AN EQUICONSISTENCY RESULT ON PARTIAL SQUARES

JOHN KRUEGER AND ERNEST SCHIMMERLING

ABSTRACT. We prove that the following two statements are equiconsistent:
there exists a greatly Mahlo cardinal; there exists a regular uncountable car-
dinal x such that no stationary subset of ¥ N cof(k) carries a partial square.

A famous theorem in set theory is the result that the failure of the square prin-
ciple [, for a regular uncountable cardinal k, is equiconsistent with a Mahlo
cardinal. Solovay proved that if A > k is a Mahlo cardinal, then in any generic
extension by the Lévy collapse COLL(k, <), A = &7 and —[J,;. On the other hand,
Jensen [6] proved that =0, implies that x is Mahlo in L.

Partial square sequences were introduced by Shelah as a weakening of the square
principle. Let v < kT be regular, and let A C x™ N cof(v). We say that A carries
a partial square if there exists a sequence (c, : o € A) satisfying: (a) ¢, is a club
subset of a; (b) ot(cq) = v; (c) if vy is a limit point of ¢, and cg, then ¢, Ny = cgNy.

A significant difference between the square principle and partial squares is that,
while [J,; is independent of ZFC, the existence of partial squares is provable in ZFC.
For example, Shelah [12] proved that if k is a regular uncountable cardinal, then
kT N cof (< k) splits into x many pairwise disjoint subsets each of which carries a
partial square.

Another difference is that, unlike the square principle ., partial squares on
k* N cof(k) are consistent with x being supercompact. For example, suppose & is
indestructibly supercompact. Then the forcing poset for adding a partial square
sequence on the set K+ M cof(x) with initial segments is x-directed closed and thus
preserves the supercompactness of k. Also if V' = L[E] is an extender model, then
for any regular uncountable cardinal x, s Ncof (k) carries a partial square. On the
other hand, if s is kT -supercompact (or even subcompact), then O, fails ([14], [3]).

Magidor [8] constructed a model of set theory which satisfies a strong form of
stationary set reflection, using a weakly compact cardinal. In this model there is no
stationary subset of wy N cof (wy) which carries a partial square. In [7] we define a
forcing iteration which destroys the stationarity of any subset of K+ Ncof(x) which
carries a partial square, using a weakly compact cardinal. In this paper we show
that the same forcing iteration works assuming only a greatly Mahlo cardinal.

We also obtain the lower bound, by showing that if no stationary subset of
k+ Ncof(k) carries a partial square, then ™ is greatly Mahlo in L. Thus we prove
the following equiconsistency result.

Theorem 1. The statement that there exists a reqular uncountable cardinal k such
that no stationary subset of K+ N cof(k) carries a partial square is equiconsistent
with a greatly Mahlo cardinal.
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We now outline the contents of the paper. In Section 1 we review the basic facts
about canonical functions and the Mahlo hierarchy which will be used in the paper.
In Section 2 we prove that for a regular uncountable cardinal &, if ™ is not greatly
Mabhlo in L, then there exists a stationary subset of ™ N cof(x) which carries a
partial square. The remainder of the paper shows how to force a model in which
there are no partial squares using a greatly Mahlo cardinal. In Section 3 we review
some facts about elementary substructures and the Lévy collapse. In Section 4 we
define the idea of a partial square killing forcing iteration, and prove an absoluteness
result. Section 5 describes some of the basic properties of this kind of iteration.
Section 6 shows that after Lévy collapsing a greatly Mahlo cardinal, a partial square
killing forcing iteration is distributive. In Section 7 we put the pieces together to
prove the consistency result. Section 8 describes a related equiconsistency result.

Our notation is standard unless noted otherwise. We assume that the reader has
some familiarity with L, but not necessarily with fine structure. We also assume
that the reader understands the basics of forcing, iterated forcing, proper forcing,
and the Lévy collapse, and is familiar with stationary subsets of Py(X) ={a C X :
la| < A}, where X is regular and uncountable ([1], [5], [13]).

1. CANONICAL FUNCTIONS AND THE MAHLO HIERARCHY

We work out the details about canonical functions which will be used in the
paper, and define the Mahlo hierarchy. Most of this material is folklore; also see [2]
and [4].

Let X\ be a regular uncountable cardinal. For functions f,g : A = A\, we write
f =" g if there is a club C C X such that f(«a) = g(«) for all @ in C. Clearly =* is
an equivalence relation.

Definition 1.1. Let A be a regular uncountable cardinal, and let v < \T. A
function f: X — X is said to be a canonical function on A of rank v if there exists
a surjective function g : A = v and a club C' C X\ such that

Va € C (f(e) = ot(g[a]))-

If f1 is a canonical function on A of rank v and f; =* f5, then f5 is a canonical
function on A of rank v. Also note that if g,h : A — v are surjective functions,
then there are club many « such that gla] = hla]. It follows that if f; and fo are

sk

both canonical functions of rank v, then f; =* f5. Hence the set of all canonical
functions of rank v is an equivalence class modulo =*.

Notation 1.2. Let A be a regular uncountable cardinal and let v < \*. Then f)
denotes the class of all canonical functions on A of rank v.

Clearly £ is non-empty for all v < A*. Note that f € £ iff f(a) = 0 for club
many «.

Lemma 1.3. Let A\ be a reqular uncountable cardinal, let vo < v1 < A1, and let
g: A= vy be a surjection. Fix f,, € fj‘o. Then there is a club C' C X such that

Vo€ C (fu, (@) = ot(g[a] N o).
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Proof. If vy = 0, then the statement is clear. So assume vy > 0. Define a surjective
function h : A — 1 by

0 otherwise.

h(a):{ g(a) ifg(a) SR%)

Fix v < A such that g() = 0. Fix a club C such that
VaeC (a>v A fi,(a) =ot(h[a])).
Then for all o in C, hla] = g[a]Nvg, and hence f,,, (o) = ot(h[a]) = ot(g[a]Nvy). O

In particular, suppose vg < v1 < AT and g : A — v is a surjection. If we define
[+ A= X by letting f(a) = ot(g[e] Nvp) for all a, then f € £, .

It is not hard to show using the last lemma that if f, and f,4, are in f§\ and
f'¢+1 respectively, then for club many «, fyy1(a) = f,(a) + 1.

If § < AT is a limit ordinal and g : A\ — § is a surjection, then there is a club of
« such that for all 8 < «, there is v < « such that g(8) < g(v). It follows that if
fs € fé)‘, then f5(a) is a limit ordinal for club many «.

Given functions f,g : A = A, we write f <* g to mean that there exists a club
C C X such that f(a) < g(a) for all @ in C. Define f <* g similarly. If f; =* f,

and g1 =" g9, then f1 <* g1 (f1 <* g1) implies fa <* g2 (f2 <* g2).

Proposition 1.4. Let \ be a reqular uncountable cardinal, and let v < AT. Let f,
be in £). Then fg <* f, for all B <v and fs € fﬁ)‘.

Proof. Fix a surjective function ¢ : A — v and a club F such that for all « in F,
fu(a) = ot(gla]). Let 8 < vand fg € fé‘. Fix ¢ < A such that g(¢) = §. By Lemma
1.3, fix a club C' C A such that for all @ in C, @ > ¢ and fz(a) = ot(g[a]NB). Then
forall « in CNE, fg(a) = ot(gla] N B) < ot(gla]NB) +1=ot((gla] NB)U{L}) <
ot(gla]) = fu(a). 0

The next proposition is another basic result about canonical functions; we omit
the proof since we will not use this fact.

Proposition 1.5. Let A be a regular uncountable cardinal, and let v < \*. Let fg
be infg‘forallﬁgu. If f: A= Xand fg <* f forall B <v, then f, <* f.

It is straightforward to prove by induction using the proposition that for all
v <\ if f, € £, then f,(a) = v for club many a. Also if fy € 3, then f(a) =«
for club many «a.

Next we relate the canonical functions on different cardinals.

Lemma 1.6. Let X be a regular uncountable cardinal, let v < A\*, and let g: X — v
be a surjection. For B < v fix fg € fé‘. For each a < A, define a function hy on
a by letting ho(i) = fguy(a) for all i < o. Then there are club many o in X such
that he is a surjection of o onto f,(a).

Proof. Fix a club C' C A such that for all & in C, « is a limit ordinal and f,(«) =
ot(g[e]). By Lemma 1.3, for each § < v we can fix a club Cz C A such that

Va € Cp (fs(@) = ot(g[a] N B)).
Let D=Cn A{Cg(i) (1< AL
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Let o be in D. We prove that h,, is a surjection of a onto f,(«). First we show
that ha(i) € fo(a) for all i < a. If i < a, then a € Cy;), and hence

ha(i) = foi (@) = ot(gle] N g(i)) < ot(gle]) = fu(a).

Let 7 : gla] — ot(g[a]) be the transitive collapsing map of g[a]. Then for all
i < a, m(g(2)) = ot(gle] N g(é)). To show that h, is a surjection, consider v in
fv(a) = ot(gla]). Then 7=1(y) € gla]. Fix i < a such that 7=1(y) = g(i); then
m(g(i)) = 7. As ais in Cy(y),

ha(i) = fo(i)(@) = ot(gla) N g(i)) = (g(i)) = 7.

Thus h,, is a surjection. (I

We will prove that a stronger version of the next proposition holds in L, in
Lemma 2.3 of the next section.

Proposition 1.7. Let X be a reqular uncountable cardinal. Let v < AT, and let f,
be in f). Then there is a club C C X such that for all a in C, if a is reqular and

uncountable, then f,(a) < a™ and f, | a is in fg,(a)'

Now we define the Mahlo hierarchy. The definition is by recursion.

Definition 1.8. Let A be a reqular uncountable cardinal. Assume that for all reqular
uncountable cardinals « < \ and v < o, we have defined what it means for o to
be v-Mahlo. Let B3 < X\*. We say that )\ is $-Mahlo if:
(1) (8=0) X is strongly inaccessible;
(2) (B=~+1) the set {o € X: a is f)(a)-Mahlo} is stationary in X, for some
(any) £2 in £;
(3) (B is a limit ordinal) X is y-Mahlo for all v < j5.

Definition 1.9. Let )\ be a regular uncountable cardinal. Then X is greatly Mahlo
if X is AT -Mahlo.

Suppose A is strongly inaccessible but not greatly Mahlo. Then the least v such
that A is not v-Mahlo must be a successor ordinal.

It can be easily proven by induction that if A is v-Mahlo, then X is S-Mahlo for
all B < wv.

2. NO PARTIAL SQUARES IMPLIES A GREATLY MAHLO CARDINAL

We prove that for a regular uncountable cardinal , if no stationary subset of
kT N cof(k) carries a partial square, then s is greatly Mahlo in L.

Theorem 2.1. Let x be a reqular uncountable cardinal, and let A = k. Assume
that X\ is not greatly Mahlo in L. Then there is a stationary subset of K+ N cof(k)
which carries a partial square.

This theorem can be thought of as an extension of Jensen’s theorem that if ™
is not a Mahlo cardinal in L, then O, holds. We will use the following result.

Theorem 2.2 (Jensen [6]). Let k be a reqular uncountable cardinal, and let A = k™.
Let W C X be a set satisfying that for every limit ordinal n < A with k < n < A,
the set

Wnlk-n, &-(n+1))



AN EQUICONSISTENCY RESULT ON PARTIAL SQUARES 5

codes a well-ordering of k of order type n. Let
X={a€el:k-a=a A LIWNa] E |a] <k}

Then there exists a sequence (Cy, : v € X N1lim(X)) satisfying:

(1) Cq isin LW Nal;

(2) C, is a club subset of «;

(3) ot(Ch) < K;

4) C, C X;

(5) if v is a limit point of Cy, then Co Ny = C,.

Note that the existence of such a set W in V is an easy consequence of A being
the successor of k. Also note that for all « < A, if kK- a = «a and
L = « is singular,
then
LW Nal E ol < k.

This is true because L[W Na] | a < kT by the choice of W; so if « is singular in
LW Na], then « is less than k™ in LW N al.

Let us begin the proof of Theorem 2.1. Let x be a regular uncountable cardinal,
and let A = kT. Assume that ) is not greatly Mahlo in L.
The proof splits into two separate cases. Let
Y = {a e Ancof(k) : L E « is singular}.
We consider first the case that Y is a stationary subset of A in V.
Let W C X be a set as described in the assumptions of Theorem 2.2, and let
X={a€el:k-a=a AN LWnNda| E|a| <k}
Let D be the club set of & < A such that x-a = «a. Then Y N D C X, as noted
above. By Theorem 2.2, fix a sequence (C,, : o € X Nlim(X)) satisfying:
(1) C, is a club subset of « of order type at most ;
(2) Co C X;
(3) if v is a limit point of C,, then Co Ny = C,.
Consider the restriction of this sequence to Y N D:
(Cq : €Y ND).
Then for all @ in Y N D, since cf(a) = K, C, is a club subset of « of order type k.
If « and B are in Y N D and + is a limit point of C, and Cg, then
ConNy=0C,=CsgNn.

Thus the sequence (C,, : « € Y N D) is a partial square sequence on a stationary
subset of 1 N cof(k), and we are done.

From now on we will assume that the set
{a € ANcof(k) : L = « is singular}

is non-stationary in V. Clearly then A is a strongly inaccessible cardinal in L, so
the set of limit cardinals of L below A is club in A. Fix a club set Cy C X in V such
that

Va € Cy Nceof(k) (L = « is strongly inaccessible).



6 JOHN KRUEGER AND ERNEST SCHIMMERLING

Let us fix canonical functions in L. For each ordinal ae < A which is regular and
uncountable in L, and each ordinal § < (a™)%, let gs be the L-least surjection of
o onto 0. Define f§' : o = a by

f5:(v) = ot(g5 V)
Then L models that f§' is a canonical function on a of rank J. Note that for each
vina, f§(y) = ot(gfh]) < ()"

Lemma 2.3. Let 3 < (A\T)E. Then there is a club E C X in L such that for all o
i E, if a is regular and uncountable in L, then

A _ ra
fﬂ la= ffg(ay
Proof. Let N be the structure L(y+)z. For each a < A, let
Ny = SkN(a U {/B})
Let E be the club set of @ < A such that N, N\ = a.

Suppose « is in F, and « is regular and uncountable in L. By the Condensation
Lemma, let 7 : No — L, be the transitive collapsing map, for some ordinal p. Since
NoNA=a, m(A) =a.

We claim that 7(8) = fg‘(a). Since N | |B] < A, by the L-minimality of gg‘,
this function is in IV,. It follows by elementarity that

N,NB= gg[Na NAl = gg[a].
Hence
m(B) = {m(€) : £ € Na N B} = {m(g3(i)) : i < a}.
Since 7 is an isomorphism, this ordinal is the order type of the set {g}(i) : i < a},
which is equal to ot(g3[a]) = f3(c).

By elementarity, ﬂ(gé‘) is the L-least surjection of m(\) = « onto 7(8) = fé‘(a).
Therefore W(gg) = g]‘i‘g(a). It follows that W(fg‘) = f})}(a)' But flg‘ NN, = fé‘ I a,
and 7 is the identity on this set. So F(f[;‘) = fé‘ [ a. O
Lemma 2.4. Let 8 < (AY)L. Let k: A — X be a function. Suppose A C X is a set
which is stationary in V' such that

Va € A (k(a) < f3(q)).
Then there is ( < 8 and a set B C A which is stationary in V such that
Va € B (k(a) = f2 ().
Proof. For each aw < A, let hy, : @ — On be the function
ha(i) = f;\g\(z)(a)

By Lemma 1.6, there is a club E C X in L such that for all a in E, h,, is a surjection
of a onto fé‘ (o). Define a regressive function m : AN E — X as follows. Let a be
in AN E. Then k(a) < fé\(a). Since h,, is a surjection of o onto fé\(a)7 let m(a)
be the least ordinal less than « such that h,(m(a)) = k(«). By Fodor’s Lemma,
fix i < A and a set B C AN C which is stationary in V such that for all « in B,
m(a) =1i. Let ( = gg‘(z) Then for all « in B,

k(@) = ha(m(a)) = ha(i) = fo (@) = f2 ().
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O

Since A is not greatly Mahlo in L, let § < (AT)% be the least ordinal such that
A is not § + 1-Mahlo in L. Then the set
{a € X: L= ais f{(a)-Mahlo}
is non-stationary in L. Let C; be a club subset of A in L such that
Va € C; (L |= ais not f(a)-Mahlo).
Let C = CoN Cy. Then for all a in C' Ncof(k), « is strongly inaccessible in L, but
not f§(«)-Mahlo in L.
For each a in C' M cof(k), let 6(a) < (a™)E be the least ordinal such that o not
0(a)) + 1-Mahlo in L. Then clearly
Va € CNcof(k) (6(a) < f(a)).

By Lemma 2.4, there is a set A C C'Ncof (k) which is stationary in V' and an ordinal
¢ < 0 such that
Vae A (0(a) = fé‘(a))
For each 8 < §, define
Ag ={a e Cncof(k): d(a) = fé‘(a)}.

We just noted that for some ¢ < §, A¢ is stationary in V. Let § be the least ordinal

less than 0 such that Ag is stationary. By Lemma 2.3, fix a club set E3 C Ain L

such that for all o in Eg, if v is regular and uncountable in L, then fg‘ [ a= f}?A(Q).
A

Lemma 2.5. There exists a sequence (do : o« € Ag N Eg) satisfying:

(1) du is a club subset of «;

(2) Vv €do (L |= v is not f3(y)-Mahlo);

(3) if v is a limit point of both do, and dy,, then do, Ny = da, N7.
Proof. For each limit ordinal a < A, let b, be the L-least closed and unbounded
subset of a satisfying:

L = Vv € b, (v is not fg‘(’y)—Mahlo),

if such a set exists. Otherwise let b, be the empty set. Also let ¢, be the least
ordinal larger than « and f,g‘ () satisfying:

(1) Ly, EZFC—;

(2) Lp, Elf7(@)] < o

(3) ba € Ly, .
Note that ¢, < (a™)F.

Fix a in Ag N Eg, and we will define d,. Since é(a) = fé\(oz)7 « is fé\(a)-Mahlo

in L, but not f3(c) + 1-Mahlo in L. Therefore the set

{yea:LE~is f]?‘g(a)(fy)—l\/[ahlo}
is non-stationary in L. But f)%(a) = fé‘ [ a. So the set
[

{yvea:LE~is fé‘(y)—Mahlo}

is non-stationary in L. It follows that b, is a club subset of o which is disjoint from
this set.
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Recall that g%\, is the L-least surjection of a onto f3(@). By (2) in the
8
(@) I8 Lo, . Therefore by (1), ff[;(a)

L., since this function is defined in an absolute way in ZFC~ from g;&(a). But
]

definition of ., it follows that g?A is in
5
f;;;\(a) = fé‘ I . So fé‘ laisin Ly, .
Since « is strongly inaccessible in L, L, correctly computes the L-degree of

Mahloness of cardinals below «. Therefore L, models that b, is the L-least club
subset of a such that

Yy € by (7 is not fé\('y)—Mahlo).
For each v < «, let N, be the Skolem hull

Skbee (yU{f3(@)}).
Since « is definable in L, as the largest cardinal, o is in N,. Also since fé‘ [ «
and b, are definable in L, from fé\(a), they are in V.
Now define
do ={yv€a:N,Na=n~}.
Clearly d, is a club subset of v in L.

Consider v in d,. Since by, € Ny, Ny N = v € by by elementarity. It follows
that ~ is not f[}(v)—Mahlo in L. As the cardinal successor function below « is
definable in L, v is a strong limit cardinal in L.

Since N, < L, by the Condensation Lemma the transitive collapse of N, is
equal to Ly for some ordinal ¢. Let

Ty - ZV,Y — L¢
be the transitive collapsing map of N,. As N, Na =7,
Ty (o) = 7.
We claim that
™ (f3 () = f3 ()
Since fé‘ [ a= f}}(a), it suffices to show that
™ (f3 () = f}lg(a)(V)'

As g?g(a) is in N, by elementarity, and gﬁ‘g(a) fa— fé\(a) is a surjection,

Ny N fé\(a) = g(;g(a) [Nv N 0‘} = g?é\(a) ['Y]
Hence
m(FH(@)) = () € € Ny 1 fA(a)} = {my (655 0y () 1§ < 7).
But 7, is order-preserving, so this ordinal is the order type of the set g;& (@) 7],
A
which equals f}ﬁ(a)(v).
A
Now N, N (fé‘ o) = fé‘ [ v, and 7, is the identity on this set. So
”v(f[a\ o) = fé\ M.

By elementarity, it follows that L, models that m,(by) is the L-least closed and
unbounded subset of v such that for all £ in m(by), £ is not fé‘ (£)-Mahlo. Since
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«v is a strong limit cardinal, L, correctly computes the L-degree of Mahloness of
cardinals below . It follows that
Ty (ba) = by.
To summarize, we have proven that 7, (a) = v, 7, (f3 (@) = f3(7), and 7y (ba) =
by. Also, 9 is the least ordinal larger than v and fé‘ (7) satistying:
(1) Ly = ZFC—;
(2) Ly Eff (0 <
(3) b,y S Lw.
By elementarity, clearly L., satisfies these properties. If x < 1 also satisfies these
properties, then 7='(L,) = L would contradict the minimality of ¢o. It
follows that ¥ = ¢,.
Since N < Ly, for all € <, Ne = SEM (€U {f3(@)}). Since my : Ny = Ly,
is an isomorphism, it follows that
oy [Ne] = SEFe (€U {f3(M)});

We now claim that for all £ < v,
f€dy < SEM (EU{fF(MNH Ny =&

T (x)

in other words,
NenNa=§ < m[NeJny =&
Suppose Ne Na = §. Since £ € N¢ and 74 | 7y is the identity, £ C 7, [N¢] N~y. Let p
be in 7, [N¢]N~y. Then p = 7, (p’) for some p’ € Ne. Then 7, (p') = p < v = m (),
so p' < a. Therefore p’ € NeNa = €. So p/ € & But then p = my(p') = p/, so
p € €. Conversely, assume 7, [Neg] Ny =§. Clearly £ € Ne Na. Let p be in NeNa.
Then 74 (p) € Ty () =7y, so m(p) € Ty [Ne] Ny =& =m4(§). Sop €.
We have proven that for all a in Ag N Eg, for any + in d,,

do Ny ={¢€y: Sk  (EU{fa(}) Ny =¢)
But the set on the right side is independent of . It follows that if a; and oo are in
AgNEg, then for any v which is a limit point of dy, and dq,, do, Ny = da, Ny. O

Suppose that there exists a club set F' C X such that for each « in the stationary
set Ag N Eg Nlim(F),
ot(do N F) = k.
Then letting ¢, = do N F for all o in Ag N Eg N lim(F'), clearly the sequence
(cq: v € Ag N Eg Nlim(F))

is a partial square sequence on a stationary subset of A N cof(k). So it suffices to
show that there exists such a set F'.

Suppose for a contradiction that for every club set F' C A, there is an ordinal «
in Ag N Eg Nlim(F) such that d, N F has order type different from x. Let

B={yeAncof(k): Ja € AgNEs (y €da)}

We claim that B is stationary in A.

To prove that B is stationary, let F' C X\ be a club. Then by assumption, there
is some « in Ag N Eg Nlim(F') such that d, N F has order type different from .
Now d, and F' N« are both club subsets of a;, and « has cofinality k. So d, N F is
club in «, and thus has order type at least k. Therefore the order type of d, N F' is
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greater than . Let v be the x-th element of d, N F. Then ~ has cofinality x and
is in do, and a is in Ag N Eg. So 7 is in B, and also « is in F.

We claim that for all v in BN C, §(y) < fé\(’y) Consider v in BN C. Fix « in
Ap N Eg such that v € d,. Then by the choice of dy, v is not fg‘('y)—Mahlo in L.
But v is §(y)-Mahlo in L. So §() < fé‘('y)

Now we will get a contradiction. By Lemma 2.4, there is a set B’ C BN C which
is stationary in V and an ordinal ¢ < 8 such that

vy e B (3(y) = f2()).

So B' C A¢, and therefore A¢ is stationary. But ¢ < 3, and (8 is the minimal
ordinal such that Ag is stationary.

3. ELEMENTARY SUBSTRUCTURES AND THE LEVY COLLAPSE

We now turn towards proving the other direction of the equiconsistency result.
We will start with a model in which & is a regular uncountable cardinal and A > &
is greatly Mahlo, and then produce a model by forcing in which A = k™ and there
is no stationary subset of £ N cof(x) which carries a partial square. The collapse
of X to become x* will be achieved by using the Lévy collapse COLL(x, <\). After
forcing with the Lévy collapse, we will iterate forcing to destroy the stationarity of
any subset of K™ N cof (k) which carries a partial square.

In this section we provide some preliminary results which will be used in the
forcing proof, which concern elementary substructures and their interaction with
the Lévy collapse.

For a set N and a regular cardinal A\, we let Ay denote N N A. As the notation
suggests, we are interested in the case that Ay is an ordinal less than .

Notation 3.1. Let A be a strongly inaccessible cardinal. Define Sy as the set of N
in P\(H(A\T)) satisfying:

(1) N < H(AT);

(2) An s strongly inaccessible;

(3) IN| = An;

(4) N<Av C N,

Notation 3.2. Let A be a strongly inaccessible cardinal, and let v < \T. Define
S) as the set of N in Sy such that there exists a canonical function f, on X of rank
v in N such that Ay is f,(Ay)-Mahlo.

Lemma 3.3. Let \ be a strongly inaccessible cardinal, and let v < A*. Suppose
is v+ 1-Mahlo. Then S) is stationary in P\(H(AY)).

Proof. Let F': H(AT)<%¥ — H(AT) be a function. Build a sequence (N; : i < \) by
induction satisfying:

(1) Ni < (H(A"), €, v, F);

(2) INi| <A
(3) P(N;) € Niqy;
(4) if 6 < A is a limit ordinal, then N5 = [J{N; : i < d}.
Let C be the club set of o < A such that N, N A = a = |N,|.

By elementarity, fix a surjective function g, : A = v in Ny. Let f, : A = A

be the function f,(a) = ot(g,[a]). Then f, is in Ny by elementarity, and f, is a
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canonical function on A of rank v. Since A is v + 1-Mahlo, fix o in C such that «
is f,(a)-Mahlo. Then N, is in S, and is closed under F. O

The next definition is standard, although it is usually considered in the case
when )\ is strongly inaccessible. We will also use this idea when A is a successor
cardinal; see Lemma 3.7 below for the context.

Definition 3.4. Let A be a reqular uncountable cardinal. A set N is a A-model if:
(1) (N,€) is a model of ZFC~;
2) N is transitive;
|N| =X\

Lemma 3.5. Let \ be strongly inaccessible, and suppose N is in Sx. Then N, the
transitive collapse of N, is a \y-model.

Proof. Let m : N — N7be the transitive collapsing map. Since N < H(A1), N is
a model of ZFC™. So N is a model of ZF'C'™, as 7 is an isomorphism. Obviously
N is transitive, by the definition of the transitive collapse. Also |N| = |N| = Ay.
As NN A=Ay, 7(A\) = Ay is in N. Finally, since N<*¥ C N and N is isomorphic
to N, NV CW. O

Lemma 3.6. Let \ be strongly inaccessible, and let v < \*. Let N be in Si.
Suppose f, € N is a canonical function on A of rank v. Let m : N — N be the
transitive collapsing map. Then w(v) = f,(Ay).

Proof. By elementarity, fix a surjection g, : A = v in N and a club C C A in N
such that for all « in C, f,(a) = ot(g,[a]). Since C € N, Ay € C, so f,(Ay) =
ot(gu[An]). As g, isin N, clearly NNv = g,[Ay] by elementarity. So 7(v) = {n(a) :
a e NNnv} = {r(g.(i)) : i € Ay} = 7[g,[\v]]. Hence 7 is an order preserving
bijection between 7(v) and g, [Ay], and therefore 7(v) = ot(g,[Ax]) = fu(Ax). O

Now we turn to the Lévy collapse. Suppose « is a regular uncountable cardinal,
and A > k is strongly inaccessible. The Lévy collapse COLL(k, < A) is the forcing
poset consisting of conditions p which satisfy:

(1) p: kK x A — Xis a partial function;
(2) |[dom(p)| < k;
(3) pla, B) < B for all (o, B) in dom(p).

Let ¢ < p if g extends p as a function.

We assume that the reader is familiar with the basic theory of the Lévy collapse;
see [5] or [8] . For example, COLL(k, < \) is k-closed and A-c.c., and collapses A to
become x*. If K < A < A and X is strongly inaccessible, then COLL(k, <)) factors
as

CoLL(k, <)) x COLL(k, [\, ),

where COLL(k, [A, A)) is the suborder of COLL(k,< \) consisting of conditions p

such that dom(p) C & x [\, A).
Note that if N is a A-model, then the Lévy collapse COLL(k, <)) is a member
of N.
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Lemma 3.7. Let k be a reqular uncountable cardinal, and assume \ > k is strongly
inaccessible. Let N be a A-model. Suppose G is a generic filter on COLL(k, < \).
Then in V|G|, N[G] is a A-model. Moreover, N[G]N'V = N.

Proof. By basic facts of forcing, since N is a transitive model of ZFC~, the same
is true of N[G]. Also N and N[G] have the same cardinality, which is A, since A is
preserved in V[G]. As A € N and N C N[G], A € N|G]. It remains to show that
N[G]<* C N[G].

Since A = kT in V[G], it suffices to show that N[G]®* C N[G| in V[G]. Let
f: Kk — N[G] be a function. Define g : K — N in V[G] by choosing for each i < k
a name ¢(7) in N such that g(i)¢ = f(i). Since G € N[G], it suffices to show that
g is in N[G].

Fix a name ¢ satisfying that ¢¢ = g and COLL(k, <\) forces that ¢ is a function
from k into names in N. For each i < k, let A; be a maximal antichain contained in
the dense set of conditions which decide g(4). Since COLL(k, <) is A-c.c., |4;| < A.
So A; is in N, because N<* C N. Therefore the sequence (A; : i < k) is in N.

Now define a name h in N by letting (p,a) be in h iff for some i < k, p € A;,
and @ is the canonical name for a pair (i, ), where p I- §(¢) = Z. It is easy to check
that A% = g, so g is in N[G] as desired.

The statement that N[G] NV = N follows by a standard argument from the
fact that COLL(k, <)) is A-c.c. If @ is in N and a“ € V, then there is a maximal
antichain in N consisting of conditions which either force that & is not in V, or
otherwise decide the value of a. Then |A| < A, so A C N. Therefore every possible
value for @ is in N by elementarity. In particular, a € N. (]

Lemma 3.8. Let k be a regular uncountable cardinal, and let A\ > k be strongly
inaccessible. Assume that N is in Sy and K < Ay. Let m : N — N be the transitive
collapsing map of N. Suppose G is a generic filter on COLL(k,<A). Let o : N[|G] —
N[G] be the transitive collapsing map of N|G]. Then

o N=m

and
N[G] = N[G | A\y].
In particular, N|G|] is in V|G | Ay] and is a Ay-model.
The first two assertions were proved in Lemma 6.4 of [7], and we will not repeat

the proof here. For the last statement, N is a Ay-model by Lemma 3.5, so N[G |
An] = N[G] is a Ay-model by Lemma 3.7.

4. ABSOLUTENESS OF PARTIAL SQUARE KILLING

In this section we introduce the type of forcing iteration we will use, which we
call a partial square killing forcing iteration. We need to give a general definition of
this kind of iteration, rather than just constructing one iteration for the consistency
proof. The reason is that we need an absoluteness result which states that if a \-
model believes that P is a partial square killing forcing iteration, then P really is
such an iteration.

Let A be a regular uncountable cardinal. Define X by

x € X <= =z is a closed, bounded, non-empty subset of A.
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Define a relation <y on X, by
qg<xp <= qnN(max(p) +1) =p,

that is, ¢ end-extends p.
For an ordinal v, define X} , by

p € Xy, < p:v — X, is a partial function of size less than .
Define a relation <, , on X, , by
q <xyp < dom(p) C dom(q) A Va € dom(p) (q(a) <x p(a)).

We also fix formulas in LST which describe Xy, <y, X, and <, ,. Let po(z, A)
be the formula of LST expressing that x is a nonempty, closed, bounded subset of A.
Let 1o(x, y, A) be the formula of LST which asserts that ¢g(z, A) and ¢o(y, A) hold,
and y is an end-extension of x. Similarly fix formulas ¢ (z, A, v) and 1 (z,y, A, v)
of LST to describe X , and <, ,. It is easy to check that all these expressions are
Ay, except the part of p; which asserts that |z| < A, which is ¥;.

Lemma 4.1. Let A be a regular uncountable cardinal, and let N be a A-model.
(1) X\ CN;
(2) forallz, x € X iff N = @o(x, A);
(3) fOT all T,y € X)u Yy <\z ZﬁN ': 1/’0(377%)\)'

Proof. (1) follows from the fact that N<* C N. (2) and (3) hold because ¢ and
g are Ag. O

Lemma 4.2. Let X\ be a regular uncountable cardinal, and let N be a A-model. Let
v be an ordinal in N.

(1) X», CN;

(2) forallz, z € Xy, iff N = o1(z, A\, v);

(3) forallz,y € Xxp, vy <apz iff N =1(z,y,\v).

Proof. (1) follows from the fact that N<* C N. (2) If N |= ¢1(z, A\, v), then since
w18 X9, zisin X, ,. If z isin X, ,, then z € N by (1). Since N<* C N,
N = |z| < A. The rest of ¢ is Ag, so N = ¢1(x, A, v). (3) follows from (1) and
(2) and the absoluteness of end-extension. (]

If Q is a suborder of X, and ¢ < v, let

QI¢={pI¢:peqQ},

ordered by <, ¢. It is easy to see that if N is a A-model, v € N, and Q is a suborder
of X, in N, then for all ( € N Nv, N computes Q | ¢ correctly.

Lemma 4.3. Let A be a regular uncountable cardinal, and let N be a A\-model. Let
x be a set in N, and let P be a forcing poset in N. Then N models that T' is a nice
P-name for a subset of x iff T really is a nice P-name for a subset of x.

Proof. The set T being a nice P-name for a subset of z can be expressed as follows:

(1) for all @ in T', there is p € P and z € x such that a = (p, 2);
(2) for all z in z and p,q in P, if {p,Z) and (g, 2) are in T, then p and ¢ are
incompatible.

X

The statement “y = 2” is absolute for transitive models of ZF(C~, and the formula
above is Ag in this statement. O
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Suppose P is a forcing poset, ai,...,a, are P-names, and p(zq,...,z,) is a
formula which is absolute for transitive models of ZFC~. Let p € P. Then the
statement “p Ik play,...,a,]” is absolute between transitive models of ZFC~.

Lemma 4.4. Suppose k is a reqular uncountable cardinal, A\ = x¥, and N is a

A-model. Let P be a forcing poset, and let T' be a nice P-name for a subset of
ANcof(k). Suppose

N = (pl- T carries a partial square ).
Then p forces that T carries a partial square.

Proof. Fix a sequence (¢, : @ < A) in N such that N models that p forces:

(1) éq is non-empty iff a € T

(2) if a € T, then ¢, is a club subset of a of order type &;

(3) if v is a limit point of é, and ég, then ¢, Ny =ég N.
Statements (1), (2), and (3) are absolute for transitive models of ZFC~. So p
really does force (1), (2), and (3). O

In the last lemma we are not assuming any cardinal preservation by the forcing
poset P. So in general it might not be clear what is meant by saying that p forces
that T carries a partial square. For clarity, what we mean is exactly what is
described in the proof.

If P is a suborder of X, , and 8 < v, let

Pﬁ = PﬂX}Hﬁ,

considered as a suborder of X g. Note that if IV is a A-model and P € N, then for
all 3 € NNv, N computes Pg correctly.

Now we are ready to introduce the idea of a partial square killing forcing itera-
tion.

Definition 4.5. Suppose k is a reqular uncountable cardinal, A = k™, and v is an
ordinal. We say that P is a partial square killing forcing iteration on X of length v
if there exists a sequence (T} : i < V) such that:

(1) P is a suborder of Xy ,;

(2) the empty function is in P;

(3) forall B < v, Tg is a nice Pg-name for a subset of AN cof(k);
(4) for all B < v, Pg forces that Tg carries a partial square sequence;
(5) for all p, p isin P iff (p is in Xx, and for all o in dom(p), p [ « € P and

plalp, pla)yNT, =0).

Fix a formula (P, \,v) in LST which asserts that P is a partial square killing
forcing iteration on A of length v. The formula 6(P, A\, v) is the conjunction of the
statements (1)-(5) above, except that we replace any mention of X, , and <, ,
with the formulas ¢ and ;.

Proposition 4.6. Suppose k is a reqular uncountable cardinal, A = kT, and v is
an ordinal. Assume that N is a A-model and v € N. If

N E 0P, )\, v),

then P is a partial square killing forcing iteration on X\ of length v.
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Proof. Fix in N a sequence (T} : i < 1) such that N models (the modified versions
using 1 and ; of) (1)—(5) of Definition 4.5. Lemma 4.2(2,3) implies that (1)
holds for P. (2) is immediate. For (3) and (4), let 5 < v. Then N computes Pg
correctly. Also note that since N® C N, the set ANcof(k) is computed correctly in
N. Lemmas 4.3 and 4.4 now imply (3) and (4). (5) follows easily from Lemma 4.2
and the comments preceding Lemma 4.4. O

Note that if v < A*, then
HOW) 08, A, )

iff P is a partial square killing forcing iteration on A of length v, because the
properties described in Definition 4.5 are absolute between H(A1) and V.

5. PROPERTIES OF PARTIAL SQUARE KILLING

We will now discuss the basic properties of partial square killing forcing itera-
tions. All of these properties are straightforward to prove, except for distributivity,
which is handled in the next section using a large cardinal assumption. The proofs
in this section will be brief or omitted, since they were already dealt with rigorously
in [7]. In any case, the reader should have little difficulty filling in the details, if
interested.

All of the properties developed in this section hold for any forcing iteration which
kills subsets of A N cof(k), that is, for any P satisfying Definition 4.5(1,2,3,5).

When we say that a forcing poset Q is A-distributive, we mean < A-distributive,
that is, any family of fewer than A many dense open subsets of Q has dense inter-
section. A set H C Q is said to be N-generic for Q if whenever D € N is a dense
subset of Q, then HN D NN # (.

Let & be a regular uncountable cardinal, and let A = k™. Suppose T is a subset
of ANcof(k), not necessarily stationary. We let P(T') denote the forcing poset whose
conditions are closed, bounded, non-empty subsets of A\ which are disjoint from T,
ordered by end-extension. In other words,

Vp (peP(T) <= (pe X\ A pNT =10))
and
Vp,q € B(T) (¢ <pery p <= 4 <xp)-

It is easy to show that if p and ¢ are compatible in P(T'), then either ¢ <p(7y p
or p <p(r) q- So every family of pairwise compatible conditions in P(T’) is a chain.
Also note that any chain B C P(T') of size less than x has a lower bound. For let
a = sup{max(p) : p € B}, and let ¢ = |J BU{a}. Then either a belongs to some p
in B, which implies that ¢ = p, or a has cofinality less than k, and hence is not in
T'. In either case, q is a condition and g <p(r) p for all p in B. In particular, P(T)
is k-closed. In general, however, P(T") might collapse .

For the rest of the section, fix a regular uncountable cardinal k and an ordinal
v, and let A = k*. Also fix P which satisfies Definition 4.5(1,2,3,5), witnessed by a
sequence of names (T} : i < v/).
Recall that for all g < v,
Pra={plB:pel}
and
Pﬁ =PnN XA,ﬁ'
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The next two results are easy.
Lemma 5.1. Forall B <v,Pg=P]p.

Proof. Definition 4.5(5) easily implies that P is closed under restrictions. So P |
B CPNX,z=Pg. Conversely,if pisin PN X, 5, thenp=p[B€P]j. O

Lemma 5.2. For all 8 < v, Pg is a partial square killing forcing iteration on \ of
length (.

Proof. It is straightforward to verify Definition 4.5 for Pg. (1)—(4) are trivial. (5)
follows easily using the fact that (Pg)o = Pq.- O

The next lemma describes the relationship between P and its initial segments.
The proof is straightforward, and we omit it. The least trivial statement is (2); this
follows from Definition 4.5(5).

Lemma 5.3. Let 8 < v.

(1) Pg CP;

(2) ifqgisinP and s < q | B inPg, then lettingt = sUq | [8, ), t is in P and

t<s,q inP;

(3) the inclusion map Pg — P is a complete embedding;

(4) ifpandqareinP andg<pinP, theng [ S <p| B inPg;

(5) ifu and t are in Pg, thenu <t inPg iff u <t inP.
Lemma 5.4. Let p be in X, , but not in P. Then there is some oo € dom(p) such
that p | « is in Py, but p | o does not force that p(«) is disjoint from T,.

Proof. Let « be the least ordinal such that Definition 4.5(5) fails for p. By Definition
4.5(5), p [ ais in P. O

Lemma 5.5. Let p and q be incompatible conditions in P. Then there is some (3
in dom(p) Ndom(q) such that neither of p(B) nor q(B) is an initial segment of the
other.

Proof. If the conclusion of the lemma fails, then it is easy to construct a lower
bound of p and q. O

We make a comment about notation. Sometimes when we consider a function p
in X , and an ordinal 8 < v, it will be convenient to write “p(5)” without knowing
whether or not f§ is in the domain of p. In the case that it is not, p(8) will denote
the empty set.

Lemma 5.6. The forcing poset P is k-closed. In fact, suppose B is a directed
subset of P of size less than k. Define ¢ in Xy, by letting

dom(q) = | J{dom(p) : p € B},
and for all B in dom(q),
q9(8) = H{p(8) : p € B} U {sup{max(p(B)) : p € B}}.
Then q is in P and ¢ < p for all p in B.

Proof. It {p(8) : p € B} has a largest set s(f), then ¢(8) = s(8). Otherwise the
largest ordinal of ¢(8) has cofinality less than , and therefore is forced to be not
in Ts. The lemma follows easily from these observations and Lemma 5.4. ]
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Lemma 5.7. Suppose 2% = X\. If v < AT, then |P| < AT. Ifv > AT, then P is
AT -c.c.

Proof. A straightforward computation shows that if 2 = A, then |X,| = A, and
| X < Aforallv < At. Therefore [P| < A if v < A*. In general, a straightforward
argument using the A-System Lemma and Lemma 5.5 shows that P is AT-c.c. O

The next lemma describes the purpose of a partial square killing forcing iteration,
namely, that it successively destroys the stationarity of sets which carry a partial
square.

Lemma 5.8. Let f < v and suppose that Pg is A-distributive. Then Pgiq is
isomorphic to a dense subset of Pg x P(1p).

Note that we assume in the lemma that Pg is A-distributive, which will only be
true under some special circumstances; see the next section. The isomorphism is
given by p = p [ B p(B).

Now we consider a factorization of P. Let 8 < v. Suppose Gg is a generic filter
on Pg. In V[Gpg], define a forcing poset Py, as follows. The underlying set of P,
is {p [ [B,v) : p € P}. Let ¢ < p in Pg, if there exists some s € Gz such that
sUg < sUpin P. Then PP is isomorphic to a dense subset of Pg %P3 ,, by the map
which sends ptop [ Bxp | [B,v).

Lemma 5.9. Let B < v. Then Pg forces that Pg, is k-closed.

See Lemma 6.16 of [7] for a proof.

In the next section we will show that under some strong assumptions, any partial
square killing forcing iteration on A of length v < AT is A-distributive. Let us
observe that this implies that any partial square killing forcing iteration of length
AT is A-distributive.

Lemma 5.10. Let P be a partial square killing forcing iteration on X of length AT,
and suppose that for all v < \*, P, is \-distributive. Then P is A-distributive.

Proof. Let f be a nice P-name for a function from « into the ordinals. Then since P
is \T-c.c.and P = [ J{IP; : i < AT}, f is a P,-name for some v < A*. By assumption,
P, is A-distributive, and therefore f is forced to be in the ground model. O

6. DISTRIBUTIVITY

We prove that assuming that A is a greatly Mahlo cardinal and x < X is regular
and uncountable, then any partial square killing forcing iteration on X of length A+
in a generic extension by the Lévy collapse COLL(k, <) is A-distributive. The proof
is similar to our proof in [7] that a certain forcing iteration in a generic extension
by the Lévy collapse is A-distributive, assuming that X\ is weakly compact.

We will use the following two results.

Theorem 6.1 (Magidor [8]). Let X < A be strongly inaccessible cardinals, and let
Kk < A be regular. Let G be a generic filter on the Lévy collapse COLL(k, < A). In

VG T A], let P be a k-closed forcing poset of size less than . Then in V[G], there

exists a V|G | \]-generic filter H on P such that
V[G] = VI[G | N[H][K],
where K is a V|G | N|[H]-generic filter on some k-closed forcing poset.
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Note that if p € P, then the suborder P/p = {q € P: ¢ < p} satisfies the same
assumptions as does P, so we may choose H to contain p.

Proposition 6.2. Let i1 be an ordinal of uncountable cofinality, and let (d, : v < )
be a sequence such that d, C v for all v < . Let P be a proper forcing poset. Then
P forces that if ¢ C p is a thread of the sequence (d, : v < p), meaning that c is
club and for all v € lim(c), cNy = d,, then c is in the ground model.

Proof. Suppose for a contradiction that p forces that ¢ is a thread which is not in
V. Fix some large enough regular cardinal 6, and let N be a countable elementary
substructure of H(¢) which contains as elements P, p, ¢, and (dy : v < ). Since
p does not decide ¢, there is £ in N N and conditions s,¢ < p in N such that
slF&ecand tiFE ¢ ¢

As P is proper, fix N-generic conditions 5§ < s and ¢ < t. Let v = sup(N N p).
Then 7 < p, since p has uncountable cofinality. Now 3 and 7 force that sup(N[G] N
p) = sup(N N p) =~ is a limit point of ¢, and hence that ¢N~y = d,. So 5 and ¢
agree about ¢ M-y, which contradicts the choice of €. O

Theorem 6.3. Let k be a reqular uncountable cardinal, and let X > r be strongly
inaccessible. Let v < AT, and suppose that \ is v + 1-Mahlo. Let G be a generic
filter on the Lévy collapse COLL(k,<M). Then in V[G], any partial square killing
forcing iteration on \ of length v is \-distributive.

Proof. We prove the statement by induction on A. So let A > & be strongly in-
accessible, and assume that the statement of the theorem holds for any strongly
inaccessible cardinal A with k < A < A. Let G be a generic filter on COLL(k, <\).
We prove the following statement by induction on v: for all v < AT, if X is v + 1-
Mahlo in V, then in V[G] any partial square killing forcing iteration on A of length
v is A-distributive.

Let v < AT be given, and assume that the statement holds for all vy < v.
Suppose that A is v + 1-Mahlo in V. In V]G], let P be a partial square killing
forcing iteration on A of length v, witnessed by a sequence of names <TZ D1 < ).

We prove that P is A-distributive. Fix a family D of dense open subsets of P
with size less than A, and fix a condition p € P. We will find a condition ¢ < p in
ND.

Since X is v + 1-Mahlo in V, for all 8 < v, XAis §+ 1-Mahlo in V. But Ps is a
partial square Kkilling forcing iteration on A of length /3, so the induction hypothesis
implies that Pg is A-distributive. Hence all of the proper initial segments of P are
A-distributive.

Fix a sequence of names

(BB <va<))
in V|[G] such that for all 8 < v and o < A,
Psl-éf #£0 <= acTp,

e Ps IF (¢ : o € Tj) is a partial square sequence.
Fix a COLL(k, <\)-name & in H(AT)Y such that
i%=(P, p, D, (Tg:B<v), (h:B<va<A)).
This is possible, as v < AT and H(AT)VIE = H(AH)V[G).
Recall that in V, S} is the collection of all N satisfying:
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(1) N<H\");

(2) NN A=\ is strongly inaccessible;

(3) IN| = An;

(4)

(5) thereisa ; & canonical function fuvon Aof rank v in N such that Ay is f, (Ay)-

Mahlo.
Since A is v + 1-Mahlo in V, by Lemma 3.3 the set S) is a stationary subset of
Py\(H(A\1)) in V. Fix N in S such that
N < (HANY, €, k,v,2).
Fix a canonical function f, on A of rank v in N such that Ay is f,(Ay)-Mahlo.
Let
7:N =N

be the transitive collapsing map of N in V. By Lemma 3.6,

m(v) = fu(Ax)-

Let L
o : N|G] — N[G]
be the transitive collapsing map of N[G] in V[G]. By Lemma 3.8,
o N=m
and

N[G] = N[G | Ay].
In particular, N[G] is in V]G [ A\y], and is a Ay-model. Note that
a(A) = Ay.
Since # is in NV, the sets
P, p, D, (Ts: B <v), (¢B:8<v,a<))

are in N[G]. As D has size less than A, D C N[G].
Let 6(a, b, ¢) be the formula of LST described in Section 4 which asserts that a is
a partial square killing forcing iteration on b of length ¢. Since N[G] < H(A*)V[G],

NI[G] = 0(P,\,v).

As o is an isomorphism,

NIG [ ] [ 0(a(P), Aw, fu(An))-
Since N[G | Ay] is a Ay-model, it follows from Lemma 4.6 that o(P) is a partial
square killing forcing iteration on Ay of length f,(Ay) in V[G [ A\y].
Now Ay is f,(Ay)-Mahlo in V. So for all ¢ < f,(Ay), Ay is ¢ + 1-Mahlo in V.
By the induction hypothesis applied to Ay,
V¢ < fu(An) (0(P)¢ is Ay-distributive in V[G | Ay]).
Since o(PP) is x-closed, by Magidor’s Theorem there exists a V|G | Ay]-generic
filter H on o(IP) containing o(p) such that
VIG] = VIG | Ay][H]K],

where K is a V|G | Ay][H]-generic filter on some r-closed forcing poset in V|G |
An][H].
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Note that
o[ (PNNI[G])
is an isomorphism between the partial orderings P N N[G] and o(P). Define
H=o0"1(H).

Then H is a filter on P N N[G], and H is N[G]-generic for P. For if D is a dense
subset of P in N[G], then o(D) is a dense subset of o(P) in V[G | A\y]. As H is
V|G | Ax]-generic for o(P), fix s in H N o (D). Then 0~1(s) is in DN H N N[G].

Note that if v € H, then dom(u) C N[G], since dom(u) has size less than A. It
follows easily from this fact and the N[G]-genericity of H that

J{dom(u) :uw € H} = N[G]nv=Nnw.

Similarly, if v € H and 8 € dom(u), then u(8) is a subset of N[G] N A = Ay.

Define a partial function ¢ : ¥ — X with domain N[G] Nv as follows. Given
in N[G]Nv, by the compatibility of conditions in H and the N[G]-genericity of H,
the set

Utu(s) s ue

is a cofinal subset Ay which is closed below Ay. Define
a(8) = Jlu(®) : uw e HYU A},

Then ¢(B) is in X. Since |[dom(q)| = |NNv| < |N| <A, gisin X, ,.

We will be done if we can show that ¢ is in P. For then by the definition of g,
g <wuforall uin H. Also p € H, since o(p) € H, and therefore ¢ < p. To show
q €D, let D € D be given. Then D is in N[G], so by the N[G]-genericity of H,
fixwin DNH. Then g < u, so g isin D, since D is open. This completes the proof.

Suppose for a contradiction that ¢ is not a condition in P. Since ¢ is in X} ,,, by
Lemma 5.4 it follows that there is some 5 in dom(q) such that ¢ [ 8 is in Pg, but
q | B does not force that ¢(53) is disjoint from T/g.

Define

Hsy={ulB:ue H}.
Since H is upwards closed in PN N[G], Hg C H, and therefore
Hﬁ =HnN PB'
Also it follows from the N[G]-genericity of H and an easy argument using Lemma
5.3(2) that Hg is N[G]-generic for Pgs.

Note that ¢ [ 8 < u in Pg for all w in Hg. It follows that ¢ [ 3 forces that every
proper initial segment of ¢(f3) is disjoint from T, 8. Since g | 8 does not force that
q(B) is disjoint from T}, there is a condition below ¢ | 8 in Pg which forces that
Ay is in Tp.

Let

Ha(,@) = U[H[g].
It is not hard to show that
Hypy ={slo(B):s€ H} = HNo(P)ypg)-

It follows by Lemma 5.3(3) that H,g) is a V[G | Ay]-generic filter on o (P), ).
Let

Hoy5),00) = {s I l0(B),0(v)) : s € H}.
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Then Hy(4),0(0) is a V|G | Ay][H 5(s)]-generic filter on o(P)y(4),0(v), and

VIG] = VIG | A[Hoa)|[Hos),00)] [K].

By Lemma 5.9, it follows that V[G] is a generic extension of V[G | Ay|[H(gy] by
a k-closed forcing poset.
Recall that )
Ps IF (P o € Tp)
is a partial square sequence. Fix a sequence of Pg-names

(dy iy < A)
in N[G] satisfying that for all v < A,
. .B . . .ﬂ
_ éEny ifyelim(éh)Na
Pplrdy = { 0 otherwise.
Note that by coherence, the definition of dv in the first case is independent of «.

For each v < A, Pg forces that dAY has order type less than . But Pz is x-closed,

so Pg forces that d7 is in the ground model V[G]. By the N[G]-genericity of Hg,
for each v < Ay we can fix d, in N[G] such that

Ju € Hg (ulrp, dy = d).
This defines a sequence
(dy 17y < An)
in the model VI]G].

Recall that there is a condition below ¢ | B in Pg which forces that Ay is in
Tg, and hence that c'fN is a club subset of Ay of order type . By the induction
hypothesis, Pg is A-distributive. So we can find ¢ < ¢ | 3 in Pz and a club set
¢ C Ay with order type x such that

thrp, & =¢.

Then '

Vy € lim(c) N Ay (t ke, ¢Ny =d,).
But t is a lower bound of H [ 3. So

Vv € lim(c) N Ay (tlFp, Ny = d,).
Therefore

Vy € lim(c) N Ay (cNy =d,).
In other words, c is a thread of the sequence (d, : v < Ay).
We claim that the sequence (dy : v < Ay) is in the model V|G | Ay][H(s)]. The

sequence of names (d, : v < A) is in N[G], and clearly

o((dy 17 < A) = (o(dy) 7 < A).
For all v < Ay, there is some u in Hg such that
ulkp, d, = d,.
Then . 3
NGl Fulrp, dy = d,.
It follows that
NIG | M\ Eo(u) ko, o(dy) = a(d,).
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Therefore in V[G | Ay,

o(u) by o(dy) = o(dy).
Also note that o(u) € H,(g). Since d., is a bounded subset of Ay, o(d,) =
follows that the sequence (d, : v < Ay) is the H,(g)-interpretation of (o (d, )
M), considered as a o(Pg)-name. Thus this sequence is in V[G | A\y][H 0(5)]7 as
claimed.

In the model V[G | Ay], Ay is equal to k*. For all { < f,(Ay), o(P)¢ is Ay-
distributive by the induction hypothesis. But 8 < v, so 0(8) < o(v) = f,(Ay). It
follows that o(Pg) = 0(P)y(g) is Ay-distributive in VG | Ay]. So Ay is equal to
T in the model V[G | Ay][H y(g)-

In the model V[G | Ay][H,(g)], we have a sequence (d, : v < Ay), where each
d. is a subset of . In the model V[G], ¢ is a thread of this sequence. But V[G] is a
generic extension of V|G | A\y|[H ()] by a k-closed forcing poset. By Proposition
6.2, it follows that cisin V[G | )\N][ﬁg(/g)]. But ¢ has order type x and is cofinal in
Aw. This contradicts that Ay is equal to % in the model V|G | Ay][H,(g)]. This
contradiction shows that ¢ must be a condition in PP as desired, and the proof is
complete. O

7. NO PARTIAL SQUARES FROM A GREATLY MAHLO CARDINAL

We are now ready to construct a model with no partial square sequences. Let V/
be a model of set theory satisfying the following assumptions:

(1) k is a regular uncountable cardinal;
(2) X is a greatly Mahlo cardinal larger than &;
(3) 2 = AT,
We begin by Lévy collapsing A to become xT. So let G be a generic filter on the
Lévy collapse COLL(x, < A). Then in V[G], 2 = A = x* and 2* = AT,
Working in V[G], we define by recursion sequences
and
(T i, 5 < A%).
For bookkeeping purposes, fix a function f: At — AT x A% satisfying that f(a) =
(i,7) implies i < . We also define a sequence
(To oo < M)
by letting T, = T]’, where f(a) = (i, ).
We will maintain the following recursion hypotheses: for all 3 < A™,
(1) Ps is a partial square killing forcing iteration on A of length 3, witnessed
by the sequence of names (Ta fa< B);
(2) for all { < g, ]P)C Z]P)/g I
(3) if B < AT, then (T : i < AT) is a list of all nice Pg-names for subsets of
AN cof(k) which are forced by Pg to carry a partial square.
Let us summarize the basic properties which Pg will satisfy if the above hypothe-
ses hold:
(a) Pg is k-closed (by Lemma 5.6);
(b) |Pg| < At if B < AT (by Lemma 5.7);
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(c) Pgis AT-c.c. (by Lemma 5.7);
(d) Pg is A-distributive (by Theorem 6.3 and Lemma 5.10);

(e) if 8 =~ + 1, then Pg is forcing equivalent to P., «x P(T,) (by Lemma 5.8).
Let Py be the trivial forcing consisting of just the empty function.

Suppose v < AT and P is defined for all 8 < v. Also assume (Tf ti < AT) s
defined for all < v. Choose a sequence (T : i < A1) satisfying (3) above. This
is possible, as 2* = A* and (b) imply that there are only AT many nice P,-names
for a subset of .

Let f(v) = (i,§). Then i < v, so T! is defined. Let 7, = T!. Then T, is a nice
P;-name for a subset of A N cof(k) which is forced to carry a partial square. The
property of carrying a partial square is easily seen to be upwards absolute. So T,
is a nice P,-name for a subset of A N cof(x) which carries a partial square.

Now define P, 1, as follows. The underlying set of P, ;1 consists of all functions p
in X 11 satisfying that p [ v € P,, and if v € dom(p), thenp | v IFp, p(v)NT, = 0.
The ordering on P4 is by <) ,41.

Let v < AT be a limit ordinal, and suppose that Py is defined for all 8 < v. Define
P, as the suborder of X , consisting of functions p € X, such that p [ § € P3
for all g < v.

Now we verify the recursion hypotheses. (3) is clear. Let us prove (2). This is
trivial for Py. Consider P, ;. Clearly P, C P,;, and therefore P,11 [ v = P,,.
Then for all 3 < v, P,y [ B8 =P, | B =Pg, by the recursion hypotheses. Similarly
for a limit ordinal v and 8 < v, Pg C P, follows easily from the definition of P,
and the recursion hypotheses. This implies P, [ 5 = Pg.

It remains to prove (1), by verifying the properties of Definition 4.5. (1)—(4) are
immediate from the definition and the recursion hypotheses. The verification of (5)
is tedious, but completely trivial. So we will omit it.

This completes the construction. Let P = Py+.

Let H be a V[G]-generic filter on P. Then in V[G][H], A = k™. Suppose
T C AN cof(k) carries a partial square in V[G][H]. Then in V[G], there is a nice
P-name T for a subset of A N cof(k) such that T¢ = T and P forces that 7' carries
a partial square.

Since P is At-c.c. and P = [J{P; : i < AT}, we can find o < AT such that 7" is
a nice Py-name for a subset of A N cof(k), and moreover P, forces that T' carries
a partial square. So for some i < AT, T = Ti‘". Now choose v > « such that
f(v) = (a,i). Then T = T = T,,. But P, is forcing equivalent to P, * P(T}). So
in V[GNP,44], T is non-stationary. Thus T is non-stationary in V[G].

We have shown that in V[G], no stationary subset of k™ Ncof(k) carries a partial
square, which completes the proof.

8. A RELATED EQUICONSISTENCY RESULT

Let A be a regular uncountable cardinal. Recall the principle [J(\), which asserts
the existence of a sequence

(a : a < A, « limit)
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satisfying:
(1) cq is a club subset of «;
(2) if 7 is a limit point of ¢4, then co N7y = cy;
(3) there does not exist a club set C' C A such that for all v in lim(C'), Cny = ¢,.
As with partial squares, we can relativize this idea to a stationary set.

Definition 8.1. Let A be a regular uncountable cardinal, and let A C X. The
principle O(\, A) asserts the existence of a sequence

(ca € A)
satisfying:
(1) cq is a club subset of ;
(2) if v is a limit point of co and cg, then co N7y =cgN7y;
(3) there does not exist a club set C' C X satisfying that whenever vy is in im(C),
there exists a € A such that v € lim(c,) and C Ny =co N7.

Suppose (¢, : @ € A) is a sequence satisfying (1) and (2). Define (d- : v < A) by

g —{ ca Ny if v € lim(cy)
T otherwise.
Let us call (dy : v < \) the derived sequence of (co : a € A). Then property (3) is

equivalent to the assertion that the sequence (d, : v < A) does not have a thread,
that is, there does not exist a club C' C A such that for all v in lim(C), CNvy =d,.

Theorem 8.2. The statement that there exists a regular uncountable cardinal K
such that =0(kT, A) holds for every stationary set A C k+Ncof(k) is equiconsistent
with a weakly compact cardinal.

Jensen showed that the failure of (k™) implies that T is weakly compact in L
([11]), and this proves the lower bound. Velickovi¢ [15] showed that if A is weakly
compact and £ < A is regular and uncountable, then COLL(k, <) forces =0(k™)
(also see [11]). A variation of the forcing construction given above will show how
to obtain —=(J(k™, A) for any stationary set A C k™ N cof (k).

We will use a characterization of weakly compact cardinals which was proven by
the first author in [7].

Theorem 8.3. Let A be a reqular uncountable cardinal. Then X\ is weakly compact
iff there are stationarily many N in P\(H(\T)) satisfying:

(1) N < H(AY);

(2) NN X=Xy is strongly inaccessible;

(3) N<AN C N;

(4) N <1 HOXL).

The forcing construction we use to prove Theorem 8.2 is nearly identical to that
given in the previous sections, so we will only point out the differences.

The ground model V satisfies that A is weakly compact. We define a forcing
iteration in V[G], where G is a generic filter on COLL(k, <). Given Pg, enumerate
all nice Pg-names for a subset of A\ N cof(x) as (T2 : a < A1), Let f(B8) = (i, ),
where f is a bookkeeping function. If Pg forces D(/{"’,T}), then let T = T;
Otherwise let Tﬁ be a name for the empty set. The rest of the definition of the
forcing iteration is the same as before. One now shows easily that the forcing
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iteration satisfies Definition 4.5(1,2,3,5), and thus all the properties discussed in
Section 5.

The proof that the iteration is A-distributive is by induction. So assume Pg
is A-distributive for all 5 < v, and we show that P, is A-distributive. Again we
choose an elementary substructure N, but this time we assume that it satisfies the
properties listed in Definition 8.3. The definition of ¢ is as before, and it will suffice
to show ¢ is a condition. Suppose for a contradiction it is not, and let 8 in dom(q)
be a counterexample.

Fix a name (¢ : 8 € Tj) in N which Py forces satisfies Definition 8.1(1,2,3). Let
(d, : v < \) be a name for the derived sequence of (¢s : § € Tj). Then Py forces

that the sequence (d, : v < A) does not have a thread. This last statement can be
shown to be II;. Since o is an isomorphism and N[G | Ay] <1 HAH)VIEIAN] in

the model V[G | Ay], o(IPg) forces that o((dy : v < A)) does not have a thread.
By the induction hypothesis, Pg is A-distributive. But the property of being

A-distributive is TI;. So again the fact that N[G | Ay] <1 H(AL)VICIAN] implies

that o(Pg) is Ay-distributive in V[G | Ay]. Therefore Ay is equal to T in V|G |

A[Ho(g))-
As in the proof of Theorem 6.3, we define a sequence (d, : v < Ay) which turns

out to be the H,g)-interpretation of o((d, : v < X)), and find a club ¢ C Ay in
V|G] which threads this sequence. An application of Proposition 6.2 shows that the

thread c is in V|G | Ay][H,(g)]. This contradicts that o(Pg) forces in V[G | Ay]

that o((dy : v < A)) does not have a thread.

Remark. The results of this paper are related in some ways to Mitchell’s construc-
tion of a model in which there is no stationary subset of x™ Ncof(x) in the approach-
ability ideal I[xT], using a greatly Mahlo cardinal ([10]). In this model (and also
in the model constructed in [9]), there is no stationary subset of x* N cof(x) which
carries a partial square. However, Mitchell’s argument works only when x = put
for some regular cardinal p. Our forcing construction, on the other hand, assumes
only that x is regular and uncountable. Another difference is that GCH holds in
our model, whereas in Mitchell’s model, 2 = p*+.
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