either equal to L N B ap or is a member of Sk(L). Since
Br,m < Brmr, MM B is either equal to L N B ar or is a member of Sk(L).
But as Sr,m < B, M' N Br.m = M N PBr . So M < L. Also note that L and M
compare the same way as do L and M’.

Let ¢ € RM(L) Then either (a) (= min(L\ﬁL,M) and MﬂﬁL,M = LﬂﬁLM,
or (b) ¢ = min(L \ v) for some v € M \ B, p. Assume (a). Then M' N By =
LN ﬂL,M’- If BL,M = ﬁL,M/ then clearly ¢ € Ry (L) Otherwise BL,M’ > (3. Then
LNng=MnpBg=Mnp. Since (¢ M, (> . So ¢ =min(L\ ) and ¢ € rp.

Assume (b). Since L C * and ¢ exists, v < 8*, and hence v < 3. So v € M.
We claim that 8 a = Br.as. Otherwise By > 8,50 v € M' NPy € L. So
v € (LN M)\ Br,m, which is impossible. So 81, v = Br,mv. Then v € M’ \ B mv,
so ¢ € RM/(L).

Now consider ¢ in Ry (M). Then ( is equal to either (a) min(M \ B a), or (b)
min(M \ «) for some v € L\ Br ar. If ¢ > 5%, then since B < f* and L C g%,
¢ =min(M \ 8*). So ¢ € r4. Otherwise ¢ < 8. Hence ¢ € M’. Since M’ < L and
Cismnot in L, By m = Br,mv- Hence in either case (a) or (b), ¢ € Rp(M’).

Suppose that L < M'. Then L N By € Sk(M'). Since Br.m < Br.m, B,
LN By € SE(M)NSk(B) =Sk(M'Np) C Sk(M). So L < M.

Let ¢ € Rp(M). Then there is v € L\ Br p such that ¢ = min(M \ v). If
¢ > B*, then since v < 8%, ( = min(M \ 5*) and so ¢ € r4. Otherwise { < 8 and
¢ €M’ Theny < p. If B < L, then since L < M’, v € M’ N B C M, which is
impossible since v > B, am. So Br.m = Br,mr. Hence ¢ € Ry (M').

Finally, consider ¢ € Ry(L). Then (¢ is equal to either (a) min(L\ Bz ), or (b)
min(L \ ) for some v € M \ B a. Assume (a). If ¢ > 8, then since S < B,
¢ = min(L \ B) and hence ¢ € rpg. Otherwise ( < 8. Since ¢ ¢ M, ( ¢ M'. As
L < M’, this implies that 8. ap = B amv. Hence ¢ € Ry (L).

Assume (b). Since L C 8* and ( exists, clearly v < 8. Hence v € M'. If
Br.m = Br,mr, then v € M’ \ B amv, s0 ¢ € Ry (L). Otherwise S, a0 > . Since
L< M, if ( < then { € M'N B C M, which contradicts that ¢ is not in M. So
¢>p. But vy < . So ¢ =min(L \ §) and hence ¢ € 5. O

3. ADDING A CLUB

Let S be a fat stationary subset of wo. That means that for every club D C wo,
S N D contains a closed subset of order type w; + 1. We will define a forcing poset
with finite conditions which preserves cardinals and adds a club subset of S.

Note that since S is fat, S N cof(wy) is stationary. Thinning out S if necessary
using fatness, assume that S N cof(w;) € A and for all & € SN cof(wy), SN«
contains a club subset of a. Let Z denote the set of N in X such that sup(N) € §



ADDING A CLUB WITH FINITE CONDITIONS, PART II 7

and for all « € NN S, sup(VNa) € S. A straighforward argument shows that Z
is a stationary subset of P, (w2).

Pairs of ordinals {(«, o) and (,v’) are said to be overlapping if either o < v < ¢/
or v < a < v/; otherwise they are nonoverlapping. A pair (a,a’) and an ordinal ¢
are overlapping if a < { < o/, and otherwise are nonoverlapping.

Definition 3.1. Let P be the forcing poset whose conditions are of the form p =
(xp, Ap) satisfying:
(1) =, is a finite set of nonoverlapping pairs of the form (o, '), where a <
o <wy and a € S;
(2) A, is a finite S-adequate subset of Z;
(3) let M € Ay and (o, ') € xpp; if M N[, e’ # 0, then o and &' are in M;
fMNo,d] =0 and M\ a # 0, then min(M \ ) € S;
(4) if ¢ € Ra, then ( is nonoverlapping with any pair in x,.
Let g <pifaxy, Cxq and Ay C Aq.1

For a condition p, a pair (o, a’) can be added to p if (z, U {{a,a')}, A4,) is a
condition (and in that case is obviously below p).

Let p be a condition and ¢ € S. Then (¢,{) can be added to p provided that
there is no pair (o, ') in = such that o < ¢ < ¢, and for any N in A, such that
¢ ¢ Nand N\ ¢ #0, min(N\(¢) eS.

In particular, suppose that ( € Ra,. Then ¢ € S and ¢ does not overlap any pair
inxz, Alsoif N € Ay, (¢ N, and N\( # (), then by Lemma 2.1, min(N\() € R4,
somin(V\ () € S. It follows that (¢, () can be added to p. Consequently there are
densely many conditions p satisfying that for all { € R, (¢, () € xp.

If (z, A) satisfies properties (1), (2), and (3), and for all ¢ € Ra,, ((,() € p,
then p is a condition. For in that case, property (4) follows from property (1).

Let D be a P-name such that P forces

D={a:3pecC Iy (a7 €y}

Clearly D is forced to be a subset of S. We will show that [P preserves cardinals
and forces that D is club in ws.

Lemma 3.2. Let p be a condition. Suppose that (a,a’) € z,, N € A,, NN[a,a'] =
0, and N\ a# 0. Let 8 := min(N \ ). Then (8, 3) can be added to p.

Proof. Note that 8 € S. Let (v,7') be in x, and suppose for a contradiction that
v < B <4 Since 8 € N, NN[y,7'] # 0. Hence v and +' are in N. Since v < § and
B =min(N \ a), v < a. But then v < a </, contradicting that p is a condition.

Suppose that M € Ay, 8 ¢ M, and M\ # 0. We will show that ¢ := min(M\3)
isin S. If Bam,n < B, then since § € N, ( is in Ry(M) and hence in S. Assume
that Sy v > 8. Thenas S € N\ M, M < N. Asa < d < f < Buyn and
MnBun CN, MN[a,a’] =0. Somin(M\«a) € S. But easily min(M\a) =¢. O

Proposition 3.3. The forcing poset P preserves w1 .

Proof. Let plF ¢ : w — wy is a function. Fix x > wy regular with ¢ € H(x). Let N*
be a countable elementary substructure of H () such that P, p, g, 7*,C*, A, X, S, Z €

IThe difference between this forcing poset and the one we defined in [3] is the additional
requirement (4), and a slightly different definition of pairs overlapping.
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N* and N := N*Nwy € Z. This is possible as Z is stationary. Note that since
7 € N*, N*N H(wg) = 7*[N] = Sk(N). In particular, N* NP C Sk(N).

Let g := (zp, Ap U{N}). We will prove that ¢ is N*-generic. It follows that ¢
forces that the range of ¢ is contained in N, so ¢ does not collapse w;. Fix a dense
set D € N*, and we will show that N* N D is predense below gq.

Let r < q. Extending r if necessary using Lemma 3.2, assume that whenever
(o) € &y, M € Ay M N [a,0/] =0, and M \ « is nonempty, then (min(M \
o), min(M \ a)) € z,. Similarly assume that for all ( € R4, (¢,() € z,.

Let My, ..., My list the sets M in A, with M < N. For each ¢ < k, Sy, N €
Ay, implies that Sy, v = min(A \ (sup(M; N B, N))), and hence Bar; v € N by
elementarity.

The objects r, N, and My, ..., M witness the following statement: there exists
v, N’, and M, ..., M satisfying:
(1) veb;

)
) 2, NSk(N) Cz,, A, NSkE(N) C A,, and My,..., M and N’ are in A,;
) Ra,(N)=Ra,(N');

) foralli <k, M/ < N', M; N By, v = M/ N By, ~, and Bag, N = B N

The parameters of the above statement, namely P, z,NSk(N), A,NSk(N), R4, (N),
and M; N Bag,, v and By, N for i < k, are all members of N*. By the elementarity
of N*, fix v, N, and My, ..., M, in N* which satisfy the same statement.

Fix w <wvin N* N D. Extending w if necessary, assume that for all ( € R4,
(¢,¢) € xy. We will prove that w is compatible with r, which finishes the proof.
Define t by letting x; := z, Uz, and A; := A, U A,,. We will show that ¢ is a
condition. Then clearly ¢ < r;w and we are done.

(1)—(4) imply that the hypotheses of Proposition 2.2 hold for A = A, and B =
A,,. It follows that A; is S-adequate and R; = R4, U R4,,. So by the choice of r
and w, if ( € R4, then ((,({) € x;. Thus t is a condition provided that requirements
(1), (2), and (3) in the definition of P are satisfied. We already know that (2) is
true.

(1) Let (v, a’) € z, and (7,7') € x4, be given. Suppose for a contradiction that
a <y <da. Sincey € N, NN[a,a'] # 0. So a and o' are in N, and hence
(a, &') € z,. This contradicts that w is a condition.

Now assume for a contradiction that v < o < +'. If NN [a,a'] # 0, then
a and o are in N and (a,o’) € z,, which contradicts that w is a condition.
Assume that N N[, a/] = 0. Let ¢ := min(N \ «). Then by the choice of r,
(¢, ¢) € 2, NSEK(N) C xyp. But v < ¢ <4/, which contradicts that w is a condition.

(3, 4) Let M € A, and (o, ') € z, be given. Assume that N N [a,a/] # 0.
Then « and o' are in N, and hence (o, ') € z,, and we are done since w is a
condition. Assume that N N[a,a/] =0. As M € Sk(N), M N [o,a'] = 0. Suppose
that M \ a # 0. Let ¢ := min(N \ a). Then ¢ € S, and by the choice of r,
(¢,¢) €z, NSk(N) C xyp. If { € M then min(M \ &) = ¢, which is in S. Otherwise
¢ ¢ M, somin(M \ () € S since w is a condition. But min(M \ ) = min(M \ «).

Now let M € A, and (o, a’) € z,, be given. First suppose that MN[«, o'] = ) and
M\ o is nonempty. Let ¢ := min(M \ «). Note that ( = min(M \ /). If By v < &,
then since o’ € N, ¢ € Ry(M) and hence ¢ € S. Suppose that o/ < B, n. Then
since o/ € N\M, M < N. If By n < ¢, then ¢ = min(M\ Sy n). So ¢ isin Ry (M)
and hence in S. Finally suppose that Sy, n > ¢. Then M'N[e, '] = MNja, o] =10
and ¢ = min(M’ \ «). So ¢ € S since w is a condition.

(2
(3
(4
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Now suppose that M N [a, a’] # (), and we will show that o and o/ are in M.
First assume that there is £ € M N [, o] such that Sy ny < & Since £ € M,
C:=min(N\ &) isin Ry (N) and o < ¢ < . Since ( € Ry (N), ( € Ra,. But ¢
and (a, o) overlap, which contradicts that w is a condition.

Otherwise M N [a, '] C Barn. In particular, o < Bar,n. Suppose that N < M.
Then o € M. If &/ < fBm, v, then o € M as well. Assume that a < Sy n < .
Since N < M, ¢ := min(N\Sy,n) isin Ry (N) and hencein R4,,. But a < ¢ < o/,
which contradicts that w is a condition.

Finally, assume that M < N. Then M NGBy n = M’ N Ba N, so M Na, a’] # 0.
It follows that o and o are in M'. So a € M. If &/ < Bm N, then o/ € M as
well. Otherwise By, v < o'. But Sar,n = By v and M’ < N'. Since a < fm,N,
a € M'NPBys N and hence o € N'. So N'Na, '] # 0, which implies that o/ € N'.
So o € (M'NN')\ By N, which is impossible. O

Proposition 3.4. The forcing poset P preserves ws.

Proof. Let p Ik ¢ : wy — wy is a function. Fix x > wq regular such that g € H(x).
Let N* < H(x) be of size w; such that P,p,g,7*,C*,A, X, S, Z € N* and * :=
N*Nwy € SNcof(wy). This is possible since S N cof(wy) is stationary. Note that
since 7* € N*, Sk(8*) = n[f*] = N* N H(ws). In particular, N* NP C Sk(5*).

Let g := (z, U{(8*, 8*)}, Ap). We will show that ¢ is N*-generic. It follows that
q forces that N* is closed under ¢, and hence ¢ does not collapse ws. So fix a dense
open set D € N*, and we will show that N* N D is predense below q.

Let » < g be given. We will find a condition w in N* N D which is compatible
with r. Extending r if necessary, assume that for all ( € R4, ((,() € x,.. Also by
Lemma 3.2 assume that whenever M € A,., M\ 8* # ), and £ = min(M \ §*), then
(&,€) € z,. Note that if M € A, and M \ 8* # (), then min(M \ 8*) € S. Also note
that for all (o, &') € z,, if & < f*, then o < *.

Let My, ..., M} enumerate A,.. The objects r, 8%, and My, ..., M} witness the
following statement: there exists v, 5, and Mj, ..., M; satisfying:

(1) vePp;

(2) B e Sncof(wy) and (B, B) € xy;

(3) z,NN*Cx,, A, NN* C A,, and My,..., M| € A,;

(4) foralli <k, M;Np*=M/Ng.
The parameters P, S, z. N N*, A, N N*, and M; N B* for i < k are in N*. By
elementarity, fix v, 8, and My, ..., Mj, in N* which satisfy the same properties.

Extend v to w in DN N*. Extending w if necessary, assume that for all { € R4,
(¢,¢) € x4y, and for all M € A,, if & = min(M \ B) then (£,£) € z,. Let
ro = {min(M \ 8*): M € A,} and r1 = {min(M \ 8) : M € A,}. Then r and
are subsets of S. So all the hypotheses of Proposition 2.3 are satisfied. It follows
that A, U A,, is S-adequate and R4,u4, € Ra, UR4, UroUTy.

Define t by letting z; = x, U x,, and Ay = A, U A,,. We will prove that ¢ is a
condition. Then clearly t < r,w and we are done. By the choice of r and w, for
every ¢ € Ra,, (¢,{) € x;. So it suffices to show that ¢ satisfies properties (1), (2),
and (3). We already know that (2) holds. For (1) let (o, o) € xy, and (y,7') € ;.
Then either v and + are both below 8* and (vy,7') € z, or 5* < v. In either case,
the pairs do not overlap.

(3,4) Let M € A, and (o, &) € x, \ 2. Then f* < a. So M N, o] =0 and
min(M \ «) does not exist. Now let M € A, \ 4, and (a,a’) € z,,. Then a and
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o' are below 3*. First assume that 8 < a. Since M N B* C 3, M N[, a’] = @ and
min(M \ @) = min(M \ 8*), which is in S.

Now assume that @ < 8. Then since (§8,8) € z,, o/ < . Suppose that
MN[a,a/] =0. Since MNB=MnNg, M Nja,a’] =0. Let ¢ := min(M \ a). If
¢ < B, then ¢ = min(M’ \ &) and hence ¢ € S. Otherwise ¢ = min(M \ *), which
is in S. Now assume that M N[a, '] # 0. Then M' N[a, '] # 0. So o and o are
in M’ N B and hence in M. O

Proposition 3.5. The forcing poset P forces that D is a club.

Proof. 1t is easy to see that P forces that D is unbounded. Suppose that p forces
that « is a limit point of D. Let A := {K € A, : sup(K Na) < o} and A; :=
{M € A, : sup(M Na) = a}. Note that for all M and N in Ay, « is a limit point
of both M and N and hence By, n > o

Extending p if necessary, we may assume the following: (1) for all ¢ € Ra,,
<§7C> € IP; (2) Whenever <576/> € xpa M € Aim Mﬂ[/Ba 6/] = ®7 and 5 = mlH(M\ﬂ),
then (£,£) € xp; (3) let v be the largest ordinal such that v < a and (v,7') € )
for some ~'; then v is larger than sup(K N «) for all K € Ay.

If (o, &') € z,, for some o, then p forces that a € D and we are done. So assume
not. Then for all (£,¢’) in zp, { and &' are either both below or both strictly above
a. (3) implies that for all K € Ay with K \ « # 0, min(K \ o) = min(K \ 7) € S.
As a result of these observations, if « € S but we cannot add (o, «) to p, then
there is N € A; such that « ¢ N, N\ « # 0, and min(N \ ) ¢ S. Note that if
M € Ay then v € M. For otherwise v < min(M \ v) < « and (2) implies that
(min(M \ ), min(M \ 7)) is in z,, contradicting the maximality of .

Suppose that there is M € A, with sup(M) = a. We claim that (o, a) can be
added to p. By definition of Z, « € S. So if this pair cannot be added, then by
the comments above there is N € A; such that « ¢ N and € := min(N \ o) ¢ S.
Since Sp,n > o and « is not in M nor N, M N By.n = NN Bu,n. Since € ¢ M,
Bu,n <& s0&=min(N \ Ba,n). Then € is in Ry (V) and hence in S, which is a
contradiction. So we may assume that for all M € A;, M \ a # 0.

Suppose that there is K € A such that & € K. Then a = min(K \ ) is in S as
discussed above. We claim that we can add (o, ) to p. Otherwise there is N € A,
with o ¢ N and min(N \ «) ¢ S. Note that Sx y > a. Soasa € K\ N, N < K.
But this is impossible since sup(K N«a) < o = sup(N N «). Hence we may assume
that for all K € Ay, a ¢ K.

Suppose that A; = (). Then it is easy to see that (v, @) can be added to p, which
contradicts that p forces that « is a limit point of D. Namely, this pair does not
overlap any pair in x, by the maximality of v. And it does not conflict with any
K € Ay with K\ a # 0, since KN [y,a] =0 and min(K \ a) € S.

Assume that A; # 0. Let M be a minimal set in A; such that the ordinal
o = min(M \ «) is minimal amongst all minimal sets in A;. Suppose first that
o € S. By definition of Z, a = sup(M No) € S. We claim that (a, @) can be added
to p. If not, then there is N € A; such that @« ¢ N and 7 := min(NV \ «) ¢ S.
In particular, 7 # o. Since By,y > o and « is not in N, N < M. So by the
minimality of M, M N B,y = N N By n. Hence N is also minimal in A;. By the
minimality of o, 0 < 7. Since 0 ¢ N, Bm,ny < 0. So 7 = min(N \ o). Therefore 7
is in Rps(N) and hence in S, which is a contradiction.
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Finally, assume that o ¢ S. We will show that we can add (v,0) to p, which
contradicts that p forces that o is a limit point of D. We claim that for all K € Ag
with K\ a # 0, 7 := min(K \ @) > 0. Since 7 € S and o ¢ S, 7 # 0. Assume
for a contradiction that 7 < ¢. Then ¢ = min(M \ 7). So if Bx m < 7, then o
is in Rix (M) and hence in S which is false. Suppose that 7 < Sk ar. Then since
7€ K\ M, M < K. But this is impossible since sup(K N«a) < o = sup(M N «).

Let us show that (y,0) has no conflict with models in A,. Let K € Ay. If
sup(K) < a, then K N [vy,0] = @ and min(K \ ) does not exist. Otherwise by
the last paragraph, min(K \ v) = min(K \ a) > 0. Hence K N [y,0] = 0 and
min(K \v) € S. Now let N € A;. We already observed that v € N. To prove that
o € N, by the minimality of M it suffices to show that ¢ < Ba, n. Assume for a
contradiction that Sy v < 0. Then a < By n < 0, so 0 =min(M \ B, n). Hence
o is in Ry(M) and therefore in S, which is a contradiction.

Let (8,8') € xz,. Since (v,7') € =z, it is false that § < v < . Suppose that
v < B < o. Then by the maximality of 7, a < /3. Since § € Sand o ¢ S, < 0.
Then S ¢ M, which implies that min(M \ 8) € S. But min(M \ 8) = o, which
contradicts that o is not in S. ]
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